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We classify and construct supersymmetric solutions of D = 3, N = 2 gauged supergravity extended
with a Fayet-Iliopoulos term, and null and timelike warped anti—de Sitter (AdS) spacetimes are among
them. From the first one, it is possible to obtain a well-defined black hole by periodic identification. We also
find charged string solutions that interpolate between two supersymmetric AdS or Minkowski extrema of
the scalar potential, one of which corresponds to a horizon with a singularity behind it, and the other which

determines the asymptotic geometry.
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I. INTRODUCTION

Three-dimensional gravity theories provide a fertile
ground for investigating some difficult formal questions
about quantum gravity, and they have important applica-
tions in AdS;/CFT, holography. Over the years, several
three-dimensional supergravities have been constructed,
and their properties and connections to other dimensions
have been studied (for a review, see Ref. [1]). However,
much still remains to be done, in particular in classifying
their supersymmetric solutions.

A systematic approach to this problem was provided by
Tod [2,3], where one uses Killing spinor bilinears to obtain
algebraic and first-order differential conditions to be
satisfied for such a solution to exist. Implementing these
conditions simplifies the form of the physical fields, and
most of the field equations are automatically fulfilled.
Using this method in three-dimensional off-shell super-
gravities led to some interesting backgrounds, including
timelike, spacelike, and null warped AdS spacetimes [4—7].
For gauged three-dimensional supergravities [8,9], it was
first used in Refs. [10,11] for an N = 8 gauged super-
gravity, but explicit solutions were found only in the
ungauged limit. Recently, supersymmetric solutions of
an N = 4, gauged supergravity were classified and con-
structed using this technique [12,13].
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In this paper, we will apply this method to a three-
dimensional, N = 2, matter coupled, U(1) gauged super-
gravity. This theory was constructed in Ref. [14] and later
extended in Ref. [15] by including the Fayet-Iliopulos (FI)
term [16,17]. This brings two extra free parameters to its
superpotential, and consequently, there are additional
extrema. Supersymmetric backgrounds of Ref. [14] were
studied in Refs. [18,19] using other approaches, whereas
only the vortex solutions of Ref. [15] are known, which
were found numerically in the same paper. N = 2 super-
symmetry requires the 6 model target space to be a Kihler
manifold. We will focus on the model of Ref. [15] with two
real scalars and consider maximally symmetric S? H2, and
R? target space geometries. As it is customary in this
method, we classify our solutions with respect to the norm
of the Killing vector that is constructed from the Killing
spinor as null or timelike. In each class, we find a large
number of exact solutions, which are listed in Table I.
Those for the R? model are all new. For the S and H?
models, in addition to generalizations of those obtained in
Refs. [18,19] with FI terms, we find some novel solutions
that are now allowed thanks to the extra parameters, such as
timelike and null z-warped AdS, which attracted a lot of
attention in recent years and have found interesting
applications; see Ref. [20] for a review. It is possible to
obtain black holes from them by periodic identification [21]
similar to the well-known construction of the BTZ black
hole from AdS; [22]. We show that by restricting param-
eters of the theory appropriately, our null z-warped solution
can describe a physically well-defined black hole [23].

Unlike off-shell supergravity theories, where scalar
fields are auxiliary, and hence their Lagrangian contains
only a cosmological constant, gauged three-dimensional
supergravities have active scalars and typically include a
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TABLE L. List of our supersymmetric solutions. They exist for all R?, S?, and H> ¢ models. Our model has two
scalars {p, 8} and a vector field A,,.

Solution Eq. P 0 A,
pp-wave in Minkowski or AdS (50) 0 Free Trivial
Electromagnetic wave in Minkowski or AdS (55) const # 0 const. Nontrivial
Null z-warped AdS; 59) const # 0 const. Nontrivial
String solution with waves (64) Nontrivial Nontrivial Nontrivial
Euclidean Rindler spacetime (105) 0 Free Trivial
Timelike warped flat (111) const # 0 0 Nontrivial
Timelike stretched AdS; (116) const # 0 0 Nontrivial
Stringlike solution (135) Nontrivial Nontrivial Nontrivial
A timelike solution (139) Nontrivial Nontrivial Nontrivial

scalar potential in their action. For these theories, several
supersymmetric string solutions supported by scalar fields
have been found in the past; see, e.g., Refs. [12,14,18,24—
26]. One common feature of them is that they all have a
curvature singularity, some naked and some behind a
horizon. For our model, we obtain string solutions with
nontrivial gauge fields and, by making suitable coordinate
transformations, show that they interpolate between two
supersymmetric AdS or Minkowski extrema of the scalar
potential. One corresponds to the horizon, and the other
determines the asymptotic geometry. For the H?> and R? ¢
models, a horizon exists only when the FI term is present.
The organization of our paper is as follows: we start with
an introduction to the model [15] that we will work on and
explain its connection to two other N = 2 supergravity
theories that were constructed earlier [14,27]. In Sec. III,
we make a general Killing spinor analysis using Tod’s
method [2,3] and show that one of the vectors that is
constructed using the Killing spinors has to be null or
timelike. We investigate the first option in Sec. IV; and, in
addition to wave-type solutions, we find null z-warped AdS
and string solutions. We also study string backgrounds in
some detail by introducing appropriate coordinate systems
to look at their singularities and horizons. The timelike
Killing vector case is worked out in Sec. V. We show that
there are seven first-order differential equations to solve.
We first look for exact solutions when one of the scalar
fields is constant and find timelike warped AdS among
them. We then consider solutions with circular symmetry
with respect to one of the space coordinates and find
“stringlike” solutions whose metrics are almost identical
with string solutions of Sec. IV but have one extra piece
that has no effect on their curvature invariants. We conclude
with some future directions and comments in Sec. VL

II. THE MODEL

We will study supersymmetric solutions of the U(1)
gauged D =3, N =2 supergravity constructed in
Ref. [15], which is a generalization of the model of
Ref. [14] with the FI term [16,17]. Bosonic fields of the
model are n complex scalars, a gauge field A,, and the

dreibein. Dynamics of the scalar fields are described by a
nonlinear ¢ model whose target space has to be a 2n-
dimensional Kédhler manifold for the N =2 supersym-
metry. We will take n = 1 and denote the single complex
scalar as ¢ = Re'®. Assuming that the Kihler potential K of
the target space depends only on |¢| = R, the bosonic
Lagrangian of the model takes the form

1
L=.9 (ZR ~ G(0,ROR + R*D,0D"0)

90
Y WPAF,, + g%V), (1)

where G(R) is the metric of the ¢ model target space and
D,0 = 3,0+ goA,. (2)

Here, g, is the gauge coupling constant, and the ungauged
model can be obtained by setting it to zero. The scalar
potential V(R) is given in terms of the superpotential W(R) as

-1
VoW - GT (0 W)?. 3)

Both the metric G(R) and the superpotential W(R) can be
expressed in terms of a function C(R) as

1
G = — 5 0C. (4)
W =C2+b, (5)

where b is an arbitrary real constant. The function C is related
to the Kéhler potential K(R) of the target space as

1
C:_ERORK+C’ (6)

where ¢ is a constant. In this paper, we will focus on
maximally symmetric target spaces for the 6 model. This
corresponds to choosing the Kihler potential as
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£1n(1+4eR?), for S*(e=1)andH?*(e=—1),

I A e
R2, for R2,

(7)

where @ is a constant and the parameter ¢ = +1 labels S?
and H? manifolds. To bring the Lagrangian (1) into a more

standard form, we make the change of variable

tanh(ap), for H2,
R ={ tan(ap), forpe (—£,£), for S*, ()
P, for R2,

after which Eq. (1) becomes

1 1

90 .
- §€M pAﬂFz/p + g%V(p)> ’ (9)
where
sinh(2ap), for H?,
S =< sin(2ap),  for S?, (10)
2ap, for R2,

and we take a > 0 without loss of generality. The scalar
potential (3) is now

V:2(02+b)2—%SZCZ, (11)

where

—55>cosh(2ap) + xg = —Lsinh?(ap) + ¢, for H?,

C = { 55:c08(2ap) + xg = —Lsin* (ap) + c. for S,
—p? +c, for R2.
(12)

Here we introduced a new constant x, for the S? and H?
manifolds as

£
XO:C—ﬁ. (13)

Interestingly, for the following choice of parameters {& =
—1,a*> = —b = 1/2,x, = 0} the potential (11) takes the
constant value V = 1/2, although the superpotential W =
cosh(4ap)/2remains nontrivial. Let us also note some useful
identities:

eS* =1—-4a*(C—xy)?,
0,8 = 4ea*(C — xo),

P S B £
’ C—XO _a(C—xo)z’

1
0,0 = —=8. (14)

(for H? and S?)
(for H? and S?)

(for H? and S?)

The supersymmetric extrema of the potential (11) are at
0,W = —=2CS/a = 0. From Egs. (10) and (12), we find that
they are located at

i)p=0:c>#-b= AdS, ¢*=—b= Minkowski,
ii)C=0,c>0:p#0= AdS, b =0= Minkowski.
(15)

So, there is always a fully supersymmetric AdS or
Minkowski vacuum at p = 0, but the other supersymmetric
vacuaexistonly when ¢ > 0. Such vacua come as a pair since
the potential (11) is invariant under p — —p. There can be
only one pair, which can be seen from Eq. (12), and such a
pair always exists when ¢ > 0. They are located atp = +./c
for the R> model. Meanwhile, for the H?, we need x, >
1/(24*) from Eq. (13). For S?% since p€ (=4, £) the
function cos(2ap) is either positive or negative. If we assume
cos(2ap) > 0 then we need —1/(2a?) < x, < 0, otherwise
0 < xy < 1/(2a?). Finally, note that when the vacuum at
p = 0is Minkowski, then the others should be AdS; but when
the vacuum at p = 0 is AdS, the others can be AdS or
Minkowski, when they exist. We illustrate these in Fig. 1.

The S? and H? models have three, i.e., {corxy, b,a’},
and the R? model has two, namely {c,b}, arbitrary
constants. The constant ¢ comes from the U(1) isometry
of the Kéhler potential and gives rise to the so-called Fayet-
Iliopolous terms [17], and the constant b is due to the
freedom in defining the superpotential (5). Finally, x =
4ea® is the Gaussian curvature of the S?(e =1) and
H?(e = —1) manifolds. Since S? is compact, it can not
be covered by a single coordinate patch, and the global
consistency of the model requires quantization of the
gravitational coupling constant [28], which in our case
gives the condition 1/a®> = integer [14].

From Eq. (9), one finds the field equations of the
model as

! %
Vﬂvﬂp = @SOPSDMQD”Q - TOPV,
V,(82D"9) =0,

2
¢"’F,, = -5 8*D"0,
a

vp

1
R, = 40,p0,p +—8°D,0D,0 — 465V g,,. (16)
a

Note that setting A, = ¢ = 0 is a consistent truncation.
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Graph of the —V (p) given in Eq. (11) for the H> ¢ model with ¢ > 0. There is always a supersymmetric vacuum at p = 0 and a

pair of supersymmetric extrema located at C = O (indicated with blue dots) when ¢ > 0. They are Minkowski or AdS, depending on
whether (c? 4 b) and b are vanishing or not, respectively. These characteristics are the same for the S* and R? ¢ models.

Finally, for finding supersymmetric solutions of the
model, we set the fermions, that is, gravitino y and matter
fermion A, and their supersymmetry transformations to
zero, as follows:

oy =V,e+i{(C—c)D,0+ gocA,}e — goyWy,e = 0,

6A = ((3#/) + iSDﬂ0> r'e — —CSe = (17)

where € is a complex spinor and Ve = (9, + @iy, )e.

It is easy to see that the R> model above can be obtained
by taking the @ — O limit in the S? or H?> models without
scaling the fields. The S? and H?> models with x, = b = 0
were constructed earlier in Ref. [14] where a flat & model
was obtained by taking the limit a — 0, but it was different
than the above one [14, 29] To see the reason, let us make

constant scalings A, A . 9o = gok*, b — kz , ¢ = ¢ while

keeping scalar ﬁelds and fermions the same, and then send
k — 0 in the Lagrangian (9), which gives

L=~ < pd”p——82090”9

90
- §0€,4 PAF,, + 2g5(c* + b)2>. (18)

Note that here 6 is uncharged with respect to the R-
symmetry group U(1) and as a result, the potential (11)
has reduced to a cosmological constant. This model was
constructed earlier in Ref. [27]. After this procedure, the
target space geometry remains the same in general.
However, if one starts with the S* or H> model with x, =
0 so that ¢ = £/2a? is not an independent parameter but
depends on a?, then @ — 0 limit is equivalent to first scaling
a — avk and then sending k — 0. Since this results in
transforming ¢ — £, one also has to do other scalings above
for consistency, which gives the Lagrangian (18) with flat
target space that was found in Refs. [14,29]. This clarifies
the connection between different three-dimensional, N = 2
supergravities that exist in the literature [14,15,27]. After

this short introduction, we are now ready to search for
supersymmetric solutions of this model [15].

ITI. KILLING SPINOR ANALYSIS

For our analysis of the Killing spinor equations (17), it is
more convenient to work with Majorana spinors1 Aa
(A =1,2) so that

€ = l] + 1/12 (19)
Then, the Bogomol'nyi-Prasad-Sommerfield (BPS) condi-
tions (17) take the form

0= ‘7ﬂ’%A + )(M634B/18 — £h)‘4fjlﬂ)t4’ (2())
1 90 ow
0= MID]/”AA +ZSD/49}/”€AB)~B+70—AA, (21)
where €,5 = —€p4 and €, = €2 = —1 and
X, = (C—=c)D,0+ gycA,. (22)

We will use Tod’s Killing spinor bilinears method [2,3] to
classify and construct all supersymmetric solutions of this
model. For that purpose, we assume that there is a Killing
spinor € that solves these supersymmetry conditions (20)—
(21) and define real bilinears

B =428 = —F54, (23)

VB = Jhy, 28 = VBA, (24)

'We follow the same conventions with Refs. [12,13]. Three-
dimensional tangent space indices range from O to 2. The Levi-
Civita tensor is ¢ and the Levi-Civita symbol is M2 = 1,
which are related as €, = /=G€uo €7 = (/=) '
matrices with tangent space indices are chosen as
Y =i, y! =6,y = 6', where o’s are the Pauli matrices.
The charge conjugation matrix is C = y°. We have 1= A7C
and a Majorana spinor satisfies 1* = —il.
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Since indices A, B, ... run from 1 to 2, the antisymmetry of
FAB implies that

FAB — —f€AB, (25)

where f is a function. This result and the structure of the
BPS equations (20)—(21) are precisely the same with those
studied in Refs. [12,13] forthe D = 3, N = 4,U(1) x U(1)
gauged supergravity with modified definitions of the
superpotential W (5) and X, (22). Therefore, we will be
brief on technical details in deriving some of our results
below, which can be found in these papers.
We first define vectors
V=V +Vi2,

K, =V -V2  L,=2v]2 (26)

which satisfy

VFK, = V'L, = K*L, =0,  Vi,K,] = €,,fL°,
VAV, = —K'K, = —LFL, = —4f2. (27)

When f # 0, they form a three-dimensional orthogonal
basis for the Lorentzian spacetime, and when f = 0, one
can choose V, = K, and L, = 0 without loss of generality
[10]. From Eq. (20), one also gets

V.V, = —We,,, Vo, (28)
VK, = ~We,,,K* +2X,L,, (29)
VL, = ~We,,L° = 2X,K,. (30)

The first one implies that V(,V,) = 0, that is, V is either a
timelike (f # 0) or a null (f = 0) Killing vector. Moreover,
by contracting it with V*, we obtain

0,f =0. (31)
Now, Eq. (21) leads to
0=0,pV*, (32)
0= e9,pV, — L spro-Lesy, (33)
a a
1
0=2/&p +5_SeHD, 0V, (34)
a

The first line simply means that the Lie derivative of the
field p along the Killing vector V is zero, that is, Lyp = 0.
Now, to have this property also for the remaining fields, we
make the gauge choice

VKA, = 4fC, (35)

which differs from the choice made in Refs. [12,13]. After
this, we have

Evg — ;CvA — 0, (36)

where we used the vector field equation in (16) as well.

Solutions are, in general, half-supersymmetric, except
for Minkowski and AdS spacetimes, which are fully
supersymmetric. The analysis from this point onward
depends on whether the constant f is vanishing or not.
We will now investigate these two cases separately.

IV. NULL KILLING VECTOR

In this part, we set f =0 and denote the null Killing
vector as V = d,. Due to Egs. (32) and (36), none of the
physical fields depend on the »v-coordinate. Now, assuming
that the scalar field p depends only on the radial
r-coordinate, that is, p = p(r), the most general spacetime
metric with V =9, as its null Killing vector has the
form [12]

ds® = dr* + 2e*Ydudv + " du?.  (37)

Here, the function B(u, r) is to be determined, and U(r) is
fixed by the superpotential W (5) as

0,U(r) = 2g,W. (38)

The computation of the Killing spinors goes through
exactly as in Ref. [12], and one finds

A= (14 i)eV24, (39)

where 4§ 1is a constant real spinor that satisfies
(y'=y"18 = 0.

Now, the remaining BPS conditions that follow from
Egs. (30), (33), and (34) are

SD,0 =0, (40)
(C—c¢)D,8 = —gycA,, (41)
(€= c)D,0 = —gocA,, (42)

o,p = %cs. (43)

With these conditions, the field equations for p and 6 in
Eq. (16) are identically satisfied. Due to our gauge choice
(35), we have A, = 0 which sets F,, = F,, = 0, and the
only remaining vector field equation is

1
Fu==—8"D,0. (44)
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Finally, it can be shown that all Einstein’s field equations
hold except for R,,, which gives the following condition
for the metric function f(u, r):

0,(e20,(H20)) =~ 2 (DO (43)

When the rhs of this equation is zero, setting e =0 is a

solution. Its homogeneous solutions can actually be found
using the Garfinkle-Vachaspati solution-generating method
[30], starting with the same metric with e =0 (see
Refs. [12,18] for details), and they are locally trivial
[31]. This method is applicable when the initial solution
has a null Killing vector.

Now, Eq. (40) implies that either S =0 (which is
equivalent to p =0) or D,0 = 0. With the first option,
the scalar field € decouples from the model, and the vector
field becomes pure gauge. The latter implies that either
c=0or A, =0 from Eq. (41). When ¢ =0 again the
vector field is pure gauge and we have D, =0 from
Eq. (42) (here if C = 0 then p = 0). This analysis shows
that, without loss of generality, we can choose

A, =0, 0=0(u), (46)
after which Eqgs. (40) and (41) are automatically satisfied.

To summarize, for a supersymmetric solution in this
class, we only have to solve four equations [(42)—(45)] for
the fields {p(r),A,(r,u),0(u),p(u,r)}. The spacetime
metric is given by Eq. (37), where the metric function
U(r) should satisfy Eq. (38). We will now analyze these
equations in three parts: (i) p = 0, (ii) p = constant # 0,
(iii) otherwise.

A.p=0
In this case, from Egs. (5) and (10)—(12), we have

W=c>+b, V=2(c*+b)> (47)

Equations (41) and (44) show that the vector field is pure

gauge, which we choose as A,, = 0, and the field 6 remains
free. Now, Eq. (38) is solved as

U(r) = 2go(c* + b)r, (48)

where we set an arbitrary additive constant to zero by
scaling the v-coordinate. Finally, solving Eq. (45) for %,

we find
|

2
b { e3(u)r + ey (u) — G gtoor,

c3(u)e* P + cy(u) — goQ* (u)re*™”,

ds? = dr? + 2400 dydy + e du?, (49)

where

cx(u)r + ca(u), if c2+b=0,
e2ﬂ:{ 3(u) 4(u) (50)

c3(u)e* (@0 ey (u), if 2+ b #0.

Its curvature scalar is R = —24¢3(c* + b)?. This is a pp-
wave in Minkowski or AdS spacetime, depending on
whether (¢ + b) vanishes or not, respectively. Although
c3(u) and ¢4 (u) terms can be generated by the Garfinkle-
Vachaspati method and are locally trivial, they may have
global significance. For instance, when ¢? + b # 0 and c;
and ¢, are constant, the metric is of Kaigorodov type
[32,33], which is equivalent to the extremal BTZ black hole
[22] with mass M = 2g,(c? + b)c4 and angular momen-
tum J = cy4.

B. p=constant # 0

When p is a nonzero constant, we have S = constant # 0
from Eq. (10). Then, Eq. (43) implies that C = 0, which
means that these solutions emerge at the supersymmetric
extrema of the potential (11) that are not at the origin. From
Egs. (5) and (10)—(12), we obtain

C=0, V =2b?,

W =b, c>0. (51

With these, Egs. (38), (42), and (44) are solved as

U(r) = 2gqbr,
A, (u,r) = Q(u)e*9r, (52)

0(u) = constant,

where Q(u) is an arbitrary function, and we introduced the
nonzero constant

1

£ (1 —4a*x?), for S?and H?,
2 {2“2( v (53)
a

2¢, for R2,

Then, solving Eq. (45), we find the following two types of
solutions:
(i) Case 1: electromagnetic waves.
When W =506 =n+#0or W= b =0, the metric
is

ds* = dr? + 2e* dudv + e du®,  (54)
where

if W=b=0,
if W=5b=pn%+0.

(55)
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(i)

Its curvature scalar is R = —24¢3b*. Here, the
locally nontrivial piece is the Q*(u) term, and the
solution represents an electromagnetic wave in AdS
(when W=b=n+#0) or Minkowski (when
W = b = 0) spacetime. When the vector field is
switched off, the form of the solution coincides with
the previous one given in Eq. (49).

Case 2: null z-warped AdS;.

When W =b #n,n+# 0 and b # 0, we find

ds* = dr* + 2e*9" dudy

2
4g0br M 490n7 | 142
+ [c3(u)e +c4(u)+4(b_n)e u?,

(56)
with
R = —24g(2)b2. (57)

This solution generically corresponds to an AdS
wave. However, if we choose ¢3(u), c4(u), and O(u)
as constants and perform the change of coordinates

u v

= etabr, = t=——\ (58
ree 2g0b b’ Y
we get

1 dy?
ds> = —— (2 1 2ydid
T agy (4y2 g
+ |py +a* + y”/b} d¢2> . (59)
[ 4(b—n) (

where @ = ¢z, f = ¢4, and Q are constants. The
gauge field takes the form

Al ©

= 1/ (25) ddb.
2gob ¢

(60)

When a = =0 and Q # 0, Eq. (59) is called the
null z-warped AdS spacetime with

(61)

S

This choice is special since then both the metric and
the gauge field are invariant under the following
anisotropic scaling:

y = yA2, ¢ — PpI7F, t— A2 (62)
Depending on the sign of the y* term in Eq. (59), this
solution is labeled with “plus” or “minus,” respec-
tively. If we also fix the scaling exponent to z = 2 so

that the r-coordinate does not scale, then this
solution is called null warped AdS or Schrodinger
spacetime [34].
As was shown in Ref. [23], the metric (56) describes a
physically well-defined black hole if the ¢ coordinate is
periodic (¢ ~ ¢ + 27) and

7272,
a#0,

p=2lal,  p#0,

Q> =4(b~-1n). (63)

Note that after this identification, the scaling symmetry (62)
is broken and the sign of the y* term in Eq. (59) has to be
“plus,” which implies b > 5. This requirement, together
with the z > 2 condition, can be realized if we have the
restriction # <2b <0 on the parameters of the model,
where 7 is defined in Eq. (53). When this condition is
satisfied, this model admits a null z-warped AdS black hole.

Supersymmetric null z-warped AdS solutions have
appeared in off-shell supergravities before [4,5,7].
However, to the best of our knowledge, this is the first
appearance of supersymmetric null z-warped AdS black
hole in a gauged supergravity. Null warped AdS (.e.,
z =2)is asolution of a D = 3, N = 4 gauged supergravity
[12] but with “minus” sign for the y* term in Eq. (59), and
hence it is not suitable for a black hole construction. Such
supersymmetric black holes [35] also exist in minimal
massive supergravity [36,37]. In that case, the warping is
due to the higher curvature terms in the theory. Whereas
here it is created by the gauge field (60).

C. String solutions

We now consider the p = p(r) # constant case. Here,
instead of using the r-coordinate as the radial coordinate
defined in Eq. (37), it is possible to use the field p (or the
functions C or S) as the radial coordinate via the BPS
equation (43). This is convenient, since it is not always
possible to express p as a function of r in terms of
elementary functions except for the R? case. Whereas
the opposite direction is straightforward. Doing this
change, our metric (37) becomes

Cl2

ds2 = 79(2)0282

dp* + 2>V dudv + " du?.  (64)

The metric function U(r), using Egs. (38) and (43), should
satisfy

w

0 =2a——
U(p) acs’

), (65)

which can be solved as

026024-7
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—1p? + clnlp| + 2g,br, for R2,
U(p) = { —=1In|cosh(ap)|+ cIn|tanh(ap)| 4 2gobr, for H?, (66)
L 1n|cos(ap)| + cIn|tan(ap)| 4 2gobr, for S2,
where the r-coordinate as a function of p is found from Eq. (43) for R? as
7‘)2, for ¢ = 0,
2gor = (67)
— 3 ln for ¢ #0,
and for S? and H? as
Tln‘c 20| 4 eqlxyC, if xo=+55
2gor = (68)
44243% In|Cl + 50 ln‘C X0+ 50|+ 1+2ux ln‘C Xo=3p|s if X0 # £5
The gauge field can be found from Eq. (42) algebraically as
C—
A, = —%, where 0,0 = Q(u) = D,0 = CQC(”> . (69)
90

After this, it can be shown that the gauge field equation (44) is automatically satisfied using Eq. (43). So, this solution for
the vector field is only valid when p is not equal to a constant. Also note that, for a nontrivial A,, we need ¢ # 0. Finally,

using Eq. (69) in Eq. (45) and integrating twice, we get

e = c,(u)e*Y + c3(u

where c3(u) and c4(u) are integration constants. Results of
these integrations are too complicated to present here, but
they can be seen for the x, = b = 0 case for the S? and H? &
models in Ref. [18] [see its Eq. (3.35)], where a hyper-
geometric function shows up. The ¢3(u) and ¢, (u) terms can
be obtained using the Garfinkle-Vachaspati method [30].
They correspond to waves on the background (64) and can be
removed from the solution by local coordinate transforma-
tions [31]. Meanwhile, the Q(u) term corresponds to an
electromagnetic wave [18]. Therefore, the spacetime metric
(64) describes a string superposed with waves in general. For
the S? and H? target spaces, this string solution with Q(u) =
X9 = b =0 appeared in Ref. [14] and the later charged
version of that (i.e., Q(u) # 0) was found in Ref. [18].

We will now investigate the singularity structure of
these string solutions. Looking at two of their curvature
invariants,

R = _2402(C2 2169(%22

8 3
R,R* =32g3|6(C*+b)* ts (C?+b)*C*S? +FC4S4 ,

(71)

2U/Clsl _2Udp——Q2(u 2U/C 381 2Ud/) (70)

we see that they approach smoothly to the supersymmetric
extremum of the potential
—24g3(c* +b)?, —24g3D?,

limR = limR =
p—0 C-0

l%RﬂDR”” =192g3(c* +b)*, éii%R,wRﬂv =192g3b*.

(72)

The points where the g,, component of the metric (64)
becomes infinite are candidates for a horizon. It is impor-
tant to note that this happens when CS = 0, which is
precisely where the supersymmetric extrema of the poten-
tial (11) are located. We will now introduce suitable
coordinates for each ¢ model to check this observation.
We do not need the explicit form of ¢2/(#), since it has no
effect on curvature invariants or location of horizons.
Hence, for the discussion below, we will set it to zero,
which is allowed when the string has no charge.

1. R? 6 model

Here, it is convenient to work with the variable w =
p~2 > 0. Now, for ¢ = 0, the string metric (64) becomes

026024-8
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d
ds? = % +2e P dudy., (73)
90

Note thatas w — oo (p — 0), the metric is that of the AdS in
Poincaré coordinates if b # 0 or Minkowski spacetime if
b = 0.However, there is anaked singularity asw — 0, which
can also be seen from its curvature scalar

8 2
R ==~ (324 1 6bu? — 8w +3).  (74)
w

On the other hand, the metric for ¢ # 0 is

sz 1 1 ¢
ds* = ————5+2e | —
Ky 3 )2+ e (w)

b
“edudv. (75
16g5(1 — cw udv. (75)

As above, it is easy to see that in the limit w — oo we have
either AdS (when ¢? + b # 0) or Minkowski spacetime
(when ¢ + b =0) and there is a singularity as w — 0.
However, when ¢ > 0, there is now a horizon at w = 1/c,
which is precisely where the potential (11) has another
supersymmetric vacua (15), namely at C =0 (12). The
near-horizon geometry is either Minkowski (for b = 0) or
AdS (for b # 0). Note that the near-horizon and asymptotic
geometries cannot both be Minkowski. All these can also
be seen from its scalar curvature

4¢(3b +2¢ + 3¢?)

R =8g3|-3(b+ c?)? +
w
2
_2(3b+8§—|—9c) (126:—8)_%. (76)
w w w
2. S? 6 model

Recall that for S?, the constant 1/a” is an integer. Let us
first consider the case x, # 4-1/(2a*). We also assume ¢ >
0 so that the potential (11) possesses a supersymmetric
extrema at C = 0, for which we choose the cos(2ap) > 0
branch so that the constant x, is restricted as
—1/(2a®) < xy < 0. After the coordinate transformation
w=C"'>0, the string metric becomes

a4 1 27-2
ds* = w2 {1 — 4a* (— - xo> } dw?
9o w

(1206 = x0) xo(1+h)
1 =+ Za (*—XO)

1 2150-b)
X |1 —4da*| ——x w 2dudv,  (77)
w

where b = Now, calculating its scalar curvature

)

8
R = 90 - [3a2b?w* + (8a*x3 + 6a2b — 2)w?
- 16a4xow + 8a* + 3a?), (78)

we determine its behavior around special points of the
metric as

limR = — lim R = —24g3(c* + b)?,
. w= ]+2u X0
lim R = —24g2b%. (79)

Clearly, there is a curvature singularity at w =0 and a

horizon located at w = (that is, p = 0). It is easy to

1+2 T+2a%x,
see from the metric (77) that the horizon is locally either
Minkowski or AdS, depending on whether ¢ + b is zero or
not, respectively. Asymptotic geometry (w — oo or C — 0)
is AdS if b # 0 or Minkowski otherwise. This black string
solution with b = x; = 0 was found in Ref. [14] and had
similar features. However, notice that in that case the
asymptotic limit is necessarily Minkowski, and the near-
horizon geometry must be AdS. Finally, let us note that
when b = x, = 0 and a®> = 1/2, the solution (77) becomes
identical with the one found in Ref. [38] for the low energy
limit of the three-dimensional string theory as noted
in Ref. [14].

When x,=1/(24*>), we have c¢=1/a*> and
C = cos*(ap)/a>. After the coordinate transformation w =
sec?(ap) string metric, Eq. (64) becomes

— 1) Wdydy,  (80)
whose scalar curvature is

2
_—3904' [3adb*w* + 6a*bw? —8a’w +8a*> +3].  (81)
adw

R:

It behaves as

limR = —oo, limR = —24g%(c* + b)%,
lim R = —24¢2b. (82)

Similar to the above solution, there is a curvature singu-
larity at w =0, a horizon at w =1 (or p = 0), and the
asymptotic geometry (w — oo0) is either Minkowski
or AdS.

When x, = —1/(2a?), we have ¢ = 0 and hence there is
only one supersymmetric vacuum of the potential (11).
Thus, the corresponding string solution has a naked
singularity.

026024-9
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3. H? 6 model

assume xy # +1/(2a?) and take
Defining w = sinh~2(ap), its metric

Let us first
Xo > 1/(2(12)
becomes

ds? = 1+1_2—2 Ll 2) s Caw?
S_l6g% w) " 2a? w) TRl

. —L(1-bh
+2(w+ 1)—xo(1+b) (4(WJZF 1)) 22(170)

w
1 2 %

X [—2—612 <1 + ;) + xo} dudv, (83)

where b = ﬁ. Its scalar curvature is too long to present

(x0_4a4
here, but it has the limits

liII(l)R = too, lim R = —24¢3b°,

V_>2a2x0—l
lim R = —24g3(c? + b)>. (84)
There is a curvature singularity at w = 0 [carrying the sign
of (84> —3)], a horizon at w = Wzo_l (or C=0), and

asymptotic geometry (w — oo or p — 0) is Minkowski or
AdS. This solution with x, = b =0 was obtained in
Ref. [14], but in that case there is no horizon and the
asymptotic geometry is AdS.

For x = £1/(24%), the potential (11) has only one
supersymmetric extremum at p = 0, and hence the string
solution has a naked singularity.

V. TIMELIKE KILLING VECTOR

We will now investigate the timelike case and take f > 0.
The most general spacetime metric that admits a timelike
Killing vector V = 9, with norm —4f2 can be written as a
product of a two-dimensional base space X, and a timelike
fiber [4], as follows:

ds* = —4f*[dt + M(x,y)dx + N(x,y)dy]?
+ 270 (dx? + dy?). (85)
The base space X, has constant Gaussian curvature « if the

conformal factor ¢ satisfies Liouville’s differential equa-
tion, as follows:

(02 + 0%)o = —ke™. (86)
With this metric, the conditions (27) can be solved as

K, = (0,2fe’sing,2fe’ cos ),
L, = (0,2fe’ cosp, —2fe’sing), (87)

where ¢(t, x,y) is an arbitrary function to be determined.
Then the Killing spinors are found to be [13]

A= (1+1) ﬂ_%)z) ]
=1+ A, )

From these Majorana spinors, one gets the complex Killing
spinor of these solutions (19) as

e=(1+ i)\/ze—fw/z{_il]. (89)

Equations (29) and (30) determine X, defined in Eq. (22) as

1
X, =509 +4fgW,

2
1 1
Xx = Eax(p +an0'+4fgoMW,
1 1
Xy = Eév(p - Eaxtf + 4fg()NW (90)

Note that because of Egs. (32) and (36), scalar fields and
the vector field do not depend on the time coordinate . Our
gauge choice (35) implies that

A, = 4fC. (91)

Using this result and Eq. (22) in Eq. (90), we get

0,9 = —8fgob, (92)

1 1

1 1
DyHC = 'y <C6 + E(p) - E 6x6 + 4fg()NW (94)

From Eq. (28), we derive

W= —2igo fe (M, - N,). (95)

This completes the information available in the Killing
spinor equation (20). Next, from the BPS conditions (33)—
(34), we find

1
axp = _ZS(DyQ - 4f90CN),

d,p 21 S(D,0 — 4fg,CM). (96)

a

Now, one can show that when the above first-order
conditions are satisfied, all field equations (16) are also

026024-10
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satisfied except the xy-component of the vector field
equation

2

a
+ goCe*}.

Fo =

S*{fIND,0 + MD .6 — 4f g,C(M* + N?)]
(97)

To summarize, for a supersymmetric solution in this
class, we have to solve seven first-order, coupled
differential equations (92)-(97) for eight unknowns
(M,N, o, 9, A A0, p). Although, this system looks like
underdetermined at first sight, but after defining a new
spinor function ¢ = c0 —I—%go (recall that 0,0 = 0) and
using the fact that goF,, = d,(D,0) — 9d,(D,0), we end
up with seven differential equations for seven unknowns
(M,N,o,p,D,0, Dy6',p). Solving this system in full gen-
erality is clearly a difficult problem except when p is equal
to a constant. This is what we will consider in the next two
subsections, and then for the general case, make a sim-
plifying ansatz.

A.p=0

When p = 0, we have the conditions listed in Eq. (47).
The field @ disappears from all the equations [(92)—(97)]
and therefore remains free. Moreover, equations in (96)
are automatically satisfied, and Eq. (97) gives F,, = 0. So,
we can choose A, = A, =0 without loss of generality.
The only equations to be solved are (92)-(94), which
simplify to

0 =0 +8fgob.
0=0,¢+0do+8fgWM,

0=0yp—0,6+8fgWN. (98)
Let us point out that combining the last two and using
Eq. (95), one gets Liouville’s equation (86) for ¢ with
Gaussian curvature k = —16g3W?, which shows that the
base space X, of the metric (85) is either flat or hyperbolic,
depending on whether W is vanishing or not. We now
analyze these two possibilities separately:
(i) Case 1: W #£0.
In this case, we have W = ¢ + b # 0. The first
equation in (98) gives
¢ = =8fgobt + G(x.y), (99)
for some function G(x,y). But, using a new time
coordinate 7=1— WG(X, y), and redefining
metric functions M and N, we can set
G(x,y) =0 = 0,9 = 9,9 = 0, as in Ref. [13]. Re-
maining equations can be solved as

026024-11

(i)

c=—In|1 —4gGW?*(x* +y?)

’

= 9V y
[ 1—4g@W?(x* +y?)’
goW X
N = , 100
[ 1=4g@W2(x* +)?) (100)
and the scalar curvature is R = —24g3(c* + b)%.

The solution is AdS; in global coordinates, as was
shown in Ref. [13].
Case 2: W =0.

This corresponds to setting W =c>+b =0,
which also makes the potential (11) vanish, i.e.,
V = 0. Since all scalar and vector fields also vanish,
these are pure gravity solutions and are Ricci flat. In
this case, Eq. (98) becomes

9,9 = 8fgoc”,
0y = —0,0,
0y = 0,0. (101)
The first one gives
¢ = 8fgoc’t + G(x,y). (102)

Note that both G and ¢ are harmonic functions and
they can be used to define a holomorphic function,
H(z) =0+ iG, (103)
where z =x+iy. From Eq. (95), we see that
Mdx + Ndy is closed. If we assume that the space
part of our solution is simply connected, then the
Poincaré lemma implies that we can find a function
F(x,y) such that Mdx + Ndy = dF. But then, we
can define a new time coordinate 7 = 21 + F(x, y)
to get rid of F(x,y) and redefine G(x,y). After
doing this, the metric takes the form
ds* = —di? + e*(dx* + dy*).  (104)
Any choice of the holomorphic function H(z) gives
a supersymmetric solution with the above metric, as
happened in Ref. [13] [see its Egs. (6.28)—(6.30)].
For example, the choice H(z) = x + iy leads to
ds* = —dt* + dw? + w?dy?, (105)
where w = e*. This solution can be designated as
Euclidean Rindler spacetime [19]. If the range of y is

restricted to 0 < |y| < 2z, then it describes a conical
spacetime.
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B. p=constant # 0

In this case, from Eq. (96) we can read the gauge field
components as

1
A, =——0,0+4fCM,
90

1
Ay =——0,0 +4fCN. (106)
90
The remaining equations to be solved are
0, = —8fgob,
0 + dyo = =8fgobM,
0, — 0,6 = =8fgybN, (107)

where @ = 2c0 + ¢. The last two lines give Liouville’s
equation (86) for o with Gaussian curvature k = —16g(2)bW.
In all the solutions we present below, we have x < 0, that
is, Wb > 0.

Since p # 0, we have S # 0, and using Eq. (96) in
Eq. (97), one finds

2
ew =<5

17 (108)

which implies that either C = 0 or W = §?/4a?. For the
latter, the potential (11) has the value V =2W(2b — W),
and this point is not an extremum in general, but this
happens when C = x, for the S? manifold, which occurs at
p = +x/(4a) (12). This condition, together with the
definition of the superpotential (5), fixes the value of p #
0 unless xy =0,a> = —4b = —e =1, for which it is
automatically satisfied.
(i) Case 1: C=0.

When C = 0 and p # 0, from Eq. (12) we see that
¢ # 0and x; # 0(13) and S has the same value (53).
Note that since the superpotential (5) is now W = b,
and the base space X, of our metric (85) has
Gaussian curvature x = —16¢3b. So, it is either
flat or hyperbolic. This case is very similar to the
p = 0 case that we considered above. For b # 0,
making the change W — b in the AdS solution (100)
is enough. For b = 0, instead of Eq. (102), we now
have ¢ = G(x,y), and the rest is the same. These
solutions emerge at the supersymmetric extrema of

the potential (11).

(i) Case 2: timelike warped flat.

We now assume W = §?/(4a?) # 0, C # 0, and
b = 0. From Eq. (107), we see that functions ¢ and ¢
define a holomorphic function, as follows:
H(z) =0+ i{. (109)
Any choice of H(z) gives a supersymmetric solution
by solving the first line of Eq. (107) for M and N.

(iif)

026024-12

Since o is a harmonic function, base space X, of our
metric (85) is always flat from Eq. (86) for any
choice of the function H(z) and spacetime curvature
is always positive, as follows:
R = 8g3W=. (110)

For example, by choosing H(z) =0 and setting
0 = N = 0, the solution is

2 2
ds? = — (2fdt - gOWydx> +dx* + dy?,
8goW
A, = <4fC,— ; Cy,0>, (111)

which is called timelike warped flat [5,39] due to the
Hopf fibration, and it is a homogeneous spacetime
[40,41]. Since W = C? # 0, there is always warping,
and it is proportional to A,A#* = —4C?.
Case 3: timelike stretched AdS;.

We now assume W = S?/(4a*) #0, C # 0 and
b # 0. In solving the system (107), we can again set

=0, @ = @ = —8gybt, (112)

by shifting the time coordinate and making a gauge
transformation. Then, one can start solving from
Liouville’s equation (86) for ¢ with k = —16g3bW.
For any o, the spacetime curvature is always con-
stant:

R = 8gZW (W — 4b). (113)
For example, Eqgs. (107) can be solved as
1 1 I 1
e = -, N=0, 114
16g50W y? 8fg0by (114)
with the requirement
Wb > 0, (115)

which implies that the base space X, is hyperbolic.
Since W = S8?/44? is positive, we need b > 0. The
metric (after scaling the time coordinate as 7 =
8fgobt and then dropping the hat) is

1 dx\? dx*+ dy?
ds®> = [—1/2 (dt - —> + 7} .
16g5bW y y?

(116)

where
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2

v=—=1+—.

4 c?
— 117
) 5 (117)
This is the “stretched” timelike warped AdS; with
the warping parameter 2. The term stretched refers
to the fact that v? > 1 (since » > 0 and C # 0). The

gauge field is given as

c c
A =(— —_0).
. <290b 2goby )

One can relate the warping parameter to the norm of
the gauge field A% = A, A¥ as

(118)

A2

2 A 11
v 4b° (119)

which was first observed in Ref. [4], where this
supersymmetric solution was found for an off-shell
supergravity (see also Refs. [5,7]). Note that, since
C # 0 and p # 0, this solution does not appear at a
supersymmetric extrema of the potential (11).

C. Circularly symmetric solutions

We now assume that p is not constant. To simplify the
equation system (92)—(97), we will take the x-coordinate as
a circular direction and consider the circularly symmetric
ansatz:

p=p(y), o=0(y), M=M(y), N=A =0,
n

A =4fC. A=) +—.
Y0

@ =—-4fgobt +kx, 0= —nx, (120)

where n and k are constants. Then we are left with the
following system of equations:

90 o~
0,p =—87, 121
}'p 2a 4 ( )
2
oM = — D oy, (122)
’ S
aya:2gO(C;?—4fbM)+2cn—k, (123)
82
oy = 2g,Ce*® (4W - ?> , (124)
where we defined
¥ =x—4fCM. (125)

These equations were first derived in Ref. [15] and later
studied in Ref. [19] for the x, = b = 0 case. In Ref. [15], it
was shown that this system admits |n|-vortex solutions

using numerical methods. In these vortices, the function y
is not constant and solutions have asymptotically conical
geometry for b =0 and 2cn — k # 0. By differentiating
Eq. (122) and using others, one arrives at the following
constraint for the unknown functions

4
7+ 16f2bM? + —f(k —2cn)M — 4e*W = p,

. (126)

where p is a constant, as was observed in Ref. [15]. This
condition reduces the number of unknowns to three.
Furthermore, one can use p as the independent variable
instead of y, using Eq. (121). Then Eqgs. (122)—(124) take
the form

Syo,M = — 47a W, (127)
Sy0,0 = 4a(Cy —4fbM) + 2cn — k, (128)
82
Sy0,y = 4aCe* (4W - —2> . (129)
a

So, effectively, there are only two first-order differential
equations to solve, but due to their nonlinear structure, this
is still a difficult problem. Below, we will find exact
solutions when the vector field function y is a constant.
Let us point out that there are two other special choices that
simplify the equation system (127)—(129). When & = 0 in
Eq. (128) and when a?> = —4b = —e = 1 (= 4Wa*> = §?)
in Eq. (129), these equations become integrable. However,
in the end, these lead to the solution with y = 0 below, with
the parameters specified to those particular values.
(i) Case 1: stringlike solutions.
We now assume that y = 0, that is,

y=0=y=—-4fCM. (130)
Equation (124) is equivalent to
oy = —%82{fM(;(—4fCM)+C62"}. (131)
So, when y = 0, we have
e = 4f>M>. (132)

With Egs. (130) and (132), Eq. (129) is automati-
cally satisfied, and the constraint (126) holds with
p = 0. Then, the compatibility of Eqgs. (127) and
(128) requires

2cn—k =0. (133)
So, we only have to solve Eq. (127) or Eq. (128). But
comparing Eq. (128) with Eq. (65), we see that
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(i)

oc=2U. (134)
Then, the solution metric becomes (after some trivial
scalings),

2 _ 2 20 a’ dp?
ds* = —dt* - 2e dXd[+g%SZC2’ (135)
where the function U is given in Egs. (66)—(68). For
the S? and H”> ¢ models, this solution with x, =
b = 0 was found in Ref. [19]. Notice that the form of
the metric is almost the same with the string solution
(64), and due to this similarity, we will call this
solution stringlike as in Ref. [19]. The extra —df?
term in this metric has no effect on curvature
invariants like the e¢* piece there, and therefore,
these two solutions have the same singularity and
horizon structure that we studied in Sec. IV C.
However, when the local geometry is AdS, due to
this extra piece, the metric is of Kaigorodov type
[32,33] (see Refs. [18,19]).

Case 2: y = constant # 0.

Let y =y9#0 be a constant. Again, setting
2cn — k =0 is necessary. In this case. Eq. (131)
gives

¢ = —f—Ag’{ . (136)

Now, one can compute d,M from both Egs. (128)
and (129), and they are compatible only for the H?
manifold with the following choices:

a*=4b=—-¢e=1. (137)

Assuming x, = 0, the corresponding solution is

=S I=—0S7 M J%S—ZC. (138)

The constraint (126) is satisfied with p =0 as
above. Note that it is not possible to take y, — 0
limit. Although changing y from zero to a nonzero
value y, is a trivial gauge transformation, we see
that it results in a solution that is quite different than
the y =0 solution with the same parameters
(137) for which we have e* =4M3S™C* 7=
—4MyS2C*,M = MyS~*C/f. This is due to the
nonlinear nature of these differential equations.

After defining gow = In|tanh(ap)| and some
straightforward scalings, its metric becomes
ds?* = —dt* + 2 cosh(2gyw)dxdt
— 4sinh?(gow)dx* + dw?, (139)

with scalar curvature

_ ggcosh(2gow)

= 4 -3 h(2 .
2 sinh*(gow) ( cosh(2gow))

(140)

When w — oo (or p — 0) its curvature scalar takes
the value R = —6g3, and there is a naked singularity
as w — 0 (or p —» o0). Unfortunately, we could not
identify this spacetime.

VI. CONCLUSIONS

In this paper, we studied supersymmetric solutions of the
three-dimensional N = 2 gauged supergravity extended
with the FI term, which was constructed in Ref. [15].
Using Killing spinor bilinears, we first derived all the
necessary conditions for such a solution to exist and then
constructed many examples, which are listed in Table 1. We
expect them to be useful in various contexts. Among them,
we have supersymmetric examples of timelike (116) and
null z-warped AdS (59), which are quite rare in the
literature. They require the FI term to be present, and
curiously, only the latter appears at a supersymmetric
extremum. As we showed, parameters of the model allow
the null z-warped AdS solution to be converted into a well-
defined black hole, and understanding holographic aspects
of it is clearly desirable [23]. The fact that the scaling
exponent z is free provides an opportunity to go beyond the
better understood z = 2 case [42].

Another interesting outcome of our work is the string
(77) and stringlike (135) solutions with horizons located at
the supersymmetric vacua of the potential, which has AdS
or Minkowski geometry. To clarify their global structure
and conserved charges [43], more work is needed. A
detailed analysis of geodesics [38] would help in under-
standing whether their singularity is physically acceptable
or not [44]. Moreover, our exact black string solutions can
also be used to analyze holographic renormalization group
flows as in Refs. [24,45-49]. Those that connect two AdS
vacua are especially interesting to explore.

A natural continuation of the present work is to construct
supersymmetric solutions of the ungauged version of this
model. This problem was studied for the ungauged limit of
a three-dimensional, N = 4 model in Ref. [13], for which
the target space of the ¢ model is H?. It was found that for
timelike solutions, the ¢ model target space metric is
identified with the space part of the spacetime metric,
and solutions are characterized in terms of two holomor-
phic functions. The model we considered in this paper
provides an opportunity to explore this phenomenon for
other ¢ model geometries.

Embedding this model into three-dimensional gauged
supergravities with more supercharges also remains to be
done. Finding its higher-dimensional origin looks even
more challenging [25,50-52], especially when the ¢ model
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target space is compact. We hope to examine these issues in
the near future.
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