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We classify and construct supersymmetric solutions of D ¼ 3, N ¼ 2 gauged supergravity extended
with a Fayet-Iliopoulos term, and null and timelike warped anti–de Sitter (AdS) spacetimes are among
them. From the first one, it is possible to obtain a well-defined black hole by periodic identification. We also
find charged string solutions that interpolate between two supersymmetric AdS or Minkowski extrema of
the scalar potential, one of which corresponds to a horizon with a singularity behind it, and the other which
determines the asymptotic geometry.
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I. INTRODUCTION

Three-dimensional gravity theories provide a fertile
ground for investigating some difficult formal questions
about quantum gravity, and they have important applica-
tions in AdS3=CFT2 holography. Over the years, several
three-dimensional supergravities have been constructed,
and their properties and connections to other dimensions
have been studied (for a review, see Ref. [1]). However,
much still remains to be done, in particular in classifying
their supersymmetric solutions.
A systematic approach to this problem was provided by

Tod [2,3], where one uses Killing spinor bilinears to obtain
algebraic and first-order differential conditions to be
satisfied for such a solution to exist. Implementing these
conditions simplifies the form of the physical fields, and
most of the field equations are automatically fulfilled.
Using this method in three-dimensional off-shell super-
gravities led to some interesting backgrounds, including
timelike, spacelike, and null warped AdS spacetimes [4–7].
For gauged three-dimensional supergravities [8,9], it was
first used in Refs. [10,11] for an N ¼ 8 gauged super-
gravity, but explicit solutions were found only in the
ungauged limit. Recently, supersymmetric solutions of
an N ¼ 4, gauged supergravity were classified and con-
structed using this technique [12,13].

In this paper, we will apply this method to a three-
dimensional, N ¼ 2, matter coupled, U(1) gauged super-
gravity. This theory was constructed in Ref. [14] and later
extended in Ref. [15] by including the Fayet-Iliopulos (FI)
term [16,17]. This brings two extra free parameters to its
superpotential, and consequently, there are additional
extrema. Supersymmetric backgrounds of Ref. [14] were
studied in Refs. [18,19] using other approaches, whereas
only the vortex solutions of Ref. [15] are known, which
were found numerically in the same paper. N ¼ 2 super-
symmetry requires the σ model target space to be a Kähler
manifold. We will focus on the model of Ref. [15] with two
real scalars and consider maximally symmetric S2, H2, and
R2 target space geometries. As it is customary in this
method, we classify our solutions with respect to the norm
of the Killing vector that is constructed from the Killing
spinor as null or timelike. In each class, we find a large
number of exact solutions, which are listed in Table I.
Those for the R2 model are all new. For the S2 and H2

models, in addition to generalizations of those obtained in
Refs. [18,19] with FI terms, we find some novel solutions
that are now allowed thanks to the extra parameters, such as
timelike and null z-warped AdS, which attracted a lot of
attention in recent years and have found interesting
applications; see Ref. [20] for a review. It is possible to
obtain black holes from them by periodic identification [21]
similar to the well-known construction of the BTZ black
hole from AdS3 [22]. We show that by restricting param-
eters of the theory appropriately, our null z-warped solution
can describe a physically well-defined black hole [23].
Unlike off-shell supergravity theories, where scalar

fields are auxiliary, and hence their Lagrangian contains
only a cosmological constant, gauged three-dimensional
supergravities have active scalars and typically include a
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scalar potential in their action. For these theories, several
supersymmetric string solutions supported by scalar fields
have been found in the past; see, e.g., Refs. [12,14,18,24–
26]. One common feature of them is that they all have a
curvature singularity, some naked and some behind a
horizon. For our model, we obtain string solutions with
nontrivial gauge fields and, by making suitable coordinate
transformations, show that they interpolate between two
supersymmetric AdS or Minkowski extrema of the scalar
potential. One corresponds to the horizon, and the other
determines the asymptotic geometry. For the H2 and R2 σ
models, a horizon exists only when the FI term is present.
The organization of our paper is as follows: we start with

an introduction to the model [15] that we will work on and
explain its connection to two other N ¼ 2 supergravity
theories that were constructed earlier [14,27]. In Sec. III,
we make a general Killing spinor analysis using Tod’s
method [2,3] and show that one of the vectors that is
constructed using the Killing spinors has to be null or
timelike. We investigate the first option in Sec. IV; and, in
addition to wave-type solutions, we find null z-warped AdS
and string solutions. We also study string backgrounds in
some detail by introducing appropriate coordinate systems
to look at their singularities and horizons. The timelike
Killing vector case is worked out in Sec. V. We show that
there are seven first-order differential equations to solve.
We first look for exact solutions when one of the scalar
fields is constant and find timelike warped AdS among
them. We then consider solutions with circular symmetry
with respect to one of the space coordinates and find
“stringlike” solutions whose metrics are almost identical
with string solutions of Sec. IV but have one extra piece
that has no effect on their curvature invariants. We conclude
with some future directions and comments in Sec. VI.

II. THE MODEL

We will study supersymmetric solutions of the U(1)
gauged D ¼ 3, N ¼ 2 supergravity constructed in
Ref. [15], which is a generalization of the model of
Ref. [14] with the FI term [16,17]. Bosonic fields of the
model are n complex scalars, a gauge field Aμ, and the

dreibein. Dynamics of the scalar fields are described by a
nonlinear σ model whose target space has to be a 2n-
dimensional Kähler manifold for the N ¼ 2 supersym-
metry. We will take n ¼ 1 and denote the single complex
scalar as ϕ ¼ Reiθ. Assuming that the Kähler potentialK of
the target space depends only on jϕj ¼ R, the bosonic
Lagrangian of the model takes the form

L ¼ ffiffiffiffiffiffi
−g

p �
1

4
R −Gð∂μR∂μRþ R2DμθDμθÞ

−
g0
8
ϵμνρAμFνρ þ g20V

�
; ð1Þ

where GðRÞ is the metric of the σ model target space and

Dμθ ¼ ∂μθ þ g0Aμ: ð2Þ

Here, g0 is the gauge coupling constant, and the ungauged
model can be obtained by setting it to zero. The scalar
potentialVðRÞ isgiven in termsof thesuperpotentialWðRÞas

V ¼ 2W2 −
G−1

4
ð∂RWÞ2: ð3Þ

Both the metric GðRÞ and the superpotential WðRÞ can be
expressed in terms of a function CðRÞ as

G ¼ −
1

2R
∂RC; ð4Þ

W ¼ C2 þ b; ð5Þ

whereb is an arbitrary real constant. The functionC is related
to the Kähler potential KðRÞ of the target space as

C ¼ −
1

2
R∂RK þ c; ð6Þ

where c is a constant. In this paper, we will focus on
maximally symmetric target spaces for the σ model. This
corresponds to choosing the Kähler potential as

TABLE I. List of our supersymmetric solutions. They exist for all R2, S2, and H2 σ models. Our model has two
scalars fρ; θg and a vector field Aμ.

Solution Eq. ρ θ Aμ

pp-wave in Minkowski or AdS (50) 0 Free Trivial
Electromagnetic wave in Minkowski or AdS (55) const ≠ 0 const. Nontrivial
Null z-warped AdS3 (59) const ≠ 0 const. Nontrivial
String solution with waves (64) Nontrivial Nontrivial Nontrivial
Euclidean Rindler spacetime (105) 0 Free Trivial
Timelike warped flat (111) const ≠ 0 0 Nontrivial
Timelike stretched AdS3 (116) const ≠ 0 0 Nontrivial
Stringlike solution (135) Nontrivial Nontrivial Nontrivial
A timelike solution (139) Nontrivial Nontrivial Nontrivial
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KðRÞ ¼
� ε

a2 lnð1þ εR2Þ; for S2ðε¼ 1ÞandH2ðε¼−1Þ;
R2; for R2;

ð7Þ

where a2 is a constant and the parameter ε ¼ �1 labels S2

and H2 manifolds. To bring the Lagrangian (1) into a more
standard form, we make the change of variable

R ¼

8><
>:

tanhðaρÞ; for H2;

tanðaρÞ; for ρ∈ �
− π

2a ;
π
2a

�
; for S2;

ρ; for R2;

ð8Þ

after which Eq. (1) becomes

L ¼ ffiffiffiffiffiffi
−g

p �
1

4
R − ∂μρ∂

μρ −
1

4a2
S2DμθDμθ

−
g0
8
ϵμνρAμFνρ þ g20VðρÞ

�
; ð9Þ

where

S ¼

8><
>:

sinhð2aρÞ; for H2;

sinð2aρÞ; for S2;

2aρ; for R2;

ð10Þ

and we take a > 0 without loss of generality. The scalar
potential (3) is now

V ¼ 2ðC2 þ bÞ2 − 1

a2
S2C2; ð11Þ

where

C¼

8><
>:

− 1
2a2 coshð2aρÞþ x0 ¼− 1

a2 sinh
2ðaρÞþ c; for H2;

1
2a2 cosð2aρÞþ x0 ¼− 1

a2 sin
2ðaρÞþ c; for S2;

−ρ2þ c; for R2:

ð12Þ

Here we introduced a new constant x0 for the S2 and H2

manifolds as

x0 ¼ c −
ε

2a2
: ð13Þ

Interestingly, for the following choice of parameters fε ¼
−1; a2 ¼ −b ¼ 1=2; x0 ¼ 0g the potential (11) takes the
constant value V ¼ 1=2, although the superpotential W ¼
coshð4aρÞ=2 remainsnontrivial.Let usalsonote someuseful
identities:

εS2 ¼ 1 − 4a4ðC − x0Þ2; ðfor H2 and S2Þ
∂ρS ¼ 4εa3ðC − x0Þ; ðfor H2 and S2Þ

∂ρ

�
S

C − x0

�
¼ ε

aðC − x0Þ2
; ðfor H2 and S2Þ

∂ρC ¼ −
1

a
S: ð14Þ

The supersymmetric extrema of the potential (11) are at
∂ρW ¼ −2CS=a ¼ 0. From Eqs. (10) and (12), we find that
they are located at

iÞ ρ¼ 0∶c2 ≠−b⇒AdS; c2 ¼−b⇒Minkowski;

iiÞ C¼ 0;c > 0∶b≠ 0⇒AdS; b¼ 0⇒Minkowski:

ð15Þ
So, there is always a fully supersymmetric AdS or
Minkowski vacuum at ρ ¼ 0, but the other supersymmetric
vacua exist onlywhenc > 0. Suchvacua comeas apair since
the potential (11) is invariant under ρ → −ρ. There can be
only one pair, which can be seen from Eq. (12), and such a
pair always existswhen c > 0. They are located at ρ ¼ � ffiffiffi

c
p

for the R2 model. Meanwhile, for the H2, we need x0 >
1=ð2a2Þ from Eq. (13). For S2, since ρ∈ ð− π

2a ;
π
2aÞ the

function cosð2aρÞ is either positive or negative. Ifwe assume
cosð2aρÞ > 0 then we need −1=ð2a2Þ < x0 < 0, otherwise
0 < x0 < 1=ð2a2Þ. Finally, note that when the vacuum at
ρ ¼ 0 isMinkowski, then theothers shouldbeAdS;butwhen
the vacuum at ρ ¼ 0 is AdS, the others can be AdS or
Minkowski, when they exist. We illustrate these in Fig. 1.
The S2 and H2 models have three, i.e., fc or x0; b; a2g,

and the R2 model has two, namely fc; bg, arbitrary
constants. The constant c comes from the U(1) isometry
of the Kähler potential and gives rise to the so-called Fayet-
Iliopolous terms [17], and the constant b is due to the
freedom in defining the superpotential (5). Finally, κ ¼
4εa2 is the Gaussian curvature of the S2ðε ¼ 1Þ and
H2ðε ¼ −1Þ manifolds. Since S2 is compact, it can not
be covered by a single coordinate patch, and the global
consistency of the model requires quantization of the
gravitational coupling constant [28], which in our case
gives the condition 1=a2 ¼ integer [14].
From Eq. (9), one finds the field equations of the

model as

∇μ∇μρ ¼ 1

4a2
S∂ρSDμθDμθ −

g20
2
∂ρV;

∇μðS2DμθÞ ¼ 0;

ϵμνρFνρ ¼ −
2

a2
S2Dμθ;

Rμν ¼ 4∂μρ∂νρþ
1

a2
S2DμθDνθ − 4g20Vgμν: ð16Þ

Note that setting Aμ ¼ θ ¼ 0 is a consistent truncation.

SUPERSYMMETRIC NULL AND TIMELIKE WARPED ADS AND … PHYS. REV. D 113, 026024 (2026)

026024-3



Finally, for finding supersymmetric solutions of the
model, we set the fermions, that is, gravitino ψ and matter
fermion λ, and their supersymmetry transformations to
zero, as follows:

δψ ¼ ∇μϵþ ifðC − cÞDμθ þ g0cAμgϵ − g0Wγμϵ ¼ 0;

δλ ¼
�
∂μρþ

i
2a

SDμθ

�
γμϵ −

g0
a
CSϵ ¼ 0; ð17Þ

where ϵ is a complex spinor and ∇μϵ ¼ ð∂μ þ 1
4
ωab
μ γabÞϵ.

It is easy to see that the R2 model above can be obtained
by taking the a → 0 limit in the S2 or H2 models without
scaling the fields. The S2 and H2 models with x0 ¼ b ¼ 0
were constructed earlier in Ref. [14] where a flat σ model
was obtained by taking the limit a → 0, but it was different
than the above one [14,29]. To see the reason, let us make

constant scalings Aμ →
Aμ

k ; g0 → g0k2; b → b
k2 ; c → c

k while
keeping scalar fields and fermions the same, and then send
k → 0 in the Lagrangian (9), which gives

L̃ ¼ ffiffiffiffiffiffi
−g

p �
1

4
R − ∂μρ∂

μρ −
1

4a2
S2

∂μθ∂
μθ

−
g0
8
ϵμνρAμFνρ þ 2g20ðc2 þ bÞ2

�
: ð18Þ

Note that here θ is uncharged with respect to the R-
symmetry group U(1) and as a result, the potential (11)
has reduced to a cosmological constant. This model was
constructed earlier in Ref. [27]. After this procedure, the
target space geometry remains the same in general.
However, if one starts with the S2 or H2 model with x0 ¼
0 so that c ¼ ε=2a2 is not an independent parameter but
depends on a2, then a → 0 limit is equivalent to first scaling
a → a

ffiffiffi
k

p
and then sending k → 0. Since this results in

transforming c → c
k, one also has to do other scalings above

for consistency, which gives the Lagrangian (18) with flat
target space that was found in Refs. [14,29]. This clarifies
the connection between different three-dimensional, N ¼ 2
supergravities that exist in the literature [14,15,27]. After

this short introduction, we are now ready to search for
supersymmetric solutions of this model [15].

III. KILLING SPINOR ANALYSIS

For our analysis of the Killing spinor equations (17), it is
more convenient to work with Majorana spinors1 λA
(A ¼ 1; 2) so that

ϵ ¼ λ1 þ iλ2: ð19Þ

Then, the Bogomol'nyi-Prasad-Sommerfield (BPS) condi-
tions (17) take the form

0 ¼ ∇μλA þ XμϵABλ
B − g0WγμλA; ð20Þ

0 ¼ ∂μργ
μλA þ 1

2a
SDμθγ

μϵABλ
B þ g0

2

∂W
∂ρ

λA; ð21Þ

where ϵAB ¼ −ϵBA and ϵ12 ¼ ϵ12 ¼ −1 and

Xμ ¼ ðC − cÞDμθ þ g0cAμ: ð22Þ

We will use Tod’s Killing spinor bilinears method [2,3] to
classify and construct all supersymmetric solutions of this
model. For that purpose, we assume that there is a Killing
spinor ϵ that solves these supersymmetry conditions (20)–
(21) and define real bilinears

FAB ¼ λ̄AλB ¼ −FBA; ð23Þ

VAB
μ ¼ λ̄Aγμλ

B ¼ VBA
μ : ð24Þ
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FIG. 1. Graph of the −VðρÞ given in Eq. (11) for the H2 σ model with c > 0. There is always a supersymmetric vacuum at ρ ¼ 0 and a
pair of supersymmetric extrema located at C ¼ 0 (indicated with blue dots) when c > 0. They are Minkowski or AdS, depending on
whether (c2 þ b) and b are vanishing or not, respectively. These characteristics are the same for the S2 and R2 σ models.

1We follow the same conventions with Refs. [12,13]. Three-
dimensional tangent space indices range from 0 to 2. The Levi-
Civita tensor is ϵμνσ and the Levi-Civita symbol is ε012 ¼ −1,
which are related as ϵμνσ ¼ ffiffiffiffiffiffi−gp

εμνσ , ϵμνσ ¼ ð ffiffiffiffiffiffi−gp Þ−1εμνσ . γ
matrices with tangent space indices are chosen as
γ0 ¼ iσ2; γ1 ¼ σ3; γ2 ¼ σ1, where σ’s are the Pauli matrices.
The charge conjugation matrix is C ¼ γ0. We have λ̄ ¼ λ†C
and a Majorana spinor satisfies λ� ¼ −iλ.
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Since indices A;B;… run from 1 to 2, the antisymmetry of
FAB implies that

FAB ¼ −fϵAB; ð25Þ

where f is a function. This result and the structure of the
BPS equations (20)–(21) are precisely the same with those
studied in Refs. [12,13] for theD ¼ 3,N ¼ 4, Uð1Þ × Uð1Þ
gauged supergravity with modified definitions of the
superpotential W (5) and Xμ (22). Therefore, we will be
brief on technical details in deriving some of our results
below, which can be found in these papers.
We first define vectors

Vμ ¼ V11
μ þV22

μ ; Kμ ¼ V11
μ −V22

μ ; Lμ ¼ 2V12
μ ; ð26Þ

which satisfy

VμKμ ¼ VμLμ ¼ KμLμ ¼ 0; V ½μKν� ¼ ϵμνσfLσ;

VμVμ ¼ −KμKμ ¼ −LμLμ ¼ −4f2: ð27Þ

When f ≠ 0, they form a three-dimensional orthogonal
basis for the Lorentzian spacetime, and when f ¼ 0, one
can choose Vμ ¼ Kμ and Lμ ¼ 0 without loss of generality
[10]. From Eq. (20), one also gets

∇μVν ¼ −WϵμνσVσ; ð28Þ

∇μKν ¼ −WϵμνσKσ þ 2XμLν; ð29Þ

∇μLν ¼ −WϵμνσLσ − 2XμKν: ð30Þ

The first one implies that ∇ðμVνÞ ¼ 0, that is, V is either a
timelike (f ≠ 0) or a null (f ¼ 0) Killing vector. Moreover,
by contracting it with Vν, we obtain

∂μf ¼ 0: ð31Þ

Now, Eq. (21) leads to

0 ¼ ∂μρVμ; ð32Þ

0 ¼ ϵνμσ∂μρVσ −
f
a
SDνθ −

g0
a
CSVν; ð33Þ

0 ¼ 2f∂νρþ 1

2a
SϵνμσDμθVσ: ð34Þ

The first line simply means that the Lie derivative of the
field ρ along the Killing vector V is zero, that is, LVρ ¼ 0.
Now, to have this property also for the remaining fields, we
make the gauge choice

VμAμ ¼ 4fC; ð35Þ

which differs from the choice made in Refs. [12,13]. After
this, we have

LVθ ¼ LVA ¼ 0; ð36Þ

where we used the vector field equation in (16) as well.
Solutions are, in general, half-supersymmetric, except

for Minkowski and AdS spacetimes, which are fully
supersymmetric. The analysis from this point onward
depends on whether the constant f is vanishing or not.
We will now investigate these two cases separately.

IV. NULL KILLING VECTOR

In this part, we set f ¼ 0 and denote the null Killing
vector as V ¼ ∂v. Due to Eqs. (32) and (36), none of the
physical fields depend on the v-coordinate. Now, assuming
that the scalar field ρ depends only on the radial
r-coordinate, that is, ρ ¼ ρðrÞ, the most general spacetime
metric with V ¼ ∂v as its null Killing vector has the
form [12]

ds2 ¼ dr2 þ 2e2UðrÞdudvþ e2βðu;rÞdu2: ð37Þ

Here, the function βðu; rÞ is to be determined, and UðrÞ is
fixed by the superpotential W (5) as

∂rUðrÞ ¼ 2g0W: ð38Þ

The computation of the Killing spinors goes through
exactly as in Ref. [12], and one finds

λA ¼ ð1þ iÞeU−1
2
βλA0 ; ð39Þ

where λA0 is a constant real spinor that satisfies
ðγ1 − γ0ÞλA0 ¼ 0.
Now, the remaining BPS conditions that follow from

Eqs. (30), (33), and (34) are

SDrθ ¼ 0; ð40Þ

ðC − cÞDrθ ¼ −g0cAr; ð41Þ

ðC − cÞDuθ ¼ −g0cAu; ð42Þ

∂rρ ¼ g0
a
CS: ð43Þ

With these conditions, the field equations for ρ and θ in
Eq. (16) are identically satisfied. Due to our gauge choice
(35), we have Av ¼ 0 which sets Fvr ¼ Fvu ¼ 0, and the
only remaining vector field equation is

Fur ¼ −
1

a2
S2Duθ: ð44Þ
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Finally, it can be shown that all Einstein’s field equations
hold except for Ruu, which gives the following condition
for the metric function βðu; rÞ:

∂rðe2U∂rðe2β−2UÞÞ ¼ −
2

a2
S2ðDuθÞ2: ð45Þ

When the rhs of this equation is zero, setting e2β ¼ 0 is a
solution. Its homogeneous solutions can actually be found
using the Garfinkle-Vachaspati solution-generating method
[30], starting with the same metric with e2β ¼ 0 (see
Refs. [12,18] for details), and they are locally trivial
[31]. This method is applicable when the initial solution
has a null Killing vector.
Now, Eq. (40) implies that either S ¼ 0 (which is

equivalent to ρ ¼ 0) or Drθ ¼ 0. With the first option,
the scalar field θ decouples from the model, and the vector
field becomes pure gauge. The latter implies that either
c ¼ 0 or Ar ¼ 0 from Eq. (41). When c ¼ 0 again the
vector field is pure gauge and we have Duθ ¼ 0 from
Eq. (42) (here if C ¼ 0 then ρ ¼ 0). This analysis shows
that, without loss of generality, we can choose

Ar ¼ 0; θ ¼ θðuÞ; ð46Þ

after which Eqs. (40) and (41) are automatically satisfied.
To summarize, for a supersymmetric solution in this

class, we only have to solve four equations [(42)–(45)] for
the fields fρðrÞ; Auðr; uÞ; θðuÞ; βðu; rÞg. The spacetime
metric is given by Eq. (37), where the metric function
UðrÞ should satisfy Eq. (38). We will now analyze these
equations in three parts: (i) ρ ¼ 0, (ii) ρ ¼ constant ≠ 0,
(iii) otherwise.

A. ρ = 0

In this case, from Eqs. (5) and (10)–(12), we have

S ¼ 0; C¼ c; W ¼ c2þb; V ¼ 2ðc2þbÞ2: ð47Þ

Equations (41) and (44) show that the vector field is pure
gauge, which we choose as Au ¼ 0, and the field θ remains
free. Now, Eq. (38) is solved as

UðrÞ ¼ 2g0ðc2 þ bÞr; ð48Þ

where we set an arbitrary additive constant to zero by
scaling the v-coordinate. Finally, solving Eq. (45) for e2β,
we find

ds2 ¼ dr2 þ 2e4g0ðc2þbÞrdudvþ e2βdu2; ð49Þ

where

e2β ¼
�
c3ðuÞrþ c4ðuÞ; if c2 þ b ¼ 0;

c3ðuÞe4g0ðc2þbÞr þ c4ðuÞ; if c2 þ b ≠ 0:
ð50Þ

Its curvature scalar is R ¼ −24g20ðc2 þ bÞ2. This is a pp-
wave in Minkowski or AdS spacetime, depending on
whether ðc2 þ bÞ vanishes or not, respectively. Although
c3ðuÞ and c4ðuÞ terms can be generated by the Garfinkle-
Vachaspati method and are locally trivial, they may have
global significance. For instance, when c2 þ b ≠ 0 and c3
and c4 are constant, the metric is of Kaigorodov type
[32,33], which is equivalent to the extremal BTZ black hole
[22] with mass M0 ¼ 2g0ðc2 þ bÞc4 and angular momen-
tum J ¼ c4.

B. ρ= constant ≠ 0

When ρ is a nonzero constant, we have S ¼ constant ≠ 0
from Eq. (10). Then, Eq. (43) implies that C ¼ 0, which
means that these solutions emerge at the supersymmetric
extrema of the potential (11) that are not at the origin. From
Eqs. (5) and (10)–(12), we obtain

C ¼ 0; W ¼ b; V ¼ 2b2; c > 0: ð51Þ

With these, Eqs. (38), (42), and (44) are solved as

UðrÞ ¼ 2g0br; θðuÞ ¼ constant;

Auðu; rÞ ¼ QðuÞe2ηg0r; ð52Þ

where QðuÞ is an arbitrary function, and we introduced the
nonzero constant

η ¼ 1

2a2
S2 ¼

� ε
2a2 ð1 − 4a4x20Þ; for S2 andH2;

2c; for R2:
ð53Þ

Then, solving Eq. (45), we find the following two types of
solutions:

(i) Case 1: electromagnetic waves.
When W ¼ b ¼ η ≠ 0 or W ¼ b ¼ 0, the metric

is

ds2 ¼ dr2 þ 2e4g0brdudvþ e2βdu2; ð54Þ

where

e2β ¼
(
c3ðuÞrþ c4ðuÞ − Q2ðuÞ

4η e4g0ηr; if W ¼ b ¼ 0;

c3ðuÞe4g0br þ c4ðuÞ − g0Q2ðuÞre4g0br; if W ¼ b ¼ η ≠ 0:
ð55Þ
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Its curvature scalar is R ¼ −24g20b2. Here, the
locally nontrivial piece is the Q2ðuÞ term, and the
solution represents an electromagnetic wave in AdS
(when W ¼ b ¼ η ≠ 0) or Minkowski (when
W ¼ b ¼ 0) spacetime. When the vector field is
switched off, the form of the solution coincides with
the previous one given in Eq. (49).

(ii) Case 2: null z-warped AdS3.
When W ¼ b ≠ η, η ≠ 0 and b ≠ 0, we find

ds2 ¼ dr2þ 2e4g0brdudv

þ
�
c3ðuÞe4g0brþ c4ðuÞþ

Q2ðuÞ
4ðb− ηÞe

4g0ηr

	
du2;

ð56Þ

with

R ¼ −24g20b2: ð57Þ

This solution generically corresponds to an AdS
wave. However, if we choose c3ðuÞ, c4ðuÞ, andQðuÞ
as constants and perform the change of coordinates

y ¼ e4g0br; ϕ ¼ u
2g0b

; t ¼ v
2g0b

; ð58Þ

we get

ds2 ¼ 1

4g20b
2

�
dy2

4y2
þ 2ydtdϕ

þ
�
βyþ α2 þ Q2

4ðb − ηÞ y
η=b

	
dϕ2

�
; ð59Þ

where α ¼ c3, β ¼ c4, and Q are constants. The
gauge field takes the form

A ¼ Q
2g0b

yη=ð2bÞdϕ: ð60Þ

When α ¼ β ¼ 0 and Q ≠ 0, Eq. (59) is called the
null z-warped AdS spacetime with

z ¼ η

b
: ð61Þ

This choice is special since then both the metric and
the gauge field are invariant under the following
anisotropic scaling:

y → yλ2; ϕ → ϕλ−z; t → tλz−2: ð62Þ

Depending on the sign of the yz term in Eq. (59), this
solution is labeled with “plus” or “minus,” respec-
tively. If we also fix the scaling exponent to z ¼ 2 so

that the t-coordinate does not scale, then this
solution is called null warped AdS or Schrödinger
spacetime [34].

As was shown in Ref. [23], the metric (56) describes a
physically well-defined black hole if the ϕ coordinate is
periodic (ϕ ∼ ϕþ 2π) and

z ≥ 2; β ≥ 2jαj; β ≠ 0;

α ≠ 0; Q2 ¼ 4ðb − ηÞ: ð63Þ

Note that after this identification, the scaling symmetry (62)
is broken and the sign of the yz term in Eq. (59) has to be
“plus,” which implies b > η. This requirement, together
with the z ≥ 2 condition, can be realized if we have the
restriction η ≤ 2b < 0 on the parameters of the model,
where η is defined in Eq. (53). When this condition is
satisfied, this model admits a null z-warped AdS black hole.
Supersymmetric null z-warped AdS solutions have

appeared in off-shell supergravities before [4,5,7].
However, to the best of our knowledge, this is the first
appearance of supersymmetric null z-warped AdS black
hole in a gauged supergravity. Null warped AdS (i.e.,
z ¼ 2) is a solution of aD ¼ 3, N ¼ 4 gauged supergravity
[12] but with “minus” sign for the yz term in Eq. (59), and
hence it is not suitable for a black hole construction. Such
supersymmetric black holes [35] also exist in minimal
massive supergravity [36,37]. In that case, the warping is
due to the higher curvature terms in the theory. Whereas
here it is created by the gauge field (60).

C. String solutions

We now consider the ρ ¼ ρðrÞ ≠ constant case. Here,
instead of using the r-coordinate as the radial coordinate
defined in Eq. (37), it is possible to use the field ρ (or the
functions C or S) as the radial coordinate via the BPS
equation (43). This is convenient, since it is not always
possible to express ρ as a function of r in terms of
elementary functions except for the R2 case. Whereas
the opposite direction is straightforward. Doing this
change, our metric (37) becomes

ds2 ¼ a2

g20C
2S2

dρ2 þ 2e2UðρÞdudvþ e2βðu;ρÞdu2: ð64Þ

The metric function UðrÞ, using Eqs. (38) and (43), should
satisfy

∂ρUðρÞ ¼ 2a
W
CS

; ð65Þ

which can be solved as
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UðρÞ ¼

8>><
>>:

− 1
2
ρ2 þ c ln jρj þ 2g0br; for R2;

− 1
a2 ln j coshðaρÞj þ c ln j tanhðaρÞj þ 2g0br; for H2;

1
a2 ln j cosðaρÞj þ c ln j tanðaρÞj þ 2g0br; for S2;

ð66Þ

where the r-coordinate as a function of ρ is found from Eq. (43) for R2 as

2g0r ¼
8<
:

1
2ρ2

; for c ¼ 0;

− 1
2c ln




 c
ρ2
− 1




; for c ≠ 0;
ð67Þ

and for S2 and H2 as

2g0r ¼

8><
>:

εa2
2
ln



 C−2x0C




þ εa2x0C−1; if x0 ¼ � 1
2a2 ;

2εa2

4a4x2
0
−1 ln jCj þ εa2

1−2a2x0
ln



C − x0 þ 1

2a2




þ εa2

1þ2a2x0
ln



C − x0 − 1

2a2




; if x0 ≠ � 1
2a2 :

ð68Þ

The gauge field can be found from Eq. (42) algebraically as

Au ¼ −
ðC − cÞQðuÞ

g0C
; where ∂uθ ¼ QðuÞ ⇒ Duθ ¼ cQðuÞ

C
: ð69Þ

After this, it can be shown that the gauge field equation (44) is automatically satisfied using Eq. (43). So, this solution for
the vector field is only valid when ρ is not equal to a constant. Also note that, for a nontrivial Au, we need c ≠ 0. Finally,
using Eq. (69) in Eq. (45) and integrating twice, we get

e2β ¼ c4ðuÞe2U þ c3ðuÞe2U
Z

C−1S−1e−2Udρ −
a
g20

Q2ðuÞe2U
Z

C−3S−1e−2Udρ; ð70Þ

where c3ðuÞ and c4ðuÞ are integration constants. Results of
these integrations are too complicated to present here, but
they can be seen for the x0 ¼ b ¼ 0 case for theS2 andH2 σ
models in Ref. [18] [see its Eq. (3.35)], where a hyper-
geometric function shows up. The c3ðuÞ and c4ðuÞ terms can
be obtained using the Garfinkle-Vachaspati method [30].
They correspond towaveson the background (64) and canbe
removed from the solution by local coordinate transforma-
tions [31]. Meanwhile, the QðuÞ term corresponds to an
electromagnetic wave [18]. Therefore, the spacetime metric
(64) describes a string superposedwithwaves in general. For
theS2 andH2 target spaces, this string solutionwithQðuÞ ¼
x0 ¼ b ¼ 0 appeared in Ref. [14] and the later charged
version of that (i.e., QðuÞ ≠ 0) was found in Ref. [18].
We will now investigate the singularity structure of

these string solutions. Looking at two of their curvature
invariants,

R¼−24g20ðC2þbÞ2þ16g20
a2

C2S2;

RμνRμν¼32g40

�
6ðC2þbÞ4þ 8

a2
ðC2þbÞ2C2S2þ 3

a4
C4S4

	
;

ð71Þ

we see that they approach smoothly to the supersymmetric
extremum of the potential

lim
ρ→0

R¼−24g20ðc2þbÞ2; lim
C→0

R¼−24g20b2;

lim
ρ→0

RμνRμν ¼ 192g40ðc2þbÞ4; lim
C→0

RμνRμν ¼ 192g40b
4:

ð72Þ

The points where the gρρ component of the metric (64)
becomes infinite are candidates for a horizon. It is impor-
tant to note that this happens when CS ¼ 0, which is
precisely where the supersymmetric extrema of the poten-
tial (11) are located. We will now introduce suitable
coordinates for each σ model to check this observation.
We do not need the explicit form of e2βðu;ρÞ, since it has no
effect on curvature invariants or location of horizons.
Hence, for the discussion below, we will set it to zero,
which is allowed when the string has no charge.

1. R2 σ model

Here, it is convenient to work with the variable w ¼
ρ−2 ≥ 0. Now, for c ¼ 0, the string metric (64) becomes

NIHAT SADIK DEGER and CEREN AYSE DERAL PHYS. REV. D 113, 026024 (2026)

026024-8



ds2 ¼ dw2

16g20
þ 2e−

1
wþbwdudv: ð73Þ

Note that asw → ∞ (ρ → 0), the metric is that of the AdS in
Poincaré coordinates if b ≠ 0 or Minkowski spacetime if
b ¼ 0.However, there is anakedsingularityasw → 0,which
can also be seen from its curvature scalar

R ¼ −
8g20
w4

ð3b2w4 þ 6bw2 − 8wþ 3Þ: ð74Þ

On the other hand, the metric for c ≠ 0 is

ds2 ¼ dw2

16g20ð1 − cwÞ2 þ 2e−
1
w

�
1

w

�
c
j1 − cwj−b

cdudv: ð75Þ

As above, it is easy to see that in the limit w → ∞ we have
either AdS (when c2 þ b ≠ 0) or Minkowski spacetime
(when c2 þ b ¼ 0) and there is a singularity as w → 0.
However, when c > 0, there is now a horizon at w ¼ 1=c,
which is precisely where the potential (11) has another
supersymmetric vacua (15), namely at C ¼ 0 (12). The
near-horizon geometry is either Minkowski (for b ¼ 0) or
AdS (for b ≠ 0). Note that the near-horizon and asymptotic
geometries cannot both be Minkowski. All these can also
be seen from its scalar curvature

R ¼ 8g20

�
−3ðbþ c2Þ2 þ 4cð3bþ 2cþ 3c2Þ

w

−
2ð3bþ 8cþ 9c2Þ

w2
þ ð12cþ 8Þ

w3
−

3

w4

	
: ð76Þ

2. S2 σ model

Recall that for S2, the constant 1=a2 is an integer. Let us
first consider the case x0 ≠ �1=ð2a2Þ. We also assume c >
0 so that the potential (11) possesses a supersymmetric
extrema at C ¼ 0, for which we choose the cosð2aρÞ > 0
branch so that the constant x0 is restricted as
−1=ð2a2Þ < x0 < 0. After the coordinate transformation
w ¼ C−1 > 0, the string metric becomes

ds2 ¼ a4

g20
w−2

�
1 − 4a4

�
1

w
− x0

�
2
	
−2
dw2

þ 2

�
1 − 2a2ð1w − x0Þ
1þ 2a2ð1w − x0Þ

�
x0ð1þb̂Þ

×

�
1 − 4a4

�
1

w
− x0

�
2
	 1

2a2
ð1−b̂Þ

w− b̂
a2dudv; ð77Þ

where b̂ ¼ b
ðx2

0
− 1

4a4
Þ. Now, calculating its scalar curvature

R ¼ −
8g20
a2w4

½3a2b2w4 þ ð8a4x20 þ 6a2b − 2Þw2

− 16a4x0wþ 8a4 þ 3a2�; ð78Þ

we determine its behavior around special points of the
metric as

lim
w→0

R ¼ −∞; lim
w→ 2a2

1þ2a2x0

R ¼ −24g20ðc2 þ bÞ2;

lim
w→∞

R ¼ −24g20b2: ð79Þ

Clearly, there is a curvature singularity at w ¼ 0 and a
horizon located at w ¼ 2a2

1þ2a2x0
(that is, ρ ¼ 0). It is easy to

see from the metric (77) that the horizon is locally either
Minkowski or AdS, depending on whether c2 þ b is zero or
not, respectively. Asymptotic geometry (w → ∞ or C → 0)
is AdS if b ≠ 0 or Minkowski otherwise. This black string
solution with b ¼ x0 ¼ 0 was found in Ref. [14] and had
similar features. However, notice that in that case the
asymptotic limit is necessarily Minkowski, and the near-
horizon geometry must be AdS. Finally, let us note that
when b ¼ x0 ¼ 0 and a2 ¼ 1=2, the solution (77) becomes
identical with the one found in Ref. [38] for the low energy
limit of the three-dimensional string theory as noted
in Ref. [14].
When x0 ¼ 1=ð2a2Þ, we have c ¼ 1=a2 and

C ¼ cos2ðaρÞ=a2. After the coordinate transformation w ¼
sec2ðaρÞ string metric, Eq. (64) becomes

ds2 ¼ a4

16g20

�
1 −

1

w

�
−2
dw2

þ 2

�
1 −

1

w

� 1

a2ðw − 1Þa2bea2bwdudv; ð80Þ

whose scalar curvature is

R¼−
8g20
a8w4

½3a8b2w4þ 6a4bw2 − 8a2wþ 8a2þ 3�: ð81Þ

It behaves as

lim
w→0

R ¼ −∞; lim
w→1

R ¼ −24g20ðc2 þ bÞ2;
lim
w→∞

R ¼ −24g20b2: ð82Þ

Similar to the above solution, there is a curvature singu-
larity at w ¼ 0, a horizon at w ¼ 1 (or ρ ¼ 0), and the
asymptotic geometry (w → ∞) is either Minkowski
or AdS.
When x0 ¼ −1=ð2a2Þ, we have c ¼ 0 and hence there is

only one supersymmetric vacuum of the potential (11).
Thus, the corresponding string solution has a naked
singularity.
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3. H2 σ model

Let us first assume x0 ≠ �1=ð2a2Þ and take
x0 > 1=ð2a2Þ. Defining w ¼ sinh−2ðaρÞ, its metric
becomes

ds2 ¼ 1

16g20

�
1þ 1

w

�
−2
w−2

�
−

1

2a2

�
1þ 2

w

�
þ x0

	
−2
dw2

þ 2ðwþ 1Þ−x0ð1þb̂Þ
�
4ðwþ 1Þ

w2

�
− 1

2a2
ð1−b̂Þ

×

�
−

1

2a2

�
1þ 2

w

�
þ x0

	
− b̂
a2dudv; ð83Þ

where b̂ ¼ b
ðx2

0
− 1

4a4
Þ. Its scalar curvature is too long to present

here, but it has the limits

lim
w→0

R ¼ �∞; lim
w→ 2

2a2x0−1

R ¼ −24g20b2;

lim
w→∞

R ¼ −24g20ðc2 þ bÞ2: ð84Þ

There is a curvature singularity at w ¼ 0 [carrying the sign
of ð8a2 − 3Þ], a horizon at w ¼ 2

2a2x0−1
(or C ¼ 0), and

asymptotic geometry (w → ∞ or ρ → 0) is Minkowski or
AdS. This solution with x0 ¼ b ¼ 0 was obtained in
Ref. [14], but in that case there is no horizon and the
asymptotic geometry is AdS.
For x ¼ �1=ð2a2Þ, the potential (11) has only one

supersymmetric extremum at ρ ¼ 0, and hence the string
solution has a naked singularity.

V. TIMELIKE KILLING VECTOR

Wewill now investigate the timelike case and take f > 0.
The most general spacetime metric that admits a timelike
Killing vector V ¼ ∂t with norm −4f2 can be written as a
product of a two-dimensional base space Σ2 and a timelike
fiber [4], as follows:

ds2 ¼ −4f2½dtþMðx; yÞdxþ Nðx; yÞdy�2
þ e2σðx;yÞðdx2 þ dy2Þ: ð85Þ

The base space Σ2 has constant Gaussian curvature κ if the
conformal factor σ satisfies Liouville’s differential equa-
tion, as follows:

ð∂2x þ ∂
2
yÞσ ¼ −κe2σ: ð86Þ

With this metric, the conditions (27) can be solved as

Kμ ¼ ð0; 2feσ sinφ; 2feσ cosφÞ;
Lμ ¼ ð0; 2feσ cosφ;−2feσ sinφÞ; ð87Þ

where φðt; x; yÞ is an arbitrary function to be determined.
Then the Killing spinors are found to be [13]

λ1 ¼ ð1þ iÞ
ffiffiffi
f
2

r �
sinðφ=2Þ

− cosðφ=2Þ

	
;

λ2 ¼ ð1þ iÞ
ffiffiffi
f
2

r �
cosðφ=2Þ
sinðφ=2Þ

	
: ð88Þ

From these Majorana spinors, one gets the complex Killing
spinor of these solutions (19) as

ϵ ¼ ð1þ iÞ
ffiffiffi
f
2

r
e−iφ=2

�
i

−1

	
: ð89Þ

Equations (29) and (30) determine Xμ defined in Eq. (22) as

Xt ¼
1

2
∂tφþ 4fg0W;

Xx ¼
1

2
∂xφþ 1

2
∂yσ þ 4fg0MW;

Xy ¼
1

2
∂yφ −

1

2
∂xσ þ 4fg0NW: ð90Þ

Note that because of Eqs. (32) and (36), scalar fields and
the vector field do not depend on the time coordinate t. Our
gauge choice (35) implies that

At ¼ 4fC: ð91Þ
Using this result and Eq. (22) in Eq. (90), we get

∂tφ ¼ −8fg0b; ð92Þ

DxθC ¼ ∂x

�
cθ þ 1

2
φ

�
þ 1

2
∂yσ þ 4fg0MW; ð93Þ

DyθC ¼ ∂y

�
cθ þ 1

2
φ

�
−
1

2
∂xσ þ 4fg0NW: ð94Þ

From Eq. (28), we derive

W ¼ −
1

2g0
fe−2σðMy − NxÞ: ð95Þ

This completes the information available in the Killing
spinor equation (20). Next, from the BPS conditions (33)–
(34), we find

∂xρ ¼ −
1

2a
SðDyθ − 4fg0CNÞ;

∂yρ ¼ 1

2a
SðDxθ − 4fg0CMÞ: ð96Þ

Now, one can show that when the above first-order
conditions are satisfied, all field equations (16) are also
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satisfied except the xy-component of the vector field
equation

Fxy ¼
2

a2
S2ff½NDyθ þMDxθ − 4fg0CðM2 þ N2Þ�

þ g0Ce2σg: ð97Þ

To summarize, for a supersymmetric solution in this
class, we have to solve seven first-order, coupled
differential equations (92)–(97) for eight unknowns
ðM;N; σ;φ; Ax; Ay; θ; ρÞ. Although, this system looks like
underdetermined at first sight, but after defining a new
spinor function φ̂ ¼ cθ þ 1

2
φ (recall that ∂tθ ¼ 0) and

using the fact that g0Fxy ¼ ∂xðDyθÞ − ∂yðDxθÞ, we end
up with seven differential equations for seven unknowns
ðM;N; σ; φ̂; Dxθ; Dyθ; ρÞ. Solving this system in full gen-
erality is clearly a difficult problem except when ρ is equal
to a constant. This is what we will consider in the next two
subsections, and then for the general case, make a sim-
plifying ansatz.

A. ρ = 0

When ρ ¼ 0, we have the conditions listed in Eq. (47).
The field θ disappears from all the equations [(92)–(97)]
and therefore remains free. Moreover, equations in (96)
are automatically satisfied, and Eq. (97) gives Fxy ¼ 0. So,
we can choose Ax ¼ Ay ¼ 0 without loss of generality.
The only equations to be solved are (92)–(94), which
simplify to

0 ¼ ∂tφþ 8fg0b;

0 ¼ ∂xφþ ∂yσ þ 8fg0WM;

0 ¼ ∂yφ − ∂xσ þ 8fg0WN: ð98Þ

Let us point out that combining the last two and using
Eq. (95), one gets Liouville’s equation (86) for σ with
Gaussian curvature κ ¼ −16g20W2, which shows that the
base space Σ2 of the metric (85) is either flat or hyperbolic,
depending on whether W is vanishing or not. We now
analyze these two possibilities separately:

(i) Case 1: W ≠ 0.
In this case, we have W ¼ c2 þ b ≠ 0. The first

equation in (98) gives

φ ¼ −8fg0btþ Gðx; yÞ; ð99Þ

for some function Gðx; yÞ. But, using a new time
coordinate t̂ ¼ t − 1

8fg0W
Gðx; yÞ, and redefining

metric functions M and N, we can set
Gðx; yÞ ¼ 0 ⇒ ∂xφ ¼ ∂yφ ¼ 0, as in Ref. [13]. Re-
maining equations can be solved as

σ ¼ − ln j1 − 4g20W
2ðx2 þ y2Þj;

M ¼ −
g0W
f

y
1 − 4g20W

2ðx2 þ y2Þ ;

N ¼ g0W
f

x
1 − 4g20W

2ðx2 þ y2Þ ; ð100Þ

and the scalar curvature is R ¼ −24g20ðc2 þ bÞ2.
The solution is AdS3 in global coordinates, as was
shown in Ref. [13].

(ii) Case 2: W ¼ 0.
This corresponds to setting W ¼ c2 þ b ¼ 0,

which also makes the potential (11) vanish, i.e.,
V ¼ 0. Since all scalar and vector fields also vanish,
these are pure gravity solutions and are Ricci flat. In
this case, Eq. (98) becomes

∂tφ ¼ 8fg0c2;

∂xφ ¼ −∂yσ;

∂yφ ¼ ∂xσ: ð101Þ

The first one gives

φ ¼ 8fg0c2tþGðx; yÞ: ð102Þ

Note that both G and σ are harmonic functions and
they can be used to define a holomorphic function,

HðzÞ ¼ σ þ iG; ð103Þ

where z ¼ xþ iy. From Eq. (95), we see that
Mdxþ Ndy is closed. If we assume that the space
part of our solution is simply connected, then the
Poincaré lemma implies that we can find a function
Fðx; yÞ such that Mdxþ Ndy ¼ dF. But then, we
can define a new time coordinate t̂ ¼ 2ftþ Fðx; yÞ
to get rid of Fðx; yÞ and redefine Gðx; yÞ. After
doing this, the metric takes the form

ds2 ¼ −dt2 þ e2σðdx2 þ dy2Þ: ð104Þ

Any choice of the holomorphic function HðzÞ gives
a supersymmetric solution with the above metric, as
happened in Ref. [13] [see its Eqs. (6.28)–(6.30)].
For example, the choice HðzÞ ¼ xþ iy leads to

ds2 ¼ −dt2 þ dw2 þ w2dy2; ð105Þ

where w ¼ ex. This solution can be designated as
Euclidean Rindler spacetime [19]. If the range of y is
restricted to 0 ≤ jyj < 2π, then it describes a conical
spacetime.
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B. ρ= constant ≠ 0

In this case, from Eq. (96) we can read the gauge field
components as

Ax ¼ −
1

g0
∂xθ þ 4fCM;

Ay ¼ −
1

g0
∂yθ þ 4fCN: ð106Þ

The remaining equations to be solved are

∂tφ̂ ¼ −8fg0b;

∂xφ̂þ ∂yσ ¼ −8fg0bM;

∂yφ̂ − ∂xσ ¼ −8fg0bN; ð107Þ
where φ̂ ¼ 2cθ þ φ. The last two lines give Liouville’s
equation (86) for σ with Gaussian curvature κ ¼ −16g20bW.
In all the solutions we present below, we have κ ≤ 0, that
is, Wb ≥ 0.
Since ρ ≠ 0, we have S ≠ 0, and using Eq. (96) in

Eq. (97), one finds

CW ¼ CS2

4a2
; ð108Þ

which implies that either C ¼ 0 or W ¼ S2=4a2. For the
latter, the potential (11) has the value V ¼ 2Wð2b −WÞ,
and this point is not an extremum in general, but this
happens when C ¼ x0 for the S2 manifold, which occurs at
ρ ¼ �π=ð4aÞ (12). This condition, together with the
definition of the superpotential (5), fixes the value of ρ ≠
0 unless x0 ¼ 0; a2 ¼ −4b ¼ −ε ¼ 1, for which it is
automatically satisfied.

(i) Case 1: C ¼ 0.
When C ¼ 0 and ρ ≠ 0, from Eq. (12) we see that

c ≠ 0 and x0 ≠ 0 (13) and S has the same value (53).
Note that since the superpotential (5) is nowW ¼ b,
and the base space Σ2 of our metric (85) has
Gaussian curvature κ ¼ −16g20b2. So, it is either
flat or hyperbolic. This case is very similar to the
ρ ¼ 0 case that we considered above. For b ≠ 0,
making the changeW → b in the AdS solution (100)
is enough. For b ¼ 0, instead of Eq. (102), we now
have φ̂ ¼ Gðx; yÞ, and the rest is the same. These
solutions emerge at the supersymmetric extrema of
the potential (11).

(ii) Case 2: timelike warped flat.
We now assume W ¼ S2=ð4a2Þ ≠ 0, C ≠ 0, and

b ¼ 0. From Eq. (107), we see that functions φ̂ and σ
define a holomorphic function, as follows:

HðzÞ ¼ σ þ iφ̂: ð109Þ
Any choice ofHðzÞ gives a supersymmetric solution
by solving the first line of Eq. (107) for M and N.

Since σ is a harmonic function, base space Σ2 of our
metric (85) is always flat from Eq. (86) for any
choice of the function HðzÞ and spacetime curvature
is always positive, as follows:

R ¼ 8g20W
2: ð110Þ

For example, by choosing HðzÞ ¼ 0 and setting
θ ¼ N ¼ 0, the solution is

ds2 ¼ −
�
2fdt −

2g0W
f

ydx

�
2

þ dx2 þ dy2;

Aμ ¼
�
4fC;−

8g0W
f

Cy; 0
�
; ð111Þ

which is called timelike warped flat [5,39] due to the
Hopf fibration, and it is a homogeneous spacetime
[40,41]. SinceW ¼ C2 ≠ 0, there is always warping,
and it is proportional to AμAμ ¼ −4C2.

(iii) Case 3: timelike stretched AdS3.
We now assume W ¼ S2=ð4a2Þ ≠ 0, C ≠ 0 and

b ≠ 0. In solving the system (107), we can again set

θ ¼ 0; φ̂ ¼ φ ¼ −8g0bt; ð112Þ

by shifting the time coordinate and making a gauge
transformation. Then, one can start solving from
Liouville’s equation (86) for σ with κ ¼ −16g20bW.
For any σ, the spacetime curvature is always con-
stant:

R ¼ 8g20WðW − 4bÞ: ð113Þ

For example, Eqs. (107) can be solved as

e2σ ¼ 1

16g20bW
1

y2
; M¼ 1

8fg0b
1

y
; N¼ 0; ð114Þ

with the requirement

Wb > 0; ð115Þ

which implies that the base space Σ2 is hyperbolic.
Since W ¼ S2=4a2 is positive, we need b > 0. The
metric (after scaling the time coordinate as t̂ ¼
8fg0bt and then dropping the hat) is

ds2 ¼ 1

16g20bW

�
−ν2

�
dtþ dx

y

�
2

þ dx2 þ dy2

y2

	
;

ð116Þ

where
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ν2 ¼ W
b
¼ 1þ C2

b
: ð117Þ

This is the “stretched” timelike warped AdS3 with
the warping parameter ν2. The term stretched refers
to the fact that ν2 > 1 (since b > 0 and C ≠ 0). The
gauge field is given as

Aμ ¼
�

C
2g0b

;
C

2g0by
; 0

�
: ð118Þ

One can relate the warping parameter to the norm of
the gauge field A2 ¼ AμAμ as

ν2 ¼ 1 −
A2

4b
; ð119Þ

which was first observed in Ref. [4], where this
supersymmetric solution was found for an off-shell
supergravity (see also Refs. [5,7]). Note that, since
C ≠ 0 and ρ ≠ 0, this solution does not appear at a
supersymmetric extrema of the potential (11).

C. Circularly symmetric solutions

We now assume that ρ is not constant. To simplify the
equation system (92)–(97), we will take the x-coordinate as
a circular direction and consider the circularly symmetric
ansatz:

ρ¼ ρðyÞ; σ ¼ σðyÞ; M ¼MðyÞ; N ¼ Ay ¼ 0;

At ¼ 4fC; Ax ¼ χðyÞ þ n
g0
;

φ¼ −4fg0btþ kx; θ ¼ −nx; ð120Þ

where n and k are constants. Then we are left with the
following system of equations:

∂yρ ¼ g0
2a

Sχ̃; ð121Þ

∂yM ¼ −
2g0
f

e2σW; ð122Þ

∂yσ ¼ 2g0ðCχ̃ − 4fbMÞ þ 2cn − k; ð123Þ

∂yχ̃ ¼ 2g0Ce2σ
�
4W −

S2

a2

�
; ð124Þ

where we defined

χ̃ ¼ χ − 4fCM: ð125Þ

These equations were first derived in Ref. [15] and later
studied in Ref. [19] for the x0 ¼ b ¼ 0 case. In Ref. [15], it
was shown that this system admits jnj-vortex solutions

using numerical methods. In these vortices, the function χ
is not constant and solutions have asymptotically conical
geometry for b ¼ 0 and 2cn − k ≠ 0. By differentiating
Eq. (122) and using others, one arrives at the following
constraint for the unknown functions

χ̃2 þ 16f2bM2 þ 4f
g0

ðk − 2cnÞM − 4e2σW ¼ p; ð126Þ

where p is a constant, as was observed in Ref. [15]. This
condition reduces the number of unknowns to three.
Furthermore, one can use ρ as the independent variable
instead of y, using Eq. (121). Then Eqs. (122)–(124) take
the form

Sχ̃∂ρM ¼ −
4a
f
e2σW; ð127Þ

Sχ̃∂ρσ ¼ 4aðCχ̃ − 4fbMÞ þ 2cn − k; ð128Þ

Sχ̃∂ρχ̃ ¼ 4aCe2σ
�
4W −

S2

a2

�
: ð129Þ

So, effectively, there are only two first-order differential
equations to solve, but due to their nonlinear structure, this
is still a difficult problem. Below, we will find exact
solutions when the vector field function χ is a constant.
Let us point out that there are two other special choices that
simplify the equation system (127)–(129). When b ¼ 0 in
Eq. (128) and when a2 ¼ −4b ¼ −ε ¼ 1 (⇒ 4Wa2 ¼ S2)
in Eq. (129), these equations become integrable. However,
in the end, these lead to the solution with χ ¼ 0 below, with
the parameters specified to those particular values.

(i) Case 1: stringlike solutions.
We now assume that χ ¼ 0, that is,

χ ¼ 0 ⇒ χ̃ ¼ −4fCM: ð130Þ

Equation (124) is equivalent to

∂yχ ¼ −
2g0
a2

S2ffMðχ − 4fCMÞ þ Ce2σg: ð131Þ

So, when χ ¼ 0, we have

e2σ ¼ 4f2M2: ð132Þ

With Eqs. (130) and (132), Eq. (129) is automati-
cally satisfied, and the constraint (126) holds with
p ¼ 0. Then, the compatibility of Eqs. (127) and
(128) requires

2cn − k ¼ 0: ð133Þ

So, we only have to solve Eq. (127) or Eq. (128). But
comparing Eq. (128) with Eq. (65), we see that
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σ ¼ 2U: ð134Þ

Then, the solution metric becomes (after some trivial
scalings),

ds2 ¼ −dt2 − 2e2Udxdtþ a2

g20

dρ2

S2C2
; ð135Þ

where the function U is given in Eqs. (66)–(68). For
the S2 and H2 σ models, this solution with x0 ¼
b ¼ 0was found in Ref. [19]. Notice that the form of
the metric is almost the same with the string solution
(64), and due to this similarity, we will call this
solution stringlike as in Ref. [19]. The extra −dt2
term in this metric has no effect on curvature
invariants like the e2β piece there, and therefore,
these two solutions have the same singularity and
horizon structure that we studied in Sec. IV C.
However, when the local geometry is AdS, due to
this extra piece, the metric is of Kaigorodov type
[32,33] (see Refs. [18,19]).

(ii) Case 2: χ ¼ constant ≠ 0.
Let χ ¼ χ0 ≠ 0 be a constant. Again, setting

2cn − k ¼ 0 is necessary. In this case. Eq. (131)
gives

e2σ ¼ −
fMχ̃

C
: ð136Þ

Now, one can compute ∂ρM from both Eqs. (128)
and (129), and they are compatible only for the H2

manifold with the following choices:

a2 ¼ 4b ¼ −ε ¼ 1: ð137Þ

Assuming x0 ¼ 0, the corresponding solution is

e2σ ¼ χ20S
−4; χ̃¼−χ0S−2; M¼ χ0

f
S−2C: ð138Þ

The constraint (126) is satisfied with p ¼ 0 as
above. Note that it is not possible to take χ0 → 0
limit. Although changing χ from zero to a nonzero
value χ0 is a trivial gauge transformation, we see
that it results in a solution that is quite different than
the χ ¼ 0 solution with the same parameters
(137) for which we have e2σ ¼ 4M2

0S
−4C2; χ̃ ¼

−4M0S−2C2;M ¼ M0S−2C=f. This is due to the
nonlinear nature of these differential equations.
After defining g0w ¼ ln j tanhðaρÞj and some
straightforward scalings, its metric becomes

ds2 ¼ −dt2 þ 2 coshð2g0wÞdxdt
− 4 sinh2ðg0wÞdx2 þ dw2; ð139Þ

with scalar curvature

R ¼ g20
2

coshð2g0wÞ
sinh4ðg0wÞ

ð4 − 3 coshð2g0wÞÞ: ð140Þ

When w → ∞ (or ρ → 0) its curvature scalar takes
the valueR ¼ −6g20, and there is a naked singularity
as w → 0 (or ρ → ∞). Unfortunately, we could not
identify this spacetime.

VI. CONCLUSIONS

In this paper, we studied supersymmetric solutions of the
three-dimensional N ¼ 2 gauged supergravity extended
with the FI term, which was constructed in Ref. [15].
Using Killing spinor bilinears, we first derived all the
necessary conditions for such a solution to exist and then
constructed many examples, which are listed in Table I. We
expect them to be useful in various contexts. Among them,
we have supersymmetric examples of timelike (116) and
null z-warped AdS (59), which are quite rare in the
literature. They require the FI term to be present, and
curiously, only the latter appears at a supersymmetric
extremum. As we showed, parameters of the model allow
the null z-warped AdS solution to be converted into a well-
defined black hole, and understanding holographic aspects
of it is clearly desirable [23]. The fact that the scaling
exponent z is free provides an opportunity to go beyond the
better understood z ¼ 2 case [42].
Another interesting outcome of our work is the string

(77) and stringlike (135) solutions with horizons located at
the supersymmetric vacua of the potential, which has AdS
or Minkowski geometry. To clarify their global structure
and conserved charges [43], more work is needed. A
detailed analysis of geodesics [38] would help in under-
standing whether their singularity is physically acceptable
or not [44]. Moreover, our exact black string solutions can
also be used to analyze holographic renormalization group
flows as in Refs. [24,45–49]. Those that connect two AdS
vacua are especially interesting to explore.
A natural continuation of the present work is to construct

supersymmetric solutions of the ungauged version of this
model. This problem was studied for the ungauged limit of
a three-dimensional, N ¼ 4 model in Ref. [13], for which
the target space of the σ model is H2. It was found that for
timelike solutions, the σ model target space metric is
identified with the space part of the spacetime metric,
and solutions are characterized in terms of two holomor-
phic functions. The model we considered in this paper
provides an opportunity to explore this phenomenon for
other σ model geometries.
Embedding this model into three-dimensional gauged

supergravities with more supercharges also remains to be
done. Finding its higher-dimensional origin looks even
more challenging [25,50–52], especially when the σ model
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target space is compact. We hope to examine these issues in
the near future.
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