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In view of the new Dark Energy Spectroscopic Instrument 2025 results, we analyze three types of Padé
cosmology, based on rational series making use of Padé approximants over the equations of state, namely
Padéω (0, 1) and Padé (1, 1), plus a Padéq (0, 1), i.e., a rational expansion on the dark energy deceleration
parameter, in which the numerator and denominator orders are incorporated into the above brackets. These
scenarios appear as alternative dark energy parametrizations with respect to the well-known ω0ωaCDM
model. Accordingly, we perform Monte Carlo Markov chain analyses with the publicly available CLASS

Boltzmann code, including the three Padé parametrizations, along with the ω0ωaCDM and ΛCDM
standard pictures. To this end, we combine independent probes from high to low redshifts to obtain reliable
constraints on the cosmological parameters of these models and compare them using statistical selection
criteria. Our results show that ω0ωaCDM parametrization is not significantly preferred over the Padé
cosmology. On the contrary, the deviance information criterion identifies Padé (1, 1) as the best-fit model
along with the ω0ωaCDM parametrization. Based on our bounds, we further investigate the evolution of the
squared sound speed, revealing that the Padéq (0, 1) and Padéω (0, 1) parametrizations exhibit enhanced
stability compared with the other cases here considered and, therefore, describe robust alternatives for the
cosmological background.
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I. INTRODUCTION

Observations over the past few decades suggest that the
Universe is undergoing an accelerated expansion driven by
an exotic component, known as dark energy, which con-
stitutes approximately 70% of the total energy budget of the
Universe [1–3]. The remaining components are dark matter,
accounting for about 25%, and baryonic matter, which
contributes only ∼5% [4–9].
The standard background that accounts for both the

energy composition and the observed accelerated expan-
sion is the ΛCDM paradigm, in which Λ represents the

cosmological constant, while CDM denotes cold dark
matter.
Despite its success in passing a wide range of observa-

tional tests, this model has always faced significant
challenges, e.g. the cosmological constant problem, the
persistent cosmological tensions [10–19], etc. that culmi-
nated in the recent results, from the Dark Energy
Spectroscopic Instrument (DESI) collaboration, favoring
the ω0ωaCDM parametrization [20–26].
Recent developments, however, showed that this may be

only partially true [27–35] since the preferred model may
depend on the choice of the combined datasets and/or on
the functional structure of dark energy evolution, instead.
In addition, it appears still unclear whether the ω0ωaCDM
scenario is the most suitable one or not.
In light of these considerations, we here perform a

further analysis employing rational expansions of dark
energy, modeled by means of Padé approximants as an
alternative dark energy equation of state [36–42]. Precisely,
in analogy to the wCDM model [43], we employ a Padé
(0, 1) approach first, then adding one more parameter, we
consider a Padé (1, 1) scenario, expanding in both the cases
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the equation of state. Afterward, motivating our analysis
from a genuine thermodynamics, we move on expanding
the dark energy deceleration parameter through a Padé
(0, 1) as a further scheme to analyze, extending the findings
found in Ref. [41]. In all the cases, we thus compare our
outcomes with those obtained for the ω0ωaCDM, to check
if the so-constructed Padé cosmology provides a consistent
way to avoid the high redshift divergences that affect Taylor
expansions and thereby offer an effective replacement for
the ω0ωaCDM scenario. Our Padé cosmology is thus based
on alternative parametrizations, namely Padéω (0, 1), Padé
(1, 1), and Padéq (0, 1), from low to high redshift
observations. In particular, we consider the cosmic micro-
wave background (CMB), the second data release (DR2) of
baryon acoustic oscillation (BAO) measurements from the
DESI mission, the Pantheon+ type Ia supernova (SN Ia),
and the observational Hubble data (OHD). By performing a
Markov chain Monte Carlo (MCMC) analysis using the
above cosmic probes, we conclude that Padé approximants
provide a viable description of dynamical dark energy, as
they are not statistically excluded, as certified by exploring
Akaike’s information criterion (AIC) and deviance infor-
mation criterion (DIC) statistical criteria [44–48].
These quantities, extensively used in regression model

assessment [49], are defined as

AIC≡ −2 lnLm þ 2d; ð1aÞ

DIC≡ −2 lnLm þ 2p; ð1bÞ

where lnLm denotes the maximum log-likelihood, see
Table III, d is the number of free parameters in a given
model, and p ¼ h−2 lnLi þ 2 lnLm, where brackets
denote the average over the posterior distribution of
parameters. The quantity p, called Bayesian complexity,
has the meaning of an effective number of parameters of a
given model constrained by the data [45]. One can note
formal similarity of mathematical expressions for AIC
and DIC.
The conceptual foundation of these estimators relies on

two probability distributions: hðxÞ, the true but unknown
distribution, and gðxjθÞ, a parametric model characterized
by the parameter set θ. An optimal parameter set θmin exists
that minimizes the discrepancy between gðxjθÞ and hðxÞ
[50]. The AIC is derived from an approximate minimiza-
tion of the Kullback-Leibler information entropy, which is
one of the ways to quantify the discrepancy between the
true distribution of the data and the model distribution. By
using the effective number of parameters, the DIC over-
comes the problem of the AIC that it does not discount
parameters which are unconstrained by the data. In other
words, in contrast to AIC, DIC penalizes only those
parameters that are effectively constrained by the data [45].
Since hðxÞ is unknown, the absolute values of AIC,

or DIC for a single model are not directly informative.

Instead, model comparison is performed through relative
differences,

ΔX ¼ Xi − X0; Xi ∈ fAIC;DICg; ð2Þ

where X0 denotes the minimum value among the compet-
ing models. We adopt, as the baseline, the model that
minimizes the information criterion, i.e., the one for which
ΔX ¼ 0. The magnitude of ΔX quantifies how strongly
a model is disfavored with respect to the best-fitting
model: ΔX ≥ 2 (weak), ΔX ≥ 6 (moderate), and ΔX ≥ 10
(strong) [51].
In our work, model comparison shows that the

ω0ωaCDM model yields the lowest AIC value; however,
Padé (1, 1) and Padéq (0, 1) are not excluded. Instead,
according to the DIC criterion, both ω0ωaCDM and Padé
(1, 1) are identified as the best-fit models. Further, based on
the results of our analysis, we also compute the squared
sound speed and find that Padéq (0, 1) and Padéω (0, 1)
exhibit a more stable behavior at late times compared to the
other dark energy parametrizations. The overall theoretical
and numerical analysis indicates that alternative expansions
can be employed to characterize dark energy, and suggests
that the ω0ωaCDM model appears less crucial than
previously claimed [20,23].
The paper is organized as follows. In Sec. II, we

introduce the theoretical framework of Padé polynomials
used as a parametrization for dark energy. In Sec. III, we
outline the experimental setup and detail the cosmic
probes employed in our analysis. In Sec. IV, we report
our findings, comparing the Padé approximants equation
of state with the ω0ωaCDM parametrization using the AIC
and DIC statistical criteria, and computing the squared
sound speed for each model. Finally, in Sec. V, we
summarize our results and provide an outlook for future
work.

II. DARK ENERGY PARAMETRIZATION

Characterizing dark energy in terms of barotropic
fluids can be complicated by the lack of direct informa-
tion toward the nature of the constituent associated with
dark energy itself [52–55]. On one hand, barotropic
fluid is the only one physical description of constituents
of the Universe compatible with the homogeneity and
isotropy. On the other hand, the detailed equation of state
relating fluid’s pressure P and density ρ would always be
based on a specific physical model of that constituent.
Hence, approaches to go through this issue includes
a priori and/or a posteriori methods that try to determine
the dark energy equation of state, see e.g. [56]. One
possibility is to use a reasonable assumption that an
evolving dark energy equation of state should be an
analytical function of the cosmic time [57–59].
Respecting this constraint, one can in principle use
Taylor expansion in terms of the redshift, scale factor
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or the Hubble parameter, obtaining usually quite different
results, also due to the fact that the expansions are
typically limited to very small cosmographic quantities,
implying a convergence problem, see e.g. [36,60,61].
Anyway, this heuristic, phenomenological approach is a
promising one as it provides a common point at which
observations can meet the theory. Namely, the cosmo-
graphic observational tests are able to constrain the
coefficients of such expansions, while any potential
specific theoretical model of dark energy should be able
to predict the values of these coefficients. The best
known example of such an approach is the scalar field
model of quintessence [57,62].
In this work, we analyze alternative ways to parametrize

dynamical dark energy without relying on specific model
properties, instead constructing the background using
fundamental series. We then compare these parametriza-
tions with the well-known ω0ωaCDM and ΛCDM models.
Precisely, we proceed as follows:

(i) We introduce the ω0ωaCDM scenario, which is the
most commonly employed parametrization derived
from a Taylor expansion in the scale factor, and we
recast it in terms of the redshift;

(ii) We propose two methods to stabilize the expansions
at high redshift by invoking rational series con-
structed via Padé reconstruction, which was first
introduced in cosmographic analyses in Ref. [36];

(iii) We derive a thermodynamically motivated model, as
third expansion, constructed from the simplest
viable expansion and expressed through the dark
energy deceleration parameter, originally introduced
in Ref. [41].

These proposals are thus compared among them first and
with respect to the ΛCDM and ω0ωaCDM standard
scenarios, by employing the most recent late-time datasets.
In so doing, we will demonstrate that the so-constructed
Padé cosmology is able to better perform than the ΛCDM
and ω0ωaCDM approaches, opening new avenues toward
how dark energy evolves.

A. Standard Taylor expansions: From z expansions to
the ω0ωaCDM model

Any dark energy model can be parametrized by

EðzÞ2 ¼ Ωmð1þ zÞ3 þΩdefðzÞ; ð3Þ

in a spatially flat Universe. Throughout the paper, we
assume spatial flatness of the Universe as well supported by
observations [9,63]. Here, Ωm and Ωde are the present-day
dimensionless densities of matter and dark energy, respec-
tively, EðzÞ ¼ HðzÞ=H0 is the reduced Hubble parameter,
and fðzÞ describes the redshift evolution of the dark energy
component, i.e.,

fðzÞ ¼ exp

�Z
z

0

3ð1þ ωðz0ÞÞ
1þ z0

dz0
�
; ð4Þ

with ωðzÞ denoting the equation of state coefficient.
A naive Taylor expansion of ωðzÞ coefficient around the

present epoch z ¼ 0

ωðzÞ ¼
X∞
n¼0

ωnzn; ð5Þ

has a finite radius of convergence and, when truncated at
finite order, induces an exponential contribution at high
redshift. As a consequence, its applicability is effectively
limited to z < 1, leading to systematic biases and reduced
numerical accuracy, see e.g. [60,64,65].
In fact, truncating the expansion at first order, i.e.,

ωðzÞ ¼ ω0 þ ω1z, the corresponding reduced Hubble
parameter would read

EðzÞ2¼Ωmð1þ zÞ3þΩdeð1þ zÞ3ðω0−ω1þ1Þe3ω1z; ð6Þ

explicitly showing a divergence for high redshifts.
To solve this issue, a widely adopted approach is

reformulating the expansion in terms of the scale factor,
a ¼ ð1þ zÞ−1 (which is a true physical degree of freedom),
as

ωðaÞ ¼
X∞
n¼0

ωnð1 − aÞn: ð7Þ

Then, truncating this series at the first order, yields the well-
known ω0ωaCDM parametrization,1

ωðaÞ ¼ ω0 þ ωað1 − aÞ; ð8Þ

which, in light of DESI results obtaining ω0 − ωa contours
disjoint from ΛCDM at 2σ level, implies that the
ω0ωaCDM parametrization turns out to be taken as a
possible viable cosmological model.
In this case, the corresponding reduced Hubble param-

eter reads

EðaÞ2 ¼ Ωma−3 þ Ωdea−3ðω0þωaþ1Þe−3ωað1−aÞ; ð9Þ

turning out to be stable at high redshift as

EðzÞ2 ¼ Ωmð1þ zÞ3 þ Ωdeð1þ zÞ3ðω0þωaþ1Þe−
3ωaz
1þz : ð10Þ

1The model was first proposed by Chevallier and Polarski [66]
and later by Linder [67], being usually denoted as CPL para-
metrization. The phantom nature of the equation of state, however,
was not predicted by the three authors, suggesting a novel
nomenclature under the form of ω0ωaCDM parametrization.
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B. Going beyond Taylor series: Rational expansions
and stabilization of Taylor series

It appears natural to go beyond the standard Taylor series
and to investigate alternative formulations, expressed in
function of the redshift, in which the polynomial series is
replaced by a rational polynomial parametrization, also
known as Padé approximant. This prerogative is motivated
by the fact that one may invoke the stability ofω directly on
it, without passing through the trick of reformulating
everything in function of a.
To do so, we can work out the Padé parametrization or

Padé reconstructions, defined on ω by

ωðzÞ ¼
P

N
i¼0 aiz

i

1þP
M
j¼1 bjz

j ; ð11Þ

which, for N ≤ M, avoids the divergence problems of the
standard Taylor expansion and extends the redshift domain
of convergence.
In particular, for Padéω (0, 1), the equation of state is

given by ωðzÞ ¼ a0
1þb1z

, while for Padé (1, 1) is provided by

ωðzÞ ¼ a0þa1z
1þb1z

, leading to

EðzÞ2 ¼ Ωmð1þ zÞ3 þ Ωdeð1þ zÞ
3ð−a0þb1−1Þ

b1−1 ð1þ b1zÞ
3a0
b1−1;

ð12Þ

and

EðzÞ2 ¼ Ωmð1þ zÞ3 þ Ωdeð1þ zÞ
3ð−a0þa1þb1−1Þ

b1−1

× ð1þ b1zÞ
3a1−3a0b1

b1−b
2
1 ; ð13Þ

respectively. Here, for physical consistency, we impose
a0 < −1=3 to reproduce the expected dark energy behav-
ior, and require b1 > 0 to prevent poles in the denominator.

C. Thermodynamic reconstructions from a rational
deceleration parameter

At this stage, we extend our analysis further to explore an
alternative use of Padé approximants to characterize the
dark energy behavior in a model-independent way, as
shown in Ref. [41].
Indeed, we can reconstruct the expansion history of the

Universe by considering the evolution of kinematic quan-
tities such as the deceleration parameter. We adopt this
approach since any cosmological model should remain
compatible with the observational constraints arising from
the formation of the cosmic structure.
Accordingly, the evolution of cosmic expansion

can be described in terms of the deceleration parameter
q ¼ −1 − Ḣ

H2, which, up to the epoch of structure formation,
assumes the form

qðzÞ ¼ −1þ 3Ωmð1þ zÞ3Ωdeð1þ zÞ dfðzÞdz

2ðΩmð1þ zÞ3 þ ΩdefðzÞÞ
: ð14Þ

Consequently, qðzÞ is expected to satisfy a set of asymp-
totic conditions, which are commonly adopted as

qðzÞ → −1
�
dq
dz

> 0

�
as z → −1; ð15aÞ

qðzÞ ≥ −1 ∀ z; ð15bÞ

qðzÞ → 1

2
for z ≫ 1: ð15cÞ

These conditions summarize the physically motivated
asymptotic behavior of a viable cosmological expansion
history. In particular, Eq. (15a) corresponds to the asymp-
totic limit z → −1, where a dark energy–dominated
Universe is expected to approach a de Sitter attractor with
Ḣ → 0. The additional requirement dq=dz > 0 implies a
monotonic approach to this asymptotic state: as z → −1,
the deceleration parameter smoothly relaxes to −1.
Equation (15b), qðzÞ ≥ −1, excludes phantom regimes,
which are associated with pathological behavior. Therefore,
this constraint guarantees a nonphantom and thermody-
namically consistent expansion history. Finally, Eq. (15c)
recovers the standard high redshift evolution of a matter-
dominated Universe.
At this stage, we consider the dark energy deceleration

parameter

qdeðzÞ ¼ −1þ ð1þ zÞ
Hde

dHde

dz
; ð16Þ

and to describe it we apply the Padéq (0, 1) approximant

qdeðzÞ ¼
qde

1þ q1z
; ð17Þ

to have a total qðzÞ that fulfills all the above requirements.
Thus, with this choice, Eq. (14) becomes

qðzÞ ¼ 2qdeð1 −ΩmÞð1þ zþ qdezÞ þ Ωmð1þ zÞ3
2½ð1 −ΩmÞð1þ zþ qdez2Þ þΩmð1þ zÞ3� ; ð18Þ

where we imposed q1 ¼ 1þ qde to respect Eq. (15c). This
expression for the deceleration parameter also respects
Eq. (15a), while Eq. (15b) requires constraining the value
of qde through observational data.
Moreover, this model-independent Padé formulation

leads to the following equation of state coefficient

ωðzÞ ¼ 1

3

�
2qde

1þ zð1þ qdeÞ
− 1

�
ð19Þ
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and to the corresponding reduced Hubble parameter

EðzÞ2 ¼ Ωmð1þ zÞ3 þ Ωdeð1þ zþ qdezÞ2: ð20Þ

Then, we also examine whether the model-dependent
dark energy parametrizations, i.e., Padéω (0, 1), Padé (1, 1),
and ω0ωaCDM, satisfy the three conditions mentioned
above. In particular, Eq. (15c) is automatically fulfilled for
all dark energy parametrizations, whereas we have to check
the validity of Eqs. (15a)–(15b) after obtaining the MCMC
results.

D. The role of sound speed

The standard theory of structure formation implies that
the linear perturbations in Fourier space are given by

δ̈þ 2Hδ̇þ c2s

�
k2

a2
− k2J

�
δ ¼ 0; ð21Þ

where δ indicates the density perturbations and kJ is the
physical Jeans wave number.
Here, we can clearly see that the sound speed plays a

crucial role in determining the formation of cosmic
structures. In particular, comparing the length scales of
perturbations to the Jeans length permits one to characterize
at which stage of the Universe’s evolution structures may
form. This is particularly useful especially in two cases,
(i) to compare fluids with matter, where the latter clus-
terizes at all scales, (ii) in view of the DESI results that
unequivocally showed that dark energy might exhibit a
negative squared sound speed, at least for what concerns
the ω0ωaCDM parametrization.
Nevertheless, considering λ as a characteristic length

scale and the Jeans length defined as

λJ ¼ cs

ffiffiffi
π

ρ

r
; ð22Þ

assuming dust matter, i.e., a fluid with equation of state
ω≡ P

ρ ¼ 0, implies that within the linear cosmological
regime the Jeans length vanishes, λJ ¼ 0. This follows from
the fact that, for a generic fluid with P ¼ ωðzÞρ, the
squared sound speed is given by

c2sðzÞ ¼
dP
dρ

¼ ωþ ρ
dω
dρ

: ð23Þ

Consequently, within the framework of the dynamical
dark energy parametrizations investigated in this work, we
obtain the following analytical expressions for Eq. (23),
computed at z ¼ 0:

(i) Padéω (0, 1)

c2s ðzÞ ¼
a0ðΩm − 1Þð3a0 − b1 þ 3Þ

3ða0ðΩm − 1Þ − 1Þ ; ð24Þ

(ii) Padé (1, 1)

c2s ðzÞ¼−
ðΩm−1Þða0ð3a0−b1þ3Þþa1Þ

3Ωm−3ða0þ1ÞðΩm−1Þ ; ð25Þ

(iii) ω0ωaCDM

c2s ðzÞ ¼
ðΩm − 1Þð3ω0ðω0 þ 1Þ þ ωaÞ
3ððΩm − 1Þðω0 þ 1Þ −ΩmÞ

; ð26Þ

(iv) Padéq (0, 1)

c2s ðzÞ ¼ −
2ðΩm − 1Þð1 − qdeÞðqde þ 1Þ
3Ωmð2qde − 1Þ − 6ðqde þ 1Þ : ð27Þ

III. DATA USED

To constrain the three types of Padé dark energy para-
metrizations, we employ the following independent cos-
mological probes: Pantheon+ SN Ia, DESI DR2, Planck
2018 CMB, and OHD data.
The characteristics of these probes are summarized as

follows:
(i) Pantheon+ and SH0ES. The Pantheon+ catalog

comprises 1701 SNe Ia over the redshift range
z∈ ½0; 2.3�, collected from 18 independent subsam-
ples [68]. This dataset also incorporates the SH0ES
Cepheid-calibrated host galaxy distances, which
yield an estimate of H0 that is in tension with
CMB-based determinations [69].

When including the SH0ES calibration, the re-
siduals in the SN distance modulus are defined as

Δμi ¼
�
μi − μC;i; i∈Cepheid hosts;

μi − μthðziÞ; otherwise;
ð28Þ

where μi denotes the measured SN distance modu-
lus, μC;i is the SH0ES Cepheid-based modulus for
the host galaxy, and μthðziÞ is the theoretical model
prediction,

μthðziÞ ¼ mi −M ¼ 5 log

�
DLðziÞ
10 pc

�
; ð29Þ

with mi being the rest-frame B-band apparent
magnitude and M the absolute B-band magnitude,
treated as a nuisance parameter and marginalized
over [70]. The SN log-likelihood is then
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lnLSN ¼ −
1

2
Δμ⃗TC−1Δμ⃗; ð30Þ

where the total covariance matrix is C ¼ CSN þ CC,
incorporating both statistical and systematic uncer-
tainties.2

(ii) DESI-BAO DR2. For BAO constraints, we utilize the
DESI DR2 compilation given in Tab. I, consisting of
ND ¼ 13 measurements: 6 transverse comoving
distances DM, 6 line-of-sight distances DH, and 1
angle-averaged distance DV. All quantities are ex-
pressed in units of the comoving sound horizon at
the baryon drag epoch [23].
The BAO observables are provided by

DMðzÞ
rd

¼ c
rd

Z
z

0

dz0

Hðz0Þ ; ð31aÞ

DHðzÞ
rd

¼ c
rdHðzÞ ; ð31bÞ

DVðzÞ
rd

¼ ½zDHðzÞD2
MðzÞ�1=3

rd
; ð31cÞ

where rd is the comoving size of the sound horizon
at baryon drag epoch.
At this point, we can write the BAO log-like-

lihood as

lnLBAO ∝ −
1

2

XND

i¼1

ΔYT
i C

−1ΔYi; ð32Þ

where ΔYi ¼ Yi − YðziÞ. Here, Yi are the DR2
measurements, YðziÞ ∈ fDMðziÞ=rd; DHðziÞ=rd;
DVðziÞ=rdg, and C is the covariance matrix.3

(iii) Planck 2018 CMB. We further include the Planck
2018 CMB data, consisting of high-lTTTEEE,
low-lTTEE, and lensing likelihoods. We adopt

the Plik high-l likelihood [71], which includes
TT data in the multipole range 30 ≤ l ≤ 2508 and
TE and EE data over 30 ≤ l ≤ 1996. At low multi-
poles, the TT likelihood covering 2 ≤ l ≤ 29 is
derived using the Commander algorithm, while the
EE likelihood over the same range is based on the
SimAll likelihood [9,72]. In addition, we incor-
porate the CMB lensing likelihood constructed with
the Plik pipeline, following the methodology
described in Ref. [73].

(iv) OHD. Finally, we employ the compilation of OHD,
consisting of NO ¼ 32 measurements of HðzÞ over
the redshift interval z∈ ½0.07; 1.965�, shown in
Table II. Although these measurements exhibit
relatively large uncertainties, they are obtained in
a fully model-independent manner using the cosmic
chronometer approach [74]. This method relies on
passively evolving red galaxies, for which HðzÞ is
inferred via the differential age technique by evalu-
ating the age difference between pairs of galaxies
formed simultaneously but observed at slightly
different redshifts, according to

HðzÞ ¼ −
1

1þ z
Δz
Δt

: ð33Þ

Here, the best-fit parameters are determined by
maximizing the following log-likelihood function

lnLOHD ∝ −
1

2

XNO

i¼1

�
Hi −HðziÞ

σHi

�
2

; ð34Þ

where σHi
denotes the uncertainties in the HðzÞ

measurements.
Therefore, by combining all these cosmic probes, the

final constraints on the cosmological model parameters are
obtained by maximizing the total log-likelihood provided
as follows

lnL ¼ lnLSN þ lnLBAO þ lnLCMB þ lnLOHD; ð35Þ

TABLE I. The DESI DR2 dataset provides measurements, along with their corresponding uncertainties, for the bright galaxy survey
(BGS), luminous red galaxies (LRG), emission line galaxies (ELG), quasars (QSO), Lyman-α forest quasars (Lyα QSO), and the
combined LRGþ ELG sample [23].

Tracer zeff DM=rd DH=rd DV=rd

BGS 0.295 � � � � � � 7.942� 0.075
LRG1 0.510 13.588� 0.167 21.863� 0.425 � � �
LRG2 0.706 17.351� 0.177 19.455� 0.330 � � �
LRG3þ ELG1 0.934 21.576� 0.152 17.641� 0.193 � � �
ELG2 1.321 27.601� 0.318 14.176� 0.221 � � �
QSO 1.484 30.512� 0.760 12.817� 0.516 � � �
Lya QSO 2.330 38.988� 0.531 8.632� 0.101 � � �

2https://github.com/PantheonPlusSH0ES/DataRelease.
3https://github.com/LauraHerold/MontePython_desilike.
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and the uncertainties are assessed through the MCMC
analysis.

IV. NUMERICAL ANALYSIS

In this section, we perform a numerical analysis by
applying the cosmic probes introduced in Sec. IV to four
dynamical dark energy parametrizations, i.e., Padéω (0, 1),
Padé (1, 1), ω0ωaCDM, Padéq (0, 1) and to the ΛCDM
model.
To do so, we carry out the MCMC analysis with CLASS, a

modular Boltzmann solver widely used in cosmology for
computing CMB anisotropies and related observables. Its
structure allows straightforward implementation of non-
standard physics. In our setup, it evolves perturbations in
the early Universe, including photons, baryons, cold dark
matter, neutrinos (with mν ¼ 0.06 eV), and our dark
energy models.
Then, we adopt information-theoretic criteria to ensure a

fair and consistent model comparison. In this way, we
verify whether the Padé parametrizations, as an alternative
phenomenological description of dark energy are favored
over the ω0ωaCDM model, which emerged as a viable, if
not preferred description of late-time cosmology according
to the DESI collaboration.

A. Results and models comparison

The outcomes of the MCMC analysis are summarized in
Table III, which reports the mean values of the cosmo-
logical parameters along with their corresponding 1σ and
2σ confidence intervals.
The analysis employs physically motivated priors on the

cosmological parameters.
The priors used for our analysis and the corresponding

contour plots, representing the parameter constraints, are
given in Appendix A.
The behavior of the deceleration parameter is determined

from the results obtained by MCMC analysis, with the
corresponding plots shown in Appendix B. Among the
considered parametrizations, Padéq (0, 1) satisfies all

TABLE II. OHD catalog with redshifts (first column), mea-
surements with uncertainties (second column), and references
(third column).

z HðzÞ (km=s=Mpc) References

0.07 69.0� 19.6 [75]
0.09 69.0� 12.0 [74]
0.12 68.6� 26.2 [75]
0.17 83.0� 8.0 [76]
0.179 75.0� 4.0 [77]
0.199 75.0� 5.0 [77]
0.20 72.9� 29.6 [75]
0.27 77.0� 14.0 [76]
0.28 88.8� 36.6 [75]
0.352 83.0� 14.0 [78]
0.38 83.0� 13.5 [78]
0.4 95.0� 17.0 [76]
0.4004 77.0� 10.2 [78]
0.425 87.1� 11.2 [78]
0.445 92.8� 12.9 [78]
0.47 89.0� 23.0 [79]
0.4783 80.9� 9.0 [78]
0.48 97.0� 62.0 [80]
0.593 104.0� 13.0 [77]
0.68 92.0� 8.0 [77]
0.75 98.8� 33.6 [81]
0.781 105.0� 12.0 [77]
0.875 125.0� 17.0 [77]
0.88 90.0� 40.0 [80]
0.9 117.0� 23.0 [76]
1.037 154.0� 20.0 [77]
1.3 168.0� 17.0 [76]
1.363 160.0� 33.6 [82]
1.43 177.0� 18.0 [76]
1.53 140.0� 14.0 [76]
1.75 202.0� 40.0 [76]
1.965 186.5� 50.4 [82]

TABLE III. Mean of cosmological parameters with 1σ (2σ) uncertainties and best-fit log-likelihood values of Padéω (0, 1), Padé (1, 1),
ω0ωaCDM, Padéq (0, 1), and ΛCDM models, obtained by fitting SNe Ia, BAO, CMB, and OHD datasets.

Parameter Padéω (0, 1) Padé (1, 1) ω0ωaCDM Padéq (0, 1) ΛCDM

H0ð km=s=MpcÞ 69.61þ0.54ð1.08Þ
−0.52ð1.07Þ 69.25þ0.55ð1.10Þ

−0.57ð1.10Þ 69.21þ0.56ð1.12Þ
−0.55ð1.10Þ 69.93þ0.51ð1.06Þ

−0.54ð1.05Þ 68.82þ0.28ð0.57Þ
−0.29ð0.56Þ

100ωb 2.258þ0.014ð0.028Þ
−0.014ð0.027Þ 2.249þ0.014ð0.028Þ

−0.014ð0.028Þ 2.249þ0.013ð0.028Þ
−0.014ð0.027Þ 2.255þ0.014ð0.027Þ

−0.014ð0.028Þ 2.266þ0.012ð0.026Þ
−0.013ð0.025Þ

ωcdm 0.1179þ0.0008ð0.0016Þ
−0.0008ð0.0016Þ 0.1191þ0.0009ð0.0018Þ

−0.0009ð0.0019Þ 0.1192þ0.0009ð0.0018Þ
−0.0009ð0.0018Þ 0.1185þ0.0009ð0.0017Þ

−0.0009ð0.0018Þ 0.1171þ0.0007ð0.0013Þ
−0.0006ð0.0013Þ

109As 2.12þ0.03ð0.07Þ
−0.04ð0.07Þ 2.10þ0.03ð0.07Þ

−0.03ð0.06Þ 2.10þ0.03ð0.06Þ
−0.03ð0.06Þ 2.11þ0.03ð0.07Þ

−0.03ð0.06Þ 2.13þ0.03ð0.07Þ
−0.04ð0.07Þ

(Table continued)
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the conditions introduced in Sec. II, whereas the others
exhibit a different behavior at future times, i.e., for z → −1.
In addition, the squared sound speed, represented in

Fig. 1, shows that ω0ωaCDM and Padé (1, 1) lead to
negative values at late times, indicating unphysical behav-
ior. In contrast, such behavior is avoided in the Padéq (0, 1)
and Padéω (0, 1) frameworks, which remain stable also at
late times.
As mentioned above, we performed a quantitative

comparison of DESI supported ω0ωaCDM parametrization
with the Padé approximants.
For this purpose, we applied the well-established AIC

and DIC model selection criteria. The results, shown in
Table IV, indicate that the Padé (1, 1) parametrization,
together with the ω0ωaCDM model, emerges as the best-fit
model according to the DIC test. The AIC criterion favors
the ω0ωaCDM model, showing only a weak preference
over Padé (1, 1) and Padéq. In contrast, the ΛCDM
paradigm remains moderately disfavored according to
AIC and strongly disfavored according to DIC, in agree-
ment with the findings reported by the DESI collaboration.
To better quantify the preference for dynamical dark

energy in our analysis, we follow the methodology adopted
by the DESI collaboration [23], based on the Δχ2 between
the dynamical dark energy models and the concordance
paradigm, with χ2 ¼ −2 lnLm.
Indeed, since the ΛCDMmodel is nested with both Padé

cosmology and ω0ωaCDM parametrization, we can apply
the Wilks’ theorem [83].
The Wilks’ theorem states that, under the null hypoth-

esis, Δχ2 is asymptotically distributed as a χ2 with ν
degrees of freedom, where ν equals the number of
additional parameters in the extended model. The

TABLE III. (Continued)

Parameter Padéω (0, 1) Padé (1, 1) ω0ωaCDM Padéq (0, 1) ΛCDM

ns 0.9709þ0.0036ð0.0072Þ
−0.0036ð0.0071Þ 0.9680þ0.0036ð0.0074Þ

−0.0037ð0.0073Þ 0.9679þ0.0037ð0.0074Þ
−0.0037ð0.0074Þ 0.9695þ0.0037ð0.0072Þ

−0.0036ð0.0073Þ 0.9731þ0.0035ð0.0069Þ
−0.0034ð0.0069Þ

τreio 0.0601þ0.0072ð0.0161Þ
−0.0083ð0.0153Þ 0.0552þ0.0074ð0.0155Þ

−0.0079ð0.0159Þ 0.0548þ0.0071ð0.0154Þ
−0.0076ð0.0149Þ 0.0578þ0.0073ð0.0158Þ

−0.0080ð0.0154Þ 0.0633þ0.0076ð0.0164Þ
−0.0087ð0.0157Þ

a0 −1.039þ0.023ð0.044Þ
−0.022ð0.045Þ −0.939þ0.043ð0.087Þ

−0.044ð0.087Þ
� � � � � � � � �

b1 1.50ð×10−4Þþ0.44ð0.88Þ
−0.44ð0.87Þ 0.339þ0.104ð0.226Þ

−0.128ð0.220Þ
� � � � � � � � �

a1 � � � −0.619þ0.157ð0.299Þ
−0.143ð0.289Þ

� � � � � � � � �
ω0 � � � � � � −0.905þ0.055ð0.110Þ

−0.055ð0.110Þ
� � � � � �

ωa � � � � � � −0.55þ0.22ð0.43Þ
−0.21ð0.43Þ

� � � � � �
qde −0.92þ0.08ð0.16Þ

−0.08ð0.15Þ −0.95þ0.06ð0.11Þ
−0.06ð0.11Þ −0.86þ0.08ð0.16Þ

−0.08ð0.15Þ −1.05þ0.02ð0.05Þ
−0.02ð0.05Þ

−1

Ωm 0.2913þ0.0043ð0.0089Þ
−0.0046ð0.0089Þ 0.2965þ0.0050ð0.0100Þ

−0.0051ð0.0100Þ 0.2971þ0.0050ð0.0100Þ
−0.0050ð0.0100Þ 0.2909þ0.0043ð0.0085Þ

−0.0044ð0.0087Þ 0.2964þ0.0036ð0.0071Þ
−0.0035ð0.0072Þ

Ωde 0.7086þ0.0046ð0.0089Þ
−0.0043ð0.0089Þ 0.7033þ0.0053ð0.0100Þ

−0.0050ð0.0100Þ 0.7028þ0.0050ð0.0100Þ
−0.0050ð0.0100Þ 0.7102þ0.0044ð0.0085Þ

−0.0043ð0.0087Þ 0.7035þ0.0035ð0.0072Þ
−0.0036ð0.0071Þ

lnLm −2063.53 −2059.95 −2059.50 −2061.35 −2064.70

FIG. 1. Sound speed as a function of redshift, obtained from the
MCMC analysis of the proposed Padé dark energy parametriza-
tion, compared with the ΛCDM and ω0ωaCDM models. The
shaded regions denote the 1σ confidence intervals.
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corresponding Gaussian significance Nσ is obtained by
equating cumulative probabilities,

CDFχ2ðΔχ2jνÞ ¼
1ffiffiffiffiffiffi
2π

p
Z

N

−N
e−t

2=2dt; ð36Þ

thus providing a direct conversion between Δχ2 and the
equivalent number of Gaussian standard deviations.
Accordingly, we assess the statistical preference for the

Padé cosmology over ΛCDM using the corresponding Δχ2
values reported in Table V.
Therefore, the results obtained suggest that the Padé

approximants provide a viable alternative to the
ω0ωaCDM parametrization for describing the behavior
of dark energy.
Specifically, only the Padéω (0, 1) parametrization appears

to be statistically disfavored, as it is the closest to ΛCDM
due to the small value of b1.
From a stability perspective, however, the Padéω

(0, 1) and Padéq (0, 1) parametrizations exhibit a more
stable behavior compared to the other dynamical dark
energy models, showing a positive squared sound speed at
late times.

V. FINAL OUTLOOKS

The DESI mission has shown that dynamical dark
energy is favored over the cosmological constant. This
fact was a unicum in the recent developments in cosmol-
ogy, where experimental tests always preferred the non-
evolving cosmological constant and the corresponding
ΛCDM paradigm, especially while combining low with
high cosmic probes.
Since several exceptions and criticisms against DESI

have been raised immediately after the DESI release, it

appears natural to wonder whether dark energy, under the
form of a parametrization, is or is not the final framework
to describe dark energy at all stages of Universe
evolution.
In this respect, as Taylor series in z or a simply suggest

that the dark energy equation of state is analytical, it
appears natural to work with rational approximations that,
instead, are constructed to be more stable as the redshift or
scale factor increases.
The main purpose of this work was, in fact, to test

rational approximations, constructed starting from the
well-known Taylor series, namely coincident with these
expansions, up to a given order and by means of the well-
established technique offered by Padé polynomials. More
precisely, we here adopted Padéω (0, 1), (1, 1), and Padéq

(0, 1) parametrizations of dark energy as alternatives to
the ω0ωaCDM model, using DESI DR2 data, i.e., the
second DESI release, recently released. Padé polynomials
provide a consistent way to regulate the high redshift
divergence of Taylor expansions expressed in redshift,
whereas the ω0ωaCDM model corresponds to a Taylor
expansion around the scale factor normalized to unity
today. In other words, we employed some sort of Padé
cosmology at the background, invoking expansions on the
equations of state and the dark energy deceleration
parameter.
Our analysis showed that ω0ωaCDM is supported by

the data; however, Padé (1, 1) also emerges as the best-fit
model according to the DIC. Nevertheless, the AIC
suggests ω0ωaCDM as the preferred model, although
Padé (1, 1) and Padéq (0, 1) remain consistent with
the data. Concluding, DESI preference for the ω0ωaCDM
is confirmed as claimed by the collaboration and
recent findings [20,22,23,84]. At the same time, in
line with recent criticisms that showed that there is no
clear indication toward the model [28–31,85], we
find that alternative parametrizations, such as Padé
cosmology, can also provide a valid description of
dark energy. In addition, our results certified that the
ΛCDM model can be either preferred or discarded in
favor of more complicated models than the ω0ωaCDM
parametrization.
The values of the best-fitted cosmological parameters

H0, Ωm, Ωde are almost identical for the different para-
metrizations of the cosmic equation of state. It was shown,
by employing MCMC analysis based on the free available
CLASS code, modifying the background, and adopting

TABLE IV. Model selection criteria and relative differences with respect to the baseline for the considered parametrizations.

XðΔXÞ Padéω (0, 1) Padé (1, 1) ω0ωaCDM Padéq (0, 1) ΛCDM

AIC (ΔAIC) 4143(8) 4138(3) 4135(0) 4137(2) 4141(6)
DIC (ΔDIC) 4175(7) 4168(0) 4168(0) 4171(3) 4182(14)

TABLE V. Difference in the effective χ2 ¼ −2 lnLm value for
the considered dynamical dark energy model relative to ΛCDM,
i.e., Δχ2 ¼ χ2model − χ2ΛCDM. The significance is computed assum-
ing k extra free parameters and Wilks’ theorem.

Model Δχ2 Significance

Padéω (0, 1) −2.36 1.01σ
Padé (1, 1) −9.50 2.26σ
ω0ωaCDM −10.40 2.78σ
Padéq (0, 1) −6.70 2.59σ
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SH0ES data points, together with the OHD data and Planck
2018 CMB data. Obviously, every analysis has been carried
out including also the DESI DR2 data, consisting of eight
points with refined uncertainties, as compared with the
DR1 release.
Then, the best-fitted models have been compared using

AIC and DIC information criteria. The overall analysis, as
claimed above, suggested that (i) the best benchmark
paradigm for DIC is not only the simple parametrization
in terms of a, as claimed by DESI, (ii) if we consider both
AIC and DIC, there is no compelling statistical evidence
disfavoring the Padéq (0, 1), which allows for a positive
squared sound speed.
Future works, combining DESI DR2 with other inde-

pendent cosmic probes, will be essential to further test Padé
parametrizations and to clarify whether ω0ωaCDM can still
be regarded as the best dark energy model, as claimed by
the DESI collaboration. The most important output of our
work was the need to extend the standard parametrizations,
claimed as definitive by the collaboration and previous
literature. Deeper understanding of significance that the
negative sound speed squared of dark energy fluid may
have for both structure formation and cosmic evolution
would shed light on the nature of dark energy. Remarkably,
in ΛCDM scenario dark energy was supposed to be the
cosmological constant, with an identically vanishing sound
speed. Departing from this scenario toward models exhib-
iting phantomlike behavior demands carefulness and rig-
orous physical justification.
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APPENDIX A: CONTOUR PLOTS

In this Appendix, we report the contour plots obtained
with GETDIST, see Fig. 2, together with the details of the
MCMC analyses carried out for the different parametriza-
tions. We assess chain convergence using the Gelman-
Rubin criterion, requiring R − 1 < 0.01 [86].
Moreover, in Table VI, we specify the priors adopted for

each model.

APPENDIX B: DECELERATION PARAMETER
EVOLUTION

Here, we present the evolution of the deceleration
parameter qðzÞ, shown in Fig. 3, evaluated using the mean
values obtained from the MCMC analysis. The results
indicate that all parametrizations behave consistently at
high redshift, i.e., for z ≫ 1, as expected by construction.
However, the ω0ωaCDM model exhibits positive values

of qðzÞ as z → −1, implying a future time behavior that
differs from our initial expectations. Furthermore, model-
dependent Padé parametrizations also show a slightly
nonstandard evolution in this regime as z → −1, we obtain
for Padéω (0, 1) and Padé (1, 1), q ∼ −1.06 and q ∼ −0.23,
respectively.
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TABLE VI. Priors adopted for each cosmological model.

Parameter Padéω (0, 1) Padé (1, 1) ω0ωaCDM Padéq (0, 1) ΛCDM

H0 (km/s/Mpc) [50, 80] [50, 80] [50, 80] [50, 80] [50, 80]
100ωb [1.8, 3] [1.8, 3] [1.8, 3] [1.8, 3] [1.8, 3]
ωcdm [0.1, 0.2] [0.1, 0.2] [0.1, 0.2] [0.1, 0.2] [0.1, 0.2]
ns [0.9, 1.1] [0.9, 1.1] [0.9, 1.1] [0.9, 1.1] [0.9, 1.1]
109As [1.8, 3] [1.8, 3] [1.8, 3] [1.8, 3] [1.8, 3]
τreio [0.004, 0.12] [0.004, 0.12] [0.004, 0.12] [0.004, 0.12] [0.004, 0.12]

a0 ½−3;−0.5� ½−3;−0.5� � � � � � � � � �
b1 ½10−7; 10−2� [0, 3] � � � � � � � � �
a1 � � � ½−3; 1� � � � � � � � � �
qde � � � � � � � � � ½−1.5;−0.5� � � �
ω0 � � � � � � ½−3; 1� � � � � � �
ωa � � � � � � ½−3; 0.75� � � � � � �

FIG. 2. Contour plots of the cosmological parameters for the three dark energy parametrizations considered in this work, obtained with
GETDIST. The top row corresponds to Padéω (0, 1) and Padé (1, 1), while the bottom panel shows ω0ωaCDM and Padéq (0, 1).
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