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Orbital eccentricity can make neutron star g-mode resonances observable
with current gravitational-wave detectors
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Dynamical tides can provide us vital information about the properties of neutron star (NS) matter. This is
particularly true for g-modes, whose frequency and tidal coupling are highly sensitive to the composition of
NSs, especially in their centers, where microphysical models are the least reliable. However, due to their
weak coupling to external tidal fields, their effect on the gravitational-wave (GW) signal of binary inspirals
can be difficult to observe. Here we show that the detectability of these tides can be significantly enhanced
by binary NSs with moderate eccentricities. This is primarily due to higher eccentric harmonics in the early
phase of the binary evolution experiencing larger phase shifts, which they transport to the sensitive band of
GW detectors. In addition, g-mode tides in eccentric binaries undergo several epicyclic resonances, which
also amplify the total phase shift. We demonstrate that these effects increase the detectability of g-mode
dynamical tides by more than an order of magnitude for eccentricities of e;q, ~ 0.2-0.4, making it
possible to put robust constraints on g-mode properties using current GW detectors, while all relevant
models could potentially be constrained with eccentric binary NSs with the Einstein Telescope.
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I. INTRODUCTION

The observation of gravitational waves (GWs) from a
binary neutron star (NS) merger, GW170817, and sub-
sequent electromagnetic observations opened a new chapter
in multimessenger astronomy [1-3], conveying valuable
information about matter under extreme conditions inside
NSs. While the LIGO-Virgo-Kagra (LVK) Collaboration
has observed hundreds of GW transients from binary
inspirals—most of them produced by binary black holes
(BHs)—a second binary NS merger with electromagnetic
counterpart is yet to be observed [4]. Nonetheless, this
event alone, combined with other electromagnetic obser-
vations, like mass measurements of NSs in binary systems
[5-12] or x-ray pulse-profile modeling of various pulsars
[13-24], already enabled putting stringent constraints on
the equation of state (EoS) of dense nuclear matter [25-35].

Determining the state of nuclear matter at high densities,
governed by the strong interaction, is a notoriously difficult
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problem. Even lattice quantum chromodynamics (QCD)
methods fail to converge at such densities due to the
notorious sign problem (e.g. Refs. [36-38]). While at low
densities, below nuclear saturation, the EoS is well estab-
lished based on experimental data (e.g. Refs. [39,40]) and
hadron resonance gas models, as well as chiral effective
field theory [41-44], according to state-of-the-art calcu-
lations, the uncertainties of the nuclear EoS above ~1.1n,
(with ng the nuclear saturation density) become increas-
ingly significant [45,46]. Perturbative QCD also becomes
an efficient tool at high densities (Z40n,), where quarks
become asymptotically free [47-49]. At densities between
these regions, however, the EoS becomes highly uncertain.
Even though one can rely on approximate global sym-
metries of QCD to estimate the EoS and the position of
phase transitions (e.g. Ref. [50]), these transitions can
virtually happen at any density. This makes the observation
of NSs, the matter of which lies in this density regime an
essential tool for studying the strong interaction (e.g.
Refs. [28,33,34,50-52]).

The observation of GW170817 provided an especially
robust constraint on the EoS through the measurement of
tidal deformability, which forms an integral part of GW
modeling of binary NSs. In addition to adiabatic tides,
state-of-the art models also include contributions from
dynamical tides [53-55]. These resonant effects, however,
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only contribute meaningfully to the waveform during the
last couple of orbits, due to the resonant frequency of NS f
modes being several times larger than the orbital frequency
of binary NSs near merger. This likely puts the first
measurement of dynamical tides to the era of next-gen-
eration GW detectors, such as the Einstein Telescope (ET)
[56], even though their omission might bias parameter
estimation already during LVK’s fifth observing run [57].
Additionally, non-negligible orbital eccentricities might
help in enhancing these effects [58—61].

In addition to f modes, the properties of which mainly
depend on bulk properties of NSs [62—65], such as their
mass and radius, NS seismology also predicts other types of
oscillation modes, which connect more strongly to the
precise nuclear physics above crust densities at the expense
of having a weaker coupling to external driving forces. One
type of these modes, the so-called gravity modes (g modes)
have been studied extensively from their dependence on the
EoS (e.g. Refs. [66—71]) to their effect on GW signals and
potential detectability (e.g. Refs. [72—77]). The frequencies
of the g modes are closely tied to variations in the lepton
fraction with density, or the presence of superfluidity (e.g.
Refs. [66,67]), making them a powerful tool in telling
different phases of nuclear matter apart [68—70]. In addi-
tion, multiple recent studies suggest the emergence of
interface-modes in NSs with a strong first-order phase
transition, which create discontinuities in the density profile
of NSs [78-83]. However, due to their weak coupling to
external tides, these modes might also potentially only
become observable in the ET era for circular binaries.

In this paper we propose that orbital eccentricity could
enhance the effect of g-mode resonances on the orbital
evolution, potentially opening up the possibility for detec-
tions by current ground-based GW detectors. Even though
circular binary inspirals are expected to make up the bulk of
GW observations, measurable eccentricities are also
expected to be produced for compact object binaries in
dense stellar clusters during dynamical interactions like
single-single gravitational-wave capture [84-90], binary-
single [91,92] or binary-binary interactions [93,94], the
secular evolution of hierarchical triple systems [95-103], or
interactions in gaseous disks [104—111]. In fact, multiple
recent GW observations show significant support for non-
negligible eccentricities at frequencies inside the sensitive
bands of LVK detectors [112-118], one of them,
GW200105, being a NS-BH binary with a possible triple
star origin [119-123]. The eccentricity of the binary
corresponding to GW200105 was inferred to be 0.1-
0.15 at a GW frequency of 20 Hz [120,123,124]. If binary
NSs have residual eccentricities at orbital frequencies
similar to g-mode frequencies, then these g modes will
be resonantly excited not just at single orbital frequency (as
in the case of circular binaries), but by all the higher
harmonics present in the spectrum of the eccentric system
(see Fig. 1). Additionally, if not accounted for, even small
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FIG. 1. Tlustration of the effect of g-mode resonances in
circular and eccentric binaries, considering a single g mode.
Here, the orbital phase shift due to resonances is shown as a
function of the # = 2 mode GW frequency. While in a circular
binary the quadrupolar tides only resonate with the £ =2
harmonic of the binary, in the eccentric case the total phase
shift of the binary will be accumulated through several epicyclic
resonances (shown by the orange NSs). These resonances occur
at well-defined orbital frequencies (denoted by dashed lines),
whenever the frequency of the tidal mode becomes an integer
multiple of the orbital frequency.

residual eccentricities, ~(1073-107*) at 10 Hz, can bias the
NS EoS in current and third-generation detectors
[125,126]. While the measurement of eccentricities in
GW signals is challenging, there has been significant
improvement in providing accurate waveform models
[124,127-132], state-of-the-art effective-one-body models
capable of accurately modeling eccentric waveform for
systems with e < 0.5 and aligned spins [133,134]. These
recent improvements and further significant efforts being
currently made for pushing this eccentricity limit up to e ~
0.9 make this study especially timely.

This paper is structured as follows. In Sec. I we describe
the Newtonian model used to describe tidal interactions,
derive the formulas within this model for the energy
exchange during epicyclic resonances, calculate the total
phase shift inflicted on the GW signal of eccentric binaries
due to consecutive resonances, and describe the eccentric
waveform model we utilized for assessing the detectability
of these phase shifts. In Sec. III, after confirming the
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validity of our analytic formulas with direct numerical
integration, we show how the detectability of g-mode
resonances is significantly increased for binaries with finite
orbital eccentricities, and show the extent this could
improve on constraints based on circular binaries.
Finally in Sec. IV we offer our conclusions and discuss
potential caveats.

II. METHODOLOGY

A. Tidal model

We use the notation of Ref. [135] to model the tidal
interaction of NS binaries. We focus only on quadrupole
tides as they are dominant over higher-order multipoles.
We thus label separate modes with o = {n,l =2, m}.
Additionally, we will later restrict our discussion to n =
1 g modes, which are expected to have the largest phase
shift contribution among low-frequency modes for non-
spinning NSs without strong phase transitions. The binary
components have the masses m; and m,, with m, being the
primary mass, and tidal deformabilities corresponding to
different modes A{ and 5. For simplicity, the equations
presented here correspond to A5 = 0, however, tidal inter-
actions on the secondary are also taken into account in our
results, and can easily be reintroduced by adding tidal terms
with an exchange of indices 1 <> 2. Then, the Lagrangian
of the binary system with quadrupole tidal interactions
reads,

L mgn 1
L= |:2/H’2 +§[/H’2§02 +t:[} - ZEQ?}SU
a
1 .
+Z4/17—w§[ “Q% — 00505, (1)
a

where m = m; + m, and u = m;m,/m, are the total
and reduced masses, and w,, is the frequency of the specific
tidal mode. The Lagrangian is expressed in the Newtonian
effective one-body form, with r = |r| = |x; — x| being the
relative distance of the two objects and ¢ the true longitude,
i.e., the angle between the unit vector e, and r. The motion
of the binary is also restricted to the x-y plane.
Traditionally the tidal couplings are expressed in terms
of tidal overlap integrals Q,, (see e.g. Ref. [72]), however,
we prefer the use of tidal deformabilities, which can be
directly connected to other results in the GW literature,
especially those derived for f-mode tides. The connection
between these two for nonspinning NSs is given by,

2z Qﬁ
A4+ 1@%

(2)

where [ = 2 for quadrupole tides, k, = 3/2 - 1,R™>, with R
being the radius of the NS, is the contribution of a specific
mode to the tidal Love number of the NS, and Qa =

Q,/(mR") and @* = w*(Gm/R?)~" are the dimensionless
overlap integrals, and mode frequencies, respectively. For
the highest frequency g modes (with a single radial node)
microphysical calculations of Q and @ give us dimension-
less tidal deformabilities A = 1, /m? in the range 1072 — 1
(e.g., Refs. [71,72,136]). Therefore, in this paper we choose
A, = 0.1 as the typical value for the tidal deformability
associated with the first g mode.

The components of the external tidal field in Eq. (1) can
be expressed as

1 my . ..
& ——mr0.0. (- ) =="23nini —sii
ij my0; ]<r> r3 ( nn )
. I+3cos2p 3sin2p 0
2 .
i 3sin2p  1-3cos2p 0 |. (3
0 0 -1

Due to the symmetrical and traceless nature of the tensors
0, and &, their five independent components can be
represented by spherical-harmonic tensors, Y;,, as in
Ref. [61]. Their expansion in this basis then reads,

Qa = ZQ(rlrltyZm7 E= ngy2m (4)
The coefficients for the external tide then become (see
Ref. [61]),

3 3 .
50 = —\/:—m2 g:t2 — —__m32 e:Flztl},
r 2r

where the m = £1 components are zero because the orbital
motion is restricted to the x-y plane.

From the Lagrangian in Eq. (1) the equations of motion
for the independent quadrupole components are

£.1=0, (5)

O3 + 27,05 + @305 = —2{@zE,, (6)

where we introduced a dissipative term proportional to y,,.
This dissipative term can either arise from microscopic
viscosity, or backreaction forces as well due to the GW
radiation of the tidal bulge. Dissipative forces due to
microscopic viscosity in old, and hence cold NSs is
expected to be negligible [137-139]. Moreover, while
GW radiation exerts a non-negligible force on the system
for high-frequency modes typical for f- and p modes, its
relevance drops sharply for lower frequencies, as the
coefficient y,, in this case scales with @S of the respective
mode. Hence going from 1.5-2 kHz for f modes to the
characteristic frequency of O(100) Hz typical for g modes,
the dissipation coefficient drops by six orders of magnitude,
and hence also becomes negligible. Therefore, in this study
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we assume ¥, =~ 0 and only consider orbital GW radiation
as a source of dissipation.

Let us also mention that although in this study we
assume a linear tidal model, some recent studies have
pointed out that nonlinearities might become relevant for
resonant excitations of low-frequency tides and produce
interesting phenomena, such as resonance locking, which
might further enhance the amplitude of the excited modes
[140]. Since the aim of this study is to point out the
importance of eccentricity in the observability of tides, we
neglect nonlinearities and leave the pursuit of these effects
to follow-up studies.

B. Epicyclic resonances

While f modes cannot be coherently excited throughout
multiple orbits in eccentric binaries (see e.g. Refs. [58,61]),
for the typical frequency of (O(100) Hz of ¢ modes,
resonant excitations, lasting several orbital periods can
occur, even with nonzero eccentricities. Analytic formulas
determining the excited tidal amplitude during such reso-
nances have traditionally been derived for circular binaries
(see e.g. Refs. [72,77]), and have been also shown for
eccentric binaries as well in the context of f modes [58].
However, due to the different notational convention, we
reproduce these results here.

Let us then expand Eq. (6) in Fourier series. The right-
hand side of Eq. (6), i.e. the exciting force can be expressed
as a sum over different harmonics (or epicycles),

my - =3,-m _—j
_’?’Tw%zgm(t) = Cm/ltlxa)g? Z X_;’ e ﬂb, (7)
f=—c0

where a is the semimajor axis of the binary, ® = ®(r) is the
mean anomaly, and C,, =3/2 for m =42 and C,, =
\/3/—2 for m = 0. Note the difference between [/, which is
related to the multipole expansion, and ¢, which is the
index of different harmonics. X /;"" are the so-called Hansen
coefficients, defined by

Xk (e) = o / " [r(;p)]kcos(mq)—fd))ddl (8)

=5 g

As we are interested in the evolution of the amplitude of
the tidal oscillations during resonances, let us express the
temporal evolution of the tides the following way:

05 (1) = g (1)ersentmedt, ©)

where g% (t) is the amplitude of the mode. Then neglecting
(1), we get

_ 2iwaq7n(t)e—i-sgn(m)wat

My = .
= CuMaol— Y Xp"eT?, (10)
a

{=—

During a resonance one of the epicylic frequencies
coincides with the natural frequency of the mode 7,.Q =
sgn(m)w,, where Q is the orbital frequency of the binary.
As the binary sweeps across the resonance, it excites the
amplitude of the respective tide, giving,

q?n([) _ Mm_ij_m /°° dl/ei[/(w“—‘fr‘g)- (11)
2 a ' o
Since the amplitude, 4, and frequency of the exciting
force are slowly evolving, i.e. d(In.A)/dr < |£;|Q, and
|£,|dQ/dt < |£,|?Q?, we can apply the stationary phase
approximation, i.e. that at the resonance

d (wqt — |2, |Q1) = 0. (12)
dr
Then, since the first nonvanishing term in the series
expansion of the exponent in Eq. (11) is quadratic, to first
order the integral reduces to a Gaussian integral, yielding
(see the Appendix),

2
CpAfwgmy 3 | 2
3 ¢ ol
2 a7z,

AR (13)
for |m| =2 and g§ = 0, where Q, = Q(Q = w,/|%,|) and
where we have used the identity X" = X%,

Then, the change in the energy of the modes during the
resonance is

2 . 1
AE = A a\2 2 a\2 — |22
{07 + wit091} = o

Omw2 my
= ST (2 (14

where we have used that the m = +2 modes obtain the
same amplitude and ¢, > 0, corresponding to the m = 2
mode. Note that this formula only applies to NS modes that
can be coherently excited throughout multiple orbits (see
discussion in the following section).

C. Dephasing in eccentric binaries

The energy- and angular momentum transfer between
the tides and the orbit perturbs the orbital evolution,
resulting in the gradual accumulation of dephasing in the
GW signal. This will be due to both the direct change in
the chirp of the signal due to the energy transfer, as well as
the indirect effect of changing the relation between the
frequency and eccentricity of the orbit, and thus modifying
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the leading-order GW radiation at a given frequency.
These effects have been summarized in the recent work,
Ref. [141]. Here we only concentrate on the direct
dephasing due to energy transfer, since it is expected to
give the dominant contribution, as the indirect effect is
suppressed by positive powers of the eccentricity [141].
Moreover, the aim of this paper is to show the potential
enhancement in the detectability of g-mode resonances in
eccentric binaries without aiming to derive an accurate
prescription for the dephasing. However, we note that the
indirect effect cannot be neglected for precise modeling of
the waveform, especially for large eccentricities.

As was shown by several studies (see e.g. Ref. [72]), the
phase shift due to changing the energy of the orbit by —AE
due to small perturbations is

3Q2 AE
AP m -2 (15)
2 Q |Eqy

where E_; is the orbital energy (see the Appendix). Note
that this phase shift is negative for perturbations that extract
energy from the orbit. Using the leading-order results of
Ref. [142],

Q 5 4
e 5 4 (16)
Q  96mi(q+1)qF(e)
where
_ 735,37 4 2\-7/2
.7:(6)—<1+24e +96e>(1 es) = (17)
and g = m,/m, is the mass ratio. Then we get,
7 A (X272
A n— DE LA 1% | (18)
8192¢q(q + 1) | F(e,)

where A; = A;/m3. Then contributions from the g-mode
resonances of the other object should also be added to
get the total dephasing. For m; = m, and Af = Af = A,
we get,

=32

T57 Xf 2
AP~ ———7F A : . 19
8192"" “{]—'(er)] (19)

Resonances between the tidal modes and the various
epicyclic frequencies can only take place if the orbital
decay is sufficiently slow so that the excitation remains
coherent for multiple orbits. This can be verified by
comparing the orbital period to the resonance time,

. (20)

fy =50 Hz
2.5 fg =100 Hz
= fy =150 Hz
— fy =200 Hz
2.0 = fg=250Hz

fg =300 Hz

1.0

0.5 T T T T T T
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

€10Hz

FIG. 2. Time-domain phase shift, A®, normalized with
A®(e = 0), as a function of orbital eccentricity at a reference
GW frequency of 10 Hz (e} 1,). Lines with different colors show
results for different values of the g-mode frequency, f,. The
results in our parametrization are independent of the tidal
coupling A,.

which makes the condition for effective resonant excita-
tions expressed through the number of orbits during a
resonance the following:

ON, = Qr(51‘ =1 (21)
DY A
with
5 (1 1/3 fr2/3 1/2
SN, = (1+q) - (22)
1927 q (mla)a>5/‘-7:(er)

It is also apparent from this equation that while g-mode
tides with frequencies of O(100 Hz) can be resonantly
excited, the f-mode tides of binaries the same eccentricity
and 7, (meaning a higher orbital frequency) are much more
difficult to bring into resonance due to their high frequency
of O(1 kHz), suppressing SN, by an order of magnitude.

Figure 2 shows the dependence of the total dephasing
due to g-mode tides, normalized to the zero-eccentricity
case, as a function of orbital eccentricity, eqy,=
e(f&2 = 10 Hz). Note that the phase shift for circular
binaries is independent of f; in the chosen parametrization.
The maximal phase shift is ~2.5 times larger than in the
circular case, independent of the g-mode frequency, while
the orbital eccentricity at which it is reached depends on f/,.
For large eccentricities, the coherence condition, 6N, 2 1,
is no longer satisfied, and hence the total dephasing due to
g-mode resonances drops to zero.

To get the total phase shift then from tidal resonances in
one of the objects, one has to sum up the contribution of the
individual resonances for which the above condition is
fulfilled,
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ADY = Y AD (4. ¢,). (23)

ON,>1

The formulas describing the phase shift from resonances in
the second object are analogous.

In GW modeling often frequency-domain waveforms are
being used. Then the time-domain phase shift derived
above should be replaced by the corresponding frequency-
domain phase shift, which, using the stationary-phase
approximation becomes [141,143],

AY(F) = 22FA1(F) — AD(F), (24)

where F is the orbital frequency and Az(F) is the time delay
of the perturbed evolution reaching the orbital frequency F.
The time delay generated by each resonance is simply
given by,

A®,
At = . 2
] Q, (25)

Thus the total frequency-domain phase shift becomes,

F
INGEDY (F_ 1>A(I>1, (26)

SN,>1 \T'r

where F, is the orbital frequency at the resonance point.
The orbital phase shift is conventionally taken to be zero at
the merger, and thus the phase shift is accumulated back-
ward in time. Then the total phase shift at a given frequency
will be,

AYPH(F) = > Ad, (1 —F£> O(F, - F), (27)

ON,>1

where O is the Heaviside function.

D. Waveform model

In this work, we employ a Newtonian waveform model
that describes GWs for binaries at arbitrary eccentricity
[144]. In the stationary phase approximation [143,145], an
eccentric waveform in the Fourier domain is given by the
following sum of harmonics:

vzlf(f) exp iy (f)], (28)

where f = £F is the detector-frame GW frequency, v, is
the phase of each harmonic, and we truncate the sum at

Cmax- The coefficients ./zlg are a combination of Bessel
functions and projection factors that also account for the
observer position with respect to the binary’s inclination
and argument of pericenter. Here, we assume that the
binary is optimally oriented and nonprecessing. While

precession, for example, cannot be generally neglected,
especially for large eccentricities, we make this assumption
in order to separate the effect of g-mode resonances from
other types of orbital perturbations. We also note that while
Newtonian waveforms are not sufficient for parameter
inference, they are a useful tool to quantify the dependence
of the signal-to-noise ratio (SNR) with eccentricity.
Additionally, they have the advantage of being fast to
evaluate, and having a definition of eccentricity that relates
unequivocally to the geometric shape of of the orbit.

The value of 7, is mainly determined by modeling and
observational considerations. Current eccentric effective-
one-body waveforms are accurate up to e < 0.5 corre-
sponding to &, ~ 10-20, while a limit of e, ~ 0.9 is
expected to be reached in the foreseeable future for spin-
aligned configurations [133,134]. Additionally, recovering
significant power at large ¢ requires tracking repeated
pericenter passages over a long observational baseline,
simply because those modes correspond to the peak
emission of a wide binary with a long inspiral timescale.
In this work we adopt two benchmark choices. First,
emax = 0.9, consistent with the range expected to be
supported by eccentric waveform models in the near future.
Second, we explore the idealistic case with 7, — oo,
assuming exact modeling of the eccentric waveform
up to arbitrary eccentricities. In the first case, £, (f) is
determined for a given GW frequency such that e(F, )=
e(f/Cmax) <0.9. This is roughly equivalent to setting
?max = 80 for all frequencies. We also note that this choice
corresponds to a maximal required observation duration of
at most ~ a week (for ejyy, > 0.1), comfortably within
detector capabilities.

The phases . are given in [144], and describe the phase
evolution of each eccentric harmonic. As detailed in
[141,146] they can be supplied with dephasing prescrip-
tions related to orbital perturbations. The dephasing pre-
scription detailed in Eq. (24) enters the various harmonics
of the waveform in the following way:

Ay (f) = A (’—2) (29)

where we used the fact that f = £F. This formula comes
from the fact that each harmonic contributes power at the
detector frequency f only when the binary is orbiting at
F = f/¢. In other words, different harmonics are effec-
tively sampling different epochs of the inspiral: Higher ¢
modes trace the system at earlier times, when the binary is
at larger separations and evolving at lower orbital frequen-
cies. Thus, although the sum of all harmonics is observed at
the same Fourier frequency, the phase of each harmonic
corresponds to different orbital frequencies. This mapping
is the core reason higher harmonics experience stronger
dephasing [141,146].
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Given a waveform and a way to prescribe dephasing, we
use the 6SNR criterion (e.g. Refs. [85,147]) to assess
whether the resonances produce a detectable effect. For a
circular waveform,

SSNR? = 4 / @Yf))lzdf, (30)

where S, (f) is the noise power spectral density of the
detector and we require 6SNR > C. Here, the waveform
difference is,

5h(f) = illot(f) - ]jlvac(f)9 (31)

where 7, includes the dephasing and /,,. is the vacuum
template. For eccentric systems, the criterion generalizes to

a sum,
SSNR? = 4/
S.(f)

1 -
w4 [ SR nrar. G2

3

while keeping the same interpretation. Here we used
the fact that the phases of different harmonics are
incoherent and thus the frequency integral over mixed
terms, 6h50h, with £ # ¢’ becomes negligible. We take
C = 3 and C = 8 as representative thresholds for marginal
and confident detection. However, we note that this
metric does not incorporate parameter degeneracies
and therefore only serves as an indication whether these
tidal effects could be measurable in the full parameter
inference (see e.g. Refs. [148—-152] for Bayesian infer-
ence tests of environmental effects). This is particularly
important for highly eccentric systems, the dynamics
of which are coupled to e.g. post-Newtonian spin
effects [153,154].

III. RESULTS

A. Numerical simulation

In order to validate our analytic formulas we also
performed direct numerical integrations of the equations
of motion given by Eq. (6) for the tides, coupled to the
evolution of the orbital elements, for which we included
the 2.5PN gravitational-radiation reaction in addition to
Newtonian forces. For the full set of equations see
Appendix B of Ref. [61]. We then extracted the phase
shift produced by dynamical tides using a numerically
more convenient form of Eq. (15), which gives the phase
shift accumulated during a single orbit by,

AE,
AEgy’

A® x 27 (33)

8
— e1H:=0
74 — €won:=02
— e =04
64 — €1Hz=0.6
eonz =0.8

(6]
L

A® [1073 rad]
o

3<

2<

1

iy
02— s , :
0 20 40 60 80 100 120 140 160
= fky? [Hz]
FIG. 3. Time-domain phase shift, AD, of eccentric binary NSs

due to g-mode resonances as a function of 2F = f&3?. Different
lines show results for binaries with different orbital eccentricities
at a reference GW frequency of 10 Hz (e|gp,). The tidal
parameters are chosen as A{ = 0.1 and AJ = 0 and the g-mode
frequency is set to f, = 100 Hz.

where AE; and AEgy are the changes in the orbital energy
during a single orbit due to tidal interactions and GW
radiation, respectively.

The time-domain phase shift as a function of 2 times the
orbital frequency is shown in Fig. 3 for binary NSs of m| =
my = 1.4M, for several different orbital eccentricities at a
reference GW frequency of 10 Hz, i.e. e;gy, = ¢( é?,vz =
10 Hz). If one instead chose the GW peak frequency as a

reference point, defined by [95],

eak (1 + e)l 1954
E}W (] )3/2 fGW ’ (34)

then the lowest eccentricities shown in Fig. 3, i.e. e(f5y =

10 Hz) = {0,0.2} would correspond to eccentricities

e(f2%5a = 10 Hz) = {0,0.29}, while all the higher eccen-
tricities would translate to peak GW frequencies always
higher than 10 Hz throughout the entire binary evolution.

The tidal parameters are chosen as A = 0.1 and A =0
and the g-mode frequency is set to f, = 100 Hz. These will
be our standard choice for tidal parameters, unless noted
otherwise. In this representation, the circular mode reso-
nance occurs at wa = f4» while it is also apparent that the
resonances indeed occur at f5y7 = 2f ,/ ¢ for the general
eccentric case. Note, however, that these resonances do not
necessarily add up constructively. This is because the
phases of excitation during consecutive resonances are
not coherent and thus a resonance can not just excite but
deexcite previously established tidal oscillations. This
creates a phase evolution that resembles a random walk
along resonances. Note, however, that similarly to f-mode
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FIG. 4. Characteristic strains, h.(f) = 2i(f)f, of binary NSs
at a distance of 40 Mpc with different eccentricities at féTVz =
10 Hz (solid lines). Dashed lines correspond to the envelopes of
the difference between the vacuum strains and strains from
evolutions where g-mode resonances are taken into account, as
defined by the second line in Eq. (32). The expectation values
were used for calculating the phase shift. The parameters of the g
modes here are f, = 100 Hz, and A{ = 0.1 and AJ = 0. The
sensitivity curves of A+ and ET are also represented by gray
dashed lines.

resonances in eccentric binaries [61], the expectation value
of the phase shift follows the simple sum outlined in
Sec. I C, even though the total phase shift can be smaller or
significantly larger than that. Also note that while, as
expected, for e =0 only a single resonance occurs at
few = fg4» only small contributions appear at lower
frequencies for the e = 0.2 and e = 0.4 cases as well,
while the total phase shift for e = 0.2 almost completely
overlaps with the zero-eccentricity case. As a final remark
we note that the energy exchanges during resonances from
our direct numerical integration agree with those given by
the analytic formulas within a few percent.

B. Detectability of dephasing

Before examining the results for the SSNR, it is
instructive to look at the strains of the difference signals
Sh(f). Several examples are shown in Fig. 4 for binaries
with different eccentricities for our standard choice of tidal
parameters at a distance of 40 Mpc, corresponding to the
distance of GW170817. The solid lines show the total strain
of the vacuum waveforms, while the dashed curves
correspond to the envelopes of the difference strains
calculated from the sum of |8/,(f)|? over all the harmon-
ics. The difference strains containing all the phase infor-
mation are also shown with semitransparent lines. The
waveforms are truncated at the last stable orbit, calculated
as the solution of,

6 + 2eLSO

, 35
1 + €150 ( )

pp(eLSO) =

with p, = a(1 — e)/my the dimensionless pericenter dis-
tance and where we used Peters’s formula to determine
a(e) [142].

For the zero-eccentricity case we see that the difference
strain is zero above the resonance frequency f,, and
|61(f)|/|hvac(f)| approaches a constant value for low
frequencies, since the frequency-domain dephasing also
tends to a constant. The situation becomes more interest-
ing for the e = 0.2 case. We saw in Figs. 2 and 3 that the
change in the dephasing compared to the zero-eccentricity
case is almost negligible for e = 0.2, however, here we see
a huge boost in the difference strain at GW frequencies of
~10 Hz. This, as already discussed in Refs. [141,146], is
due to the fact that as the binary becomes more eccentric at
lower orbital frequencies, the orbital phase shifts are
transported to higher frequencies by the various harmon-
ics. More quantitatively, as the frequency-domain phase
shift approaches AW(F ~ 0) ~ A®'"" = const, the phase
shift of the # harmonic becomes Ay, (£F)~ £A®™,
which contributes to the difference strain at a GW
frequency ZF. The effect of this boost is immediately
apparent from Fig. 4, as the difference strain is boosted
well above the sensitivity curve of ET, while the LIGO
A+ sensitivity curve is also approached. For even higher
eccentricities, this boost is even more pronounced. For
e = 0.4, the difference strain due to tidal dephasing is
already above the LIGO sensitivity curve, while for e =
0.6 and e = 0.8, the difference strain has significant
contributions at GW frequencies even above f,. At these
eccentricities, in addition to the boost due to eccentric
harmonics we also have a boost due to the increase in
A®"* from the multiple resonances with different orbital
harmonics.

The 6SNR values calculated from these strains are shown
in Fig. 5, where we used three different values for the g-
mode frequency. The solid lines represent results where the
full waveform was taken into account, while for the dashed
lines the waveforms were truncated below orbital frequen-
cies corresponding to e(Fy,;,) = 0.9, representing current
state-of-the-art eccentric waveform models. Results for
both LIGO A+ and ET are shown. As expected from
the strains in Fig. 4, the SNR values start gradually
increasing above e, ~ 0.1 for LIGO, while they grow
very sharply even below this limit for ET. As mentioned
before, this is due to the effect of higher harmonics
experiencing a larger dephasing, and has little to do with
the multiple epicyclic resonances with the g-mode oscil-
lations that only generate a larger dephasing for ey, 2
0.6 for these g-mode frequencies. Their effect then becomes
relevant for larger eccentricities, creating a second peak in
the SSNR curves for ET. Notice also how the SNR values
drop for large eccentricities. This is due to several factors.
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FIG.5. Dependence of the 5SNR of the difference signal on the

eccentricity at 10 Hz for binary NSs with different g-mode
frequencies and a tidal coupling A, = 0.1. Dark tones represent
results for A+, while semitransparent lines correspond to ET.
Dashed lines were calculated using waveforms truncated at
emax = 0.9. The pink dotted line corresponds to observations
of NS-BH binaries similar to GW200105 with ET, where the
vertical region represents the measured eccentricity, as given by
Ref. [119]. Horizontal lines represent SSNR thresholds of 3 and
8. Results for binary NSs assume optimally oriented detectors and
binaries at 40 Mpc distance, where the phase shifts from only one
of the NSs were taken into account.

First of all, the total dephasing from g-mode resonances
drops for highly eccentric orbits, as seen in Fig. 2, due to
the short coherence time of individual resonances. Second,
for large eccentricities the SNRs from the vacuum wave-
forms themselves become small, as can be inferred from the
trend in Fig. 4. Finally, for the waveforms truncated above
e ~0.9 high eccentricities naturally mean that we are
covering an increasingly smaller range in frequency.
Another interesting feature of the lines in Fig. 5 can also
be observed, namely, that lines corresponding to different
g-mode frequencies almost completely overlap for eccen-
tricities between ~0.2 and 0.5. Once again, this can be
understood by thinking about the reason for the large
increase in 6SNR for moderate eccentricities. For such
eccentricities the total tidal dephasing is still very similar to
the zero-eccentricity case, which is independent of the g-
mode frequency in the adopted tidal model. This means that
the frequency-domain phase shifts, although generally
different at a given orbital frequency, approach the same
value at low frequencies. However, since the large increase
in the difference strains comes from the phase shifts during
the early evolution being transported to higher frequencies
by eccentric harmonics, this then makes the SSNR values
approximately equal. Indeed, we see that for low eccen-
tricities, where this eccentric dephasing effect is not
relevant, the SSNR is different for different g-mode
frequencies, while the lines also start diverging for large

eccentricities, where the total dephasing starts growing in a
way that depends on f.

While the solid lines correspond to the overly optimistic
case of being able to accurately model the waveform up to
arbitrary eccentricities, when the more realistic realistic
assumption for the waveforms is used, the SNR values are
reduced by a factor of ~4-5 for LIGO and a factor of ~7-8
for ET. However, they still represent a significant increase
compared to the zero-eccentricity case, reaching the SNR
thresholds of 3 and 8 at e;( i, ~ 0.28 and ~0.46 for these
binary parameters.

Recently, the GW signal from a NS-BH binary inspiral,
GW200105, was observed by LVK, which was then later
analyzed by multiple groups [119,120,122], who inde-
pendently found results that support the presence of non-
zero orbital eccentricity. Here we also investigated the
detectability of g-mode resonance induced in the NS
component of binaries with similar parameters. We adopted
the results of Ref. [119], who inferred the binary parameters
to be m; = 11.5M o, m, =~ 1.5M o, while the eccentricity of

the binary was inferred to be ey, = 0.145f8’8877 with

90% confidence, which corresponds to ey, = 0.274 0011
The results shown on Fig. 5 are for the ideal case of
accurate modeling of the entire waveform and observation
with ET. We see that the SNR values are much lower for
this system than for binary NSs at 40 Mpc, although for the
inferred eccentricity they are comparable to the SSNR from
a circular binary NS. This decrease is due to two main
factors. One of them is the binary being much farther away,
while the other is the large primary mass, which makes the
tidal forces much weaker at a given orbital frequency.
However, even though eccentric binary NSs are yet to be
observed, the existence of eccentric BH-NS inspirals might
provide an alternative way of testing the properties of g
modes in the future.

Finally we study how these 0SNR values translate to
constraints on the tidal parameters, namely the g-mode
frequency and the overlap integral Q. For this we use the
condition that tidal parameters with 6SNR > 3 would be
detectable, and hence parameters producing larger SNRs
could be constrained by observations. The constraints from
binary NSs with different eccentricities are shown in Fig. 6,
for LIGO A+ and ET. Results for g-mode properties from
various equations of state are also shown for normal and
superfluid nuclear matter from Refs. [76,136] with circles
connected by dashed lines, with triangles from Ref. [71],
and with stars from Ref. [72]. These show results not only
for first g modes, but for higher modes as well (n > 1). For
idealistic waveform models the constraints could be sub-
stantially improved even for binary NSs with moderate
eccentricities of e i, ~ 0.2 observed by LIGO, while with
eon, ~ 0.4 current state-of-the-art eccentric waveforms
could also reach this level. With ET the situation is
naturally even better, with the possibility of constraining
the strongest g modes of essentially all relevant models with
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FIG. 6. Upper bounds on the dimensionless overlap-integral of g-mode tides, using SSNR > 3, as a function of the g-mode frequency
for different eccentricities, for the A+ detector (left panel) and for ET (right panel). Dashed lines were calculated using waveforms
truncated at e,,, = 0.9. The pink dotted line in the right panel corresponds to the observation of a NS-BH binary similar to GW200105.
Black data points represent predictions of microphysical calculations using different equations of state. Red dots connected by dashed
lines correspond to results on normal and superfluid nuclear matter from Refs. [76,136], while red stars and triangles represent results
from Refs. [71,72], respectively. Results for binary NSs assume optimally oriented detectors and binaries at 40 Mpc distance, where the

phase shifts from only one of the NSs were taken into account.

a complete eccentric model and binary NSs with
€10 1z 2 0.2. Robust constraints could also be put using
only current waveform models. Notice how due to the flat
OSNR curves in Fig. 5 for ET, there is no additional gain in
terms of these constraints by increasing the eccentricity of
the binaries beyond 0.2. Moreover, for very eccentric
binaries we even lose some of our sensitivity, especially
at low frequencies, where binaries with e ~ 0.8 perform
worse than circular binaries. Finally, note that due to the
fact that A® « A, « Q2, by increasing the SSNR of a GW
signal by two orders of magnitude, we only obtain
constraints on Q that are improved by a single order of
magnitude.

IV. DISCUSSION

In this paper we demonstrated that moderate nonvanish-
ing eccentricities can significantly increase the detectability
of low-frequency NS tides. We provided analytic formulas
for calculating the orbital phase shift for arbitrary eccen-
tricities and g-mode frequencies and validated them
through comparison with results from direct numerical
integration. We have found that the amplification of the
phase shift comes from two main sources. (i) For finite
eccentricities, quadrupole g-mode tides will resonate with
not just the # = 2 harmonic of the orbit, but with multiple
higher harmonics with ¢ > 2, and thus all of these
resonances add up to create a larger phase shift. (ii) Due
to the eccentric orbit, phase shifts corresponding to the
early phase of the evolution are being transported up to
frequencies within the sensitive band of GW detectors by

all the higher harmonics present in the waveform. While the
first effect only has a significant contribution at high
eccentricities of e, = 0.5, the second effect contributes
to the amplification already at e g, = 0.1. We have shown
that the increase in detectability of g-mode resonances due
to these two effects could enable putting constraints on tidal
parameters that are an order of magnitude better than what
we would get from circular binaries, through observations
of eccentric binary NSs with moderate eccentricities,
e1ouz ~ 0.2-0.4. This potentially enables putting robust
constraints on g-mode parameters, and consequently on
properties of NS matter at high densities, already with
current GW detectors. Note that while the results in this
paper were derived for resonances with the first g modes in
NSs, the same framework could be applied to other low-
frequency modes as well with a frequency of O(100) Hz,
such as interface modes. Also note that we only accounted
for g-mode resonances in one of the binary components,
and used the expectation value of the total dephasing to
calculate our results. For binary NSs both compact objects
will contribute to the total phase shift through g modes with
potentially different properties. These contributions will
then simply add up, creating a larger overall effect.
Moreover, the total phase shift can be smaller but also
significantly larger as well than the expectation values
derived here.

Our results are based on the 5SNR criterion [85]. While
this provides a good idea of whether there is a possibility
for an effect to be observed, it does not take into account
degeneracies with other orbital parameters. Even weak
degeneracies in general make it more difficult to measure
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small additional effects, such as g-mode resonances. We
expect, however, that due to the distinct frequency depend-
ence of the phase shifts produced by g-mode resonances,
corresponding to almost instantaneous energy extractions
from the orbit, degeneracies with variations in the orbital
parameters, which induce smooth changes in the GW
phase, will be minimal. Nonetheless, in order to make a
firm statement about the increase in detectability of g-mode
tides, one needs to carry out a full parameter inference,
including the effect of g-mode resonances. This problem is
reserved for a follow-up study.

Throughout the paper we made a number of assump-
tions. First of all, we carried out our calculations for g-mode
resonances in a Newtonian manner, while also applying a
Newtonian waveform model. We expect that the former,
with the proper general relativistic tidal parameters, is a
good approximation, since these resonances occur at binary
separations where post-Newtonian effects are relatively
weak. However, the inclusion of a higher-order post-
Newtonian waveform would certainly affect our results,
most importantly, due to the precession of the orbit, which
we completely neglected in this study. However, no
significant changes are expected in our conclusions once
these post-Newtonian effects are included in the wave-
form model.

We also assumed that only a single low-frequency mode
contributes to the phase shift of the orbit. This is true for
simple equations of state without strong phase transitions,
and nonspinning NSs, where n > 1 g modes are suppressed
compared to the first ¢ mode. However, phase transitions
and spins can give rise to additional tidal modes that can
potentially have comparable strengths to these g modes (see
e.g. Refs. [79-83]). Additionally, environmental effects,
such as gaseous drag or line-of-sight acceleration due to a
tertiary companion could also appear in the low-frequency
part of the GW signal (e.g. Refs. [146,155-158]). These
additional effects would make parameter inference more
complicated and potentially bias the inferred properties of
g-mode tides.

Additionally, we neglected the spins of NSs during our
derivations. For f modes, with a frequency of O(10%) Hz,
NS spins of a maximum of a few hundred Hz only
introduce a small second-order effect, in addition to shifting
the resonance frequency of the modes. However, rotation
could potentially have a significant effect on g modes, the
frequency of which is comparable to the rotation frequency
of highly spinning NSs. First of all, rotation will split
resonances with different m, and amplify or deamplify the
phase shift from resonances with prograde or retrograde
modes. Moreover, it will also give rise to additional inertial
modes, that could complicate the tidal spectrum even
further. For higher rotation frequencies some modes can
even become unstable and eventually change the spin of the
NS through nonlinear coupling with the bulk matter. For
such unstable modes, bulk and shear viscosity also play an

important role, which could effectively suppress these
instabilities. Hence, resonant excitation of g modes in
moderately rotating NSs becomes a fairly complex prob-
lem, which we did not attempt to pursue in this paper.
However, we expect the effect of finite eccentricities to be
the same, only coupled with a much more complicated tidal
spectrum. The impact of rotation on NS tidal modes has
been studied in great detail and we refer the reader to e.g.
Refs. [73,74,159-162], for further reading.

Finally, our study assumes that a reasonably large
subpopulation of eccentric binary NSs or NS-BH binaries
exists, which enables the detection of at least a single
significant event with LVK or ET. Due to mass segregation
of heavier BHs toward the core of globular clusters, NSs
encounter fewer dynamical interactions. Therefore the
rates of binary neutron stars (BNSs) in globular clusters
are expected to be relatively low [163]. The observed
Galactic BNSs are likely to have eccentricity O(107°) at
10 Hz GW frequency. Nevertheless, various formation
mechanisms can give rise to eccentric binaries in the
LVK frequency band. The Kozai-Lidov mechanism in
hierarchical triple systems or supernova kicks can lead
to the larger residual eccentricity of BNS systems
[164,165]. Binary neutron star mergers in young star
clusters [166], dynamical interactions of BNSs in globular
clusters [167], and BNS and NS-BH mergers in galactic
nuclei [168] are the potential formation mechanisms that
can enhance the merger rates of eccentric NS binaries.
Third-generation detectors will detect O(10°) BNS and
NS-BH mergers every year [169]. Even though a compre-
hensive population synthesis study for these channels
would be needed to infer the detection rate of NS binaries
with measurable eccentricities, the observation of
GW200105, corresponding to an NS-BH merger with
nonzero eccentricity, alone provides grounds for expect-
ations for several eccentric binary NSs or NS-BH binaries
to be observed with improved current or next-generation
GW detectors.
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APPENDIX: ADDITIONAL DERIVATIONS

In Sec. IIB we applied the so-called stationary phase
approximation, which can be used to calculate integrals of
the following form:

= / ™ A A(#)ellon=-40), (A1)

Due to the complex exponential, the integrand gives a
negligible contribution to the integral when the phase is
rapidly varying. However, a non-negligible contribution is
accumulated near the stationary point, i.e. where

Lt — ()] = w0y -2 _ g

A2
dr dr (A2)

Then we can do a Taylor expansion around the stationary
point, tsps
1d%¢

YT (A3)

(1—14)

Iy

Wyl — ¢(t) ~ a)Otsp - ¢(tsp)

Then, provided that the amplitude, .A(7), and the second
derivative of the phase, d?¢/dr?, vary slowly, i.e.
d(In A)/dr < d¢p/dr and d2p/dr* < (dp/dr)?, the integral
can be approximated as,

I ~ A(lsp)ei[wolsp_d)(tsp)] /oo dl‘e_i%"/;([sp)(t_lsp)z

-2 .
= A(Zs ) = el[“’ulsp—(/)(t;p)]
"\ bl
2 i T
A(tSp) " eilwoty=(ty) =4 (Ad)

"I.S(tsp)

Then for the absolute value of I we have,

[~ Alrgp) (AS)

where o = ¢.

In Sec. I C the formula provided by Eq. (15) for the
dephasing can be derived the following way. Let us
consider a binary system whose orbital energy is decreasing
due to GW emission and some energy is transferred to tidal
modes as well. Then, the change in the mean anomaly
during an infinitesimally short period of time is

dEorb _ dEorb
Eom Egw + Eg

~ 3ot <1 —.E—Q)
Ecw Egw

dd = Qdr =Q

(A6)

The phase difference between systems with and without
tidal excitations is,

dE
: Q¢ (A7)
EGW EGW Eorb

Then using the fact that E_y o Q%3, meaning that
Eorb/Eorb = 2/3 . Q/Q, we have

32 dE,
d(AD) ~ ——— .
(A®) 2 Q Ey

(A8)

Thus the phase shift due to changing the energy of the orbit
by —AE at a constant orbital separation is,

302 AE

AP~ -2 25
2Q |E0rb|

(A9)

Note that this phase difference corresponds to orbital
phases compared at a given orbital energy, or equivalently,
at a given orbital frequency, A®(F), as opposed to AD(r).
The difference between these two quantities is due to the
fact that the unperturbed and perturbed orbits reach a given
orbital frequency with some time difference. For further
discussion about this problem we refer the reader to
Ref. [141].
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