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Casimir effect between semitransparent mirrors
in a Lorentz-violating background
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We investigate the Casimir effect for a massless scalar field confined between two parallel
semitransparent mirrors in a vacuum modified by spontaneous Lorentz symmetry breaking. Using Green’s
function techniques and a point-splitting evaluation of the stress-energy tensor, we compute the vacuum
expectation value of the energy density 7%. After a suitable renormalization, the Casimir energy is obtained
as the difference between the vacuum configurations with and without the mirrors. We derive closed-form
expressions that generalize the conventional result by simultaneously incorporating the mirror transparency
and the Lorentz-violating background. Our analysis shows that the effect of transparency and Lorentz
violation consists of a multiplicative correction and an effective rescaling of the plate separation, thereby
modifying the functional dependence of the energy on the distance. Beyond the formal derivation, we
discuss possible physical realizations of this framework, emphasizing anisotropic media such as nematic
liquid crystals (e.g., SCB), where uniaxial dielectric properties could emulate the Lorentz-violating
background. Numerical estimates for such systems illustrate the phenomenological impact of our results
and open the possibility of constraining Lorentz-violating coefficients through precision Casimir

measurements.
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I. INTRODUCTION

The Casimir effect is one of the most striking macro-
scopic manifestations of quantum field theory, arising from
zero-point vacuum fluctuations in the presence of material
boundaries [1]. First predicted by Casimir in 1948 for two
perfectly conducting parallel plates, and subsequently
measured by Sparnaay a decade later [2], it has since
become a benchmark phenomenon in both theoretical and
experimental physics. Over the years, the effect has been
generalized to a wide range of field contents, geometries
[3-6], and boundary conditions [7,8], and continues to
serve as a sensitive probe for new physics beyond the
Standard Model [9-11].
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Among the theoretical frameworks proposed to incor-
porate possible departures from Lorentz invariance, the
Standard-Model extension (SME) stands out as the most
systematic and comprehensive. In this formulation, devia-
tions from exact Lorentz symmetry are encoded in constant
background tensors, which act as effective parameters
capturing the strength and directionality of the violation
[12,13]. These coefficients propagate their influence across
all sectors of the theory, allowing one to trace their imprints
in a broad range of phenomena. Within this context, the
scalar sector [14] has proven to be particularly instructive
for exploring Casimir-type effects, where modifications to
the vacuum stress and energy density can be obtained in
closed form [15-18]. Beyond the scalar case, Lorentz-
violating corrections have also been investigated in fer-
mionic [19,20], electromagnetic [21,22], and gravitational
settings [23-25], as well as in scenarios involving non-
trivial geometries, finite temperature, and higher-derivative
interactions. Collectively, these studies highlight the
Casimir effect as a versatile arena in which Lorentz-
violating physics can be both modeled and constrained.

Despite this progress, most Lorentz-violating analyses of
the Casimir effect have assumed perfectly reflecting boun-
daries, thereby neglecting the important role of mirror
transparency. Yet, recent studies on light propagation and
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related phenomena in the presence of semitransparent
mirrors have demonstrated that transparency parameters
can strongly affect the sensitivity to Lorentz-violating
coefficients [26]. This opens the possibility of exploring
new experimental windows where Lorentz violation could
leave observable imprints.

In this work, we address this gap by investigating the
Casimir effect for a real scalar field in the presence of both
semitransparent mirrors and explicit Lorentz-violating
corrections in the scalar sector of the SME. Each mirror
is modeled by a delta-function potential characterized by its
strength, which interpolates between full transparency and
perfect reflection. Lorentz violation is encoded in a con-
stant, symmetric background tensor #*¥, which modifies the
effective dispersion relations of the field. By employing
Green’s function methods and a suitable renormalization
scheme, we derive closed-form expressions for the Casimir
energy density 7%, incorporating the combined influence
of mirror transparency and Lorentz-violating effects. The
resulting formulas reduce smoothly to the conventional
Casimir energy in the Lorentz-invariant, perfect-mirror
limit, while revealing multiplicative corrections that can
be traced independently to each parameter.

Finally, we complement our formal analysis with real-
istic physical estimates, connecting the Lorentz-violating
background tensor to effective optical metrics in aniso-
tropic condensed-matter systems. In particular, we show
that nematic liquid crystals such as SCB (pentyl-cyanobi-
phenyl) provide a feasible scenario where anisotropies of
the refractive index naturally generate h** coefficients of
significant magnitude, offering a concrete experimental
platform to realize our theoretical framework. This dual
perspective, from fundamental field-theoretic motivation to
condensed-matter realizations, highlights the potential of
Casimir experiments as a bridge between high-energy
phenomenology and laboratory-scale physics.

The remainder of this paper is organized as follows. In
Sec. I we introduce the model, define the semitransparent
boundary conditions, and outline the point-splitting
procedure used to evaluate the stress-energy tensor.
Section III revisits the Casimir effect in the Lorentz-
invariant setting, establishing the baseline results for
partially transmitting mirrors. In Sec. IV we extend the
analysis to a Lorentz-violating background, deriving the
corresponding modifications to the Casimir energy.
Section V is devoted to possible physical realizations, with
an emphasis on anisotropic media such as nematic liquid
crystals, and provides numerical illustrations of the param-
eter dependence of our results. Finally, Sec. VI summarizes
our findings and discusses their relevance for future
experimental constraints on Lorentz-violating coefficients.
Throughout the paper, we use the Minkowski metric with
signature #*¥ = diag(+, —, —, —). In what follows, we set
h =c =1, restoring them when presenting the final
expressions for the Casimir energy density.

II. MODEL DEFINITION AND POINT-SPLITTING
EVALUATION OF THE STRESS-ENERGY
TENSOR

The Lorentz symmetry violation considered in this work
originates from the scalar sector of the Standard-Model
extension for a massless real scalar field ¢(x*) [14]. In
addition to the Lorentz-violating terms, the model includes
delta-function contributions that represent the interaction of
the scalar field with two parallel semitransparent mirrors.
These localized terms effectively model the mirrors as
partially reflective surfaces and allow for a consistent
treatment of boundary conditions within the field-theoretic
formalism. The complete Lagrangian density describing
this setup is given by

1 1 1,
L=5h (0,0)(0,9) — 5/15(Z)¢2 — 540z~ Ly¢*, (1)

where A* is a constant background field that encodes the
effects of Lorentz symmetry breaking. It arises from a
nontrivial vacuum structure and, importantly, does not
transform as a rank-two tensor under active Lorentz trans-
formations, reflecting the presence of a preferred spacetime
direction in the underlying theory. The delta-function terms
8(z) and 8(z — L) represent two parallel semitransparent
mirrors located at z =0 and z = L, respectively, with
coupling constants 4 and A’ that quantify the degree of
transparency of each mirror. In the limit 4,4 — oo, the
mirrors become perfectly reflecting, recovering the conven-
tional Dirichlet boundary conditions. This Lagrangian
allows us to explore how both the Lorentz-violating
background and the partial transparency of the mirrors
affect the structure of the quantum vacuum and, in
particular, the Casimir energy.

It is well established in the SME literature that the term
1 h*(0,¢)(0,¢) can be mapped onto the standard kinetic
term for a scalar field via suitable field and coordinate
redefinitions [16,27]. This mapping is meaningful only in
boundary-free configurations and valid to first order in the
expansion h* = y* + 6h*¥, which is sufficient for most
phenomenological studies, given the tight experimental
constraints on Lorentz-violating coefficients. Nonetheless,
by adopting a fully nonperturbative treatment, our analysis
remains valid beyond the linear regime, making the results
applicable not only to theories with explicit Lorentz
violation but also to a broader class of models involving
anisotropic or direction-dependent modifications to field
dynamics.

The vacuum expectation value (VEV) of the stress-
energy tensor, TH = h#*0,¢pd"¢p — n** L, plays a central
role in the computation of the Casimir energy. This quantity
can be evaluated using Green’s function (GF) techniques,
which provide an efficient and systematic approach to
compute vacuum fluctuations in the presence of nontrivial
backgrounds and boundary conditions [28]. To illustrate
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the method, we begin by recalling that the Green’s function
is defined as the vacuum expectation value of the time-
ordered product of field operators, i.e., the two-point
correlation function [29,30],

—i{0|T {¢(x)$(x')}|0), )

where 7 denotes the time-ordering operator, which
arranges the field operators such that the one evaluated
at the later time appears to the left. From the equations of
motion of the Lagrangian in Eq. (1), we find that the
Green’s function (2) satisfies the differential equation

G(x,x') =

(0,0, + A8(z) + X8(z — L)]G(x,x') =8(x —x').  (3)
This function captures the response of the quantum vacuum
to localized sources and encodes all information needed to
compute the VEV of composite operators such as 7#*. The
point-splitting method can then be employed to express
(T*) in terms of derivatives of G(x,x’), and to isolate and
subtract divergences in the coincidence limit x — X/,
ultimately yielding the renormalized Casimir energy. The
VEV of the stress-energy tensor then takes the form [29,30]

(T") = —ilimh*%9 ,0YG(x, x') — (L), (4)

x—x'

where

(L) = 5 lim % 9,9, G (x, x'). (5)

X—)X

Here, the limit is taken after differentiation.

To proceed with our analysis, we now take a step further
and introduce the physical configuration under consider-
ation. Specifically, we study the Casimir effect in the
standard setup of two parallel plates separated by a distance
L, which we choose to be aligned perpendicularly to the
z-axis. This classical geometry allows us to implement a
dimensional reduction by exploiting the translational sym-
metry along the directions parallel to the plates. The
translational invariance in the (7, x,y) directions enables
a (24 l)-dimensional Fourier decomposition of the
Green’s function, given by [28]

2
x x / /d kJ_ 1](L X|— XL)e—i(u(z_t’)g(Z,Zr;w’kL),
(6)

where k| = (k,.k,) and x, = (x,y) denote the momen-
tum and position components in the directions parallel to
the plates, respectively. The reduced Green’s function
9(z,7;w,k ) captures the nontrivial behavior in the
z-direction, where translational invariance is broken due
to the presence of the plates. This decomposition simplifies

the problem significantly and allows us to isolate the effects

of boundary conditions and Lorentz violation along the
confinement axis.

Since the configuration is translationally invariant in the
t, x, y directions, we take the coincidence limit 7 = ¢ and
x, = x/, when evaluating the vacuum expectation value of
the stress-energy tensor, so that the exponential factors drop
out. We then define the effective differential operators
acting on the reduced Green’s function ¢(z,7;w,k ) as

O = (—iw,—ik",—ik?,=d,), "= (iw,ik",ik? —d,).

(7)

These expressions account for the action of spacetime
derivatives on the Fourier representation of G(x, x’). As a
result, the VEV of the stress-energy tensor becomes

do [k
/ w/ lh"“aua’” (z.7sw.k )= (L),

(8)

(T") = —ilim

=7

where

£>—%hm// /dkLhadaﬁg(ZZ C()kJ_) (9)
=2

This expression isolates the relevant dynamics along
the z-direction, where the boundary conditions of the
Casimir configuration are imposed. The integration over
o and k| will be carried out once the reduced Green’s
function ¢(z,7;w,k ) is determined. To this end, we
insert the Fourier representation of the full Green’s function
(6) into the defining equation (3) and exploit the transla-
tional invariance along the ¢, x, and y directions to
isolate the dependence on the z-coordinate. This yields a
differential equation for the reduced Green’s function of the
form

(10,0, + A8(z) + ¥8(z = L)]g(z. s 0.k ) = 8(z — 2).

(10)

In the following sections, we apply the formalism intro-
duced above to study the Casimir effect in the presence of
semitransparent mirrors. First, in the Lorentz-invariant
case, which serves as a baseline, and then in Sec. III,
we explore how Lorentz-symmetry violation modifies the
vacuum energy.

III. LORENTZ-INVARIANT CASIMIR EFFECT
WITH SEMITRANSPARENT BOUNDARIES

We begin by analyzing the Casimir effect in a Lorentz-
invariant setting (i.e. we take 2** — »*¥), where a real scalar
field is confined between two parallel semitransparent
mirrors. This case provides a reference for assessing
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Lorentz-violating modifications discussed in the following
section. To proceed, we construct the reduced Green’s
function ¢(z,7') = ¢(z, 7'; w, k| ), defined as the solution to
the differential equation governing the system in the
presence of two semitransparent mirrors located at z =0
and z = L. The equation satisfied by ¢ reads

0 + 12 L)]g(z.?)

— 02 4+ 25(z) + V'8(z — =6(z—2)),

(11)

where k3 =k -k, . This function must satisfy the con-
tinuity and jump conditions derived from the properties of
the boundaries.

To solve the reduced Green’s function equation (11) we
adopt a method analogous to that used in quantum
mechanics for solving the Schrodinger equation in the
presence of point interactions. Specifically, we exploit the
properties of the Dirac delta function and express the full
Green’s function ¢(z,z’) in terms of the free (mirrorless)
Green’s function go(z, z'), which satisfies

(—0? + k3 = 02)go(z.2) =8(z = 7). (12)
The free Green’s function gy(z,z’), which solves the
homogeneous equation in the absence of the delta-function
interactions, is well known and takes the form:

9(z,7')

= go(e:2) = £ M1+ Z00(0.0)0(z.0)

(e ) = 5, (13)

where z_ =min(z,7'), z. = max(z,z') and we define
y = /w* — k% +ie, with the standard ie prescription
ensuring causal (Feynman) boundary conditions.

The delta-function potentials in Eq. (12) allow us to
derive simple matching conditions across the interaction
points, which will be used to construct the full solution.
This approach not only simplifies the calculation but also
makes the physical interpretation of the boundary inter-
actions more transparent. By directly integrating the full
Green’s equation (11) one obtains an exact expression for
the complete Green’s function g(z,7’) in terms of the free
Green’s function go(z,7Z'):

—29(2,0)90(0,2") = g(z, L)go(L, Z').

(14)

9(z,7') = go(z,7)

To fully determine the reduced Green’s function g(z, 7’), we
evaluate Eq. (14) at the two boundary positions z = 0 and
z =L, obtaining two coupled algebraic equations for
9(0,7') and ¢(L, 7). These can then be solved explicitly
and substituted back into the general expression for ¢(z, z').
The final result is

—290(0,L)go(z,L)}90(0,2")

- %i’{—ﬂgo(O,L)go(z,O) + [1 4 296(0,0)]go(z. L) } go (L. 2'). (15)

where A = [1 + 4gy(0,0)][1 + 2'g0(0,0)]
9o(L. L) and go(0,L) = go(L.0).

— A gy(0,L)gy(0, L). To derive this result we used the properties g,(0,0) =

To obtain the physically meaningful (renormalized) vacuum energy, we subtract the zero-point energy of the free theory
from that of the bounded configuration [29,31]. This procedure isolates the finite contribution induced by the presence of
the plates. In the quantum field theory framework, the renormalized Casimir energy per unit area (of the plates) is then
computed in terms of the VEV of the stress-energy tensor as

Eco(L) = / " (@), - (1%),)dz. (16)

where (T%) | denotes the vacuum energy density in the presence of the boundaries and (T corresponds to the VEV in the
absence of any plates. From Eq. (8) we read the expression for the vacuum energy density as

1)~ tim [ 92 [Corge -0 0= pim [92 [T i 0o ()

Using the free-space reduced Green’s function defined in Eq. (13) and performing a Wick rotation @ — i{ we obtain

[ dC d’k | 2
@)= [ 5

(227’

(18)
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where 7 = /¢{? + k% . It is important to emphasize that the VEV of the Lagrangian vanishes, i.e. (£) = 0. For the sake of
clarity, we omit the details of the proof in this section; however, they will be presented later as a limiting case of the Lorentz-
violating Lagrangian VEV.

Following a similar procedure, we evaluate the VEV of the energy density in the presence of the semitransparent plates
using Eq. (15). Using the following results (for 0 < z,7' < L)

zliigazaggo(z, 0)90(0,2") = =r*go(2,0)g0(0, 2), Zlijgﬁzaégo(z, L)g0(0,2') = r*go(z. L)g0(0, 2),

Zligl,dz@’zgo(z, L)go(L.2') = —y*g0(z. L)go(L, 2). (19)

we obtain the following expression:

1 [d¢ [dPk, [ AWNE . k2 i i A i
TO0V — (700y 4 - / _ S Y -27z 4y —27(L-2) ’ 20
(T =T, 2) 2% (27:7)2{ 2A773e 2A72 27 ¢ 27 ¢ (20)

where A = (1 + ziy) (14 ;—;) - % e~27L With the VEV in hand, we now proceed to calculate the total vacuum energy stored
between the plates. Substituting into Eq. (15) and integrating over z, while omitting any L independent contributions, yields

the following:

1 [d¢ [dPk, [ ANEL . k2 _ 1 — e 2L
EcLy== [ = - 7L L 1y A+ )] —— . 21

To compute the integral, we begin by expressing the momentum element as @’k | = k, dk, df and carry out the angular
integration over 6. We then introduce plane polar coordinates in the (¢, k| )-plane, defined by { = £cos ¢ and k|, = £sin g,
with ¢ € [0, z] and £ €0, o). Finally, we integrate over the angular variable ¢». We thus obtain an expression for the
Casimir energy in Eq. (21) composed of two distinct contributions:

Ec(L) = En(L) + E(L), (22)
where (recovering 7 and c)
h o A+27)(N +2 AN e
gﬁn(L,A,/\/) — %/ d)()(3 1 _( + )()( + )() + 6_2 (23)
1272°L° Jo (A+20)(N +2¢) — AN e
is finite and encodes the physically meaningful vacuum energy between the plates. The second term,
n o 2[(A+ N AN(1 — e
) = = 2 [ g U NI AN ) o)
67°L> Jo (A+2¢)(N +2¢) — AN e

is divergent and it does not contribute to the physically measurable force between the plates. This will be explicitly
demonstrated later through the evaluation of the VEV of the normal stress component 73, which determines the Casimir
pressure. In these expressions A = AL and A’ = A'L.

To gain further insight into the physical content of our result, we now examine two important limiting cases: those of
perfectly reflecting plates and those of nearly transparent plates. The former corresponds to taking the coupling constants to
infinity, A, A’ - oo, effectively imposing Dirichlet boundary conditions. The finite vacuum energy becomes

©*hc
1440L3°

fc

im & (L.AA) = —5 [ ¥ dy(1 = cothy) =
/\,/gmoo tm( ) 127T2L3/) )0{( co Z)

(25)
This result corresponds to the well-known Casimir energy for a massless scalar field for conducting plates [28]. It is worth
emphasizing that the Casimir energy density for the electromagnetic field is twice that of the scalar field, as the
electromagnetic field possesses two independent physical polarization modes [28].

The latter limit is obtained in the weak coupling regime, where A, A’ — 0, and the mirrors introduce only a small
perturbation to the free vacuum, i.e.
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lim (L, AN ) =
AN<I

hc o0
AN T dyye
T 242213 A axe

hc

In order to verify that the divergent contribution to the
Casimir energy has no physical effect, it is instructive to
analyze the vacuum expectation value of the normal-normal
component of the stress tensor, which determines the force
per unit area acting on the plates. Unlike the energy density,
the stress involves derivatives of the Green’s function
evaluated at the boundaries, and therefore provides a direct
probe of the physically measurable pressure. By explicitly
computing (7%}) we will show that the divergent term
found in the energy density does not contribute to the force,
leaving only the finite part to determine the Casimir
pressure. From Eq. (8) we obtain the corresponding
VEV of the normal-normal component of the stress:

1 do [ &’k
T3) = —lim | == [ =5 (7 + 9.0, La k).
< > 2171—{1211/27[/(2”)2 <y + Z z)g<Z,Z ,, J_)
(27)

Denoting by (7°?) | the vacuum stress of the confined scalar
field between the plates, and by (T°°), the corresponding
stress in the exterior region (due to only one of the plates),
the net Casimir pressure follows from their difference:

Pe(L) = (T¥)yl.—p =

T2) |1 (28)
As in the computation of the Casimir energy, the stress is
obtained by substituting the appropriate reduced Green’s
function into Eq. (27). For the region between two con-
fining plates, we use the reduced Green’s function in
Eq. (15). Inserting this into Eq. (27) and evaluating at
the boundary z = L yields

Ty, | d¢ [Pk, N4 (2E+2)(2E+ X )e*
Hz=L ™ 2/277 (27)? ‘51,1'—(2§+,1)(2§+/1’)e2ﬂ’
(29)

where a Wick rotation @ — i{ has been performed. To
simplify the expression, we introduce polar coordinates in
the (¢, k| )-plane via &= /%> + k%, with { = Ecosg,
k| = Esing, integrate over the angle ¢, and rescale to
the dimensionless variable y = L&. Defining the dimen-
sionless couplings A = AL and A’ = A'L, and restoring #
and ¢, we obtain the compact representation

hc / Ay SAN 4+ (2 +A) (2 +N)e™
=l ), W AN — (2 +A) 2y +N)e
(30)

(T2))1.

We now consider the single-plate configuration. The
corresponding reduced Green’s function can be obtained
directly from the two-plate result in Eq. (15) by switching
off one of the d-interactions. Setting 4 = 0 leaves a single
semitransparent plate at z = L, and we obtain the rank-one
resolvent formula

9o0(z,L)go(L,7) .

Trg00) OV

9/(z.7') = go(z.2') =
Substituting Eq. (31) into Eq. (27) and performing the same
Wick rotation and angular integration as before yields the

vacuum stress for the single-plate geometry:

/dcj JZkJ_Z:__ he /°°d \
“2) 2z @2t T 4Lt )y M

(32)
Substituting the two-plate and single-plate stresses derived
above into Eq. (28) we arrive at the compact representation

<T33>||1:L =

hc ©
Pec(L) = WA 78
22+ N) 2 +N) + AN e (33)
2r +AN) 2y +N) = AN e %]’

It is straightforward to verify that the Casimir pressure can
be obtained from the Casimir energy by differentiation with
respect to the plate separation. Starting from Eq. (23), the
energy density depends on L both explicitly, through the
prefactor L=, and implicitly, through the dimensionless
couplings A = AL and A’ = A'L. Taking the derivative with
respect to L at fixed A, 4 yields

agfin (L )

Pe(l) = -+

(34)
A short calculation shows that the derivatives of the
couplings satisfy the identity

ANONF (s A, N) + N oy F(yrs A, N') = =2F (r; A, N') (35)

where F(y;A,A’) denotes the integrand in Eq. (23).
Substituting this result simplifies the derivative to exactly
reproduce the integral expression for the pressure, Eq. (28).
This confirms that the stress calculation and the energy
derivative approach are fully consistent.

The corresponding limits of the Casimir pressure in
Eq. (34), for perfectly reflecting plates (A, A’ — oo) and
nearly transparent plates (A, A’ — 0), are given by

©hc mhc
1 L.AN L.AN
Jim_ Pe( )=as0r aim Pl ) =30
(36)

which agree with the expressions in Egs. (25) and (26).
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We now show directly from Eq. (24) that the divergent contribution to the energy does not generate any force. Taking the

derivative of Eq. (24) with respect to L at fixed A, A yields:

08 (L) hc

— o g U = el + 2N+ 20) = ANe ) (37)
0 74

oL 67°L*

The integrand is a total y-derivative, so only the endpoints
contribute. At y — 0, the prefactor behaves as
(1 —e %)= O(y*), while the logarithm is finite, so
the lower endpoint vanishes. At y — oo, the exponential
term dies out, the logarithm grows at most as In 2, but is
multiplied by y*(1 — e %) inside a total derivative; the
corresponding boundary term also vanishes. Therefore,

Po(L) = —%g%L(L) =0. (38)

Hence, the divergent (surface) part of the energy is non-
dynamical and does not contribute to the measurable
Casimir pressure.

The results presented in this section provide a complete
and exact treatment of the Casimir effect in the presence of
semitransparent plates, within a Lorentz-invariant frame-
work. We obtained both the finite and divergent parts of the
vacuum energy, including the surface contribution charac-
teristic of o-like interactions, and analyzed their behavior in
|

|
relevant physical limits. Furthermore, we explicitly verified
that the divergent part does not contribute to the physical
pressure: its derivative with respect to the plate separation
vanishes, confirming that it corresponds only to surface
self-energies. This conclusion was independently verified
by evaluating the vacuum expectation value of the stress
tensor on the plate, which reproduces the same result for the
Casimir pressure.

In the next section, we extend this analysis to the case
where Lorentz symmetry is explicitly broken, according to
the modified field dynamics introduced in Sec. II.

IV. CASIMIR EFFECT WITH SEMITRANSPARENT
BOUNDARIES IN A LORENTZ-VIOLATING
BACKGROUND

In order to investigate the Casimir effect in the presence
of a Lorentz-violating background, the first step is to
determine the corresponding reduced Green’s function
which satisfies

[—h%w? — 2h%wk; — h'ik;k; — 2i(h%w + hk;)0, + h*302 + A8(z) + A'8(z — L)]a(z.2') = 8(z — 2). (39)

The indices i, j = 1,2 label directions parallel to the plates, i.e., transverse to the normal coordinate z.

To construct the reduced Green’s function in the presence of Lorentz symmetry violation, we follow the same strategy
outlined in the previous section. Specifically, we exploit the localized nature of the boundary interactions (modeled by Dirac
delta functions) and express the full Green’s function g(z,z’) in terms of the free Green’s function g,(z, z'), which now

satisfies the modified differential equation

[~h®w? — 2k wk; — hk;k; — 2i(h%w + h3k;)0, + h*2]ey(z,2') = 6(z — 2). (40)

The solution is
g(z.2) =
where z_ = min(z, 7’), z. = max(z,7’) and

1 )
ﬂ = ﬁ (/’l0360 + hl3ki),

l
- 2en®

eiﬁ(Z—Z,)eif(Z>—Z<)’ (41)

. . 1 .
7/2 — 10042 + 2h°’cokl- + hl'lkikjv 52 W \/(/’Z(BCU + hl3ki)2 _ /’133]/2. (42)

The complete solution for the reduced Green’s function in the presence of the Dirac delta interactions follows the same
structure as Eq. (15), with the only modification being the replacement of the free Green’s function gy (z, z') by go(z,Z'). In
other words, the general form of the solution remains unchanged, but it now incorporates the effects of Lorentz symmetry
violation through the modified free propagator, i.e.

095041-7



LINARES, ESCOBAR, MARTIN-RUIZ, and PLACIDO PHYS. REV. D 112, 095041 (2025)

do [ d*k ‘
(T%) = —ilim % / ﬁ [h%w? + h%wk; + ioh®0,]g(z,7) — (L), (43)

where the VEV of the Lagrangian can be expressed as

/ / deL
21—)1

As expected, in the Lorentz-symmetric limit, the tensor (43) reduces to its standard form (17), thus recovering the known
structure from the Lorentz-invariant theory.

In the previous section, we deferred the proof that the VEV of the Lagrangian vanishes, reserving it for the present
discussion. We now turn our attention to this point and provide an explicit demonstration. Using the reduced Green’s
function (41) one finds

+ h¥0.0, + ih*p(0, — a.)|a(z, 7). (44)

!i_{lzl,azaz/QO(Z’ ZI) 251/133 (ﬁ + 5) Zh_r)rzl,(az - az’)gO(Z7 ZI) §h33 (ﬁ + 5) (45)

and therefore

_i ; del i 33/ g2 2 AN
{[’}v _521_13, 2251133 +h (f -p )]QO(Z’Z) =0. (46)

The vanishing of this expression follows from the definitions of y, 8, and &. Here, the notation {A}, denotes the vacuum
expectation value of the operator A evaluated in the absence of the plates, using the Green’s function corresponding to the
Lorentz-violating case in vacuum. In the Lorentz-symmetric limit {A}, — (A),.

Consequently, the same conclusion, for (A),, holds in the Lorentz-symmetric case. Making use of this result, together

with the relation lim,_, d.6¢(z,2") = i( + £)go(z, z), the vacuum expectation value takes the form:

{Too}v -

It should be noted that the last term, proportional to
hBwé&, vanishes upon integration due to symmetry con-
siderations. The evaluation of this integral is hindered by
the presence of a nontrivial quadratic form in &=
eV (WP o+hPk)? = hPy2, with = h%6” + 21" wk;+
hiik;k ;- To overcome this difficulty, we introduce a change
of variables that diagonalizes the quadratic form, thereby
reducing the problem to a more tractable one. This trans-
formation significantly simplifies both the analysis and the
subsequent evaluation of the integral. The procedure is as
follows. We first define the three-vector k = (@, k | ), such
that & = A;x'c/, where A = [A;] is a real, symmetric
3x3 matrlx whose explicit form is directly determined
from the definition of 52. At this point, we invoke
Jacobi’s theorem, which ensures that any quadratic
form in n variables can be brought to diagonal form
through an orthogonal transformation. Accordingly, we
perform the change of variables ' =W;x/ with
k' = (o', K'|), where the orthogonal matrix ¥ = [¥;;] is
constructed from the normalized eigenvectors of A. In the
new primed coordinates the quadratic form becomes
diagonal, ie. & =TIk’ =Ty + I11k7 + TLA?,

/ /d ky [hPw? + W wk; — wh® (B + £)]gy(z, 2). (47)

|
where IT; = A, ¥, = diag(Tly, 11, T1,). The inter-
mediate steps of this calculation with the explicit coor-
dinate transformation, carried out with Mathematica, lead
to extremely lengthy expressions that are not particularly
illuminating. For this reason, we refrain from explicitly
displaying them and only report the final result. After
performing a Wick rotation, we obtain

/dC’/dzk’ g’j (48)

where h = det(h,,) and 7 =/ + k7. The integral
appearing in this expression corresponds to the vacuum
expectation value in the Lorentz-symmetric case (18), and
therefore the following identity holds:

{1}, =

1
Ve

With the vacuum case fully determined, the next step is to
compute the expectation value in the configuration where
the plates are present, which will allow us to quantify the
boundary contributions. In this case, we find

{1}, = —=(T),. (49)
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T -1, = _igln}/i_j/?;:)é[

where
8g(z.2') = a(z.2') — go(z.2)
— A 1=180(0. L)ao(2.0) +
Here, A = [1 + 4g0(0,0)][1 + A'g¢(0,0)]

results (for 0 < z,7/ < L):
Zl/i_rgézgo(z,O)go(O, Z') =i(B+&)8o(z,0)80(0. 2).

With the help of these results we obtain

(10}, = {19}, = i / do / ‘“‘“{z{ 11+ £g5(0.0)]Z, g (z.0)

+ 2'{~1280(0, L)E . go(z,0) +

where we introduced the quadratic forms =,

_ —%/1{[1 +2/80(0,0)]go(z. 0)

+ [1 4 1g9(0,0)]E_g

hw? + Wk, + ioh®0,)5¢(z, 7), (50)

—490(0,L)80(z, L) }80(0,7')

[1+480(0,0)]g0(z, L) }go(L, 2"). (51)

— A4 gy(0, L)gy(0, L). To evaluate the integral in Eq. (50) we use the following

1im0.o (2. L)80(0.2) = i(4 = $)80(2. L)g0(0.2).  (52)

—A'40(0,L)E_go(z, L) }80(0, z)

0(z.L)}go(L.2)} (53)

= h%a? + h%wk; — wh® (B £ £). In this expression, we observe that, as in

the vacuum case, the terms proportional to w¢ vanish upon integration. This occurs because the product of the Green’s
functions turns out to be independent of 3. Therefore, we can safely take 2, — h®w? + h%wk; — @h® B in Eq. (53). This

leaves us with

{TOO}” {19}, = / /JZkL h%&? + hYwk; — wh®p|ég(z, z). (54)

We next apply the same steps to the integral as those used
previously in the absence of plates. In short, we introduce a
change of variable which diagonalizes &2, such that
& =Tyw" + I K? 4+ T,k2. After further simplifications
one realizes the identity

1
{1}, = an

{1}, - [(T%) = (T™),], (55)

which also implies a direct relation between the vacuum
energies:

. 33 B
) = [ 11 - e e, 69

where E-(L) is the Casimir energy density in the Lorentz-
symmetric (21) case and L = L/\/—hy; is a rescaled
length. The final result shows that the Casimir energy
density in the Lorentz-violating scenario (56) is propor-
tional to its Lorentz-symmetric counterpart (21), with the

J
2 Z—’Z

2 +ih*p(o,

|
plate separation effectively rescaled and an overall multi-
plicative factor in front. It is worth emphasizing that this
expression is exact: at no stage did we assume the Lorentz-
violating coefficients to be small, in contrast to
the more conventional perturbative treatments motivated
by the empirical absence of observed Lorentz violation.
One can further verify that in the Lorentz-symmetric limit
the expression for the Casimir energy density correctly
reduces to the standard result since L — L and £(L) tends
to Eq. (25) as h,, — ny,.

To further ensure the consistency of our analysis, we
have also computed the Casimir pressure directly from the
vacuum stress acting on the plates. This provides an
independent route to the physical observable, complemen-
tary to the evaluation obtained by differentiating the
vacuum energy with respect to the plate separation. As
expected, both methods yield identical results, thereby
confirming the robustness of our treatment in the presence
of Lorentz-violating terms. In the presence of Lorentz
violation, the expression for the vacuum stress is given by

+0.) — h*20.0.]9(z. 7 0,k 1). (57)
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In close analogy with the procedure followed for the
evaluation of the Casimir energy, the calculation of the
stresses can also be carried out by inserting the appropriate
reduced Green’s functions into Eq. (57) and performing
once again the quadratic form diagonalization. The main
distinction in this case lies in the fact that the Lagrangian
density contributes explicitly to the stress tensor, introduc-
ing an additional layer of complexity compared to the
energy computation. Nevertheless, by carefully applying
the same methodology and making use of the Green’s
function with the two mirrors g(z, z') given by Eq. (51) and
the corresponding expression of the Green’s function with
one mirror [which is obtained from g(z,7z’) by taking
A = 0], one arrives after a direct, though somewhat lengthy,
computation at the following expression:

PEIVI(L) = {T%3) .oy — (TP ]y
___aS%VRL)_ 1
- oL  /—h

where P¢(L) is the Lorentz-symmetric Casimir pressure,
given by Eq. (34).

It is worth noting that, to first order in the Lorentz-
violating  coefficients, h,, = n,, + 6h,,, the theory
described by Eq. (1) can be reformulated as a Lorentz-
invariant scalar field theory through an appropriate coor-
dinate transformation,

Pc(L).  (58)

1
XH =yt — Eéh”,,x”. (39)

This transformation effectively absorbs the Lorentz-violat-
ing contributions into a modified spacetime metric, leading
to an equivalent Lorentz-invariant description in the new
coordinates. In this transformed frame, the computation of
the Casimir energy proceeds as in the standard Lorentz-
invariant case, but the final expression acquires two
modifications: a rescaling of the plate separation and an
overall multiplicative factor arising from the Jacobian of the
transformation. Within this approximation, the term

1/(=h) in Eq. (58) naturally appears as the square root
of the determinant of the effective metric (i.e., the
Jacobian), while the effective distance between the plates
becomes

i 1
LzL<1+§mﬁ>, (60)

which accounts for the metric-induced modification of the
plate separation.

In the following section, we discuss possible physical
realizations of the model and present illustrative plots of the
Casimir energy using parameter values motivated by these
scenarios.

V. PHYSICAL REALIZATIONS AND NUMERICAL
ILLUSTRATIONS

In this section, we discuss possible physical realizations
of the theory, which allow us to estimate realistic values for
the model parameters. In particular, we focus on two sets of
parameters: the transparency of the mirrors, characterized
by 4 and 4, and the components of the background tensor
h,,, that parametrizes Lorentz symmetry violation. For the
mirrors, we consider thin dielectric slabs of various
materials and thicknesses, which provide concrete esti-
mates for 1 and A’ based on their refractive indices and
thicknesses. Regarding the Lorentz-violating tensor 4, we
envision a phenomenological scenario inspired by analogue
optical media, in which an anisotropic, birefringent
material effectively simulates the presence of a preferred
background. This setup allows us to assign plausible
magnitudes to the components of 4, providing a physi-
cally motivated range for our analysis. These parameter
estimates will then be used to generate illustrative plots of
the Casimir energy, exploring both the influence of mirror
transparency and Lorentz-violating effects.

We first discuss the parameters 4 and A'. Consider a
dielectric slab of thickness d and refractive index n placed
in vacuum. In the limit where d is small compared to the
relevant wavelengths, the interaction of a scalar field with
the slab can be modeled by a delta-function potential, with
strength

2

-1

ﬂ,ﬁn s 2”—,,
d d

(61)

where n and ' are the refractive indices of the two slabs
and d, d' their thicknesses. These expressions arise from
integrating the standard wave equation across the thin slab
and matching the discontinuity in the derivative of the field.
Physically, this corresponds to approximating the slab as an
infinitesimally thin mirror whose reflectivity is proportional
to the contrast in dielectric permittivity, n> — 1.

As a concrete numerical estimate, we consider silica
(S10,) as the slab material, which has a refractive index
n ~ 1.45 in the visible spectrum [32]. Choosing a thickness

d =10 nm, the -corresponding coupling parameter
becomes
1.45)2 -1
2%21.10X 108 m~!. (62)
10 x 107 m

For the second slab, we can take the same material and
thickness, yielding A’ ~ 1. These values lie in the inter-
mediate regime between fully transparent mirrors
A,/ —>0) and perfectly reflecting boundaries
(A, / = o0), making them suitable for exploring semitrans-
parent Casimir setups. Finally, to approach the nearly
perfect mirror limit, one can consider a higher-index
material such as silicon at optical frequencies (n ~3.5
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[32]) with thickness d = 10 nm: A~ 1.12 x 10° m~!. Such
estimates provide a physically meaningful scale for 4 and
/', allowing us to generate illustrative plots of the Casimir
energy as a function of the mirror separation and
transparency.

In order to provide a physically realistic scenario for the
Lorentz-violating tensor h,,, we consider the propagation
of a scalar field in an anisotropic dielectric medium,
specifically a uniaxial material with its optical axis aligned
along the z-direction. In such a medium, the refractive
index differs between the transverse plane (x — y) and the
axis direction (z), denoted by n, and n, respectively. This
anisotropy naturally induces a preferred direction in the
effective spacetime seen by the field, providing a concrete
realization of Lorentz symmetry violation in a controlled
laboratory setting.

Within the Gordon metric approximation [33,34], the
propagation of the scalar field in this medium can be
expressed in terms of an effective metric

2
gt = diag<n2l,—1,—1,—’:l§>, (63)
[

which directly leads to the Lorentz-violating tensor
components

n
hoo = n?, hy = hy, = —1, h,=—-—=. (64)

This construction ensures that wave propagation along the
optical axis (z) differs from propagation in the transverse
plane, realizing a nontrivial anisotropic background.

As a concrete example, we consider 5CB, a commonly
used nematic liquid crystal [35,36]. Typical refractive
indices for 5CB at room temperature are n; ~ 1.50 and
n| = 1.70. In this case, the corresponding Lorentz-violating
components read
hoy = 2.25, ho=nh

——1,  h.=-078. (65)

yy
In this scenario, the liquid crystal provides a laboratory
realization in which the scalar field experiences different
effective propagation speeds along the optical axis and the
transverse directions, giving concrete numerical estimates for
h* . These values can be used to generate illustrative plots of
the Casimir energy between semitransparent mirrors and to
study the influence of Lorentz-violating anisotropy on the
vacuum energy in a controlled experimental setup.

In Fig. 1, at left, we display the Casimir energy density
(per unit area) as a function of the plate separation,
measured in nanometers, for a system embedded in the
nematic liquid crystal SCB. The vertical axis is expressed in
units of energy per square centimeter. The black squares
correspond to the standard Lorentz-invariant result with
perfectly reflecting mirrors, which we use as a benchmark.
The red triangles illustrate the nearly perfect mirror limit
(silicon), showing only a mild suppression relative to the
ideal case. The blue circles correspond to a more trans-
parent configuration (silica), where the Casimir energy
density is substantially reduced.

This trend reflects the role of boundary transparency in
the confinement of vacuum modes. Perfectly reflecting
plates enforce strict boundary conditions, producing the
maximal shift in vacuum energy. As transparency increases,
a larger fraction of modes is allowed to leak through the

ElJ fem?)

=20+

-25}

-30F

Eul1/cm?)

A(nm™)

FIG. 1.

0 1 2 3 ‘
N(nm™)

Left: Casimir energy density (in units of energy per unit area) as a function of plate separation (in nanometers). The black

squares show the standard Lorentz-invariant result for perfectly reflecting boundaries. The red triangles indicate the case of nearly
perfect mirrors, while the blue circles correspond to a more transparent regime, where the reduced reflectivity weakens the confinement
of vacuum fluctuations and thus lowers the Casimir interaction. Right: Density plot of the Casimir energy as a function of the
transparency parameters A and A, for a fixed plate separation. The upper-right region corresponds to the limit of perfectly reflecting
mirrors, where the energy approaches the standard Casimir result. Along the diagonal (4 = 1’), the mirrors are equally transparent, while
deviations from the diagonal highlight asymmetric configurations with different transparency strengths. The energy vanishes smoothly
in the transparent limit (4,4 — 0).
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boundaries, thereby diminishing the modification of the
vacuum state and reducing the strength of the Casimir
interaction.

In Fig. 1, on the right, we present the density plot of the
Casimir energy as a function of the coupling parameters 1
and A/, which characterize the transparency of the two
mirrors. This representation makes it possible to analyze
the full parameter space and identify the different physical
regimes of the system. In the upper-right region of the plot,
corresponding to large values of both couplings, the mirrors
effectively behave as perfect reflectors and the Casimir
energy approaches the standard result for two ideal plates.
Along the diagonal, where A = A/, the mirrors are equally
transparent and the energy decreases monotonically with
decreasing coupling strength, interpolating between the
ideal limit and the transparent regime.

Away from the diagonal, the asymmetric case A # A/
reveals a richer structure. When one mirror is nearly perfect
(4 — o0) while the other is semitransparent, the energy is
suppressed but remains finite, reflecting the fact that both
boundaries are required to confine the vacuum modes
effectively. As both couplings decrease, the energy con-
tinuously vanishes, reaching the transparent limit
(A, A — 0) where no Casimir interaction survives.

Overall, this density plot highlights how the Casimir
energy depends simultaneously on both transparency param-
eters. It illustrates the smooth interpolation between the ideal
case and the transparent regime, while also showing the
nontrivial asymmetry that emerges when the mirrors possess
different optical properties. Such a global view makes it clear
that the Casimir effect can be finely tuned through the
independent adjustment of the couplings A and 1.

VI. CONCLUSIONS

In this work we have analyzed the Casimir effect for a
massless scalar field in the presence of Lorentz-violating
modifications of the vacuum, confined between two paral-
lel semitransparent mirrors. Starting from the scalar sector
of the Standard-Model extension, we have shown that the
combined effects of mirror transparency and Lorentz
violation can be computed in closed analytical form using
Green’s function techniques. A key outcome of our analysis
is that the two types of corrections factorize: the trans-
parency of the mirrors and the Lorentz-violating back-
ground contribute multiplicatively to the Casimir energy
and effectively modify the plate separation.

From the perspective of high-energy physics, Lorentz
symmetry violation is expected to be extremely small,
given the stringent experimental limits that exist at labo-
ratory and astrophysical scales. However, when reinter-
preted in the framework of condensed matter systems, the
same SME-inspired parametrizations can acquire direct
physical meaning. In anisotropic dielectrics and liquid
crystals, for example, the refractive indices naturally
encode preferred spatial directions, effectively generating

nontrivial coefficients that mimic Lorentz-violating back-
grounds. This dual interpretation is conceptually important:
while the SME provides a theoretical extension of the
Standard Model at fundamental scales, condensed matter
realizations offer experimentally accessible platforms
where the same structures can be probed and exploited
[37,38].

The Casimir effect itself has historically played a central
role in advancing both theoretical and experimental phys-
ics. Beyond its original role as a striking manifestation of
vacuum fluctuations, it has become a precision tool for
testing fundamental interactions, probing modifications of
electrodynamics, and exploring the interplay between
geometry, material properties and quantum fields. In recent
decades, experimental advances have enabled accurate
measurements of Casimir forces in diverse settings, includ-
ing metallic and dielectric surfaces, semitransparent mem-
branes, and systems with tunable boundary conditions. Our
results extend this line of investigation by showing how the
Casimir energy responds not only to imperfect boundaries
but also to modifications of the underlying vacuum
structure.

To illustrate the physical relevance of our approach, we
provided estimates based on realistic material parameters.
In particular, for the nematic liquid crystal SCB, which is
widely used in liquid crystal displays and precision optics,
we extracted effective values for the Lorentz-violating
tensor components. These estimates show that, unlike in
the high-energy context, the anisotropies in such condensed
matter systems are not negligible but directly determined
by the refractive indices of the medium. As a result, the
modifications to the Casimir energy predicted in our
framework could be significant in experimentally realizable
setups involving parallel plates immersed in liquid crystals.

Taken together, our findings reinforce the idea that
Lorentz-violating effective field theories are not only of
interest in the search for new physics beyond the Standard
Model, but also provide a versatile language to describe
anisotropic and dispersive media in condensed matter. The
Casimir effect, with its sensitivity to both boundary con-
ditions and background modifications, serves as a natural
arena to bridge these two perspectives. Future work may
include extending the present analysis to fermion fields,
exploring temperature effects, or designing concrete exper-
imental proposals based on liquid crystals such as SCB to
test the predictions derived here.
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