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Four formulations of perfect spin hydrodynamics for spin-1/2 particles, distinguished by their treatment
of spin (classical vs quantum) and by the underlying particle statistics (Boltzmann vs Fermi-Dirac), are
analyzed and shown to satisfy the requirements of a divergence-type theory. Moreover, for all the
formulations, we define the generating functions associated with the relevant thermodynamic currents and
demonstrate that the constructed hydrodynamic theory is nonlinearly causal and stable. The latter is
achieved by employing the exact expressions for the distribution functions, indicating a nonperturbative

character of our approach.
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I. INTRODUCTION

The recent measurements showing that the particles
produced in relativistic heavy-ion collisions exhibit non-
trivial spin polarization [1-9] have sparked significant
interest in the development of spin hydrodynamics
[10-30], a formalism that extends conventional relativistic
hydrodynamics [31-34] by incorporating spin degrees of
freedom. A comprehensive review of the developments in
fluid dynamic theories can be found in [35].

It has recently been demonstrated in [36] that the
formalism of perfect spin hydrodynamics for spin-1/2
particles, formulated within the classical description of
spin, falls within the framework of divergence-type hydro-
dynamic theory. Moreover, the authors of [36] have shown
that the considered approach is nonlinearly causal and
stable. In this paper, we generalize these results to the case
of quantum statistics and quantum description of spin. We
consider four cases in total: Boltzmann and Fermi-Dirac
statistics, analyzed separately for classical and quantum
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spin descriptions. For the Boltzmann case with the classical
spin treatment, we reproduce the findings of [36]. For the
remaining three cases, we demonstrate that the correspond-
ing formulations of perfect spin hydrodynamics are like-
wise nonlinearly causal and stable. This implies that the
framework is suitable for numerical simulations of spin
dynamics in fluids such as quark-gluon plasma produced in
relativistic heavy-ion collisions.

This paper is organized as follows. Section II examines
the conditions under which perfect spin hydrodynamics
satisfies the requirements of a divergence-type theory. In
Sec. III, we specify the generating function for the
relevant thermodynamic quantities in four distinct cases,
i.e., Boltzmann vs Fermi-Dirac distribution with either
classical or quantum spin treatment, and demonstrate that
all the resulting formulations are nonlinearly causal and sta-
ble. We emphasize the nonperturbative character of our
theory in Sec. IV. The conclusions are presented in Sec. V.

Notation and conventions. We use natural units,
h=c=kg=1, and adopt the metric tensor
9w = diag(+1,—1,-1,-1). The scalar product of two
four-vectors a and b is then given by
a-b=a""—a-b, where bold symbols denote three-
vectors. A colon denotes the contraction of two rank-two
tensors, a:b = a,, b" (note the same order of indices in a
and b). A tilde over an antisymmetric rank-two tensor
represents its dual, for example, a* = (1/2)e"°a, s, where
the Levi-Civita symbol ¢*7? is defined by the convention
"% = —€yj53 = +1. The contraction a,Z*b, is written
compactly as a-Z - b.

Published by the American Physical Society
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II. PERFECT SPIN HYDRODYNAMICS
AS A DIVERGENCE-TYPE THEORY

The four formulations of the perfect spin hydrodynamics
for spin-1/2 particles considered in this work are based on
the conservation laws

0,N* =0, 0,T* = 0, 9,8 =0, (1)
where N* denotes the baryon current, T# the energy-
momentum tensor, and S*** the spin tensor. The latter
constitutes the spin part of the total angular momentum
tensor J* = LM + 4 where L**Y represents the
orbital part. Conservation of the spin tensor implies that
the energy-momentum tensor is symmetric.

Following the earlier work on divergence-type
theories [36-39], we introduce the multi-index notation
N = (N*, T, §*#), which allows for a compact way of
expressing the conservation laws in the form

9,N* = 0. (2)
We also introduce a set of Lagrange multipliers

= (55 _ﬁwwﬂu)ﬂ (3)

where & = u/T is the ratio of the baryon chemical potential
w to the temperature 7', , = u, /T depends on the hydro-
dynamic flow vector u,, and w,, = Q,,/T is the dimen-
sionless spin-polarization tensor associated with the spin
chemical potential €2,,. Since the hydrodynamic flow is
normalized to unity, u?> =1, and ®,, i an antisymmetric
tensor, there are 11 independent parameters in total.

In addition to the conserved currents, we specify the
entropy current S¥ that satisfies the generalized thermody-
namic relations

gA = (é:» z:;n é:yu)

1
St = N* — EN* + ﬂ”Tﬁ” — Ea)WSW”, (4)
1
St = —EdN* —l—ﬂ,,dTﬁ” — Ea)ﬂdeW”, (5)
and
1
dN* = N*dg - Tﬁﬂdﬂﬂ + ESA*””da)W. (6)

For Boltzmann statistics, the current A/* represents the sum
of the particle and antiparticle currents and in the spinless
case reduces to N* = Pp*, where P is the equilibrium
pressure. Below, we provide the kinetic definitions of A/
for all cases considered, noting that, unlike N*, it is not a
conserved quantity.

Equation (5) can be interpreted as the first law of
thermodynamics. Using our compact notation, we rewrite

it as
S§* = ¢, dNM. (7)

Since the tensors w,, and S*M are antisymmetric in the
indices pv, the notation used on the right-hand side of (7)
implicitly includes a factor of 1/2 in the summation over
these indices, thereby avoiding the double counting.
Equation (6) is the generalization of the Gibbs-Duhem
relation of standard thermodynamics that follows directly

from (4) and (5). In compact form, it reads
dN* = NM4dg,. (8)

In all four cases considered, we can introduce a scalar
generating function y, such that the current A/ is obtained
as its derivative with respect to {;:

2 (3_;( 6)(
N = o, ©)

From Egs. (8) and (9), we can express the conserved
currents N*4 in terms of N* and y:

~[oNH\ Py
v (%) =-(atas) 0

Treating the fields {4 as independent variables, we can
write dN*4 = M*8d¢, and, therefore, rewrite the conser-
vation laws (2) in the form

MMBg,¢p =0, (11)

aN/lA ()3
MMB:< >:—<X > (12)
g 0L 4P
It follows from (12) that M*8 is symmetric in the indices A
and B. This object plays a central role in assessing the
causality and stability of the hydrodynamic theory based on

the conservation laws. These conditions are satisfied if the
four-vector

where

M: = M™BZ,7, (13)

defined for any set of nonvanishing real elements
Zy=(Z, Zﬂ,ZW) is future oriented and timelike. In this
case, the hydrodynamic equations (11) can be written in
symmetric hyperbolic form, implying that they are non-
linearly causal and stable [36,37,40,41].

To proceed further, we express the four-vector M* as
MY = M"8BZ7,7,

(0 o 1 0\,
_<za—é—zﬂaﬂ +52u73 ,)N' (14)
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The structure of the right-hand side of the equation above
suggests the introduction of a linear differential operator

A 0 o 1 0
L=Z2Z——-2,—+-2,—. 15
& Mop, +2 " ow,, (15)

Below, we consider different cases, distinguished by the
definitions of the generating function.

ITII. NONLINEAR CAUSALITY
AND STABILITY CRITERION

A. Classical spin description and Boltzmann statistics

In this case, originally analyzed in [36], the generating
function takes the form

y= / ap / aS[f4 (v, pos) + fm(xpos). (16)

where f%;(x, p, s) are the Boltzmann equilibrium distribu-
tion functions

Falnps) = exp (£600) = p ) + 0(0)is). (17)

Here, the particle phase space has been extended to
include the spin four-vector s*, which is orthogonal to
the particle four-momentum, p-s =0, and satisfies the
normalization condition s> = —82, where 8> = 3/4 is the
eigenvalue of the Casimir operator for the SU(2) group.
Following the works by Mathisson [42,43], we define the
internal angular momentum of a particle by the equation
s = (1/m)e*°p,ss. In the particle rest frame (PRF),
where p# = (m, 0,0, 0), the four-vector s* has only spatial
components, s* = (0, s, ), with the normalization |s,| = 8.

The integration measure in the spin space is given
by [17]

/dS... :%/d4sé(s-s+§2)5(p-s).... (18)

The two delta functions enforce the normalization and
orthogonality conditions. The prefactor m/(x8) is chosen
so that the integration reproduces the correct spin degen-
eracy for spin-1/2 particles:

/dS:%/d4s6(s-s+§2)6(p~s) =2, (19)

In the momentum space, the integration measure,
denoted by dP, is defined as

/dP... :/(27(57515[,"" (20)

where £, =/ p? + m? is the particle dispersion relation.
We note that both dP and dS are Lorentz invariant. Using
Eq. (9), we obtain the particle current

N = /dP/dSp*[fg;(x,p,s)+fgq(x,p,s)]. (21)

By inserting (21) into the right-hand side of (14), we
arrive at

1 2
Mﬁz/dp/dspﬁ{<z+z-p+2z:s> r

1 2
+<—Z+Z-p—|—§Z:s) fgq]. (22)
This result has been first obtained in [36]. We note that M*
is future oriented and timelike, as it is a sum of the particle
four-momenta p* weighted by a positive factor (given by
the expression in the square brackets).

B. Classical spin description
and Fermi-Dirac statistics

To define the generating function for the Fermi-Dirac
case, we first introduce the equilibrium Fermi-Dirac dis-
tribution functions for particles (+) and antiparticles

(=) [44]:

FE(rpas) = [exp (:Ff(x) +p-px) —%a)(x):s) + 1] N
(23)

For notational simplicity, we use here the same symbol for
the equilibrium distribution function, even though it now
has the Fermi-Dirac form, whereas in the previous section it
denoted the Boltzmann distribution. In the following, we
also adopt the compact notation

1
feja:feq(yi):eyi_i_l (24)

with
V(. p.s) = FEW) + pf) —50(0)is. (29)

In this case, the generating function can be defined as

= [ap [asira0h) 4 Fa07) 29
where the function F,(y) satisfies the condition

dFeq(y)

== f () @)
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The explicit expression for Fe,(y) is'

2 2

Y —e) +’%, (28)

Fe(y) = 5t Liy

where Li,(z) is the dilogarithm defined by the series

o _k

=> 5 (29)

=1

Liy(z)

=~

Equations (9) and (27) lead to the formula [44]

—/dP/dSpl[ln(l - fag) +In(1 = f5)],  (30)

which reduces to the Boltzmann expression in the limit of

small occupation numbers, féfl < 1. We note that, for

Fermi-Dirac statistics, Eq. (30) does not correspond to the

particle current (i.e., the sum of particle and antiparticle

currents). Moreover, when spin is included, N* # Pp*.
Using the identities

d

d—yln (1= feq)] = feq(),

jyfeq@) = f O = fug)] (1)

together with (14), we find

:/dp/dspﬁ[<Z+Z-p+%Z:s)2féZ(1—fic,(y))

(-z+zepagzs) ma-ram)]. @

Since fz(1 - f&(y)) >0, from Eq. (32) we directly
conclude that M* is future oriented and timelike also in
the case of Fermi-Dirac statistics.

C. Quantum spin description and Boltzmann statistics

Following our recent study [45], we define the generat-
ing function for Boltzmann statistics with quantum descrip-
tion of spin as

—2 / dP[f{ (x, p) + f3(x. p)] cosh vV—a®.  (33)

Here, fZ(x, p) = exp(£& — 8 - p) is the standard (spinless)
Boltzmann equilibrium distribution function for particles
and antiparticles, and the four-vector a is defined by the
formula [45]

'"The integration constant 72/6 is chosen so that dFeq(y)
vanishes exponentially as y — oo.

at = —%C’bﬂl’py. (34)

We note that a is spacelike, a? <0, and the following
identities hold:

0a? 1 da” 1 -
aa — —— g p;. Zﬂy@L:__Za/fpﬂ,
o m @, m
ow
L v
o = 9hsy = 9y (35)

In the PRE, ¢# = di = (0,a,) with a, = —b, /2, where b,
denotes the magneticlike part of the spin-polarization

tensor, b’ = —e*w k> transformed to the PRF. The unit

vectorn =a,/ \/7* defines the direction of the mean spin
polarization. Expressing the hyperbolic cosine in Eq. (33)
in terms of exponential functions, we can write the
generating function in an alternative form:

7= Z /dPgeq X, p), (36)

ij=*

where g (x, p) is the Boltzmann distribution extended to
spin space,

geq(x. p) = exp (ié—p-ﬂﬂ\/—az), ij=%  (37)

The first superscript of gej (x, p) distinguishes particles (+)
from antiparticles (—), while the second one denotes
particles with spin up (+) and down (—), along the direction
defined by n. Using (9), we find

/ dPpgl (x. p). (38)

i,j==%

which can be interpreted as the total particle current. In this
case, M* can again be obtained using Eq. (14); however, the
square of the differential operator Z acting on A4 should be
calculated with care. In the first step, we find

~ Z.p ..
IN?* = /de <1Z+Z p+]—)g‘ej X, p).
2 a2 45 P)
(39)

Acting with the differential operator Z on (39) a second
time produces two contributions. The first arises from the

differentiation of the functions gf;;g(x, p) and gives

a-Z-p\? ij
dPp(iZ+ 27 p+j— geq(x, p).  (40)
i,j= i

2mvV —a?
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The second contribution comes from the differentiation
of the expression in the parentheses on the right-hand side
of (39):

1 / ii o0 (a-Z-p
D _J | dPP'ga(x.p)Z,, —— (7) 41
) o Gvaer: 3 LY
With the help of Eq. (35), we rewrite this term as

Im 22 /degeqXP \/l—az[—(Zp)er(az—z'p)z].

(42)

Introducing the notation of = mZP, we can write the
square bracket above as @’ — (n - a)?, proving its non-
negativity. Combining (40) with (42), we conclude that M*
can be expressed as an integral:

M* = /de’lw(x,p), (43)

where w(x, p) > 0. Hence, M* is again future oriented and
timelike, indicating that our theory is of the divergence type
with hydrodynamic equations being nonlinearly causal and
stable.

D. Quantum spin description
and Fermi-Dirac statistics

In this case, following [46], we define the generating
function by the formula

= /dPGéé(x,p), (44)
ij=t
where GY, = F(y), with the function F(y) defined by
(27), and

Y(x,p) = =ié(x) + p- B(x) = jy/—a*(x.p).  (45)

This directly leads to the expression

/ dPp*In(1 — g), (46)

i,j=*%

where gé{l have the form of the Fermi-Dirac distribution for
particles and antiparticles (i = &) with spin up and down
(j = %) along the direction of n:

gt = [eXp (—ir§+p-ﬂ—j\/—a2) + 1]

On the right-hand side of this equation, we emphasize that
the functions geq depend solely on the variables y¥,

-1

). (47)

= Geq(y

simplifying the calculation of the derivatives. Similarly
to the Boltzmann case, we then find

~ Z.p ..
INF = /de‘(iZ+Z-p+ja7>g’e’. (48)

The second application of the operator, Z2N#, yields two
terms:

a-Z-p \? ij
dPp*(iZz+Z- p-l-J— g(1—geh)  (49)
:/i 2mvV —a?

and

— L5 /de g (5. p)— <—(Z-p)2+7(ai;p)2>.

i,j=%

(50)

These results again lead to the expression (43) with non-
negative w. Hence, the spin hydrodynamics constructed in
this case is also causal and stable.

IV. NONPERTURBATIVE CHARACTER
OF THE THEORY

In all of the cases considered above, it was crucial to
assume that the distribution functions, as well as certain
combinations of them, are positive. This property may be
violated if the distribution functions are expanded in the
components of the spin-polarization tensor. For example, in
the case of classical spin and Boltzmann statistics, one may
naturally use the formula

fétq(xap’s) = exp (idf—p‘ﬂ+;a):s>
zexp(ié—pﬁ)(l+%w:s+~~~>. (51)

As a matter of fact, such expansions are commonly used,
since spin-polarization effects are expected to be small and
linear terms in @ to be sufficient. The expression in the
round brackets on the right-hand side of (51), when
truncated to a finite number of terms, may become negative
if @ becomes too large.

Consequently, in cases where expansions in @ are
used [47], the assumptions of this work may no longer
hold, and one may encounter instabilities. Such behavior
may explain why numerical solutions diverge in simula-
tions when the initial values of the spin-polarization
tensor are large [48]. On the other hand, our results hold
if the exact expressions for the distribution functions are
used, which may be interpreted as their nonperturbative
character.
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We note also that the theory is defined under the
assumption that the integrals appearing in the generating
functions (16), (26), (33), and (44) converge. For classical
and quantum spin descriptions with Boltzmann statistics,
this was studied in Ref. [49], where the limit on compo-
nents of w for given particle mass, temperature, and
hydrodynamic flow was derived and found to be suffi-
ciently high to cover the parameter range typical of heavy-
ion collisions. The applicability range is the same in the
case of Fermi-Dirac statistics, as mentioned in Ref. [46],
owing to the identical asymptotic behavior of the relevant
expressions in the high-momentum regime, decisive for
integral convergence.

V. SUMMARY

In this work, we analyze the stability and causality of the
perfect spin hydrodynamics for spin-1/2 particles. Using
the formalism developed in Ref. [36], we confirm that, for a
Boltzmann distribution with classical spin description,
perfect spin hydrodynamics fits within the framework of
divergence-type theories and is nonlinearly causal and
stable. We further generalize this result by considering
classical phase-space distribution with a quantum treatment
of spin as well as the Fermi-Dirac statistics incorporating

spin in either the classical or the quantum way. By
constructing and analyzing the generating functions for
the relevant thermodynamic currents, we conclude that
each of the formulations considered corresponds to a
divergence-type hydrodynamic theory that is nonlinearly
causal and stable. These properties ensure that the theory
yields physically meaningful, numerically consistent
predictions for any dynamical description of strongly
interacting matter. We emphasize that the theory has a
nonperturbative character; i.e., the criteria hold if the exact
expressions for the distribution functions are used.
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