
Nonlinear causality and stability of perfect spin hydrodynamics
and its nonperturbative character

Samapan Bhadury ,1,2,* Zbigniew Drogosz ,1,† Wojciech Florkowski ,1,‡

Sudip Kumar Kar ,1,§ and Valeriya Mykhaylova 1,∥
1Institute of Theoretical Physics, Jagiellonian University,
ulica Stanisława Łojasiewicza 11, 30-348 Kraków, Poland

2Department of Physical Sciences, Indian Institute of Science Education and Research Berhampur,
Laudigam-760003, District-Ganjam, Odisha, India

(Received 25 November 2025; accepted 22 January 2026; published 17 February 2026)

Four formulations of perfect spin hydrodynamics for spin-1=2 particles, distinguished by their treatment
of spin (classical vs quantum) and by the underlying particle statistics (Boltzmann vs Fermi-Dirac), are
analyzed and shown to satisfy the requirements of a divergence-type theory. Moreover, for all the
formulations, we define the generating functions associated with the relevant thermodynamic currents and
demonstrate that the constructed hydrodynamic theory is nonlinearly causal and stable. The latter is
achieved by employing the exact expressions for the distribution functions, indicating a nonperturbative
character of our approach.
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I. INTRODUCTION

The recent measurements showing that the particles
produced in relativistic heavy-ion collisions exhibit non-
trivial spin polarization [1–9] have sparked significant
interest in the development of spin hydrodynamics
[10–30], a formalism that extends conventional relativistic
hydrodynamics [31–34] by incorporating spin degrees of
freedom. A comprehensive review of the developments in
fluid dynamic theories can be found in [35].
It has recently been demonstrated in [36] that the

formalism of perfect spin hydrodynamics for spin-1=2
particles, formulated within the classical description of
spin, falls within the framework of divergence-type hydro-
dynamic theory. Moreover, the authors of [36] have shown
that the considered approach is nonlinearly causal and
stable. In this paper, we generalize these results to the case
of quantum statistics and quantum description of spin. We
consider four cases in total: Boltzmann and Fermi-Dirac
statistics, analyzed separately for classical and quantum

spin descriptions. For the Boltzmann case with the classical
spin treatment, we reproduce the findings of [36]. For the
remaining three cases, we demonstrate that the correspond-
ing formulations of perfect spin hydrodynamics are like-
wise nonlinearly causal and stable. This implies that the
framework is suitable for numerical simulations of spin
dynamics in fluids such as quark-gluon plasma produced in
relativistic heavy-ion collisions.
This paper is organized as follows. Section II examines

the conditions under which perfect spin hydrodynamics
satisfies the requirements of a divergence-type theory. In
Sec. III, we specify the generating function for the
relevant thermodynamic quantities in four distinct cases,
i.e., Boltzmann vs Fermi-Dirac distribution with either
classical or quantum spin treatment, and demonstrate that
all the resulting formulations are nonlinearly causal and sta-
ble. We emphasize the nonperturbative character of our
theory in Sec. IV. The conclusions are presented in Sec. V.
Notation and conventions. We use natural units,

ℏ ¼ c ¼ kB ¼ 1, and adopt the metric tensor
gμν ¼ diagðþ1;−1;−1;−1Þ. The scalar product of two
four-vectors a and b is then given by
a · b ¼ a0b0 − a · b, where bold symbols denote three-
vectors. A colon denotes the contraction of two rank-two
tensors, a∶b ¼ aμνbμν (note the same order of indices in a
and b). A tilde over an antisymmetric rank-two tensor
represents its dual, for example, ãαβ ≡ ð1=2Þϵαβγδaγδ, where
the Levi-Civita symbol ϵαβγδ is defined by the convention
ϵ0123 ¼ −ϵ0123 ¼ þ1. The contraction aμZμνbν is written
compactly as a · Z · b.
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II. PERFECT SPIN HYDRODYNAMICS
AS A DIVERGENCE-TYPE THEORY

The four formulations of the perfect spin hydrodynamics
for spin-1=2 particles considered in this work are based on
the conservation laws

∂λNλ ¼ 0; ∂λTλμ ¼ 0; ∂λSλ;μν ¼ 0; ð1Þ

where Nλ denotes the baryon current, Tλμ the energy-
momentum tensor, and Sλ;μν the spin tensor. The latter
constitutes the spin part of the total angular momentum
tensor Jλ;μν ¼ Lλ;μν þ Sλ;μν, where Lλ;μν represents the
orbital part. Conservation of the spin tensor implies that
the energy-momentum tensor is symmetric.
Following the earlier work on divergence-type

theories [36–39], we introduce the multi-index notation
NλA ≡ ðNλ; Tλμ; Sλ;μνÞ, which allows for a compact way of
expressing the conservation laws in the form

∂λNλA ¼ 0: ð2Þ

We also introduce a set of Lagrange multipliers

ζA ¼ ðζ; ζμ; ζμνÞ ¼ ðξ;−βμ;ωμνÞ; ð3Þ

where ξ ¼ μ=T is the ratio of the baryon chemical potential
μ to the temperature T, βμ ¼ uμ=T depends on the hydro-
dynamic flow vector uμ, and ωμν ¼ Ωμν=T is the dimen-
sionless spin-polarization tensor associated with the spin
chemical potential Ωμν. Since the hydrodynamic flow is
normalized to unity, u2 ¼ 1, and ωμν is an antisymmetric
tensor, there are 11 independent parameters in total.
In addition to the conserved currents, we specify the

entropy current Sμ that satisfies the generalized thermody-
namic relations

Sλ ¼ N λ − ξNλ þ βμTλμ −
1

2
ωμνSλ;μν; ð4Þ

dSλ ¼ −ξdNλ þ βμdTλμ −
1

2
ωμνdSλ;μν; ð5Þ

and

dN λ ¼ Nλdξ − Tλμdβμ þ
1

2
Sλ;μνdωμν: ð6Þ

For Boltzmann statistics, the currentN λ represents the sum
of the particle and antiparticle currents and in the spinless
case reduces to N λ ¼ Pβλ, where P is the equilibrium
pressure. Below, we provide the kinetic definitions of N λ

for all cases considered, noting that, unlike Nλ, it is not a
conserved quantity.
Equation (5) can be interpreted as the first law of

thermodynamics. Using our compact notation, we rewrite

it as

dSλ ¼ −ζAdNλA: ð7Þ
Since the tensors ωμν and Sλ;μν are antisymmetric in the
indices μν, the notation used on the right-hand side of (7)
implicitly includes a factor of 1=2 in the summation over
these indices, thereby avoiding the double counting.
Equation (6) is the generalization of the Gibbs-Duhem
relation of standard thermodynamics that follows directly
from (4) and (5). In compact form, it reads

dN λ ¼ NλAdζA: ð8Þ
In all four cases considered, we can introduce a scalar

generating function χ, such that the current N λ is obtained
as its derivative with respect to ζλ:

N λ ¼ ∂χ

∂ζλ
¼ −

∂χ

∂βλ
: ð9Þ

From Eqs. (8) and (9), we can express the conserved
currents NλA in terms of N λ and χ:

NλA ¼
�
∂N λ

∂ζA

�
¼ −

�
∂
2χ

∂ζA∂βλ

�
: ð10Þ

Treating the fields ζA as independent variables, we can
write dNλA ¼ MλABdζB and, therefore, rewrite the conser-
vation laws (2) in the form

MλAB
∂λζB ¼ 0; ð11Þ

where

MλAB ¼
�
∂NλA

∂ζB

�
¼ −

�
∂
3χ

∂ζB∂ζA∂βλ

�
: ð12Þ

It follows from (12) thatMλAB is symmetric in the indices A
and B. This object plays a central role in assessing the
causality and stability of the hydrodynamic theory based on
the conservation laws. These conditions are satisfied if the
four-vector

Mλ ≡MλABZAZB ð13Þ

defined for any set of nonvanishing real elements
ZA ¼ ðZ; Zμ; ZμνÞ is future oriented and timelike. In this
case, the hydrodynamic equations (11) can be written in
symmetric hyperbolic form, implying that they are non-
linearly causal and stable [36,37,40,41].
To proceed further, we express the four-vector Mλ as

Mλ ¼ MλABZAZB

¼
�
Z

∂

∂ξ
− Zμ

∂

∂βμ
þ 1

2
Zμν

∂

∂ωμν

�
2

N λ: ð14Þ
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The structure of the right-hand side of the equation above
suggests the introduction of a linear differential operator

Ẑ ¼ Z
∂

∂ξ
− Zμ

∂

∂βμ
þ 1

2
Zμν

∂

∂ωμν
: ð15Þ

Below, we consider different cases, distinguished by the
definitions of the generating function.

III. NONLINEAR CAUSALITY
AND STABILITY CRITERION

A. Classical spin description and Boltzmann statistics

In this case, originally analyzed in [36], the generating
function takes the form

χ ¼
Z

dP
Z

dS½fþeqðx; p; sÞ þ f−eqðx; p; sÞ�; ð16Þ

where f�eqðx; p; sÞ are the Boltzmann equilibrium distribu-
tion functions

f�eqðx; p; sÞ ¼ exp

�
�ξðxÞ − p · βðxÞ þ 1

2
ωðxÞ∶s

�
: ð17Þ

Here, the particle phase space has been extended to
include the spin four-vector sμ, which is orthogonal to
the particle four-momentum, p · s ¼ 0, and satisfies the
normalization condition s2 ¼ −s2, where s2 ¼ 3=4 is the
eigenvalue of the Casimir operator for the SU(2) group.
Following the works by Mathisson [42,43], we define the
internal angular momentum of a particle by the equation
sαβ ¼ ð1=mÞϵαβγδpγsδ. In the particle rest frame (PRF),
where pμ ¼ ðm; 0; 0; 0Þ, the four-vector sα has only spatial
components, sα ¼ ð0; s�Þ, with the normalization js�j ¼ s.
The integration measure in the spin space is given

by [17]

Z
dS… ¼ m

πs

Z
d4sδðs · sþ s2Þδðp · sÞ…: ð18Þ

The two delta functions enforce the normalization and
orthogonality conditions. The prefactor m=ðπsÞ is chosen
so that the integration reproduces the correct spin degen-
eracy for spin-1=2 particles:

Z
dS ¼ m

πs

Z
d4sδðs · sþ s2Þδðp · sÞ ¼ 2: ð19Þ

In the momentum space, the integration measure,
denoted by dP, is defined as

Z
dP… ¼

Z
d3p

ð2πÞ3Ep
…; ð20Þ

where Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
is the particle dispersion relation.

We note that both dP and dS are Lorentz invariant. Using
Eq. (9), we obtain the particle current

N λ ¼
Z

dP
Z

dSpλ½fþeqðx; p; sÞ þ f−eqðx; p; sÞ�: ð21Þ

By inserting (21) into the right-hand side of (14), we
arrive at

Mλ ¼
Z

dP
Z

dSpλ

��
Z þ Z · pþ 1

2
Z∶s

�
2

fþeq

þ
�
−Z þ Z · pþ 1

2
Z∶s

�
2

f−eq

�
: ð22Þ

This result has been first obtained in [36]. We note that Mλ

is future oriented and timelike, as it is a sum of the particle
four-momenta pλ weighted by a positive factor (given by
the expression in the square brackets).

B. Classical spin description
and Fermi-Dirac statistics

To define the generating function for the Fermi-Dirac
case, we first introduce the equilibrium Fermi-Dirac dis-
tribution functions for particles (þ) and antiparticles
(−) [44]:

f�eqðx;p;sÞ¼
�
exp

�
∓ξðxÞþp ·βðxÞ−1

2
ωðxÞ∶s

�
þ1

�
−1
:

ð23Þ

For notational simplicity, we use here the same symbol for
the equilibrium distribution function, even though it now
has the Fermi-Dirac form, whereas in the previous section it
denoted the Boltzmann distribution. In the following, we
also adopt the compact notation

f�eq ¼ feqðy�Þ ¼
1

ey
� þ 1

ð24Þ

with

y�ðx; p; sÞ ¼ ∓ξðxÞ þ p · βðxÞ − 1

2
ωðxÞ∶s: ð25Þ

In this case, the generating function can be defined as

χ ¼
Z

dP
Z

dS½FeqðyþÞ þ F−
eqðy−Þ�; ð26Þ

where the function FeqðyÞ satisfies the condition

dFeqðyÞ
dy

¼ lnð1 − feqðyÞÞ: ð27Þ
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The explicit expression for FeqðyÞ is1

FeqðyÞ ¼
y2

2
þ Li2ð−eyÞ þ

π2

6
; ð28Þ

where Li2ðzÞ is the dilogarithm defined by the series

Li2ðzÞ ¼
X∞
k¼1

zk

k2
: ð29Þ

Equations (9) and (27) lead to the formula [44]

N λ ¼ −
Z

dP
Z

dSpλ½lnð1 − fþeqÞ þ lnð1 − f−eqÞ�; ð30Þ

which reduces to the Boltzmann expression in the limit of
small occupation numbers, f�eq ≪ 1. We note that, for
Fermi-Dirac statistics, Eq. (30) does not correspond to the
particle current (i.e., the sum of particle and antiparticle
currents). Moreover, when spin is included, N λ ≠ Pβλ.
Using the identities

d
dy

ln ½1 − feqðyÞ� ¼ feqðyÞ;
d
dy

feqðyÞ ¼ −feqðyÞ½1 − feqðyÞ� ð31Þ

together with (14), we find

Mλ ¼
Z

dP
Z

dSpλ

��
ZþZ ·pþ 1

2
Z∶s

�
2

fþeqð1−fþeqðyÞÞ

þ
�
−ZþZ ·pþ 1

2
Z∶s

�
2

f−eqð1−f−eqðyÞÞ
�
: ð32Þ

Since f�eqð1 − f�eqðyÞÞ > 0, from Eq. (32) we directly
conclude that Mλ is future oriented and timelike also in
the case of Fermi-Dirac statistics.

C. Quantum spin description and Boltzmann statistics

Following our recent study [45], we define the generat-
ing function for Boltzmann statistics with quantum descrip-
tion of spin as

χ ¼ 2

Z
dP½fþ0 ðx; pÞ þ f−0 ðx; pÞ� cosh

ffiffiffiffiffiffiffiffi
−a2

p
: ð33Þ

Here, f�0 ðx; pÞ ¼ expð�ξ − β · pÞ is the standard (spinless)
Boltzmann equilibrium distribution function for particles
and antiparticles, and the four-vector a is defined by the
formula [45]

aμ ¼ −
1

2m
ω̃μνpν: ð34Þ

We note that a is spacelike, a2 < 0, and the following
identities hold:

∂a2

∂ωαβ
¼ −

1

m
ϵαβγδaγpδ; Zμν

∂aα

∂ωμν
¼ −

1

m
Z̃αβpβ;

∂ωμν

∂ωαβ
¼ gμαgνβ − gναg

μ
β: ð35Þ

In the PRF, aμ ¼ aμ� ¼ ð0; a�Þ with a� ¼ −b�=2, where b�
denotes the magneticlike part of the spin-polarization
tensor, bi ¼ −ϵijkωjk, transformed to the PRF. The unit

vector n ¼ a�=
ffiffiffiffiffi
a2�

p
defines the direction of the mean spin

polarization. Expressing the hyperbolic cosine in Eq. (33)
in terms of exponential functions, we can write the
generating function in an alternative form:

χ ¼
X
i;j¼�

Z
dPgijeqðx; pÞ; ð36Þ

where gijeqðx; pÞ is the Boltzmann distribution extended to
spin space,

gijeqðx;pÞ¼ exp

�
iξ−p ·βþ j

ffiffiffiffiffiffiffiffi
−a2

p �
; i;j¼�: ð37Þ

The first superscript of gijeqðx; pÞ distinguishes particles (þ)
from antiparticles (−), while the second one denotes
particles with spin up (þ) and down (−), along the direction
defined by n. Using (9), we find

N λ ¼
X
i;j¼�

Z
dPpλgijeqðx; pÞ; ð38Þ

which can be interpreted as the total particle current. In this
case,Mλ can again be obtained using Eq. (14); however, the
square of the differential operator Ẑ acting onN λ should be
calculated with care. In the first step, we find

ẐN λ ¼
X
i;j¼�

Z
dPpλ

�
iZ þ Z · pþ j

a · Z̃ · p

2m
ffiffiffiffiffiffiffiffi
−a2

p
�
gijeqðx; pÞ:

ð39Þ

Acting with the differential operator Ẑ on (39) a second
time produces two contributions. The first arises from the
differentiation of the functions gijeqðx; pÞ and gives

X
i;j¼�

Z
dPpλ

�
iZ þ Z · pþ j

a · Z̃ · p

2m
ffiffiffiffiffiffiffiffi
−a2

p
�

2

gijeqðx; pÞ: ð40Þ1The integration constant π2=6 is chosen so that dFeqðyÞ
vanishes exponentially as y → ∞.
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The second contribution comes from the differentiation
of the expression in the parentheses on the right-hand side
of (39):

1

4m

X
i;j¼�

j
Z

dPpλgijeqðx; pÞZμν
∂

∂ωμν

�
a · Z̃ · pffiffiffiffiffiffiffiffi

−a2
p

�
: ð41Þ

With the help of Eq. (35), we rewrite this term as

1

4m2

X
i;j¼�

j
Z

dPpλgijeqðx;pÞ 1ffiffiffiffiffiffiffiffi
−a2

p
�
−ðZ̃ ·pÞ2þða · Z̃ ·pÞ2

a2

�
:

ð42Þ

Introducing the notation αi ¼ mZ̃i0� , we can write the
square bracket above as α2 − ðn · αÞ2, proving its non-
negativity. Combining (40) with (42), we conclude that Mλ

can be expressed as an integral:

Mλ ¼
Z

dPpλwðx; pÞ; ð43Þ

where wðx; pÞ ≥ 0. Hence, Mλ is again future oriented and
timelike, indicating that our theory is of the divergence type
with hydrodynamic equations being nonlinearly causal and
stable.

D. Quantum spin description
and Fermi-Dirac statistics

In this case, following [46], we define the generating
function by the formula

χ ¼
X
i;j¼�

Z
dPGij

eqðx; pÞ; ð44Þ

where Gij
eq ¼ FðyijÞ, with the function FðyÞ defined by

(27), and

yijðx; pÞ ¼ −iξðxÞ þ p · βðxÞ − j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−a2ðx; pÞ

q
: ð45Þ

This directly leads to the expression

N λ ¼ −
X
i;j¼�

Z
dPpλ lnð1 − gijeqÞ; ð46Þ

where gijeq have the form of the Fermi-Dirac distribution for
particles and antiparticles (i ¼ �) with spin up and down
(j ¼ �) along the direction of n:

gijeq ¼
�
exp

�
−iξþp ·β− j

ffiffiffiffiffiffiffiffi
−a2

p �
þ1

�
−1

¼ geqðyijÞ: ð47Þ

On the right-hand side of this equation, we emphasize that
the functions gijeq depend solely on the variables yij,

simplifying the calculation of the derivatives. Similarly
to the Boltzmann case, we then find

ẐN λ ¼
X
i;j¼�

Z
dPpλ

�
iZþZ ·pþ j

a · Z̃ ·p

2m
ffiffiffiffiffiffiffiffi
−a2

p
�
gijeq: ð48Þ

The second application of the operator, Ẑ2N λ, yields two
terms:

X
i;j¼�

Z
dPpλ

�
iZþZ ·pþ j

a · Z̃ ·p

2m
ffiffiffiffiffiffiffiffi
−a2

p
�

2

gijeqð1−gijeqÞ ð49Þ

and

1

4m2

X
i;j¼�

j
Z

dPpλgijeqðx;pÞ 1ffiffiffiffiffiffiffiffi
−a2

p
�
−ðZ̃ ·pÞ2þða ·Z̃ ·pÞ2

a2

�
:

ð50Þ

These results again lead to the expression (43) with non-
negative w. Hence, the spin hydrodynamics constructed in
this case is also causal and stable.

IV. NONPERTURBATIVE CHARACTER
OF THE THEORY

In all of the cases considered above, it was crucial to
assume that the distribution functions, as well as certain
combinations of them, are positive. This property may be
violated if the distribution functions are expanded in the
components of the spin-polarization tensor. For example, in
the case of classical spin and Boltzmann statistics, one may
naturally use the formula

f�eqðx; p; sÞ ¼ exp

�
�ξ − p · β þ 1

2
ω∶s

�

≈ exp ð�ξ − p · βÞ
�
1þ 1

2
ω∶sþ � � �

�
: ð51Þ

As a matter of fact, such expansions are commonly used,
since spin-polarization effects are expected to be small and
linear terms in ω to be sufficient. The expression in the
round brackets on the right-hand side of (51), when
truncated to a finite number of terms, may become negative
if ω becomes too large.
Consequently, in cases where expansions in ω are

used [47], the assumptions of this work may no longer
hold, and one may encounter instabilities. Such behavior
may explain why numerical solutions diverge in simula-
tions when the initial values of the spin-polarization
tensor are large [48]. On the other hand, our results hold
if the exact expressions for the distribution functions are
used, which may be interpreted as their nonperturbative
character.
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We note also that the theory is defined under the
assumption that the integrals appearing in the generating
functions (16), (26), (33), and (44) converge. For classical
and quantum spin descriptions with Boltzmann statistics,
this was studied in Ref. [49], where the limit on compo-
nents of ω for given particle mass, temperature, and
hydrodynamic flow was derived and found to be suffi-
ciently high to cover the parameter range typical of heavy-
ion collisions. The applicability range is the same in the
case of Fermi-Dirac statistics, as mentioned in Ref. [46],
owing to the identical asymptotic behavior of the relevant
expressions in the high-momentum regime, decisive for
integral convergence.

V. SUMMARY

In this work, we analyze the stability and causality of the
perfect spin hydrodynamics for spin-1=2 particles. Using
the formalism developed in Ref. [36], we confirm that, for a
Boltzmann distribution with classical spin description,
perfect spin hydrodynamics fits within the framework of
divergence-type theories and is nonlinearly causal and
stable. We further generalize this result by considering
classical phase-space distribution with a quantum treatment
of spin as well as the Fermi-Dirac statistics incorporating

spin in either the classical or the quantum way. By
constructing and analyzing the generating functions for
the relevant thermodynamic currents, we conclude that
each of the formulations considered corresponds to a
divergence-type hydrodynamic theory that is nonlinearly
causal and stable. These properties ensure that the theory
yields physically meaningful, numerically consistent
predictions for any dynamical description of strongly
interacting matter. We emphasize that the theory has a
nonperturbative character; i.e., the criteria hold if the exact
expressions for the distribution functions are used.
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