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A dispersion integral representation of the Heisenberg-Euler QED effective Lagrangian is derived, with
Faddeev’s quantum dilogarithm as a generalized Borel kernel. The nonperturbative imaginary part of the
effective Lagrangian is expressed as the quantum dilogarithm, while the real part has the form of a
dispersion integral involving both the quantum dilogarithm and its modular dual, a manifestation of
electromagnetic duality. The Heisenberg-Euler effective Lagrangian generates all one-loop QED scattering
amplitudes in a constant external field, with the Lorentz invariants of the constant background
electromagnetic field playing the role of the Mandelstam variables in conventional QED dispersion theory.
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I. INTRODUCTION

The one-loop QED effective Lagrangian encodes the
nonlinear and nonperturbative physics of the effective
dynamics of the photon field, after integrating out the
massive electron and positron fields [1–7]. It was first
computed, in the low-energy limit of electrons and positrons

in a constant electromagnetic field, by Heisenberg and Euler
[1] in a prescient paper very much in the modern spirit of
effective field theory. It was later formalized formore general
background fields by Schwinger, Feynman, Nambu and
Morette [8–13]. Heisenberg and Euler expressed their result
in the form of a Borel integral, which can be written as
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Here the (constant) background electromagnetic field has both a magnetic and an electric component, chosen to be parallel
(this is always possible for B⃗ · E⃗ ≠ 0), and we choose eB; eE ≥ 0 [1,6], where e is the electron charge. The electron mass is
m. The expression (1) is still formal because of the Borel poles on the integration contour at sk ¼ kπ=ðeEÞ, for k ¼
1; 2; 3;… These poles produce an imaginary part in the effective Lagrangian, which is interpreted physically as the
instability of the QED vacuum under the influence of an electric field [1,3,6,9].1 For example, for a purely electric constant
background field Schwinger expressed the result as a real Cauchy principal value (PV) integral and an imaginary part
expressed as a sum over nonperturbative terms [9]:
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The imaginary part of the Heisenberg-Euler (HE) effective
Lagrangian yields the rate of electron-positron pair pro-
duction from the QED vacuum, due to the application of an

external electric field, commonly known as the “Schwinger
effect”. While this effect is too weak to have been directly
observed, related QED processes approaching this ultra-
high intensity regime are the subject of current experi-
mental proposals [15–19], and corresponding recent
theoretical progress in high-intensity quantum field theory
(QFT) [20–22].
In general the one-loop QED effective action is given

by [1–10]

S ¼ −i ln detði=D − ðm − iϵÞÞ; ð3Þ
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1This is analogous to the phenomenon of atomic ionization
under the influence of an electric field [14].
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where the Dirac operator is =D ¼ γνð∂ν þ ieAνÞ, and Aν is a
fixed classical gauge potential with field strength tensor
Fμν ¼ ∂μAν − ∂νAμ. The effective action S is a transform of
the trace of Green’s function, and the Feynman iϵ pre-
scription, m → m − iϵ, expresses causality for QED with
both electrons and positrons [8–12]. Therefore we expect
the effective Lagrangian to satisfy a dispersion relation,
relating the real and imaginary parts. This fundamental
property is not immediately manifest in the standard HE
expressions (1) and (2). However, for the electric back-
ground a simple transformation (see Sec. II) in Eq. (2) shifts
the sum over Borel poles into a modified Borel kernel,
thereby re-expressing LðEÞ in a form in which the con-
nection between real and imaginary parts is more apparent:

LðEÞ ¼ e2E2

8π4
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Here t denotes a (dimensionless) proper-time variable
[8–12], and Li2ðxÞ is the classical dilogarithm function:

Li2ðxÞ ¼
X∞
k¼1

xk

k2
: ð5Þ

The representation (4) makes it clear that the real part of
LðEÞ is an integral transform of the imaginary part.
The main part of the paper, in Secs. III and IV, is devoted

to finding a dispersive representation of LðB;EÞ in the
general constant background field with both an electric and
magnetic component. The existence of such a dispersion
representation was in fact suggested long ago by Lebedev
and Ritus [23]. Here we show how this idea is explicitly
realized for the Heisenberg-Euler effective Lagrangian.
This leads to several new integral representations of the
HE effective Lagrangian, in which the classical dilogarithm
in (4) is generalized to the quantum dilogarithm function, a
function with many interesting properties and applications
in physics and mathematics [24–29]. Here we argue that the
quantum dilogarithm is naturally related to the HE effective
Lagrangian, and conversely some of the properties of the
quantum dilogarithm have direct physical interpretation
in QED. For example, electromagnetic duality [30] is
reflected in the appearance of the quantum dilogarithm
and its modular dual, and the relations between spinor and
scalar QED are encoded in functional relations satisfied by
the quantum dilogarithm. See Secs. III and IV.
The primary motivation for this analysis is to recast the

familiar dispersive methods for QFT amplitudes [31,32] in
terms of the generator of amplitudes with any number of
external legs, rather than for individual diagrams with a
fixed number of external legs. This generator is the
effective action, and for one-loop scattering amplitudes

the simplest such generator is the HE effective action.
Already in this example we find interesting mathematical
structure, for which the QED perspective provides a natural
physical basis. A motivating analogy is the following:
scattering amplitudes for 2-particle to 2-particle scattering
are functions of two independent Lorentz invariant
Mandelstam (momentum2) variables, and the analytic
continuation with respect to these two variables connects
different scattering channels. The HE effective Lagrangian
is also described by two independent Lorentz variables,
ðE⃗2 − B⃗2Þ and B⃗ · E⃗, and the analytic continuation structure
relates perturbative and nonperturbative amplitudes.
Impressive progress has been made recently studying such
analytic continuation questions for individual amplitudes
[33], and the general motivation in this current paper is to
analyze instead the analytic properties of the generating
function of the individual amplitudes. The Heisenberg-
Euler effective Lagrangian is the natural place to begin. In
the conclusion we comment on prospects for extensions to
more general background fields.

II. HEISENBERG-EULER EFFECTIVE
LAGRANGIAN AND THE CLASSICAL

DILOGARITHM

As mentioned in the introduction, there is a simple
connection between the classical dilogarithm function and
the HE effective Lagrangian, for either a constant back-
ground magnetic field B or a constant background electric
field E. For a constant magnetic field B, the general Borel
integral representation (1) reduces to
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The subtraction terms in (6) are the zero-field subtraction
and the (on shell) charge renormalization subtraction,
respectively [1–7]. The Borel transform is meromorphic,
with simple poles on the imaginary axis at s ¼ ikπ=ðeBÞ,
k∈Znf0g:
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Rescaling s → ks, we transfer the sum to the exponential
factor in the integrand of (6), leading to a modified integral
representation:

LðBÞ ¼ e2B2
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dsLi2ðe−m2sÞ
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: ð8Þ
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The expression (8) can be interpreted as a modified “dilog-Borel” integral, with the classical dilogarithm function as the
weight factor, and a corresponding modified Borel transform function: s

ðπ=ðeBÞÞ2þs2. The infinite tower of complex instantons

[singularities of the Borel transform in (7)] has been summed, leaving just a single complex conjugate pair of poles at
s ¼ �iπ=ðeBÞ. The weak field (eB ≪ m2) expansion is generated by the modified moments:

Z
∞

0

dse−m
2ss2nþ1 ¼ Γð2nþ 2Þ

m4nþ4
→

Z
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0

dsLi2ðe−m2sÞs2nþ1 ¼ Γð2nþ 2Þζð2nþ 4Þ
m4nþ4

: ð9Þ

Therefore the weak field expansion of (8) produces the familiar asymptotic series with sign-alternating factorially divergent
coefficients, multiplied by a zeta function factor which encodes the instanton sum [6]. The strong field (eB ≫ m2)
expansion follows from the large s behavior of the modified Borel transform, s

ðπ=ðeBÞÞ2þs2, producing the characteristic

logarithmic strong field behavior,

LðBÞ ∼ −
e2

4π
β1LMaxwellðBÞ lnð2eB=m2Þ; eB ≫ m2: ð10Þ

The fine structure constant is α ¼ e2
4π in our chosen units, the Maxwell Lagrangian is LMaxwellðBÞ ¼ − 1

2
B2, and β1 ¼ 1

3π is

the leading QED beta function coefficient, which follows since Li2ð1Þ ¼ ζð2Þ ¼ π2

6
.

Integrating by parts, expression (8) can also be written as
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This is an alternative resummation of the Borel poles, yielding another type of modified Borel kernel and transform, which
has been discussed in a different context in [34]. The integrands in (6), (8) and (11) have similar shape along the positive real
s axis. However, the modified “Borel transform” in (8) has the simplest analytic structure. More importantly, the dispersive
nature of the HE Lagrangian is explicitly manifest when we use (8) to analytically continue from a purely magnetic
background to a purely electric background, B2 → −E2, yielding the integral representation
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; ð12Þ

which is the dispersive expression (4). The imaginary part is the classical dilogarithm, and the real part is a principal value
integral transform of this imaginary part. The real part in (12) can alternatively be expressed as a convergent instanton sum
over exponential integral Ei functions, in agreement with known results [35]:
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An analogous resummation for scalar QED [2,6] in a magnetic background yields
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In the dilog form, the only differences between the scalar QED result (15) and the spinor QED result (8) are the overall spin
factor, and the minus sign in the argument of the dilogarithm, exactly as expected for bosons versus fermions.2 The weak
field and strong field expansions follow as in the spinor case. The strong field limit produces the physical logarithmic
behavior, with the scalar QED beta function coefficient, β1 ¼ 1

12π, arising from Li2ð−1Þ ¼ −π2=12:

2The Fermi-Dirac and Bose-Einstein distributions are naturally associated with the (classical) polylogarithm functions [36,37].
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LscalarðBÞ ∼ −
e2

4π
β1LMaxwellðBÞ lnð2eB=m2Þ; eB ≫ m2: ð16Þ

The analytic continuation from a magnetic to electric background field yields a dispersive representation:

LscalarðEÞ ¼ −
e2E2

8π4
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Once again, this expression encodes the correct analytic properties of the scalar QED effective Lagrangian. The principal
value real part can be expressed as a convergent sum, analogous to (13):
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We also note that the classical dilogarithm identity, Li2ðxÞ þ Li2ð−xÞ ¼ 1
2
Li2ðx2Þ, implies the scaling relations:

LscalarðBÞ ¼
1

2
LspinorðBÞ − LspinorðB=2Þ; LscalarðEÞ ¼

1

2
LspinorðEÞ − LspinorðE=2Þ: ð19Þ

Inverting (19), the spinor QED HE effective Lagrangian can be expressed as an infinite sum of scalar QED HE effective
Lagrangians:

LspinorðBÞ ¼
X∞
k¼1

2kLscalarð21−kBÞ; LspinorðEÞ ¼
X∞
k¼1

2kLscalarð21−kEÞ: ð20Þ

For an electric background this scaling applies to both the real and imaginary parts. These scaling relations also follow from
the elementary trigonometric identities

1

sinhðsÞ ¼ − cothðsÞ þ cothðs=2Þ; 1

sinðsÞ ¼ − cotðsÞ þ cotðs=2Þ: ð21Þ

These scaling relations generalize when the constant background field has both magnetic and electric components: see
Eqs. (49) and (50).

III. HEISENBERG-EULER EFFECTIVE LAGRANGIAN AND THE COMPACT QUANTUM DILOGARITHM

Now consider the spinor QED Heisenberg-Euler effective Lagrangian with both a magnetic and an electric background
field, chosen to be parallel (always possible for B⃗ · E⃗ ≠ 0), and recall that we choose eB; eE ≥ 0 [1,6]:
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The identity (7) generalizes to the partial fraction identity [35,38]
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Rescaling s → ks, the Borel integral (22) can be expressed as a modified Borel integral:
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LðB;EÞ ¼ e2BE
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Here Li2ða; qÞ is the (compact) quantum dilogarithm function [24–29]:

Li2ða; qÞ ¼
X∞
k¼1

1

k
ak

ð1 − qkÞ : ð25Þ

In the first line of (24) we have

q ¼ e−2π
E
B and a ¼ e−m

2s; ð26Þ

while in the second line of (24) we have

q ¼ e−2π
B
E and a ¼ e−m

2s: ð27Þ

As before, the expression (24) is formal because of the pole on the contour of integration at s ¼ π=ðeEÞ. More precisely, the
HE Lagrangian LðB;EÞ has both a real part (the first two lines) and an imaginary part (the third line):
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The expression (28) has an elegant physical interpretation, using Nikishov’s “virial” representation of the imaginary part of
the effective Lagrangian [3]:

Im ½LðB; EÞ� ¼ −
1

2
tr ln ð1 − hNiÞ: ð29Þ

Here hNi is the average number of electron-positron pairs produced by the background electric field in a given eigenmode
(spin and momentum modes) of the Dirac operator:

hNi ¼ exp

�
−

π

eE
ðm2 þ eBð2nþ 1� 1ÞÞ

�
; n ¼ 0; 1; 2;… ð30Þ

The � refers to the two spin states, and there is a Landau degeneracy factor ðeB
2πÞðeE2πÞ, so the trace in (29) yields

Im ½LðB;EÞ� ¼ 1
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eB
2π
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eE
2π

�X∞
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1
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�
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�
−
πm2k
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�
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�
−
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eE

��
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So the lowest Landau level (n ¼ 0) produces the log term in the imaginary part Im ½LðB;EÞ� in (28), while the higher
Landau levels produce the quantum dilogarithm term.
From the “classical limit” (ℏ → 0) of the quantum dilogarithm [24–29]

Li2ðe−u; e−ℏÞ ∼
1

ℏ
Li2ðe−uÞ −

1

2
ln ð1 − e−uÞ þ…; ℏ → 0þ; ð32Þ
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the general expression (28) reduces to the magnetic field
result (8) in the limit E → 0, and to the electric field result
(12) in the limit B → 0.
The q parameters in (26) and (27) are related by the

modular S-duality transformation [30,35,39]:

ℏ ≔ 2π
B
E
→

4π2

ℏ
¼ 2π

E
B
: ð33Þ

Thismeans that the integral representation (28) is a dispersive
representation in which the real part is expressed as an inte-
gral transform of the imaginary part and also of its modular
dual. This is a consequence of electromagnetic duality. And
the quantum dilogarithm expression (28) is an explicit
realization of an old suggestion of Lebedev and Ritus to
express the Heisenberg-Euler effective Lagrangian as a dis-
persion integral [23]. See also equations (61) and (63) below.

Note that the quantum dilogarithm sums in (25) converge
because in the physical context of the HE effective
Lagrangian we have eB; eE ≥ 0, and so je−2πBEj < 1 and
je−2πEBj < 1. In this situation it is convenient to rewrite the
quantum dilogarithm factors in the integrand of (24) in
terms of the q-Pochhammer function:

Li2ða; qÞ ¼ − ln ½ða; qÞ∞�: ð34Þ

Here ða; qÞ∞ is the q-Pochhammer function [40]:

ða; qÞ∞ ≔
Y∞
r¼0

ð1 − aqrÞ: ð35Þ

Using the identity ða; qÞ∞ ¼ ð1 − aÞðqa; qÞ∞, we can
therefore write the HE effective Lagrangian in (24) as

LðB;EÞ ¼ −
e2BE
4π3

Z
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0

ds ln fðe−m2s; e−2π
E
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E
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B
EÞ∞�: ð36Þ

The quantum dilogarithm expressions (28) and (36) naturally split into three parts. The first two lines are both real: the
first line is manifestly real, like the magnetic field case in (8), and the second line is a real principal value integral, like the
electric field case in (12). The third line is the imaginary part, coming from the pole at s ¼ π=ðeEÞ:

Im ½LðB;EÞ� ¼ e2BE
4π2

�
Li2ðe−πm2=ðeEÞ; e−2πBEÞ þ 1

2
ln ð1 − e−πm

2=ðeEÞÞ
	

ð37Þ

¼ −
e2BE
8π2

ln ½ðe−πm2=ðeEÞ; e−2πBEÞ∞ðe−2πBEe−πm2=ðeEÞ; e−2πBEÞ∞� ð38Þ

¼ e2BE
8π2

X∞
k¼1

coth ðBE kπÞ
k

e−m
2πk=ðeEÞ: ð39Þ

The final expression agrees with the standard result [3,6], but the second expression is arguably more useful for numerical
and asymptotic analysis. From properties of the q-Pochhammer function we obtain a different small q ¼ e−2πB=E expansion
in the weak E field limit:

Im ½LðB;EÞ� ¼ e2BE
4π2

�X∞
k¼1

e−2πk
B
E

X
njk

e−nπm
2=ðeEÞ

n
−
1

2
ln ð1 − e−πm

2=ðeEÞÞ
	
; ð40Þ

where the second sum is over the divisors n of k.
The real part of the quantum dilogarithm expression (28) can be expressed as sums over incomplete gamma functions and

exponential integral functions:

Re½LðB; EÞ� ¼ e2BE
8π3

X∞
k¼1

coth ðkπ E
BÞ

k

�
eikπm
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�
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�
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��
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8π3
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−
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eE

�
þ e−kπm

2=ðeEÞEi
�
kπm2

eE

��
: ð41Þ
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A similar analysis can be applied to the HE effective Lagrangian for scalar QED [1,2,6]:

LscalarðB;EÞ ¼
1

16π2

Z
∞

0

dse−m
2s

�
1

s3

� ðeBsÞðeEsÞ
sinhðeBsÞ sinðeEsÞ − 1 −

e2s2
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��
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Invoking the partial fraction expansion [38]

1

s3

� ðeBsÞðeEsÞ
sinhðeBsÞ sinðeEsÞ −

1

e2
−
s2

6
ðE2 − B2Þ

�
¼ −

2e2BE
π

X∞
k¼1

ð−1Þk
k sinh ðEB kπÞ

s

ðkπeBÞ2 þ s2

−
2e2BE

π

X∞
k¼1

ð−1Þk
k sinh ðBE kπÞ

s

ðkπeEÞ2 − s2
; ð43Þ

we obtain the following modified Borel integral:

LscalarðB;EÞ ¼ −
e2BE
4π3

Z
∞

0

ds

�
Li2

�
−e−πEBe−m2s; e−2π

E
B

�� s
ð π
eBÞ2 þ s2

�
þ Li2

�
−e−πBEe−m2s; e−2π

B
E

�� s
ð π
eEÞ2 − s2

��

¼ e2BE
4π3

Z
∞

0

ds

�
ln
h�

−e−πEBe−m2s; e−2π
E
B

�
∞

i� s
ð π
eBÞ2 þ s2

�
þ ln

h�
−e−πBEe−m2s; e−2π

B
E

�
∞

i� s
ð π
eEÞ2 − s2

��
: ð44Þ

As in the spinor QED case, this formal expression has both a real and imaginary part, with the real part being an integral
transform of the imaginary part and also of its modular dual, as a consequence of electromagnetic duality:

LscalarðB;EÞ ¼ −
e2BE
4π3

Z
∞

0

dsLi2
�
−e−πEBe−m2s; e−2π

E
B

�� s
ð π
eBÞ2 þ s2

�

−
e2BE
4π3

PV
Z

∞

0

dsLi2
�
−e−πBEe−m2s; e−2π

B
E

�� s
ð π
eEÞ2 − s2

�
− i

e2BE
8π2

Li2
�
−e−πBEe−πm2

eE ; e−2π
B
E

�
: ð45Þ

In a “classical limit”, when E → 0 or B → 0, the expression (45) reduces to the correct expressions for LscalarðBÞ and
LscalarðEÞ, respectively.
The imaginary part of the scalar QED HE effective Lagrangian can also be written as

Im ½LscalarðB;EÞ� ¼
e2BE
8π2

ln
h�

−e−πBEe−πm2=ðeEÞ; e−2πBE
�
∞

i

¼ e2BE
16π2

X∞
k¼1

ð−1Þk−1
k sinh ðBE kπÞ

e−m
2πk=ðeEÞ: ð46Þ

The q-Pochhammer form leads to a different small q ¼ e−2πB=E weak E field expansion:

Im ½LscalarðB;EÞ� ¼
e2BE
8π2

X∞
k¼1

�
e−2πk

B
E − e−πk

B
E

�X
njk

ð−1Þne−nπm2=ðeEÞ

n
; ð47Þ

where the second sum is over the divisors n of k.
From (45), the real part of the HE effective Lagrangian for scalar QED can be expressed as sums over incomplete gamma

and exponential integral functions:

Re½LscalarðB;EÞ� ¼ −
e2BE
16π3

�X∞
k¼1

ð−1Þk
k sinh ðkπ E

BÞ
�
eikπm

2=ðeBÞΓ
�
0;
ikπm2

eB

�
þ e−ikπm

2=ðeBÞΓ
�
0;
−ikπm2

eB

��

þ
X∞
k¼1

ð−1Þk
k sinh ðkπ B

EÞ
�
e−kπm

2=ðeEÞEi
�
kπm2

eE

�
þ ekπm

2=ðeEÞEi
�
−kπm2

eE

��	
: ð48Þ
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The scaling relations in (19), connecting the HE effective Lagrangian for spinor and scalar QED, generalize to a
background field with both magnetic and electric components:

LscalarðB;EÞ ¼ −
1

2
LspinorðB;EÞ − 2LspinorðB=2; E=2Þ þ LspinorðB=2; EÞ þ LspinorðB;E=2Þ: ð49Þ

This scaling relation follows from the elementary trigonometric identity, generalizing (21), which relates the integrands of
the spinor and scalar HE expressions in (22) and (42):

1

sinhðeBsÞ sinðeEsÞ ¼ cothðeBsÞ cotðeEsÞ þ cothðeBs=2Þ cotðeEs=2Þ

− cothðeBs=2Þ cotðeEsÞ − cothðeBsÞ cotðeEs=2Þ: ð50Þ
For the scaling relation (49) to be consistent with the dispersive expressions of the spinor and scalar HE Lagrangians in (28)
and (45) we learn that the quantum dilogarithm must satisfy the following nontrivial identity:

Li2ð− ffiffiffi
q

p
x; qÞ ¼ Li2ðx; qÞ þ Li2ðx2; qÞ − Li2ðx2; q2Þ − Li2ðx; ffiffiffi

q
p Þ: ð51Þ

This identity is proved in the Appendix. However, it is
interesting to observe that it arises here from a physical
argument, whose ultimate origin is the connection between
the Landau level spectra of the Dirac operator and the Klein-
Gordon operator in a constant electromagnetic field. As a
consistency check, the identity (51) reduces to the classical
dilogarithm identity, Li2ð−xÞ ¼ 1

2
Li2ðx2Þ − Li2ðxÞ, in the

classical limit (32): ℏ → 0, where q ¼ e−ℏ.

IV. HEISENBERG-EULER EFFECTIVE ACTION
AND THE NONCOMPACT QUANTUM

DILOGARITHM

To discuss the connection of the HE effective Lagrangian
to the noncompact form of the quantum dilogarithm it is
more natural to begin with scalar QED. Faddeev’s defi-
nition [24–29] of the noncompact quantum dilogarithm is

ΦbðxÞ ¼ exp

�Z
Rþiϵ

dz
z

e−2ixz

4 sinh ðzbÞ sinh ðzb−1Þ
�
: ð52Þ

Compare (52) with the scalar QED effective Lagrangian
in (42).
The integral representation (52) is defined in the strip

j ImðzÞj < j ImðcbÞj, where

cb ≔
i
2

�
bþ 1

b

�
: ð53Þ

The identification with the compact quantum dilogarithm
(25) is given by

ΦbðxÞ ¼
ðe2πbðxþcbÞ; qÞ∞
ðe2πb−1ðx−cbÞ; q̃Þ∞

; ð54Þ

where

q ≔ e2πib
2

; q̃ ≔ e−2πib
−2
; Imðb2Þ > 0: ð55Þ

In fact, Faddeev’s noncompact quantum dilogarithm func-
tion (52) extends to all b2 in the cut plane b2 ∈Cnð−∞; 0�
[24–29].
To relate the noncompact quantum dilogarithm ΦbðxÞ

with the HE effective Lagrangian for scalar QED (42) we
therefore need a phase difference of π=2 between b and
b−1. We choose

b ¼ eiπ=4
ffiffiffiffi
B
E

r
; b−1 ¼ e−iπ=4

ffiffiffiffi
E
B

r
: ð56Þ

In the physical Heisenberg-Euler application, eB > 0 and
eE > 0, so we are in the regime where Imðb2Þ > 0. This
implies that q and its modular dual q̃ in (55) become

q ¼ e−2πB=E; q̃ ¼ e−2πE=B: ð57Þ
We recognize these as the q parameters in (26)–(27) which
appear in the scalar QED HE Lagrangian (45). With these
identifications, we can write the shift factors in (54) in a
more natural form for scalar QED:

e2πbcb ¼ eiπðb2þ1Þ ¼ −e−πB=E ¼ −
ffiffiffi
q

p
; ð58Þ

e−2πb
−1cb ¼ e−iπð1þb−2Þ ¼ −e−πE=B ¼ −

ffiffiffĩ
q

p
: ð59Þ

Therefore, we can express (54) as

ΦbðxÞ ¼
ð− ffiffiffi

q
p

e2πbx; qÞ∞
ð− ffiffiffĩ

q
p

e2πb
−1x; q̃Þ∞

; ð60Þ

which should be compared with the HE effective
Lagrangian for scalar QED in (45). Rotating the s integral
in the first and second terms in (45) by e−iπ=4 and eþiπ=4,
respectively, we obtain a new expression in terms ofΦbðxÞ:
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LscalarðB;EÞ ¼
ie2BE
4π3

Z
∞

0

ds
s

1 − is2
ln

2
64
�
− ffiffiffi

q
p

exp ð− πm2bs
e
ffiffiffiffiffi
BE

p Þ; q
�
∞�

−
ffiffiffĩ
q

p
exp ð− πm2b−1s

e
ffiffiffiffiffi
BE

p Þ; q̃
�
∞

3
75

¼ ie2BE
4π3

Z
∞

0

ds
s

1 − is2
ln

�
Φb

�
−

m2s

2e
ffiffiffiffiffiffiffi
BE

p
��

: ð61Þ

In this expression (61), b and b−1 are given in (56), and q and q̃ in (57). The integrand decays rapidly along the real s axis
and the expression (61) can be evaluated numerically. It has both a real and imaginary part, which are in numerical
agreement with the previous expressions (48) and (46), respectively.
The strong-field (eB; eE ≫ m2) logarithmic behavior follows from (61), using the fact that

Φbð0Þ ¼ exp

�
iπ
24

ðb2 þ b−2Þ
�
⇒

e2BE
4π3

lnΦbð0Þ ∼
e2BE
4π3

iπ
24

�
i
B
E
− i

E
B

�
¼ e2

4π
·
1

12π
· LMaxwell: ð62Þ

We recognize these factors as the fine-structure constant, α ¼ e2
4π, the scalar QED beta function coefficient, 1

12π, and the
Maxwell Lagrangian, LMaxwell ¼ 1

2
ðE2 − B2Þ.

By a similar argument, the HE effective Lagrangian (36) for spinor QED can be expressed as

LspinorðB;EÞ ¼ −
ie2BE
4π3

Z
∞

0

ds
s

1 − is2
ln

2
64

�
exp

�
− πm2bs

e
ffiffiffiffiffi
BE

p
�
; q
�
∞

�
q exp

�
− πm2bs

e
ffiffiffiffiffi
BE

p
�
; q
�
∞�

exp
�
− πm2b−1s

e
ffiffiffiffiffi
BE

p
�
; q̃
�
∞

�
q̃ exp

�
− πm2b−1s

e
ffiffiffiffiffi
BE

p
�
; q̃
�
∞

3
75; ð63Þ

where b and b−1 are given in (56), and q and q̃ in (57).

V. CONCLUSION

The Heisenberg-Euler one loop effective Lagrangian has
a natural dispersive integral representation involving the
quantum dilogarithm function, for both spinor and scalar
QED. The existence of such a dispersion representation
was in fact suggested long ago by Lebedev and Ritus [23].
In this paper it is explicitly demonstrated for the one-loop
Heisenberg-Euler effective Lagrangian. The resulting
expressions resum all orders of the real and complex
instantons of the Feynman-Schwinger proper-time repre-
sentation of the effective Lagrangian, and they have the
form of dispersion integrals relating the real and imaginary
parts. The imaginary part is given by the quantum dilogar-
ithm, and the real part is an integral transform of the
imaginary part and its modular dual. This is a consequence
of electromagnetic duality. Furthermore, the spinor QED
and scalar QED effective Lagrangians are related by scaling
relations that are encoded in the quasi-periodicity proper-
ties of the quantum dilogarithm. These results go some way
towards “demystifying” the quantum dilogarithm function,
providing simple physical explanations for some of its
properties, such as Landau level spectra (29)–(31), electro-
magnetic duality (33), identities originating in physical
scaling relations (51), and the universal strong-field
limit (62).
Since the HE effective Lagrangian generates all multileg

photon amplitudes in the constant background field limit,
these integral representations are a natural starting point for

characterizing the analytic properties of QED amplitudes
with many external photon lines. The constant background
field limit is indeed a special case, characterized by two
independent Lorentz invariant quantities, ðE2 − B2Þ and
E · B. This is somewhat analogous to 4-leg scattering
amplitudes, characterized by two independent Lorentz
invariant Mandelstam variables. Under analytic continu-
ation, QFT scattering amplitudes have interesting proper-
ties with direct physical significance, especially when
considering more than one Mandelstam variable, trans-
forming between different channels. Here, for the generat-
ing function of QED amplitudes in the Heisenberg-Euler
limit, we have shown that the analytic structure becomes
much richer when considering both Lorentz invariant
quantities for the external field, and is directly connected
to electromagnetic duality.
The extension to the effective action for inhomogeneous

background fields corresponds to introducing momenta for
the external photon lines, so this becomes an even more
interesting problem. There are several reasons to expect that
some progress along these lines should be possible. There
are three essential physical ingredients of the analysis in
this paper: (i) first, using the analytic properties of the
Feynman propagator with m → m − iϵ to define a
dispersion relation for the log-det of the Dirac operator;
(ii) second, electromagnetic duality which explains why
q ¼ e−2πB=E and its modular dual q̃ ¼ e−2πE=B both appear
in the dispersion integrals; (iii) third, resumming the
infinite tower of multi-instanton Borel poles. We expect
some features of these key ingredients to extend to a more
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general class of background fields. Much is known about
the analyticity properties of the background field Dirac
operator and propagator [4,8,9], from which dispersion
relations can be derived. Electromagnetic duality is a
fundamental property of electrodynamics. In the worldline
representation the multi-instanton Borel singularities cor-
respond to multiple windings of the same worldline
instanton closed trajectory, which can therefore be reduced
to the single loop by a suitable rescaling [41,42]. One does
not expect that the resummation will produce the same
quantum dilogarithm function, except in the locally con-
stant field approximation, but some degree of resummation
should be possible. Nevertheless, it should be clear that the
HE case is the natural place to start. In fact, [43] showed
that for a class of inhomogeneous electric or magnetic
background fields, explicit dispersion relations are satisfied
for the first nontrivial orders of both the weak field
expansion and the derivative expansion of the effective
Lagrangian. Furthermore, in [44] it has been shown that
when the background field depends on an inhomogeneity
parameter it is possible to describe the effect of the
inhomogeneity on the resurgence properties of the effective
action. New Borel singularities are generated, which are
collinear, and their nonperturbative effect can be seen in the
resurgent resummation analysis of the asymptotic pertur-
bative expansion of the effective action, where the coef-
ficients now depend on the inhomogeneity parameter. It
would be interesting to apply the ideas in this paper to the
analysis of the dispersive structure of the effective action in
such inhomogeneous fields. Another interesting potential
extension is to higher loop HE effective Lagrangians,
building on the seminal 2-loop results of Ritus [45] and
the partial 3-loop results of Schubert et al. [46].
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APPENDIX: SPINOR-SCALAR SCALING
RELATION

In this appendix we derive the scaling identity (51)
satisfied by the quantum dilogarithm function, which is
required for consistency of the dispersive representations
of the HE Lagrangians for spinor (28) and scalar (45) QED
with the scaling relation in (49). Note that it is sufficient to
prove that the imaginary parts of LspinorðB;EÞ and

LscalarðB;EÞ satisfy the scaling relation (49). The proof
for the real parts is essentially identical.
Recall from (28) and (45) that the imaginary parts of the

spinor and scalar HE effective Lagrangians can be
expressed in terms of the q-Pochhammer symbol in (34)
and (35):

Im ½LspinorðB;EÞ� ¼ −
e2

4π2
BE ln ½ðxE; qÞ∞=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − xE

p
�;
ðA1Þ

Im ½LscalarðB;EÞ� ¼ þ e2

8π2
BE ln ½ð−xE ffiffiffi

q
p

; qÞ∞�: ðA2Þ

Here we have adopted the convenient shorthand notation,
as in (57):

xE ≔ e−m
2π=ðeEÞ; q ≔ e−2πB=E: ðA3Þ

A straightforward rewriting of the imaginary part of the
scaling relation (49) in terms of q-Pochhammer functions,
using (A1) and (A2), gives

Im ½LscalarðB;EÞ� ¼
1

2
·
e2

4π
BE ln

� ðxE; qÞ∞ðx2E; qÞ∞
ðxE; ffiffiffi

q
p Þ∞ðx2E; q2Þ∞

�
:

ðA4Þ

The factors of
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − xE

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2E

p
from the spinor

Lagrangians cancel between terms on the rhs in (A4).
Consistency with (A2) therefore requires the following

q-Pochhammer identity for any x and q:

ln

� ðx; qÞ∞ðx2; qÞ∞
ðx; ffiffiffi

q
p Þ∞ðx2; q2Þ∞

�
¼ ln½ð− ffiffiffi

q
p

x; qÞ∞�: ðA5Þ

This is the same as (51), but written in terms of q-
Pochhammer symbols using (34). To prove the identity
(A5), we first note that

ðx2; q2Þ∞
ðx; qÞ∞

¼ ð−x; qÞ∞: ðA6Þ

This follows because

ðx2; q2Þ∞ ¼
Y∞
j¼0

ð1 − x2q2jÞ ¼
Y∞
j¼0

ð1þ xqjÞð1 − xqjÞ

¼ ð−x; qÞ∞ðx; qÞ∞: ðA7Þ

Applying the identity (A6), with x ¼ xE, and with q andffiffiffi
q

p
, we obtain

ln

� ðxE; qÞ∞ðx2E; qÞ∞
ðxE; ffiffiffi

q
p Þ∞ðx2E; q2Þ∞

�
¼ ln

�ð−xE; ffiffiffi
q

p Þ∞
ð−xE; qÞ∞

�
: ðA8Þ
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As the last step, we use another q-Pochhammer identity:

ð−x; ffiffiffi
q

p Þ∞
ð−x; qÞ∞

¼ ð−x ffiffiffi
q

p
; qÞ∞; ðA9Þ

which is proved as

ð−x; qÞ∞ð−x
ffiffiffi
q

p
; qÞ∞ ¼

Y∞
j¼0

ð1þ xqjÞð1þ xqjþ1=2Þ ¼
Y∞
j¼0

ð1þ xqj=2Þ ¼ ð−x; ffiffiffi
q

p Þ∞: ðA10Þ

This proves the identity in (A5), which therefore demonstrates the consistency of (A4) with (A2). The same steps apply to
the integrands in the real parts of the respective effective Lagrangians.
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