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Heisenberg-Euler and the quantum dilogarithm
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A dispersion integral representation of the Heisenberg-Euler QED effective Lagrangian is derived, with
Faddeev’s quantum dilogarithm as a generalized Borel kernel. The nonperturbative imaginary part of the
effective Lagrangian is expressed as the quantum dilogarithm, while the real part has the form of a
dispersion integral involving both the quantum dilogarithm and its modular dual, a manifestation of
electromagnetic duality. The Heisenberg-Euler effective Lagrangian generates all one-loop QED scattering
amplitudes in a constant external field, with the Lorentz invariants of the constant background
electromagnetic field playing the role of the Mandelstam variables in conventional QED dispersion theory.
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I. INTRODUCTION

The one-loop QED effective Lagrangian encodes the
nonlinear and nonperturbative physics of the effective
dynamics of the photon field, after integrating out the
massive electron and positron fields [1-7]. It was first
computed, in the low-energy limit of electrons and positrons
|

L(B.E) = — 5

8’

in a constant electromagnetic field, by Heisenberg and Euler
[1] in a prescient paper very much in the modern spirit of
effective field theory. It was later formalized for more general
background fields by Schwinger, Feynman, Nambu and
Morette [8—13]. Heisenberg and Euler expressed their result
in the form of a Borel integral, which can be written as

12 /0 ® dsems {l ((eBs)<eEs) coth(eBs) cot(eEs) — 1 + ? (E? - 32))} . (1)

Here the (constant) background electromagnetic field has both a magnetic and an electric component, chosen to be parallel

(this is always possible for B-E # 0), and we choose eB, ¢E > 0 [1,6], where e is the electron charge. The electron mass is
m. The expression (1) is still formal because of the Borel poles on the integration contour at s, = kxz/(eE), for k =
1,2,3,... These poles produce an imaginary part in the effective Lagrangian, which is interpreted physically as the
instability of the QED vacuum under the influence of an electric field [1,3,6,9].1 For example, for a purely electric constant
background field Schwinger expressed the result as a real Cauchy principal value (PV) integral and an imaginary part

expressed as a sum over nonperturbative terms [9]:

1

L(E) =~ 5PV /0 ™ dses LiS ((eEs) cot(eEs) — 1 + T)} +

The imaginary part of the Heisenberg-Euler (HE) effective
Lagrangian yields the rate of electron-positron pair pro-
duction from the QED vacuum, due to the application of an

"This is analogous to the phenomenon of atomic ionization
under the influence of an electric field [14].
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external electric field, commonly known as the “Schwinger
effect”. While this effect is too weak to have been directly
observed, related QED processes approaching this ultra-
high intensity regime are the subject of current experi-
mental proposals [15-19], and corresponding recent
theoretical progress in high-intensity quantum field theory
(QFT) [20-22].

In general the one-loop QED effective action is given
by [1-10]

S = —ilndet(iD — (m — ie)), (3)
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where the Dirac operator is & = y*(0, + ieA,), and A, is a
fixed classical gauge potential with field strength tensor
F,, =9d,A, —d,A,. The effective action § is a transform of
the trace of Green’s function, and the Feynman ie pre-
scription, m — m — ie, expresses causality for QED with
both electrons and positrons [8—12]. Therefore we expect
the effective Lagrangian to satisfy a dispersion relation,
relating the real and imaginary parts. This fundamental
property is not immediately manifest in the standard HE
expressions (1) and (2). However, for the electric back-
ground a simple transformation (see Sec. II) in Eq. (2) shifts
the sum over Borel poles into a modified Borel kernel,
thereby re-expressing £(E) in a form in which the con-
nection between real and imaginary parts is more apparent:

62 2 oo
L(E) = 8:; {27’V /0 diLiy(e™) L_)%tz]

eE

+ inLiy e~/ (¢E)) } . (4)

Here t denotes a (dimensionless) proper-time variable
[8-12], and Liy(x) is the classical dilogarithm function:

® Lk

L) =Y - 5)
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The representation (4) makes it clear that the real part of
L(E) is an integral transform of the imaginary part.

The main part of the paper, in Secs. IIl and IV, is devoted
to finding a dispersive representation of L£(B,E) in the
general constant background field with both an electric and
magnetic component. The existence of such a dispersion
representation was in fact suggested long ago by Lebedev
and Ritus [23]. Here we show how this idea is explicitly
realized for the Heisenberg-Euler effective Lagrangian.
This leads to several new integral representations of the
HE effective Lagrangian, in which the classical dilogarithm
in (4) is generalized to the guantum dilogarithm function, a
function with many interesting properties and applications
in physics and mathematics [24-29]. Here we argue that the
quantum dilogarithm is naturally related to the HE effective
Lagrangian, and conversely some of the properties of the
quantum dilogarithm have direct physical interpretation
in QED. For example, electromagnetic duality [30] is
reflected in the appearance of the quantum dilogarithm
and its modular dual, and the relations between spinor and
scalar QED are encoded in functional relations satisfied by
the quantum dilogarithm. See Secs. III and IV.

The primary motivation for this analysis is to recast the
familiar dispersive methods for QFT amplitudes [31,32] in
terms of the generator of amplitudes with any number of
external legs, rather than for individual diagrams with a
fixed number of external legs. This generator is the
effective action, and for one-loop scattering amplitudes

the simplest such generator is the HE effective action.
Already in this example we find interesting mathematical
structure, for which the QED perspective provides a natural
physical basis. A motivating analogy is the following:
scattering amplitudes for 2-particle to 2-particle scattering
are functions of two independent Lorentz invariant
Mandelstam (momentum?) variables, and the analytic
continuation with respect to these two variables connects
different scattering channels. The HE effective Lagrangian
is also described by two independent Lorentz variables,

(E* = B*) and B - E, and the analytic continuation structure
relates perturbative and nonperturbative amplitudes.
Impressive progress has been made recently studying such
analytic continuation questions for individual amplitudes
[33], and the general motivation in this current paper is to
analyze instead the analytic properties of the generating
function of the individual amplitudes. The Heisenberg-
Euler effective Lagrangian is the natural place to begin. In
the conclusion we comment on prospects for extensions to
more general background fields.

I1. HEISENBERG-EULER EFFECTIVE
LAGRANGIAN AND THE CLASSICAL
DILOGARITHM

As mentioned in the introduction, there is a simple
connection between the classical dilogarithm function and
the HE effective Lagrangian, for either a constant back-
ground magnetic field B or a constant background electric
field E. For a constant magnetic field B, the general Borel
integral representation (1) reduces to

1 © —m2S
- 87> /0 dse
(eBs)?

x[%<@39mm@3g—1——3—0].(®

L(B) =

The subtraction terms in (6) are the zero-field subtraction
and the (on shell) charge renormalization subtraction,
respectively [1-7]. The Borel transform is meromorphic,
with simple poles on the imaginary axis at s = ikz/(eB),
ke z\{0}:

1
= ((eBs) coth(eBs) — 1 —
s 3

o 2(eB)P & s
== ;;HQ%V+§)' (7)

(eBS)2>

Rescaling s — ks, we transfer the sum to the exponential
factor in the integrand of (6), leading to a modified integral
representation:

L(B) = iﬁz A " dsLiy(e) LL);HJ (8)
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The expression (8) can be interpreted as a modified “dilog-Borel” integral, with the classical dilogarithm function as the
weight factor, and a corresponding modified Borel transform function: ——>-—. The infinite tower of complex instantons

(z/(eB))*+s
[singularities of the Borel transform in (7)] has been summed, leaving just a single complex conjugate pair of poles at

s = *in/(eB). The weak field (eB < m?) expansion is generated by the modified moments:

0 (2 2 oo (2 2)¢(2 4
A dse_’”zssz”*l — M _)A dSLiz(e—mzs)SZnJrl _ ( n+ )C( n+ ) (9)

m4n +4 m4n+4

Therefore the weak field expansion of (8) produces the familiar asymptotic series with sign-alternating factorially divergent
coefficients, multiplied by a zeta function factor which encodes the instanton sum [6]. The strong field (eB > m?)

expansion follows from the large s behavior of the modified Borel transform, W, producing the characteristic

logarithmic strong field behavior,

62

ﬁ(B) ~ _Eﬂl‘CMaxwell(B) ln(2€B/m2), eB > m2. (10)

The fine structure constant is @ = £~ in our chosen units, the Maxwell Lagrangian is Lyjaxwen(B) = — %Bz, and ff; = 317 is
2

the leading QED beta function coefficient, which follows since Li,(1) = {(2) = %.
Integrating by parts, expression (8) can also be written as

e’B? [ 1 ir _eBs _eBs ir eBs _eBs
ﬁ(B): 47[4 A dsemzs_l|:—S+2£—B(1—17>10g<1—17> ZeB <1+l—> 10g<1+l7>:| (11)

This is an alternative resummation of the Borel poles, yielding another type of modified Borel kernel and transform, which
has been discussed in a different context in [34]. The integrands in (6), (8) and (11) have similar shape along the positive real
s axis. However, the modified “Borel transform” in (8) has the simplest analytic structure. More importantly, the dispersive
nature of the HE Lagrangian is explicitly manifest when we use (8) to analytically continue from a purely magnetic
background to a purely electric background, B> — —E?, yielding the integral representation

e’E? )
;C(E) 8 o 4 {2PV/ dSle _m y) |:(LE)27S—SZ:| + l.ﬂLiz(e_ﬂm-/(eE))}, (12)

which is the dispersive expression (4). The imaginary part is the classical dilogarithm, and the real part is a principal value
integral transform of this imaginary part. The real part in (12) can alternatively be expressed as a convergent instanton sum
over exponential integral Ei functions, in agreement with known results [35]:

2E2 ® 1 k 2 k 2
Re[L(E)] = <> <ek”m2/<eE)Ei (— = > + e—k”'"2/<eE)Ei< = >> (13)

8x* “— k2 E

An analogous resummation for scalar QED [2,6] in a magnetic background yields

1 1 [ . [1 eBs (eBs)?
r B)— . dse~™'s | — -1 14
scalar( ) 2 8”2[) se |:S3 <sinh(eBs) * 6 ( )

1 e?B? [ ) K
— . dsLis(—e=™s . 15
2 |, il )[(ﬁ)zﬂz] )

In the dilog form, the only differences between the scalar QED result (15) and the spinor QED result (8) are the overall spin
factor, and the minus sign in the argument of the dilogarithm, exactly as expected for bosons versus fermions.” The weak
field and strong field expansions follow as in the spinor case. The strong field limit produces the physical logarithmic

behavior, with the scalar QED beta function coefficient, f; = 12 , arising from Li,(—=1) = —z%/12:

The Fermi-Dirac and Bose-Einstein distributions are naturally associated with the (classical) polylogarithm functions [36,37].
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‘CscalaI(B) ~ _Eﬁl‘CMaxweH(B) ln(zeB/mz)’ eB> mz' (16)

The analytic continuation from a magnetic to electric background field yields a dispersive representation:

e’E? e . —m2s S .62E2 : —mm?/(e
‘Cscalar(E) = —WPVA ds le(—e ) [(%)2 — s2:| —1 1677;3 L12(—€ /( E)) (17)

Once again, this expression encodes the correct analytic properties of the scalar QED effective Lagrangian. The principal
value real part can be expressed as a convergent sum, analogous to (13):

E? L (—1)k 2 kam? 2 kam?
Rell E) = — kmm /(eE)E _ —kzrm“/(eE)E' ) 18
e[ scalar( )] 16%4; k2 (6 1 ¢E +e 1 ¢E ( )
We also note that the classical dilogarithm identity, Liy(x) + Lis(—x) = 4 Liy(x?), implies the scaling relations:
1 1
'Cscalar(B) = E'Cspinor(B) - Lspinor(B/2>; 'Cscalar(E) = E'Cspinor(E) - ‘Cspinor(E/2>‘ (19)

Inverting (19), the spinor QED HE effective Lagrangian can be expressed as an infinite sum of scalar QED HE effective
Lagrangians:

Espinor<B) = Z 2k£sca1ar(2l_kB>; ‘Cspinor<E) = Z 2k£scalar(21_kE)' (20)
k=1 k=1

For an electric background this scaling applies to both the real and imaginary parts. These scaling relations also follow from
the elementary trigonometric identities

1
sinh(s)

= —coth(s) + coth(s/2);

Sin(s) = —cot(s) + cot(s/2). (21)

These scaling relations generalize when the constant background field has both magnetic and electric components: see
Egs. (49) and (50).
II1. HEISENBERG-EULER EFFECTIVE LAGRANGIAN AND THE COMPACT QUANTUM DILOGARITHM

Now consider the spinor QED Heisenberg-Euler effective Lagrangian with both a magnetic and an electric background
field, chosen to be parallel (always possible for B-E # 0), and recall that we choose ¢B,eE > 0 [1,6]:

e-s

L(B.E) = —é A " dsems Lﬂ ((eBs)(eEs) coth(eBs) cot(eEs) — 1 + 232 (E? — B2)>} . (22)

The identity (7) generalizes to the partial fraction identity [35,38]

1 252 2¢?BE - coth
= <(eBs)(eEs) coth(eBs) cot(eEs) — 1 + %(E2 - Bz)> —_z¢ Z
s k=1

Rescaling s — ks, the Borel integral (22) can be expressed as a modified Borel integral:
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L(B.E) = e;fflw ds({Liz( s, —2”-) +%ln(1 - e—mzs)} {(LBJZ—SHJ
+ {Li2 <e‘”’2‘ -%) +5In(1- -mZS)} [(%);——SZD (24)

Here Li,(a; ) is the (compact) quantum dilogarithm function [24-29]:

|
Liy(a; q) a (25)
k=1
In the first line of (24) we have
g=e and a=e", (26)
while in the second line of (24) we have
g=e and a=e". (27)

As before, the expression (24) is formal because of the pole on the contour of integration at s = z/(eE). More precisely, the
HE Lagrangian £(B, E) has both a real part (the first two lines) and an imaginary part (the third line):

BE [~ E 1

E)2 _|_s2
ezB . —m s. 2B —m?s $ _
2BE 5, 1
+i 4” {Ll ( —ﬂmz/(eE);e—ZﬂE> +§1n(1 _ e—ﬂmz/(EE))}_ (28)

The expression (28) has an elegant physical interpretation, using Nikishov’s “virial” representation of the imaginary part of
the effective Lagrangian [3]:

Im [£(B, E)] = —%trln (1= (N)). (29)

Here (N) is the average number of electron-positron pairs produced by the background electric field in a given eigenmode
(spin and momentum modes) of the Dirac operator:

(N) = exp <—£(m2+eB(2n+1j:1))); n=0,12.... (30)

The =+ refers to the two spin states, and there is a Landau degeneracy factor (§2)(4£), so the trace in (29) yields

Im[£(B, E)] = % <§> (%) f:% {- exp (- ”e’"Ezk> + 2;:%;) <_ WH (31)

k=1

So the lowest Landau level (n = 0) produces the log term in the imaginary part Im [£(B, E)] in (28), while the higher
Landau levels produce the quantum dilogarithm term.
From the “classical limit” (A — 0) of the quantum dilogarithm [24-29]

1 1
Liy(e7*;e7™) N%Liz(e_“) —Eln(l —e ") +..., h-0", (32)
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the general expression (28) reduces to the magnetic field
result (8) in the limit £ — 0, and to the electric field result
(12) in the limit B — 0.

The g parameters in (26) and (27) are related by the
modular S-duality transformation [30,35,39]:

B 4n’ E

h= 27TE—> 5 —271'B. (33)

This means that the integral representation (28) is a dispersive
representation in which the real part is expressed as an inte-
gral transform of the imaginary part and also of its modular
dual. This is a consequence of electromagnetic duality. And
the quantum dilogarithm expression (28) is an explicit
realization of an old suggestion of Lebedev and Ritus to
express the Heisenberg-Euler effective Lagrangian as a dis-
persion integral [23]. See also equations (61) and (63) below.
|

¢’BE

L(B.E) = —

iy
e’BE
473
_¢’BE
e
8

In [(e—ﬂmz/(eE); 6—271'%)00 (e—ane—frmz/(eE) 6—2/1%)

Note that the quantum dilogarithm sums in (25) converge
because in the physical context of the HE effective

Lagrangian we have eB,eE > 0, and so |e %] < 1 and

le=275| < 1. In this situation it is convenient to rewrite the
quantum dilogarithm factors in the integrand of (24) in
terms of the g-Pochhammer function:

Lip(a; q) = =In{(a; ¢)o]- (34)
Here (a; q),, is the g-Pochhammer function [40]:
(a:9)e = [ J(1 - aq"). (35)
r=0

Using the identity (a;q),, = (1 —a)(ga;q)., We can
therefore write the HE effective Lagrangian in (24) as

® dsn e—mzs; e—27z§ e—Zﬂge—mzs; e—?ﬂg |: S :|
3 A {( )oo( )oo} (L)2+S2

PV /oo dsIn{(e™""%; e27%) (e 272", 7272} [7
0

(36)

; w0l

The quantum dilogarithm expressions (28) and (36) naturally split into three parts. The first two lines are both real: the
first line is manifestly real, like the magnetic field case in (8), and the second line is a real principal value integral, like the
electric field case in (12). The third line is the imaginary part, coming from the pole at s = z/(¢E):

2BE sy 1
m[£(8. B)] = oy {Liz<e-ﬂm2/<eE>; ) oM (1= e_”mz/w)} .
2BE s s ;
= =& T n [(em R €E); 2k (o2 gmm/(eE); -2et) | (38)
87
2 ) B
_ e Bf COth (E k”) e—mzﬂk/(eE)‘ (39)
87° = k

The final expression agrees with the standard result [3,6], but the second expression is arguably more useful for numerical

and asymptotic analysis. From properties of the g-Pochhammer function we obtain a different small ¢ = e

in the weak E field limit:

¢’BE (& B €
Im[L(B,E)| = e {Z e‘z”kiz —

k=1 nlk

where the second sum is over the divisors »n of k.

~27B/E expansion

—nam?/(eE)

1 2
- Eln (1- e"”"'/(EE))}, (40)

The real part of the quantum dilogarithm expression (28) can be expressed as sums over incomplete gamma functions and

exponential integral functions:

2 o] E . 2 - 2
Re[L(B, E)] = e’BE - coth (kr ) <eikﬂm2/(eB)F<O’ ikmm > n e‘ik”mz/(eB>F(O, ikem ))

873 = k eB eB
e’BE ~coth (kz %) (., kam? > kam?
m /(eE)E' _ —krxm /(eE)E' ) 41
N e e G R ) )
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A similar analysis can be applied to the HE effective Lagrangian for scalar QED [1,2,6]:

Cosur(BLE) = —— / ” dsems L]—S ( _ (eBs)(eEs) | & (E? - Bz)ﬂ . (42)

s
167% Jo sinh(eBs) sin(eEs) 6

Invoking the partial fraction expansion [38]

1 [  (eBs)(eEs) L8 o ) _ _26°BES (-1) s
i )

- T (E?
sinh(eBs) sin(eEs) e* 6 ( m & ksinh (5kr) (52)2 4 s

B ZejTBE i (=1)k s (43)

“ fsinh (8 kz) (22)? — 52

we obtain the following modified Borel integral:

ezBE o0 . 2 N . . s
eB ¢E

=S [ (et Jfmra] sl t) Jfp ) @

¢E

As in the spinor QED case, this formal expression has both a real and imaginary part, with the real part being an integral
transform of the imaginary part and also of its modular dual, as a consequence of electromagnetic duality:

2BE [ i
‘Cscalar(B’ E) = - ¢ A dSLi2 (—e_”%e_m's; e_z”%) {%}

’BE o °BE
— 64773])/0 dsLi, (—e_”%e_’"zs; 3_2”%> |:(L)2S_ s2:| - iegﬂz Li, (—e_”ge_e_Ez; 6_2”%) . (45)
ek

In a “classical limit”, when £ — 0 or B — 0, the expression (45) reduces to the correct expressions for L. ,.(B) and
Lcaar (E), respectively.
The imaginary part of the scalar QED HE effective Lagrangian can also be written as

¢’BE B B
Im [‘Cscalar (B, E)] 8” " In [( —ﬂEe—ﬂmz/(eE); 6_2”E) oo]

e?BE (—1)*!

_ —mzﬂk/(eE)' 46
1672 £ ksinh (Ekz) © (46)

The g-Pochhammer form leads to a different small ¢ = e=2*5/F weak E field expansion:

(_ l)ne—nnmz/(eE)

(et = e %)Z—n : (47)

k=1 nlk

Ms

Im [EbcdldI<B E

where the second sum is over the divisors n of k.
From (45), the real part of the HE effective Lagrangian for scalar QED can be expressed as sums over incomplete gamma
and exponential integral functions:

e’BE [~ (-1)* P ikmm? it (e —ikzm?
Re[Locuar (B, E)] = — s {stinh D) <ek /( B)F<0, B > 4 eikem?/( B)r<0, B >>
k=1 B

2 (=1)k k) (eE) kxm? ‘ [ —kam?
m*/(eE) Ej am?*/(eE )E ) 48
* ; ksinh (kz %) ¢ e )¢ "\ TeE (48)
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The scaling relations in (19), connecting the HE effective Lagrangian for spinor and scalar QED, generalize to a
background field with both magnetic and electric components:

1
Escalar<B’ E) = E‘Cspinor(B’ E) - 2Espinor(B/z’ E/2) + Espinor(B/z’ E) + Espinor(B’ E/2) (49)

This scaling relation follows from the elementary trigonometric identity, generalizing (21), which relates the integrands of

the spinor and scalar HE expressions in (22) and (42):

1
sinh(eBs) sin(eEs)

= coth(eBs) cot(eEs) + coth(eBs/2) cot(eEs/2)

— coth(eBs/2) cot(eEs) — coth(eBs) cot(eEs/2). (50)

For the scaling relation (49) to be consistent with the dispersive expressions of the spinor and scalar HE Lagrangians in (28)
and (45) we learn that the quantum dilogarithm must satisfy the following nontrivial identity:

Liy(—/gx; q) = Liy(x; ¢) + Liz(x?; ¢) — Lip(x%; ¢) — Lis (3 \/q)- (51)

This identity is proved in the Appendix. However, it is
interesting to observe that it arises here from a physical
argument, whose ultimate origin is the connection between
the Landau level spectra of the Dirac operator and the Klein-
Gordon operator in a constant electromagnetic field. As a
consistency check, the identity (51) reduces to the classical
dilogarithm identity, Li(—x) = JLi,(x?) — Li,(x), in the
classical limit (32): 4 — 0, where ¢ = e™".

IV. HEISENBERG-EULER EFFECTIVE ACTION
AND THE NONCOMPACT QUANTUM
DILOGARITHM

To discuss the connection of the HE effective Lagrangian
to the noncompact form of the quantum dilogarithm it is
more natural to begin with scalar QED. Faddeev’s defi-
nition [24-29] of the noncompact quantum dilogarithm is

® ( ) o / dz e—2ixz
X) = —
b P Riie 2 4sinh (zb)sinh (zb7")

] . (52)

Compare (52) with the scalar QED effective Lagrangian
in (42).

The integral representation (52) is defined in the strip
|Im(z)| < | Im(c,)|, where

o) = % <b + %) . (53)

The identification with the compact quantum dilogarithm
(25) is given by

(62nb(x+c,,) . q)oo

(e2ﬂb'l (x=cp).

Pol) = 1D

, (54)

where

[
g=e",  G=e 7 Im(b?)>0. (55)

In fact, Faddeev’s noncompact quantum dilogarithm func-
tion (52) extends to all b? in the cut plane b* € C\(—co0, 0]
[24-29].

To relate the noncompact quantum dilogarithm ®,(x)
with the HE effective Lagrangian for scalar QED (42) we
therefore need a phase difference of z/2 between b and
b~'. We choose

. B . E
b= e’”/4\/%; b~ = e"”/“\/;. (56)

In the physical Heisenberg-Euler application, eB > 0 and
eE > 0, so we are in the regime where Im(b?) > 0. This
implies that ¢ and its modular dual g in (55) become

q= 6_2”B/E, q — e—27zE/B‘ (57)
We recognize these as the g parameters in (26)—(27) which
appear in the scalar QED HE Lagrangian (45). With these
identifications, we can write the shift factors in (54) in a

more natural form for scalar QED:

e2mbey, — eiﬂ(b2+1) — —e 7B/E — —\/6_]» (58)

e—27tb" cp

— —in(14+b67) — _ ,~nE/B _ _\/5‘ (59)
Therefore, we can express (54) as

By (x) = VAT Den (60)

(~VEe )
which should be compared with the HE effective
Lagrangian for scalar QED in (45). Rotating the s integral
in the first and second terms in (45) by e~**/* and e /4,
respectively, we obtain a new expression in terms of @, (x):
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(~vaexp (-2k):q)

In

[’scalar (B ’ E)

In this expression (61), b and b~

j¢’BE [®
_ e d / ds s.
A 0 1—is

je’BE [
_e 3 / ds
A 0 1 —is?

I are given in (56), and ¢ and § in (57). The integrand decays rapidly along the real s axis

(—vaexp (-=202:4)

wlo2)]

(61)

and the expression (61) can be evaluated numerically. It has both a real and imaginary part, which are in numerical
agreement with the previous expressions (48) and (46), respectively.
The strong-field (eB, eE > m?) logarithmic behavior follows from (61), using the fact that

e’BE e’BEir ([ B E e 1
D,(0) = b>+ b~ In®,(0) ~ ——i=] = — . 62
0) =exp [ 00| = Py 0 ~ P (1) = L (62
We recognize these factors as the fine-structure constant, @ = j— the scalar QED beta function coefficient, 12 , and the
Maxwell Lagrangian, Lyjawen = 3 (E* — B?).
By a similar argument, the HE effective Lagrangian (36) for spinor QED can be expressed as
coe oo | (o (), oo ()
Lomn(B.E) =< / ds—>_n = (63)
4 0 1—1is

where b and b~! are given in (56), and ¢ and § in (57).

V. CONCLUSION

The Heisenberg-Euler one loop effective Lagrangian has
a natural dispersive integral representation involving the
quantum dilogarithm function, for both spinor and scalar
QED. The existence of such a dispersion representation
was in fact suggested long ago by Lebedev and Ritus [23].
In this paper it is explicitly demonstrated for the one-loop
Heisenberg-Euler effective Lagrangian. The resulting
expressions resum all orders of the real and complex
instantons of the Feynman-Schwinger proper-time repre-
sentation of the effective Lagrangian, and they have the
form of dispersion integrals relating the real and imaginary
parts. The imaginary part is given by the quantum dilogar-
ithm, and the real part is an integral transform of the
imaginary part and its modular dual. This is a consequence
of electromagnetic duality. Furthermore, the spinor QED
and scalar QED effective Lagrangians are related by scaling
relations that are encoded in the quasi-periodicity proper-
ties of the quantum dilogarithm. These results go some way
towards “demystifying” the quantum dilogarithm function,
providing simple physical explanations for some of its
properties, such as Landau level spectra (29)—(31), electro-
magnetic duality (33), identities originating in physical
scaling relations (51), and the universal strong-field
limit (62).

Since the HE effective Lagrangian generates all multileg
photon amplitudes in the constant background field limit,
these integral representations are a natural starting point for

ool

) oo (i) e)|
[

characterizing the analytic properties of QED amplitudes
with many external photon lines. The constant background
field limit is indeed a special case, characterized by two
independent Lorentz invariant quantities, (E> — B?) and
E - B. This is somewhat analogous to 4-leg scattering
amplitudes, characterized by two independent Lorentz
invariant Mandelstam variables. Under analytic continu-
ation, QFT scattering amplitudes have interesting proper-
ties with direct physical significance, especially when
considering more than one Mandelstam variable, trans-
forming between different channels. Here, for the generat-
ing function of QED amplitudes in the Heisenberg-Euler
limit, we have shown that the analytic structure becomes
much richer when considering both Lorentz invariant
quantities for the external field, and is directly connected
to electromagnetic duality.

The extension to the effective action for inhomogeneous
background fields corresponds to introducing momenta for
the external photon lines, so this becomes an even more
interesting problem. There are several reasons to expect that
some progress along these lines should be possible. There
are three essential physical ingredients of the analysis in
this paper: (i) first, using the analytic properties of the
Feynman propagator with m — m —ie to define a
dispersion relation for the log-det of the Dirac operator;
(i1) second, electromagnetic duality which explains why
g = e 2B/E and its modular dual § = e~2"#/8 both appear
in the dispersion integrals; (iii) third, resumming the
infinite tower of multi-instanton Borel poles. We expect
some features of these key ingredients to extend to a more
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general class of background fields. Much is known about
the analyticity properties of the background field Dirac
operator and propagator [4,8,9], from which dispersion
relations can be derived. Electromagnetic duality is a
fundamental property of electrodynamics. In the worldline
representation the multi-instanton Borel singularities cor-
respond to multiple windings of the same worldline
instanton closed trajectory, which can therefore be reduced
to the single loop by a suitable rescaling [41,42]. One does
not expect that the resummation will produce the same
quantum dilogarithm function, except in the locally con-
stant field approximation, but some degree of resummation
should be possible. Nevertheless, it should be clear that the
HE case is the natural place to start. In fact, [43] showed
that for a class of inhomogeneous electric or magnetic
background fields, explicit dispersion relations are satisfied
for the first nontrivial orders of both the weak field
expansion and the derivative expansion of the effective
Lagrangian. Furthermore, in [44] it has been shown that
when the background field depends on an inhomogeneity
parameter it is possible to describe the effect of the
inhomogeneity on the resurgence properties of the effective
action. New Borel singularities are generated, which are
collinear, and their nonperturbative effect can be seen in the
resurgent resummation analysis of the asymptotic pertur-
bative expansion of the effective action, where the coef-
ficients now depend on the inhomogeneity parameter. It
would be interesting to apply the ideas in this paper to the
analysis of the dispersive structure of the effective action in
such inhomogeneous fields. Another interesting potential
extension is to higher loop HE effective Lagrangians,
building on the seminal 2-loop results of Ritus [45] and
the partial 3-loop results of Schubert et al. [46].
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APPENDIX: SPINOR-SCALAR SCALING
RELATION

In this appendix we derive the scaling identity (51)
satisfied by the quantum dilogarithm function, which is
required for consistency of the dispersive representations
of the HE Lagrangians for spinor (28) and scalar (45) QED
with the scaling relation in (49). Note that it is sufficient to
prove that the imaginary parts of Ly (B, E) and

Laar (B, E) satisfy the scaling relation (49). The proof
for the real parts is essentially identical.

Recall from (28) and (45) that the imaginary parts of the
spinor and scalar HE effective Lagrangians can be
expressed in terms of the g-Pochhammer symbol in (34)
and (35):

2
I (L ginr (B. E)] = =15 BEIn [(xg: 4)oe/ /T = 3]
(A1)

62
I [Lytar (B, E)] = + o5 BEIN[(—x5/43 ¢)oo].  (A2)

Here we have adopted the convenient shorthand notation,
as in (57):

—m’z/(eE)

Xpi=e ’ ~27B/E_

g=e (A3)
A straightforward rewriting of the imaginary part of the
scaling relation (49) in terms of g-Pochhammer functions,

using (A1) and (A2), gives

(XE3 9) o (X3 @)oo
(X5 V@) oo (0 F: 4 o)
(A4)

The factors of /T —xz and /1 —x% from the spinor

Lagrangians cancel between terms on the rhs in (A4).
Consistency with (A2) therefore requires the following
g-Pochhammer identity for any x and g:

L 2 pem
2 4rx

Im [Escalar (B’ E)] =

1| ® Do 9)oo
(% V@)oo (¥ 4%) o

This is the same as (51), but written in terms of g¢-
Pochhammer symbols using (34). To prove the identity
(AS), we first note that

= n[(~yZrq).). (AS)

(0% _
(.X'; q)oc - ( 7q)oo' (A6)
This follows because
() = [ [0 ~24¥) = T](1 + 51 - x9)
j=0 j=0
= (% @) o (¥ @) o- (A7)

Applying the identity (A6), with x = x, and with ¢ and
\/' , we obtain

o v R (=

|
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As the last step, we use another g-Pochhammer identity:

(_X; \/q)oo _

(—X ; Q)oo
which is proved as

o0

(5 )2y @) = [[(1 +x¢9)(1 +xg72) = [[(1 +5¢7) = (=5 Do
=0

Jj=0

(XT3 q) oo

(A9)

(A10)

J

This proves the identity in (A5), which therefore demonstrates the consistency of (A4) with (A2). The same steps apply to
the integrands in the real parts of the respective effective Lagrangians.

[1] W. Heisenberg and H. Euler, Folgerungen aus der
diracschen theorie des positrons, Z. Phys. 98, 714
(1936).

[2] V. Weisskopf, Uber die Elektrodynamik des Vakuums auf
Grund der Quantentheorie des Elektrons, Kong. Dans. Vid.
Selsk. Math-fys. Medd. XIV No. 6 (1936); reprinted in
Quantum Electrodynamics, edited by J. Schwinger (Dover,
New York, 1958).

[3] A. I Nikishov, Pair production by a constant external field,
Zh. Eksp. Teor. Fiz. 57, 1210 (1969) [Sov. Phys. JETP 30,
660, 1970].

[4] W. Dittrich and M. Reuter, Effective Lagrangians in
Quantum Electrodynamics (Springer, New York, 1985).

[5] W. Dittrich and H. Gies, Probing the quantum Vacuum.
Perturbative Effective Action Approach in Quantum
ElectrodyNamics and Its Application, Springer Tracts
Mod. Phys. Vol. 166 (Springer, New York, 2000),
pp. 1-241.

[6] G.V. Dunne, Euler-Heisenberg effective Lagrangians:
Basics and extensions, in Ian Kogan memorial collection,
From Fields to Strings: Circumnavigating Theoretical
Physics, Vol. 1, edited by M. A. Shifman et al. (World
Scientific, Singapore, 2004).

[7] M. D. Schwartz, Quantum Field Theory and the Standard
Model (Cambridge University Press, Cambridge, England,
2014).

[8] J.S. Schwinger, Quantum electrodynamics. I. A covariant
formulation, Phys. Rev. 74, 1439 (1948); Quantum electro-
dynamics. 2. Vacuum polarization and self-energy, Phys.
Rev. 75, 651 (1948).

[9] J.S. Schwinger, On gauge invariance and vacuum polari-
zation, Phys. Rev. 82, 664 (1951).

[10] R.P. Feynman, Space—time approach to quantum electro-
dynamics, Phys. Rev. 76, 769 (1949); The theory of
positrons, Phys. Rev. 76, 749 (1949).

[11] R.P. Feynman, Mathematical formulation of the quantum
theory of electromagnetic interaction, Phys. Rev. 80, 440
(1950).

[12] Y. Nambu, The use of the proper time in quantum electro-
dynamics I, Prog. Theor. Phys. 5, 82 (1950).

[13] C. Morette, On the definition and approximation of Feyn-
man’s path integrals, Phys. Rev. 81, 848 (1951).

[14] H.J. Silverstone, High-order perturbation theory and its
application to atoms in strong fields, in Atoms in Strong
Fields (NATO Science Series B: 212), edited by C.A.
Nicolaides, C.W. Clark, and M.H. Nayfeh (Springer,
New York, 1990).

[15] V. Yakimenko, S. Meuren, F. Del Gaudio, C. Baumann, A.
Fedotov, F. Fiuza, T. Grismayer, M. J. Hogan, A. Pukhov
and L. O. Silva et al., Prospect of studying nonperturbative
QED with beam-beam collisions, Phys. Rev. Lett. 122,
190404 (2019).

[16] P.H. Bucksbaum, G. V. Dunne, F. Fiuza, S. Meuren, M. E.
Peskin, D. A. Reis, G. Torgrimsson, G. White, and V.
Yakimenko, Understanding the fully non-perturbative
strong-field regime of QED, in Letter of Intent to Snowmass
2021 Theory Frontier (2021), https://dunne.physics.uconn
.edu/non-perturbative-qed/.

[17] H. Abramowicz, U. Acosta, M. Altarelli, R. ABmann, Z.
Bai, T. Behnke, Y. Benhammou, T. Blackburn, S. Boogert
and O. Borysov et al., Conceptual design report for the
LUXE experiment, Eur. Phys. J. Special Topics 230, 2445
(2021).

[18] H. G. Rinderknecht, E. Dill, A.J. MacLeod, B. King, K.
Sow, S.-W. Bahk, I.A. Begishev, F. Karbstein, Jorg
Schreiber, M. Zepf, and A. Di Piazza, On measuring
stimulated photon—photon scattering using multiple ultra-
intense lasers, Phys. Plasmas 32, 083301 (2025).

[19] G. Sarri, B. King, T. Blackburn, A. Ilderton, S. Boogert,
S.S. Bulanov, S.V. Bulanov, A. Di Piazza, L. Ji, F.
Karbstein et al., Input to the European strategy for particle
physics: strong-field quantum electrodynamics, Eur. Phys.
J. Plus 140, 1151 (2025).

[20] A. Di Piazza, C. Muller, K. Z. Hatsagortsyan, and C.H.
Keitel, Extremely high-intensity laser interactions with
fundamental quantum systems, Rev. Mod. Phys. 84, 1177
(2012).

[21] A. Gonoskov, T.G. Blackburn, M. Marklund, and S.S.
Bulanov, Charged particle motion and radiation in strong
electromagnetic fields, Rev. Mod. Phys. 94, 045001 (2022).

085018-11


https://doi.org/10.1007/BF01343663
https://doi.org/10.1007/BF01343663
https://doi.org/10.1103/PhysRev.74.1439
https://doi.org/10.1103/PhysRev.75.651
https://doi.org/10.1103/PhysRev.75.651
https://doi.org/10.1103/PhysRev.82.664
https://doi.org/10.1103/PhysRev.76.769
https://doi.org/10.1103/PhysRev.76.749
https://doi.org/10.1103/PhysRev.80.440
https://doi.org/10.1103/PhysRev.80.440
https://doi.org/10.1143/ptp/5.1.82
https://doi.org/10.1103/PhysRev.81.848
https://doi.org/10.1103/PhysRevLett.122.190404
https://doi.org/10.1103/PhysRevLett.122.190404
https://dunne.physics.uconn.edu/non-perturbative-qed/
https://dunne.physics.uconn.edu/non-perturbative-qed/
https://dunne.physics.uconn.edu/non-perturbative-qed/
https://dunne.physics.uconn.edu/non-perturbative-qed/
https://doi.org/10.1140/epjs/s11734-021-00249-z
https://doi.org/10.1140/epjs/s11734-021-00249-z
https://doi.org/10.1063/5.0272791
https://doi.org/10.1140/epjp/s13360-025-07057-7
https://doi.org/10.1140/epjp/s13360-025-07057-7
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1103/RevModPhys.94.045001

GERALD V. DUNNE

PHYS. REV. D 113, 085018 (2026)

[22] A. Fedotov, A. Ilderton, F. Karbstein, B. King, D. Seipt, H.
Taya, and G. Torgrimsson, Advances in QED with intense
background fields, Phys. Rep. 1010, 1 (2023).

[23] S.L. Lebedev and V. 1. Ritus, Dispersion representation for
the Lagrange function of an intense field, Pis’ma Zh. Eksp.
Teor. Fiz. 28, 298 (1978) [JETP Lett. 28, 274 (1978)].

[24] L. Faddeev and R. Kashaev, Quantum dilogarithm, Mod.
Phys. Lett. A 09, 427 (1994).

[25] A.N. Kirillov, Dilogarithm identities, Prog. Theor. Phys.
Suppl. 118, 61 (1995).

[26] D. Zagier, The dilogarithm function, in Frontiers in Number
Theory, Physics, and Geometry II, edited by P. Cartier et al.
(Springer, Heidelberg, 2007).

[27] V. V. Fock and A. B. Goncharov, The quantum dilogarithm
and representations of quantum cluster varieties, Inven-
tiones Mathematicae 175, 223 (2009).

[28] R. M. Kashaev and T. Nakanishi, Classical and quantum
dilogarithm identities, SIGMA 7, 102 (2011).

[29] S. Garoufalidis and R. Kashaev, Resurgence of Faddeev’s
quantum dilogarithm, in Topology and Geometry, edited by
A. Papadopoulos (European Mathematical Society, 2021),
pp- 257-272.

[30] E. Witten, On S-duality in Abelian gauge theory, Sel. Math.
Sov. 1, 383 (1995).

[31] J.D. Bjorken and S. D. Drell, Relativistic Quantum Fields
(McGraw Hill, New York, 1965).

[32] R.J. Eden, P.V. Landshoff, D.I. Olive, and J.C.
Polkinghorne, The Analytic S-Matrix (Cambridge Univer-
sity Press, Cambridge, England, 1966).

[33] S. Caron-Huot, M. Giroux, H.S. Hannesdottir, and S.
Mizera, Crossing beyond scattering amplitudes, J. High
Energy Phys. 04 (2024) 060.

[34] Y. Hatsuda and K. Okuyama, Resummations and non-
perturbative corrections, J. High Energy Phys. 09 (2015)
051.

[35] S.R. Valluri, D. R. Lamm, and W.J. Mielniczuk, Applica-
tions of the representation of the Heisenberg-Euler

Lagrangian by means of special functions, Can. J. Phys.
71, 389 (1993); U.D. Jentschura, H. Gies, S.R. Valluri,
D.R. Lamm, and E.J. Weniger, QED effective action
revisited, Can. J. Phys. 80, 267 (2002).

[36] R.B. Dingle, The fermi-dirac integrals, Applied Scientific
Research, Section B 6, 225 (1957); The Bose-Einstein
integrals, Applied Scientific Research, Section B 6, 240
(1957).

[37] See for example, Appendices D and E in: R. K. Pathria and
P.D. Beale, Statistical Mechanics (Academic Press, New
York, 2022).

[38] See Entry 19 in Chapter 14 of B. C. Berndt, Ramanujan’s
Notebooks. Part Il (Springer, Berlin, 1989).

[39] D. Gang and Y. Hatsuda, S-duality resurgence in SL(2)
Chern-Simons theory, J. High Energy Phys. 07 (2018) 053.

[40] g-Pochhammer function: dlmf.nist.gov/17.2 https://dlmf.ni
st.gov/17.2.

[41] G. V. Dunne and C. Schubert, Worldline instantons and pair
production in inhomogeneous fields, Phys. Rev. D 72,
105004 (2005).

[42] G.V. Dunne, Q.h. Wang, H. Gies, and C. Schubert,
Worldline instantons. II. The fluctuation prefactor, Phys.
Rev. D 73, 065028 (20006).

[43] G. V. Dunne and T. Hall, On the QED effective action in
time dependent electric backgrounds, Phys. Rev. D 58,
105022 (1998).

[44] G.V. Dunne and Z. Harris, Resurgence of the effective
action in inhomogeneous fields, Phys. Rev. D 107, 065003
(2023).

[45] V.I. Ritus, Lagrangian of an intense electromagnetic field
and quantum electrodynamics at short distances, Zh. Eksp.
Teor. Fiz. 69, 1517 (1975) [Sov. Phys. JETP 42, 774
(1976)].

[46] 1. Huet, M. Rausch De Traubenberg, and C. Schubert,
Three-loop Euler-Heisenberg Lagrangian in 1+ 1 QED,
part 1: Single fermion-loop part, J. High Energy Phys. 03
(2019) 167.

085018-12


https://doi.org/10.1016/j.physrep.2023.01.003
https://doi.org/10.1142/S0217732394000447
https://doi.org/10.1142/S0217732394000447
https://doi.org/10.1143/PTPS.118.61
https://doi.org/10.1143/PTPS.118.61
https://doi.org/10.1007/s00222-008-0149-3
https://doi.org/10.1007/s00222-008-0149-3
https://doi.org/10.3842/SIGMA.2011.102
https://doi.org/10.1007/BF01671570
https://doi.org/10.1007/BF01671570
https://doi.org/10.1007/JHEP04(2024)060
https://doi.org/10.1007/JHEP04(2024)060
https://doi.org/10.1007/JHEP09(2015)051
https://doi.org/10.1007/JHEP09(2015)051
https://doi.org/10.1139/p93-060
https://doi.org/10.1139/p93-060
https://doi.org/10.1139/p01-139
https://doi.org/10.1007/BF02920379
https://doi.org/10.1007/BF02920379
https://doi.org/10.1007/BF02920380
https://doi.org/10.1007/BF02920380
https://doi.org/10.1007/JHEP07(2018)053
https://dlmf.nist.gov/17.2
https://dlmf.nist.gov/17.2
https://dlmf.nist.gov/17.2
https://dlmf.nist.gov/17.2
https://dlmf.nist.gov/17.2
https://doi.org/10.1103/PhysRevD.72.105004
https://doi.org/10.1103/PhysRevD.72.105004
https://doi.org/10.1103/PhysRevD.73.065028
https://doi.org/10.1103/PhysRevD.73.065028
https://doi.org/10.1103/PhysRevD.58.105022
https://doi.org/10.1103/PhysRevD.58.105022
https://doi.org/10.1103/PhysRevD.107.065003
https://doi.org/10.1103/PhysRevD.107.065003
https://doi.org/10.1007/JHEP03(2019)167
https://doi.org/10.1007/JHEP03(2019)167

	Heisenberg-Euler and the quantum dilogarithm
	I. INTRODUCTION
	II. HEISENBERG-EULER EFFECTIVE LAGRANGIAN AND THE CLASSICAL DILOGARITHM
	III. HEISENBERG-EULER EFFECTIVE LAGRANGIAN AND THE COMPACT QUANTUM DILOGARITHM
	IV. HEISENBERG-EULER EFFECTIVE ACTION AND THE NONCOMPACT QUANTUM DILOGARITHM
	V. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: SPINOR-SCALAR SCALING RELATION
	References


