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We introduce pyEFPEHM, a post-Newtonian (PN) inspiral waveform model for eccentric and spin-
precessing compact binaries that includes higher-order modes and matter effects. Accurate and efficient
waveform models capturing these effects are essential for probing compact-binary formation channels and
exploiting current and future gravitational-wave (GW) observations. pyEFPEHM extends pyEFPE,
significantly improving its physical content and accuracy. In particular, we show that above 2.5PN order
the quasicircular contributions to the orbital phasing dominate at each PN order, and we incorporate all
available higher-order quasicircular PN corrections to the phasing, including adiabatic tidal effects. We
generalize the multiple-scale analysis solution of the spin-precession equations, extending it to higher PN
orders and including all available quasicircular corrections. Finally, we add eccentric corrections up to 1PN
order in the waveform amplitudes, including the GW multipoles ðl; jmjÞ ¼ ð2; 2Þ; ð2; 1Þ; ð2; 0Þ; ð3; 3Þ;
ð3; 2Þ; ð3; 1Þ; ð3; 0Þ; ð4; 4Þ; ð4; 2Þ; ð4; 0Þ. We validate pyEFPEHM against existing analytical waveform
models and numerical relativity simulations, showing that it provides a robust and computationally efficient
description of the inspiral, with good agreement across a broad region of parameter space and up to close to
merger. The accuracy degrades in the late inspiral for systems with very unequal masses (m2=m1 ≲ 0.1),
significant spins aligned with the orbital angular momentum (jχeff j ≳ 0.5), and high eccentricities (e ≳ 0.6),
where the PN expansion is expected to break down. pyEFPEHM represents a significant step toward
physically complete and efficient waveform modeling of eccentric and precessing binaries, providing a
foundation for future extensions including higher-order corrections, calibration to numerical relativity, and
merger-ringdown modeling.
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I. INTRODUCTION

Over the coming years, the central goals of gravitational-
wave (GW) astronomy include probing strong-field gravity,
matter at extreme densities, and the astrophysical formation
channels of black holes and neutron stars [1–6]. Achieving
these objectives in a robust manner requires accurate
waveform models that capture the rich physical effects
present during the coalescence of compact binaries, such as
orbital eccentricity, spin precession, higher-order modes, and

matter effects, among others. At the same time, waveform
models must be sufficiently computationally efficient to be
employed in large-scale data-analysis applications.
As the LIGO-Virgo-KAGRA (LVK) Collaboration [7–9]

continues to observe with improving sensitivity [10] and to
expand the catalog of detected compact-binary coalescen-
ces into the several hundreds [11–14], the importance of
modeling these physical effects is becoming increasingly
evident. Evidence for dynamical formation channels has
emerged from the observation of very massive black holes
with large spins [15,16] and from lower-mass asymmetric
systems with large primary black-hole spins [17], both
suggestive of hierarchical mergers [18–20], as well as from
evidence of orbital eccentricity in some high-mass binary
black hole mergers [21–26], based on analyses using
aligned-spin eccentric models. Similarly, the identification
of an eccentric neutron star-black hole merger [27–32],
together with population studies showing evidence for spin
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orientations misaligned with the orbital plane [33], suggests
that hierarchical triples [34–36] undergoing Lidov-Kozai
oscillations [37–39] may contribute significantly to
the population of compact-binary mergers observed by
the LVK.
Looking ahead, next-generation ground-based detectors

such as the Einstein Telescope [6,40,41] and Cosmic
Explorer [2,42], as well as space-based observatories such
as LISA [43,44], will extend the accessible frequency band
toward much lower frequencies. This will allow compact
binaries to be observed much earlier in their inspiral, where
orbital eccentricity is expected to be more prominent, as the
binary will have had less time to circularize through GW
emission. At the same time, the much higher signal-to-
noise ratios anticipated for events observed by these future
detectors will make physical effects that are subdominant in
current LVK observations, such as spin precession and
higher-order modes, increasingly important.
Despite substantial progress in waveform modeling for

quasicircular precessing [45–50] and eccentric spin-aligned
binaries [51–55], only a fewmodels currently describe fully
general eccentric and precessing systems [56–58], and
these remain limited in accuracy, physical completeness,
and computational efficiency.
In this context, we introduce pyEFPEHM, a PN inspiral

waveform model for eccentric and precessing binaries with
higher-order modes and adiabatic tidal effects. This model
extends pyEFPE [57], which, despite its more limited
physical completeness and accuracy, has already enabled a
wide range of applications, including finding the first
evidence for orbital eccentricity in a neutron star-black
hole merger [27], simulations of stellar-origin black hole
binaries for LISA data challenges [59], and studies of the
astrophysical implications of eccentricity in neutron star-
black hole binaries [35]. In addition, pyEFPE has been
adapted by independent groups to explore extensions of
general relativity [60] and to probe intrinsic neutron star
ellipticity in eccentric binaries [61].
Both pyEFPE and pyEFPEHM are based on the efficient

fully precessing eccentric (EFPE) framework developed
in Refs. [62–64], which we review in Sec. II. Compared
to its predecessor, pyEFPEHM incorporates several key
improvements:

(i) In Sec. III, we incorporate high-order quasicircular
PN corrections to the orbital phasing motivated by
the observation that, above 2.5PN order, quasicir-
cular contributions dominate at each PN order.
Following this strategy, we include all currently
available quasicircular PN corrections, namely up to
4.5PN order in the nonspinning sector [65], up to
4PN order in the fully spinning spin-orbit and spin-
spin sectors [66,67] (with partial results at 3.5PN
order in the fully spinning case), 3.5PN aligned
cubic-in-spin effects [68], 7.5PN adiabatic tidal
effects [69], and 6.5PN adiabatic spin-tidal effects

[70]. These additions significantly improve the
phasing in the late inspiral and enable applications
to binaries containing neutron stars.

(ii) In Sec. IV we extend the multiple-scale analysis
(MSA) solution of the spin-precession equations,
previously available only up to 2PN order, to higher
PN orders. Following the same strategy as for the
orbital phasing, we further supplement the eccentric
2PN equations used in pyEFPE with all known
quasicircular corrections, which are currently avail-
able up to 4PN order.

(iii) In Sec. V we include eccentric waveform amplitude
corrections up to 1PN order following Ref. [71]. In
particular, pyEFPEHM incorporates the GW multi-
poles ðl; jmjÞ ¼ ð2; 2Þ, (2,1), (2,0), (3,3), (3,2), (3,1),
(3,0), (4,4), (4,2), and (4,0).

In Sec. VI we thoroughly test and validate pyEFPEHM.
We assess its computational performance and compare it to
other analytical waveform models, including pyEFPE,
SpinTaylorT4 [72–75], SEOBNRv5EHM [51,76],
SEOBNRv5PHM [45,46,48,67], and TEOBResumS-
Dali [58,77,78], through timing and mismatch studies
(Sec. VI A). We further benchmark the model against
numerical relativity simulations in Sec. VI B, and perform
full Bayesian parameter estimation on simulated data from
current ground-based detector networks using both
pyEFPEHM and SEOBNRv5PHM injections in Sec. VI C.
These studies show that pyEFPEHM provides a robust and
computationally efficient description of the inspiral of
eccentric and precessing compact binaries, with good
agreement with existing analytical waveform models and
numerical relativity simulations across a broad region of
parameter space and up to close to merger. We find that the
accuracy in the late inspiral degrades for systems with very
unequal masses (m2=m1 ≲ 0.1), significant aligned spins
(jχeff j≳ 0.5), and high eccentricities (e≳ 0.6), where the
PN expansion is expected to break down.
Finally, in Sec. VII we conclude, summarizing our main

results and discussing possible directions for future work.
Unless otherwise specified, we use geometric units

(G ¼ c ¼ 1) throughout. Vectors are denoted in boldface,
with hats indicating unit vectors. Angular momenta are
expressed in dimensionless form by rescaling with the total
mass squared, M2, so that, for example, L ¼ Lphysical=M2

and Si ¼ Sphysicali =M2.

II. SUMMARY OF EFPE WAVEFORM MODELING

The pyEFPEHM model presented in this work is an
extension of the pyEFPE [57] model, itself based on the
EFPE waveform introduced in Ref. [63]. Here, we extend
pyEFPE by incorporating higher-order PN quasicircular
corrections to the phasing and precession equations, as well
as higher-order multipoles in the GW emission. These
additions significantly improve the accuracy of the model
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while utilizing the same theoretical framework, described
in detail in Ref. [57] and briefly summarized below.
EFPE models are PN in nature. The evolution of the

orbital positions and spins of the binary components is
obtained by solving the PN equations of motion [79], while
the GW signal is computed using the multipolar post-
Minkowskian formalism matched to the PN source [80].
The computational efficiency of EFPE models relies on the
separation of timescales present during the inspiral of
compact binaries. In particular,

Torb∼O
�
M
v3

�
≪ TPA∼TSP∼O

�
M
v5

�
≪ TRR∼O

�
M
v8

�
;

ð1Þ

where Torb, TPA, TSP, and TRR denote the orbital, perias-
tron-advance, spin-precession, and radiation-reaction time-
scales, respectively. Here v is the characteristic orbital
velocity, which satisfies v ≪ 1 during the inspiral.
Within this framework, the orbital dynamics are approxi-

mated using the quasi-Keplerian parametrization. A MSA
[57,81–83] is then employed to describe the precession of
these quasi-Keplerian orbits induced by spin components
misaligned with the orbital angular momentum. Finally,
radiation reaction is incorporated by computing the slow
evolution of the parameters entering the quasi-Keplerian
and MSA solutions, such as the eccentricity and the orbital
and precession frequencies. While this separation of time-
scales is an approximation, couplings between the different
scales can be consistently included as perturbative correc-
tions within the EFPE framework.
Building on this conceptual overview, we now turn to the

explicit construction of the GW signal. In the EFPE
framework, the GW polarizations hþ;× are decomposed
in terms of spin-weighted spherical harmonics as [80,84]

hþ − ih× ¼
X∞
l¼2

Xl

m¼−l
hlm−2Y

lmðΘ;ΦÞ; ð2Þ

where ðΘ;ΦÞ are the spherical angles of the wave propa-
gation vector measured in the inertial binary source frame,
and −2Y

lm are the spin-weighted spherical harmonics of
spin weight −2. For precessing binaries, the inertial-frame
modes hlm have a complicated time-dependent structure,
and we therefore write them in terms of the simpler
coprecessing modes Hlm [85], as

hlm
0 ≡ Xl

m¼−l
Dl

m0mðϕz; θL; ζÞHlm; ð3Þ

where Dl
m0mðϕz; θL; ζÞ are the Wigner D matrices and ϕz,

θL, and ζ are the three Euler angles describing the rotation
from the co-precessing frame, which is instantaneously

aligned with the direction of the Newtonian orbital angular
momentum, to the inertial frame [86]. These Euler angles
are obtained from the MSA approximation (see Sec. IV for
more details). Note that, while the co-precessing-frame
modes Hlm closely resemble the GW modes of an aligned-
spin binary, precession effects are also present in these
modes [85,87,88]. At the 1PN order considered in
pyEFPEHM, the residual precession-induced corrections
to the co-precessing-frame modes are negligible. We there-
fore approximate the modes Hlm by those of an aligned-
spin binary, which satisfy the mode symmetry

Hl−m ¼ ð−1ÞlðHlmÞ�: ð4Þ

Putting together Eqs. (2) and (3), the waveform polar-
izations in the inertial frame can be written as

hþ − ih× ¼
X∞
l¼2

Xl

m¼−l
Al;mĤ

lm; ð5Þ

where we have defined

Al;m ≡ h0
Xl

m0¼−l
−2Y

lm0 ðΘ;ΦÞDl
m0mðϕz; θL; ζÞ; ð6aÞ

Hlm ≡ h0Ĥ
lm; ð6bÞ

h0 ≡ 4

ffiffiffi
π

5

r
Mν

dL
ðMωÞ2=3; ð6cÞ

with dL the luminosity distance to the binary, M ¼ m1 þ
m2 the total mass, ω the mean orbital angular velocity, and
ν ¼ m1m2=M2 the symmetric mass ratio.
Since the GW polarizations hþ and h× are real valued,

combining Eq. (5) with its complex conjugate and using the
mode symmetry in Eq. (4), the two polarizations can be
written as

hþ;× ¼
X∞
l¼2

Xl

m¼−l
Aþ;×
l;m Ĥlm; ð7Þ

where

Aþ
l;m ¼ 1

2
½Al;m þ ð−1ÞlðAl;−mÞ��; ð8aÞ

A×
l;m ¼ i

2
½Al;m − ð−1ÞlðAl;−mÞ��; ð8bÞ

which have the property

Aþ;×
l;−m ¼ ð−1ÞlðAþ;×

l;m Þ�: ð9Þ
To compute the GW polarizations as a function of time,

we need expressions for the co-precessing-frame modes
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Ĥlm as functions of time. For a system following quasi-
Keplerian orbits, and after factoring out the secular effect of
periastron advance, these modes are periodic with the
orbital period and can therefore be expressed as a
Fourier series,

Ĥlm ¼ e−imδλ
X∞
p¼−∞

Nlm
p e−ipl; ð10Þ

where Nlm
p are the amplitudes of the eccentric harmonics

[64,71], δλ is the argument of periastron, and l the mean
anomaly, defined as

δλ≡ λ − l ¼ kl; ð11aÞ

l≡ nðt − t0Þ; ð11bÞ

with k the periastron advance, λ ¼ ð1þ kÞl the mean
orbital phase, n ¼ 2π=P the mean motion with P the orbital
period, and t0 a constant of integration. From Eqs. (4) and
(10) we can deduce that

Nl−m
p ¼ ð−1ÞlðNlm

−pÞ�: ð12Þ

Substituting Eq. (10) into Eq. (7), the GW polarizations
can finally be written as

hþ;× ¼
X∞
l¼2

Xl

m¼−l

X∞
n¼−∞

Aþ;×
l;m;ne

−iðnλþðm−nÞδλÞ; ð13Þ

with

Aþ;×
l;m;n ¼ Nlm

n Aþ;×
l;m : ð14Þ

From Eqs. (9) and (12), we can deduce that Aþ;×
l;m;n have

the property

Aþ;×
l;−m;n ¼ ðAþ;×

l;m;−nÞ�; ð15Þ

which very simply relates the amplitudes of negative m
modes with negative n modes.
Equation (13) provides a convenient representation of

the time-domain GW polarizations, in which the waveform
is decomposed into modes with slowly varying amplitudes
Aþ;×

l;m;nðtÞ, driven by spin precession and radiation reaction,
and rapidly growing phases nλþ ðm − nÞδλ, which gen-
erate oscillations on the orbital timescale, with frequencies
that themselves evolve slowly on the radiation-reaction
timescale. This separation of timescales allows the fre-
quency-domain waveform to be obtained analytically by
approximating the Fourier transform of Eq. (13), given by

h̃þ;×ðfÞ ¼
Z

∞

−∞
dt hþ;×ðtÞe2πift: ð16Þ

In our case, the amplitudeAþ;×
l;m;nðtÞ oscillates on the spin-

precession timescale TSP ∼OðM=v5Þ, which is slightly
shorter than the timescale of the stationary phase approxi-
mation (SPA) of each mode

TSPA
m;n ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jnλ̈þ ðm − nÞδ̈λj
q ; ð17Þ

which is OðM=v5.5Þ. This violates a key assumption of the
SPA, namely that the amplitude can be treated as constant
over a time interval T ≳ TSPA

m;n around the stationary point,
making the SPA potentially inaccurate. To account for the
time dependence of the amplitudes, we employ the Shifted
Uniform Asymptotics (SUA) method introduced in
Ref. [89]. Within the SUA framework, the frequency-
domain GW polarizations are approximated as

h̃þ;× ¼
ffiffiffiffiffiffi
2π

p X∞
l¼2

Xl

m¼−l

X∞
n¼−∞

n
Tm;nA

corrþ;×
l;m;n ðtm;nÞ

× eið2πftm;n−ϕm;nðtm;nÞ−π=4Þ
o
; ð18aÞ

ϕm;nðtÞ ¼ nλðtÞ þ ðm − nÞδλðtÞ; ð18bÞ

ϕ̇m;nðtm;nÞ ¼ 2πf; ð18cÞ

Tm;n ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jϕ̈m;nðtm;nÞj
q ; ð18dÞ

Acorrþ;×
l;m;n ðtm;nÞ ¼

Xkmax

k¼−kmax

ak;kmax
Aþ;×

l;m;nðtm;n þ kTm;nÞ: ð18eÞ

The SUA expression in Eq. (18a) closely resembles the
SPA, with tm;n the usual stationary time obtained by solving
Eq. (18c), and Tm;n the associated SPA timescale. The key
difference is that, in the SUA, the amplitude Aþ;×

l;m;nðtm;nÞ is
replaced by a corrected amplitudeAcorrþ;×

l;m;n ðtm;nÞ, defined in
Eq. (18e), which accounts for the variation ofAþ;×

l;m;nðtÞ over
the SPA timescale region by sampling it at shifted times
tm;n þ kTm;n. The coefficients ak;kmax

are determined by
solving the following linear system of equations [57,89],

1

2
a0;kmax

þ
Xkmax

k¼1

ak;kmax
¼ 1

2
; p ¼ 0; ð19aÞ

Xkmax

k¼1

ðik2Þp
ð2p − 1Þ!! ak;kmax

¼ 1

2
; 1 ≤ p ≤ kmax; ð19bÞ
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a−k;kmax
¼ ak;kmax

: ð19cÞ

In summary, EFPE models exploit the separation of
timescales present during the inspiral of compact binaries
to decompose the GW signal into modes with slowly
varying amplitudes and frequencies. This structure enables
the efficient construction of waveforms in both the time and
frequency domains. Both domains are implemented in
pyEFPEHM.

III. ADDING HIGH-ORDER POST-NEWTONIAN
QUASICIRCULAR CORRECTIONS TO

THE PHASING

PN results for the phasing of eccentric binaries are
currently available only up to 2.5PN order for fully
spinning binaries and 3PN order for systems with spins
aligned with the orbital angular momentum [90,91]. In
contrast, for quasicircular (QC) binaries, the problem
simplifies considerably, allowing higher-order PN correc-
tions to be derived. In particular, the phasing of QC binaries
is known up to 4.5PN in the nonspinning sector [65], 4PN
in the fully spinning spin-orbit, and spin-spin sectors
[66,67] (with partial results at 3.5PN in the fully spinning
case), 3.5PN for aligned cubic-in-spin effects [68], 7.5PN
in the adiabatic tidal sector [69], and 6.5PN in the adiabatic
spin-tidal sector [70]. These QC corrections, which have
been included in pyEFPEHM, are detailed in the
Appendix A. Note that, during the preparation of this
work, eccentric tidal corrections up to 7.5PN order were
derived in Refs. [92,93], however, they are not included in
pyEFPEHM.
In this Section, we show that incorporating the quasi-

circular limit of the higher-order PN corrections listed
above captures the dominant contribution at the corre-
sponding PN order in the phasing of an eccentric binary.
Neglecting log y terms, which vary slowly over the inspiral,
the evolution of the mean orbital phase λwith respect to the
PN parameter y is given by

dλ
dy

¼
X∞
n¼0

X∞
m¼0

cn;myn−6e2mðyÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
dλn;m=dy

; ð20Þ

where cn;m are coefficients that encode the PN dynamics
and eðyÞ is the eccentricity as a function of the PN
parameter

y ¼ ðMωÞ1=3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ; ð21Þ

which is related to the norm of the Newtonian angular
momentum (LN ¼ ν=y). We describe the evolution of the
binary in terms of y, since it simplifies the PN evolution
equations, removing coordinate singularities when e → 1.

Due to radiation reaction, eccentricity decreases rapidly
as the PN parameter increases during the inspiral [94].
Therefore, eccentric effects in Eq. (20) are most relevant
during the early inspiral, where the PN parameter y is
smaller and high-order PN terms are suppressed. As a
result, the contribution from eccentric corrections at higher
PN orders is suppressed throughout the entire inspiral and
cannot accumulate to yield anOð1Þ correction to the phase.
To make this argument more precise, we examine how e
evolves with y.
Although GW emission tends to circularize the orbit, a

small residual eccentricity can be induced if the binary
components have spins perpendicular to the orbital angular
momentum, si⊥. This residual eccentricity is approximately
given by [62,95]

e2min ¼
5

304
ks1⊥ − s2⊥k2y4: ð22Þ

For aligned-spin systems (i.e., si⊥ ¼ 0), eccentricity is
expected to decay to zero. At leading (0PN) order, e and
y are related by [57]

e2 ¼ e20

�
1þ 121

304
e2

1þ 121
304

e20

�−145=121� y
y0

�
−19=3

; ð23Þ

where e0 and y0 are the eccentricity and PN parameter at
some initial reference time.
In Fig. 1, we compare the 3PN evolution of eccentricity

for aligned-spin binaries [91] with the 0PN prediction from
Eq. (23). We find that higher-order PN corrections accel-
erate the decay of eccentricity relative to the 0PN estimate.

FIG. 1. Ratio of e2 obtained from numerical integration of
the 3PN evolution equations to (i) the 0PN analytical prediction
of Eq. (23) (blue) and (ii) the upper bound of Eq. (24) (orange).
Shaded regions represent the spread over 104 simulations with
randomly sampled parameters e20∈ ½0.01;0.9�, q¼m2=m1∈½0;1�,
and si;z ∈ ½−1; 1�.
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Therefore, Eq. (23) can be used to construct an upper bound
on e2 during the inspiral,

e2 ≲ e20

�
1þ 121

304
e20

�
145=121

�
y
y0

�
−19=3

; ð24Þ

which we also compare against the exact eccentricity
evolution in Fig. 1. Substituting this upper bound in
Eq. (20), we obtain an upper bound on the evolution of
each term contributing to the total orbital phase

���� dλn;mdy

����≲ jc0n;mje2m0 y
19
3
m

0 yn−
19
3
m−6; ð25Þ

where c0n;m absorbs Oð1Þ numerical constants from the
eccentricity bound. This can be directly integrated to give

jΔλn;mj≲ jc0n;mje2m0 yn−50

5þ 19
3
m − n

"
1 −

�
y0
yf

�
5þ19

3
m−n

#
; ð26Þ

where yf is the final PN parameter, which in typical
observations satisfies yf ≫ y0. Under this assumption,
the contribution to the phase from each term Δλn;m
behaves as

jΔλn;mj≲

8>>>>><
>>>>>:

jc0n;mj
5þ19

3
m−ne

2m
0 yn−50 n< 5þ 19

3
m

jc0n;mje2m0 y
19
3
m

0 logyf
y0

n¼ 5þ 19
3
m

jc0n;mj
n−5−19

3
m
e2m0 y

19
3
m

0 y
n−5−19

3
m

f n> 5þ 19
3
m

: ð27Þ

Therefore, for quasicircular corrections (m ¼ 0),
terms below 2.5PN order (n < 5) scale as yn−50 . Since
y0 ≪ 1, these contributions to the phase can be large.
Meanwhile, QC terms above 2.5PN order (n > 5) scale as
yn−5f and thus can become significant near merger, where
yf ∼ 0.4 [96].
On the other hand, for eccentric corrections (m ≥ 1),

terms up to 5.5PN (n < 11) scale as yn−50 . As before, those
below 2.5PN order can have large contributions, while
those at 3PN and higher are now heavily suppressed due to
the smallness of y0. For terms above 5.5PN, which are
required to accurately model adiabatic tidal deformability
effects [69,97], their contribution to the phase scales as yn−50

if n < 5þ 19
3
m, and as y

19
3
m

0 y
n−5−19

3
m

f if n > 5þ 19
3
m. In both

cases, the phase contribution is strongly suppressed by a

large power of y0, scaling as y
min ðn−5;19

3
mÞ

0 .

IV. EXTENDING THE PRECESSION
DESCRIPTION TO HIGHER
POST-NEWTONIAN ORDERS

A. High post-Newtonian order precession equations

To describe the spin-induced precession of a compact
binary, we track the evolution of the component spins, s1
and s2, and of the direction of the Newtonian orbital angular
momentum, l̂N [85,86,98,99]. Neglecting tidal torquing
effects [100–104], the norms of the component spins, s1
and s2, are conserved. Since l̂N is a unit vector, its norm is
also conserved by definition. It then follows that their
evolution equations can be written as [62,63,105–107]

Dl̂N ¼ y6ΩlN × l̂N; ð28aÞ

Ds1 ¼ μ2y5Ω1 × s1; ð28bÞ

Ds2 ¼ μ1y5Ω2 × s2; ð28cÞ

where [63]

D ¼ M

ð1 − e2Þ3=2
d
dt
; ð29aÞ

μi ¼
mi

M
; ð29bÞ

si ¼
Si
μi
: ð29cÞ

In the eccentric case, the precession frequencies in
Eq. (28) are currently known only up to next-to-leading
order [106], which we denote as 2PN in order to match the
PN counting used for the orbital phase evolution.
For quasicircular binaries, however, the precession

frequencies are known up to 4PN order [67,74,108,109].
Using the same arguments as in Sec. III, eccentric correc-
tions are relatively suppressed at high PN orders, and the
quasicircular contributions provide the dominant terms.
Nevertheless, the 2.5PN eccentric corrections accumulate
over long inspirals, as shown in Sec. III, and the quasicir-
cular approximation therefore becomes less accurate. For
this reason, deriving the 2.5PN and 3PN eccentric correc-
tions to the precession equations is important.
To ensure that the discussion in this Section remains

applicable when higher-order PN corrections become
available, or when calibration parameters are introduced,
we keep the PN coefficients general and provide the
explicit expressions in the Appendix B. In particular, the
explicit form of the precession frequencies in Eq. (28) is
given in Eq. (B1).
At 2.5PN order and beyond, one finds in the PN

literature [67,109] that
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l̂N · ðDl̂NÞPN ≠ 0; ð30Þ

implying an apparent time variation of the norm of l̂N , in
contradiction with its definition as a unit vector. Following
Ref. [109], we resolve this inconsistency by removing the
component of ðDl̂NÞPN parallel to l̂N , i.e.,

Dl̂N ¼ ðDl̂NÞPN − l̂N · ðDl̂NÞPN: ð31Þ

The MSA solution to the precession equations employed
in pyEFPE [57,63] strongly relies on the structure of the
2PN spin-precession equations. Here, we generalize this
framework to higher PN orders.
We assume that one can construct a combination of s1,

s2, and l̂N that is approximately conserved and has the form

J ¼ aJ l̂N þ bJðs1 þ s2Þ þ cJðs1 − s2Þ: ð32Þ

Different choices of this vector are possible, and deter-
mining the optimal one is left for future work. In
pyEFPEHM, we choose J to be the PN total angular
momentum [67], and the coefficients aJ, bJ, and cJ are
given in Eq. (B2) of Appendix B.
As in pyEFPE, it is convenient to describe the system

using scalar quantities rather than vectorial degrees of
freedom. In particular, we use the effective inspiral spin
parameter [106,110,111]

χeff ¼ l̂N · ðs1 þ s2Þ; ð33Þ

the reduced aligned-spin difference

δχ ¼ l̂N · ðs1 − s2Þ; ð34Þ

and the azimuthal angle ϕz of l̂N in a frame aligned with J,
that can be computed as

Dϕz ¼
ðDl̂NÞ · ðȷ̂ × l̂NÞ
1 − ðȷ̂ · l̂NÞ2

; ð35Þ

where ȷ̂ ¼ J=J is the unit vector along J, which is
approximately conserved. Given J, χeff , δχ, and ϕz, the
six degrees of freedom of s1, s2, and l̂N can be recon-
structed, since their norms are conserved. The evolution
equations for χeff and δχ follow from differentiating
Eqs. (33), (34) and substituting Eq. (28), yielding

Dχeff ¼ 3y8Aχ l̂N · ðs1 × s2Þ þ νy11Bχ ; ð36aÞ

Dδχ ¼ 3y6Aδχ l̂N · ðs1 × s2Þ þ νy11Bδχ ; ð36bÞ

where Aχ , Bχ , Aδχ , and Bδχ are Oðy0Þ constants. Their
explicit PN expressions are given in Eq. (B3) of
Appendix B.

B. Approximate solutions for χ eff and δχ

Beyond 2PN order, χeff is no longer conserved.
Nevertheless, from Eq. (36b) one finds that, at 3.5PN order,

dχeff
dδχ

¼ Dχeff
Dδχ

¼ y2
Aχ

Aδχ
þOðy5Þ: ð37Þ

This equation can be integrated analytically if y, Aχ , and
Aδχ are treated as constants. This constitutes an approxi-
mation, since these quantities evolve due to radiation
reaction and because Aχ and Aδχ depend on the component
spins, which themselves evolve through spin precession.
Unless otherwise stated, we neglect these effects in this
Section and assume that all quantities are constant except
for the explicitly evolving χeff and δχ. Spin-dependent
terms appearing inside these “constants” are replaced by
their precession-averaged values, described in Sec. IV D 1.
We find that this approximation has a small impact on the
final solution and allows us to extend the results of
Refs. [57,63] to higher PN orders. Under these assump-
tions, Eq. (37) integrates to

χeff ¼ χeff;0 þ kχðδχ − δχ0Þ; ð38aÞ

kχ ¼ y2
Aχ

Aδχ
: ð38bÞ

Thus, once δχ is known, χeff follows directly. We
therefore focus on Eq. (36b). We again neglect the 4PN
contribution proportional to Bδχ . Although the triple

product l̂N · ðs1 × s2Þ is in general difficult to compute,
its square can be expressed using the identity

½v1 · ðv2 × v3Þ�2 ¼ det

8>><
>>:
0
B@v1 · v1 v1 · v2 v1 · v3

v2 · v1 v2 · v2 v2 · v3

v3 · v1 v3 · v2 v3 · v3

1
CA
9>>=
>>;;

ð39Þ

to write

ðDδχÞ2¼ 9y12A2
δχ ½l̂N · ðs1× s2Þ�2

¼ 9y12A2
δχ

�
s21s

2
2− ðs1 · s2Þ2−

s21þ s22−2ðs1 · s2Þ
4

χ2eff

þ s21− s22
2

χeffδχ−
s21þ s22þ2ðs1 · s2Þ

4
δχ2

�
: ð40Þ

To solve this equation, we express s1 · s2 in terms of δχ.
This relation is obtained by squaring Eq. (32) and solving
for s1 · s2. Following Ref. [57], and in order to avoid large
numerical cancellations, we introduce ΔJ2 through
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J2 ¼ ðaJ þ bJχeff;0 þ cJδχ0Þ2 þ ðbJ þ cJÞ2s21⊥;0

þ ðbJ − cJÞ2s22⊥;0 þ ðb2J − c2JÞΔJ2 ð41Þ

where

s2i⊥;0 ¼ ksi⊥;0k2 ¼
			si;0 − ðl̂N;0 · si;0Þl̂N;0

			2; ð42Þ

and the subscript “0” denotes initial values. Consequently,

ΔJ2;ini ¼ 2s1⊥;0 · s2⊥;0: ð43Þ

Equating the square of Eq. (32) to Eq. (41) and solving
for s1 · s2, one finds

s1 ·s2¼
χ2eff;0−δχ20

4
þΔJ2

2

−
aJ

b2J−c2J
½bJðχeff−χeff;0ÞþcJðδχ−δχ0Þ�: ð44Þ

Substituting Eq. (38) and Eq. (44) into Eq. (40) yields

ðDδχÞ2 ¼ 9

4
y12A2

δχ ½acTðδχ − δχ0Þ3 − bcTðδχ − δχ0Þ2

þ cc⊥ðδχ − δχ0Þ þ dc⊥�; ð45Þ

where the coefficients of the cubic polynomial are
defined as

acT ¼ ð1 − k2χÞκc; ð46aÞ

bcT ¼ κ2c − 2κcδχ̃0 þ χ̃2eff;0 þ ð1 − kχÞ2s21⊥;0

þ ð1þ kχÞ2s22⊥;0 þ ð1 − k2χÞΔJ2 ; ð46bÞ

cc⊥ ¼ 2
h
ðκc − δχ̃0ÞΔJ2 þ ð1 − kχÞðχ0 − δχ0Þs21⊥;0

− ð1þ kχÞðχ0 þ δχ0Þs22⊥;0

i
; ð46cÞ

dc⊥ ¼ 4s21⊥;0s
2
2⊥;0 − Δ2

J2 ; ð46dÞ

and we have introduced the following variables to simplify
the expression

κc ¼
2aJc̃J
b2J − c2J

; ð47aÞ

c̃J ¼ cJ þ kχbJ; ð47bÞ

b̃J ¼ bJ þ kχcJ; ð47cÞ

χ̃eff;0 ¼ χeff;0 − kχδχ0; ð47dÞ

δχ̃0 ¼ δχ0 − kχχeff;0: ð47eÞ

The right-hand side of Eq. (45) is a cubic polynomial,
which can be factorized as

ðDδχÞ2 ¼
�
3

2
Aδχy6

�
2

× ðδχ − δχþÞðδχ − δχ−ÞðacTδχ − δχ3Þ; ð48Þ

δχ− ≤ δχþ ≤
δχ3
acT

; ð49Þ

Assuming the coefficients to be constant, the solution of
this differential equation is [63]

δχ ¼ δχ− þ ðδχþ − δχ−Þsn2ðψp;mÞ; ð50Þ

where

m ¼ acTðδχþ − δχ−Þ
δχ3 − acTδχ−

; ð51aÞ

Dψp ¼
3Ay6

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δχ3 − acTδχ−

p
; ð51bÞ

and snðψp;mÞ ¼ sinðamðψp;mÞÞ is the Jacobi elliptic sine
function, with amðψp;mÞ being the Jacobi amplitude. We
use the same conventions for the elliptic functions and
integrals as in Ref. [63]. In Eq. (50) we observe that we
obtain a solution for δχ that is exactly the same as in
pyEFPE [57,63], with the higher PN corrections modify-
ing the values of the roots of the polynomial δχþ, δχ−, and
δχ3 and the prefactor Aδχ. To find the actual roots of the
cubic polynomial we start by computing

p ¼ b2cT
3

− acTcc⊥; ð52aÞ

q ¼ −
2b3cT
27

þ acTbcTcc⊥
3

þ a2cTdc⊥; ð52bÞ

and then, the roots of the cubic polynomial can be
written as

δχ3 ¼ Y3 − dY þ acTδχ0; ð53aÞ

δχ� ¼ Y� − dY
acT

þ δχ0; ð53bÞ

with

Y3 ¼ 2

ffiffiffiffi
p
3

r
cos

�
argðGÞ

3

�
; ð54aÞ

Y� ¼ 2

ffiffiffiffi
p
3

r
cos

�
argðGÞ ∓ 2π

3

�
; ð54bÞ
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G ¼ −
q
2
þ i

��
p
3

�
3

−
�
q
2

�
2
�
1=2

¼ −
q
2
þ iacT

�
b3cTdc⊥
27

þ b2cTc
2
c⊥

108
−
bcTacTcc⊥dc⊥

6

−
a2cTd

2
c⊥

4
−
acTc3c⊥
27

�
1=2

; ð54cÞ

dY ¼ bcT
3

: ð54dÞ

Note that, similarly as in Ref. [57], in Eq. (54c) we have
simplified the square root term to avoid the large numerical
cancellations. Using the definitions of Eq. (54), we can
simplify Eqs. (51), to obtain

m ¼ Yþ − Y−

Y3 − Y−
¼

sin
h
argðGÞ

3

i
cos

h
argðGÞ

3
− π

6

i ; ð55aÞ

Dψp ¼
3

4
Aδχy6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3 − Y−

p
: ð55bÞ

As in pyEFPE, it is convenient to write the solution of δχ
of Eq. (50) as

δχ ¼ δχav − δχdiffð1 − 2sn2ðψp; mÞÞ; ð56Þ

where

δχav ¼
δχþ þ δχ−

2
¼ δχ0 þ

Yþ þ Y− − 2dY
2acT

; ð57aÞ

δχdiff ¼
δχþ − δχ−

2
¼ Yþ − Y−

2acT
: ð57bÞ

C. Approximate solutions for the
Euler angles

As in pyEFPE, we parametrize the rotation between the
co-precessing frame aligned with l̂N and the approximately
inertial frame aligned with ȷ̂ using the Euler angles ϕz, θL,
and ζ. The latter frame is approximately inertial since ȷ̂ is
approximately conserved. The first Euler angle, ϕz, was
introduced in Eq. (35), while the second Euler angle, θL, is
the angle between l̂N and ȷ̂, i.e.,

cos θL ¼ l̂N · ȷ̂ ¼ aJ þ bJχeff þ cJδχ
J

; ð58Þ

and the third Euler angle, ζ, is determined by the minimal
rotation condition [99,112]

Dζ ¼ − cos θLDϕz: ð59Þ

Substituting Eq. (28a) into Eq. (35) yields

Dϕz ¼ y6J
ðΩlN · JÞ − ðΩlN · l̂NÞðJ · l̂NÞ

J2 − ðJ · l̂NÞ2
; ð60Þ

which can be evaluated using Eq. (32) together with

ΩlN ¼ ωsðs1 þ s2Þ þ ωδðs1 − s2Þ; ð61Þ
where ωs and ωδ follow from Eq. (B1a) in the Appendix B,
neglecting the 4PN terms proportional to ðs1 þ s2Þ × l̂N and
ðs1 − s2Þ × l̂N . One then finds

Dϕz ¼ y6


ADϕ;JJ þ ADϕ;Π

�
N−

D−
þ Nþ
Dþ

��
; ð62aÞ

ADϕ;J ¼
ωδ þ kχωs

c̃J
; ð62bÞ

ADϕ;Π ¼ 1

2

cJωs − bJωδ

ðb2J − c2JÞc̃J
; ð62cÞ

N� ¼ ðJ � Jk;0Þ


b̃JðJ � Jk;0Þ

∓ 1

2
ð1þ kχÞðbJ þ cJÞ2ðχeff;0 þ δχ0Þ

∓ 1

2
ð1 − kχÞðbJ − cJÞ2ðχeff;0 − δχ0Þ

�
− c̃J½ðbJ þ cJÞ2s21⊥;0 − ðbJ − cJÞ2s22⊥;0�; ð62dÞ

D� ¼ 2Jð1� cos θLÞ ¼ 2½J � ðaJ þ bJχeff þ cJδχÞ�
¼ B� − C�½1 − 2sn2ðψp; mÞ�; ð62eÞ

B� ¼ J � Jk;0 � c̃Jðδχav − δχ0Þ; ð62fÞ

C� ¼ �c̃Jδχdiff ; ð62gÞ

Jk;0 ¼ aJ þ bJχeff;0 þ cJδχ0: ð62hÞ

As in Refs. [57,63], this equation can be integrated
analytically in the absence of radiation reaction and
decomposed into a secular and a periodic contribution,

ϕz ¼ ϕz;0 þ δϕz; ð63aÞ

Dϕz;0 ¼ hDϕzi

¼ y6


ADϕ;JJ þ ADϕ;Π

P− þ Pþ
KðmÞ

�
; ð63bÞ
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δϕz ¼
Z

t0þδt

t0

Dϕz − hDϕzidt

¼ 4

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3 − Y−

p ADϕ;Π

Aδχ
fδP−ðψ̂pÞ þ δPþðψ̂pÞg; ð63cÞ

where

P� ¼ N�
B� − C�

Π
�

−2C�
B� − C�

; m

�
; ð64aÞ

δP�ðψ̂pÞ ¼
N�

B� − C�

(
Π
�

−2Cþ
Bþ − Cþ

; amðψ̂p;mÞ;m
�

−
Πð −2Cþ

Bþ−Cþ
; mÞ

KðmÞ ψ̂p

)
; ð64bÞ

with Πðn;mÞ and Πðn;ϕ;mÞ the complete and incomplete
elliptic integral of the third kind, t0 the start of a precession
cycle, Y3 and Y− the quantities defined in Eq. (54), and
δt∈ ð0; Tp� and ψ̂p ∈ ð−KðmÞ; KðmÞ� the time and phase
within the cycle.
An analogous procedure yields the solution for the third

Euler angle ζ. Substituting Eqs. (62) and (58) into Eq. (59)
and integrating, one finds

ζ ¼ ζ0 þ δζ; ð65aÞ

Dζ0 ¼ −y6
(
ADϕ;J½aJ þ bJ χ̃eff;0 þ c̃Jhδχi�

þ ADϕ;Π

�
4aJb̃J þ 2ðb2J − c2JÞχ̃eff;0 þ

P− − Pþ
KðmÞ

�)
;

ð65bÞ

δζ ¼ 2

3

b2J − c2J
ð1 − k2χÞaJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3 − Y−

p ADϕ;J

Aδχ
δEðψ̂pÞ

−
4

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3 − Y−

p ADϕ;Π

Aδχ
fδP−ðψ̂pÞ − δPþðψ̂pÞg; ð65cÞ

where

hδχi ¼ δχav −
2δχdiff
m

�
EðmÞ
KðmÞ − 1þm

2

�
; ð66aÞ

δEðψ̂pÞ ¼ E½amðψ̂p;mÞ;m� − EðmÞ
KðmÞ ψ̂p; ð66bÞ

with EðmÞ and Eðϕ;mÞ the complete and incomplete
elliptic integrals of the second kind.

D. Addition of radiation reaction effects

In the previous description of the spin-precession
dynamics, we have neglected the effect of radiation
reaction. This is justified because the radiation-reaction
timescale is much longer than the spin-precession time-
scale, so its impact within a single precession cycle is small.
Nonetheless, radiation reaction accumulates over many
cycles, primarily through the secular evolution of the
orbital parameters, which in turn modifies the spin-pre-
cession dynamics. In this Section, we incorporate radiation-
reaction effects by closely following Refs. [57,63], since
our PN-extended solution has a structure very similar to the
2PN solution presented there.
When radiation reaction is included, the PN parameter y

increases as the binary becomes more compact, while the
eccentricity e decreases as the orbit circularizes, approach-
ing the residual eccentricity induced by spin effects of
Eq. (22).
The PN evolution equations for the PN parameter y, the

squared eccentricity e2, the mean orbital phase λ, and the
argument of periastron δλ can be written as

Dy ¼ νy9
X
n≥0

anðy; e2; l̂N; s1; s2Þyn; ð67aÞ

De2 ¼ −νy8
X
n≥0

bnðy; e2; l̂N; s1; s2Þyn; ð67bÞ

Dλ ¼ y3; ð67cÞ

Dδλ¼ ky3

1þk
; k¼ y2

X
n≥0

knðy;e2; l̂N;s1;s2Þyn; ð67dÞ

where k is the periastron advance. The coefficients an, bn,
and kn are given up to 3PN order in Ref. [57], while
Appendix A provides higher-PN-order quasicircular
expressions for an, as discussed in Sec. III.
In practice, we integrate the radiation-reaction equa-

tions numerically using Runge-Kutta methods
[113,114]. Since the PN coefficients depend on the
angular momenta l̂N , s1, and s2, which vary on the spin-
precession timescale, a direct integration of Eq. (67)
would require resolving this short timescale, leading to
prohibitively small time steps. To avoid this issue, we
replace the quantities in Eq. (67) that vary on the spin-
precession timescale by their averages over one pre-
cession cycle. This removes the explicit dependence of
the radiation-reaction equations on the fast precessional
dynamics and allows for an efficient numerical integra-
tion on the radiation-reaction timescale.

1. Spin couplings averaging

Inspecting the dependence of Eq. (67) on the angular
momenta, we find that the spin-orbit terms depend on χeff
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and δχ. hδχi was already computed in Eq. (66a) and from
Eq. (38), then

hχeffi ¼ χeff;0 þ kχðhδχi − δχ0Þ: ð68Þ

As discussed in Sec. IV B, in the MSAwe assumed some
parameters, such as kχ , to be constant by replacing the
angular momenta entering them with their precession-
averaged values. Consequently, in Eqs. (68) and (66a),
both sides depend on the precession-averaged quantities to
be determined. We resolve this implicit dependence using a
fixed-point iteration scheme. We initialize the MSA sol-
ution of Sec. IV B by setting each precession-averaged
quantity equal to its initial value (e.g., hδχi ¼ δχ0 and
hχeffi ¼ χeff;0). This provides a first estimate for the
precession-averaged quantities, which is then reinserted
into the equations and iterated. Since the differences
between the precession-averaged and initial values are
small, and these averaged quantities enter only at high
PN order (3PN and above), the iteration converges rapidly.
As in Ref. [57], for the spin-spin couplings in Eq. (67)

we must compute the precession averages of

σð1Þi ¼ s2i ; ð69aÞ

σð2Þi ¼ ðl̂N · siÞ2; ð69bÞ

σð3Þi ¼ jl̂N × sij2 cos 2ψ i; ð69cÞ

where i∈ f0; 1; 2g, s0 ¼ s1 þ s2, and ψ i denotes the angle
between the periastron line and the projection of si onto the

orbital plane. Since tidal torques are neglected, σð1Þ1;2 ¼ s21;2
are constant. Moreover, as shown in Ref. [63], the angles ψ i

evolve on the periastron-advance timescale (Dψ i ∼ y5). As

a result, σð3Þi ∝ cos 2ψ i oscillates rapidly compared to the
radiation-reaction timescale (TRR ∼ y−8) and averages to
zero,

hσð3Þi i ¼ 0 for i ¼ f0; 1; 2g: ð70Þ

For σð1Þ0 we write

hσð1Þ0 i ¼ hðs1 þ s2Þ2i ¼ s21 þ s22 þ 2hs1 · s2i
¼ χ2eff;0 þ s21⊥;0 þ s22⊥;0 þΔ2

J2 −
aJc̃J

b2J − c2J
ðhδχi− δχ0Þ;

ð71Þ

where we have substituted Eq. (44) for s1 · s2 and then
taken the precession average. A similar procedure applies
to the squares of the spin components aligned with the
orbital angular momentum,

hσð2Þ0 i ¼ hχ2effi; ð72aÞ

hσð2Þ1;2i ¼ hðL̂ · s1;2Þ2i ¼
��

χeff � δχ

2

�
2



¼ hχ2effi � 2hχeffδχi þ hδχ2i
4

; ð72bÞ

where the terms that contain χeff can be always written in
terms of δχ by substituting Eq. (38), and assuming that kχ is
constant, we only need to compute hδχ2i. An analogous
situation occurs for the aligned cubic-in-spin terms listed in
the Appendix A, which depend on hχneffδχ3−ni with
n∈ f0; 1; 2; 3g. These can likewise be rewritten in terms
of hδχni using Eq. (38). Following Refs. [57,63], the
required precession averages are

hδχi ¼ δχav þ F1ðmÞδχdiff ; ð73aÞ

hδχ2i ¼ hδχi2 þ
�
1

2
− F2ðmÞ

�
δχ2diff ; ð73bÞ

hδχ3i ¼ hδχið3hδχ2i − 2hδχi2Þ − F3ðmÞδχ3diff ; ð73cÞ

F1ðmÞ ¼ −
2

m

�
EðmÞ
KðmÞ − 1þm

2

�
; ð73dÞ

F2ðmÞ ¼ 4

m2

��
EðmÞ
KðmÞ

�
2

þ 2

3

EðmÞ
KðmÞ ðm − 2Þ

þm2

8
−
m
3
þ 1

3

�
; ð73eÞ

F3ðmÞ ¼ 16

m3

"�
EðmÞ
KðmÞ

�
3

þ
�
EðmÞ
KðmÞ

�
2

ðm − 2Þ

þ EðmÞ
KðmÞ

�
4

15
m2 −

19

15
mþ 19

15

�

−
2

15
m2 þ 2

5
m −

4

15

#
; ð73fÞ

where in the limit m → 0,

F1ðmÞ ¼ m
8
þOðm2Þ; ð74aÞ

F2ðmÞ ¼ m2

256
þOðm3Þ; ð74bÞ

F3ðmÞ ¼ 3

32
mþOðm2Þ: ð74cÞ
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2. Evolution of the total angular momentum

Up to this point, we have treated the vector J, defined in
Eq. (32), as constant. In general, however, J evolves in
time, and its derivative can be written as

DJ ¼ aJDl̂N þ bJDðs1 þ s2Þ þ cJDðs1 − s2Þ
þ ðDaJÞl̂N þ ðDbJÞðs1 þ s2Þ þ ðDcJÞðs1 − s2Þ;

ð75Þ

where the derivatives of l̂N , s1, and s2 are given by Eq. (28).
This induces a change in the direction of J, which can be
computed as

Dȷ̂ ¼ 1

J3
ðJ ×DJÞ × J: ð76Þ

In principle, this change in the direction of J would
require an additional rotation, beyond that relating the co-
precessing frame to the J-aligned frame, in order to reach a
truly inertial frame. In this work, however, we neglect this
effect, since it is typically very small except for systems
undergoing strong nutational resonances or transitional
precession [115], where the spins have large components
antialigned with the orbital angular momentum and the
direction of J can vary significantly.
We do, however, account for the evolution of the

magnitude J. Most of this evolution is captured by writing
J as in Eq. (41), since in the absence of spin precession that
equation describes the evolution of J with ΔJ2 constant.
When the binary precesses, however, ΔJ2 varies in time
according to

DJ2 ¼ 2J ·DJ: ð77Þ

Substituting Eq. (41) for J2 on the left-hand side and
Eqs. (32) and (75) for J and DJ on the right-hand side, we
can solve for DΔJ2. The result depends on the specific
choice of aJ, bJ, and cJ, as well as on the precession
equations of Eq. (28), and can be written as

DΔJ2 ¼ −2c̃J
δχ − δχ0

y2
κDΔJ2

Dyþ yδDΔJ2
Dδχ; ð78Þ

where the term proportional to κDΔJ2
arises from radiation-

reaction effects, while the term proportional to δDΔJ2

originates from the fact that, since Eq. (31) removes the
components of Dl̂N parallel to l̂N , one has DJ ≠ 0 even in
the absence of radiation reaction. The coefficients κDΔJ2

and δDΔJ2
for pyEFPEHM are given in Eq. (B4) of

Appendix B.
Equation (78) depends explicitly on the spin-precession

timescale, making a direct numerical integration computa-
tionally expensive. As for the Euler angles ϕz and ζ in

Eqs. (63) and (65), we therefore decompose DΔJ2 into
secular and periodic parts,

ΔJ2 ¼ ΔJ2;0 þ δΔJ2 ; ð79aÞ

DΔJ2;0 ¼ −2c̃J
hδχi − δχ0

y2
κDΔJ2

Dy; ð79bÞ

δΔJ2 ¼
4

3

b2J − c2J
ð1 − k2χÞaJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3 − Y−

p κDΔJ2

Aδχ

Dy
y8

δEðψ̂pÞ

− 2yδDΔJ2
δχdiff ½1 − sn2ðψp;mÞ�; ð79cÞ

where, as in the rest of the MSA solution, we have treated
κDΔJ2

, δDΔJ2
, and Dy as constants by replacing the angular

momenta entering them with their precession-averaged
values. Since δΔJ2 is small and rapidly oscillatory on
the spin-precession timescale, we neglect its contribution to
the binary evolution through the radiation-reaction time-
scale. Nevertheless, we retain δΔJ2 when setting the initial
condition for ΔJ2;0, so that Eq. (79) agrees with Eq. (43) at
the initial time.

3. Evolution of the elliptic parameter

Due to radiation reaction, the elliptic parameter m
evolves slowly in time, so that the spin-precession period
2KðmÞ is no longer constant. Consequently, a fixed incre-
ment of the phase ψp no longer corresponds to a fixed
number of precession cycles. Following Refs. [57,63], we
account for this effect by defining a new phase ψ̄p that is
proportional to the accumulated number of precession
cycles,

Dψ̄p ¼ π

2KðmÞDψp: ð80Þ

From this, the correct phase of the Jacobi elliptic functions
is recovered as

ψ̂pðtÞ ¼
2K½mðtÞ�

π
ˆ̄ψpðtÞ; ð81Þ

where ˆ̄ψp satisfies

ψ̄p − ˆ̄ψp ¼ nπ; for some n∈Z; ð82aÞ

−π < ˆ̄ψp ≤ π; ð82bÞ

and tracks the phase within the precession cycle also when
including radiation reaction.

V. ADDING GRAVITATIONAL WAVE HIGHER
ORDER MODES

In pyEFPEHM, we include GW amplitude corrections
up to 1PN order. This means we incorporate the
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ðl; jmjÞ ¼ ð2; 2Þ, (2, 1), (2, 0), (3, 3), (3, 2), (3, 1), (3, 0),
(4, 4), (4, 2), and (4, 0) multipoles. For these modes, we use
the analytic expressions for the 1PN eccentric harmonic
amplitudes Nlm

p derived in Ref. [71], which are not
expanded in eccentricity and are thus valid at arbitrary
eccentricity.
As in pyEFPE, rather than fixing the number of

included modes a priori, which can be computationally
inefficient and may lead to the inclusion of negligible
contributions in certain regions of parameter space,
pyEFPEHM selects the relevant modes dynamically
during the inspiral. The mode content is updated at
the time steps chosen by the adaptive Runge-Kutta
scheme used to integrate the equations of motion,
ensuring that changes in the waveform multipolar struc-
ture track the evolving orbital dynamics. At each update,
the model determines the minimal set of harmonics, psellm,
required to represent the waveform to a user-specified
accuracy ϵN, such that

Δh ≡
kĥk2 − 2

P
l

P
m≥0

P
p∈ psellm

jNlm
p j2

kĥk2 ≤ ϵN; ð83aÞ

kĥk2 ¼
X∞
l¼2

�
kĤl0k2 þ 2

Xl

m¼1

kĤlmk2
�
; ð83bÞ

kĤlmk2 ¼
X∞
p¼−∞

jNlm
p j2; ð83cÞ

where kĤlmk2 can be computed in closed form and is
given in Ref. [71] for the 1PN modes. The factor of 2 in
Eq. (83a) comes from using the mode symmetry
of Eq. (12).
In practice, to minimize the number of included har-

monics, we order the squared amplitudes jNlm
p j2 from

largest to smallest and take as many terms as necessary
for the strain error Δh to fall below the specified tolerance
ϵN . We refer the reader to Ref. [71] for an in-depth analysis
of the number of modes that need to be included across the
parameter space.
To quantify the impact of the amplitude tolerance ϵN on

actual waveform applications, it is useful to relate the strain
error Δh introduced by truncating the mode content to
something that is more relevant to data analysis. In
Ref. [57], it was argued that the tolerance ϵN appearing
in Eq. (83a) is closely related to the error in the log-
likelihood according to

Δ logL ≲ ρ2optϵN; ð84Þ

where we have defined

Δ logL ¼ logLðh0; h0Þ − logLðh0; hϵN Þ; ð85aÞ

logLðhA; hBÞ ¼ −
1

2
hhA − hBjhA − hBi; ð85bÞ

ρ2opt ¼ hh0jh0i; ð85cÞ

with h0 denoting the waveform obtained by including all
modes, and hϵN the approximation constructed by retaining
the minimal set of modes such thatΔh ≤ ϵN . Here ρopt is the
optimal signal-to-noise ratio of h0, and h·j·i is the noise
weighted inner product, defined as [116,117]

hajbi ¼ 4Re


Z
fmax

fmin

ã�ðfÞb̃ðfÞ
SnðfÞ

df

�
; ð86Þ

where SnðfÞ is the one-sided noise power spectral density
(PSD) of the detector. For most data-analysis applications,
one requires the log-likelihood error to satisfy Δ logL≲ 1.
If Eq. (84) holds, this implies

ϵN ≲ 1

ρ2opt
; ð87Þ

providing a simple estimate for the amplitude tolerance ϵN
needed to analyze a signal with optimal signal-to-noise

FIG. 2. Relative log-likelihood error, 2 logL=ρ2opt, as a function
of the amplitude tolerance ϵN for 1000 random pyEFPEHM
waveform realizations. Source parameters are drawn assuming
isotropic binary and spin orientations, with uniform distributions
for the chirp mass Mc ∈ ½0.95; 20�M⊙, initial eccentricity
e0 ∈ ½0; 0.7�, mass ratio q∈ ½0.05; 1�, and dimensionless spin
magnitudes χi ∈ ½0; 0.9�. The reference waveform h0 is generated
using ϵN ¼ 10−9 and is compared to waveforms hϵN constructed
with tolerances ϵN ∈ ½10−5; 1�. Inner products are computed using
the Advanced LIGO Aþ noise power spectral density [10,118],
over the frequency range 20 Hz–4096 Hz, where 20 Hz is the
starting frequency of the waveform, and assuming a 256 s data
segment. In addition to showing the log-likelihood error as a
function of ϵN for each sample, we display the median and
90% confidence interval. The diagonal reference line ϵN is also
shown to guide the expected scaling of the log-likelihood error.
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ratio ρopt. Since Eq. (84) is only an approximate relation,
we explicitly test its validity for pyEFPEHM. To this end, in
Fig. 2 we show the relative log-likelihood error,
2 logL=ρ2opt, for random waveform realizations and real-
istic detector noise, as described in the figure caption.
Comparing Fig. 2 with the analogous plot presented in
Appendix B of Ref. [57], we find that the inclusion of
higher-order multipoles weakens the correlation between
the log-likelihood error and the amplitude tolerance ϵN . As
a consequence, and given that Ref. [71] showed that the
number of modes in the waveform scales only logarithmi-
cally with ϵN , we adopt a more conservative default value
of ϵN ¼ 10−4 in pyEFPEHM (compared to ϵN ¼ 10−3 in
pyEFPE). Unless otherwise specified, this choice is
assumed throughout the remainder of this work.

VI. TESTING AND VALIDATION

In this Section we test and validate the pyEFPEHM
waveform, assessing its accuracy, robustness, and computa-
tional efficiency for GW data analysis of inspiral signals.

A. Waveform comparisons

In this Subsection we test the accuracy and computa-
tional speed of pyEFPEHM by comparing it with other
available waveform models. The relevant quantity for data
analysis is the detector strain, which, in the long-wave-
length approximation [119] can be written as

h ¼ Fþðα; δ;ψÞhþ þ F×ðα; δ;ψÞh×; ð88Þ

where Fþ and F× are the detector antenna pattern func-
tions, which depend on the sky location ðα; δÞ and
polarization angle ψ . For simplicity, during waveform
comparison, we use that this detector strain can be
expressed in terms of an effective polarization angle
κðα; δ;ψÞ as [46]

h ¼ Aðα; δ;ψÞ½cos ð2κÞhþ þ sin ð2κÞh×�: ð89Þ

To quantify the difference between two strains h1 and h2,
we compute their mismatch MM [116,117] as

MMðh1; h2Þ ¼ 1 −Mðh1; h2Þ ¼ 1 −
hh1jh2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihh1jh1ihh2jh2i

p ;

ð90Þ

where Mðh1; h2Þ is the match, and the noise-weighted
inner product h·j·i is defined in Eq. (86).
Even in the quasicircular case, comparing different

waveform approximants can be nontrivial, as different
models may adopt distinct conventions for quantities
associated with trivial symmetries of the system, such as
the reference orbital phase ϕ0, the reference time t0, the
polarization angle κ, or rigid rotations of the in-plane spins

by an angle ϕS. Since these parameters carry little direct
astrophysical information and their specific definitions can
differ across waveform models, it is convenient and
standard practice to minimize the mismatch over them
when performing waveform comparisons. We therefore
define

MMðh1; h2Þ ¼ min
ϕ0;t0;κ;ϕS

MMðh1; h2Þ: ð91Þ

Following Ref. [120], the minimization over the polari-
zation angle κ is performed analytically, while the mini-
mization over the reference time t0 is efficiently carried out
using the fast Fourier transform (FFT). The minimization
over the reference phase ϕ0 and the in-plane spin rotation
angle ϕS is performed numerically using a differential
evolution algorithm [121].
Since the eccentricity is a gauge-dependent quantity,

with different waveform models adopting different defi-
nitions and parametrizations of the radial phasing, compar-
ing eccentric waveforms introduces additional ambiguities.
In pyEFPEHM, the orbit is specified by the initial PN time
eccentricity e0 and the initial mean anomaly l0. When
comparing against other eccentric waveform models, we
therefore also minimize over these parameters, defining

MMðh1; h2Þ ¼ min
ϕ0 ;t0 ;κ;
ϕS;e0 ;l0

MMðh1; h2Þ; ð92Þ

where the additional minimization over e0 and l0 is also
performed numerically using the differential evolution
algorithm. Since differences in eccentricity due to distinct
definitions are expected to be fractional and because e ¼ 0
corresponds to the quasicircular limit in all cases, we
restrict the range of e0 in the minimization to �30% about
the reference value unless otherwise stated.
To mimic the treatment of GW signals in data-analysis

applications, we approximate the frequency integral in
Eq. (86) by a sum over discrete Fourier frequencies
corresponding to a data segment of duration T [122],

hajbi ¼ 4Re

8<
: Xbfmax=Δfc

k¼⌈fmin=Δf⌉

ã�ðkΔfÞb̃ðkΔfÞ
SnðkΔfÞ

Δf

9=
;; ð93Þ

where Δf ¼ 1=T is the frequency resolution of the discrete
Fourier transform.

1. Parameter space explored

For the mismatch studies presented in this Section, we
adopt a common set of analysis choices. All waveform
comparisons are performed starting at a minimum fre-
quency of fmin ¼ 20 Hz, while waveform generation
begins at a lower GW frequency fGW;22

0 ¼ 16 Hz. We
choose fmin ¼ 20 Hz to remain consistent with Ref. [57]
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and with standard choices in LIGO analyses. The lower
starting frequency fGW;22

0 provides a buffer for tapering
when numerically Fourier transforming time-domain wave-
forms, thereby reducing spectral artifacts near fmin.
Although a lower starting frequency would capture a larger
fraction of the higher-order modes, we verified that
repeating a subset of comparisons at fGW;22

0 ¼ 10 Hz yields
nearly identical mismatches, at a significantly higher
computational cost. We use the same data-segment dura-
tions and corresponding chirp mass ranges as in Ref. [57],
listed in Table I, and assume the projected Advanced LIGO
Aþ noise power spectral density [10,118].
While we always simulate pyEFPEHM until the PN

parameter reaches its value at the innermost stable circular
orbit (ISCO) of a test particle in the Schwarzschild metric
(y ¼ yISCO ¼ 1=

ffiffiffi
6

p ¼ 0.408…) [123], the maximum
waveform generation frequency fmax is analysis dependent.
Sometimes we consider a constant number, or a fraction of
either the ISCO frequency fISCO ¼ c3=ð6 ffiffiffi

6
p

πGMÞ, or the
frequency of the minimum energy circular orbit fMECO [96]
as computed in Ref. [124].
For each segment duration T, we evaluate waveforms at

parameters randomly drawn from uniform distributions in
chirp mass, mass ratio q ¼ m2=m1 ∈ ½0.05; 1�, and compo-
nent spin magnitudes χi ∈ ½0; 0.9�, with isotropic binary
orientations and spin directions. For aligned-spin analyses,
we draw spins from the same distributions but set the
components perpendicular to the orbital angular momen-
tum to zero. In all comparisons, we restrict to black hole
binaries by setting the tidal parameters to zero. When
eccentricity is included, we further assume a uniform
distribution in the initial eccentricity e0 ¼ e16 Hz ∈ ½0; 0.4�.
These choices are designed to cover the region of

parameter space relevant for current LVK observations
while maintaining consistency with previous studies.

2. Comparing pyEFPEHM with pyEFPE

Since pyEFPEHM introduces new features and code
optimizations, we begin by comparing it to its predecessor,
pyEFPE. To ensure that the two waveform models are
compared under identical conditions, we restrict the PN

expansion to the same orders in both cases, 3PN for the
nonspinning phasing, 2PN for the spin-dependent terms,
and 0PN for the GW amplitudes. We also fix the SUA
parameter kmax and the amplitude tolerance ϵN to the same
values for both models, namely kmax ¼ 1 and ϵN ¼ 10−4,
corresponding to the default pyEFPEHM settings.
In Fig. 3 we show the distributions of mismatch and

speedup between pyEFPEHM and pyEFPE for 2000
samples at each segment duration (and corresponding chirp
mass range) listed in Table I. Although these comparisons
include both eccentricity and precession, we do not
minimize the mismatch over intrinsic parameters, since
pyEFPEHM and pyEFPE use identical conventions.
From Fig. 3, we observe that the mismatch decreases for

increasing signal duration (and decreasing chirp mass),
ranging from ∼10−4 down to ∼10−6. The dominant source
of this mismatch is that, in pyEFPEHM, the SUA expansion
is applied only to the precessing part of the amplitude, since
corrections arising from applying the SUA to the non-
precessing part enter at Oð1.5PNÞ, and are therefore
neglected, as they lie beyond the 1PN accuracy at which
the amplitudes are computed. These higher-PN corrections
are more relevant for short signals, where only the late
inspiral is observed.
We also observe that the mismatch distributions of Fig. 3

exhibit small tails extending to higher mismatches. The
outliers in these tails correspond to systems for which the
MSA approximation develops a discontinuity, causing the

TABLE I. Segment durations T and corresponding chirp mass
(Mc) ranges used in the mismatch studies [57].

Mc ðM⊙Þ
TðsÞ Min. Max.

4 12 20
8 8 12
16 5 8
32 3.3 5
64 2.2 3.3
128 1.4 2.2
256 0.95 1.4

FIG. 3. Violin plots showing the distribution of mismatches
(left) and speedup (right) when comparing pyEFPEHM and
pyEFPE as a function of the segment duration T or, equivalently,
the chirp mass range Mc specified in Table I. Each distribution
consists of 2000 random samples drawn from the parameter
distributions described in Sec. VI A 1, considering eccentricity
and precession, and using a maximum frequency of
fmax ¼ 4096 Hz. The waveforms are not generated using their
default configurations, but instead employ a common set of
settings chosen to enforce agreement between the two models. In
particular, the nonspinning phasing, spin-dependent effects, and
GW amplitudes are computed at 3PN, 2PN, and 0PN order,
respectively. We use kmax ¼ 1 for the SUA and an amplitude
tolerance of ϵN ¼ 10−4.
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spline interpolation of the precession amplitudes to behave
poorly. As discussed in Ref. [57], such discontinuities can
arise during very abrupt transitional precession [115] or
when the total and orbital angular momenta become exactly
aligned. In the latter case, the physical (coordinate) dis-
continuities in Dϕz and Dζ [see Eq. (62)] become spurious
discontinuities in δϕz and δζ when doing the MSA [see
Eq. (63c) and Eq. (65c)].
Figure 3 also shows that the speedup, defined as the ratio

of the pyEFPE runtime to the pyEFPEHM runtime,
increases with signal duration, ranging from ∼1.1 to ∼2.
This implies that pyEFPEHM is between ∼10% and
∼100% faster than pyEFPE. The primary reason for this
improvement is a set of code optimizations in the compu-
tation of the GW polarizations, including improved vecto-
rization and reduced Python overhead through more efficient
array handling, as well as replacing the polynomial
interpolation of the eccentric harmonic amplitudes Nlm

p

with spline interpolation. These optimizations are less
impactful for short signals, where the overall computational
cost is dominated by the Runge-Kutta integration of the
equations of motion, which is implemented in Python and
therefore subject to significant interpreter overhead.

3. Comparing pyEFPEHM with SpinTaylorT4

As noted in Ref. [57], EFPE models and TaylorT4
models [73] share the same phasing in the quasi-circular,
spin-aligned limit. Nonetheless, pyEFPEHM and
SpinTaylorT4 differ in several respects, allowing us
to test the accuracy of specific modelling choices adopted
in pyEFPEHM.
Most notably, for binaries with spins misaligned with the

orbital angular momentum, SpinTaylorT4 [72–75]
models spin precession by numerically integrating the
spin-precession equations, whereas pyEFPEHM employs
the MSA to approximate their solution, as described in
Sec. IV. The equations solved by the two models are also
not identical, as they adopt different spin supplementary
conditions (SSCs). pyEFPEHM uses the Newton-Wigner
[67,125,126] SSC, while SpinTaylorT4 employs the
covariant Tulczyjew-Dixon [127,128] SSC. This difference
leads to small modifications in the spin-precession equa-
tions starting at 2.5PN order.
Furthermore, SpinTaylorT4 is a time-domain wave-

form model and must be numerically Fourier transformed,
using a fast Fourier transform, to compute the overlap
integral of Eq. (93). In contrast, pyEFPEHM analytically
approximates the frequency-domain waveform using the
SUA method. Comparing the two models therefore also
provides a test of the accuracy of the SUA approximation.
Figure 4 shows the mismatches between pyEFPEHM and

SpinTaylorT4. To ensure a consistent comparison, we
restrict both models to the same PN orders, i.e., 3.5PN
in the nonspinning phasing, corresponding to the
highest order available in the LAL implementation of

SpinTaylorT4 [72,74,75] used here, and 1PN in the
GWamplitudes, which is the highest order implemented in
pyEFPEHM and includes the ten 1PN GW modes. For the
spin-dependent contributions, we consider both 2PN and
3PN truncations. The 2PN case corresponds to the PN order
at which the MSA was rigorously derived in previous
literature [57,63], while 3PN is the highest order imple-
mented in the LAL SpinTaylorT4 model.
We find that the “2PN Spin” and “3PN Spin” cases yield

comparable mismatches, validating the MSA approxima-
tion derived in Sec. IV. In both cases, mismatches decrease
with increasing signal duration. This behavior contrasts
with the analogous comparison between pyEFPE and
SpinTaylorT4 presented in Ref. [57], wherein the
“3PN Spin” case mismatches increased for longer signals
due to the restriction of the MSA to 2PN order in pyEFPE
and the consequent neglect of 2.5PN spin effects that
accumulate over long inspirals. This agreement is particu-
larly noteworthy given that the comparison shown in
Fig. 4 includes higher-order GW modes, which are more
sensitive to precession modelling due to their stronger
angular dependence compared to the dominant ðl; mÞ ¼
ð2; 2Þ mode.
The overall small mismatches indicate that the combined

effects of differing spin supplementary conditions and the
SUA approximation of the frequency-domain waveform
are subdominant. The observed decrease in mismatch with
increasing signal duration further suggests that, as
expected, these differences become less relevant as the
signal becomes increasingly dominated by the early
inspiral.
Nevertheless, as in Fig. 3, Fig. 4 also exhibits small tails

extending to higher mismatches. These are likewise caused

FIG. 4. Violin plots showing the distribution of mismatches
when comparing pyEFPEHM and SpinTaylorT4, including
spin-dependent terms at 2PN (left) and 3PN (right), as a function
of the segment duration T or, equivalently, the chirp mass range
Mc specified in Table I. Each distribution consists of 2000
random samples drawn from the parameter distributions de-
scribed in Sec. VI A 1, considering quasi-circular and precessing
binaries, and using a maximum frequency of fmax ¼ 0.8fISCO.
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by failures of the MSA approximation in systems under-
going transitional precession or passing through configu-
rations where the total and orbital angular momenta
become exactly aligned. Extending the current MSA
framework to handle such cases will therefore be important
for improving the robustness of the waveform model.

4. Comparing with SEOBNRv5 models

In this Section, we compare pyEFPEHM against
state-of-the-art SEOBNR waveform models, namely
SEOBNRv5EHM [51,76] for eccentric spin-aligned bina-
ries, and SEOBNRv5PHM [45,46,48,67] for quasicircular
precessing binaries. These models are based on the effec-
tive one-body (EOB) formalism [129] and are calibrated
against numerical relativity (NR) simulations, enabling
them to accurately describe the full inspiral-merger-ring-
down signal. Although they are comparatively more com-
putationally expensive than many analytical approximants,
SEOBNRv5 models are among the most accurate wave-
forms currently available, typically yielding the smallest
mismatches against NR simulations [48,51]. They therefore
provide a good benchmark to test the accuracy of
pyEFPEHM.
Figure 5 shows the mismatches between pyEFPEHM and

the SEOBNRv5EHM and SEOBNRv5PHM models. To
ensure a consistent comparison, we compute mismatches
using only the GW modes that are implemented in both
pyEFPEHM and the corresponding SEOBNRv5 model. In
both the SEOBNRv5EHM and SEOBNRv5PHM cases, this
includes the ðl; mÞ ¼ ð2; 1Þ, (2, 2), (3, 2), (3, 3), and (4, 4)
modes. Because pyEFPEHM is an inspiral-only model, we
compute mismatches up to a maximum frequency of

fmax ¼ 0.8fMECO, above which the PN approximation is
expected to become inaccurate. We note, however, that a
small fraction of the merger-ringdown signal in the
SEOBNR (2, 1) mode may still leak into the comparison,
since this mode has approximately half the frequency of the
dominant (2, 2) mode.
We find that the mismatches between pyEFPEHM and

both SEOBNRv5EHM and SEOBNRv5PHM are comparable,
indicating that the eccentric spin-aligned and quasicircular
precessing limits achieve a similar level of modeling
accuracy, with the medians of the distributions lying mostly
around 10−2. Moreover, the mismatch values do not depend
strongly on the signal duration, suggesting that the
differences between the waveforms do not accumulate
significantly over long inspirals.
These mismatches are notably larger than those found in

the comparison with SpinTaylorT4 (Fig. 4). This is
expected since pyEFPEHM and SpinTaylorT4 share the
same T4 PN expansion in the phasing [57,73], and in that
comparison are additionally configured to include the same
PN orders, naturally leading to close agreement. The
SEOBNRv5 models, by contrast, include PN contributions
to different orders resummed within the EOB framework
[129], and are further calibrated against NR simulations. In
the late inspiral, where the convergence of the PN expan-
sion degrades, this leads to a significant dephasing between
the models [73].
However, the distributions exhibit a long tail toward larger

mismatches, extending above 10−1. To identify the origin
of this tail, we show in Fig. 6 the mismatches corresponding
to the T ¼ 256 s signals (Mc ∈ ½0.95; 1.4�M⊙) used to
construct the distributions in Fig. 5, as a function of
different source parameters. We observe the same quali-
tative trends for all signal durations considered in this
study, and show the T ¼ 256 s case as a representative
example. In particular, we find that the largest mismatches
correspond to systems with very unequal masses
(m2=m1 ≲ 0.1) and large spins aligned with the orbital
angular momentum (jχeff j≳ 0.5). By contrast, the mis-
match shows only a mild positive correlation with the
eccentricity or the magnitude of the in-plane spin compo-
nents, indicating that these effects do not currently domi-
nate the waveform differences.

5. Comparing with TEOBResumS-Dali

In this Section, we compare pyEFPEHM against the
TEOBResumS-Dali [58,77,78] waveform model. Like
the SEOBNR family, TEOBResumS-Dali is based on the
EOB formalism and calibrated against NR simulations.
While it has been shown to be less accurate than
SEOBNRv5 models [48,51], TEOBResumS-Dali aims
to incorporate a broad range of two-body physics, enabling
waveform generation for generic compact binaries evolving
along arbitrary orbits, including eccentric and precessing
configurations. As such, it can be a useful model for testing

FIG. 5. Violin plots showing the distribution of mismatches
when comparing pyEFPEHM with SEOBNRv5EHM in the ec-
centric spin-aligned limit (left) and with SEOBNRv5PHM in the
quasicircular precessing limit (right), as a function of the segment
duration T or, equivalently, the chirp mass rangeMc specified in
Table I. Each distribution consists of 2000 random samples drawn
from the parameter distributions described in Sec. VI A 1, using a
maximum frequency of fmax ¼ 0.8fMECO.
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pyEFPEHM over a wider region of parameter space, since
pyEFPEHM is likewise designed to model inspiral wave-
forms for generic binaries on arbitrary orbits.
Figure 7 shows the mismatches between pyEFPEHM and

TEOBResumS-Dali [58,77,78] in the eccentric precess-
ing and eccentric spin-aligned cases. As in the SEOBNRv5
comparisons, we ensure consistency by computing mis-
matches using only the GW modes implemented in both
models. In this case, this includes all modes available in
pyEFPEHM except them ¼ 0modes,which are notmodeled
by TEOBResumS-Dali, namely ðl; jmjÞ ¼ ð2; 2Þ, (2, 1),
(3, 3), (3, 2), (3, 1), (4, 4), and (4, 2).
We find that the mismatches with TEOBResumS-Dali

are comparable in both cases, indicating that the inclusion
of eccentric precession does not introduce significantly
larger errors relative to the eccentric spin-aligned baseline.
However, in contrast to the comparisons with the
SEOBNRv5 models, while the mismatches are still rela-
tively small for short signal durations, they grow rapidly as
the signal duration increases. This behavior can be traced to
the treatment of radiation reaction in the eccentric sector
of TEOBResumS-Dali, where the GW flux is fully
modeled only at Newtonian order [131]. As a result,
TEOBResumS-Dali introduces errors in the binary
phasing already at 1PN order. As discussed in Sec. IV,
such differences lead to a dephasing that accumulates

strongly during the early inspiral and can be arbitrarily
large for arbitrarily long signals.

6. Exploring the pyEFPEHM runtime

While in Sec. VI A 2 we studied the relative pyEFPEHM
runtime with respect to pyEFPE for settings chosen to
reproduce the predecessor, in this Section we explore
the absolute pyEFPEHM runtime using more default
configurations.
In Fig. 8 we show the pyEFPEHM runtime when

computing the amplitudes at 0PN and 1PN. As expected,
the 1PN amplitude case is significantly more computation-
ally expensive than the 0PN case, with the difference
increasing for longer signals, ranging from a factor of ∼1.3
to ∼3. This scaling arises mostly because the 0PN wave-
form contains only two GWmodes [ðl; mÞ ¼ ð2; 0Þ; ð2; 1Þ],
while the 1PN waveform includes ten modes, substantially
increasing the computational cost. Nevertheless, even when
including the ten 1PN GW modes, pyEFPEHM remains
highly efficient, with waveform generation taking between
∼0.03 s and ∼1 s across the parameter space accessible to
the LVK.
In Fig. 9 we show waveform generation runtimes for a

selection of state-of-the-art waveform models. Even though
the models shown do not all contain the same physics (e.g.,
eccentricity, precession, or merger ringdown), this com-
parison helps to better contextualize the computational cost
of pyEFPEHM.
We observe that, for the longest waveform durations,

pyEFPE and pyEFPEHM are among the most computa-
tionally efficient models. This is partly because both
models analytically describe the physics on the orbital
and precession timescales, needing only to integrate

FIG. 6. Scatter plots of the mismatches between pyEFPEHM
and SEOBNRv5 models as a function of different source
parameters. The top row shows the mismatch with SEOBNR-
v5EHM as a function of the effective inspiral spin parameter χeff
(top left) and the initial SEOBNRv5EHM eccentricity eEOB16 Hz (top
right). The bottom row shows the mismatch with SEOBNRv5PHM
as a function of χeff (bottom left) and the effective precession spin
parameter χp [130] (bottom right panel). In all panels, the color of
the points indicates the mass ratio q ¼ m2=m1. The points
correspond to the 2000 samples used for the T ¼ 256 s
(Mc ∈ ½0.95; 1.4�M⊙) distributions shown in Fig. 5.

FIG. 7. Violin plots showing the distribution of mismatches
when comparing pyEFPEHM and TEOBResumS-Dali, in the
eccentric precessing case (left) and in the eccentric spin-aligned
case (right), as a function of the segment duration T or,
equivalently, the chirp mass range Mc specified in Table I. Each
distribution consists of 2000 random samples drawn from the
parameter distributions described in Sec. VI A 1, using a maxi-
mum frequency of fmax ¼ 0.8fISCO.

MORRAS, PRATTEN, SCHMIDT, and BUONANNO PHYS. REV. D 114, 044032 (2026)

044032-18



ordinary differential equations (ODEs) on the radiation
reaction timescale, making the initialization cost weakly
dependent on signal length. The other models shown
integrate ODEs on either the precession or orbital timescale
(in the case of EOB), meaning that ODE integration can
remain a leading cost even for long signals.
We note that Fig. 9 shows timings for waveforms

evaluated on dense grids, where the cost is dominated
by the large number of evaluation points. Several data
analysis methods, such as multibanding [132], relative
binning [133,134], reduced order quadratures [135,136],
or time-frequency representations [137,138], instead
require waveform evaluations on sparse grids, significantly
reducing the evaluation cost. Such methods will be essen-
tial for efficiently analyzing data from next-generation
detectors. In such cases, the initialization cost becomes
even more relevant, further favoring models such as
pyEFPE and pyEFPEHM whose initialization cost is
weakly dependent of signal length.
Finally, we note that waveform runtimes depend heavily

on code implementation. Both pyEFPE and pyEFPEHM
are written in Python, where interpreter overhead introduces
significant slowdowns, particularly in the ODE integration,
where we estimate a factor of ∼Oð10Þ slowdown relative to
compiled code. This partly explains why pyEFPE and
pyEFPEHM are slower than some other models for short
signals, where these interpreter costs dominate while other
models benefit from compiled implementations. While we
chose Python for ease of development and to facilitate
modification of the waveform model, improving the
implementation is an important avenue for future work
as pyEFPEHM matures.

B. Comparison with numerical relativity

While the comparisons presented in Sec. VI A between
pyEFPEHM and other analytical waveform models are
valuable for assessing performance across a wide and
densely sampled region of parameter space, comparisons

FIG. 8. Violin plots showing the distribution of the pyEFPEHM
runtime for waveforms computed with 0PN amplitudes (left) and
1PN amplitudes (right) as a function of the segment duration T, or
equivalently the chirp mass range Mc specified in Table I. Each
distribution consists of 2000 random samples drawn from the
parameter distributions described in Sec. VI A 1, considering
eccentricity and precession, and using a maximum frequency of
fmax ¼ 4096 Hz. The timings were measured on a single core of
an Intel Core Ultra 7 265U laptop processor.

FIG. 9. Generation runtime for a selection of waveform models
as a function of the minimum waveform generation frequency.
The left and right columns of panels show timings for time- and
frequency-domain waveform generation, respectively, while the
top, middle and bottom rows correspond to eccentricities e0 ¼ 0,
e0 ¼ 0.3 and e0 ¼ 0.6. In all cases we fix the system to have
primary mass m1 ¼ 20M⊙, secondary mass m2 ¼ 10M⊙, pri-
mary spin χ 1;0 ¼ ð−0.44;−0.26; 0.48Þ and secondary spin
χ 2;0 ¼ ð−0.31; 0.01;−0.84Þ, chosen as a representative precess-
ing configuration. For time-domain waveform generation we use
a fixed sampling rate of 512 Hz, while for frequency-domain
waveforms we use a maximum frequency of fmax ¼ 256 Hz and
a frequency resolution of Δf ¼ 1=T, where T is the waveform
duration in seconds rounded up to the nearest power of two. All
timings were measured on a single core of an Intel Core Ultra 7
265U laptop processor with 32 GB of RAM. For some models,
waveform generation failed at low frequencies due to either
internal errors or memory limitations, and those models are not
shown below the corresponding frequency.
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with numerical relativity (NR) simulations are widely
regarded as the gold standard for validating GW waveform
models, since NR simulations provide solutions to the full
Einstein equations without relying on perturbative approx-
imations, yielding highly accurate waveforms.
The primary limitation of NR lies in its extreme

computational cost, with a single simulation typically
requiring hundreds of thousands of CPU hours, and
producing waveforms spanning only Oð10–100Þ orbital
cycles [139]. As a result, the number of available NR
simulations remains limited. While several thousands of
public binary black hole simulations have been produced,
they still cover only a small fraction of the full nine-
dimensional parameter space of generic binaries, with
particularly sparse sampling of long, eccentric, and pre-
cessing systems [139].

1. Mismatch comparisons

Here, we compare pyEFPEHM with a selection of
waveforms from the SXS collaboration’s third catalog of
binary black hole simulations [139]. As in Sec. VI A,
waveform comparisons are performed using the mismatch.
However, because SXS simulations do not provide a gauge-
invariant initial average orbital frequency [140,141], we
additionally minimize over the initial frequency fGW;22

0

used to generate the pyEFPEHM waveform. Consequently,
throughout this Section the mismatch is defined as

MMðh1; h2Þ ¼ min
ϕ0 ;t0 ;κ;
ϕS;e0 ;l0 ;

fGW;22
0

MMðh1; h2Þ; ð94Þ

where, as in Sec. VI A, the minimization over the polari-
zation angle κ is performed analytically [120], the mini-
mization over the reference time t0 is efficiently carried out
using the FFT, and the minimization over the reference
phase ϕ0, the in-plane spin rotation angle ϕS, the initial
eccentricity e0, the mean anomaly l0, and the initial
frequency fGW;22

0 is performed numerically using a differ-
ential evolution algorithm [121].
As an initial guess for the value of fGW;22

0 , we use the
Newtonian-order prediction based on the instantaneous
orbital frequency finstorb, eccentricity e, and mean anomaly
l reported at the reference simulation time, namely

fGW;22
0 ¼ 2finstorb

ð1 − e cos uÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ; ð95aÞ

l ¼ u − e sin u: ð95bÞ

The GW strain obtained from a given NR simulation
depends on the direction from which it is observed,
specified by the inclination angle ι, the azimuthal angle
ϕ, and the polarization angle κ. For different choices of
ðι;ϕ; κÞ, the mismatch can vary due to effects such as

mismodeling of higher-order modes or precession. To
account for this dependence, we compute an averaged
mismatch over these extrinsic parameters,

MMavg ¼
1

4π2

Z
1

−1
dðcos ιÞ

Z
π

0

dϕ
Z

π

0

dκMM; ð96Þ

which corresponds to assuming isotropically distributed
source orientations and polarization angles.
Since pyEFPEHM is an inspiral-only waveform model,

meaningful comparisons with NR require simulations that
are as long as possible. We therefore restrict our analysis to
the longest available SXS simulations in each relevant
region of parameter space, listed in Table II, and chosen to
probe pyEFPEHM in different physical limits. These
include two quasicircular precessing simulations
(SXS:BBH:2619 and SXS:BBH:2621 [142]), four highly
eccentric nonspinning simulations (SXS:BBH:2538, SXS:
BBH:2549, SXS:BBH:2561, and SXS:BBH:3951 [143]),1

and three eccentric precessing simulations (SXS:
BBH:0088, SXS:BBH:4286, and SXS:BBH:4290).
As in Sec. VI A 1, mismatches are computed starting

from a minimum frequency of fmin ¼ 20 Hz and using the
Advanced LIGO Aþ noise PSD [10,118]. To include as
much of the inspiral as possible in the comparison, each NR
simulation is rescaled to a total physical mass M such that
the initial average GW frequency estimate fGW;22

0 , com-
puted from Eq. (95) at the reference time of the simulation,
is 19 Hz. This value is chosen to lie slightly below fmin in
order to avoid edge effects in the mismatch computation.
The resulting total masses for each simulation are reported
in Table II. Finally, mismatches are computed up to a
maximum frequency of fmax ¼ 0.8fISCO, to minimize con-
tamination frommerger-ringdowneffects in the comparison.
Since NR waveforms approximate the exact solution of

the two-body problem within numerical accuracy, we
include the full available GW signal in the comparison,
incorporating all modes up to l ¼ 8 and memory contri-
butions [139]. To assess the level of improvement provided
by pyEFPEHM and to place its performance in context, we
compute mismatches against NR under identical conditions
for pyEFPE, TEOBResumS-Dali, SEOBNRv5EHM, and
SEOBNRv5PHM, restricting comparisons to the parameter
regions where each model is applicable (spin-aligned
systems for SEOBNRv5EHM and quasicircular systems
for SEOBNRv5PHM).
Despite pyEFPEHM containing only analytical PN

information, the orientation-averaged mismatches against
NR reported in Table II are relatively small. The observed
mismatch trends in the NR comparisons closely follow
those found in Sec. VI A 4 when comparing against

1No long, highly eccentric spin-aligned simulations are avail-
able in the SXS collaboration’s third catalog of binary black hole
simulations [139].
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SEOBNRv5, which closely track NR. In particular, the
mismatches obtained with pyEFPEHM increase for more
unequal-mass systems and for larger values of the aligned
spin and eccentricity. This behavior is expected, since
decreasing q and increasing e cause the system to probe the
strong-field, high-velocity regime for a longer fraction of
the inspiral, where the PN expansion is less accurate.
Nonetheless, comparing pyEFPEHM with its predeces-

sor pyEFPE, we observe that pyEFPEHM yields smaller
mismatches against NR in all cases, being about one order
of magnitude lower for the very long quasicircular simu-
lations tested, a factor of two for the eccentric nonspinning
and for the unequal mass eccentric precessing. The smallest
improvement is observed for the mildly eccentric-precess-
ing case of SXS:BBH:0088, for which both models yield
mismatches MMavg ∼ 10−3. This may be attributed to the
equal-mass nature of the system, which suppresses higher-
order mode contributions and reduces the impact of higher-
order PN corrections.
Comparisons with TEOBResumS-Dali show that the

relative performance of the two models depends on
the configuration. For quasicircular simulations,
TEOBResumS-Dali yields smaller mismatches for SXS:
BBH:2619, while pyEFPEHM performs better for SXS:
BBH:2621. For eccentric systems, TEOBResumS-Dali
achieves smaller mismatches for the less eccentric and more
unequal-mass cases. In contrast, pyEFPEHM performs better
for the long and highly eccentric system SXS:BBH:3951,
consistent with the discussion in Sec. VI A 5 regarding the
absence of higher-order PN terms in the eccentric radiation
reaction of TEOBResumS-Dali. pyEFPEHM also yields
smaller mismatches for the eccentric precessing simulations
SXS:BBH:4286 and SXS:BBH:4290, which may indicate

the importance of incorporating eccentric corrections in the
precession dynamics, not included self-consistently in
TEOBResumS-Dali [58,144].
Finally, SEOBNRv5EHM and SEOBNRv5PHM achieve

smaller mismatches than both pyEFPEHM and
TEOBResumS-Dali in all cases considered, although
their applicability is restricted to spin-aligned eccentric
and quasi-circular precessing systems, respectively. Given
themuchhigher accuracyof theSEOBNRv5models [48,51],
this suggests that themismatch trends reported inSec.VI A 4
are representative of those expected in comparisons with
NR across a broader region of parameter space.

2. Waveform comparisons

To better understand the origin of the mismatches, in
Figs. 10–12 we show the GW strains for the inclination,
phase, and polarization angles that yield the largest mis-
match against pyEFPEHM for each simulation. While
mismatch calculations are performed using the fre-
quency-domain implementation of pyEFPEHM based on
the SUA up to fmax ¼ 0.8fISCO, the waveforms shown in
these figures are generated using the time-domain imple-
mentation up to the ISCO. To reduce the visual impact of
GW memory, which can obscure the comparison, we apply
a 2 Hz high-pass filter to both waveforms.
Since for most configurations the model and NR wave-

forms are very similar and difficult to distinguish by eye, in
the bottom panels we also show their phase and relative
amplitude differences. Due to eccentricity, the signals are
not quasimonochromatic, and defining an instantaneous
amplitude and phase is not straightforward. To tackle this,
we construct a time-frequency representation of the signals
using a continuous wavelet transform,

TABLE II. NR simulations from the SXS collaboration studied in this work. We list the SXS ID, the total mass M used in the
comparisons (in solar masses), the mass ratio q ¼ m2=m1, the effective inspiral spin parameter χeff [see Eq. (33)], the effective
precession spin parameter χp [130], the eccentricity eSXS as reported by the SXS collaboration, and the average mismatch [see Eq. (96)]
against pyEFPEHM, pyEFPE, TEOBResumS-Dali (Dali), SEOBNRv5EHM (v5EHM), and SEOBNRv5PHM (v5PHM). The
quantities q, χeff , χp, and eSXS are reported at the reference time of the simulation. Horizontal lines separate quasicircular precessing
(SXS:BBH:2619 and SXS:BBH:2621), eccentric nonspinning (SXS:BBH:2538, SXS:BBH:2549, SXS:BBH:2561, and SXS:
BBH:3951), and eccentric precessing simulations (SXS:BBH:0088, SXS:BBH:4286, and SXS:BBH:4290).

MMavg

SXS ID MðM⊙Þ q χeff χp eSXS pyEFPEHM pyEFPE Dali v5EHM v5PHM

SXS:BBH:2619 17.0 0.546 −0.227 0.328 6.30 × 10−5 0.023 0.14 9.7 × 10−4 � � � 3.4 × 10−4

SXS:BBH:2621 17.0 0.560 0.0394 0.494 2.22 × 10−4 0.0026 0.031 0.0087 � � � 9.5 × 10−4

SXS:BBH:2538 32.2 0.333 4.72 × 10−7 1.35 × 10−9 0.306 0.020 0.057 0.0024 0.0011 � � �
SXS:BBH:2549 34.4 0.250 −1.73 × 10−8 4.20 × 10−10 0.505 0.080 0.15 0.038 0.019 � � �
SXS:BBH:2561 40.2 0.125 −5.29 × 10−7 1.81 × 10−9 0.305 0.13 0.21 0.010 0.0042 � � �
SXS:BBH:3951 15.0 0.500 9.66 × 10−8 7.73 × 10−11 0.612 0.080 0.17 0.14 0.024 � � �

SXS:BBH:0088 39.6 1.000 −1.01 × 10−4 0.500 0.0742 0.0027 0.0032 4.1 × 10−4 � � � � � �
SXS:BBH:4286 51.0 0.250 −5.72 × 10−4 0.950 0.103 0.019 0.035 0.036 � � � � � �
SXS:BBH:4290 67.5 0.0833 0.0251 0.799 0.103 0.034 0.080 0.062 � � � � � �
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Hðt; fÞ ¼
Z

∞

−∞
dt0hðt0Þw�

Qðt0 − t; fÞ; ð97Þ

where we employ Morlet wavelets with constant quality
factor Q,

wQðt; fÞ ¼
ffiffiffiffiffiffi
2π

p
f

Q
exp



i2πft −

ð2πftÞ2
2Q2

�
: ð98Þ

The quality factor Q controls the effective number of
cycles each wavelet has, and therefore the trade-off
between time and frequency resolution. We adopt Q ¼ 8
as an intermediate choice. From this representation we
define a time-dependent amplitude as

AðtÞ ¼
Z

fmax

fmin

df
1

f
jHðt; fÞj2; ð99Þ

where the 1=f factor accounts for the constant-Q transform.
Similarly, we define the phase difference between two
signals as

ϕ1ðtÞ − ϕ2ðtÞ ¼ arg


Z
fmax

fmin

df
1

f
H1ðt; fÞH�

2ðt; fÞ
�
:

ð100Þ

For the frequency integrals we use the same range
½20 Hz; 0.8fISCO� adopted in the mismatch calculations.
For the quasicircular precessing simulations shown in

Fig. 10, pyEFPEHM exhibits an amplitude evolution

consistent with NR up to the late inspiral, and for SXS:
BBH:2621, the phase also remains coherent. In contrast, for
SXS:BBH:2619, which has larger antialigned spin, the
phase evolution is consistent at early times but begins to
deviate as the system approaches merger.
For the eccentric nonspinning simulations shown in

Fig. 11, several common features are observed. In par-
ticular, pyEFPEHM has a smaller phase than NR at early
times, the two agree well at intermediate times, and
discrepancies reappear as the system approaches merger.
This behavior is likely related to the fact that the
eccentricity in pyEFPEHM is determined by minimizing
the mismatch, which preferentially enforces agreement in
the frequency range contributing most strongly to the
signal-to-noise ratio. We also find that both amplitude
and phase differences become more pronounced for
more unequal-mass configurations, as illustrated by
SXS:BBH:2561, which has the smallest mass ratio
(q ¼ 0.125) among the eccentric simulations. This trend
highlights the importance of higher-order eccentric cor-
rections, which are currently included only up to 3PN
order in the phasing and 1PN order in the amplitudes.
Finally, for the eccentric precessing simulations shown

in Fig. 12, the agreement is generally very good for the
more comparable-mass systems (SXS:BBH:0088 and SXS:
BBH:4286), while it deteriorates for the case of SXS:
BBH:4290, which has a mass ratio of q ¼ 1=12.
Nonetheless, meaningful comparisons in the eccentric
precessing regime are currently limited by the sparse
coverage of the SXS catalog, which at present contains

FIG. 10. Comparisons between NR and pyEFPEHM waveforms for the quasi-circular precessing simulations SXS:BBH:2619 and
SXS:BBH:2621, shown for the inclination, phase, and polarization angles that yield the largest mismatch against pyEFPEHM. Each case
is labeled with the corresponding SXS ID and the mismatch for the configuration displayed. The top panels show the time-domain GW
strains, while the bottom panels show the phase and relative amplitude differences, computed using Eqs. (100) and (99). The
pyEFPEHMwaveforms shown are generated using the time-domain implementation up to the ISCO. A 2 Hz high-pass filter is applied to
both waveforms to reduce the visual impact of GW memory.
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only relatively short (Norbits ≲ 40) and mildly eccentric
(e≲ 0.1) simulations.

C. Parameter estimation

Bayesian parameter estimation (PE) for compact binary
coalescences [122,145] is one of the primary applications
of waveform models such as pyEFPEHM. The computa-
tional efficiency demonstrated in Sec. VI A 6 suggests
that Bayesian PE with pyEFPEHM should be feasible
for LVK-like analyses. Similarly, the mismatches
obtained against other analytical models and NR in
Secs. VI A and VI B can be used to estimate the

signal-to-noise ratio up to which PE is not expected to
be significantly biased [146], using the indistinguish-
ability criterion

MM≲ Np

2ρ2
; ð101Þ

where ρ denotes the SNR of the signal andNp is the number
of parameters being inferred. In the eccentric precessing
case considered here, PE requires exploring a 17-dimen-
sional parameter space, including the two component
masses, the six spin components, the orbital eccentricity
and mean anomaly, the inclination angle, the coalescence

FIG. 11. Comparisons between NR and pyEFPEHM waveforms for the eccentric nonspinning simulations SXS:BBH:2538, SXS:
BBH:2549, SXS:BBH:2561, and SXS:BBH:3951, shown for the inclination, phase, and polarization angles that yield the largest
mismatch against pyEFPEHM. Each case is labeled with the corresponding SXS ID and the mismatch for the configuration displayed.
The top panels show the time-domain GW strains, while the bottom panels show the phase and relative amplitude differences, computed
using Eqs. (100) and (99). The pyEFPEHM waveforms shown are generated using the time-domain implementation up to the ISCO. A
2 Hz high-pass filter is applied to both waveforms to reduce the visual impact of GW memory.
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phase and time, the luminosity distance, the sky location
(right ascension and declination), and the polarization
angle. Nonetheless, the accuracy of parameter recovery
cannot be inferred from mismatches alone [147]. While
mismatches quantify overall waveform agreement, param-
eter biases depend on the detailed structure of waveform
errors and on whether these errors can be absorbed by shifts
in the inferred parameters. Furthermore, for such a high-
dimensional parameter space, a typical PE analysis requires
Oð108Þ likelihood evaluations, making PE a demanding
test of the numerical stability and robustness of the wave-
form model. Therefore, performing PE provides a stringent
and informative validation of the waveform model.
Here, we perform PE using Bilby [148–150], employing

its implementation of the Dynesty [151] nested sampling
algorithm. To assess the PE performance of pyEFPEHM in
a controlled setting, we perform zero-noise injections
[152]. This approach avoids both the statistical fluctuations
associated with specific noise realizations and the addi-
tional uncertainty inherent in real-event analyses, for which
the true source parameters are unknown. Synthetic signals

are injected into the LIGO Hanford (H1), LIGO Livingston
(L1), and Virgo detectors, assuming the LIGO Aþ and
Virgo AdVþ sensitivity curves projected for O5 [10,118].
The data are analyzed from a minimum frequency of
fmin ¼ 20 Hz, which is also taken as the initial frequency
of the pyEFPEHM waveform. Consequently, the initial
eccentricity e0 is defined at 20 Hz.
We adopt broad, uninformative priors that are uniform in

the component masses, spin magnitudes, and coalescence
time, and isotropic in sky location as well as in the binary
and spin orientations. The luminosity distance prior
assumes sources are uniformly distributed in comoving
volume, using the Planck15 cosmology [153]. When
considering eccentricity, we further impose flat priors on
the initial eccentricity e0 ∈ ½0; 0.5� and on the mean
anomaly l0 ∈ ½0; 2π�. The full details of the priors used
are listed in Table IV of Appendix C.

1. pyEFPEHM injection—recovery

As in Ref. [57], we begin with a basic consistency
test in which a signal generated with pyEFPEHM is

FIG. 12. Comparisons between NR and pyEFPEHM waveforms for the eccentric precessing simulations SXS:BBH:0088, SXS:
BBH:4286, and SXS:BBH:4290, shown for the inclination, phase, and polarization angles that yield the largest mismatch against
pyEFPEHM. Each case is labeled with the corresponding SXS ID and the mismatch for the configuration displayed. The top panels show
the time-domain GW strains, while the bottom panels show the phase and relative amplitude differences, computed using Eqs. (100) and
(99). The pyEFPEHM waveforms shown are generated using the time-domain implementation up to the ISCO. A 2 Hz high-pass filter is
applied to both waveforms to reduce the visual impact of GW memory.
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recovered using the same waveform model. Although
such self-injections do not probe waveform modeling
systematics, they provide a validation of the numerical
stability and internal consistency of both the waveform
implementation and the PE pipeline. In particular, they
allow us to verify that the true parameters are recovered
without bias when the assumed signal model is the one
injected.
We consider an injection with detector-frame component

masses m1 ¼ 10M⊙ and m2 ¼ 2.0M⊙, and a moderate
initial eccentricity e0 ¼ e20 Hz ¼ 0.2. We analyze 32 s of
data up to a maximum frequency of 300 Hz, chosen such
that fmax ≈ 0.8fISCO. Additional details on the injected
signal are provided in the Appendix C.
In Fig. 13 we show a corner plot of the posterior

distributions for the most relevant intrinsic parameters.
As a proxy for the measurement of precession, we use
the effective precession spin parameter χp defined in
Ref. [130] as

χp ¼ max



χ1⊥;0;

qð4qþ 3Þ
4þ 3q

χ2⊥;0

�
; ð102Þ

where χi⊥;0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2ix;0 þ χ2iy;0

q
is the initial magnitude of the

in-plane spin. Posterior distributions for a more complete
set of parameters are shown in Fig. 15 in the Appendix C.
In both Figs. 13 and 15, we find that the recovered

posteriors are in good agreement with the injected values.
The distributions are approximately Gaussian and centered
near the true parameters, providing a validation of the
numerical stability and internal consistency of the wave-
form model and the PE pipeline.
Despite the moderate network signal-to-noise ratio of

18.4, the intrinsic parameters are tightly constrained,
with subpercent uncertainties in Mc, q, and χeff , and
strong constraints on both χeff and χp. As discussed in
Ref. [57] and observed in Ref. [27], eccentric binaries
exhibit multiple eccentric harmonics. Requiring these
harmonics to remain phase coherent enables indepen-
dent measurements of both the accumulated periastron
advance phase δλ and the orbital phase λ with Oð1 radÞ
precision. Since both phases accumulate to large values
over the inspiral, they can be determined with high
relative precision. Moreover, because δλ and λ depend
differently on the intrinsic parameters, this provides addi-
tional information to break parameter degeneracies and
significantly improve intrinsic parameter constraints.
In contrast to the analogous analysis performed in

Ref. [57] using pyEFPE, Fig. 15 shows that with
pyEFPEHM the extrinsic parameters, in particular the
inclination ι0 and luminosity distance dL, are also well
constrained. This improvement is due to the inclusion of
higher-order modes, which in quasicircular binaries are
known to not only improve the mass ratio and spin
constraints, but also break the distance-inclination degen-
eracy [154–157], and similarly enhance parameter estima-
tion for eccentric binaries.

2. SEOBNRv5PHM injection—pyEFPEHM recovery

In this Section, we assess how well pyEFPEHM recovers
the parameters of a precessing, quasicircular binary
(e0 ¼ 0). This constitutes an important consistency check
for an eccentric waveform model, as it tests whether the
model spuriously infers nonzero eccentricity when analyz-
ing quasicircular signals.
For this test, we inject an SEOBNRv5PHM signal with the

same parameters as the pyEFPEHM injection of
Sec. VI C 1, but setting the eccentricity to zero, resulting
in a network signal-to-noise ratio of 22.5. We choose to
inject the SEOBNRv5PHM waveform because this model,
which we already compared to pyEFPEHM using mismatch
studies in Sec. VI A 4, provides an accurate representation
of numerical-relativity waveforms [48].
We analyze this zero-noise injection using three different

signal models. The first uses SEOBNRv5PHM itself, pro-
viding a reference for the expected recovery when the
assumed signal model matches the injected one. The

FIG. 13. Corner plot showing the joint posterior distributions of
selected intrinsic parameters from the pyEFPEHM injection—
recovery study, including the chirp mass Mc, mass ratio q,
effective inspiral spin parameter χeff, effective precession spin
parameter χp, and initial eccentricity e0. The diagonal panels
show the marginal distributions for each parameter, together with
the median and 90% confidence levels. The off-diagonal panels
display the bivariate correlations between parameter pairs, with
contours indicating the 50% and 90% confidence levels. The
black lines denote the injected parameter values.
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second uses pyEFPEHM with the eccentricity fixed to zero
ðe0 ¼ 0Þ, allowing a direct comparison under identical
priors and analysis settings. The third uses pyEFPEHM
with a uniform prior on the initial eccentricity, e0 ∈ ½0; 0.5�,
in order to assess the behavior of the eccentric model when
recovering a quasicircular signal.
In Fig. 14, we show the posterior distributions for the

most relevant intrinsic parameters from these three PE
analyses. Posterior distributions for a more complete set of
parameters are shown in Fig. 16 in the Appendix C.
We find that, despite the relatively high signal-to-noise

ratio of 22.5, the posterior distributions obtained with
the two quasicircular recoveries [SEOBNRv5PHM and
pyEFPEHM ðe0 ¼ 0Þ] are statistically consistent with each
other and with the injected parameter values. Small devia-
tions are visible in the posteriors of the mass ratio q and
effective inspiral spin χeff , which are likely attributable to
the purely PN description in pyEFPEHM becoming less
accurate in the regime of extreme mass ratios and high
spins, as already observed in Sec. VI A.
Importantly, when recovering the signal with the

eccentric pyEFPEHM model, the inferred eccentricity is

consistent with zero and constrained to be e0 < 0.03 at
90% confidence level. Therefore, for this precessing
quasicircular injection, pyEFPEHM does not spuriously
identify eccentricity.
Figure 14 also shows the well known correlation

between the eccentricity and the chirp mass [57,158].
Although the eccentricity posterior is compatible with
zero, the prior enforces e0 ≥ 0, which results in posterior
support at small positive values of e0. This is compensated
by a shift of the chirp mass toward lower values in order to
preserve the overall duration and phase evolution of the
waveform.

VII. CONCLUSION

Accurate and computationally efficient waveform mod-
els for eccentric and precessing binaries are essential for
probing formation channels of compact objects, such as
dynamical captures and binary-binary interactions [159–
164], hierarchical mergers [18], and binaries in which the
Lidov-Kozai mechanism [37–39] plays a central role, such
as in stellar triples [34,165–167] or driven by perturbations
from a massive black hole at the center of the host galaxy
[168,169]. As detector sensitivities improve, future obser-
vations will probe further into the inspiral and detect higher
signal-to-noise ratio events, making physical effects such as
eccentricity, spin precession, and higher-order modes
increasingly relevant for GW astronomy. Nonetheless,
waveforms including all of these effects at the same time
remain limited in accuracy and computational speed.
In this work we introduce pyEFPEHM, an accurate and

computationally efficient PN waveform model for the
inspiral of eccentric precessing compact binaries, capable
of generating GW strains in both the time and frequency
domains. pyEFPEHM constitutes a significant improve-
ment over its predecessor pyEFPE, extending both the
physical content and the accuracy of the model.
To improve the phasing accuracy of pyEFPEHM, we

extended the eccentric PN evolution equations, currently
known only up to 3PN order, by incorporating all known
quasicircular PN corrections. As shown in Sec. III, above
2.5PN order the quasicircular contribution dominates at
each PN order. These additions include adiabatic (non-
spinning) tidal contributions up to 7.5PN order [69] and
adiabatic spin-tidal effects at 6.5PN order [70], enabling
applications to binaries containing neutron stars.
In a similar spirit, in Sec. IV we extended the multiple-

scale analysis (MSA) solution of the spin-precession
equations to higher PN orders by adding quasicircular
corrections up to 4PN order to the 2PN eccentric equations
used in pyEFPE. Finally, in Sec. V we incorporated
eccentric waveform amplitude corrections up to 1PN order,
including the GWmultipoles ðl; jmjÞ ¼ ð2; 2Þ, (2, 1), (2, 0),
(3, 3), (3, 2), (3, 1), (3, 0), (4, 4), (4, 2), and (4, 0).
In Sec. VI we thoroughly tested and validated

pyEFPEHM. In particular, we showed that despite the

FIG. 14. Corner plot showing the joint posterior distributions of
selected intrinsic parameters for the SEOBNRv5PHM injection,
recovered using SEOBNRv5PHM, pyEFPEHM with the eccen-
tricity fixed to zero (labeled pyEFPEHM ðe0 ¼ 0Þ), and pyEF-
PEHM with a uniform prior on the initial eccentricity e0 ∈ ½0; 0.5�
(labeled pyEFPEHM). The parameters shown are the chirp mass
Mc, mass ratio q, effective inspiral spin parameter χeff, effective
precession spin parameter χp, and initial eccentricity e0. The
diagonal panels display the marginal distributions for each
parameter, while the off-diagonal panels show the bivariate
correlations, with contours indicating the 50% and 90% credible
regions. The black lines denote the injected parameter values.

MORRAS, PRATTEN, SCHMIDT, and BUONANNO PHYS. REV. D 114, 044032 (2026)

044032-26



inclusion of significantly richer physics, pyEFPEHM
remains computationally efficient. Improvements in the
code implementation make it up to twice as fast as pyEFPE
for long signals when only the leading-order amplitudes are
included, and only about 30% slower than pyEFPE when
all multipoles are used.
In Sec. VI A we assessed the accuracy of pyEFPEHM

through mismatch studies against other waveform models,
including pyEFPE, SpinTaylorT4, SEOBNRv5EHM,
SEOBNRv5PHM, and TEOBResumS-Dali, as well as
against numerical relativity. These studies suggest that
pyEFPEHM provides an accurate description of the inspiral
of eccentric precessing compact binaries up to very close to
merger. However, the accuracy in the late inspiral degrades
for systems with very unequal masses (m2=m1 ≲ 0.1),
significant aligned spins (jχeff j≳ 0.5), and very high
eccentricities (e≳ 0.6), where the PN expansion is
expected to become less reliable.
Finally, in Sec. VI C we show the capability of

pyEFPEHM to perform full Bayesian parameter estima-
tion on simulated data from current ground-based
GW detector networks, and to accurately recover the
parameters of signals described by both pyEFPEHM and
SEOBNRv5PHM.
While pyEFPEHM represents a substantial improvement

in physical content and accuracy, several extensions are
needed for future applications. To improve inspiral accu-
racy, higher-order PN amplitude corrections [91,170–172],
including nonlinear memory [173–175] and mode asym-
metries [87,176], should be incorporated. To better model
the late inspiral, especially for extreme mass ratios and
large aligned spins, self-force information [177,178] and
calibration to EOB and NR waveforms can be incorporated
[49,124]. Finally, the most significant current limitation is
the lack of a merger-ringdown model, restricting
pyEFPEHM to low-mass systems. Nevertheless, previous
studies suggest that the merger-ringdown phase could
likely be captured by fitting physically motivated
Ansätze to NR and extreme-mass-ratio simulations
[45,124,179].
Therefore, despite its current limitations, pyEFPEHM

represents a significant step toward accurate, efficient, and
physically complete waveform models for gravitational
waves from compact binary coalescences, enabling future
studies of their formation channels and dynamics.

VIII. CODE AVAILABILITY

The repository containing the waveform model, along
with scripts to reproduce the figures in this paper, will be
made available at Ref. [180].
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APPENDIX A: EXPLICIT FORM OF
HIGH-ORDER POST-NEWTONIAN
QUASICIRCULAR CORRECTIONS

TO THE PHASING

In this Appendix, we list the QC corrections beyond 3PN
order that have been included in pyEFPEHM, following the
notation of Ref. [57]. As in Ref. [57], we work in harmonic
coordinates [181], but adopt the Newton-Wigner
[67,125,126] spin supplementary condition (SSC) instead
of the covariant Tulczyjew-Dixon [127,128] SSC. Both
SSCs yield identical coefficients for the lower PN orders
detailed in Ref. [57]. Guided by the structure of these
lower-order terms and the expected form of higher-order
corrections, we apply the following substitutions to the QC
expressions available in the literature:

x ⟶ y2 ¼ x
1 − e2

; ðA1aÞ

log x ⟶ 2 log
2yð1 − e2Þ3=2
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ; ðA1bÞ

M
d
dt

⟶ D ¼ M

ð1 − e2Þ3=2
d
dt
; ðA1cÞ

where x ¼ ðMωÞ2=3 is the PN expansion parameter com-
monly used in the QC case, and the expressions on the left-
and right-hand sides agree in the QC limit. Using these
rules, high-order QC corrections can be incorporated into
the evolution equation for y, which we write as
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Dy ¼ νy9
�
a0 þ

X9
n¼2

anyn
�
: ðA2Þ

We begin with corrections for systems without spin components perpendicular to the orbital angular momentum. Beyond
3PN, the known QC corrections include the 4.5PN nonspinning terms [65]

aNS;QC7 ¼ π

�
−
883

126
þ 71735

189
νþ 73196

189
ν2
�
; ðA3aÞ

aNS;QC8 ¼ 3959271176713

3972969000
−
5776

315
π2þ1995856

11025
γEþ

2140336

11025
log2−

9477

49
log3

þ
�
−
317589100793

61122600
−
1472377

2520
π2−

372800

441
γE−

8561344

11025
log2þ37908

49
log3

�
ν

þ
�
504221849

51030
−
22099

60
π2
�
ν2−

1909807

9720
ν3þ917

180
ν4þ

�
−
1995856

11025
þ372800

441
ν

�
log

"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1−e2

p

8yð1−e2Þ3=2
#
; ðA3bÞ

aNS;QC9 ¼ π

(
343801320119

116424000
−
219136

525
γE þ

�
−
516333533

83160
þ 3608

15
π2
�
ν −

6821669

6480
ν2 −

24107249

41580
ν3

þ 219136

525
log

"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

8yð1 − e2Þ3=2
#)

; ðA3cÞ

4PN spin-orbit corrections [66]

aSO;QC7 ¼
�
−
4323559

5670
þ 87341

42
ν −

17840

27
ν2
�
χeff þ

�
−
1932041

5670
þ 40289

90
ν −

10819

135
ν2
�
δμδχ; ðA4aÞ

aSO;QC8 ¼ π

��
−
30542

45
þ 26536

15
ν

�
χeff þ

�
−
93914

315
þ 34303

105
ν

�
δμδχ

�
; ðA4bÞ

4PN aligned spin-spin corrections [66]

aSS;QC7 ¼ π

�
ð128þ 32δqSÞχ2eff þ 64δqAχeffδχ þ

�
4

5
þ 32δqS

�
δχ2

�
; ðA5aÞ

aSS;QC8 ¼
(
14931877

5670
þ 1931813

11340
δqS þ

�
−
45809

15
−
17305

84
δqS

�
νþ

�
12536

45
þ 3134

45
δqS

�
ν2

þ
�
81919

1260
−
1327

20
ν

�
δμδqA

)
χ2eff þ

(�
1931813

5670
−
17305

42
νþ 6268

45
ν2
�
δqA

þ
�
1597856

945
þ 81919

630
δqS þ

�
−
19949

15
−
1327

10
δqS

�
ν

�
δμ

)
χeffδχ þ

(
144727

540
þ 1931813

11340
δqS

þ
�
−
765353

756
−
17305

84
δqS

�
νþ

�
71707

180
þ 3134

45
δqS

�
ν2 þ

�
81919

1260
−
1327

20
ν

�
δμδqA

)
δχ2; ðA5bÞ

3.5PN aligned cubic-in-spin corrections [68]
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aSSS;QC7 ¼
�
−
4688

15
−
1436

15
δqS −

88

5
δoS

�
χ3eff þ

��
−
1496

15
−
374

15
δqS

�
δμ −

2078

15
δqA −

264

5
δoA

�
χ2effδχ

þ
�
−
43

15
þ 152

15
δqS −

748

15
δqAδμ −

264

5
δoS

�
χeffδχ

2 þ
��

−
3

5
−
374

15
δqS

�
δμþ 794

15
δqA −

88

5
δoA

�
δχ3; ðA6Þ

7.5PN nonspinning quasicircular adiabatic tidal corrections [69]

aT;QC10 ¼ 144

5
Λð2Þ
A;av þ

12

5
Λð2Þ
B;av; ðA7aÞ

aT;QC12 ¼
�
4421

140
−
571

10
ν

�
Λð2Þ
A;av þ

�
38

35
þ 751

10
ν

�
Λð2Þ
B;av þ

4148

15
Σð2Þ
A;av −

4

15
Σð2Þ
B;av; ðA7bÞ

aT;QC13 ¼ π

�
576

5
Λð2Þ
A;av þ

48

5
Λð2Þ
B;av

�
; ðA7cÞ

aT;QC14 ¼
�
6993499

15120
þ 18677

105
ν −

1239

10
ν2
�
Λð2Þ
A;av þ

�
21011

630
þ 378769

560
ν −

5231

12
ν2
�
Λð2Þ
B;av þ 60Λð3Þ

A;av

þ
�
74966

105
−
11854

15
ν

�
Σð2Þ
A;av þ

�
−
299

315
þ 15506

15
ν

�
Σð2Þ
B;av; ðA7dÞ

aT;QC15 ¼ π

(�
62199

280
−
12469

20
ν

�
Λð2Þ
A;av þ

�
152

35
þ 5139

20
ν

�
Λð2Þ
B;av þ

5528

5
Σð2Þ
A;av −

8

15
Σð2Þ
B;av

)
; ðA7eÞ

and 6.5PN quasicircular adiabatic spin-tidal corrections [70,182]

aST;QC13 ¼
�
−
1292

5
χ−

456

5
δμδχ

�
Λð2Þ
A;avþ

2751

20
δχΛð2Þ

A;diffþ
�
−
64

5
χþ43

5
δμδχ

�
Λð2Þ
B;av−

51

5
δχΛð2Þ

B;diff −
986

3
χΣð2Þ

A;av

þ4936

15
δχΣð2Þ

A;diffþ
2

15
χΣð2Þ

B;avþ
4

15
δχΣð2Þ

B;diff −
856

5
ðχΛð23Þ

A;avþδχΛð23Þ
A;diffÞþ

272

5
ðχΛð32Þ

A;avþδχΛð32Þ
A;diffÞ

þ833

15

�
χΣð23Þ

A;avþδχΣð23Þ
A;diff

�
−
204

5

�
χΣð32Þ

A;avþδχΣð32Þ
A;diff

�
−8

�
χΛð23Þ

B;avþδχΛð23Þ
B;diff

�
−

1

15

�
χΣð23Þ

B;avþδχΣð23Þ
B;diff

�
; ðA8Þ

where γE ¼ 0.577… is the Euler-Mascheroni constant, and, extending the notation of Ref. [57], we have defined

δqS ¼ q1 þ q2 − 2; ðA9aÞ

δqA ¼ q1 − q2; ðA9bÞ

δoS ¼ o1 þ o2 − 2; ðA9cÞ

δoA ¼ o1 − o2; ðA9dÞ

with qi and oi the spin quadrupole and octupole parameters of binary component i ¼ f1; 2g, respectively (sometimes
denoted κi and λi in the literature). For black holes, qi ¼ oi ¼ 1. To simplify tidal terms we have defined

KðlÞ
A;av ¼ 22l

m2l
1 m2K

ðlÞ
1 þm2l

2 m1K
ðlÞ
2

ðm1 þm2Þ2lþ1
; KðlÞ

A;diff ¼ 22l
m2l

1 m2K
ðlÞ
1 −m2l

2 m1K
ðlÞ
2

ðm1 þm2Þ2lþ1
; ðA10aÞ
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KðlÞ
B;av ¼ 22l

m2lþ1
1 KðlÞ

1 þm2lþ1
2 KðlÞ

2

ðm1 þm2Þ2lþ1
; KðlÞ

B;diff ¼ 22l
m2lþ1

1 KðlÞ
1 −m2lþ1

2 KðlÞ
2

ðm1 þm2Þ2lþ1
; ðA10bÞ

Kðll0Þ
A;av ¼ 2lþl0−1m

lþl0−1
1 m2K

ðll0Þ
1 þmlþl0−1

2 m1K
ðll0Þ
2

ðm1 þm2Þlþl0 ; Kðll0Þ
A;diff ¼ 2lþl0−1 m

lþl0−1
1 m2K

ðll0Þ
1 −mlþl0−1

2 m1K
ðll0Þ
2

ðm1 þm2Þlþl0 ; ðA10cÞ

Kðll0Þ
B;av ¼ 2lþl0−1m

lþl0
1 Kðll0Þ

1 þmlþl0
2 Kðll0Þ

2

ðm1 þm2Þlþl0 ; Kðll0Þ
B;diff ¼ 2lþl0−1 m

lþl0
1 Kðll0Þ

1 −mlþl0
2 Kðll0Þ

2

ðm1 þm2Þlþl0 ; ðA10dÞ

where KðlÞ
i represent the different dimensionless tidal

deformabilities of body i, which in our case include the

mass quadrupole (Λð2Þ
i ), mass octupole (Λð3Þ

i ), and current

quadrupole (Σð2Þ
i ). In addition, we account for the spin-

induced couplings where a magnetic quadrupolar (octupo-
lar) tidal moment induces a mass octupole (quadrupole)

through the deformabilities Λð32Þ
i (Λð23Þ

i ), and an electric
quadrupolar (octupolar) tidal moment induces a current

octupole (quadrupole) through Σð32Þ
i (Σð23Þ

i ). We define tidal
deformabilities in terms of the dimensionless tidal Love
numbers [183]

ΛðlÞ
i ¼ 2

ð2l − 1Þ!! k
ðlÞ
i

�
c2Ri

Gmi

�
2lþ1

; ðA11aÞ

ΣðlÞ
i ¼ l − 1

4ðlþ 1Þð2l − 1Þ!! j
ðlÞ
i

�
c2Ri

Gmi

�
2lþ1

; ðA11bÞ

Λðll0Þ
i ¼ kðll

0Þ
i

�
c2Ri

Gmi

�
lþl0−1

; ðA11cÞ

Σðll0Þ
i ¼ jðll

0Þ
i

�
c2Ri

Gmi

�
lþl0−1

; ðA11dÞ

where Ri is the radius of body i, and all deformabilities
vanish for black holes.
While the nonspinning and aligned-spin corrections to

the evolution of y listed above are expected to be exact at
Oðe0Þ in eccentricity, the same is not true when the objects
in the binary have spin components perpendicular to the
orbital angular momentum, si⊥. The reason is that such
components are expected to introduce quasicircular Oðe0Þ
corrections to the eccentricity evolutionDe2, modifying the
residual eccentricity of Eq. (22) and leading to additional
Oðe0Þ corrections to the evolution of y. Based on 2PN
results [62], the corrections to Dy arising from De2 are
expected to be much smaller than the pure QC contribu-
tions. Nonetheless, we use a tilde (˜) on the coefficients
below to indicate that they are likely incomplete. From 3PN
to 4PN, we have [67]

ãSS⊥;QC
6 ¼

�
3251
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þ 6373

90
ν

�
s2⊥ þ

�
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15
−
2539
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δqS þ

�
−
181

45
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��
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−
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δqS
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�
−
2539

105
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5
ν

�
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�
ðs21⊥ − s22⊥Þ; ðA12aÞ

ãSS⊥;QC
7 ¼ −

96

5
π½2s2⊥ þ δqSðs21⊥ þ s22⊥Þ þ δqAðs21⊥ − s22⊥Þ�; ðA12bÞ
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where s2⊥ ¼ ks1⊥ þ s2⊥k2 and we note that the 3.5PN term
(ãSS⊥;QC

7 ) includes only partial information about the fully
spinning case [67].
When computing the precession average of these coef-

ficients using the MSA [57], it is convenient to express the
quantities appearing in Eq. (A12) as

s21⊥ þ s22⊥ ¼ s21 þ s22 −
χ2eff þ δχ2

2
; ðA13aÞ

s21⊥ − s22⊥ ¼ s21 − s22 − χeffδχ: ðA13bÞ

APPENDIX B: EXPLICIT POST-NEWTONIAN
EXPRESSIONS FOR THE PRECESSION

EQUATIONS

In Sec. IV we kept the discussion independent of the
explicit post-Newtonian form of the precession

equation, to make it valid to when higher order
eccentric corrections are derived, or when using differ-
ent spin supplementary conditions. Nonetheless, in this
Appendix we list the explicit expressions that have been
used in pyEFPEHM. In particular, we use the orbit
average spin-precession equations, with eccentric effects
up to 2PN and containing only the quasicircular part up
to 4PN. As in Appendix A, we work in harmonic
coordinates with the Newton-Wigner spin supplemen-
tary condition, and we apply Eq. (A1) to the quasicir-
cular expressions to better represent the expected shape
of the eccentric ones.
We obtain the 4PN precession frequencies of

Eq. (28) from Ref. [67], removing the terms that
would change the norm of l̂N as described in Eq. (31).
That is

ΩlN ¼
(
7

4
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3yχeff
2

þ y2
�
−
9

8
−
19ν

8

�
þ y3

��
203

32
þ 13ν

8

�
χeff −

31δμδχ

32

�
þ y4

�
−
27

32
−
207ν

32
þ 127ν2

96

�

þ y5
��

−
255

128
−
2281ν

384
−
61ν2

96

�
χeff þ

�
195

128
þ 911ν

384

�
δμδχ

�)
ðs1 þ s2Þ

þ
(
δμ

4
þ y2δμ

�
9

8
−
ν

8

�
þ y3

�
−
49

32
δμχeff þ

�
5

32
þ 3ν

8

�
δχ

�
þ y4δμ

�
27

32
−
81ν

32
þ ν2

96

�

þ y5
��

177

128
þ 1121ν

384

�
δμχeff þ

�
−
117

128
þ 545ν

384
−
77ν2

96

�
δχ

�)
ðs1 − s2Þ

þ νy5


28

5
ðs1 þ s2Þ × l̂N þ 4

5
δμðs1 − s2Þ × l̂N

�
; ðB1aÞ

Ω1 ¼
(
7

4
þ δμ

4
−
3yχeff
2

þ y2
�
33

16
−
61ν

48
þ δμ

�
15

16
−

ν

48

��
þ y3

��
−

5

12
þ 3ν

4

�
χeff þ

�
1

12
þ 2ν

3

�
δχ

−
31

24
δμðχeff þ δχÞ

�
þ y4

�
135

32
−
367ν

32
þ 29ν2

96
þ δμ

�
81

32
−
55ν

32
−
ν2

96

��

þ y5
��

−
103

32
þ 937ν

144
−
ν2

16

�
χeff þ

�
−
31

32
þ 65ν

18
−
7ν2

9

�
δχ þ

�
−
47

16
þ 319ν

144

�
δμðχeff þ δχÞ

�)
l̂N

þ y



1

2
−
νy2

4
þ y4

�
3

8
þ 49ν

16
þ ν2

48

��
s2; ðB1bÞ

where Ω2 can be obtained from Ω1 by exchanging 1 ↔ 2, that is s1 ↔ s2, δμ ↔ −δμ, and δχ ↔ −δχ.
The coefficients aJ, bJ, and cJ appearing in Eq. (32) for the total PN angular momentum, are given by [67]

aJ ¼
ν

y

(
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bJ ¼
1

2
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The coefficients Aχ , Bχ , Aδχ , and Bδχ that appear in Eq. (36) for Dχ and Dδχ are given by

Aχ ¼ −
3
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Finally, the coefficients κDΔJ2
and δDΔJ2

appearing in Eq. (78) for DΔJ2 are given by

κDΔJ2
¼ 1þ y2

�
−
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−
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6
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APPENDIX C: EXTRA PARAMETER
ESTIMATION INFORMATION AND RESULTS

All PE analyses in this paper are performed using Bilby
[148–150]. Sampling is carried out with Bilby’s implemen-
tation of the Dynesty nested sampler [151], using the
ACCEPTANCE-WALK sampling scheme with three parallel
runs, nlive ¼ 1000, and naccept ¼ 60.
Quasicircular injections are specified by 15 parameters:

the detector-frame component masses m1 and m2; the
dimensionless spin magnitudes a1 and a2; the tilt angles
between each spin and the orbital angular momentum θ1
and θ2; the azimuthal angle between the spin vectors ϕ12;
the azimuthal angle between the total and orbital angular
momenta ϕJL; the angle between the total angular momen-
tum and the line of sight θJN ; the reference orbital phase
ϕref ¼ λ0; the luminosity distance dL; the right ascension

ra; the declination dec; the polarization angle ψ ; and the
geocentric coalescence time tc. For eccentric injections,
two additional parameters are introduced: the initial eccen-
tricity e0 and the initial mean anomaly l0.
Table III lists the parameters of the two injections

analyzed in Sec. VI C, together with the signal-to-noise
ratio (SNR) in each detector and the corresponding network
SNR. Table IV lists the prior distributions used in Bilby for
all PE analyses in this paper. Table V summarizes the
computational cost of each PE analysis, including the total
run duration, number of likelihood evaluations, and wall-
clock time per likelihood evaluation.
Finally, in Figs. 15 and 16 we present the corner plots of

the posterior distributions for the most relevant parameters
obtained from the pyEFPEHM and SEOBNRv5PHM param-
eter estimation analyses, respectively.

MORRAS, PRATTEN, SCHMIDT, and BUONANNO PHYS. REV. D 114, 044032 (2026)

044032-32



TABLE III. Values of the parameters for the two injections
analyzed in Sec. VI C. We also list the SNR in each detector (H1,
L1 and V1), computed with their projected O5 sensitivities
[10,118], also used in the PEs of Sec. VI C. Finally, we show
the total network SNR, obtained by combining in quadrature the
individual detector SNRs.

pyEFPEHM injection SEOBNRv5PHM injection

m1ðM⊙Þ 10 10
m2ðM⊙Þ 2 2
a1 0.4 0.4
a2 0.6 0.6
θ1 ðradÞ 0.9 0.9
θ2 (rad) 2.2 2.2
ϕ12 (rad) 3.0 3.0
ϕJL (rad) 3.3 3.3
θJN (rad) 1.0 1.0
dL (Mpc) 500 500
ϕref ðradÞ 0.9 0.9
ra (rad) 1.0 1.0
dec (rad) −0.316 −0.316
ψ (rad) 0.6 0.6
tGPSc ðsÞ 1262276684 1262276684
e0 0.2 � � �
l0 (rad) 2.5 � � �
H1 SNR 12.38 15.17
L1 SNR 12.78 15.51
V1 SNR 4.73 6.10
Network SNR 18.4 22.5

TABLE IV. Prior distributions used in Bilby for all param-
eter estimation analyses in this paper. The eccen-
tricity e0 and mean anomaly l0 priors apply only to
the eccentric analyses.

Parameter Distribution Minimum Maximum

McðM⊙Þ Uniform in components 3.4 4.0
q Uniform in components 0.05 1
a1 Uniform 0 0.9
a2 Uniform 0 0.9
θ1 (rad) Sine 0 π
θ2 (rad) Sine 0 π
ϕ12 (rad) Uniform (periodic) 0 2π
ϕJL (rad) Uniform (periodic) 0 2π
dL (Mpc) Uniform source frame 10 5000
ra (rad) Uniform (periodic) 0 2π
dec (rad) Cosine −π=2 π=2
θJN (rad) Sine 0 π
ψ (rad) Uniform (periodic) 0 π
ϕref (rad) Uniform (periodic) 0 2π
e0 Uniform 0 0.5
l0 (rad) Uniform (periodic) 0 2π

TABLE V. Computational cost of the parameter estimation analyses described in Sec. VI C. All analyses were performed using 64
threads on a single AMD EPYC 7513 CPU.

Injection pyEFPEHM SEOBNRv5PHM

Recovery pyEFPEHM pyEFPEHM pyEFPEHM ðe0 ¼ 0Þ SEOBNRv5PHM

Run duration 3 d 20 h 3 d 1 h 2 d 21 h 4 d 3 h
Likelihood evaluations 7.7 × 107 6.6 × 107 6.8 × 107 7.6 × 107

Thread-seconds per likelihood evaluation 0.28 s 0.25 s 0.23 s 0.30 s
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FIG. 15. Corner plot showing the joint posterior distributions of selected parameters from the pyEFPEHM injection—recovery study,
including the chirp mass Mc, mass ratio q, effective inspiral spin parameter χeff, effective precession spin parameter χp, initial
eccentricity e0, mean anomaly l0, inclination ι0, luminosity distance dL, right ascension ra, declination dec, and difference between
measured and injected coalescence times tc − tinjc . The diagonal panels show the marginal distributions for each parameter, together with
the median and 90% confidence levels. The off-diagonal panels display the bivariate correlations between parameter pairs, with contours
indicating the 50% and 90% credible regions. The black lines denote the injected parameter values.
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FIG. 16. Corner plot showing the joint posterior distributions of selected parameters for the SEOBNRv5PHM injection, recovered using
SEOBNRv5PHM, pyEFPEHM with the eccentricity fixed to zero [labeled pyEFPEHM ðe0 ¼ 0Þ], and pyEFPEHM with a uniform prior
on the initial eccentricity e0 ∈ ½0; 0.5� (labeled pyEFPEHM). The parameters shown are the chirp mass Mc, mass ratio q, effective
inspiral spin parameter χeff, effective precession spin parameter χp, initial eccentricity e0, inclination ι0, luminosity distance dL, right
ascension ra, and declination dec. The diagonal panels display the marginal distributions for each parameter, while the off-diagonal
panels show the bivariate correlations, with contours indicating the 50% and 90% confidence levels. The black lines denote the injected
parameter values.
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