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We address pion transitions involving heavy quarkonium and heavy exotic states in the Born-
Oppenheimer effective field theory. Many of these states have a size similar or larger than the typical
hadronic scale, and hence the usual QCD multipole expansion breaks down. Unknown low energy
functions must be introduced, which at short distances must reproduce the known results of the multipole
expansion. In order to determine the long distance behavior of these functions, we propose an interaction
Lagrangian for pions and the QCD string. By matching the amplitudes obtained with this Lagrangian to the
ones of the Born-Oppenheimer effective field theory in the static limit, we obtain the low energy functions
in terms of three universal parameters. As a by-product, we also obtain the light quark mass dependence of
the string tension. Assuming that the low energy functions are long-distance dominated, we calculate
several quarkonium-to-quarkonium and hybrid-to-quarkonium transitions. We estimate the universal
constants and provide a phenomenological analysis of the most relevant transitions.
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I. INTRODUCTION

Exotic hadrons (those beyond mesons and baryons) have
been a matter of research since the early days of QCD [1].
Glueballs, hybrids, tetraquarks, and pentaquarks, among
others, have been extensively discussed in the literature (see
[2–4] for recent reviews). If they have an exotic flavor
structure or an exotic JPC, they provide a clear experimental
signature. However, many of them may have flavor or JPC

quantum numbers like conventional hadrons. In that case,
they may mix with ordinary mesons or baryons and the
exotic nature may become difficult to uncover. If they
contain hidden heavy flavor, charm or bottom, the mixing
with hidden light flavor is suppressed in QCD, and the large
charm and bottom mass makes the case much simpler. This
is how the first tetraquark Zcð3900Þ [5,6] and pentaquark
[7] were unambiguously identified. They havemasses in the
charmonium range but isospin 1 and baryon number 1
respectively. Even when there are no exotic flavor or JPC

quantumnumbers, exotic charmoniumor bottomoniummay
be identified by comparing with quark model predictions,

which are supposed to be reliable for these systems. This is
the case of the celebrated Xð3872Þ [8,9]. We shall consider
hidden heavy flavor isospin zero mesons, both ordinary and
exotic, and focus specifically on the hybrid sector.
An economical approach to address hadrons with two

heavy quarks, both ordinary and exotic, is the so-called
Born-Oppenheimer effective field theory (BOEFT)
[10–15]. It exploits the fact that heavy quarks in heavy
hadrons move slowly. The effect of the light degrees of
freedom (LDF), gluons and light quarks, is encoded in a
series of potentials organized in a 1=mQ expansion, mQ

being the heavy quark mass. The number of independent
potentials at each order depends on the JPC of the LDF, and
on its decomposition into irreducible representations of
D∞h, the symmetry group of a diatomic molecule. The
leading potentials (Oð1=m0

QÞ) are heavy quark spin and
heavy quark mass independent. In the case of hybrids, it has
been used to calculate the spin average spectrum
[10–12,16], decays to heavy quarkonium [12,17–19],
and transitions between heavy quarkonium states [20].
The mixing of heavy quarkonium hybrids with heavy
quarkonium starts at order 1=mQ [12]. Heavy-quark spin
effects also start at order 1=mQ [12,13], and, in the case of
hybrids, have been studied in Refs. [14,21,22]. We shall
address pion transitions within this framework.
The motivation of this work is twofold. First, to

formulate pion transitions within the BOEFT framework,
both for ordinary and exotic quarkonium. And second, to
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estimate the long distance behavior of the unknown low
energy functions (LEF) that arise in this approach. This is
particularly relevant because many exotic states, such as
heavy quarkonium hybrids and a number of quarkonium
states, are expected to be dominated by long-distance
physics. Traditionally, dipion transitions in heavy quarko-
nium are usually calculated through a two-step procedure.
First, the multipole expansion is used [23]. This is
expanding soft gluon operators about the heavy quarko-
nium center of mass. Next, the soft gluon operators are
hadronized in terms of pions. For this approach to be valid,
the typical size of the bound states r must be smaller than
the typical hadronic scale 1=ΛQCD and smaller than the
timescale of the transition 1=ΔE, where ΔE is the energy
difference between the initial and final quarkonium states.
Often an additional expansion is used, the so-called twist
expansion [24], which localizes soft gluon operators at
different times, at the same time. This approximation
assumes that the typical binding energies are larger than
ΛQCD andΔE. Although it leads to elegant features, like the
use of the energy-momentum tensor and the QCD trace
anomaly to match to the chiral Lagrangian, and it has been
extensively used over the years (see for instance [25,26]), it
is difficult to justify in practice [20,27]. For quarkonium
states with large principal quantum number, even the
multipole expansion may fail. For instance, typical values
of 1=r for ψðnSÞ (ϒðnSÞ) are 520 (1030) MeV, 260
(430) MeV, 190 (300) MeV and 150 (230) MeV for
n ¼ 1, 2, 3, 4 [12]. Except for the 1S states, the remaining
figures for 1=r are of the order or smaller than ΛQCD. It is
then worth exploring the consequences of giving up the
multipole expansion. In order to do so, we focus on the
opposite limit namely rΛQCD ≫ 1. We illustrate this limit
and the one corresponding to the multipole expansion in
Fig. 1. In this regime, the QCD effective string theory
(EST) can be used [28]. We propose an interaction
Lagrangian of the QCD string with pions, which respects
both the symmetries of the EST and chiral symmetry. With
this Lagrangian, we then calculate the light quark mass
dependence of the string tension, elastic pion scattering off
the string, and the decay of string excitations into pion
pairs. We put forward interaction Lagrangians for quarko-
nium-to-quarkonium and hybrid-to-quarkonium dipion
transitions, which reproduce the string result in the static
limit, and obtain from them the long distance behavior of

the BOEFT LEF. They are given in terms of three universal
constants.
Finally, we carry out a phenomenological analysis. We

estimate the universal constants from suitable quarkonium
transitions, and once we have obtained them, we use them
to calculate dipion invariant mass spectrum of several
quarkonium and hybrid-to-quarkonium transitions.
The paper is organized as follows. Section II shows the

pion interactions in theBOEFT framework. Sec. III provides
the interaction between the pions and the QCD string. We
obtain the light quarkmass dependence of the string tension,
pion scattering off the string, and the ESTexpression for the
decay of string excitations through pion emission. In Sec. IV
we go over the matching of the BOEFT LEF at long
distances. Sections V and VI show the dipion transitions
between highly excited quarkonium states, and between
exotics with 1þ− LDF and quarkonium states, respectively.
Phenomenological applications are worked out for quarko-
nium and hybrids with 1þ− LDF in Sec. VII. We discuss our
results in Sec. VIII and close with a summary and con-
clusions in Sec. IX. Several Appendixes contain technical
details and further elaborations.

II. PION INTERACTIONS IN THE BOEFT

In the framework of Born-Oppenheimer effective field
theory [12,15,29,30], the interaction of pions with heavy
quarkonium at leading order (LO) in 1=mQ and the chiral
expansion is given by,

Lint ¼
Z

d3R
Z

d3rTr½S†ðR; r; tÞðg0ðrÞ∂0U†
∂
0U

þ g1ðrÞ∂iU†
∂
iU þ g2ðrÞr̂ir̂j∂iU†

∂jU

þ g3ðrÞðU†MþM†UÞÞSðR; r; tÞ� ð1Þ

where SðR; r; tÞ ¼ ðS0ðR; r; tÞI2 þ Sj1ðR; r; tÞσjÞ= ffiffiffi
2

p
, S0

(Sj1) is the quarkonium wave function field for the
spin 0 (spin 1) heavy quarkonium. U ¼ UðR; tÞ ¼
exp ðπ⃗ðR; tÞτ⃗=fπÞ, πðR; tÞ are the pion fields, τ⃗ the isospin
Pauli matrices, fπ the pion decay constant, M ¼ mqI,
mq ¼ ðmu þmdÞ=2, the average of the up quark and down
quark masses (mq ≃m2

π=2B0, B0 ∼ ΛQCD). gsðrÞ, s ¼ 0, 1,
2, 3 are unknown LEF. The trace must be understood to
act independently on both spin-symmetry multiplets of

FIG. 1. Multipole expansion emission (left) versus string emission (right).
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quarkonium and on the isospin space of chiral operators.
This Lagrangian implicitly assumes that the energies
involved in the processes, ΔE, fulfill ΔE ≪ 1=r;ΛQCD.
The short distance behavior of gsðrÞ can be obtained using
the QCD multipole expansion [23]. It delivers gsðrÞ ∼ r2.
Note that the twist expansion does not hold and hence the
nonperturbative effects cannot be parametrized by local
operators (see Sec. 5 of [31]). The low energy theorems that
are extremely useful in approaches based on both the
multipole and twist expansions [25,26] cannot be applied
here. The long distance behavior of gsðrÞ is unknown. We
are going to estimate it in Sec. IV using the EST results
from the following Section.
Analogous Lagrangians can bewritten downwhen one of

the fields represents a heavy quarkonium exotic, namely a
quarkonium with nontrivial LDF quantum numbers, rather
than a heavy quarkonium (0þþ LDF). We display in
Appendix A the lowest order chiral operators relevant for
any exotic with LDF of J ≤ 1. Let us present here the case
with LDF 1þ− at LO in the 1=mQ and in the chiral expansion

Lint ¼
Z

d3R
Z

d3rTr½S†ðR; r; tÞ

× ðϵijkr̂jg4ðrÞ∂0U†
∂
kUÞHiðR; r; tÞ� þH.c. ð2Þ

where HðR; r; tÞ ¼ ðH0ðR; r; tÞI2 þHj
1ðR; r; tÞσjÞ= ffiffiffi

2
p

,
H0 (Hj

1) is the wave function field for the spin 0 (spin 1)
heavy quarkonium hybrid. The trace must be understood to
act independently on both spin-symmetry multiplets of
quarkonium and on the chiral operators. At short distances,
the QCD multipole expansion can be used [23] and leads to
g4ðrÞ ∼ r [18]. The unknown long distance behavior will be
obtained in Sec. IV.

A. Pion scattering off static quarkonium

We compute hπðqÞ; Sðr0;R0ÞjSintjπðpÞ; Sðr; 0Þi using the
general form of (1) in the static limit. This results will be
used in Sec. IV in order to obtain the matching with EST,
hence, we show the result for the special case rkz. We
obtain,

hπðq⃗Þ; Sðr0;R0ÞjSintjπðp⃗Þ; Sðr; 0Þi

¼ δðr0 − rÞδðR0ÞδðEq − EpÞ
8π

f2π

�
g0ðrÞEqEp

þ g1ðrÞqipi þ g2ðrÞq3p3 þ g3ðrÞ
m2

π

2B0

�
; ð3Þ

where Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þm2

π

p
and Eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

π

p
.

B. Static exotics to static quarkonium pion transitions

By following the same procedure with the Lagrangian
(2) for exotics with 1þ− LDF we obtain,

hπðq⃗Þπðp⃗Þ; Sðr0;R0ÞjSintj0π;H�ðr; 0Þi
¼ hπðqÞπðpÞ; Sðr0;R0ÞjSintj0π;Hðr; 0Þi�

¼ δðr0 − rÞδðR0ÞδðEq þ Ep þ ΔEÞ
�
−
4π

f2π

�
× ig4ðrÞðEqpþ EpqÞ; ð4Þ

whereΔE < 0 is the static energy of the quarkonium minus
the static energy of the exotic. Hðr;RÞ and H�ðr;RÞ are
defined by the previously introduced H1ðr;RÞ ¼
ðH�ðr;RÞ −Hðr;RÞÞ= ffiffiffi

2
p

and H2ðr;RÞ ¼ iðH�ðr;RÞ þ
Hðr;RÞÞ= ffiffiffi

2
p

.

III. THE INTERACTION OF PIONS WITH THE
QCD STRING

The effective QCD string theory provides an accurate
description of the static potential at long distances
(rΛQCD ≫ 1), both for quarkonium and hybrids. This is
also the case for a number of 1=mQ suppressed quarkonium
potentials. The Nambu-Goto (NG) action provides the
leading terms of the EST

SNG ¼ −σ
Z

d2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμ

q
Þ; ð5Þ

where σ ∼ Λ2
QCD is the string tension. The energy spectrum

in EST, which corresponds to static quark-antiquark ener-
gies, can be organized in powers of 1=ðrΛQCDÞ, the leading
term being the linear confining potential σr [28,32]. Bulk
corrections to the NG action start at order 1=ðr7Λ6

QCDÞ [33],
but boundary terms have an impact earlier on, at order
1=ðr4Λ3

QCDÞ [34,35]. The NG action enjoys reparameteri-
zation invariance and Poincaré invariance. We choose the
frame ξ1 ¼ x0 ¼ t, t∈R, ξ2 ¼ x3 ¼ z, z∈ ½−r=2; r=2�.
With this choice we can conveniently denote the directions
orthogonal to z as xiðt; zÞ with i ¼ 1, 2, and assume xi ∼
1=ΛQCD and ∂t ∼ ∂z ∼ 1=r. For rΛQCD ≫ 1, we then have,

SNG ¼ −σ
Z

dtdz

�
1 −

1

2
∂0xi∂0xi þ

1

2
∂3xi∂3xi þ � � �

�

¼ −σ
Z

dtdz½1 − ∂0φ
�
∂0φþ ∂3φ

�
∂3φþ � � ��; ð6Þ

where φ ¼ φðz; tÞ ¼ ðx1ðz; tÞ þ ix2ðz; tÞÞ= ffiffiffi
2

p
can be writ-

ten in terms of creation and annihilation operators

φðz; tÞ ¼
X∞
n¼1

1

2En
ðe−iEntφnðzÞαn þ eiEntφ�

nðzÞβ†nÞ;

φnðzÞ ¼
1ffiffiffiffiffi
2r

p ðeiEnz þ ð−1Þnþ1e−iEnzÞ;

½αn; α†m� ¼ ½βn; β†m� ¼
2En

σ
δnm; En ¼

πn
r
: ð7Þ
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The remaining commutators vanish. α†n (β
†
n) on the vacuum

creates a state of energy En, angular momentum 1 (−1), and
parity ð−1Þn. The reflection with respect to the xz plane
interchanges αn ↔ βn.
At low energies (p ∼mπ ≪ ΛQCD), pion physics is

described by the chiral Lagrangian,

LLO
χ ¼ f2π

4
Trð∂μU†

∂
μUÞ þ f2πm2

π

4mq
TrðU†MþM†UÞ; ð8Þ

which is also Poincaré invariant, and approximately invari-
ant under SULð2Þ ⊗ SURð2Þ chiral symmetry. The latter
symmetry is spontaneously broken by the ground state to
the diagonal SUð2Þ (isospin) and explicitly broken by the
light quark masses, M ¼ mqI, mq ¼ ðmu þmdÞ=2, which
also break isospin at higher orders.
The guidelines for building the interaction of pions with

the string in an EFT framework are symmetries and
power counting. We shall write down a local effective
Lagrangian that respects the symmetries of both (5) and
(8). For the power counting we are going to assume 1=r, p,
mπ ≪ ΛQCD, which holds both for the EST and the
chiral Lagrangian. This means an expansion in ∂xiðξÞ=∂ξa ∼
1=rΛQCD (a ¼ 0, 3), ∂μ=4πfπ ∼ p=ΛQCD, M=4πfπ ∼
mπ=ΛQCD. Note that in the manifestly Lorentz and repar-
ameterization invariant formulation of the Nambu-Goto
string (5), the EFT counting is not explicit. It contains
arbitrary higher orders in the 1=rΛQCD expansion. This may
be remedied by sticking to the physical degrees of freedom
(xiðξÞ), for which the string symmetry group reduces to
SOð1; 1Þ ⊗ Oð2Þ, and implementing the remaining
SOð3; 1Þ Lorentz symmetry by a nonlinear representation
[36–38]. Sincewe are only aiming at a LO calculation, rather
than implementing a nonlinear realization of SOð3; 1Þ, we
will just write down the terms that are invariant under
SOð1; 1Þ ⊗ Oð2Þ and chiral symmetry and then find a
manifestly Lorentz and reparameterization invariant formu-
lation of them. Since the QCD string does not transform
under chiral symmetry, the lowest dimensional local oper-
ator we may build in the physical frame reads

LChS ¼ ðλþ ηÞTrð∂0U†
∂
0UÞ þ ðλþ ηÞTrð∂3U†

∂
3UÞ

þ λTrð∂iU†
∂
iUÞ þ λ0TrðU†MþM†UÞ; ð9Þ

U¼Uðt;xiðt;zÞ;zÞ; i¼ 1;2; z¼ x3; t¼ x0: ð10Þ

This Lagrangian isOðp2=Λ2
QCDÞ in the chiral expansion and

Oð1Þ in the 1=rΛQCD expansion. At the same order in the
chiral expansion and Oð1=rΛQCDÞ we have a single term,

δLChS ¼ 2η0½∂0xiTrð∂0U†
∂iUÞ − ∂3xiTrð∂3U†

∂iUÞ�: ð11Þ

These Lagrangian densities are to be integrated over
z∈ ½−r=2; r=2� and t in order to get the corresponding

actions. Note that the parameters η and η0 break the linear
SOð3; 1Þ symmetry. The terms that respect this symmetry
can be obtained from the following manifestly Lorentz and
reparameterization invariant action,

Sint ¼
Z

d2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

q
LChðxðξÞÞ;

LCh ¼ LLO
Ch þ LNLO

Ch þ…;

LLO
Ch ¼ λTrð∂μU†

∂
μUÞ þ λ0TrðU†MþM†UÞ;

LNLO
Ch ¼ λ000TrðM†MÞ þ λ0000TrðU†MU†Mþ H:c:Þ; ð12Þ

withLCh ≃ LLO
Ch . In theNLOLagrangianwe only display the

terms that will be eventually needed for renormalization, see
[39] for the complete set. In order to obtain the Lorentz
invariant terms in (9), we only need the LO Lagrangian
above. The terms in (9) and (11) that break the linear
SOð3; 1Þ symmetry, can be obtained from the following
manifestly Lorentz and reparameterization invariant action,

δSint ¼ η

Z
d2ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axρ∂bxρÞ

q
∂axμ∂axνTrð∂μU†

∂νUÞ;

ð13Þ

provided that η ¼ η0. This equality can also be obtained by
enforcing nonlinear Lorentz transformations in (9) and (11)
[36–38].
The Fock space on which the Lagrangian above acts on is

the tensor product of the string Fock space and the chiral
Lagrangian one. The string coordinates xiðξÞ act on the
former, but the pion fields act on both. On the latter, through
the pion creation and annihilation operators in them, and on
the former, through the space dependence on xiðξÞ. Indeed,
consider for instance the charged pion field,

πþðxÞ ¼
Z

d3p⃗

ð2πÞ3 ffiffiffiffiffiffiffiffi
2Ep

p ðe−ipxaðp⃗Þ þ eipxb†ðp⃗ÞÞ; ð14Þ

p0 ¼ Ep, aðp⃗Þ (bðp⃗Þ) is the annihilation operators of
positively (negatively) charged pions. With x ¼ xðξÞ,

e−ipx ¼ e−ip
0tþip3zð1þ iðpixiðt; zÞÞ þ � � �Þ: ð15Þ

The expansion is justified since xiðt; zÞ ∼ 1=ΛQCD and
pi ≪ ΛQCD. It implies that, unlike the usual chiral
Lagrangian, the Lagrangian (9) contains arbitrary higher
orders in the p=ΛQCD expansion. Recall finally that xiðt; zÞ
with i ¼ 1, 2, contains creation and annihilation operators of
the string excitations,

pixiðt; zÞ ¼ p�φðz; tÞ þ pφðz; tÞ�

p ¼ 1ffiffiffi
2

p ðp1 þ ip2Þ: ð16Þ
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A. The light quark mass dependence of the string
tension

As the first application of the Lagrangians (12) and (13),
note that in the subspace of zero pions, the Lagrangians
(12) and (13) reduce to the usual Nambu-Goto action, and
hence they redefine the string tension. This redefinition
introduces a light quark mass dependence through M in
(12) and the pion mass. Indeed,

h0jLChSðxðξÞÞj0i ¼ h0jLChSð0Þj0i ð17Þ

h0jTrð∂μU†
∂νUÞðxðξÞÞj0i ¼ gμν

4
h0jTrð∂ρU†

∂
ρUÞð0Þj0i:

ð18Þ

At leading order in the light quark mass, there is a tree-level
linear contribution from the second term in the LO
Lagrangian (12). At NLO, there is a one-loop contribution
from the first and second terms of the LO Lagrangian and a
tree-level contribution from the NLO Lagrangian. The final
result reads,

σ → σ −
�
4λ0mq þ

�
3B0

4π2f2π

�
2B0

�
λþ η

2

�
− λ0

�

×

�
ln
2B0mq

μ2
− 1

�
þ 2λ00

�
m2

q

�
; ð19Þ

λ00 ¼ λ000 þ 2λ0000 − 3B0η=ð4πfπÞ2 is necessary to absorb the
UV divergences of the one-loop calculation. Dimensional
regularization in the MS scheme has been used. We have
also used m2

π ¼ 2mqB0 (B0 ∼ ΛQCD) in the higher order
terms. This result is expected to be useful to understand the
differences in the heavy quarkonium spectrum observed in
lattice calculations at different pion masses (see for instance
[40,41] for charmonium), which are more pronounced for
hybrids and highly excited quarkonium states. It should
also be useful to understand the light quark mass depend-
ence of the string tension recently observed in [42].

B. Pion scattering off the string

The simplest process involving pions is the elastic
scattering of a pion off any string state. The LO contribu-
tion arises at tree level, with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

p
≃ 1. We

have

hπðq⃗ÞjLChSðxÞjπðp⃗Þi ¼
4

f2π

�
ðλþ ηÞðEqEp þ q3p3Þ

þ λqipi − λ0
m2

π

2B0

�
eiðq−pÞx; ð20Þ

x ¼ xðξÞ and i ¼ 1, 2. This expression must be sandwiched
between the given string states. At LO, the exponential can
be approximated by the first term in (15), which leads to,

hπðq⃗ÞjSint þ δSintjπðp⃗Þi

¼ 16π

f2π

�
ðλþ ηÞðEqEp þ q3p3Þ

þ λqipi − λ0
m2

π

2B0

�
sin ½ðq3 − p3Þ r

2
�

ðq3 − p3Þ δðEq − EpÞ: ð21Þ

This LO expression does not depend on the particular string
state the pion scatters off. Notice the nontrivial interplay
between the third component of the pion momentum
transfer q3 − p3 and the string length r.

C. Decay of string excitations through pion emission

The string excitations may decay into the string ground
state by a two pion (dipion) emission. Let us calculate the
amplitude corresponding to the lowest lying excitations
N ¼ 1, EN ¼ πN=r at LO. They consist of two degenerate
Πu states, a clockwise (R) and an anticlockwise (L) rotation
of jLzj ¼ 1.

j1ΠR
u i ¼

ffiffiffiffiffiffiffiffi
σ

2E1

r
β†1j0i; j1ΠL

u i ¼ −
ffiffiffiffiffiffiffiffi
σ

2E1

r
α†1j0i: ð22Þ

In order to obtain a nonvanishing transition to the string
vacuum, we need terms linear in xi in the interaction
Lagrangian. Since

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

p
only produces even

powers of xi, the relevant terms from (12) can only
come from first order of the p=ΛQCD expansion in the
pion fields (15). However, from (13) there is an additional
term at zeroth order of the p=ΛQCD expansion (15) and first
order in the 1=rΛQCD expansion, which was already
displayed in (11). The part of the calculation involving
pions for this term reads,

hπðq⃗Þ; πðp⃗ÞjδLChSðxÞj0πi ¼ −
4η

f2π
½∂0xiðEqpi þ EpqiÞ

− ∂3xiðq3pi þ p3qiÞ�eiðqþpÞx;

ð23Þ

x ¼ xðξÞ. We have used
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

p
≃ 1, and the

exponential in (23) must be taken at zeroth order in the
p=ΛQCD expansion (15). The contribution from (12) and
(13) at first order in the p=ΛQCD expansion (15) can be
obtained from (9). Putting it together with the contributions
from (23), we obtain,
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hπðq⃗Þ; πðp⃗Þ; 0ESTjSint þ δSintj0π; 1ΠR
u i ¼ hπðq⃗Þ; πðp⃗Þ; 0ESTjSint þ δSintj0π; 1ΠL

u i�

¼ 16π
ffiffiffi
π

p
f2π

ffiffiffi
σ

p
r
i

��
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�
ðqþ pÞ þ η

�
π

r
ðEqpþ EpqÞ

þ ðq3 þ p3Þðq3pþ p3qÞ
��

cos ½ðq3 þ p3Þ r
2
�

ðq3 þ p3Þ2 − π2

r2
δ

�
Eq þ Ep −

π

r

�
; ð24Þ

where we used the notation introduced in (16) for q
and p and i ¼ 1, 2. This is the only expression we will
need to calculate the relevant hybrid decays. Although the
lower lying hybrid states are a mixture of Πu (N ¼ 1)
and Σ−

u (N ¼ 3) components, the latter does not contribute
to the pion decays at the order we are working.
This is discussed in the Appendix B. For illustration
purposes, we also display the outcome for the N ¼ 2
excitations using the action (12) in this Appendix. The
calculation for the 1Πg state is similar to the one presented
above. For the 1Δg state, one needs an extra term in
the expansion (15) to get the leading contribution, and for
the 2Σg state, there is an additional contribution from the
second term in the expansion of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

p
,

see (6).

IV. THE LONG DISTANCE BEHAVIOR OF THE
LOW ENERGY FUNCTIONS

In order to establish the long distance interactions of
pions with heavy quarkonium and heavy quarkonium
hybrids, we just write down interaction Lagrangians that
reproduce the amplitudes of the pion scattering off the
string and of string excitations decays, calculated in
Sec. III B and in Sec. III C, respectively, in the static
limit.
In the case where only quarkonia are involved, it

reads

Lint ¼
Z

d3R
Z

d3rTr½S†ðR; r; tÞSðR; r; tÞ�

×
Z

r=2

−r=2
dz gðr; zÞL0

ChSðt;Rþ zr̂Þ; ð25Þ

where L0
ChS is LChS (9) in the frame where r̂ corresponds to

the z direction and the origin is at R, namely,

L0
ChS ¼ LLO

Ch þ ηTrð∂0U†
∂0U − r̂ir̂j∂iU†

∂jUÞ; ð26Þ

with LLO
Ch given in (12). Then we have,

hπðq⃗Þ; Sðr0;R0ÞjSintjπðp⃗Þ; Sðr; 0Þi

¼ δðr0 − rÞδðR0ÞδðEq − EpÞ
�
8π

f2π

�

×

�
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�

×
Z

r=2

−r=2
dzgðr; zÞe−iðq3−p3Þz: ð27Þ

This expression matches (21) if gðr; zÞ ¼ 1 up to factors
δðr0 − rÞδðR0Þ that appear due to the normalization of the
initial and final states. Note that this is not the expected
form of the BOEFT (1). In fact, it is a more general
expression that also holds when ΔE ∼ 1=r. For
r ≪ 1=ΔE ∼ 1=mπ , LChSðt;Rþ zr̂Þ can be expanded
around R and the expected form in the BOEFT (3) is
recovered with

g0ðrÞ ¼
Z

r=2

−r=2
dz gðr; zÞðλþ ηÞ ¼ rðλþ ηÞ;

g1ðrÞ ¼
Z

r=2

−r=2
dz gðr; zÞλ ¼ rλ;

g2ðrÞ ¼
Z

r=2

−r=2
dz gðr; zÞð−ηÞ ¼ −rη;

g3ðrÞ ¼
Z

r=2

−r=2
dz gðr; zÞλ0 ¼ rλ0: ð28Þ

Hence, the r2 behavior that gsðrÞ, s ¼ 0; 1; 2; 3 show at
short distances becomes an r behavior at long distances.
The presence of a tensor term at long distances
(g2ðrÞ ¼ −rη) is due to the addition of (13) to the string
action (12).
In the case of a hybrid with 1þ− LDF in the initial state, it

reads,

Lint ¼
Z

d3R
Z

d3rTr½S†ðR; r; tÞHiðR; r; tÞ�

×
Z

r=2

−r=2
dz hðr; zÞϵijkr̂j

�
∂kLChSðt;Rþ zr̂Þ

þ 2η

�
iπ
r
Trð∂0U†

∂kUÞ þ r̂lr̂m∂mTrð∂lU†
∂kUÞ

��
;

ð29Þ
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and we have,

hπðq⃗Þπðp⃗Þ; Sðr0;R0ÞjSintj0π;H�ðr; 0Þi ¼ hπðqÞπðpÞ; Sðr0;R0ÞjSintj0π;Hðr; 0Þi�

¼ δðr0 − rÞδðR0ÞδðEq þ Ep þ ΔEÞ
�
−
8π

f2π

�

×

��
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�
ðqþ pÞ

þ η

�
π

r
ðEqpþ EpqÞ þ ðq3 þ p3Þðq3pþ p3qÞ

��

×
Z

r=2

−r=2
dzhðr; zÞe−iðq3þp3Þz; ð30Þ

hðr; zÞ ¼ i cosðπz=rÞ= ffiffiffiffiffiffi
σπ

p
matches the string theory result

(24) up to factors δðr0 − rÞδðR0Þ that appear due to the
normalization of the initial and final states. Note that
H�ðr; 0Þ and Hðr; 0Þ, as defined below (4), have the same
transformation properties under D∞h as the states ΠR

u and
ΠL

u (22), respectively. For r ≪ 1=ΔE ∼ 1=mπ, the expected
form in the BOEFT (2) is recovered. At LO in this
expansion, only the term proportional to 1=r in (29) and
(30) survives and leads to

g4ðrÞ ¼ −
Z

r=2

−r=2
dzhðr; zÞ ði2πη=rÞ ¼ 4η=

ffiffiffiffiffiffi
σπ

p ð31Þ

in (4). Note that the g4ðrÞ ∼ r behavior at short distances
[18] becomes a constant at long distances.

V. DIPION TRANSITIONS BETWEEN HIGHLY
EXCITED QUARKONIUM STATES

Highly excited states in quarkonium are dominated by
long distance physics. Hence, the formalism developed in
the previous Section is expected to be relevant for dipion
transitions between them. Once gðr; zÞ is fixed to 1, we can
calculate the amplitude for these transitions from (25),

MðP⃗nlm→ P⃗0n0l0m0πðqÞπðpÞÞ ¼
Z
d3rψ�

n0l0m0 ðrÞψnlmðrÞ
�
−

8

f2π

��
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�
sin ½ðqþ pÞ r

2
�

ðqþ pÞr̂ ;

ð32Þ

P⃗nlm (P⃗0n0l0m0) are the heavy quarkonium center of mass
three-momentum, principal quantum number, orbital an-
gular momentum and its third component in the initial
(final) state, and ψnlmðrÞ is the wave function. It is
convenient to take kþ ¼ qþ p in the z direction. Then,
we can define

k− ¼ q − p ¼ k−ðsin θ− cosϕ−; sin θ− sinϕ−; cos θ−Þ;
r̂ ¼ ðsin θþ cosϕþ; sin θþ sinϕþ; cos θþÞ;

E� ¼ Eq � Ep; ð33Þ

with θ− the angle between kþ and k−, and θþ
the angle between kþ and r̂. In the following, we take
kþ ≡ k, θþ ≡ θ, and ϕþ ≡ ϕ for simplification.
ψnlmðrÞ ¼ Rl

nðrÞYm
l ðθ;ϕÞ, where Rl

nðrÞ is the radial wave
function and Ym

l ðθ;ϕÞ the spherical harmonics. The angular
integrals can be carried out in terms of special functions,

Aκ
l0m0lmðr; kÞ≡

Z
dΩYm0�

l0 ðθ;ϕÞYm
l ðθ;ϕÞF 2κðθ;ϕÞ

×
sin ðk cos θ r

2
Þ

k cos θ
; ð34Þ

where F 2κðθ;ϕÞ with κ ¼ 0;�1;�2 are defined in
Appendix C 1 and Al0m0lmðr; kÞ corresponds to the trivial
case with F 00ðθ;ϕÞ ¼ 1. For instance,

A0000ðr; kÞ ¼
Siðkr

2
Þ

k
ð35Þ

where SiðzÞ is the sine integral function. The remaining
angular integrals thatwe need are given in theAppendixD 1.
Aκ
l0m0lmðr; kÞ ¼ 0 unless m0 ¼ mþ κ is fulfilled. The radial

integrals will be carried out numerically.

Rκ
n0l0m0nlmðkÞ≡

Z
drr2Rl0

n0 ðrÞRl
nðrÞAκ

l0m0mlðr; kÞ; ð36Þ
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and we label Rn0l0m0nlmðkÞ the case corresponding to Al0m0mlðr; kÞ. The amplitude then reads,

MðP⃗nlm → P⃗0n0l0m0πðqÞπðpÞÞ ¼
�
−

8

f2π

��
ðcππm2

ππ þ cπm2
π þ cEEþ2ÞR − cEðEþ2 −m2

ππÞR0 þ cEk−2
�
−
1

2
ðRþ R0Þ

þ 1

2
ð3R0 − RÞcos2θ− þ ðe−iϕ−R1 þ eiϕ−R−1Þ cos θ− sin θ−

þ 1

4
ðe−i2ϕ−R2 þ ei2ϕ−R−2Þsin2θ−

��
; ð37Þ

where we have written Rκ instead of Rκ
n0l0m0nlmðkÞ to simplify the notation, and

cππ ≡ 1

2

�
λþ η

2

�
;

cπ ≡ −λ − ηþ λ0

2B0

;

cE ≡ η

4
: ð38Þ

The dipion invariant mass spectrum in the zero-recoil limit is defined as,

dΓ
dm2

ππ
¼
Z

d3p⃗
ð2πÞ32Ep

d3q⃗
ð2πÞ32Eq

jMj22πδðΔEþ Ep þ EqÞδðm2
ππ − ðEp þ EqÞ2 þ ðpþ qÞ2Þ; ð39Þ

where ΔE < 0 is the mass difference between the final and initial quarkonium state (ΔE ¼ En0l0m0 − Enlm). Notice that the
Dirac deltas fix Eþ ¼ Ep þ Eq ¼ −ΔE and k2 ¼ k2þ ¼ ðpþ qÞ2 ¼ ΔE2 −m2

ππ . Upon changing variables to k�, the
integrals over ϕ−, θ−, and k− ¼ jk−j can be carried out analytically. Then, after following the procedure in Appendix E, the
dipion invariant mass spectrum reads,

dΓ
dm2

ππ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔE2 −m2

ππ

p
15m4

πππ
3f4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

m2
ππ

s
fRm2

ππðcπm2
π þ cππm2

ππÞ½30Rm2
ππðcπm2

π þ cππm2
ππÞ þ 20cE½4ðRþ R0Þ

×m2
πm2

ππ − ðR − 2R0Þm4
ππ þ 2ðR − R0Þð2m2

π þm2
ππÞΔE2�� þ c2E½16½4ðRþ R0Þ2 þ ðR2Þ2 þ ðR−2Þ2�m4

πm4
ππ

− 8½2ð2R − 3R0ÞðRþ R0Þ þ ðR2Þ2 þ ðR−2Þ2�m2
πm6

ππ þ ½4ðRÞ2 − 12RR0 þ 14ðR0Þ2 þ ðR2Þ2 þ ðR−2Þ2�m8
ππ

þ 4m2
ππð16½ðRÞ2 − ðR0Þ2 þ ðR1Þ2 þ ðR−1Þ2�m4

π þ 4½3ðRÞ2 þ 5RR0 − 2ð4ðR0Þ2 þ ðR1Þ2 þ ðR−1Þ2Þ�m2
πm2

ππ

þ ½−4ðRÞ2 þ 10RR0 − 6ðR0Þ2 þ ðR1Þ2 þ ðR−1Þ2�m4
ππÞΔE2 þ 16ðR − R0Þ2ð6m4

π þ 2m2
πm2

ππ þm4
ππÞΔE4�g: ð40Þ

Heavy quark spin symmetry ensures that the results
above hold for each third component of the spin, and hence
they can be readily applicable to the spin 0 case. However,
for higher spin, the spin averages are usually carried out
with the third component of the total angular momentum
rather than with the third component of the spin. Hence, for
the spin 1 case, further elaborations are needed, which we
discuss in the next Section.

A. Spin 1 case

Heavy quark spin symmetry is manifest in (25). It
implies that the same matrix elements appear both for spin
0 and spin 1. If instead of working with S0ðR; r; tÞ we have
Sj1ðR; r; tÞ, with indices contracted between the initial and

final states, the only change in the amplitude is a multi-
plying factor. The S ¼ 1 amplitude MðP⃗nJMl →
P⃗0n0J0M0l0 πðqÞπðpÞÞ with J ¼ l ⊗ S (J0 ¼ l0 ⊗ S) and
MðM0Þ its third component in the initial (final) state reads

MðP⃗nJMl → P⃗0n0J0M0l0πðqÞπðpÞÞ
¼
X

μ¼0;�1

Cðl01J0;M0 − μμÞCðl1J;M − μμÞ

×MðP⃗nlM − μ → P⃗0n0l0M0 − μπðqÞπðpÞÞ; ð41Þ

where Cðj1j2j;m1; m2Þ are the Clebsch-Gordan coeffi-
cients. In Appendix F we present the results for the spin
average of the relevant transitions.
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VI. DIPION TRANSITIONS BETWEEN HYBRIDS
AND HIGHLY EXCITED QUARKONIUM STATES

Heavy quarkonium hybrids are dominated by long
distance physics. The static potentials have a minimum
at the scale r ∼ 1=ΛQCD, and the energy excitations about
the minimum are parametrically smaller thanΛQCD, namely

∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ3
QCD=mQ

q
. Hence, the formalism in the previous

Section may also be relevant for dipion transitions between
hybrids and highly excited quarkonium states. Once
hðr; zÞ ¼ i cosðπz=rÞ= ffiffiffiffiffiffi

πσ
p

is fixed, we can calculate the
amplitude for the dipion transitions from the interaction
Lagrangian (29). For r ≪ 1=ΔE only the second to last
term in (29) is relevant, which leads to the expected BOEFT
form of (2). For simplicity, we stick to this case here and
relegate the discussion of the full calculation to
Appendix G.

MðP⃗nJMl → P⃗0n0l0m0πðqÞπðpÞÞ

¼
Z

d3rψ�
n0l0m0 ðrÞðψ⃗nJMlmðrÞ × r̂Þk

�
8π

ffiffiffi
π

p
η

f2π
ffiffiffi
σ

p
r2

�

×
cos ½ðqþ pÞ r

2
�

½ðqþ pÞr̂�2 − π2

r2
ðEqpk þ EpqkÞ; ð42Þ

P⃗nlm (P⃗0n0l0m0) were defined in Sec. V, J
denotes the orbital angular momentum plus the angular
momentum of the LDF (J ¼ l ⊗ 1) of the hybrid
with M its third component. ψn0l0m0 ðrÞ ¼ Rl0

n0 ðrÞYm0
l0 ðθ;ϕÞ

is the quarkonium wave function and ψ⃗nJMlmðrÞ ¼
Rl
nJðrÞ

P
μ¼0;�1 Cðl1J;M − μμÞYM−μ

l ðθ;ϕÞχ⃗μ the hybrid
wave function, where Rl

nJðrÞ is the radial wave function,
Ym
l ðθ;ϕÞ the spherical harmonics with m ¼ M − μ,

Cðj1j2j;m1; m2Þ are the Clebsch-Gordan coefficients and
χ⃗μ the LDF angular momentum 1 eigenvectors. The results
we obtain below are readily applicable to spin 0 hybrids.
For spin 1 hybrids, analogous relations to the ones obtained
in Appendix F for quarkonium should be worked out.
Using the form factors F 1κðθ;ϕÞ with κ ¼ 0;�1 defined

in (C8), the angular integrals read (μ ¼ 0;�1),

Aκμ
l0m0JMlðr; kÞ≡

Z
dΩYm0�

l0 ðθ;ϕÞYM−μ
l ðθ;ϕÞF 1κðθ;ϕÞ

× Cðl1J;M − μμÞ 1
r2

cos ðk cos θ r
2
Þ

ðk cos θÞ2 − π2

r2
; ð43Þ

and are displayed in Appendix D 2. The radial integrals

Rκμ
n0l0m0nJMlðkÞ≡

Z
drr2 Rl0

n0 ðrÞRl
nJðrÞAκμ

l0m0JMlðr; kÞ; ð44Þ

are calculated numerically. Then the amplitude reads (see
Appendix C 2),

MðP⃗nJMl → P⃗0n0l0m0πðqÞπðpÞÞ

¼ i16π
ffiffiffi
π

p
cE

f2π
ffiffiffiffiffi
2σ

p
�
ðEþkþ − E−k− cos θ−Þ

× ðR11 þ R−1−1Þ þ E−k− sin θ−

�
eiϕ−R01

þ e−iϕ−R0−1 þ 1ffiffiffi
2

p eiϕ−R−10 −
1ffiffiffi
2

p e−iϕ−R10

��
: ð45Þ

With this notation, omitting the n0l0m0nJMl subscripts
for simplification purposes, the dipion invariant mass
spectrum reads,

dΓ
dm2

ππ
¼ 4c2E

ðΔE2 −m2
ππÞ3=2

15f4πσm4
ππ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

m2
ππ

s

× ½8ΔE2ðR11 þ R−1−1Þ2ð2m2
πm2

ππ þ 6m4
π þm4

ππÞ
þm2

ππðm2
ππ − 4m2

πÞ2ð2ðR01Þ2 þ 2
ffiffiffi
2

p
R01R−10

þ 2ðR0−1Þ2 − 2
ffiffiffi
2

p
R0−1R10 þ ðR10Þ2 þ ðR−10Þ2Þ�;

ð46Þ
with ΔE < 0 the mass difference between the final and
initial state, once recoil corrections are neglected. See
Appendix E for details.

VII. PHENOMENOLOGICAL ANALYSIS

Equation (40) and Eq. (46) describe the dipion invariant
mass spectrum for transitions between highly excited
quarkonium states, and between hybrids and highly excited
quarkonium states, respectively. These distributions are
parametrized by three low-energy constants, cππ , cπ , and
cE. The decay width of the transition can be obtained by
integrating over the dipion invariant mass spectrum. Ideally,
the extraction of these constants would rely on experimental
data from highly excited quarkonium transitions. However,
very limited data are available for those transitions. In
practice, we restrict ourselves to the transitions with the
larger principal quantum numbers available.

A. Quarkonium

1. The low energy constants

In order to obtain the low energy constants, we have
chosen the following three transitions: ϒð3sÞ →
ϒð2sÞπþπ−, ϒð4sÞ → ϒð2sÞπþπ−, and ϒð10860Þ →
ϒð3sÞπþπ−. We have also assumed that the ϒð10860Þ
corresponds to the ϒð5sÞ state. The two first transitions are
not expected to have sizable contributions from resonances,
and hence the experimental decay width can be directly
compared to the one in our calculation. We use
the PDG [43] average on Γðϒð3sÞ → ϒð2sÞπþπ−Þ ¼
0.57� 0.09 keV and on Γðϒð4sÞ → ϒð2sÞπþπ−Þ ¼
1.7� 0.4 keV. However, the last transition has sizable
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contributions from resonances, which must be subtracted
before comparing to our results. Hence, we use [44]
estimations of the nonresonant amplitude to obtain a decay
width which we can identify as Γðϒð5sÞ → ϒð3sÞπþπ−Þ.
This is Γðϒð10860Þ → ϒð3sÞπþπ−Þjnonresonant ¼
0.23þ0.18

−0.12 keV, see Appendix H. As all our input data is
for transitions to two charged pions, our results are also the
ones for two charged pions in their final state. However, our

calculations do not depend onwhether the pions are charged
or not. The contribution for neutral pions is plainly half the
one for charged pions.
For each of the above transitions we compute the radial

integrals Rκ
n0l0m0nlm (36) at each dipion mass using the

angular integrals in Appendix D and the LO wave functions
of Ref. [12], which uses lattice data of [45]. After numeri-
cally integrating (40) with respect of m2

ππ , we obtain a
system of three equations involving cππ , cπ and cE. By
solving it we get two sets of solutions fcπ; cππ; cEg1 and
fcπ; cππ; cEg2

TABLE I. Predictions of the dipion decay widths for charmo-
nium (up) and bottomonium (down) relevant dipion transitions
between highly excited states using the two sets of parameters
(49) and (50) and dipion invariant mass spectrum (40). We
include the uncertainties generated by the errors on the param-
eters fcπ; cππ ; cEg. For completeness, we have also included
decays involving the ground states, but those are not expected to
be reliable in our approach.

Γi (keV)

Transitionsþ πþπ− fcπ; cππ; cEg1 fcπ ; cππ; cEg2
ψð2sÞ → J=ψ 11.8� 1.5 11.7� 1.5
χc1ð2pÞ → χc1ð1pÞ 2.2� 0.5 1.7� 0.5
ψð3sÞ → ψð2sÞ 3.4� 0.6 3.2� 0.5

ϒð2sÞ → ϒð1sÞ 1.00� 0.20 0.97� 0.19
ϒð3sÞ → ϒð2sÞ 0.57� 0.04 0.57� 0.04
ϒð4sÞ → ϒð2sÞ 1.68� 0.20 1.68� 0.20
ϒ1ð3dÞ → ϒð2sÞ 2.52� 0.22 0.28� 0.16
ϒ1ð3dÞ → ϒð3sÞ ð7.1� 0.7Þ × 10−3 ð7� 4Þ × 10−4

ϒ1ð4dÞ → ϒð2sÞ 14.0� 1.2 1.6� 0.9
ϒ1ð4dÞ → ϒð3sÞ 0.53� 0.05 0.06� 0.03
ϒð5sÞ → ϒð2sÞ 22.8� 2.4 22.7� 2.4
ϒð5sÞ → ϒ2ð1dÞ 0.123� 0.011 0.014� 0.008
ϒð5sÞ → ϒð3sÞ 0.23� 0.08 0.23� 0.08

FIG. 2. Dipion invariant mass spectrum obtained for charmonium transitions with l0 ¼ l ¼ 0 using (40). The green circular points
correspond to the results for the set fcπ; cππ ; cEg1 (49) and the triangular red points to the ones for the set fcπ ; cππ; cEg2 (50). We include
the uncertainties generated by the errors on the parameters cπ; cππ; cE. For completeness, we have also included a decay involving the
ground state, but it is not expected to be reliable in our approach.

FIG. 3. Dipion invariant mass spectrum obtained for charmo-
nium transitions with l0 ¼ l ¼ 1 using (40). The green circular
points correspond to the results for the set fcπ; cππ ; cEg1 (49) and
the triangular red points to the ones for the set fcπ ; cππ; cEg2 (50).
We include the uncertainties generated by the errors on the
parameters cπ; cππ; cE.
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FIG. 4. Dipion invariant mass spectrum obtained for bottomonium transitions with l0 ¼ l ¼ 0 using (40). The green circular points
correspond to the results for the set fcπ; cππ; cEg1 (49) and the triangular red points to the ones for the set fcπ; cππ; cEg2 (50). The plots
correspond to the nonresonant contributions for those states that could have sizable contributions from resonances (i.e. ϒð5sÞ). We
include the uncertainties generated by the errors on the parameters cπ ; cππ; cE. For completeness, we have also included decays
involving the ground states, but those are not expected to be reliable in our approach.
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fcπ; cππ; cEg1 ¼

8><
>:

cπ ¼ �0.15985

cππ ¼ �0.00275

cE ¼ ∓0.02060

9>=
>;; ð47Þ

fcπ; cππ; cEg2 ¼

8><
>:

cπ ¼ �0.16062

cππ ¼ ∓0.01166

cE ¼ ∓0.00636

9>=
>;; ð48Þ

with a global sign ambiguity, namely the signs of the three
constants are correlated.

2. Uncertanties

The uncertainties on the parameters fcπ; cππ; cEg were
estimated using a Monte Carlo procedure that propagates
the experimental errors of the decay widths used. For
each decay width, pseudoexperimental values were gen-
erated assuming Gaussian distributions centered at the
measured values with widths given by the corresponding

experimental errors from [43,44]. For each pseudodataset,
the parameters were reextracted, yielding empirical prob-
ability distributions from which mean values and standard
deviations were determined, together with the correlation
matrices. Starting from the two independent solutions, (47)
and (48), the Monte Carlo analysis yields the following four
solutions (quoted at the 1σ level):

From ð47Þ∶

8><
>:

cπ ¼ �ð0.160� 0.007Þ
cππ ¼ �ð0.0025� 0.0015Þ
cE ¼ ∓ð0.0204� 0.0009Þ

9>=
>;; ð49Þ

From ð48Þ∶

8><
>:

cπ ¼ �ð0.160� 0.007Þ
cππ ¼ ∓ð0.0114� 0.0011Þ
cE ¼ ∓ð0.0066� 0.0020Þ

9>=
>;; ð50Þ

For set 1 (2), cπ shows a mild anticorrelation (correla-
tion) with cππ and a very weak (strong) anticorrelation with

FIG. 5. Dipion invariant mass spectrum obtained for bottomonium transitions with l0 ¼ 0; l ¼ 2 using (40). The green circular points
correspond to the results for the set fcπ; cππ; cEg1 (49) and the triangular red points to the ones for the set fcπ; cππ; cEg2 (50). The plots
correspond to the nonresonant contributions for those states that could have sizable contributions from resonances (i.e. ϒ1ð4dÞ). We
include the uncertainties generated by the errors on the parameters cπ ; cππ; cE.
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cE, whereas cππ and cE present a mild (very strong)
anticorrelation.
The theoretical uncertainties include contributions from

the next order in both the chiral and EST expansions. While
the relative chiral uncertainty can be reasonably estimated
as ΔE=ð4πfπÞ, the next-order correction in the string
expansion, h1=ri=ðσhriÞ, for the transitions between quar-
konium states used to determine the parameter sets (47)–
(48), leads to a very large uncertainty. This suggests that
short-distance effects remain relevant for the considered
transitions, and that an interpolation between the short- and
long-distance regimes would likely provide a more reliable
description (see [12,22,46] for examples of interpolations).

Therefore, in the statistical analysis of our results, we
include only the experimental uncertainties, and consider
the theoretical results as order of magnitude estimates.
From (47) and (48) we obtain the corresponding

�
λ; η;

λ0

2B0

�
1

¼

8><
>:

λ ¼ �ð0.046� 0.004Þ
η ¼ ∓ð0.082� 0.004Þ
λ0
2B0

¼ �ð0.124� 0.005Þ

9>=
>;; ð51Þ

�
λ; η;

λ0

2B0

�
2

¼

8><
>:

λ ¼ ∓ð0.010� 0.006Þ
η ¼ ∓ð0.026� 0.008Þ
λ0
2B0

¼ �ð0.124� 0.005Þ

9>=
>;: ð52Þ

3. Dipion invariant mass spectrum

With (40), (49), and (50) we obtain predictions for the
dipion invariant mass spectrum as well as the dipion decay
width for some relevant dipion transitions between excited
quarkonium states. The allowed transitions by the angular
integrals are those between states with initial (final) orbital
angular momentum l (l0) that fulfill l0 ¼ lþ 0;�2;… (see
Appendix D). We compute those that have data in the
PDG [43] or are relevant to identify XYZ resonances. For
charmonium, we obtain, in particular, the spin average
result of the transition χc1ð2pÞ → χc1ð1pÞπþπ−, which is
identified as χc1ð3872Þ → χc1ð1pÞπþπ−. For bottomo-
nium, we identify the states ϒ1ð3dÞ, ϒð5sÞ and ϒ1ð4dÞ
as ϒð10753Þ, ϒð10860Þ, and ϒð11020Þ, respectively,
according to Ref. [47].
Table I shows our predictions for the charmonium (up)

and bottomonium (down) dipion decay widths. In Figs. 2
and 4, we show our results for the dipion invariant mass
spectrum for charmonium and bottomonium s → sþ πþπ−
transitions, respectively. In Fig. 3, we show the χc1ð2pÞ →
χc1ð1pÞπþπ− dipion invariant mass spectrum. In Fig. 5, we

FIG. 6. Dipion invariant mass spectrum obtained for bottomo-
nium transitions with l0 ¼ 2; l ¼ 0 using (40). The green circular
points correspond to the results for the set fcπ; cππ ; cEg1 (49) and
the triangular red points to the ones for the set fcπ ; cππ; cEg2 (50).
The plot correspond to the nonresonant contribution of the dipion
invariant mass spectrum. We include the uncertainties generated
by the errors on the parameters cπ ; cππ; cE.

FIG. 7. Dipion invariant mass spectrum obtained for transitions between charmonium spin-0 nðs=dÞ1 ðn ¼ 1; 2Þ hybrids to 1p
quarkonium using (46). The green circular points correspond to the results for the set fcπ ; cππ; cEg1 (49) and the triangular red points to
the ones for the set fcπ; cππ; cEg2 (50). We include the uncertainties generated by the errors on the parameters cπ; cππ; cE.
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show the results for the bottomonium d → sþ πþπ− and in
Fig. 6, for the ϒð5sÞ → ϒ2ð1dÞπþπ− transition, which is
yet to be seen. Further details on these results are provided
in the data Ref. [48].

B. Hybrids

The permitted dipion transitions between hybrids and
highly excited quarkonium are ðs=dÞ1 → pþ ππ,
p1 → sþ ππ, and p1 → dþ ππ.1 We restrict our analysis
to XYZ resonances that have a hybrid candidate, and focus
on the ones that pion transitions have already been

observed. Since there is no experimental evidence for
the p1 transitions yet, most of the transitions we will deal
with are ðs=dÞ1 → pþ ππ. In addition since almost all
hybrid candidates correspond to spin 0 states, we restrict
ourselves to this case. Using Eqs. (46), (49), and (50) we
can compute the dipion invariant mass spectrum and the
decay width. Consistently with the quarkonium case, the
wave functions used are the ones in [12]. Figure 7 shows
our results for charmonium transitions ψ ½1ðs=dÞ1� →
hcð1pÞπþπ− and ψ ½2ðs=dÞ1� → hcð1pÞπþπ−, where
1ðs=dÞ1 is identified as ψð4040Þ and 2ðs=dÞ1 as
ψð4360Þ [47], both with seen transitions to hcππ.
Figure 8 shows our results for bottomonium transitions
with initial state ϒ½2ðs=dÞ1� identified as ϒð10860Þ [47] to
hbð1pÞπþπ− and hbð2pÞπþπ− final states. For complete-
ness we include in Fig. 9 our prediction for the transition
ψð1p1Þ → ηcð2sÞπþπ−, which has no experimental evi-
dence but could be identified as χc1ð4140Þ or Xð4160Þ [47].
The dipion decay widths predicted for the transitions above
appear in Table II. Further details on these results are
provided in data Ref. [48].

FIG. 8. Dipion invariant mass spectrum obtained for transitions between bottomonium spin-0 2ðs=dÞ1 hybrids to npðn ¼ 1; 2Þ
quarkonium using (46). The green circular points correspond to the results for the set fcπ ; cππ; cEg1 (49) and the triangular red points to
the ones for the set fcπ; cππ; cEg2 (50). We include the uncertainties generated by the errors on the parameters cπ; cππ; cE.

FIG. 9. Dipion invariant mass spectrum obtained for the
charmonium spin-0 1p1 → 2sþ πþπ− transition using (46).
The green circular points correspond to the results for the set
fcπ; cππ ; cEg1 (49) and the triangular red points to the ones for the
set fcπ ; cππ; cEg2 (50). We include the uncertainties generated by
the errors on the parameters cπ; cππ; cE.

TABLE II. Predictions of the decay widths for relevant dipion
transitions between charmonium hybrids (up) and bottomonium
hybrids (down) and highly excited quarkonium states using the
two sets of parameters (49) and (50) and dipion invariant mass
spectrum (46). We include the uncertainties generated by the
errors on the parameters fcπ ; cππ; cEg.

Γi (keV)

Transitionsþ πþπ− fcπ; cππ ; cEg1 fcπ; cππ; cEg2
ψ ½1ðs=dÞ1� → hcð1pÞ 1210� 107 136� 76
ψ ½1p1� → ηcð2sÞ 83.7� 7.4 9.3� 5.2
ψ ½2ðs=dÞ1� → hcð1pÞ 7300� 650 821� 460

ϒ½2ðs=dÞ1� → hbð1pÞ 3568� 320 401� 220
ϒ½2ðs=dÞ1� → hbð2pÞ 5144� 460 578� 320

1The p0 states contain the Σ−
u representation of the D∞h group

only [12], which gives zero in the EST calculation (B7).
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In Appendix G we present analogous results obtained
from the full Lagrangian (29).

VIII. DISCUSSION

We have focused on quarkonium (0þþ) and lowest lying
hybrid (1þ−) transitions. Generalization to other isospin
zero exotics is straightforward in the BOEFT limit. We
have listed the relevant operators in Appendix A. Different
exotics with the same LDF quantum numbers would be
described by the same interaction Lagrangian with different
functions for the LEF. For instance, for 1þ− tetraquarks, the
Lagrangian (2) still holds but the estimate (31) for g4ðrÞ
need not do it.2

By comparing with the PDG [43] we can see that our
results for the dipion decay widths for the transitions
ψð2sÞ → J=ψπþπ− (99� 7 keV) and ϒð2sÞ →
ϒð1sÞπþπ− (5.7� 0.6 keV) are one order of magnitude
smaller for charmonium and of the same order of magni-
tude but far smaller for bottomonium. This is not surprising
as the 1s states are very compact and not suitable for long-
distance treatment. One may argue that this could also be
the case for the transition χc1ð2pÞ → χc1ð1sÞπþπ−,
however if we identify χc1ð2pÞ as χc1ð3872Þ and
compare with the decay width constraint given by the
PDG (< 9.5� 1.7 keV), we see that for both sets
fcπ; cππ; cEg1;2 the experimental constraint is fulfilled.3

The experimental constraint in the transition involving
ψð4040Þ is Γexp

ψð4040Þ→hcð1pÞπþπ− < 252� 36 keV. By iden-

tifying the state with the 1ðs=dÞ1 hybrid only the
fcπ; cππ; cEg2 set gives compatible results.
Both χc1ð4140Þ and Xð4160Þ can be identified as

charmonium hybrid 1p1. None of them have data on the
PDG involving dipion decays to a s state. An alternative
assignment for ψð4160Þ is ψð3sÞ [47], PDG gives a
constraint on the decay width of Γexp

ψð4160Þ→ψð2sÞπþπ− <

276� 40 keV, which is fulfilled for both sets of
parameters.
Our charmonium hybrid 2ðs=dÞ1, can be identified as

both ψð4360Þ and ψð4415Þ. Only the former has a seen
transition to hcπþπ−.
In the case of ϒð10753Þ (our ϒ1ð3dÞ) transitions,

the PDG gives Γϒð10753Þ→ϒð3sÞπþπ−=Γϒð10753Þ→ϒð2sÞπþπ− ¼
0.27� 0.14, which is two orders of magnitude higher than
the one we obtain independently of the set of parameters
used. Reference [51] gives a lower value for this fraction
0.10þ0.05

−0.04 , however this result is still higher than our
predictions.

The description ofϒð10860Þ asϒð5sÞ andϒ½2ðs=dÞ1� at
spin-0 are both possible. For the quarkonium identification,
we cannot use directly the PDG data to compare with
our results, due to the large contributions from resonances
[44]. We use the nonresonant contributions given in
[52] Γϒð5sÞ→ϒð2sÞπþπ− jnonresonant ¼ 0.82þ0.26

−0.23 keV, but this
figure remains an order of magnitude smaller than our
predictions. This disfavors the interpretation of ϒð10860Þ
as a pure quarkonium state. ϒð5sÞ → ϒ2ð1dÞπþπ−
has no experimental data in the literature. PDG has data
for both of our computed transitions from ϒ½2ðs=dÞ1�
initial state, Γexp

ϒ½2ðs=dÞ1�→hbð1pÞπþπ− ¼ 129.5þ4.0
−5.2 keV and

Γexp
ϒ½2ðs=dÞ1�→hbð2pÞπþπ− ¼ 210.9þ6.8

−8.4 keV. These values are

of the same order of magnitude as our results for set 2
in Table II. For both transitions we get even better
comparisons with our results in Table V for the same
set. This strongly suggests that ϒð10860Þ is mainly a
2ðs=dÞ1 hybrid with a small component of 5s quarko-
nium [12].
Finally, regarding ϒð11020Þ transitions, identified

as ϒ1ð4dÞ, the PDG value for the fraction
Γexp
ϒð11020Þ→ϒð3sÞπþπ−=Γ

exp
ϒð11020Þ→ϒð2sÞπþπ− ¼ 0.5� 0.7 is about

an order of magnitude higher than for our sets:
Γϒ1ð4dÞ→ϒð3sÞπþπ−=Γϒ1ð4dÞ→ϒð2sÞπþπ− j1 ¼ 0.038� 0.007 and
Γϒ1ð4dÞ→ϒð3sÞπþπ−=Γϒ1ð4dÞ→ϒð2sÞπþπ− j2 ¼ 0.04� 0.04.
In Ref. [53], the authors present dipion transition spectra

incorporating all relevant resonances, as well as separate
plots isolating the combined contributions of f0ð500Þ,
f0ð980Þ, and f00ð1500Þ. By evaluating the difference
between the full resonant results and the spectrum con-
taining only these f0 resonances, we obtain an approxi-
mation for the nonresonant background. A qualitative
comparison suggests that the ϒð4sÞ → ϒð2sÞπþπ− and
ϒð5sÞ → ϒð2sÞπþπ− transitions favor the parameter set 1.
For the ϒð5sÞ → ϒð3sÞπþπ− transition, both parameter
sets provide a similar description. Furthermore, experimen-
tal data from Ref. [54] suggest a slight preference for set 1
in the ϒð3sÞ → ϒð2sÞπþπ− transition. A more quantitative
comparison with Ref. [53] would require taking into
account that the eþe− colliders, in which both BABAR
and Belle were located, are asymmetric, and hence the
produced quarkonia in the initial state are not at rest in the
LAB frame. This can be easily achieved by multiplying the
invariant mass spectrum by the corresponding Lorentz
factor.
Given the limited experimental data currently available

and the large uncertainties in our results, we cannot
identify either of the two parameter sets fcπ; cππ; cEg as
clearly preferred. We have also tried to obtain them from
analysis based on hadronic effective theories [55,56], but
it has not been possible due to the incomplete set of
operators used in those theories, see Appendix I. Several
improvements to our procedure are possible. If more
experimental data on the dipion spectrum for highly

2The EST that leads to (31) may have to be modified including
fermionic degrees of freedom, see [49] for a proposal.

3If the quarkonia component of χc1ð3872Þ is only a fraction of
it, for instance 8% [50], then there is even extra room for
contributions of the remaining components before saturating the
PDG bound.
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excited quarkonium transitions become available, one
could fit to the dipion invariant mass spectrum to extract
the parameters fcπ; cππ; cEg, rather than relying on the less
informative approach of fitting the decay widths. This
would also require properly taking into account final state
interactions between the emitted pions [18,53,57] and
threshold effects of intermediate heavy-light meson pairs
[55,56], which have either been neglected or subtracted
according to Ref. [52]. In addition, the large theoretical
uncertainties that were not included in our predictions
suggest that the transitions considered involve states that
are not large enough to completely neglect short-distance
effects. An interpolation between the short- and long-
distance behavior of the LEF is likely to provide a more
appropriate description. Eventually, it should be possible
to obtain the LEF from lattice data on the elastic scattering
of pions off static quark-antiquark pairs separated at a
distance r.
We have also restricted ourselves to the study of pion

transitions and hence we have used SUð2Þ ChPT in the
isospin limit. The generalization to SUð3Þ in order to
include, for instance η transitions, or to strong isospin
breaking effects, in order to include, for instance π0

transitions, is straightforward. The explicit inclusion of
resonances along the lines of Ref. [58,59] should also be
straightforward, but it would break our counting rules.
They should be better introduced indirectly, through
unitarization techniques of the two pseudo-Goldstone
bosons in the final state (see, for instance, [60] for a
review).

IX. SUMMARY AND CONCLUSIONS

We have addressed pion transitions in the BOEFT at
leading order in the 1=mQ and chiral expansions both for
quarkonium and exotics. We have established the inter-
action Lagrangian for quarkonium and isospin-zero
exotics of several JPC of the LDF. The interaction
Lagrangian depends on a few low energy functions.
Their short-distance behavior was known, since it can
be obtained from the QCD multipole expansion, but their
long-distance behavior was unknown. We have estimated
the latter in the case of quarkonium and 1þ− hybrids. In
order to do so, we have proposed an interaction
Lagrangian of pions with the QCD string that is compat-
ible with the chiral and string symmetries. We have
matched the results for the amplitudes obtained with this
Lagrangian to those obtained by an interaction Lagrangian
of pions with quarkonium and hybrids. The latter contains
nonlocalities in the direction separating the heavy quark
and the heavy antiquark, and hence it is a generalization of
the BOEFT one, reducing to it in the limit rΔE ≪ 1. We
find that the long-distance LEF can be described in terms
of three unknown constants. We proceed to estimate them

using quarkonium transitions and assuming that they are
dominated by long-distance effects. We use PDG
and Belle data on the decay width as an input and obtain
two sets of parameters. We have also matched our
Lagrangian to hadronic theories and compared our sets
with the sets of parameters used there. With those
parameters, we have calculated the dipion invariant mass
spectrum for a number of quarkonium and hybrid tran-
sitions of phenomenological interest. We obtain qualita-
tive agreement with experimental results for most of the
transitions, except for those involving d waves either in
the initial or final states. A particularly nice feature of our
results is that they support the interpretation of ϒð10860Þ
as a hybrid meson with a small mixture of quarko-
nium [12,47].
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APPENDIX A: OPERATORS

Note that our entire analysis has been carried out with
hybrid states in mind. However, the same considerations
apply to any exotic quarkonium state with LDF quantum
numbers 1þ−, provided that the function hðr; zÞ is modified
accordingly. For other exotic hadrons with different LDF
quantum numbers κPC, the procedure remains the same,
using the corresponding operators in the construction of the
effective Lagrangian. Here we present the leading-order
operators for each κPC, see Table III. The isospin-violating
operators of lower or equal order for each κPC are listed in
Table IV.
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APPENDIX B: DECAY OF HIGHER STRING
EXCITATIONS

The N ¼ 2 excitations consist of five states. A Σþ
g state,

two degenerate Πg states, and two degenerate Δg states
corresponding to the clockwise (R) and anticlockwise (L)
rotations of jLzj ¼ 1 and jLzj ¼ 2, respectively.

j1ΠR
g i ¼

ffiffiffiffiffiffiffiffi
σ

2E2

r
β†2j0i; j1ΠL

g i ¼ −
ffiffiffiffiffiffiffiffi
σ

2E2

r
α†2j0i;

j2Σþ
g i ¼ −

σ

2E1

α†1β
†
1j0i;

j1ΔR
g i ¼

σ

2E1

β†1β
†
1j0i; j1ΔL

g i ¼
σ

2E1

α†1α
†
1j0i: ðB1Þ

We compute their amplitudes using the manifest Lorenz
and reparameterization invariant action from Eq. (12). We

will need the expansion (15) andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detð∂axμ∂bxμÞ

q
≃ 1 −

1

2
∂axiðz; tÞ∂axiðz; tÞ; ðB2Þ

with a ¼ 0; 3 and i ¼ 1; 2.
For the Πg states, we need the first order term of the

expansion (15) and the leading order term in the expansion
(B2), as we did for the Πu states. We obtain,

hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π; 1ΠR
g i

¼ hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π; 1ΠL
g i�

¼ 16π
ffiffiffiffiffiffi
2π

p

f2π
ffiffiffi
σ

p
r

�
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�

×
sin ½ðq3 þ p3Þ r

2
�

4π2

r2 − ðq3 þ p3Þ2 iðqþ pÞδ
�
Eq þ Ep −

2π

r

�
: ðB3Þ

For theΔg states, we need to use the second order term in
the expansion (15) and the leading order term in the
expansion (B2). We obtain,

hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π; 1ΔR
g i

¼ hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π; 1ΔL
g i�

¼ −
32π2

f2πσr2

�
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�

×
sin ½ðq3 þ p3Þ r

2
�

4π2

r2 − ðq3 þ p3Þ2
ðqþ pÞ2
ðq3 þ p3Þ δ

�
Eq þ Ep −

2π

r

�
: ðB4Þ

Finally, for the Σþ0
g state there are two contributions. The

first one arises from the leading order term in the expansion
(B2) and the second order term in the expansion (15), as in
the previous case. The second one comes from the leading
order term in the expansion (15) and the next-to-leading
order term in the expansion (B2). We obtain,

hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π; 2Σþ
g i

¼ 16π2

f2πσr2

�
ðλþ ηÞðEqEp þ q3p3Þ þ λqipi þ λ0

m2
π

2B0

�

×
sin ½ðq3 þ p3Þ r

2
�

ðq3 þ p3Þ
�
1 −

2jqþ pj2
4π2

r2 − ðq3 þ p3Þ2
�

× δ

�
Eq þ Ep −

2π

r

�
: ðB5Þ

Unlike the previous N ¼ 2 string excitations, the Σ−
u

N ¼ 3 string excitation is relevant for the lower lying
hybrids [12,61]. It corresponds to the state,

jΣ−
u i ¼

σ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2E1E2

p ðα†1β†2 − β†1α
†
2Þj0i: ðB6Þ

In order to generate a nonvanishing matrix element with
the vacuum, we need terms that contain the same number of

TABLE III. Lowest order operators for each LDF quantum
numbers κPC with explicit chiral orderOðpnÞ where p is the pion
momentum.

κPC Operator Order

0þþ Trð∂0U†
∂
0UÞ Oðp2Þ

Trð∂iU†
∂
iUÞ

TrðMU† þ UM†Þ
rirjTrð∂iU†

∂jUÞ
0þ− riTrð∂0U†

∂iUÞ Oðp2Þ
0−þ Trð∂iU†

∂
iU∂0U†UÞ Oðp3Þ

rirjTrð∂iU†
∂jU∂0U†UÞ

ϵijkrirlTr∂jð∂kU†
∂lUÞ

0−− riTrð∂0U†
∂
0U∂iU†UÞ Oðp3Þ

riTrð∂jU†
∂
jU∂iU†UÞ

ϵijkriTr½∂jð∂kU†
∂
0UÞ�

1þþ ϵijkrirlTrð∂lU†
∂jUÞ Oðp2Þ

1þ− ϵijkriTrð∂jU†
∂
0UÞ Oðp2Þ

1−þ Trð∂0U†
∂iUÞ Oðp2Þ

rirjTrð∂jU†
∂0UÞ

1−− riTrð∂0U†
∂
0UÞ Oðp2Þ

riTrð∂jU†
∂
jUÞ

riTrðMU† þ UM†Þ
riTrð∂iU†

∂jUÞ
rirjrkTrð∂jU†

∂kUÞ

TABLE IV. Isospin-violating lowest order operators for each
LDF quantum numbers κPC with explicit chiral order OðpnÞ
where p is the pion momentum.

κPC Operator Order

0−þ TrðMU† − UM†Þ Oðp2Þ
0−− riTrðM†

∂iU − ∂iU†MÞ Oðp3Þ
1þ− riTrðM†U − U†MÞ Oðp2Þ
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φ and φ� and that they are odd under the exchange φ ↔ φ�.
This is not possible from the action (12), since all the terms
with the same number of φ and φ� arise from the expansion
of the exponential in (15) and hence are even under the φ ↔
φ� exchange. A nonvanishing matrix element may arise
from the action (13). But in order to have the same number of
φ and φ� we need to expand the exponential (15) at least at
first order, and hence the matrix element is p=ΛQCD sup-
pressed with respect to the one of Πu. We will not consider
them in this work. Hence, at the order we are working,

hπðq⃗Þ; πðp⃗Þ; 0ESTjSintj0π;Σ−
u i ¼ 0: ðB7Þ

APPENDIX C: FORM FACTORS

As explained in Sec. V it is convenient to take the z axis
in the kþ ¼ qþ p direction. Then, we can define k−; r̂; E�
using (33). In the rest of the paper we have called kþ ≡ k,
θþ ≡ θ, and ϕþ ≡ ϕ but, here, we make the subscripts
explicit for clarification.

1. Between excited quarkonium states

With this notation, (32) reads

MðP⃗nlm → P⃗0n0l0m0πðqÞπðpÞÞ ¼
Z

d3rψ�
n0l0m0 ðrÞψnlmðrÞ

�
−

8

f2π

��
λ

2
m2

ππ þ
�
−λ − ηþ λ0

2B0

�
m2

π

þ η

2

�
Eþ2 −

1

2
ðkþ2 þ k−2Þ

�
−
η

4
½kþ2cos2θþ − k−2

× ðcos θþ cos θ− þ cos ðϕþ − ϕ−Þ sin θþ sin θ−Þ2�
�
sin ½kþ cos θþ r

2
�

kþ cos θþ
; ðC1Þ

with Eþ ≡ k0þ. For simplification purposes we introduce the following form factors,

F 00 ¼ 1 ¼
ffiffiffiffiffiffi
4π

p
Y0
0ðθþ;ϕþÞ;

F 20 ¼ cos2θþ ¼ 1

3

� ffiffiffiffiffiffiffiffi
16π

5

r
Y0
2ðθþ;ϕþÞ þ 1

�
;

F 2�1 ¼ cos θþ sin θþe�iϕþ ¼ ∓
ffiffiffiffiffiffi
8π

15

r
Y�1
2 ðθþ;ϕþÞ;

F 2�2 ¼ sin2θþe�i2ϕþ ¼
ffiffiffiffiffiffiffiffi
32π

15

r
Y�2
2 ðθþ;ϕþÞ; ðC2Þ

we obtain,

MðP⃗nlm → P⃗0n0l0m0πðqÞπðpÞÞ ¼
Z
d3rψ�

n0l0m0 ðrÞψnlmðrÞ
�
−

8

f2π

��
ðcππm2

ππ þ cπm2
π þ cEEþ2ÞF 00 − cEðEþ2 −m2

ππÞF 20

þ cEk−2
�
−
1

2
ðF 00 þ F 20Þ þ

1

2
ð3F 20 − F 00Þcos2θ−

þ ðe−iϕ−F 21 þ eiϕ−F 2−1Þ cos θ− sin θ− þ 1

4
sin2θ−

× ðe−i2ϕ−F 22 þ ei2ϕ−F 2−2Þ
��

sin ½kþ cos θþ r
2
�

kþ cos θþ
; ðC3Þ

where cππ , cπ and cE are defined in (38). From here, and using (36),

MðP⃗nlm → P⃗0n0l0m0πðqÞπðpÞÞ ¼
�
−

8

f2π

��
ðcππm2

ππ þ cπm2
π þ cEEþ2ÞR − cEðEþ2 −m2

ππÞR0 þ cEk−2
�
−
1

2
ðRþ R0Þ

þ 1

2
ð3R0 − RÞcos2θ− þ ðe−iϕ−R1 þ eiϕ−R−1Þ cos θ− sin θ−

þ 1

4
ðe−i2ϕ−R2 þ ei2ϕ−R−2Þsin2θ−

��
; ðC4Þ

where we have written Rκ instead of Rκ
n0l0m0nlmðkþÞ to simplify the notation.
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2. Between hybrids and excited quarkonium states

To compute ðψ⃗nJMlmðrÞ × r̂Þk ∝ ðχ⃗μ × r̂Þk we write
r̂ ¼Pν¼0;�1ð−1Þνrνχ⃗−ν obtaining

ðχ⃗μ × r̂Þk ¼ i
ffiffiffi
2

p X
ν

ð−1ÞνrνCð111; μ − νÞχμ−ν;k ðC5Þ

where rν¼�1 ¼ ∓ 1ffiffi
2

p sin θþe�iϕþ , rν¼0 ¼ cos θþ and

χ�1 ¼ ∓ 1ffiffiffi
2

p

0
B@

1

�i

0

1
CA; χ 0 ¼

0
B@

0

0

1

1
CA: ðC6Þ

Using k� notation (42) reads

MðP⃗nJMl → P⃗0n0l0m0πðqÞπðpÞÞ

¼
Z

drr2 Rl0
n0 ðrÞRl

nJðrÞ
Z

dΩþYm0�
l0

�
8π

ffiffiffi
π

p
η

f2π
ffiffiffi
σ

p
r2

�

×
cos ½kþ cos θþ r

2
�

k2þcos2θþ − π2

r2

iffiffiffi
2

p
X
μ;ν

Cðl1J;M − μμÞYM−μ
l

× ð−1ÞνrνCð111; μ − νÞðEþk
j
þ − E−kj−Þχμ−ν;j: ðC7Þ

By introducing the following form factors,

F 10 ¼ cos θþ ¼
ffiffiffiffiffiffi
4π

3

r
Y0
1ðθþ;ϕþÞ;

F 1�1 ¼ sin θþe�iϕþ ¼ ∓
ffiffiffiffiffiffi
8π

3

r
Y�1
1 ðθþ;ϕþÞ; ðC8Þ

and using the definitions (43) and (44) the amplitude
becomes

MðP⃗nJMl → P⃗0n0l0m0πðqÞπðpÞÞ

¼ i16π
ffiffiffi
π

p
cE

f2π
ffiffiffiffiffi
2σ

p
�
ðEþkþ − E−k− cos θ−Þ

× ðR11 þ R−1−1Þ þ E−k− sin θ−

�
eiϕ−R01

þ e−iϕ−R0−1 þ 1ffiffiffi
2

p eiϕ−R−10 −
1ffiffiffi
2

p e−iϕ−R10

��
; ðC9Þ

with Rκμ ≡ Rκμ
n0l0m0nJMlðkþÞ.

APPENDIX D: ANGULAR INTEGRALS

1. Between excited quarkonium states

The angular integrals Aκ
l0m0lmðr; kÞ (34) for the allowed

dipion transitions between highly excited quarkonium
states depending on the form factors in (C2) are the
following. Where κ ¼ 0;�1;�2 and the trivial case with

form factor F 00 ¼ 1 is labeled without κ, Al0m0lmðr; kÞ.

A0000 ¼
Siðkr

2
Þ

k
; ðD1Þ

A0
0000 ¼

−2rk cosðrk
2
Þ þ 4 sinðrk

2
Þ

r2k3
; ðD2Þ

A1010 ¼ −
6ðrk cosðrk

2
Þ − 2 sinðrk

2
ÞÞ

r2k3
; ðD3Þ

A0
1010 ¼

1

r4k5

�
−6rkð−24þ r2k2Þ cos

�
rk
2

�

þ 36ð−8þ r2k2Þ sin
�
rk
2

��
; ðD4Þ

A1111 ¼ A1−11−1

¼ 3

2r2k3

�
2rk cos

�
rk
2

�
− 4 sin

�
rk
2

�

þ r2k2Si

�
rk
2

��
; ðD5Þ

A0
1111 ¼ A0

1−11−1

¼ −
12

r4k5

�
6rk cos

�
rk
2

�
þ ð−12þ r2k2Þ

× sin

�
rk
2

��
; ðD6Þ

A1
1110 ¼ A−1

1011 ¼ −A1
101−1 ¼ −A−1

1−110

¼ 12
ffiffiffi
2

p

r4k5

�
6rk cos

�
rk
2

�
þ ð−12þ r2k2Þ

× sin

�
rk
2

��
; ðD7Þ

A2
111−1¼A−2

1−111

¼−
3

2r4k5

�
2rkð24þr2k2Þcos

�
rk
2

�

þ4ð−24þr2k2Þsin
�
rk
2

�
þr4k4Si

�
rk
2

��
; ðD8Þ

A2000 ¼ A0020

¼ −
ffiffiffi
5

p

2r2k3

�
6rk cos

�
rk
2

�
− 12 sin

�
rk
2

�

þ r2k2Si

�
rk
2

��
; ðD9Þ
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A0
2000 ¼ A0

0020

¼ −
2
ffiffiffi
5

p

r4k5

�
rkð−36þ r2k2Þ cos

�
rk
2

�

− 8ð−9þ r2k2Þ sin
�
rk
2

��
; ðD10Þ

A1
2100 ¼ A−1

0021 ¼ −A1
002−1 ¼ −A−1

2−100

¼ 4
ffiffiffiffiffi
30

p

r4k5

�
6rk cos

�
rk
2

�
þ ð−12þ r2k2Þ sin

�
rk
2

��
;

ðD11Þ

A2
2200 ¼ A−2

0022 ¼ A2
002−2 ¼ A−2

2−200

¼ 1

2r4k5

ffiffiffiffiffi
15

2

r �
2rkð24þ r2k2Þ cos

�
rk
2

�

þ 4ð−24þ r2k2Þ sin
�
rk
2

�
þ r4k4Si

�
rk
2

��
;

ðD12Þ

A2020 ¼
5

4r4k5

�
−6rkð−72þ r2k2Þ cos

�
rk
2

�

þ 12ð−72þ 7r2k2Þ sin
�
rk
2

�
þ r4k4Si

�
rk
2

��
;

ðD13Þ

A0
2020 ¼ −

10

r6k7

�
rkð4320 − 144r2k2 þ r4k4Þ cos

�
rk
2

�

− 2ð4320 − 504r2k2 þ 7r4k4Þ sin
�
rk
2

��
; ðD14Þ

A1
2120 ¼ A−1

2021 ¼ −A1
202−1 ¼ −A−1

2−120

¼ 20
ffiffiffi
6

p

r6k7

�
18rkð−40þ r2k2Þ cos

�
rk
2

�

þ ð1440 − 156r2k2 þ r4k4Þ sin
�
rk
2

��
; ðD15Þ

A2121 ¼ A2−12−1

¼ −
60

r4k5

�
6rk cos

�
rk
2

�
þ ð−12þ r2k2Þ

× sin

�
rk
2

��
; ðD16Þ

A0
2121 ¼ A0

2−12−1

¼ −
60

r6k7

�
2rkð−240þ 7r2k2Þ cos

�
rk
2

�

þ ð960 − 108r2k2 þ r4k4Þ sin
�
rk
2

��
; ðD17Þ

A2
212−1 ¼ A−2

2−121

¼ −
480

r6k7

�
rkð−60þ r2k2Þ cos

�
rk
2

�

− 12ð−10þ r2k2Þ sin
�
rk
2

��
; ðD18Þ

A2
202−2 ¼ A−2

2022 ¼ A2
2220 ¼ A−2

2−220

¼ −
5

4r6k7

ffiffiffi
3

2

r �
2rkð5760 − 72r2k2 þ r4k4Þ

× cos

�
rk
2

�
þ 4ð−5760þ 552r2k2 þ r4k4Þ

× sin

�
rk
2

�
þ r6k6Si

�
rk
2

��
; ðD19Þ

A1
2−12−2 ¼ A−1

2−22−1 ¼ −A1
2221 ¼ −A−1

2122

¼ 240

r6k7

�
rkð−60þ r2k2Þ cos

�
rk
2

�

− 12ð−10þ r2k2Þ sin
�
rk
2

��
; ðD20Þ

A2222 ¼A2−22−2

¼ 15

8r4k5

�
2rkð24þ r2k2Þcos

�
rk
2

�

þ4ð−24þ r2k2Þsin
�
rk
2

�
þ r4k4Si

�
rk
2

��
; ðD21Þ

A0
2222 ¼ A0

2−22−2

¼ 120

r6k7

�
rkð−60þ r2k2Þ cos

�
rk
2

�

− 12ð−10þ r2k2Þ sin
�
rk
2

��
: ðD22Þ

2. Between hybrids and excited
quarkonium states

The angular integrals Aκμ
l0m0JMlðr; kÞ (43) for the allowed

dipion transitions between hybrids and highly excited
quarkonium states depending on the form factors in (C8)
are the following. Where κ ¼ 0;�1 and μ ¼ 0;�1,

A01
00111 ¼ −A0−1

001−11 ¼ −
1ffiffiffi
2

p A01
10110 ¼ −

1ffiffiffi
2

p A0−1
101−10

¼ −
1

2r3k3

ffiffiffi
3

2

r �
4 sin

�
rk
2

�
þ πSi

�
1

2
ðπ − rkÞ

�

− πSi

�
1

2
ðπ þ rkÞ

��
; ðD23Þ
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A−10
00111 ¼ A10

001−11 ¼ A11
00101 ¼ A−1−1

00101

¼ 1ffiffiffi
2

p A11
11110 ¼

1ffiffiffi
2

p A10
11100 ¼ −

1ffiffiffi
2

p A−10
1−1100

¼ −
1ffiffiffi
2

p A−1−1
1−11−10

¼
ffiffiffi
3

p

4πr3k3

�
4π sin

�
rk
2

�
þ ðπ2 − r2k2Þ

×

�
Si

�
1

2
ðπ − rkÞ

�
− Si

�
1

2
ðπþ rkÞ

���
; ðD24Þ

A10
22111 ¼ A−10

2−21−11 ¼
ffiffiffi
5

6

r
A−1−1
11112 ¼ −

ffiffiffi
5

6

r
A11
1−11−12

¼ −
3

8πr5k5

ffiffiffi
5

2

r �
16π rk cos

�
rk
2

�

þ 4πð−8þ π2 − r2k2Þ sin
�
rk
2

�

þ ðπ2 − r2k2Þ2
�
Si

�
1

2
ðπ − rkÞ

�

− Si

�
1

2
ðπ þ rkÞ

���
; ðD25Þ

A01
20111 ¼ −A0−1

201−11 ¼ −
ffiffiffi
5

p
A01
10112 ¼ −

ffiffiffi
5

p
A0−1
101−12

¼ 1

4r5k5

ffiffiffiffiffi
15

2

r �
−48 rk cos

�
rk
2

�

− 4ð−24þ 3π2 þ 2r2k2Þ sin
�
rk
2

�

− πð3π2 − r2k2Þ
�
Si

�
1

2
ðπ − rkÞ

�

− Si

�
1

2
ðπ þ rkÞ

���
; ðD26Þ

A−10
20111 ¼ A10

201−11 ¼ A11
20101 ¼ A−1−1

20101

¼
ffiffiffi
5

p
A11
11112 ¼ −

ffiffiffi
5

p

2
A10
11102 ¼

ffiffiffi
5

p

2
A−10
1−1102

¼ −
ffiffiffi
5

p
A−1−1
1−11−12

¼
ffiffiffiffiffi
15

p

8πr5k5

�
48π rk cos

�
rk
2

�

þ 4πð−24þ 3π2 − r2k2Þ sin
�
rk
2

�

þ ð3π4 − 4π2r2k2 þ r4k4Þ
�
Si

�
1

2
ðπ − rkÞ

�

− Si

�
1

2
ðπ þ rkÞ

���
; ðD27Þ

A11
21111 ¼ A−1−1

2−11−11 ¼
ffiffiffi
2

p
A0−1
21101 ¼ −

ffiffiffi
2

p
A01
2−1101

¼
ffiffiffiffiffi
10

3

r
A0−1
11102 ¼

ffiffiffiffiffi
10

3

r
A01
1−1102

¼
ffiffiffi
5

3

r
A−10
10112 ¼

ffiffiffi
5

3

r
A11
10102

¼ −
ffiffiffi
5

3

r
A−1−1
10102 ¼ −

ffiffiffi
5

3

r
A10
101−12

¼ −
3
ffiffiffi
5

p

4r5k5

�
16 rk cos

�
rk
2

�
þ 4ð−8þ π2Þ

× sin

�
rk
2

�
þ πðπ2 − r2k2Þ

�
Si

�
1

2
ðπ − rkÞ

�

− Si

�
1

2
ðπ þ rkÞ

���
: ðD28Þ

APPENDIX E: DIPION INVARIANT MASS
SPECTRUM

In order to obtain a general expression for the dipion
invariant mass spectrum in (39), one can transform the
integrals over the 3-momentum of the pions into four-
dimension integrals,

Z
d3q⃗

ð2πÞ32Eq
¼
Z

d4q
ð2πÞ3 Θðq

0Þδðq2 −m2
πÞ; ðE1Þ

and the same for the integral over p⃗. After that, by applying
the change of variables k� ¼ q� p, with the correspond-
ing definitions in (33), and rewriting the Dirac deltas as,

δðq2 −m2
πÞδðp2 −m2

πÞ
¼ 4δðE2þ þ E2

− − k2þ − k2− − 4m2
πÞ

× δðEþE− − kþk− cos θ−Þ; ðE2Þ

Eq. (39) reads,

dΓ
dm2

ππ
¼ 1

27π5

Z
d4kþd4k−ΘðEþþE−Þ

×ΘðEþ−E−ÞjMðkþ;Eþ;k−;E−;θ−;ϕ−Þj2
×δðEþþΔEÞδðE2þþE2

−−k2þ−k2−−4m2
πÞ

×δðEþE−−kþk−cosθ−Þδðm2
ππ−E2þþk2þÞ: ðE3Þ

Since we take kþ as the z direction to carry out the
remaining angular integrals, the amplitude does not depend
on the kþ angular variables, and hence this angular integral
can be carried out trivially. The Eþ integration is also direct
from δðEþ þ ΔEÞ with ΔE < 0,
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dΓ
dm2

ππ
¼ 1

25π4

Z
dkþd4k−k2þΘð−E− − ΔEÞΘðE− − ΔEÞjMðkþ;−ΔE; k−; E−; θ−;ϕ−Þj2

× δðΔE2 þ E2
− − k2þ − k2− − 4m2

πÞδð−ΔEE− − kþk− cos θ−Þδðm2
ππ − ΔE2 þ k2þÞ: ðE4Þ

The E− integration gives two contributions that differ in the sign of the square root,

dΓ
dm2

ππ

				
�
¼ 1

26π4

Z
dkþdk−dΩ−k2þk2−

				M
�
kþ;−ΔE; k−;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2

q
; θ−;ϕ−

�				2

× Θ


−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2

q
− ΔE

�Θðk2þ þ k2− þ 4m2
π − ΔE2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þ þ k2− þ 4m2
π − ΔE2

p δðm2
ππ − ΔE2 þ k2þÞ

× δ


∓ΔE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2

q
− kþk− cos θ−

�
: ðE5Þ

After doing the θ− integral we obtain,

dΓ
dm2

ππ

				
�
¼ 1

26π4

Z
dkþdk−dϕ−kþk−jM�j2Θ



−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2

q
− ΔE

�

×
Θðk2þ þ k2− þ 4m2

π − ΔE2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2
p δðm2

ππ − ΔE2 þ k2þÞΘ
�
1þ ΔE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2
p

kþk−

�
; ðE6Þ

with M� ¼ M
�
kþ;−ΔE; k−;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ þ k2− þ 4m2

π − ΔE2
p

, arccos

�
� ΔE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þþk2−þ4m2

π−ΔE2
p

kþk−

�
;ϕ−

�
. By integrating kþ one

ends up with a general expression,

dΓ
dm2

ππ

				
�
¼ 1

27π4

Z
dk−dϕ−

k−jM�j2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2− þ 4m2

π −m2
ππ

p Θ


−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2− þ 4m2

π −m2
ππ

q
− ΔE

�
ΘðΔE2 −m2

ππÞ

× Θ

 
1þ ΔE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2− þ 4m2

π −m2
ππ

p
k−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔE2 −m2

ππ

p
!
Θðk2− þ 4m2

π −m2
ππÞ: ðE7Þ

The ϕ− integral is immediate from the expressions of the
amplitude (C4) and (45) and leads to the same result for the
þ and − contributions,

dΓ
dm2

ππ
¼ dΓ

dm2
ππ

				
þ
þ dΓ
dm2

ππ

				
−
¼ 2

dΓ
dm2

ππ

				
þ
: ðE8Þ

The k− integration can be analytically done with integration
limits obtained from the last two Θ-functions in (E7).

k−jmax ¼ −ΔE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

m2
ππ

s
;

k−jmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ππ − 4m2
π

q
: ðE9Þ

With this procedure we obtain Eq. (40) and (46).

APPENDIX F: SPIN AVERAGE
FOR THE SPIN 1 CASE

We define jTðl0m0; lmÞj2 as the squared modulus of the
spin 0 amplitude integrated

jTðl0m0; lmÞj2

¼
Z

dϕ−jMðP⃗nlm → P⃗0n0l0m0πðqÞπðpÞÞj2; ðF1Þ

and write them in terms of the radial integrals Rκ ≡
Rκ
n0l0m;nlmðkÞ depending if they are involved in transitions

between m0 ¼ m, m0 ¼ m� 1 or m0 ¼ m� 2.

jTðl0m; lmÞj2 ¼ 8π

f4π
½4Rðcπm2

π þ cππm2
ππÞ þ cE½4Eþ2ðR − R0Þ þ 4R0m2

ππ þ ðR0 − 3RÞk−2�

− cEðR − 3R0Þk−2 cos ð2θ−Þ�2; ðF2Þ
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jTðl0m� 1; lmÞj2 ¼ 32π

f4π
c2E½R�1�2k−4 sin2 ð2θ−Þ; ðF3Þ

jTðl0m� 2; lmÞj2 ¼ 8π

f4π
c2E½R�2�2k−4 sin4 θ−: ðF4Þ

For a transition between initial (final) state with quantum
numbers JPC (J0P0C0

) with J ¼ l ⊗ S (J0 ¼ l0 ⊗ S) total
angular momentum, we define the spin average as,

jT̄ðl0J0P0C0
; lJPCÞj2 ¼ 1

2J þ 1

XM
J¼−M

XM0

J0¼−M0

X1
μ¼−1

jCðl01J0;M0 − μμÞCðl1J;M − μμÞ
× Tðl0M0 − μ; lM − μÞj2: ðF5Þ

The spin averages for the relevant transitions between
highly excited quarkonium states presented in this work,
read,

jT̄ð01−−; 01−−Þj2 ¼ jTð00; 00Þj2; ðF6Þ

jT̄ð21−−; 01−−Þj2 ¼ 1

5
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF7Þ

jT̄ð22−−; 01−−Þj2 ¼ 1

3
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF8Þ

jT̄ð23−−; 01−−Þj2 ¼ 7

15
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF9Þ

jT̄ð01−−; 21−−Þj2 ¼ 1

5
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF10Þ

jT̄ð01−−; 22−−Þj2 ¼ 1

5
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF11Þ

jT̄ð01−−; 23−−Þj2 ¼ 1

5
ðjTð20; 00Þj2 þ 2jTð21; 00Þj2

þ 2jTð22; 00Þj2Þ; ðF12Þ

jT̄ð10þþ; 10þþÞj2 ¼ 1

9
j2Tð11; 11Þ þ Tð10; 10Þj2; ðF13Þ

jT̄ð11þþ; 11þþÞj2 ¼ 1

6
ðjTð10; 10Þ þ Tð11; 11Þj2

þ 2jTð11; 11Þj2 þ 2jTð11; 10Þj2
þ jTð11; 1 − 1Þj2Þ; ðF14Þ

jT̄ð12þþ; 12þþÞj2 ¼ 1

5

�
1

2
jTð10; 10Þ þ Tð11; 11Þj2

þ 7

6
jTð11; 1 − 1Þj2 þ 7

3
jTð11; 10Þj2

þ 1

9
j2Tð10; 10Þ þ Tð11; 11Þj2

þ 2jTð11; 11Þj2
�
: ðF15Þ

In order to obtain the expressions above, we have also
used the fact that Tðl0m0; lmÞ obey the same relations as
Aκ
l0m0lm with respect to the l0m0lm indices independently of

κ. These relations are displayed in Appendix D 1.

APPENDIX G: FULL CALCULATION OF THE
DIPION TRANSITIONS BETWEEN HYBRIDS

AND HIGHLY EXCITED QUARKONIUM STATES

In Sec. VI, the dipion invariant mass spectrum was
derived under the assumption that r ≪ 1=ΔE. This
approximation isolates the term π

r ðEqpþ EpqÞ as the sole
relevant contribution in Eq. (30). This approach was highly
advantageous, as this term maps exactly onto the BOEFT
Lagrangian, yielding the analytical expression for the
dipion invariant mass spectrum presented in Eq. (46).
However, as discussed in Sec. IV, for an initial hybrid
state with a 1þ− LDF, three operators become relevant at the
same order in the chiral and string expansions.
Consequently, if the strict condition r ≪ 1=ΔE is relaxed,
all three operators must be included. This inclusion
significantly complicates the analysis; employing the nota-
tion introduced in Appendix C 2, the full amplitude in (42)
becomes
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MðP⃗nJMl → P⃗0n0l0m0πðqÞπðpÞÞ

¼
Z

drr2Rl0
n0 ðrÞRl

nJðrÞ
Z

ΩþYm0�
l0

�
i4

ffiffiffiffiffiffi
2π

p

f2π
ffiffiffi
σ

p
r

�
cos ½kþ cos θþ r

2
�

k2þcos2θþ − π2

r2

×
X

μ;ν¼0;�1

Cðl1J;M − μμÞYM−μ
l ð−1ÞνrνCð111; μ − νÞ

��
ηπ

r

�
ðEþk

j
þ − E−kj−Þ þ ηkþ cos θþr̂lðkþlk

j
þ − k−lk

j
þÞ

þ kjþ

�
λ

2
m2

ππ þ
�
−λ − ηþ λ0

2B0

�
m2

π −
η

4
½kþ2cos2θþ − k−2ðcos θþ cos θ− þ cos ðϕþ − ϕ−Þ sin θþ sin θ−Þ2�

þ η

2

�
Eþ2 −

1

2
ðkþ2 þ k−2Þ

���
χμ−ν;j; ðG1Þ

FIG. 10. Comparison between the dipion invariant mass spectrum obtained for charmonium spin-0 transitions from nðs=dÞ1 (n ¼ 1, 2)
hybrid states to 1p quarkonium state using (46) (green circular and red triangular points) and using the full expression derived from (30)
(blue squared and orange diamond points). The sets fcπ; cππ ; cEg1 and fcπ; cππ; cEg2 in the inset are given in (47) and (48), respectively.
The green circular and red triangular points are the ones plotted in Fig. 7.

FIG. 11. Comparison between the dipion invariant mass spectrum obtained for bottomonium spin-0 transitions from 2ðs=dÞ1 hybrid
states to np (n ¼ 1; 2) quarkonium states using (46) (green circular and red triangular points) and using the full expression derived from
(30) (blue squared and orange diamond points). The sets fcπ; cππ; cEg1 and fcπ; cππ; cEg2 in the inset are given in (47) and (48),
respectively. The green circular and red triangular points are the ones plotted in Fig. 8.
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with rν¼�1 ¼ ∓ 1ffiffi
2

p sin θþe�iϕþ , rν¼0 ¼ cos θþ and χ⃗μ de-
fined in (C6). If the decaying hybrid is in a p0 state, the
amplitude is suppressed because this state has only Σ−

u
component, see Appendix B. Then, the allowed low-lying
dipion transitions are still restricted to ðs=dÞ1 → pþ ππ,
p1 → sþ ππ, and p1 → dþ ππ. However, the amplitude
given in Eq. (G1) allows for transitions to m0 states that
previously vanished for the same l0. Finally, by applying the
procedure outlined in Appendix E to specific transitions, we
obtain analytical, albeit highly nontrivial, expressions for the
dipion invariant mass spectrum of each transition. Deriving a
generalized expression valid for arbitrary transitions, such as
the one presented in (46), analytically proved intractable.
In this Section, we explore numerically how the dipion

invariant mass spectrum and decay width change when all

the terms in Eq. (30) are included. We reproduce Figs. 7–9
and Table II, and obtain Figs. 10–12 and Table V. For more
details on these see the data Ref. [48]. We observe that
including these additional terms lowers the values of the
decay widths and the dipion invariant mass spectrum by
less than a factor of 2 in all transitions but the charmonium
2ðs=dÞ1 → 1p, in which they drop by an order of
magnitude.

APPENDIX H: ESTIMATION OF THE
NONRESONANT AMPLITUDE

The Belle Collaboration observed that the decay rates for
ϒð5sÞ → ϒðnsÞπþπ− (n ¼ 1; 2; 3), are unexpectedly high,
exceeding those of transitions between lower ϒðnsÞ by
approximately two orders of magnitude [62,63]. Such a
significant enhancement strongly indicates the involvement
of exotic intermediate states in the ϒð5sÞ decay chain.
Consequently, a formal procedure to determine the decay
width for ϒð5sÞ → ϒð3sÞπþπ− is required. Following
[64,65] the nonresonant (NR) amplitude for a quarkonium
transition A → Bþ πðqÞπðpÞ is parametrized as

ANR ¼ aNR1 eiδ
NR
1 þ aNR2 eiδ

NR
2 m2

ππðq; pÞ: ðH1Þ

This parametrization is much simpler that the one we
obtain in (37), and even simpler than the one that emanates
from hadronic theories (I4) [55,56], since it does not
depend on the kinematic variable k−. Hence, we are only
going to use the decay with that follows from it. Comparing
the decay width from this amplitude

Γ ¼ 1

2mA

Z
d3p⃗

ð2πÞ32Ep

d3q⃗
ð2πÞ32Eq

d3p⃗B

ð2πÞ32EB

× jAj2ð2πÞ4δð−EA þ EB þ Ep þ EqÞ
× δð0⃗þ p⃗B þ p⃗þ q⃗Þ

¼ 1

4mAmB

Z
d3p⃗

ð2πÞ32Ep

d3q⃗
ð2πÞ32Eq

× jAj2ð2πÞδðΔEþ Ep þ EqÞ; ðH2Þ

with (39), relates the nonresonant relativistic amplitude
ANR to our nonrelativistic amplitude as follows:

jMNRj ¼ jANRj
2
ffiffiffiffiffiffiffiffiffi
mAmB

p . Hence,

jMNRj2 ¼ 1

4mAmB

h
ðaNR1 Þ2 þ ðaNR2 Þ2ðm2

ππðq; pÞÞ2

þ 2aNR1 aNR2 cos ðδNR2 − δNR1 Þm2
ππðq; pÞ

i
: ðH3Þ

Using jMNRj2, we obtain ΓNR following the procedure
in Appendix E up to Eq. (E6) where the integral over ϕ− is
trivially 2π but we do not have δðm2

ππ − ΔE2 þ k2þÞ to
integrate kþ. However, kþ and k− can be easily integrated

FIG. 12. Comparison between the dipion invariant mass spec-
trum obtained for charmonium spin-0 1p1 → 2sþ πþπ− tran-
sition using (46) (green circular and red triangular points) and
using the full expression derived from (30) (blue squared
and orange diamond points). The sets fcπ ; cππ; cEg1 and
fcπ; cππ ; cEg2 in the inset are given in (47) and (48), respectively.
The green circular and red triangular points are the ones plotted
in Fig. 9.

TABLE V. Full calculation of the dipion decay widths for
relevant transitions between charmonium hybrids (up) and
bottomonium hybrids (down) and highly excited quarkonium
states using the two sets of parameters (47) and (48) and the full
dipion invariant mass spectrum obtained from (30). We include
the uncertainties generated by the errors on the parameters
fcπ; cππ ; cEg. These figures are to be compared with those in
Table II.

Γi (keV)

Transitionsþ πþπ− fcπ; cππ ; cEg1 fcπ; cππ; cEg2
ψ ½1ðs=dÞ1� → hcð1pÞ 746� 66 89� 47
ψ ½1p1� → ηcð2sÞ 73.6� 6.4 9.6� 4.8
ψ ½2ðs=dÞ1� → hcð1pÞ 415� 53 19� 11

ϒ½2ðs=dÞ1� → hbð1pÞ 2032� 170 276� 140
ϒ½2ðs=dÞ1� → hbð2pÞ 2872� 260 320� 180
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in polar coordinates by defining kþ ¼ ρ cosω and
k− ¼ ρ sinω. The integration limits of ρ and ω are given
by the Θ functions,

ρjmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΔE2 þ 4ΔEmπ

q
;

ρjmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔE2 − 4m2

π

q
; ðH4Þ

ωjmax ¼
π

2
−
1

2
arcsin SðρÞ;

ωjmin ¼
1

2
arcsin SðρÞ; ðH5Þ

with ΔE≡ EB − EA and SðρÞ≡ −2ΔE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2þ4m2

π−ΔE2
p

ρ2
.

Reference [44] provides data for several models used to
fit the transition; for this study, we adopt Model-0 (des-
ignated as the nominal model). This model is selected
because it sets the amplitudes of potential contributions
from the f0ð980Þ scalar and f2ð1270Þ tensor states to zero.
The parameters of this model for the ϒð5sÞ → ϒð3sÞπþπ−
transition are aNR1 ¼ 1.03� 0.69, δNR1 ¼ 73� 13°,
aNR2 ¼ 10.7� 3.5 GeV−2, and δNR2 ¼ 196� 14°. With
those, we obtain Γðϒð5sÞ → ϒð3sÞπþπ−Þjnonresonant ¼
0.2316þ0.1791

−0.1161 keV.

APPENDIX I: COMPARISON WITH HADRONIC
EFFECTIVE THEORIES

Hadronic theories involving heavy hadrons are often
used for phenomenological analysis (see [66] for a review).
The BOEFT provides the unknown low energy constant for
hadronic theories with fields describing particles with two
heavy quarks in terms of expectation values of suitable
LEF. Let us illustrate how (1) reduces to a hadronic theory
in the case of S-wave quarkonium. We simply write

SðR; r; tÞ ¼
X
n

ψn00ðrÞJnðR; tÞ; ðI1Þ

where ψnlmðrÞ is the wave function of the heavy
quarkonium and JnðR; tÞ is the heavy quark symmetry
multiplet containing the ϒðnSÞ and the ηbðnSÞ fields,
JnðR; tÞ ¼ ðηbnðR; tÞI2 þϒj

nðR; tÞσjÞ= ffiffiffi
2

p
. We have

restricted ourselves to S-wave states by limiting the sum
to zero orbital angular momentum (l ¼ 0, m ¼ 0). Then,
we have from (1),

LintjS−wave ¼
Z

d3R
X
nm

Tr½J†mðR; tÞ

× ðgnm0 ∂0U†
∂
0U þ gnm1 ∂iU†

∂
iU

þ gnm3 ðU†MþM†UÞÞJnðR; tÞ�; ðI2Þ

where U ¼ UðR; tÞ and

gnmk ¼
Z

d3rψ�
m00ðrÞgkðrÞψn00ðrÞ; k ¼ 0; 3

gnm1 ¼
Z

d3rψ�
m00ðrÞ

�
g1ðrÞ −

g2ðrÞ
3

�
ψn00ðrÞ: ðI3Þ

gnm1 corresponds to c1 and gnm0 to c1 þ c2 in the notation of
Refs. [55,56]. gnm3 is omitted in those references, although it
is taken into account in more recent work [57]. The term
proportional to gnm3 breaks chiral symmetry but it is of the
same chiral order as gnm0 and gnm1 . In the following we
compare our results with those obtained with the c1 and c2
of Refs. [55,56].
Working the Lagrangian from [55] we obtain the

following amplitude which using our notation in (33) reads

M ¼
�
−

4

f2π

���
c1
2
þ c2

4

�
m2

ππ − ðc1 þ c2Þm2
π

þ c2
4
E2þ −

c2
4
k2−

�
: ðI4Þ

This has the form of our amplitude (37) in the BO limit
rΔE ≪ 1, but it depends on two parameters, c1 and c2,
rather than three because of the omission of the chiral
symmetry breaking operator mentioned above. Table VI
shows the values of ci with i ¼ 1, 2 from [55,56], which are
related to our cπ, cππ and cE in the following way

cπ ¼ −
c1 þ c2
hri ;

cππ ¼
1

2hri
�
c1 þ

c2
4

�
;

cE ¼ 3

8

c2
hri ; ðI5Þ

where hri is computed with our wave functions and gives
for each transition

TABLE VI. For each bottomonium transition it shows the parameters ci with i ¼ 1; 2 from [55,56] and the values of cπ , cππ and cE
obtained using (I5) and (I6).

Transitionsþ πþπ− c1 (GeV−1) c2 (GeV−1) cπ cππ cE Ref.

ϒð4sÞ → ϒð2sÞ ð1.2� 0.6Þ × 10−1 ð−1.0� 0.6Þ × 10−1 0.0776 −0.1843 0.1455 [55]
ϒð5sÞ → ϒð2sÞ ð21.1� 0.6Þ × 10−4 ð−12.6� 0.5Þ × 10−4 0.0061 −0.0065 0.0034 [56]
ϒð5sÞ → ϒð3sÞ ð−17.8� 3.1Þ × 10−4 ð16.1� 3.6Þ × 10−4 −0.0005 0.0021 −0.0019 [56]
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hϒð2sÞjrjϒð4sÞi ¼ −0.2578 GeV−1;

hϒð2sÞjrjϒð5sÞi ¼ −0.1386 GeV−1;

hϒð3sÞjrjϒð5sÞi ¼ −0.3248 GeV−1: ðI6Þ
Results for the fcπ; cππ; cEg parameters obtained using ci
(i ¼ 1; 2) and the relations above are also shown in TableVI.
We observe that the values obtained depend on the process
rather than being universal,which is probably a consequence
of the missing operator mentioned above.
If we follow Appendix E the dipion invaraint mass in

terms of c1 and c2 reads,

dΓ
dm2

ππ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔE2 −m2

ππ

p
480f4ππ3m4

ππ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

m2
ππ

s n
m4

ππ

h
3c22ðm2

ππ − 4m2
πÞ2 þ 60c21ðm2

ππ − 2m2
πÞ2

þ 20c1c2ð8m4
π − 6m2

πm2
ππ þm4

ππÞ
i
þ 4c2m2

ππΔE2
h
ð10c1 þ c2Þm4

ππ − 8ð5c1 þ 3c2Þm4
π þ 2c2m2

πm2
ππ

i
þ 8c22ð6m4

π þ 2m2
πm2

ππ þm4
ππÞΔE4

o
: ðI7Þ

In Table VII we present the values obtained for the decay width for each transition in [55,56], using their parameters ci with
i ¼ 1; 2 and (I7), and the ones obtained when using our expression for the dipion invariant mass spectrum (40) and
fcπ; cππ; cEg in Table VI. In the BO limit, both results become equal. Hence, the difference provides an estimate of the
effect of the nonlocalities emanating from the EST, which ranges between 2% and 30% depending on the transition.
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