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We address pion transitions involving heavy quarkonium and heavy exotic states in the Born-
Oppenheimer effective field theory. Many of these states have a size similar or larger than the typical
hadronic scale, and hence the usual QCD multipole expansion breaks down. Unknown low energy
functions must be introduced, which at short distances must reproduce the known results of the multipole
expansion. In order to determine the long distance behavior of these functions, we propose an interaction
Lagrangian for pions and the QCD string. By matching the amplitudes obtained with this Lagrangian to the
ones of the Born-Oppenheimer effective field theory in the static limit, we obtain the low energy functions
in terms of three universal parameters. As a by-product, we also obtain the light quark mass dependence of
the string tension. Assuming that the low energy functions are long-distance dominated, we calculate
several quarkonium-to-quarkonium and hybrid-to-quarkonium transitions. We estimate the universal
constants and provide a phenomenological analysis of the most relevant transitions.
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I. INTRODUCTION

Exotic hadrons (those beyond mesons and baryons) have
been a matter of research since the early days of QCD [1].
Glueballs, hybrids, tetraquarks, and pentaquarks, among
others, have been extensively discussed in the literature (see
[2-4] for recent reviews). If they have an exotic flavor
structure or an exotic J”C, they provide a clear experimental
signature. However, many of them may have flavor or J©¢
quantum numbers like conventional hadrons. In that case,
they may mix with ordinary mesons or baryons and the
exotic nature may become difficult to uncover. If they
contain hidden heavy flavor, charm or bottom, the mixing
with hidden light flavor is suppressed in QCD, and the large
charm and bottom mass makes the case much simpler. This
is how the first tetraquark Z.(3900) [5,6] and pentaquark
[7] were unambiguously identified. They have masses in the
charmonium range but isospin 1 and baryon number 1
respectively. Even when there are no exotic flavor or J¢
quantum numbers, exotic charmonium or bottomonium may
be identified by comparing with quark model predictions,

“Contact author: joan.soto@ub.edu
"Contact author: sandratomas@icc.ub.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/114(7)/074010(29)

074010-1

which are supposed to be reliable for these systems. This is
the case of the celebrated X(3872) [8,9]. We shall consider
hidden heavy flavor isospin zero mesons, both ordinary and
exotic, and focus specifically on the hybrid sector.

An economical approach to address hadrons with two
heavy quarks, both ordinary and exotic, is the so-called
Born-Oppenheimer effective field theory (BOEFT)
[10-15]. It exploits the fact that heavy quarks in heavy
hadrons move slowly. The effect of the light degrees of
freedom (LDF), gluons and light quarks, is encoded in a
series of potentials organized in a 1/m, expansion, mg
being the heavy quark mass. The number of independent
potentials at each order depends on the J©€ of the LDF, and
on its decomposition into irreducible representations of
D, the symmetry group of a diatomic molecule. The
leading potentials (O(1/m))) are heavy quark spin and
heavy quark mass independent. In the case of hybrids, it has
been used to calculate the spin average spectrum
[10-12,16], decays to heavy quarkonium [12,17-19],
and transitions between heavy quarkonium states [20].
The mixing of heavy quarkonium hybrids with heavy
quarkonium starts at order 1/mg, [12]. Heavy-quark spin
effects also start at order 1/ mg [12,13], and, in the case of
hybrids, have been studied in Refs. [14,21,22]. We shall
address pion transitions within this framework.

The motivation of this work is twofold. First, to
formulate pion transitions within the BOEFT framework,
both for ordinary and exotic quarkonium. And second, to
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estimate the long distance behavior of the unknown low
energy functions (LEF) that arise in this approach. This is
particularly relevant because many exotic states, such as
heavy quarkonium hybrids and a number of quarkonium
states, are expected to be dominated by long-distance
physics. Traditionally, dipion transitions in heavy quarko-
nium are usually calculated through a two-step procedure.
First, the multipole expansion is used [23]. This is
expanding soft gluon operators about the heavy quarko-
nium center of mass. Next, the soft gluon operators are
hadronized in terms of pions. For this approach to be valid,
the typical size of the bound states » must be smaller than
the typical hadronic scale 1/Agcp and smaller than the
timescale of the transition 1/AE, where AE is the energy
difference between the initial and final quarkonium states.
Often an additional expansion is used, the so-called twist
expansion [24], which localizes soft gluon operators at
different times, at the same time. This approximation
assumes that the typical binding energies are larger than
Aqcp and AE. Although it leads to elegant features, like the
use of the energy-momentum tensor and the QCD trace
anomaly to match to the chiral Lagrangian, and it has been
extensively used over the years (see for instance [25,26]), it
is difficult to justify in practice [20,27]. For quarkonium
states with large principal quantum number, even the
multipole expansion may fail. For instance, typical values
of 1/r for w(nS) (Y(nS)) are 520 (1030) MeV, 260
(430) MeV, 190 (300) MeV and 150 (230) MeV for
n=1,2,3,4[12]. Except for the 1§ states, the remaining
figures for 1/r are of the order or smaller than Agcp. It is
then worth exploring the consequences of giving up the
multipole expansion. In order to do so, we focus on the
opposite limit namely rAgep > 1. We illustrate this limit
and the one corresponding to the multipole expansion in
Fig. 1. In this regime, the QCD effective string theory
(EST) can be used [28]. We propose an interaction
Lagrangian of the QCD string with pions, which respects
both the symmetries of the EST and chiral symmetry. With
this Lagrangian, we then calculate the light quark mass
dependence of the string tension, elastic pion scattering off
the string, and the decay of string excitations into pion
pairs. We put forward interaction Lagrangians for quarko-
nium-to-quarkonium and hybrid-to-quarkonium dipion
transitions, which reproduce the string result in the static
limit, and obtain from them the long distance behavior of
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FIG. 1.

the BOEFT LEF. They are given in terms of three universal
constants.

Finally, we carry out a phenomenological analysis. We
estimate the universal constants from suitable quarkonium
transitions, and once we have obtained them, we use them
to calculate dipion invariant mass spectrum of several
quarkonium and hybrid-to-quarkonium transitions.

The paper is organized as follows. Section II shows the
pion interactions in the BOEFT framework. Sec. Il provides
the interaction between the pions and the QCD string. We
obtain the light quark mass dependence of the string tension,
pion scattering off the string, and the EST expression for the
decay of string excitations through pion emission. In Sec. IV
we go over the matching of the BOEFT LEF at long
distances. Sections V and VI show the dipion transitions
between highly excited quarkonium states, and between
exotics with 17~ LDF and quarkonium states, respectively.
Phenomenological applications are worked out for quarko-
nium and hybrids with 17~ LDF in Sec. VII. We discuss our
results in Sec. VIII and close with a summary and con-
clusions in Sec. IX. Several Appendixes contain technical
details and further elaborations.

II. PION INTERACTIONS IN THE BOEFT

In the framework of Born-Oppenheimer effective field
theory [12,15,29,30], the interaction of pions with heavy
quarkonium at leading order (LO) in 1/m and the chiral
expansion is given by,

Lim:/d3R/d3rTr[S—;‘(R,r, t)(go(r)aoUTaoU
+ g1(r)o,UT0'U + gy (r)##0,U"0,;U
+ g3(r)(U M+ MTU))S(R. . 1)] (1)

where S(R,r,7) = (Sy(R.r, ), + S/ (R, ¥, 1)07)/v/2, S
(S{) is the quarkonium wave function field for the
spin 0 (spin 1) heavy quarkonium. U = U(R,¢) =
exp (7(R,1)7/f,), m(R, 1) are the pion fields, 7 the isospin
Pauli matrices, f, the pion decay constant, M = ml,
m, = (m, + mg,)/2, the average of the up quark and down
quark masses (m, ~ m2/2By, By ~ Aqcp)- 9s(r), s =0, 1,
2, 3 are unknown LEF. The trace must be understood to
act independently on both spin-symmetry multiplets of
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Multipole expansion emission (left) versus string emission (right).
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quarkonium and on the isospin space of chiral operators.
This Lagrangian implicitly assumes that the energies
involved in the processes, AE, fulfill AE < 1/r, Agcp.
The short distance behavior of g,(r) can be obtained using
the QCD multipole expansion [23]. It delivers g,(r) ~ r2.
Note that the twist expansion does not hold and hence the
nonperturbative effects cannot be parametrized by local
operators (see Sec. 5 of [31]). The low energy theorems that
are extremely useful in approaches based on both the
multipole and twist expansions [25,26] cannot be applied
here. The long distance behavior of g,(r) is unknown. We
are going to estimate it in Sec. IV using the EST results
from the following Section.

Analogous Lagrangians can be written down when one of
the fields represents a heavy quarkonium exotic, namely a
quarkonium with nontrivial LDF quantum numbers, rather
than a heavy quarkonium (07" LDF). We display in
Appendix A the lowest order chiral operators relevant for
any exotic with LDF of J < 1. Let us present here the case
with LDF 17~ at LO in the 1/m and in the chiral expansion

L, = /d3R/d3rTr[ST(R,r, 1)
X (et ga(r)0oUTFU)H (R, ¥, 1)] + H.c.  (2)

where H(R,r,7) = (Hy(R,r, 1)l + H](R,r,1)67)/V/2,
H, (H{) is the wave function field for the spin O (spin 1)
heavy quarkonium hybrid. The trace must be understood to
act independently on both spin-symmetry multiplets of
quarkonium and on the chiral operators. At short distances,
the QCD multipole expansion can be used [23] and leads to
94(r) ~ r[18]. The unknown long distance behavior will be
obtained in Sec. IV.

A. Pion scattering off static quarkonium

We compute (z(q); S(r', R")|Sin|7z(p); S(r, 0)) using the
general form of (1) in the static limit. This results will be
used in Sec. IV in order to obtain the matching with EST,
hence, we show the result for the special case r||z. We
obtain,

(m(q); SO, R)[Sip|7(p): S(r. 0))

= 5(¢' = 1)5(R")S(E, — E )8”[ o(r)E,E

f2 q—p
. m2
+ 91(r)gip' + 92(r)a3ps + 95(r) 5~ 3)
2B,
where E, = /p* + mZ and E, = \/q* + m2.

B. Static exotics to static quarkonium pion transitions

By following the same procedure with the Lagrangian
(2) for exotics with 17~ LDF we obtain,

(7(@)(p); SO, R')|Sine| Oz; H* (1, 0))
(m(@)(p); SO, R)|Sini| Oz H (r, 0))"

= 8(r' —1)8(R"S(E, + E, + AE)< jf)

T

X ig4(r)(Eqp + qu)’ (4)

where AE < 0 is the static energy of the quarkonium minus
the static energy of the exotic. H(r,R) and H*(r,R) are
defined by the previously introduced H'(r,R) =
(H*(r,R) —H(r,R))/v2 and H*(r,R) = i(H*(r,R) +
H(r,R))/V2.

III. THE INTERACTION OF PIONS WITH THE
QCD STRING

The effective QCD string theory provides an accurate
description of the static potential at long distances
(rAqcp > 1), both for quarkonium and hybrids. This is
also the case for a number of 1/m, suppressed quarkonium
potentials. The Nambu-Goto (NG) action provides the
leading terms of the EST

Sng = —0'/ d?&y /- det(0,x*0px,,). (5)

where ¢ ~ AéCD is the string tension. The energy spectrum
in EST, which corresponds to static quark-antiquark ener-
gies, can be organized in powers of 1/(rAqcp), the leading
term being the linear confining potential or [28,32]. Bulk
corrections to the NG action start at order 1/( r7AgCD) [33],
but boundary terms have an impact earlier on, at order
1/(r*Acp) [34,35]. The NG action enjoys reparameteri-
zation invariance and Poincaré invariance. We choose the
frame &' =x"=1, teR, & =x'=z z€[-r/2,r/2].
With this choice we can conveniently denote the directions
orthogonal to z as xi(t, z) with i = 1, 2, and assume X~
1/Aqcp and 0, ~ 0, ~ 1/r. For rAgep > 1, we then have,

1 | S
SNG = —6/ dtdZ |:1 —anx'éox' + 563)6'63)5' + .-
= —"/ dtdz[1 — 0y 0o + 030" 030 + - - -], (6)

where ¢ = ¢(z.1) = (x'(z. 1) + ix*(z,1))/v/2 can be writ-
ten in terms of creation and annihilation operators

= 1
ZzE lEt

n=1 n

w(2)a, + el ()P,

1

(Pn(Z> \/Z( zE,,z+( 1)n+le—iE,,z)’
2
o] = o) = e E =T ()
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The remaining commutators vanish. aj; (ﬂj;) on the vacuum
creates a state of energy E,, angular momentum 1 (—1), and
parity (—1)". The reflection with respect to the xz plane
interchanges a, < f3,.

At low energies (p ~m, < Aqgcp), pion physics is
described by the chiral Lagrangian,

2 02

2
oo =L, uteu) + 4”Tm”Tr(UU\/{ + MU, (8)
q

which is also Poincaré invariant, and approximately invari-
ant under SU; (2) ® SUk(2) chiral symmetry. The latter
symmetry is spontaneously broken by the ground state to
the diagonal SU(2) (isospin) and explicitly broken by the
light quark masses, M = m/I, m, = (m, + m,)/2, which
also break isospin at higher orders.

The guidelines for building the interaction of pions with
the string in an EFT framework are symmetries and
power counting. We shall write down a local effective
Lagrangian that respects the symmetries of both (5) and
(8). For the power counting we are going to assume 1/r, p,
m, < Agep, which holds both for the EST and the
chiral Lagrangian. This means an expansion in dx'(£) /9&¢ ~
1/r[\QCD (Cl = 0’ 3)7 a,u/“'ﬂflr ~ p/AQCD’ M/“'”fn’ ~
m,/Aqcp- Note that in the manifestly Lorentz and repar-
ameterization invariant formulation of the Nambu-Goto
string (5), the EFT counting is not explicit. It contains
arbitrary higher orders in the 1/rAqcp expansion. This may
be remedied by sticking to the physical degrees of freedom
(x'(&)), for which the string symmetry group reduces to
SO(1,1) ® O(2), and implementing the remaining
SO(3,1) Lorentz symmetry by a nonlinear representation
[36-38]. Since we are only aiming at a LO calculation, rather
than implementing a nonlinear realization of SO(3, 1), we
will just write down the terms that are invariant under
SO(1,1) ® O(2) and chiral symmetry and then find a
manifestly Lorentz and reparameterization invariant formu-
lation of them. Since the QCD string does not transform
under chiral symmetry, the lowest dimensional local oper-
ator we may build in the physical frame reads

Leps = (A+n)Tr(9UT°U) + (A+ n)Tr(o;UT0°U)
+ATe(QUTU) + XTe (UM + MTU). (9)

U=U(t.x'(t.2).z), i=12, z=x3 t=x" (10
This Lagrangian is O(p*/ Agcp) in the chiral expansion and
O(1) in the 1/rAqcp expansion. At the same order in the

chiral expansion and O(1/rAqcp) we have a single term,
SLcns = 21 [0pX'Tr(dU 0, U) — 05x'Tr(0;UT9U)].  (11)

These Lagrangian densities are to be integrated over
z€[-r/2,r/2] and ¢ in order to get the corresponding

actions. Note that the parameters 5 and 5’ break the linear
SO(3, 1) symmetry. The terms that respect this symmetry
can be obtained from the following manifestly Lorentz and
reparameterization invariant action,

Sint = /dzéj\/—det(aax”abxﬂ)ﬁ(;h(x(c_‘f)),

Lop= L0+ £NO 4
LE = ATr(9,U"0"U) + A Te(UTM + MTU),
LNO — P Te(MEM) + A" Tr(UT MU M + Hee.), (12)

with Ly, = £50. In the NLO Lagrangian we only display the
terms that will be eventually needed for renormalization, see
[39] for the complete set. In order to obtain the Lorentz
invariant terms in (9), we only need the LO Lagrangian
above. The terms in (9) and (11) that break the linear
SO(3,1) symmetry, can be obtained from the following
manifestly Lorentz and reparameterization invariant action,

6Sint = 77/dzgﬂ/—det(aaxpdbx[,)6ax"6“x”Tr(6ﬂUTa,,U),
(13)

provided that # = #/. This equality can also be obtained by
enforcing nonlinear Lorentz transformations in (9) and (11)
[36-38].

The Fock space on which the Lagrangian above acts on is
the tensor product of the string Fock space and the chiral
Lagrangian one. The string coordinates x'(£) act on the
former, but the pion fields act on both. On the latter, through
the pion creation and annihilation operators in them, and on
the former, through the space dependence on x'(£). Indeed,
consider for instance the charged pion field,

(e7a(p) +e™b'(p)).  (14)

) = d’p
b4 (x)—/(2]7:)3 /—2Ep

p’ =E,, a(p) (b(p)) is the annihilation operators of
positively (negatively) charged pions. With x = x(&),

e s = (L 4 i(phe(12)) ). (1)

The expansion is justified since x'(z,z)~ 1 /Aqcep and
Pl Aqcp- It implies that, unlike the usual chiral
Lagrangian, the Lagrangian (9) contains arbitrary higher
orders in the p/Aqcp expansion. Recall finally that x'(z, z)
withi = 1, 2, contains creation and annihilation operators of
the string excitations,

P (1,2) = p*o(z. 1) + po(z, 1)*

p= \%(pl +ip?). (16)
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A. The light quark mass dependence of the string
tension

As the first application of the Lagrangians (12) and (13),
note that in the subspace of zero pions, the Lagrangians
(12) and (13) reduce to the usual Nambu-Goto action, and
hence they redefine the string tension. This redefinition
introduces a light quark mass dependence through M in
(12) and the pion mass. Indeed,

(01 Lens (x(£))10) = (0[Lens (0)]0) (17)

(O[Tr(9,U70,U)(x(£))10) = 2 (0[Tr(9,U0*1)(0) 0.
(18)

Atleading order in the light quark mass, there is a tree-level
linear contribution from the second term in the LO
Lagrangian (12). At NLO, there is a one-loop contribution
from the first and second terms of the LO Lagrangian and a
tree-level contribution from the NLO Lagrangian. The final
result reads,

3B,
60— <4/1’m + [ W f <230</1+ ) —/1’)
2B
x (ln oM _ 1) +2,1"] m§>, (19)
U

A= " 420" — 3Byn/ (4nf,)?* is necessary to absorb the
UV divergences of the one-loop calculation. Dimensional
regularization in the MS scheme has been used. We have
also used m2 = 2m, By (By ~ Aqcp) in the higher order
terms. This result is expected to be useful to understand the
differences in the heavy quarkonium spectrum observed in
lattice calculations at different pion masses (see for instance
[40,41] for charmonium), which are more pronounced for
hybrids and highly excited quarkonium states. It should
also be useful to understand the light quark mass depend-
ence of the string tension recently observed in [42].

B. Pion scattering off the string

The simplest process involving pions is the elastic
scattering of a pion off any string state. The LO contribu-

tion arises at tree level, with /—det(d,x*dx,) ~ 1. We

have

(m(q)Lens(X)|=(p)) = [(/1 +)(E.E, + ¢3p°)

f2

2
+Agip' =X &} Pt (20)
' 2B, '

x = x(&) and i = 1, 2. This expression must be sandwiched
between the given string states. At LO, the exponential can
be approximated by the first term in (15), which leads to,

(7(q)[Sine + 0Siw|7(P))

= e, + )
m2 7] sin -
+/1qipi—/1'2—B7;] MR p )y ([;q_pp>> dse,~£). @)

This LO expression does not depend on the particular string
state the pion scatters off. Notice the nontrivial interplay
between the third component of the pion momentum
transfer ¢° — p> and the string length r.

C. Decay of string excitations through pion emission

The string excitations may decay into the string ground
state by a two pion (dipion) emission. Let us calculate the
amplitude corresponding to the lowest lying excitations
N =1, Ey = zN/r at LO. They consist of two degenerate
I1,, states, a clockwise (R) and an anticlockwise (L) rotation

of |L,| =1.
1) = - [3Ealo). (22

In order to obtain a nonvanishing transition to the string
vacuum, we need terms linear in x' in the interaction
Lagrangian. Since

o
IRy = | [=—p7|0),
1) =\ [25A110)

— det(d,x*0dpx,) only produces even
powers of x, the relevant terms from (12) can only
come from first order of the p/Aqgcp expansion in the
pion fields (15). However, from (13) there is an additional
term at zeroth order of the p/Aqcp expansion (15) and first
order in the 1/rAqcp expansion, which was already
displayed in (11). The part of the calculation involving
pions for this term reads,

(2(@). 7(5) 6L ens (1)[0;) = %{%x( E,pi+ E,q)

— 03X (q3pi + pagi)]e’atr)x,
(23)

x = x(&). We have used /—det(d,x"d,x,) ~ 1, and the

exponential in (23) must be taken at zeroth order in the
P/Aqcp expansion (15). The contribution from (12) and
(13) at first order in the p/Agcp expansion (15) can be
obtained from (9). Putting it together with the contributions
from (23), we obtain,

074010-5
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(m(9),
_ 6n\/7 .
- faor

7(P): Opst|Sine + 6Sine| 03 HIE) = ((q). 7(P): Ops| Sine + 6Sine] 05 1115 )*

m2

2B

{{(/Hn)(E »+a3p) + Aqip' + ”}(q+p)+n[§(Eqp+qu)

cos[(¢” +p’)3

+ (¢ +P3)(613P+P3Q)} }W(S(Eq +E, —§> (24)

where we used the notation introduced in (16) for q
and p and i = 1, 2. This is the only expression we will
need to calculate the relevant hybrid decays. Although the
lower lying hybrid states are a mixture of II, (N =1)
and X;, (N = 3) components, the latter does not contribute
to the pion decays at the order we are working.
This is discussed in the Appendix B. For illustration
purposes, we also display the outcome for the N =2
excitations using the action (12) in this Appendix. The
calculation for the 1T1, state is similar to the one presented
above. For the 1A/ state, one needs an extra term in
the expansion (15) to get the leading contribution, and for
the 22g state, there is an additional contribution from the

second term in the expansion of /—det(d,x"dyx,),

see (0).

IV. THE LONG DISTANCE BEHAVIOR OF THE
LOW ENERGY FUNCTIONS

In order to establish the long distance interactions of
pions with heavy quarkonium and heavy quarkonium
hybrids, we just write down interaction Lagrangians that
reproduce the amplitudes of the pion scattering off the
string and of string excitations decays, calculated in
Sec. I B and in Sec. III C, respectively, in the static
limit.

In the case where only quarkonia are involved, it
reads

Ly = / SR / PrTe(s (R, r, O)S(R, ¥, 1)

r/2
X / dz g(r,z)Lys (8, R + 21), (25)
-r/2

where L ¢ is Lcps (9) in the frame where f corresponds to
the z direction and the origin is at R, namely,

Lo = LK+ 1Tr(0,UT U — #¥i0,UT0,U),  (26)

with £50 given in (12). Then we have,

[
(n(q): SO, R")[Si|7(p): S(r.0))

— 5(r' —1)8(R)3(E, — E )(8”>

13
2
X {(/Hn)(Equ + q3p°) + Agip' +/1’23”}
0
r/2 S 3_ 3
« / dzg(r, 2)e- @)z, (27)
-r/2

This expression matches (21) if g(r, z) = 1 up to factors
5(r' —r)5(R’) that appear due to the normalization of the
initial and final states. Note that this is not the expected
form of the BOEFT (1). In fact, it is a more general
expression that also holds when AE~1/r. For
r<1/AE~1/m,, Lcps(t,R+zF) can be expanded
around R and the expected form in the BOEFT (3) is
recovered with

%v»—[j}kanmu+w>—dz+m,

r/2
g (r) —/ dzg(r,2)A = ri,
-r/2

9(r) = /_,/z dz g(r,z)(=n) = —m,

r/2

r/2
%mz/ dzg(r. )i = rh. (28)
—r/2

Hence, the r? behavior that g,(r), s = 0, 1,2, 3 show at
short distances becomes an r behavior at long distances.
The presence of a tensor term at long distances
(92(r) = —rn) is due to the addition of (13) to the string
action (12).

In the case of a hybrid with 17~ LDF in the initial state, it
reads,

Ly = /d3R/d3rTr[S+(R,r, HH(R,r,1)]
r/2 o
X/ dz h(r, z)e*3/ {akﬁcm(t,R—i—Zf‘)
—r/2

+2;7(’”Tr(a0UTakU) 4 #3ma, Tr(9,UT .U ))]
r

(29)

074010-6
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and we have,

(m(q)(p); SO, R)|Sin| 075 H* (r, 0)) = (m(q)7(p); S(r', R)|Sni[ 0z H (r. 0))"

= 8(r' = r)3(R")8(E, + E, + AE) <‘ f2)

8

T
2

x { {(/1+77)(Equ, + gap?) + Agip +/1,_ﬂ} @+p)

m
2B,

+7 [% (E;p+Ep) + (¢ +p)(g'p + p3q)} }

r/2 .
X / dzh(r, z)e"(‘13+1’3>z,
-r/2

h(r,z) = icos(nz/r)/+/on matches the string theory result
(24) up to factors 6(r' —r)5(R’) that appear due to the
normalization of the initial and final states. Note that
H*(r,0) and H(r,0), as defined below (4), have the same
transformation properties under D, as the states IT¥ and
I1% (22), respectively. For r < 1/AE ~ 1/m,, the expected
form in the BOEFT (2) is recovered. At LO in this
expansion, only the term proportional to 1/r in (29) and
(30) survives and leads to

(31)

au(r) = - / " dzh(r.z) (i2mm/r) = dn//or

r/2

(30)

in (4). Note that the g,(r) ~ r behavior at short distances
[18] becomes a constant at long distances.

V. DIPION TRANSITIONS BETWEEN HIGHLY
EXCITED QUARKONIUM STATES

Highly excited states in quarkonium are dominated by
long distance physics. Hence, the formalism developed in
the previous Section is expected to be relevant for dipion
transitions between them. Once ¢(r, z) is fixed to 1, we can
calculate the amplitude for these transitions from (25),

my | sin[(q +p)3|

N N 8 )
M(Paim —~ Pl tnix(q)a(p) = [ dw:/l/m«r)wnzm(r)(— F) {u CE,E, + asp) + aqp + 2 x| Snl@t P)g

Pnlm (P'n'I'm’) are the heavy quarkonium center of mass
three-momentum, principal quantum number, orbital an-
gular momentum and its third component in the initial
(final) state, and w,,,(r) is the wave function. It is
convenient to take k. = q + p in the z direction. Then,
we can define

k_=q—p=k_(sinf_cos¢p_,sinf_sin¢_,cosb_),
I = (sinf, cos¢,,sind, sing,,cosb,),

EL=E,+E, (33)

with 6_ the angle between k, and k_, and 6,
the angle between k, and f. In the following, we take
k,=k, 6,=0, and ¢, =¢ for simplification.
Waim(r) = RL(r)YT (0, ¢), where R!(r) is the radial wave
function and Y/"(0, ¢) the spherical harmonics. The angular
integrals can be carried out in terms of special functions,

2By] (q+p)t

(32)

[
At (1K) = / QY7 (0. ) Y7 (0. ) Fac(0. )

sin (kcos 6%)

, 34
kcos@ (34)

where F,,(0,¢) with k=0,£1,+2 are defined in
Appendix C 1 and Ay, ;,,(r, k) corresponds to the trivial
case with Fy(0,¢) = 1. For instance,

Si(%)
k

Agooo(r, k) = (35)

where Si(z) is the sine integral function. The remaining
angular integrals that we need are given in the Appendix D 1.
A . (r.k) = 0unless m" = m + « is fulfilled. The radial

integrals will be carried out numerically.

RS, (k)= / drPRL(DRL(DAS, , (rk),  (36)
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and we label R,/ (k) the case corresponding to Ay, (r, k). The amplitude then reads,

M(Pnlm — P'n'l'm'z(q)x(p)) = <— fz> {(c,mm,zm +c,m2+ cgE )R — cp(E%2 —m2,)R® + cpk_? ) (R+R%)

1
—(3RY
+2(3

— R)cos’0_ + (e7-R' + ¢Y-R~") cos O_sin6_

1 ; i
+ Z (e—z2¢,R2 + el2(/7R_2)Sin29_:| }7 (37)

where we have written R* instead of R¥,, , . (k) to simplify the notation, and

1
Can =73 (/1 + g) .
JL
Cr=—A=n+ 3B,
Cp = g (38)
The dipion invariant mass spectrum in the zero-recoil limit is defined as,
dr &’p &g 2 2 2 2

dm2, / (27)2E, (27)'2E, IM?228(AE + E,, + E,)8(mk, — (E, + E,)* + (P + q)?), (39)

where AE < 0 is the mass difference between the final and initial quarkonium state (AE = E,yy,,; —
Dirac deltas fix E, = E, + E, = —AE and k* = ki = (p +q)*

E,;,,). Notice that the
= AE? —m2,. Upon changing variables to k., the

integrals over ¢p_, 6_, and k_ = |k_| can be carried out analytically. Then, after following the procedure in Appendix E, the

dipion invariant mass spectrum reads,

dm2, 15ms 23 f2

X m2m2, —

+4m2,(16[(R)? -
+ [~4(R)* + 10RR" —

Heavy quark spin symmetry ensures that the results
above hold for each third component of the spin, and hence
they can be readily applicable to the spin O case. However,
for higher spin, the spin averages are usually carried out
with the third component of the total angular momentum
rather than with the third component of the spin. Hence, for
the spin 1 case, further elaborations are needed, which we
discuss in the next Section.

A. Spin 1 case

Heavy quark spin symmetry is manifest in (25). It
implies that the same matrix elements appear both for spin
0 and spin 1. If instead of working with Sy(R, r, 7) we have

S{ (R, r, 1), with indices contracted between the initial and

(R —2R")m2, +2(R — R®)(2m2 + m2,)AE?]] + c%
—8[2(2R = 3R%)(R + R®) + (R*)2 + (R™2)2]m2m®, + [4(R)? — 12RR® + 14(R°)>
(R")?2 + (R")? + (R™Y)*m% + 4[3(R)*> + 5RR" -

dar -
= \/7”””” \/7{R C m + C;mm/m) [30 lem(c m + C”ﬂm””) + 2OCE{4(R + RO)

[16[4(R + R%)? + (R?)* + (R72)*|mim?,
+ (R*)* + (R72)*m3,

2(4(R%)? + (R)? + (R71)?)|mzmz,

6(R%)? + (R")? + (R™1)?|m?,)AE* + 16(R — R°)?(6m} + 2m2m2, + mt,)AE*}.  (40)

|
final states, the only change in the amplitude is a multi-
plying factor. The S =1 amplitude M(ﬁnJM [
Prn'I Ml z(q)x(p)) with J=1Q S (J/=1Q S) and
M(M') its third component in the initial (final) state reads

M(PniMl — P’ I'M'Un(q)x(p))

= > CUNIs M = uu)C(11J; M — ppr)
u=0,£1

X M(PnIM = — P''IM' — un(q)z(p)).  (41)
where C(jj,j;m, m,) are the Clebsch-Gordan coeffi-
cients. In Appendix F we present the results for the spin
average of the relevant transitions.
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VI. DIPION TRANSITIONS BETWEEN HYBRIDS
AND HIGHLY EXCITED QUARKONIUM STATES

Heavy quarkonium hybrids are dominated by long
distance physics. The static potentials have a minimum
at the scale r ~ 1/Aqcp, and the energy excitations about
the minimum are parametrically smaller than Agcp, namely

~y /A3QCD/ mg. Hence, the formalism in the previous

Section may also be relevant for dipion transitions between
hybrids and highly excited quarkonium states. Once
h(r,z) = icos(nz/r)/\/7o is fixed, we can calculate the
amplitude for the dipion transitions from the interaction
Lagrangian (29). For r < 1/AE only the second to last
term in (29) is relevant, which leads to the expected BOEFT
form of (2). For simplicity, we stick to this case here and
relegate the discussion of the full calculation to
Appendix G.

M(PniMl — F'n'l'm'n(q)x(p))
. . [ 87\/7n
= /d?’rl//n’l’m’(r) (l//nJMlm(r) X r)k( 2 \/_ >

. cos [(q+p)3 ' ' 0
(q+pift 2 P TEAD) “2)

Pnlm  (P'n'lI'm’) were defined in Sec. V, J
denotes the orbital angular momentum plus the angular
momentum of the LDF (J=[1® 1) of the hybrid
with M its third component. y,p,, (r) = Rfl/,(r) Y;f"(é, ?)
is the quarkonium wave function and W, ., (r) =

Ry (r) X ymo.01 CUL M = pp) V) (0, 9)7, the hybrid
wave function, where R!,(r) is the radial wave function,
Y7"(0,¢) the spherical harmonics with m =M —pu,
C(j1j2j; my, my) are the Clebsch-Gordan coefficients and
;'(’” the LDF angular momentum 1 eigenvectors. The results
we obtain below are readily applicable to spin O hybrids.
For spin 1 hybrids, analogous relations to the ones obtained
in Appendix F for quarkonium should be worked out.

Using the form factors F,.(0, ¢) with k = 0, 1 defined
in (C8), the angular integrals read (u = 0, 1),

A () = / dQYY* (0, )YV (0, ) F 1.(0. )

1 cos (kcos@f)

x C(I11J,M — —_—=
( Wt) r* (kcos 0)> ”—2

(43)
and are displayed in Appendix D 2. The radial integrals
R

o mman ) (K) = / drr® RU,(r)R! () AV 0 (1 k). (44)

are calculated numerically. Then the amplitude reads (see
Appendix C 2),

M(PniMl — P'n'l'm'z(q)z(p))
i1
= i6ry/zey (E ik, — E_k_cos0_)
f2\/20

x (R + R+ E_k_sin6_ <e"¢-R0l

4 emid-RO-1 4 L oih- R—10

Leen)].

With this notation, omitting the n'/’m’'nJMI subscripts
for simplification purposes, the dipion invariant mass
spectrum reads,

dr , (AE? —m2,)3/? 4m2
anZ, Y Tspem, \ T,
x [BAEX(R' + R71"1)2(2m2m2, + 6m? + m%,)
w2y — Am2)P(2(R)? + 2V/2RY RO
+ 2(R0_1)2 _ 2\/§R0—1R10 + (RIO)Z + (R—IO)Z)]’
(46)

with AE < 0 the mass difference between the final and
initial state, once recoil corrections are neglected. See
Appendix E for details.

VII. PHENOMENOLOGICAL ANALYSIS

Equation (40) and Eq. (46) describe the dipion invariant
mass spectrum for transitions between highly excited
quarkonium states, and between hybrids and highly excited
quarkonium states, respectively. These distributions are
parametrized by three low-energy constants, c¢,,, ¢,, and
cg- The decay width of the transition can be obtained by
integrating over the dipion invariant mass spectrum. Ideally,
the extraction of these constants would rely on experimental
data from highly excited quarkonium transitions. However,
very limited data are available for those transitions. In
practice, we restrict ourselves to the transitions with the
larger principal quantum numbers available.

A. Quarkonium

1. The low energy constants

In order to obtain the low energy constants, we have
chosen the following three transitions: Y(3s) —
Y(2s)ztn~, Y(4s) > Y(2s)z"z~, and Y(10860) —
Y(3s)z"z~. We have also assumed that the Y(10860)
corresponds to the Y'(5s) state. The two first transitions are
not expected to have sizable contributions from resonances,
and hence the experimental decay width can be directly
compared to the one in our calculation. We use
the PDG [43] average on I'(Y(3s) - Y(2s)ztzn~) =
0.57 £0.09 keV and on T(Y(4s) »> Y(2s)ztzn") =
1.7 £0.4 keV. However, the last transition has sizable
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TABLE 1. Predictions of the dipion decay widths for charmo-
nium (up) and bottomonium (down) relevant dipion transitions
between highly excited states using the two sets of parameters
(49) and (50) and dipion invariant mass spectrum (40). We
include the uncertainties generated by the errors on the param-
eters {c,, ¢4z, cg}. For completeness, we have also included
decays involving the ground states, but those are not expected to
be reliable in our approach.

I, (keV)
Transitions + 7zt 7~ {Crs Crn» CE} {Cr»Crr»CE}2
w(2s) = JJw 118+15 117+15
xe1(2p) =y (1p) 22405 1.7+0.5
w(3s) = w(2s) 34+06 32405
T(2s5) = T(1s) 1.00 £ 0.20 0.97 £0.19
T(3s) = T(2s) 0.57 +0.04 0.57 £ 0.04
T(4s) = T(25) 1.68 £ 0.20 1.68 +0.20
T, (3d) - T(2s) 2524022 0.28+0.16
T,(3d) — Y(3s) (7.1 £0.7) x 1073 (7£4)x 1074
Y, (4d) — T(25) 140+12 16409
T, (4d) - Y(3s) 0.53 +0.05 0.06 £ 0.03
T(55) = T(29) 22.8+24 22.7+24
Y(55) = T»(1d) 0.123 +0.011 0.014 £ 0.008
T(5s) = T(3s) 0.23 +0.08 0.23 £0.08

contributions from resonances, which must be subtracted
before comparing to our results. Hence, we use [44]
estimations of the nonresonant amplitude to obtain a decay
width which we can identify as T'(Y(5s) - Y(3s)ztz7).
This is [(T(10860) — Y(35)72" 77 ) |ponresonant =
0.23J_r8:11§ keV, see Appendix H. As all our input data is
for transitions to two charged pions, our results are also the
ones for two charged pions in their final state. However, our
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FIG. 3. Dipion invariant mass spectrum obtained for charmo-
nium transitions with // = [ = 1 using (40). The green circular
points correspond to the results for the set {c, ¢, c£}; (49) and
the triangular red points to the ones for the set {c,, ¢4z, c£}, (50).
We include the uncertainties generated by the errors on the
parameters ¢, ¢, Cg.

calculations do not depend on whether the pions are charged
or not. The contribution for neutral pions is plainly half the
one for charged pions.

For each of the above transitions we compute the radial
integrals RY,, nim (36) at each dipion mass using the
angular integrals in Appendix D and the LO wave functions
of Ref. [12], which uses lattice data of [45]. After numeri-
cally integrating (40) with respect of m2,, we obtain a
system of three equations involving c¢,,, ¢, and cg. By
solving it we get two sets of solutions {c¢, ¢,,, cg}; and
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le 5
T T T T T T T T T T T T T
w(2s)~)lyntn™ w(35) - w(ZS)n n-
0.00014 |- ® {CnCrmcelr 6l ® {cmcmceh
A A{cn conice}a A {cn Cunice}a
o®
0.00012 . e, JAdAAL,
° ° 5 A 4a, FRY T T
° A A, °® °
0.00010 ° \Ada A N °® o
—~ o 4 A °
T ° o A 7 & CA = °
> ° A A >
@ 0.00008 | N T A °
] L o A A °
~F L4 A Iy 4 °
£ ° A £3 ?
S 0.00006 | o A T s o ¥
S ° a S A o A
% C ° A °
A 2 °
0.00004 | O A o° N
) A ° A
LR ° A
o A - A
L ) 1 ° A
0.00002 RS ° A
° ° A
e o () A
AAAAAL adt AL TS 4 o*® 44,
A AAAAAAAAAAAA 00000000000 ° A
0.00000F @ ° ol aceeee®® Adaaaa
. . . . . . . . . . . . . \ \
0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.275 0.300 0.325 0.350 0.375 0.400 0.425 0.450
Mp (GeV) My (GeV)

FIG. 2. Dipion invariant mass spectrum obtained for charmonium transitions with /' = [ = 0 using (40). The green circular points
correspond to the results for the set {c, ¢4, cg}; (49) and the triangular red points to the ones for the set {c, ¢z, cg }, (50). We include
the uncertainties generated by the errors on the parameters c,, c,,, cg. For completeness, we have also included a decay involving the

ground state, but it is not expected to be reliable in our approach.
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FIG. 5. Dipion invariant mass spectrum obtained for bottomonium transitions with I/ = 0, [ = 2 using (40). The green circular points
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¢, — +0.15985

{Cp» Cans CE}1 = { Cpp = £0.00275 3, (47)
cp = 70.02060
¢, = +0.16062

{Cp» Cans»CEY2 = { Cpr = F0.01166 », (48)
cp = 70.00636

with a global sign ambiguity, namely the signs of the three
constants are correlated.

2. Uncertanties

The uncertainties on the parameters {c, ¢, cp} were
estimated using a Monte Carlo procedure that propagates
the experimental errors of the decay widths used. For
each decay width, pseudoexperimental values were gen-
erated assuming Gaussian distributions centered at the
measured values with widths given by the corresponding

experimental errors from [43,44]. For each pseudodataset,
the parameters were reextracted, yielding empirical prob-
ability distributions from which mean values and standard
deviations were determined, together with the correlation
matrices. Starting from the two independent solutions, (47)
and (48), the Monte Carlo analysis yields the following four
solutions (quoted at the 1o level):

¢, = £(0.160 % 0.007)

From (47): { ¢,, = £(0.0025 £ 0.0015) b,  (49)
cx = F(0.0204 £ 0.0009)
¢, = +(0.160 £ 0.007)
From (48): { c,, = F(0.0114£0.0011) »,  (50)

cg = F(0.0066 + 0.0020)

For set 1 (2), ¢, shows a mild anticorrelation (correla-
tion) with ¢, and a very weak (strong) anticorrelation with

074010-12



PION TRANSITIONS IN THE BORN-OPPENHEIMER .

PHYS. REV. D 114, 074010 (2026)

le-7
SE : : -
Y(55) = Ya(ld)yr i~
o {cmcCmceh
%%, A A{cnCam ceda
° o
4 ° O
®e
®e
° .
...
T3 %
3 9 %o,
o oo
) oo
~E (1]
t ®00000,,
Sk
5 .,
L ]
°
1k
AAAAA,
AA LYV
A Aa
AAA‘AAAAAAAAAAAAAAAAAAAAAAAAAAAA‘.
oF & A
. . . . .
0.3 0.4 0.5 0.6 0.7
My (GeV)
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nium transitions with // = 2,/ = 0 using (40). The green circular
points correspond to the results for the set {c, ¢, cg}, (49) and
the triangular red points to the ones for the set {c;, ¢z, g}, (50).
The plot correspond to the nonresonant contribution of the dipion
invariant mass spectrum. We include the uncertainties generated
by the errors on the parameters ¢, ¢,,, Cg.

cg, whereas c,, and cg present a mild (very strong)
anticorrelation.

The theoretical uncertainties include contributions from
the next order in both the chiral and EST expansions. While
the relative chiral uncertainty can be reasonably estimated
as AE/(4rnf,), the next-order correction in the string
expansion, (1/r)/(c(r)), for the transitions between quar-
konium states used to determine the parameter sets (47)—
(48), leads to a very large uncertainty. This suggests that
short-distance effects remain relevant for the considered
transitions, and that an interpolation between the short- and
long-distance regimes would likely provide a more reliable
description (see [12,22,46] for examples of interpolations).
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Therefore, in the statistical analysis of our results, we
include only the experimental uncertainties, and consider
the theoretical results as order of magnitude estimates.
From (47) and (48) we obtain the corresponding

A/
)H [ a— -
{ ! 230}1
4 = T(0.010 + 0.006)

!
{ ,1,,7,'1_} _J o =F0026£0008) L (s2)
2B0 2 V

- = £(0.124 £ 0.005)

2 = £(0.046 £ 0.004)
n=F(0.082£0.004) $ (51
- = £(0.124 £ 0.005)

3. Dipion invariant mass spectrum

With (40), (49), and (50) we obtain predictions for the
dipion invariant mass spectrum as well as the dipion decay
width for some relevant dipion transitions between excited
quarkonium states. The allowed transitions by the angular
integrals are those between states with initial (final) orbital
angular momentum [ (') that fulfill / =1+ 0, £2, ... (see
Appendix D). We compute those that have data in the
PDG [43] or are relevant to identify XYZ resonances. For
charmonium, we obtain, in particular, the spin average
result of the transition y.(2p) — y.;(1p)z*z~, which is
identified as y.(3872) - y. (1p)z"z~. For bottomo-
nium, we identify the states Y, (3d), Y(5s) and Y, (4d)
as Y(10753), T(10860), and Y(11020), respectively,
according to Ref. [47].

Table I shows our predictions for the charmonium (up)
and bottomonium (down) dipion decay widths. In Figs. 2
and 4, we show our results for the dipion invariant mass
spectrum for charmonium and bottomonium s — s + 7t 7~
transitions, respectively. In Fig. 3, we show the ., (2p) —
xe1(1p)xt 7~ dipion invariant mass spectrum. In Fig. 5, we
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FIG. 7. Dipion invariant mass spectrum obtained for transitions between charmonium spin-0n(s/d), (n = 1,2) hybrids to 1p
quarkonium using (46). The green circular points correspond to the results for the set {c;, ¢, ¢}, (49) and the triangular red points to
the ones for the set {c,, ¢, cr}, (50). We include the uncertainties generated by the errors on the parameters ¢, ¢, Cg.
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FIG. 9. Dipion invariant mass spectrum obtained for the
charmonium spin-0 1p; — 2s + z"#~ transition using (46).
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{Cxs Can> cr}i (49) and the triangular red points to the ones for the
set {¢y, Cons CE 1o (50). We include the uncertainties generated by
the errors on the parameters c,, ¢,,, Cf-

show the results for the bottomonium d — s + 7~ and in
Fig. 6, for the Y (5s) — Y,(ld)z"z~ transition, which is
yet to be seen. Further details on these results are provided
in the data Ref. [48].

B. Hybrids

The permitted dipion transitions between hybrids and
highly excited quarkonium are (s/d), — p + zx,
pp—Ss+an, and p; »> d+ zr." We restrict our analysis
to XYZ resonances that have a hybrid candidate, and focus
on the ones that pion transitions have already been

"The Po states contain the Z;; representation of the D, group
only [12], which gives zero in the EST calculation (B7).

observed. Since there is no experimental evidence for
the p; transitions yet, most of the transitions we will deal
with are (s/d);, — p + zz. In addition since almost all
hybrid candidates correspond to spin O states, we restrict
ourselves to this case. Using Egs. (46), (49), and (50) we
can compute the dipion invariant mass spectrum and the
decay width. Consistently with the quarkonium case, the
wave functions used are the ones in [12]. Figure 7 shows
our results for charmonium transitions w[l(s/d),] —
h.(1p)ztz~ and w[2(s/d),] = h.(1p)ztn~, where
1(s/d), is identified as w(4040) and 2(s/d), as
w(4360) [47], both with seen transitions to h.zz.
Figure 8 shows our results for bottomonium transitions
with initial state Y[2(s/d),] identified as Y (10860) [47] to
h,(1p)z*tn~ and h,(2p)n* 7~ final states. For complete-
ness we include in Fig. 9 our prediction for the transition
w(1py) = n.(2s)z"z~, which has no experimental evi-
dence but could be identified as y.; (4140) or X(4160) [47].
The dipion decay widths predicted for the transitions above
appear in Table II. Further details on these results are
provided in data Ref. [48].

TABLE II. Predictions of the decay widths for relevant dipion
transitions between charmonium hybrids (up) and bottomonium
hybrids (down) and highly excited quarkonium states using the
two sets of parameters (49) and (50) and dipion invariant mass
spectrum (46). We include the uncertainties generated by the
errors on the parameters {c,, €., C}-

T, (keV)
Transitions + 7t 7z~ {Crs Crr» CE {Crs Crr» CE}2
w[1(s/d),] — h.(1p) 1210 + 107 136 + 76
wlp1] = n.(25) 83.7+7.4 93452
w[2(s/d),] — h.(1p) 7300 + 650 821 + 460
Y[2(s/d),] = hy(1p) 3568 + 320 401 + 220
T[2(s/d),] = hy(2p) 5144 + 460 578 + 320
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In Appendix G we present analogous results obtained
from the full Lagrangian (29).

VIII. DISCUSSION

We have focused on quarkonium (0" ") and lowest lying
hybrid (177) transitions. Generalization to other isospin
zero exotics is straightforward in the BOEFT limit. We
have listed the relevant operators in Appendix A. Different
exotics with the same LDF quantum numbers would be
described by the same interaction Lagrangian with different
functions for the LEF. For instance, for 11~ tetraquarks, the
Lagrangian (2) still holds but the estimate (31) for g4(r)
need not do it.”

By comparing with the PDG [43] we can see that our
results for the dipion decay widths for the transitions
w(2s) > J/yantnm (99+£7keV) and T(2s) -
Y(ls)ztz~ (5.7£0.6 keV) are one order of magnitude
smaller for charmonium and of the same order of magni-
tude but far smaller for bottomonium. This is not surprising
as the 1s states are very compact and not suitable for long-
distance treatment. One may argue that this could also be
the case for the transition y.(2p)— yo(1s)z*z™,
however if we identify y.(2p) as y.(3872) and
compare with the decay width constraint given by the
PDG (< 9.5+ 1.7 keV), we see that for both sets
{¢u+ Can, cp}1, the experimental constraint is fulfilled.’

The experimental constraint in the transition involving
w(4040) is F:/X(lzl()40)—>hu(1p)7z+7r’ < 252 £ 36 keV. By iden-
tifying the state with the 1(s/d), hybrid only the
{Cps Crr» C} set gives compatible results.

Both x.,(4140) and X(4160) can be identified as
charmonium hybrid 1p;. None of them have data on the
PDG involving dipion decays to a s state. An alternative
assignment for y(4160) is w(3s) [47], PDG gives a
constraint on the decay width of TP <

v (4160)—y (2s)xt 7~
276 + 40 keV, which is fulfilled for both sets of
parameters.

Our charmonium hybrid 2(s/d),, can be identified as
both (4360) and w(4415). Only the former has a seen
transition to h .zt m".

In the case of Y(10753) (our Y,(3d)) transitions,
the PDG gives D'y(1g753)-1(35)r 2 /T 1(10753) T (25) 2 =
0.27 + 0.14, which is two orders of magnitude higher than
the one we obtain independently of the set of parameters
used. Reference [51] gives a lower value for this fraction
O.lOfg;gf, however this result is still higher than our
predictions.

*The EST that leads to (31) may have to be modified including
fermionic degrees of freedom, see [49] for a proposal.

*If the quarkonia component of y.., (3872) is only a fraction of
it, for instance 8% [50], then there is even extra room for
contributions of the remaining components before saturating the
PDG bound.

The description of Y (10860) as Y(5s) and Y[2(s/d),] at
spin-0 are both possible. For the quarkonium identification,
we cannot use directly the PDG data to compare with
our results, due to the large contributions from resonances
[44]. We use the nonresonant contributions given in
[52] FT(SX)—>T(2S)7[*7F|nonresonam = 082J—r(())§36 keV, but this
figure remains an order of magnitude smaller than our
predictions. This disfavors the interpretation of Y (10860)
as a pure quarkonium state. Y(5s) - V,(ld)z"n~
has no experimental data in the literature. PDG has data
for both of our computed transitions from Y[2(s/d),]

. exp _ +4.0
initial state, FT[z(.v/d)l]—»h,,(lp)ﬁn- =129.5757 keV  and
Fexp

TR(s/d) oy (2p) = = 210.97¢8 keV. These values are
of the same order of magnitude as our results for set 2
in Table II. For both transitions we get even better
comparisons with our results in Table V for the same
set. This strongly suggests that Y(10860) is mainly a
2(s/d), hybrid with a small component of 5s quarko-
nium [12].

Finally, regarding Y(11020) transitions, identified
as 7Y,(4d), the PDG value for the fraction

F?ﬁlozo)-ﬁ(h)nm- Iﬂ?(pl1020)—>T(2s>ﬂ*7r‘ = 0:52£0.7 s about

an order of magnitude higher than for our sets:
Uy, (4d)=1Gs)r o /T, (4d) Y (25)a 2= |1 = 0.038 £ 0.007 and
FT|(4d)—>T(3s)n+n-/FT. (4d)—>Y(28)n* n~ |2 =0.04 £ 0.04.

In Ref. [53], the authors present dipion transition spectra
incorporating all relevant resonances, as well as separate
plots isolating the combined contributions of f((500),
f0(980), and f;(1500). By evaluating the difference
between the full resonant results and the spectrum con-
taining only these f resonances, we obtain an approxi-
mation for the nonresonant background. A qualitative
comparison suggests that the Y(4s) — Y(2s)z"z~ and
Y(5s) — Y(2s)z" 7~ transitions favor the parameter set 1.
For the Y(5s) — Y(3s)z"z~ transition, both parameter
sets provide a similar description. Furthermore, experimen-
tal data from Ref. [54] suggest a slight preference for set 1
in the Y(3s) — Y(2s)z "z~ transition. A more quantitative
comparison with Ref. [53] would require taking into
account that the ete~ colliders, in which both BABAR
and Belle were located, are asymmetric, and hence the
produced quarkonia in the initial state are not at rest in the
LAB frame. This can be easily achieved by multiplying the
invariant mass spectrum by the corresponding Lorentz
factor.

Given the limited experimental data currently available
and the large uncertainties in our results, we cannot
identify either of the two parameter sets {c,, ¢, cr} as
clearly preferred. We have also tried to obtain them from
analysis based on hadronic effective theories [55,56], but
it has not been possible due to the incomplete set of
operators used in those theories, see Appendix [. Several
improvements to our procedure are possible. If more
experimental data on the dipion spectrum for highly
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excited quarkonium transitions become available, one
could fit to the dipion invariant mass spectrum to extract
the parameters {c,, ¢,,, cg}, rather than relying on the less
informative approach of fitting the decay widths. This
would also require properly taking into account final state
interactions between the emitted pions [18,53,57] and
threshold effects of intermediate heavy-light meson pairs
[55,56], which have either been neglected or subtracted
according to Ref. [52]. In addition, the large theoretical
uncertainties that were not included in our predictions
suggest that the transitions considered involve states that
are not large enough to completely neglect short-distance
effects. An interpolation between the short- and long-
distance behavior of the LEF is likely to provide a more
appropriate description. Eventually, it should be possible
to obtain the LEF from lattice data on the elastic scattering
of pions off static quark-antiquark pairs separated at a
distance r.

We have also restricted ourselves to the study of pion
transitions and hence we have used SU(2) ChPT in the
isospin limit. The generalization to SU(3) in order to
include, for instance 7 transitions, or to strong isospin
breaking effects, in order to include, for instance 0
transitions, is straightforward. The explicit inclusion of
resonances along the lines of Ref. [58,59] should also be
straightforward, but it would break our counting rules.
They should be better introduced indirectly, through
unitarization techniques of the two pseudo-Goldstone
bosons in the final state (see, for instance, [60] for a
review).

IX. SUMMARY AND CONCLUSIONS

We have addressed pion transitions in the BOEFT at
leading order in the 1/m and chiral expansions both for
quarkonium and exotics. We have established the inter-
action Lagrangian for quarkonium and isospin-zero
exotics of several JPC of the LDF. The interaction
Lagrangian depends on a few low energy functions.
Their short-distance behavior was known, since it can
be obtained from the QCD multipole expansion, but their
long-distance behavior was unknown. We have estimated
the latter in the case of quarkonium and 1%~ hybrids. In
order to do so, we have proposed an interaction
Lagrangian of pions with the QCD string that is compat-
ible with the chiral and string symmetries. We have
matched the results for the amplitudes obtained with this
Lagrangian to those obtained by an interaction Lagrangian
of pions with quarkonium and hybrids. The latter contains
nonlocalities in the direction separating the heavy quark
and the heavy antiquark, and hence it is a generalization of
the BOEFT one, reducing to it in the limit rfAE << 1. We
find that the long-distance LEF can be described in terms
of three unknown constants. We proceed to estimate them

using quarkonium transitions and assuming that they are
dominated by long-distance effects. We use PDG
and Belle data on the decay width as an input and obtain
two sets of parameters. We have also matched our
Lagrangian to hadronic theories and compared our sets
with the sets of parameters used there. With those
parameters, we have calculated the dipion invariant mass
spectrum for a number of quarkonium and hybrid tran-
sitions of phenomenological interest. We obtain qualita-
tive agreement with experimental results for most of the
transitions, except for those involving d waves either in
the initial or final states. A particularly nice feature of our
results is that they support the interpretation of Y (10860)
as a hybrid meson with a small mixture of quarko-
nium [12,47].
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APPENDIX A: OPERATORS

Note that our entire analysis has been carried out with
hybrid states in mind. However, the same considerations
apply to any exotic quarkonium state with LDF quantum
numbers 177, provided that the function A(r, z) is modified
accordingly. For other exotic hadrons with different LDF
quantum numbers kP, the procedure remains the same,
using the corresponding operators in the construction of the
effective Lagrangian. Here we present the leading-order
operators for each k¢, see Table III. The isospin-violating
operators of lower or equal order for each k"€ are listed in
Table 1V.
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TABLE III. Lowest order operators for each LDF quantum
numbers " with explicit chiral order O(p") where p is the pion
momentum.
kP Operator Order
0+ Tr(a,UTd"U) O(p?)
Tr(o,UT0'U)
Tr(MUT + UMT)
r'riTr(0;U%0,U)

0+ FTr(d,UT0;U) O(p?)
0+ Tr(0;Ud'Ud U U) O(p?)

r'riTr(0;U%0,UdyUTU)

€' r'Trod (0*UT0,U)
0= FTr(a,Utd"Uo,UTU) O(p?)

rTr(0;U'0/Uo,UTU)

€' Tr[0/ (0 U "U))]
1+ eipr'r'Tr(0,U"0;U) O(p?)
1+_ €ijkriTr(ajUTaOU) O(pz)
1_+ Tr(aoUTa,U) O(pZ)

r'riTr(0;U0,U)
1= FTr(d,UTU) O(p?)
r'Tr(o,UT 0/ U)

rTe(MUT + UMY)
r’Tr(d,U‘de)
rrirFTr(0;U" 0, U)

TABLE IV. Isospin-violating lowest order operators for each
LDF quantum numbers x7C with explicit chiral order O(p")
where p is the pion momentum.

PC Operator Order
0+ Tr(MU' — UMY) o(p?)
0-- FTr(MT0,U - 0,U" M) o)
1+ FTr(MTU = UT M) O(p?)

APPENDIX B: DECAY OF HIGHER STRING
EXCITATIONS

The N = 2 excitations consist of five states. A Z; state,
two degenerate II,, states, and two degenerate A, states
corresponding to the clockwise (R) and anticlockwise (L)
rotations of |L.| = 1 and |L,| = 2, respectively.

[}
1115) = | [540). |1ns>=—,/2E asl0),
o .
2Z3) = —70Tﬁ7|0>a
ARy = Z_gigll0), 1AL = "-alaf[0).  (BI)
g 2E1 171 ’ 2E 1

We compute their amplitudes using the manifest Lorenz
and reparameterization invariant action from Eq. (12). We

will need the expansion (15) and

1 . .
—det(0,x"0px,) =1 — Eaax' (z.1)0°x'(z. 1), (B2)

witha=0,3andi=1,2.

For the II, states, we need the first order term of the
expansion (15) and the leading order term in the expansion
(B2), as we did for the IT, states. We obtain,

(7(q). 7(P); Ost| Sin |03 1TIX)
= (2(q), 7(P); Ost| Sine|043 1T15)*
167227 m2
=2 er (A+n)(EE, + q3p°) + 2qip' + X ZBO]
sin L
e,
I — (¢ +pP)
For the A, states, we need to use the second order term in

the expansion (15) and the leading order term in the
expansion (B2). We obtain,

i(q p)5<Eq +E,- 27”> (B3)

(n(q), m(P); Ost| Sint 05 1AK)
= (7(q), 7(P); Ogst|Sint| 0z 1A§>*
3272 m2
oy (A+n)(EE, + q3p°) + Agip' + X 230]
1 r 2 2
jln[( )2] (%+p)3 (S(Eq—l—Ep——ﬂ) (B4)
(¢ +p*)? (@ +p°) r

Finally, for the X" state there are two contributions. The
first one arises from the leading order term in the expansion
(B2) and the second order term in the expansion (15), as in
the previous case. The second one comes from the leading
order term in the expansion (15) and the next-to-leading
order term in the expansion (B2). We obtain,

(n(q). = (_));OEST|Sint|Oﬂ;2E;>
167? , m2
= For s | (A+n)(E E, + q3p®) + Aqip' + 2 - 2B,
L sinllg’ + p) 3] [1 _ 2)g+pf ]
(@ +p°) 4:; —(¢® + p?)?

2n
x6<Eq+Ep—7>. (B3)
Unlike the previous N = 2 string excitations, the X
N = 3 string excitation is relevant for the lower lying

hybrids [12,61]. It corresponds to the state,
(e} = fia3)|0).

) (B6)

(2
- 22E,E,

In order to generate a nonvanishing matrix element with
the vacuum, we need terms that contain the same number of
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@ and ¢* and that they are odd under the exchange ¢ <> ¢*.
This is not possible from the action (12), since all the terms
with the same number of ¢ and ¢* arise from the expansion
of the exponential in (15) and hence are even under the ¢ <>
@* exchange. A nonvanishing matrix element may arise
from the action (13). Butin order to have the same number of
@ and ¢* we need to expand the exponential (15) at least at
first order, and hence the matrix element is p/Aqcp sup-
pressed with respect to the one of I1,,. We will not consider
them in this work. Hence, at the order we are working,

(7(q), 7(P); Opsr|Sin|0: Zir) = 0. (B7)

APPENDIX C: FORM FACTORS

As explained in Sec. V it is convenient to take the z axis
inthe k, = q + p direction. Then, we can define k_, ¥, £
using (33). In the rest of the paper we have called k, =k,
0. =6, and ¢, = ¢ but, here, we make the subscripts
explicit for clarification.

1. Between excited quarkonium states
With this notation, (32) reads

) . 8\ [ y
M(Pnim — P'n'l'm'n(q)x(p)) = / A1y (O (1) (- f_z> [5 M+ ("1 BEREY )m’z’
et 0

n

1
+3 [E+2 -3 (k.2 + k_z)} - g [k, %cos?0, —k_?

with E, = kg. For simplification purposes we introduce the following form factors,

Foo=1= V4”Y8(‘9+»¢+)’

in |k 0,%
x (cos 6, cos@_ + cos (¢+ - 4’—) sin 6. sin 9—)2]] M’ (C1)
k. cos@,
1/ /16
fzo = C0829+ = 5 < ?HY8<9+’ ¢+) + 1)’
) 4 8m 1y
Fasy = cosO, sinf, e+ = F Eyz 0. 02).

32r
Fyf2<9+v¢+)’ (€2)

f2i2 = sin29+ei"2¢+ =

we obtain,

M(Paim — B tnix(a(p) = [ “3rwz/ym/<r>wnlm<r>(

1
2\ __
+CEk_ |: 3

2
1
(f()() + fz()) + 5 (3./’:‘20 - f()())COSze_

8
) {(Crm'm%m + Cﬂm% + CEE+2)fOO - CE(E+2 - m%’n’)FZO

) . 1
+ (e7-Fy + e-F,_ ) cosO_sinO_ + 1 sin®4_

X (- Fp + €i2¢‘f2—2)] }

sin [k cos 6. 1] (©3)

k, cos@,

where c¢,,, ¢, and ¢y are defined in (38). From here, and using (36),

M(Pnim — F'n'l'm'n(q)n(p)) = (‘F

8 1
) {(Cﬂﬂmlzl’ﬂ + cﬂmlzl' + CEE+2)R - CE(E+2 - mlzm)RO + CEk—2 _5 (R + RO)

1 ) )
+3 (3R% — R)cos?0_ + (e™™-R' + ¢»-R~1) cos O_ sin 6_

4

where we have written R* instead of R*,, ,
n'lI'm'nlm

1 . .
+—(e72¢-R? + e’2¢-R‘2)Sin2€_] }

(C4)

(k.) to simplify the notation.
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2. Between hybrids and excited quarkonium states
To compute (W, pm(r) X 7); o (7, x 7), we write
P =73, _0+1(=1)r,y_, obtaining

G x P = V2 (=11, COLL =),y (C)

where r,_, | = F %sin 0, et 1,4 =cosf, and

1 0

Using k. notation (42) reads

M(PnMI — P'n'l'm'z(q)x(p))

’ [ 8mn/7n
d’””zRfy(’”)szJ(’”)/dQJrY? ( 2\>/—_2>

cos |k, cos @
[ *2 ZCZIJM ) Y

X -_— =
kicos?0, —% f
X (=10, CO UL p = ) (Eo K — E_k g (CT)

By introducing the following form factors,

4
Fro=cos, = ;Y0(9+’¢+)
. +ig 874
Fia1 =sinf e = F 3 Vi (0., ¢),

and using the definitions (43) and (44) the amplitude
becomes

(C8)

M(PnJMI — P'r/

_il6ny/mcg
fiV20

X (R 4+ RN + E_k_sin6_ <e"‘/’-ROl

I'm'z(q)=(p))

[(E+k+ — E_k_cos6_)

) 1 . 1 )
+ e—t¢_R0—l + _etqﬁ_R—lO _ _e—t¢_R10>:| , C9
7 7 (C9)

APPENDIX D: ANGULAR INTEGRALS

1. Between excited quarkonium states

The angular integrals Aj ., (r,k) (34) for the allowed
dipion transitions between highly excited quarkonium
states depending on the form factors in (C2) are the
following. Where x = 0, =1, 42 and the trivial case with

form factor F, = 1 is labeled without k, Ay, (r, k).

Si(%)
Agooo = k2 , (D1)
—2rk cos(%) + 4 sin(%%)
Agooo = r22k3 : ’ (D2)
6(rk cos(Z) — 2 sin(%))
Ajoio = — 2r2k3 : ’ (D3)
1 rk
0 272 -
Aloo = v { 6rk(—24 + r'k )cos(2>
k
+36(=8 + r2k?) sin (%)} , (D4)
A =AiZ4
3 rk . (rk
=520 {2rk cos <7> —4sin (7>
2ioe: (T
+ T k Sl ? s (DS)
A(])lll = A(l)—ll—l
12 k
e {6rkcos<rz> +(-124 PR
k
X sin (%)] . (D6)
Al1p = Al = —Algi_ = —ATh 0
12 k
- 4;{ [6 k cos (2) + (=124 22
k
X sin (%)] , (D7)
AL =AT
3 rk
S {2rk(24 + r?*k?)cos ( 5 )
k k
S+ 4(=24+ k) sin <%> S+ ARAS <%>] . (D8)
Asp00 = Ago2o
V5 rk
by [6rk cos <7> — 12sin <7>
210a: (T
+resi( ). (DY)
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A(z)ooo = A8020
2V5 rk
== [rk(—36 + r?*k?) cos <7>

k
— 8(=9 + r2k?) sin <%>] , (D10)
A0 = Ajozr = —Aooa—1 = A2 100
4
- r:/—lj? [6rk cos (%k> + (=12 + r?*k*) sin (%)] ,
(D11)

2 A2 A2 — A2
A2200 - A0022 - A002—2 - A2—200

1 15 rk
=55\ 7 [2rk(24 + r?*k?) cos < 2>
212 rk apag (7K
+ 4(—24 + r*k*) sin > + r*k*Si )

(D12)

— 5 212 rk
Ao = S [—6rk(—72 + r°k*) cos < 2)
k k
+12(=72+77%2) sin (%) + Akt (%)] ,
(D13)
10 rk

0 _ 2 44

Asppp = — Ny% {rk(4320 — 1447%k* + r*k*) cos (;)

— 2(4320 — 50472k + 7r*k*) sin (%kﬂ . (D14)

Ao = Aygpr = —Ajn 1 = —A3l150
20\/— rk
= o {18 rk(=40 + r*k?) cos <?>

k
(1440 — 15672k + r*k*) sin <r2>} . (D15)

A2121 = A2—12—1

60 k
= {6rkcos (2) + (=12 + r?k?)

X sin (r_k)] , (D16)
2
Adip1 =AY 1o
k
= §27 {21’/{( —240 + 7r*k?) cos <%>
k
+ (960 — 10872k + r*k*) sin (%)] . (DI17)

2 — A2
A212—l - A2—121

480 . rk
=g [rk( 60 + r'k )cos<?>

k
- 12(—10+r2k2)sin<%>], (D18)
Anra = Asy = Adpng = A%
5

3
T4 \/{M(s 760 — 727k% 4 rk)

rk
X cos<2> + 4(=5760 + 552r%k> + r*k*)

k k
scsin( =) + koS ) | (D19)
2 2
Ay 1p =AYy = Al = =AYy
240 k
= [rk(—60 + r?k?) cos <%>
vy o [Tk
—12(=10 + r*k*) sin > | (D20)

A2222 = A2—22—2

rk
2,2
=5 [2rk(24+r k )cos<2>

+4(=24+ r2k2) sin (%k) + 4 k4Si (%kﬂ . (D21)

0 — A0
A2222 - A2—22—2

120 o [Tk
=<0 {rk( 60 + r’k )cos<2>

— 12(=10 + r2k?) sin (%kﬂ . (D22)

2. Between hybrids and excited
quarkonium states

The angular integrals A, (r, k) (43) for the allowed
dipion transitions between hybrids and highly excited
quarkonium states depending on the form factors in (C8)
are the following. Where x = 0, £+1 and ¢ = 0, £1,

1 01 1 0-1

\/EAIOIIO \/EAIO]—]O

1 3, . (rk (1
= —W\/;P sm<7> +7Z'Sl<§ (m— rk))

(D23)

01  _ _A0-1 _ _
Ao = —Agoi-11 =
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- 10 01
Agoti = Ati-11 = Asbior = Adoion Ay = Az T = \/_A21101 = —V2AY | o

_LAII _LAIO __LA—IO
~ 2 11110—\/§ 1100 = =75 A1-1100 A11102 A1 102
:_LAI_II_II 10

V2T Alonz A10102

- F\/Ek* {47[ sin <r_2k> + (7% = r’k?) = —\/:Al_olfolz = _\/;A}gl—lz
« (Si(%(n—rk)) —ﬁ(%(nﬂk)))} (D24) _ j{k; {16 . (2") +4(-8+22)

_ 5. 5 Tk 2 _ 212y si L k
AR =AY = \/;Allllllz = _\/;Ail—ll—u x Sm<2> ol - )( ! 2(7r rk)
_ 3 \f L6m i cos[ T —sl< (n+rk)>>} (D28)
8ok V2 2

+47(—8 + 7% — r*k?) s1n(r2>

APPENDIX E: DIPION INVARIANT MASS
PSR ( < o ,k)) SPECTRUM
In order to obtain a general expression for the dipion
- Sl( (m+ rk)))} (D25)  invariant mass spectrum in (39), one can transform the
integrals over the 3-momentum of the pions into four-
dimension integrals,
A(z)(lnn - 201 1= \/_Alonz = _\/_Alol 12
3> 4
1 15 rk d'q d'q 0\ 5( 12 2
= 0(q")o(q” — , (E1
=55\ [ —48 rk cos<2> / (2n)2E, / 2ny 200" —mz). (E)
— 4(=24 + 37 + 2r%k*) sin (r_k) and the same for the integral over p. After that, by applying
2 the change of variables k.. = q £ p, with the correspond-
1 ing definitions in (33), and rewriting the Dirac deltas as,
(372 — r?k?) <Si (—( - rk)) ¢ (33) &
1 6(q? = m2)5(p? = m2)
~ i (5 (7 + "k)))} : (D26) — 48(E2 + E2 — I3 — k2 — 4m2)
X S(E E_ -k, k_cosf_), (E2)
Ayt = A = Ao = Aziol
\/g V5 ) Eq. (39) reads,
= ‘/_A11112 — T A{?mz = 71411(1)102 T ]
— d*k, d*k_©(E, +E_
= —V5ATTL ), dm?, 7 5/ * (Ey+E-)
V15 k E . -E k. ,E_k_E_0 2
= Q5.5 {48ﬂrk cos<r—> XO(E. —E_)IM(ky.Ey k. E_.0_.¢-)|
8xr’k 2 x8(E, +AE)S(E% + E2 — k% — k> —4m2)
k
+ 4n(=24 + 372 — k%) sin <%> xS(E E_—k k_cosO_)5(m2, —E% +k%). (E3)
1 Since we take k, as the z direction to carry out the
2,212 | 44
+ (37 — 47k + 14k ( (§ -r k)> remaining angular integrals, the amplitude does not depend

| on the k, angular variables, and hence this angular integral
—Si <_ (m+ rk)) )} , (D27) can be carried out trivially. The E, integration is also direct
2 from 8(E, + AE) with AE <0,
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dar 1
25 4
X S(AEX + EX — k2 — k2

/dk+d4k K O(—E_ — AE)®(E_ — AE)|M(k,,—AE,k_,E_,0_,¢_)|

dm,zm
—4m2)5(—AEE_ — k k_cos0_)5(m2, — AE> + k7). (E4)
The E_ integration gives two contributions that differ in the sign of the square root,

dr 1
dmZ,|. 2644

2

/dk dk_dQ_k% k*

M (k+, —AE, k_, i\/ki + k% + 4m? — AE?, 9_,¢_>

O(K% + k* + 4m? — AE?)
VK + K2 +4m2 — AE?

x @(—\/ki + 12 +dm} — AE> - AE) 5(m2, — AE + &2)

x 5<:|:AE\/k2+ R+ dml = AE? — k. K_cosO_). (ES)

After doing the 6_ integral we obtain,
dr

2
dmz,

1

+
. O(k3 + k2 + 4m2 — AE?)

S(m2,
VK2 + K +4m2 — AE? (

- AE? + ki)@(l +

=% 4/dk dk_d¢p_k, k_ |/\/li|2®( \/k2 + k2 +4mk — AE? - AE)

AE\/K2 + k% + 4m2 — AE?
\/++ Z+ My >, (Eé)

k. k_

/17 12 T A2
with M. = M <k+, —AE, k_,£\/k2 + k> + 4m2 — AE?, arccos <j: AEVIEHE Hm —AF >,¢_>. By integrating k, one

ends up with a general expression,

dr | k_|ML|?
— dk_d¢_
dmlzm + 27 4/ ¢ i
AE 2 4 2 _ .2
x0[1+ K= Ay = M
k_\/AE? —m2,

The ¢_ integral is immediate from the expressions of the
amplitude (C4) and (45) and leads to the same result for the
+ and — contributions,

dr dr

L dr
L dmg,

dr
dm2,

(E8)

— =
dmz, dm,m

+

The k_ integration can be analytically done with integration
limits obtained from the last two ®-functions in (E7).

4 2
k| = —AE|1-"2%

k—lmin = m72m - 4m721 (Eg)

With this procedure we obtain Eq. (40) and (46).

8
|T(I'm,Im)|> =

e
b/

- CE(R - 3R0)k_

[4R(c,m2 + cpym2,) + cg[4E.*(R — R%) + 4R°m2, + (R

2 cos (20_)]?,

Kk

= @(—\ K2+ dm2 —m2, — AE)@(AE2 —m2,)
k2 +4m2 — m2

)@(kz +4m2 —m2,). (E7)

[

APPENDIX F: SPIN AVERAGE
FOR THE SPIN 1 CASE

We define |T(I'm’, Im)|* as the squared modulus of the
spin 0 amplitude integrated

\T(I'm’, Im)|?

= /d¢_|,/\/l(f’nlm - f’/n/l/mlﬂ(@”(l’))

% (F)

and write them in terms of the radial integrals R* =
RK

n’l’m,nlm(
between m' =m, m' =m+ 1 orm' =m+2.

k) depending if they are involved in transitions

RO — 3R)k_?]

(F2)
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32 2
v

ra

|T(I'm £ 1,Im)]> = 2[RE"?k_*sin? (260_), (F3)

8
= T 2Rk *sin*6_.  (F4)

/4

I T(I'm + 2, Im)?

For a transition between initial (final) state with quantum
numbers J7C€ (J'F'C) with J=1Q@ S (J/=1'® S) total
angular momentum, we define the spin average as,

DD IS

J=M J'=——M' y=—1

| (l/J/P’C’ ZJPC

(', M
xT(I'M'

— up)C(IL, M = pp)
—u IM = ). (F5)
The spin averages for the relevant transitions between

highly excited quarkonium states presented in this work,
read,

|T(017=,01~7) > = |T(00, 00)?, (F6)
_ 1
IT(217,0177)? = < (IT(20, 00)|* + 2|T(21, 00)|?
+2|T(22, . F7
2|T(22,00)|?
_ 1
|T(227=,0177)? = 3 (|7(20,00)|* + 2|7 (21, 00)/|?

+2|T(22,00)2), (F8)

_ 7
IT(237,017)12 = = (IT(20.00) + 2/7(21.00)

+2|T(22,00)[?), (F9)
_ 1
IT(017=,2177)> = S (|7(20,00)|* + 2|7 (21, 00)/|?
+2|T(22,00)[?), (F10)
_ 1
IT(017=,227)? = S (|7(20,00)|> + 2|T(21, 00)/?
+2|T(22,00)?), (F11)
_ 1
IT(017=,237)? = < (IT(20, 00)|? + 2|T(21,00)|
+2|T(22,00)}?), (F12)

|T(10++’ 10++)|2

_ é RT(11, 1) + 7(10, 10)[%,  (F13)

T+, 11+ = (|T(1O 10) + T(11, 11)?

+2|T(11,11)2 4+ 2|T(11, 10)2

+|T(11,1=1)]?), (F14)
IT(12++,12+4)] §< (10,10) + T (11, 11)[2
) 7
~|T(11,1 = 1) 11,10)]?
6 7 ) +31T(11,10)]
+§|2T(10, 10) + T(11,11)]?
+2|T(11,11)|2>. (F15)

In order to obtain the expressions above, we have also
used the fact that T(I'm’, Im) obey the same relations as
A% . With respect to the I'm’Im indices independently of

k. These relations are displayed in Appendix D 1.

APPENDIX G: FULL CALCULATION OF THE
DIPION TRANSITIONS BETWEEN HYBRIDS
AND HIGHLY EXCITED QUARKONIUM STATES

In Sec. VI, the dipion invariant mass spectrum was
derived under the assumption that r <« 1/AE. This
approximation isolates the term Z (E,p + E,q) as the sole
relevant contribution in Eq. (30). This approach was highly
advantageous, as this term maps exactly onto the BOEFT
Lagrangian, yielding the analytical expression for the
dipion invariant mass spectrum presented in Eq. (46).
However, as discussed in Sec. IV, for an initial hybrid
state with a 17~ LDF, three operators become relevant at the
same order in the chiral and string expansions.
Consequently, if the strict condition r <« 1/AE is relaxed,
all three operators must be included. This inclusion
significantly complicates the analysis; employing the nota-
tion introduced in Appendix C 2, the full amplitude in (42)
becomes
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M(PniMl — P'n'tm'z(q)x(p))
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kicos'0, —%

X
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)
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FIG. 10. Comparison between the dipion invariant mass spectrum obtained for charmonium spin-0 transitions from n(s/d), (n = 1, 2)
hybrid states to 1p quarkonium state using (46) (green circular and red triangular points) and using the full expression derived from (30)
(blue squared and orange diamond points). The sets {¢;, ¢z, g}y and {c;, ¢z, Cg }, in the inset are given in (47) and (48), respectively.

The green circular and red triangular points are the ones plotted in Fig. 7.
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Comparison between the dipion invariant mass spectrum obtained for bottomonium spin-0 transitions from 2(s/d), hybrid

states to np (n = 1, 2) quarkonium states using (46) (green circular and red triangular points) and using the full expression derived from
(30) (blue squared and orange diamond points). The sets {c;, ¢4z, ¢}ty and {c,, ¢4z, €}y in the inset are given in (47) and (48),
respectively. The green circular and red triangular points are the ones plotted in Fig. 8.
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FIG. 12. Comparison between the dipion invariant mass spec-
trum obtained for charmonium spin-0 1p, — 2s + ztz~ tran-
sition using (46) (green circular and red triangular points) and
using the full expression derived from (30) (blue squared
and orange diamond points). The sets {c,, ¢ cp}, and
{¢z» Crz» C£}5 In the inset are given in (47) and (48), respectively.
The green circular and red triangular points are the ones plotted
in Fig. 9.

with r,_,; = smG e T =cos6, and 7, de-
fined in (C6). If t%e decaymg hybnd is in a p, state, the
amplitude is suppressed because this state has only X
component, see Appendix B. Then, the allowed low-lying
dipion transitions are still restricted to (s/d), — p + ==,
p1 = s+ zx, and p; — d + an. However, the amplitude
given in Eq. (G1) allows for transitions to m’ states that
previously vanished for the same ['. Finally, by applying the
procedure outlined in Appendix E to specific transitions, we
obtain analytical, albeit highly nontrivial, expressions for the
dipion invariant mass spectrum of each transition. Deriving a
generalized expression valid for arbitrary transitions, such as
the one presented in (46), analytically proved intractable.
In this Section, we explore numerically how the dipion
invariant mass spectrum and decay width change when all

TABLE V. Full calculation of the dipion decay widths for
relevant transitions between charmonium hybrids (up) and
bottomonium hybrids (down) and highly excited quarkonium
states using the two sets of parameters (47) and (48) and the full
dipion invariant mass spectrum obtained from (30). We include
the uncertainties generated by the errors on the parameters
{Cy» Cpz»cp}. These figures are to be compared with those in
Table II.

T, (keV)
Transitions + 7"z~ {Crs Car» CE} {CrsCrrrCE}
wll(s/d),] = h.(1p) 746 + 66 89 + 47
wllpy] = n.(2s) 73.6 + 6.4 9.6+ 4.8
w2(s/d),] = h.(1p) 415+ 53 19+ 11
Y[2(s/d),] = hy(1p) 2032 + 170 276 + 140
Y[2(s/d),] = hy(2p) 2872 + 260 320 + 180

the terms in Eq. (30) are included. We reproduce Figs. 7-9
and Table II, and obtain Figs. 10—12 and Table V. For more
details on these see the data Ref. [48]. We observe that
including these additional terms lowers the values of the
decay widths and the dipion invariant mass spectrum by
less than a factor of 2 in all transitions but the charmonium
2(s/d); — 1p, in which they drop by an order of
magnitude.

APPENDIX H: ESTIMATION OF THE
NONRESONANT AMPLITUDE

The Belle Collaboration observed that the decay rates for
Y(5s) = Y(ns)ztzn~ (n = 1,2,3), are unexpectedly high,
exceeding those of transitions between lower Y(ns) by
approximately two orders of magnitude [62,63]. Such a
significant enhancement strongly indicates the involvement
of exotic intermediate states in the Y(5s) decay chain.
Consequently, a formal procedure to determine the decay
width for Y(5s) —» Y(3s)ztz~ is required. Following
[64,65] the nonresonant (NR) amplitude for a quarkonium
transition A — B + z(q)xn(p) is parametrized as

ANR — gNR ™ NR i 12 (g ).

(H1)

This parametrization is much simpler that the one we
obtain in (37), and even simpler than the one that emanates
from hadronic theories (I4) [55,56], since it does not
depend on the kinematic variable k_. Hence, we are only
going to use the decay with that follows from it. Comparing
the decay width from this amplitude

1 / &p &G &Py

" 2m, ) (27)2E, (27)*2E, (27)°2Ey
x |A*(22)*6(=Ex + Ep + E, + E,)
x 8(0+ pp+ P +4)

1 / a g
~Amumg | (27)2E, (27)32E,
x |A*(27)8(AE + E, + E,), (H2)

with (39), relates the nonresonant relativistic amplitude

ANRto  our nonrelativistic amplitude as follows:
|MNR| = \‘/% Hence,

1
MR = [(aIﬁR)Z + (@Y%) (2. p))?

+2a¥Ra) cos (AR - 8Y)m2,(q. p)|.  (H3)

Using | M™R|2, we obtain T™R following the procedure
in Appendix E up to Eq. (E6) where the integral over ¢_ i
trivially 27 but we do not have 8(m2, — AE* +k2) to
integrate k, . However, k, and k_ can be easily integrated
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in polar coordinates by defining k., =pcosw and
k_ = psinw. The integration limits of p and @ are given
by the ® functions,

Plmax = \/2AE? + 4AEm,,

p|min =V AE? - 4m72t’ (H4)
1
O pax = g - Earcsin S(p),
1
a)|min = EarCSin S(/))’ (HS)

with AE = Ep — E; and S(p) = 257 il

Reference [44] provides data for several models used to
fit the transition; for this study, we adopt Model-0 (des-
ignated as the nominal model). This model is selected
because it sets the amplitudes of potential contributions
from the f,(980) scalar and f,(1270) tensor states to zero.
The parameters of this model for the Y (5s) — Y (3s)z 7~
transition are a)R =1.03+£0.69, SR =73+£13°,
a® =10.7+3.5GeV2, and &R =196 &+ 14°. With
those, we obtain ['(Y(5s) - Y(3s)z"n")
0.23167 172! keV.

|n0nresonant =

APPENDIX I: COMPARISON WITH HADRONIC
EFFECTIVE THEORIES

Hadronic theories involving heavy hadrons are often
used for phenomenological analysis (see [66] for a review).
The BOEFT provides the unknown low energy constant for
hadronic theories with fields describing particles with two
heavy quarks in terms of expectation values of suitable
LEF. Let us illustrate how (1) reduces to a hadronic theory
in the case of S-wave quarkonium. We simply write

SRt 1) = S oo (r)d, (R, 1), (1)

where y,,;,(r) is the wave function of the heavy
quarkonium and J,(R,?) is the heavy quark symmetry
multiplet containing the Y(nS) and the #,(nS) fields,
Jo(R, 1) = (1o (R, O, + TH(R, 1)o’) /v/2.  We  have
restricted ourselves to S-wave states by limiting the sum
to zero orbital angular momentum (/ = 0, m = 0). Then,
we have from (1),

Linls e = / RS TR, 1)

X (gimo UTd°U + gi™mo,UTo'U
+ @ (UM + MU),R )], (12)

where U = U(R, t) and

g = /d3r‘//fnoo(r)9k(r)l//noo(r)v k=0,3

7= [ @1v000) (1) = Y. 13

g™ corresponds to c¢; and g™ to ¢; + ¢, in the notation of
Refs. [55,56]. g5™ is omitted in those references, although it
is taken into account in more recent work [57]. The term
proportional to g§™ breaks chiral symmetry but it is of the
same chiral order as gj™ and g{™. In the following we
compare our results with those obtained with the ¢; and ¢,
of Refs. [55,56].

Working the Lagrangian from [55] we obtain the
following amplitude which using our notation in (33) reads

= (P

CH 0 CH o
+ 2 EZ 2 k_]. (14)
This has the form of our amplitude (37) in the BO limit
rAE < 1, but it depends on two parameters, ¢; and c,,
rather than three because of the omission of the chiral
symmetry breaking operator mentioned above. Table VI
shows the values of ¢; with i = 1, 2 from [55,56], which are
related to our c,, ¢,, and cg in the following way

c __C1+C2
T
1 Cy
e =37 (%)
3C2
_2a I5
CE 8 (r) (I5)

where (r) is computed with our wave functions and gives
for each transition

TABLE VI. For each bottomonium transition it shows the parameters ¢; with i = 1, 2 from [55,56] and the values of ¢, ¢,, and cg
obtained using (I5) and (16).

Transitions + 7t 7~ ¢, (GeVTh ¢y (GeV™h) Cr Crr CE Ref.
T(4s) - T(2s) (12 +£0.6) x 107! (-1.04£0.6) x 107! 0.0776 —0.1843 0.1455 [55]
T(5s) —» Y(2s) (21.14£0.6) x 107 (-12.6 £0.5) x 10 0.0061 —0.0065 0.0034 [56]
T(5s) = YT (3s) (-17.8 £3.1) x 107 (16.1 £3.6) x 107 —0.0005 0.0021 —0.0019 [56]
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(Y(25)|7| T (45)) = —0.2578 GeV~',
(Y(25)|7|T(55)) = —0.1386 GeV~",
(Y(35)|7|T(55)) = —0.3248 GeV~". (16)

TABLE VII. Comparison of the predictions of the dipion decay
width for bottomonium transitions using ¢; (i = 1, 2) values in
Table VI and Eq. (I7); and using the results obtained for
{¢z» Cox» g} in Table VI with Eq. (40).

Results for the {c,, ¢,,, cg} parameters obtained using c; I'; (keV)

(i = 1, 2) and the relations above are also shown in Table VI.

Using {c;, ¢y} Using {c;, Crp» CE}

We observe that the values obtained depend on the process Transitions + 7+ 7z~ and (I7) and (40)
rather than being universal, which is probably a consequence
A : T(4s) - Y(2s) 152.957 232.616
of the missing operator mentioned above.
If we follow Appendix E the dipion invaraint mass in T(35) = 1(25) 3.254 3.084
pp P T(5s) = T(3s) 0.0187 0.0182

terms of ¢; and ¢, reads,

ar AR -mZ, [ am?
= Man |1 = n;”{mfm [3c%(m,2m —4m2)? 4 60c3(m2, — 2m2)?
mﬂﬂ

dm?,  480fimmt,
+20c¢, ¢, (8m% — 6mZm2, + mj‘m)] +4c,m2,AE? [(lOcl +cy)mt, —8(5¢; +3cy)mi + 2c2m,2,m,2,,,]
+ 8c3(6m + 2m2m2, + mj‘,,,)AE“}. (I7)

In Table VII we present the values obtained for the decay width for each transition in [55,56], using their parameters c; with
i =1,2 and (I7), and the ones obtained when using our expression for the dipion invariant mass spectrum (40) and
{Cy» Can> g} in Table VL. In the BO limit, both results become equal. Hence, the difference provides an estimate of the
effect of the nonlocalities emanating from the EST, which ranges between 2% and 30% depending on the transition.
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