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We extend the worldline quantum field theory formalism to include a direct diagrammatic method of
computing the total flux of angular momentum from a black hole scattering event in the post-Minkowskian
regime. Remarkably, except for subtle zero-frequency gravitons, the diagrammatic and integrational
challenge is in a one-to-one correspondence with the analogous calculation of the black hole impulses—and
the well-developed worldline quantum field theory (WQFT) methodologies for the impulse may thus be
directly imported to this problem. Zero-frequency gravitons appear in this calculation as a “static”
integration region in addition to the “dynamical” region usually encountered for the impulse. We show that a
large class of static contributions can be organized systematically by introducing n-point functions referred
to as “static correlators.” They reduce to a simple one-loop integral family which we compute explicitly
using integration-by-parts relations and the method of differential equations. In passing, our analysis shows
that static contributions disappear in space-time dimensions D > 4. As a concrete application of our new
method, we compute explicitly the OðG3Þ total flux of angular momentum reproducing known results.
Further, we apply the same method to electromagnetism where we compute the analogous Oðα3Þ result.
DOI: 10.1103/lx72-nz9r

I. INTRODUCTION

The general relativistic two-body problem has recently
regained a central role in theoretical physics due to its
relevance to gravitational-wave physics, particularly in
generating the waveforms regularly observed on Earth
by the LIGO-Virgo-KAGRA observatories [1–4]. In addi-
tion, the prospect of promising future detectors enhances
the need for high-precision theoretical predictions [5–7].
This problem is fascinatingly simple in its idealized
mathematical description: For example, when the constitu-
ents are black holes (BHs), all dynamics is determined
solely by Einstein’s field equations and is therefore purely
geometric. On the other hand, the highly nonlinear nature
of these equations makes them a significant computational
challenge. As a result, a wide range of computational
frameworks, both analytical and numerical, have been
developed to tackle this problem (most famously, perhaps,
the effective-one-body approach [8] and numerical rela-
tivity [9,10], respectively).

In particular, the weak-field regime may be analyzed
with analytic methods where in the nonrelativistic post-
Newtonian (PN) approximation one expands the field
equations around Newton’s potential and Kepler orbits
for the BHs [11–17]. Instead, in the relativistic post-
Minkowskian (PM) expansion one expands around
straight-line motion of the BHs and around flat
Minkowski space-time for the metric [18–21]. Generally,
the PN approximation is ideal for bound motion while the
PM one is suited for the unbound case. Theoretically, all
regimes of the two-body system are interesting (bound and
unbound) though only the bound system is currently
relevant for gravitational wave observations. Local-in-time
contributions to the two-body observables or potential may,
however, straightforwardly be analytically continued
between the two regimes [22–24].
The weak-field description of the two-body system has

greatly benefitted from methods originally developed for
quantum field theory (QFT). First, in its description as an
effective field theory where the intuitive notion of the com-
pact objects as pointlike particles is formalized [25–28]. At
leading order, the compact objects are described by a
minimal action and finite size effects appear as effective
Wilson couplings perturbatively suppressed by the com-
pactness of the object. Spin and higher-order multipoles of
the compact objects may also straightforwardly be incor-
porated into this framework [29–31]. As finite-size effects
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are perturbatively suppressed all compact objects look the
same at leading orders and we will simply refer to them as
BHs in the rest of this work.
The PM scattering regime further benefits from QFT

methodologies developed for high-precision computations
of scattering amplitudes in high energy physics [32–34]. In
particular, advanced integration techniques can be imported
for “classical loops” which, essentially, at each order in
perturbation theory captures the (nontrivial) classical limit
of quantum loop integrals. The worldline quantum field
theory (WQFT) formalism [35–50] neatly captures this
synergy between classical PM scattering and QFT and has
been employed to compute scattering observables at unprec-
edented high orders in perturbation theory [51–53] includ-
ing, also, finite-size effects and spin [37,54–57]. A closely
related approach to WQFT is PM-EFT [58–62] both of
which use worldlines for the effective description of the
BHs. In addition, a great amount of approaches using
massive quantum fields to model the BHs exist [63–77].
Impressively high orders in perturbation theory have

been reached in calculating the impulse (5PM, i.e., four
classical loops [51–53,61–63,78]) which describes both
conservative effects encapsulated by the scattering angle
and dissipative effects of radiation of energy and spatial
momentum recoil. Nevertheless, the impulse is not suffi-
cient to describe one last important dissipative effect—the
loss of angular momentum. There, complete spinless results
exist up to 3PM order [79–82], while partial results have
been established at 4PM [83]. Further, high-order spin
effects have been added at 2PM [84–86] and tidal and spin
effects at 3PM [55,56,87,88]. One reason for radiation of
angular momentum not having been computed to equally
high orders as the impulse might be that the flux of angular
momentum is sensitive to subtle effects linked to the
gravitational memory effect [79,89–92].
In this paper we take first steps in preparing for the

derivation of perturbative PM results for the (total) angular
momentum flux at equally high perturbative orders as the
impulse. Within the WQFT formalism, we present a new
simple formula from which the change in the impact
parameter of each BH can be derived directly. Using this
“impact parameter kick” and the known impulse, it is a
simple matter to compute the flux of angular momentum.
Apart from subtleties due to “zero-frequency gravitons,”
the computational challenge of the impact parameter kick
intriguingly is no different from that of the impulse.
Intuitively, zero-frequency gravitons [91–96] appear in

the impact parameter kick because of the ill-definedness of
its time-component Δt which naturally diverges. These
gravitons with frequencies ωIR ∼ 1=Δt induce a coupling to
the gravitational wave memory and necessitate an infrared
regulator ωIR. This regulator which we take to define the
“static scale” (in addition to the “dynamical scale”
q ∼ 1=b ≫ ωIR, with b being the impact parameter) intro-
duces new static integration regions. We identify a large

class of diagrams with a static contribution to the impact
parameter kick related to, at least, linear memory effects.
Their computational challenge may be captured by n-point
static correlators which we show reduces to the computation
of a specific one-loop integral which we solve explicitly.
The infinite (logarithmic) drift in the time component

of the impact parameter kick implies that parts of this
observable are badly behaved [97–101]. Yet we observe
that to the 3PM order considered in this work, this ill-
definedness of the impact parameter is restricted to the
conservative sector. Thus, by focusing exclusively on
dissipative effects, we avoid this intricacy. This, however,
presents no restriction as our desired observable, the change
in angular momentum, is inherently dissipative and is thus
only sensitive to the dissipative contributions of the impact
parameter kick.
As a proof of concept and a first step in the quest of high-

loop order results for the PM angular momentum flux, we
compute explicitly the dissipative contributions to the
impact parameter kick to third PM order. This computation
includes both static and dynamic contributions and repro-
duces well-known results in the literature. As a further
application, we apply the same techniques to electromag-
netism (EM) and provide the EM total angular momentum
flux to Oðα3Þ with the fine structure constant α. This latter
analysis in EM complements other work using EM as a
testing ground for GR [23,43,102–105].
The structure of the paper is as follows. First, in Sec. II we

introduce the worldline effective field theory (WEFT)
description of the weak-field limit of the general relativistic
two-body problem and the WQFT approach to solving its
equations of motion. Second, in Sec. III we describe our
method for efficiently extracting the angular momentum flux
within the WQFT formalism. Continuing, in Sec. IV we
analyze zero-frequency gravitons and static-region contri-
butions to the angular momentum flux. Then, in Secs. V
and VI we discuss our 2PM and 3PM static computation and
our 3PM dynamic computation respectively. In the next two
Secs. VII and VIII we present ourOðG3Þ results for GR and
Oðα3Þ results for EM respectively. Finally, in Sec. IX, we
conclude with a summary and outlook for future work.
We use the mostly minus metric and put the speed of

light to unity c ¼ 1.

II. WEFT OF COMPACT OBJECTS AND
THE WQFT APPROACH

In this work, we follow the worldline effective field
theory paradigm for describing BHs and other compact
objects [25–28]. More specifically, we employ the world-
line quantum field theory approach which, in a simple
manner, formalizes the application of quantum field theory
methods to carrying out computations in this classical
setting. Working in the weak-field regime, we approximate
the BHs (or neutron stars) by pointlike particles. This
effective description necessitates a regularization of the
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UV physics of the BH and we employ dimensional
regularization.
The minimal action for a pointlike particle with a

trajectory (worldline) xμi ðτÞ is its total proper time which
in “Brink-Di Vecchia-Howe” form [35,106,107] reads

SBHi ¼ −mi

Z
dτ

�
1

2
gμνðxiðτÞÞẋμi ðτÞẋνi ðτÞ þ

1

2

�
: ð1Þ

The final constant term 1=2 may generally be dropped.
Spin degrees of freedom can straightforwardly be incorpo-
rated in this framework by the introduction of additional
worldline fields (see, e.g., [108]). Further, finite-size effects
would be implemented as a tower of effective (Wilsonian)
couplings perturbatively suppressed in the weak-field limit
by the compactness of the BH.
The large-scale (compared with Gmi) gravitational

interaction of the BHs is described by the Einstein-
Hilbert action

SEH ¼ −
2

κ2

Z
dDx

ffiffiffiffiffiffi
−g

p
R; ð2Þ

with the Ricci curvature scalar R and κ2 ¼ 32πG. The total
action of our system then reads

S ¼ SBH1 þ SBH2 þ SEH þ Sgf : ð3Þ

The final term is a gauge-fixing and we have used both linear
de Donder gauge and the optimized gauge of Ref. [51].
In the spirit of WQFT, we expand the BH trajectories

around their noninteracting, straight-line motion

xμi ðτÞ ¼ bμi þ vμi τ þ zμi ðτÞ; ð4Þ

as well as the conventional flat-space background expan-
sion of the metric

gμνðxÞ ¼ ημν þ κhμνðxÞ: ð5Þ

The perturbative, or dynamical, fields are the worldline
deflections zμi ðτÞ and the graviton hμνðxÞ. The impact
parameters bμi and four velocities v

μ
i are instead background

parameters. We use proper time which implies that v2i ¼ 1

and we introduce the relative Lorentz factor of the two BHs
γ ¼ v1 · v2 as well as their relative velocity v through the
relation ð1 − v2Þ−1=2 ¼ γ.
The expansion of our action S in the dynamical fields

leads to the WQFT Feynman rules [35]. The essential
feature of WQFT, then, is that all observables of this
classical two-body problem can be derived as the sum of
one-point tree-level diagrams. Loop-diagrams represent
quantum effects and are neglected. Even so, within the
WQFT tree diagrams, loop integrals nevertheless appear and
the number of “classical loops” increases as the perturbative

order—in complete analogy with perturbative QFT. To
ensure causality in the classical observables, we apply the
in-in formalism. As described in [38,109], in WQFT this
amounts to the use of retarded propagators instead of the
time symmetric Feynman prescription.
We assign a solid and a wiggly line to the BH deflections

and the graviton, respectively,

ð6Þ

ð7Þ

Here, the WL frequency ω and graviton momentum kμ are
aligned with the causal flow which we generally take to
flow from left to right (i.e., time runs from left to right).
The nonlinearity of the Einstein-Hilbert action introdu-

ces well-known n-graviton interaction vertices with any
n ≥ 3. Further, the graviton interacts with the BHs through
worldline interaction vertices and, in the simple case of
nonspinning BHs, they are given by a tower of interactions
between a single graviton and any number (including zero)
of WL deflections. We refer to [35–37,46,108] for explicit
vertex rules and relations obeyed by them. The worldline
vertices distinguish themselves in that they conserve only
energy (the impact parameter bμi breaks spatial translation
invariance). This leads to unconstrained spatial integrations
on graviton momenta which leads to the classical loops.
The WQFT approach makes these loops manifest through
the use of a dotted line which can be viewed to signify the
inertial (straight line, background) motion of the BHs.

III. LOSS OF ANGULAR MOMENTUM
FROM WQFT

In the WQFT framework no simple formula exists for the
loss of angular momentum and instead it has been derived
at LO via the waveform and the trajectory [39,80,84] and
at NLO via linear response [55,56]. However, it can
be calculated as follows, once we have knowledge of the
impact parameters bμi and momenta pμ

i ¼ miv
μ
i of the

individual BHs:

Lμν
i ¼ 2b½μi p

ν�
i : ð8Þ

Wewant to compute the dissipative changes in these orbital
angular tensors ΔLμν

i where we will generally use the
notation that

ΔO ¼ O∞ −O−∞; ð9Þ

withO any background parameter and the subscript referring
to evaluation at future infinity (∞) or past infinity (−∞).
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The method that wewill describe in a moment arrives atΔLμ
i

via knowledge of the change in its building blocks: Δpμ
i

and Δbμi .
First, let us construct the total angular momentum

tensor Lμν and vector Lμ from the individual angular
momentum tensors:

Lμν ¼
X
i

Lμν
i ; Lμ ¼ 1

2E
ϵμαβνL

αβPν; ð10Þ

Here Pμ ¼ pμ
1 þ pμ

2 is the total four momentum whose
modulus P2 ¼ E2 is the total energy. The (total) angular
momentum vector is significant because it is invariant
under translations of the coordinate system (which act as
translations of bμi ) [36,110]. This vector therefore repre-
sents a coordinate invariant measure of the total angular
momentum which in the CoM frame where P ¼ 0 coin-
cides with the spatial components of Lμν. In the present
work we will focus on translation invariant observables and
we will therefore work with the vector Lμ.
One finds the following expression for Lμ directly in

terms of the impact parameters bμi and the impulses pμ
i :

Lμ ¼ −
1

E
ϵμναβðbν2 − bν1Þpα

1p
β
2 ¼ LL̂μ: ð11Þ

Here we also defined its (spatial) unit vector L̂μ with unit
length L̂2 ¼ −1 and its modulus L. Parts parallel to the
velocities of bμ2 − bμ1 do not contribute in this expression,
suggesting that it depends only on the “orthogonal impact
parameter,”

bμ⊥ ¼ Pμν
⊥ ðb2ν − b1νÞ ¼ bb̂μ: ð12Þ

Here Pμν
⊥ is a projector into the subspace orthogonal to vμi ,

Pμν
⊥ ¼ ημν −

1

γ2 − 1
ð2γvðμ1 vνÞ2 − vμ1v

ν
1 − vμ2v

ν
2Þ; ð13Þ

and, again, b̂μ is a spatial unit vector and b is the modulus
of bμ⊥. The orthogonal impact parameter bμ⊥ is the physi-
cally relevant measure of the relative distance of the two
BHs with its magnitude b ∼ 1=q defining the relevant scale
of the problem. Here q is the modulus of the momentum
transfer qμ, which is the dual variable to bμ in Fourier space.
Finally, the relation

L ¼ Mμ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
b

E
; ð14Þ

connects the modulus of bμ⊥ with that of Lμ. In this
equation, we introduce the total mass M ¼ m1 þm2 and
the reduced mass μ ¼ m1m2=M.
If one were to introduce intrinsic spins Sμν of the BHs,

one would then focus on the total spin Jμν ¼ Sμν þ Lμν.

This inclusion is straightforward (see, e.g., [110]) and
interesting but will be left for future work. Since spinless
scattering is confined to a plane, the angular momentum
vector is restricted to pointing out of that plane. We may
thus focus exclusively on its modulus L. The main objective
of this work is to compute ΔL which is purely dissipative
and obeys ΔLμ ¼ ðΔLÞL̂μ.
Let us now turn to the “building blocks” of ΔL, namely

Δpμ
i and Δb

μ
i . As it is mainly the first of these, the impulse,

which has been extensively studied [51–53,63], the central
quantity in this work shall be the change in the impact
parameter, or, the “impact parameter kick.”
As the main application of the impact parameter kick is

in a derivation of the dissipative angular momentum flux,
we may focus only on dissipative contributions. As
discussed in the introduction, this avoids consideration
of its conservative components where, in particular, the
components along the worldline velocities are ill defined.
Furthermore, if the conservative change in the orthogonal
impact parameter bμ⊥ is desired, it is fully determined from
the sole knowledge of the conservative impulse (and in
turn the scattering angle).
How can we extract Δbμi within the WQFT formalism?

The conventional WQFT formula for the impulse reads

Δpμ
i ¼ −mi lim

ω→0
ω2hzμi ðωÞi: ð15Þ

This is the leading “soft” behavior in ω of the frequency
space WL field. As we will see, the subleading term in this
expansion is related to Δbμi and we write

−lim
ω→0

ω2hzμi ðωÞi ¼
Δpμ

i

mi
þ iωðΔbμi;dyn þ ω−2ϵΔbμi;statÞ

þ…; ð16Þ

where the dots indicate terms of subleading order in ω. This
is derived as follows, assuming an asymptotic Fourier
transform from τ to ω. In the limit ω → 0, T → ∞,

−ω2hzμi ðωÞi ¼
Z

T

−T
dτe−iωτhz̈μi ðτÞi

¼
Z

T

−T
dτðhz̈μi ðτÞi− iωτhz̈μi ðτÞiþ…Þ

¼Δvμi þ iω½hzμi ðτÞi− τhżμi ðτÞi�T−T þ… ð17Þ

In the second line, we have expanded the exponential in
small frequency ω. Moving to the third line, we have
partially integrated the subleading term in the ω expansion.
If one ignores the subtle logarithmic divergences of zμi ð�TÞ
in T, the expression in the square brackets reduces exactly
to the change in the impact parameter Δbμi . Namely, if one
employs a straight-line approximation for zμðτÞ along the
lines of Eq. (4) at T and naively assumes it to vanish at past
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infinity −T. More generally, the combination in the square
brackets is a sensible regulated definition ofΔbμi and in this
way we arrive at Eq. (16).
A direct extraction of the impact parameter kick may be

achieved by differentiation with respect to ω before the on-
shell limit:

Δbμi;dis ¼ lim
ωIR→0

d
dωIR

iω2
IRhzμi ðωIRÞi

����
dis
: ð18Þ

Here, we have explicitly focused on dissipative effects and
introduced a special notation for the external frequency ωIR
which must be sent to zero. As the ωIR → 0 limit is
nontrivial for Δbμi , we must consider integration regions
which scale with ωIR in the course of the calculation. It is
these regions which give rise to the split of Eq. (16) into a
dynamical piece (dyn) and a static piece (stat). In this
respect, ωIR plays the role of an infrared scale. As we are
interested in asymptotic observables Δt ≫ b and, since
q ∼ 1=b, we have ωIR ≪ q. Given that the wave memory
describes a nonzero asymptotic offset of the metric, one can
intuitively anticipate that ωIR, corresponding to asymptotic
times, couples to this effect.
In concluding this section, let us note that Δbμ⊥ has a

simple, polynomial mass expansion in analogy to the
known simple mass expansion of the impulse. In fact, this
may immediately be concluded from its direct relation to
the WQFT one-point function which generally has such a
simple, polynomial mass structure. Concretely, one finds

Δbμ⊥ ¼
X∞
n¼1

Xn
k¼0

Gnmk
1m

n−k
2

bn−1
cμðn;kÞ; ð19Þ

where cμn;k are dimensionless vector coefficients which
apart from their directional dependence are functions only
of γ. Note that dissipative effects appear only for n ≥ 2 in
this equation. From Eq. (11), one sees that

ΔðELμÞ ¼ ΔðELÞL̂μ ¼ −ϵμναβΔðbν⊥pα
1p

β
2Þ: ð20Þ

This equation implies that ΔðELÞ will have a polynomial
mass expansion which, instead, is not the case individually
for its building blocksΔE andΔL. It is therefore convenient
to present results for the loss of angular momentum through
the intermediate observable ΔðELÞ.

IV. ZERO FREQUENCY GRAVITONS AND
STATIC CORRELATORS

Above we have seen that, to compute Δbμi or Δpμ
i , we

must take the limit ωIR → 0 of the worldline one-point
function. For the impulse this limit has (as of yet) not
exhibited any nontrivial regions. This, however, is different
for the impact parameter kick and, equivalently, for the

dissipation of angular momentum. For nonzero, but small,
frequency, we have two scales q ∼ 1=b and ωIR ≪ q.
In the desired ωIR → 0 limit in Eq. (18), we find

nontrivial integration regions where loop momenta scale
with ωIR. Such “zero-frequency gravitons” are already well
known from previous work [91]. Generally, we find two
classes of loop momenta which we refer to as dynamical or
static:

lμ
dyn ¼ ðl0

dyn;ldynÞ ∼ ðq; qÞ;
lμ
stat ¼ ðl0

stat;lstatÞ ∼ ðωIR;ωIRÞ: ð21Þ

The dynamical gravitons scale as the external scale q and
are the only kinds of gravitons considered in calculations of
the impulse. Instead, the static gravitons scale with the
infrared scale ωIR which is vanishingly small. We apply the
same nomenclature to frequencies of the BHs as they may
be thought of as one-dimensional momenta with a time
component only.
One can also consider regions with mixed scalings of

the loop momenta such as lμ ∼ ðq;ωIRÞ. To the OðG3Þ
order considered in this paper, we have not found any such
scalings that lead to dissipative effects. First, a graviton
with mixed scalings cannot be radiative itself. Second,
assuming, say, the rest of the diagram to be dynamic, this
part will behave like 1PM or 2PM diagrams, which do not
support radiative gravitons. It is not yet clear whether
mixed scalings will play a role at 4PM, where the
“remaining” dynamic 3PM part of a graph may still
support a radiative graviton.
Assuming only the two types of gravitons of Eq. (21), let

us consider under which conditions a WQFT one-point
function hzμðωIRÞi can have a nonvanishing zero-frequency
contribution (in the ωIR → 0 limit) and how it scales with
ωIR. Take as an example the following diagram,

ð22Þ

where we highlighted certain graviton momenta and WL
frequencies in gray which we assume to be static (in this
example). Further, in a vertex rule, if it is connected to a
dynamic momentum (or frequency), this dynamic variable
will dominate over any vanishingly small static variables
and we draw the vertex in black. Instead, if a vertex is
connected only to static propagators, it will be a function
only of static variables and we draw it in gray.
With these simple assumptions, the example diagram (22)

will factorize into three parts: Namely, each connected static
subdiagram as well as each connected dynamic subdiagram
will factorize from each other and form separate integrals.
This happens as—after assuming the scalings of Eq. (21)—
one should Taylor expand the integrand inωIR=q ≪ 1 and in
this process all static momenta must factorize from the
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dynamic momenta. In order for a static subdiagram to be
nonzero, it must depend on the static scale ωIR which is only
the case if it is connected with the external line. Thus, in
particular, the leftmost subdiagram of Eq. (22) is scaleless
and must vanish.
A nonvanishing static contribution must then come only

from a diagram with a single static subdiagram which
connects the outgoing line with some number of incoming
dynamic subdiagrams. This situation is drawn schemati-
cally as,

ð23Þ

Note, again, that we generally draw diagrams with causality
(i.e., time) flowing from left to right. In this diagram, the
(connected) static subdiagram has ðnþ lþ n0Þ incoming
external legs connected with n dynamic zμ1 subdiagrams, l
dynamic hμν subdiagrams and n0 dynamic zμ2 subdiagrams.
Since we are studying classical effects, all subdiagrams
(symbolized by shaded blobs) must have tree topologies
and must, by assumption, be connected. Apart from that,
they can generally have a nontrivial structure and contri-
butions at any order in perturbation theory.
As discussed, the general diagram in Eq. (23) factorizes

into the connected ðnþ lþ n0 þ 1Þ-point function—which
wewill refer to as a “static correlator”—which is contracted
with ðnþ lþ n0Þ dynamic one-point functions. The
dynamic one-point insertions are independent of ωIR which
will only appear in the static correlator (at leading order
in ωIR → 0).
Let us analyze the generic static correlator which we

identify as

ð24Þ

where we make use of the notation,

Z
l
≔

Z
dDl
ð2πÞD ;

Z
ω
≔

Z
dω
ð2πÞ : ð25Þ

This definition extends to each frequency and momentum
in the set fωi;ω0

i;lig. To avoid an overload of notation in
Eq. (24), we have omitted external indices of the fields but
include their frequencies and momenta. We do not ampu-
tate external propagators and we integrate over all incoming

ones. This integration is simply the usual integration on all
internal momenta and frequencies which has now been
exposed by the factorization of the diagram in Eq. (23). By
assumption (and diagrammatically signified by the gray
coloring), all frequencies and momenta are static and thus
scale with ωIR. After the diagram has been expanded in this
limit one may however integrate over their full ranges again
(as dictated by the method of regions [32,111,112]).
The static correlator depicted in Eq. (24) does, by

assumption, not depend on the dynamical scale q. Its
dependence on its only scale ωIR can thus be determined
from dimensional analysis. The dimension of a general
static correlator may easily be determined and, taking into
account integrations on incoming momenta or frequencies,
for the generic static correlator (24) we find

m−n−n0κlω2l−2−2lϵ
IR : ð26Þ

Here m is a generic mass (could be any of mi). While this
completely determines the dimension of the correlators, it
does not yet determine their dependence on ωIR since the
frequency combines with G and m into the dimensionless
variable Gmω1−2ϵ

IR . It is this variable which controls the
perturbative expansion of the correlators.
For zero incoming dynamical gravitons (i.e., l ¼ 0) the

diagram must have at least one internal graviton. This is
because no interaction vertex exists without incoming
gravitons and thus we must have at least one classical
loop. Therefore, in this case the static correlator must scale
with at least one overall G and we find

m−n−n0ω−2
IR ððGmω1−2ϵ

IR Þ þ ðGmω1−2ϵ
IR Þ2 þ…Þ: ð27Þ

Thus, the leading order in G of such a diagram scales as
ω−1−2ϵ
IR with all other contributions suppressed in the limit

ωIR → 0. Further ω−1−2ϵ
IR is exactly the right behavior for

contributions to Δbμi [see Eq. (16)] and this class of static
correlators therefore has nonzero contributions to the
impact parameter kick.
Further, if there are any number l > 0 of gravitons,

we find

m−n−n0κlω2ðl−1−lϵÞ
IR ð1þ Gmω1−2ϵ

IR þ…Þ; ð28Þ

which always scales in a subleading way compared to ω−1
IR

because 2ðl − 1Þ ≥ 0 and therefore does not contribute to
the impact parameter kick. We note that in this case there
may be contributions without classical loops which is the
reason for including the first G-independent term in the
brackets (however only for l ¼ 1 in the current spinless and
structureless context).
This dimensional analysis shows that only a few static

correlators are relevant: They must have only external WLs
and only one single internal graviton. Following this obser-
vation we encounter two types of static ðnþ n0 þ 1Þ-point
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correlators:

ð29aÞ

ð29bÞ

In the definition of D���
1i we scale out the known behavior

of ωIR. Furthermore, to have dissipative effects, m must be
nonzero. Interestingly, it may be verified that in the low-
velocity limit v → 0, where vμ2 → vμ1 the dissipative part of
each type of correlator is identical (and in this wayD���

11 may
be derived from D���

12). Further we note that the correlators
D���

11 were already studied in EM in Ref. [105] where they
described local self-interaction.
The general integral family for the static correlators reads

Ifni;n0ig

¼
Z
fωi;ω0

i;lg

δðωIR − l · v1 −
P

iωiÞQ
n
i¼1ðωi þ i0Þni

δðl · va −
P

iω
0
iÞQ

n0
i¼1ðω0

i þ i0Þn0i
1

l2
:

ð30Þ

Note that the exponential Fourier factor which would have
introduced the dynamic scale has disappeared due to the
static scaling. The integrals on ωi and ω0

i resemble one-
dimensional (n − 1) or ðn0 − 1Þ-dimensional loop integrals
respectively. They have only one scale (ðωIR − l · v1Þ
and l · va respectively) and their dependence on that scale
can thus be directly determined from dimensional analysis.
Apart from that, their evaluation is simply a matter of
contour integration. Analyzing the diagram, one expects
only powers ni; n0i ∈ f1; 2g which ensures convergence.
After evaluation of the frequency integrations (and

allowing for the more general case of tensor integrals)
we arrive at the family

Iμ1…μk
ðν1ν2ν3Þðγ; ϵ;ωIRÞ

¼
Z
l

lμ1…lμk

l2ν1ðl · v2 þ i0Þν2ðωIR − l · v1 þ i0Þν3 ; ð31Þ

with tensor indices μi and propagator power indices νi.
We note a clear similarity of this integral family to the
infrared one-loop integrals considered in Ref. [94]. The
tensor integrals appear, here, because we are computing
ðnþ n0 þ 1Þ-point correlation functions and the number
of tensors k will at most be the number of
points ðnþ n0 þ 1Þ.
Let us analyze the pole structure of the static integrals in

Eq. (31). First we notice that only the pole of the third
propagator is captured when closing the contour in the upper
half plane. If one adds to this integral the same integral with
the opposite iϵ-prescription on the third propagator, the new
addition obviously vanishes. However, it allows one to
rewrite the integral so that the third propagator is cut and
also implies ν3 > 0. Further the integration on components
of lμ orthogonal to vμi requires ν1 > 0 because otherwise the
integral will be scaleless.
With tensor reduction, the integrals are reduced to scalars

Iν1ν2ν3 and with integration by parts reduction they are
further reduced to two master integrals given by

I⃗ðγ; ϵÞ ¼ ω2ϵ
IR

�I ð111Þðγ; ϵ;ωIRÞ
I ð101Þðγ; ϵ;ωIRÞ=ωIR

�
: ð32Þ

The factors of ωIR are inserted such that the vector I⃗ðγ; ϵÞ is
independent of ωIR. The integration problem of the static
correlators has thus been reduced to the computation of two
master integrals.
We use the approach of differential equations to solve the

static master integrals,

d
dγ

I⃗ðγ; ϵÞ ¼ Mðγ; ϵÞI⃗ðγ; ϵÞ; ð33Þ

with the simple matrix

Mðγ; ϵÞ ¼ 1 − 2ϵ

γ2 − 1

�−γ 1

0 0

�
: ð34Þ

This matrix can be put in canonical form, which allows us to
factor out the dependence on ϵ and to solve the differential
equation order by order in the dimensional regulator.
Thereafter we transform back to the basis of I⃗ðγ; ϵÞ which
is now determined up to boundary constants.
We follow the common choice in PM literature of fixing

the boundary constants in the low-velocity PN limit where
v → 0. In this limit, we find two kinds of static, zero-
frequency gravitons which are analogous to the kind of
regions usually found for dynamical gravitons: Namely
potential and radiative static gravitons with scalings as

lμ
pot:stat: ¼ ðl0

pot:stat:;lpot:stat:Þ ∼
ωIR

v
ðv; 1Þ;

lμ
rad:stat: ¼ ðl0

rad:stat:;lrad:stat:Þ ∼
ωIR

v
ðv; vÞ: ð35Þ

RUNWAY TO DISSIPATION OF ANGULAR MOMENTUM VIA … PHYS. REV. D 114, 064020 (2026)

064020-7



Pulling out the factor ωIR=v clearly explains the nomen-
clature: Apart from this overall scale the graviton scalings
are exactly as in the dynamical region [51].
As argued earlier, we want to focus only on dissipative

effects. To the third order in Newton’s constant considered in
this paper, we may define dissipative effects by contributions
from radiative gravitons. These are identified in the PN limit
where we fix boundary conditions and are then resummed
with the differential equations. For the static contributions, in
particular, we therefore only include contributions from the
static radiative gravitons defined in the second line of
Eq. (35). Note that up to OðG3Þ in the static region, we
see at most one radiative graviton (namely the static
radiative), because all 1PM and 2PM impulse insertions
are purely conservative (potential region). This is similar to
the dynamic region, where more than one radiative graviton
can appear only from OðG4Þ and beyond. At the 4PM order
and beyond, the identification of dissipative contributions
therefore becomes subtle, and we may need to consider
potential static gravitons combined with dynamic radiative
gravitons.
In the radiative region, I ð111Þ reduces to I ð101Þ=ωIR,

reflecting the fact that both types of correlator become
equal in this limit. This can be easily seen: Essentially, the
radiative scaling of the zero-frequency gravitons does not
require any powers of v. Instead, in this region, one can just
naively take the limit vμ2 → vμ1. Cutting the third propagator,
it becomes clear that the second propagator turns into a
constant factor of ωIR. Further the second boundary integral
I ð101Þ is a simple (massive) tadpole after cutting the third
propagator.
Having determined the radiative boundary conditions,

the dissipative solutions of the integrals read

I⃗disðγ; ϵÞ ¼
i
4π

� ðγ2 − 1Þ−1
2arccoshγ

1

�
þOðϵÞ: ð36Þ

In contrast to the PM integrals for the impulse, we see the
nontrivial arccoshγ function appearing from a one-loop
diagram.
In concluding this section, we focus on the interpretation

of our results in the context of Bondi-Metzner-Sachs
(BMS) symmetry. Before we indulge in this discussion,
let us add a word of caution since, as was pointed out in
[95], it is a matter of further research to which extent BMS
symmetries survive in the framework of post-Minkowskian
scattering. The angular momentum flux we are calculating
can be identified with the mechanical angular momentum
from [92,99]. The loss of mechanical angular momentum is
made up of two parts: The first part is due to genuine
radiation of the two-body system. The second part corre-
sponds to the wave memory. In our formalism, these are the
dynamical and static parts respectively.
These are nonredundant effects experienced by the black

holes. In particular, the mechanical angular momentum is

invariant under BMS supertranslations. Gauge redundan-
cies arise when considering the Bondi angular momentum,
obtained from the waveform, which adds to these two
contributions a term related to the shear of the gravitational
field. BMS supertranslations alter the value of this term.
Here different BMS frames, related by supertranslations,
yield different results and may remove the static contribu-
tion. However, the Bondi angular momentum in the
intrinsic frame is equal to the mechanical angular momen-
tum while in the canonical frame it coincides with the
dynamical part only [89].
By the same counting arguments as discussed in con-

nection with Eq. (27), we see that the appearance of static
contributions is a peculiarity in dimensions D ≤ 4. In the
case l ¼ 0 [zero incoming dynamical gravitons, i.e.,
Eq. (27)] in general dimensions we find

mω−2
IR ððGmωD−3

IR Þ þ ðGmωD−3
IR Þ2 þ…Þ: ð37Þ

In this expression, all terms are subleading to ω−1 when
D > 4. This aligns with the findings in Ref. [113]: Static
contributions are related to the wave memory, and in
dimensions D > 4 memory effects are subleading.
Interestingly, in the context of BMS symmetry, effects
of supertranslations can also be shown to be negligible at
leading order (in D > 4). Therefore, in this case, the
redundancies plaguing the Bondi angular momentum
associated with them disappear at leading order. Thus
stronger conditions on the asymptotic fall-off can be
imposed, restricting the symmetry group at future null
infinity to the Poincaré group R1;D−1⋊Oð1; D − 1Þ.

V. STATIC LOSS OF ANGULAR MOMENTUM

In this section we shall demonstrate our previous
discussion on static contributions by computing the static
impact parameter kick and loss of angular momentum up to
3PM order. We start off with a pedagogical review of 2PM
and add more complexity as we arrive at 3PM.
The one-point correlator hzμðωÞi is given by the sum

over all diagrams with an outgoing worldline deflection.
All five diagrams contributing atOðG2Þ are drawn in Fig. 1.
Unlike the impulse we also have to take into account
diagrams which have a self-interaction directly preceding
the outgoing worldline [diagram (d)] also observed in
Ref. [39] for computing the full trajectory.
At the 2PM order, it is known from the impulse that the

gravitons cannot go on-shell in the dynamical region.
Therefore any dissipative effects will originate from static
contributions and we have

Δbð2PMÞμ
i;dis ¼ Δbð2PMÞμ

i;stat:dis:: ð38Þ

Of the five diagrams in Fig. 1, only three have the structure
required by the discussion in Sec. IVand only two of those
have dissipative contributions, namely diagrams (c) and (d).
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We therefore only require the dissipative static contri-
butions of diagrams (c) and (d) and following the dis-
cussion in Sec. IV, they factorize as follows:

ð39aÞ

ð39bÞ

Here, the dynamic factors (black) are amputated with the
external energy put to zero while the static factors (gray) are
not amputated with static incoming energy ω0 upon which
one integrates. The dynamical factor of each line simply
reduces to the 1PM impulse of black hole 2 or black hole 1
in the first or second line, respectively. The 1PM impulses
are then contracted with two-point static correlators [intro-
duced generally in Eq. (29)]:

ð40aÞ

ð40bÞ

Again, external propagators are not amputated and the
integration is taken over the energy ω0 of the ingoing
worldline (time flowing from left to right).

Let us now put our diagrammatic equations into for-
mulas: The (dissipative) static contribution of the diagram
in Eq. (39a) is given by −Δp2;λD

μ;λ
12 and in the case of the

second diagram (39b) we need to compute −Δp1;λD
μ;λ
11 . By

virtue of

Δpμ
1 ¼ −Δpμ

2 þOðG3Þ; ð41Þ

which holds true at the leading 1PM and 2PM orders, we
can write the sum of the static parts of both diagrams as

Δbμ1;dis ¼ −Dμ;λΔpð1PMÞ
1;λ ; ð42Þ

with the combined correlator

Dμ;ν ¼ Dμ;ν
11 −Dμ;ν

12 : ð43Þ

Note that the minus sign in Eq. (42) comes about from a
combination of the overall factors of Eqs. (15) and (18) for
the relation of the impulse and impact parameter kick to the
WQFT one-point function.
Inserting Feynman rules and using the integral results

of Eq. (39a) we arrive at an explicit result for Dμ;ν. In
particular, its orthogonal components are given by

Dμ;ν
⊥ ¼ Pμ

⊥αP
ν⊥βD

α;β ¼ −
G
2
IðγÞPμν

⊥ ; ð44Þ

where we encounter IðγÞ given by

IðγÞ ¼ 2

3

8 − 5γ2

γ2 − 1
− 2γ

3 − 2γ2

ðγ2 − 1Þ3=2 arccoshγ: ð45Þ

Since the 1PM impulse is proportional to bμ⊥, only the
orthogonal components of Dμ;ν are required for the 2PM
calculation. The functional dependence of Eq. (44) is
encapsulated by the function IðγÞ characteristic of the
2PM loss of angular momentum [79].
It is now straightforward to obtain the dissipative part of

Δbμ1 at 2PM order by inserting Eq. (44) into (42). The
change in the orthogonal impact parameter may then easily
be assembled and we find

Δbð2PMÞμ
⊥;dis ¼ −

G2m1m22ð2γ2 − 1ÞIðγÞb̂μ
b

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð46Þ

From this result one may in turn directly compute the
2PM loss of angular momentum,

ΔL ¼ −
G2M2μ2

Eb
2ð2γ2 − 1ÞIðγÞ; ð47Þ

in agreement with the result first derived by Damour [79].
As a step up from 2PM, we turn to the static contribution

to Δbμi;dis at OðG3Þ. At this order, the dissipative impact

(a) (b)

(c) (d) (e)

FIG. 1. The first row are “geodesic” diagrams scaling as m0
1

while the second line is subleading in the mass and scales asm1
1. In

this figure, static gravitons are depicted in blue coloring (instead of
the gray shading used in equations). Gravitons and worldlines with
both black and blue coloring may be either dynamic or static.
Further, only diagrams (c) and (d) may be static and radiative.
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parameter kick is no longer solely contained in the static
region. Instead, the dynamical region contributes as well

Δbð3PMÞμ
1;dis ¼ Δbð3PMÞμ

1;stat:dis: þ Δbð3PMÞμ
1;rad : ð48Þ

The dissipative dynamical part is simply labeled as “radi-
ative” (because it corresponds to “real” radiation of gravi-
tational waves). We postpone its discussion to the next
section and focus first on the static dissipative contribution.
We now pose the question of which static correlators of
Eq. (29a) play a role at 3PM order and identify two subsets,
distinguished by the number of impulse insertions in the
diagram.
First, we can combine a static two-point correlator with

one insertion of the 2PM impulse. For this calculation we
may recycle our result ofDμ;ν from the previous section and
compute

−Dμ;λΔpð2PMÞ
1;λ : ð49Þ

At this point, however, we require the velocity components
of Dμλ in addition to the orthogonal components given in
Eq. (44). In total, eight diagrams, shown in Figs. 2(a–d) and
2(h–k), contribute to Eq. (49).
Second, one can combine static three-point correlators

with two insertions of the 1PM impulse. In particular, there

are four three-point static correlators:

ð50Þ

The corresponding four diagrams are given in Figs. 2(e–g)
and 2(l). After contraction with the two factors of the 1PM
impulse, the contribution from the three-point correlators is
proportional only to the velocities. Thus, for the physical,
projected change in the impact parameter, these terms drop
out and only the first contributions with a single 2PM
insertion are relevant. This, we anticipate, will change at
higher orders in G.
One may directly argue that the 3PM contributions from

the three-point correlators must be proportional to vμi .
Namely, the correlators themselves are three-index tensors
composed only of vμi and ημν. Two of the three indices are
contracted with factors of bμ⊥ from the 1PM impulse. The
only possibility is bμ⊥bν⊥ημνvσi because b⊥ is orthogonal
to vμi .
The final result of the total (physically projected) static,

dissipative impact parameter kick at 3PM order takes
the form

Δbð3PMÞμ
⊥;stat:dis: ¼ −

G3M2μIðγÞ
4b2

�
3πð5γ2 − 1Þb̂μffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p þ 16ð1 − 2γ2Þ2ððm1 þ γm2Þvμ2 − ðγm1 þm2Þvμ1Þ

Mðγ2 − 1Þ2
�
: ð51Þ

The 3PM static dissipation of angular momentum resulting
from this result is presented in Sec. VII.
Notably, the projected kick at this order gets two

contributions which schematically may be written as

∼GIðγÞ
�
Pμν
⊥Δpð2PMÞ

1ν þ ΔPð1PMÞμν
⊥ Δpð1PMÞ

1ν

	
: ð52Þ

The first term is the 3PM (static) impact parameter kick
projected with Pμν

⊥ while the second term takes the 1PM

change of the projector ΔPð1PMÞμν
⊥ combined with the 2PM

impact parameter kick into account. The impulses appear
through their insertion in the static correlators which in turn
gives rise to the characteristic IðγÞ.

VI. DYNAMIC LOSS OF ANGULAR MOMENTUM

We now turn to the dynamical region. The integrand is
obtained by assuming the dynamical scaling lμ ∼ ðq; qÞ for

(a) (b) (c) (d) (e) (f) (g)

(h) (i) (j) (k) (l)

FIG. 2. Diagrams constituting the static loss of angular momentum at 3PM order. The first row of diagrams (a)–(g) contribute at 1SF
order and the second row (h)–(l) at 2SF order. As in Fig. 1, static gravitons in this figure are depicted in blue coloring (instead of the gray
shading used in equations). All diagrams with two 1PM insertions (g) and (j)–(l) drop out in the total loss of angular momentum.
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all graviton momenta and ω ∼ q for all WL frequencies. As
described in Sec. III, one may use Eq. (18) which we reprint
here for clarity:

Δbμi;dis ¼ lim
ωIR→0

d
dωIR

iω2
IRhzμi ðωIRÞi

����
dis
: ð53Þ

With the dynamical scalings, the application of this
formula mirrors exactly a computation of the impulse
where the only difference would be omitting the derivative
on ωIR. In the dynamical region, the only effect of this
derivative is to alter slightly the Feynman rules associated
with the outgoing line. In particular, the relevant WQFT
diagrams are the same except we need only the subset
describing dissipative effects. The relevant diagrams are
shown in Fig. 3.
Since the only difference to an impulse computation lies

in the outgoing vertex rule, the propagator structure
remains unaltered and we encounter exactly the same kind
of integrals. These are (classical) two-loop integrals whose
evaluation is well established [38,67,73,114]. They may
generally be parametrized by an integral family with seven
indices labeling the powers of seven propagator structures,

Iðν1…ν7Þðγ; ϵ; qÞ ¼
Z
l1;l2

2πδðl1 · v1Þ2πδðl2 · v2ÞQ
7
i¼1 D

νi
i

; ð54Þ

with the propagator structures Di given by

D1 ¼ l1 · v2; D2 ¼ l2 · v1;

D3 ¼ ðk0 þ i0Þ2 − k2; D4 ¼ l2
1; D5 ¼ l2

2;

D6 ¼ ðl1 − qÞ2; D7 ¼ ðl2 − qÞ2; ð55Þ

and with kμ ¼ lμ
1 − lμ

2. In particular, the third propagator
involving kμ is the “active graviton” highlighted in red in
the diagrams of Fig. 3. The factors of 2π in front of the delta
functions are for convenience.
Since we are interested only in dissipative effects, we

require only contributions to the two-loop integrals where
the active graviton is radiative. This way of identifying

radiative effects at the 3PM order is well established [38,73].
Among others, this restriction to radiative effects allows us to
neglect the i0 propagator pole displacements of the linear
propagators as they will never play a role [55]. We may then
label the integrals such that the active graviton D3 always
comes out with the causal retarded prescription given
in Eq. (55).
From computations of the impulse it is useful to catego-

rize the integrals into v-type integrals with odd ðν1 þ ν2Þ
accompanying vμi and b-type integrals with even ðν1 þ ν2Þ
accompanying bμ (or qμ in Fourier space)—see, e.g.,
Ref. [51,110] though the exact terminology varies. For
the impact parameter kick, the association is reversed:
The vμi direction comes with b-type integrals and the bμ

direction with v-type integrals. To a certain degree, the b-
type integrals mainly describe conservative effects and the
v-type integrals mainly describe dissipative effects and
indeed the bμ direction of the impact parameter kick
(associated with v-type integrals) describes the main effects
of dissipation of Δbμi .
Indeed, the 3PM dynamical loss of angular momentum

is only sensitive to the bμ direction of the impact parameter
kick and for this result we therefore only require dis-
sipative v-type integrals. After tensor reduction and inte-
gration by parts reduction, we find four scalar master
integrals given by

I⃗MIsðγ; ϵÞ ¼ q4ϵ

0
BBBB@

qIð−1;0;1;1;0;1;0Þðγ; ϵ; qÞ
qIð0;−1;1;1;0;0;1Þðγ; ϵ; qÞ
q3Iðþ1;0;1;1;0;0;1Þðγ; ϵ; qÞ
q5Ið0;−1;1;1;1;1;1Þðγ; ϵ; qÞ

1
CCCCA: ð56Þ

In Ref. [38], they are computed with retarded boundary
conditions using the method of differential equations.
There only total expressions including both potential
and radiative gravitons are given. It is, however, straight-
forward to separate out the radiative part and including
only dissipative effects (defined by fixing boundary con-
ditions in the PN limit in the radiative region), we find

(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

FIG. 3. Diagrams (a)–(l) contributing to the dynamical loss of angular momentum at 3PM order. Only 1SF diagrams are present in the
dynamical region. Each diagram has exactly one radiative graviton indicated by red color.
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I⃗MIs;disðγ; ϵÞ ¼
i

32π

0
BBBBB@

− 1
8
ðγ2 − 1Þ
− 1

2
γ−1
γþ1

ðγ2 − 1Þ−1=2arccoshγ
log γþ1

2

1
CCCCCA

þOðϵÞ:

ð57Þ

Interestingly, all integrals are finite and we require their
expressions only to leading order in ϵ. Note also that the
fourth master integral is a “nonlinear” effect (i.e., requires
self-interactions in the bulk) and does not appear in EM. In
effect, as we will see, the EM results do not include the
logarithm associated with that master integral.

The function space of the master integrals I⃗MIs;dis is
encapsulated in the following vector:

I⃗ðγÞ ¼

0
B@

1

ðγ2 − 1Þ−1=2arccoshγ
log γþ1

2

1
CA: ð58Þ

We may therefore expand all our dynamic, dissipative two-
loop results on this basis of functions.
Carrying out the computation in analogy to the 3PM

calculation of the impulse [38,114], we arrive at our result
for the dynamical dissipative contributions to the two-loop
impact parameter kick:

Δbð3PMÞμ
⊥dyn:dis: ¼

G3M2μ

48b2

�
πb̂μ

ðγ2 − 1Þ5=2 f⃗ðγÞ · I⃗ðγÞ −
96ð1 − 2γ2Þ2½ðγm1 þm2Þvμ1 − ðm1 þ γm2Þvμ2�

Mðγ2 − 1Þ2 IðγÞ
�
: ð59Þ

Focusing on the orthogonal impact parameter bμ⊥ requires only the v-type integrals discussed above. The v-direction of this
result comes from the dissipative two-loop change in the projector Pμν

⊥ . The b direction has been expanded on the function

space I⃗ with expansion coefficients f⃗ðγÞ ¼ ðf1ðγÞ; f2ðγÞ; f3ðγÞÞ given by

f1ðγÞ ¼ 270γ6 − 141γ5 − 1986γ4 þ 4514γ3 − 3558γ2 þ 379γ þ 474;

f2ðγÞ ¼ 3γð2γ2 − 3Þð105γ5 − 120γ4 − 170γ3 þ 144γ2 þ 49γ − 24Þ;
f3ðγÞ ¼ −6ðγ2 − 1Þð105γ5 − 120γ4 − 290γ3 þ 108γ2 þ 305γ − 124Þ: ð60Þ

The orthogonal impact parameter kick determines the loss
of angular momentum if the total loss of four momentum is
known. However, inverting that relationship we may also
determine the 3PM change in the orthogonal impact
parameter and doing so, we have checked explicitly our
result (59).
A more direct check of the velocity direction of the

impact parameter kick is also offered by its property of
being orthogonal to the velocities and reads

0 ¼ ðb⊥ þ Δb⊥Þ · ðpi þ ΔpiÞ
¼ Δb⊥ · pi þ b⊥ · Δpi þ Δb⊥ · Δpi: ð61Þ

In other words, the orthogonal impact parameter at future
infinity is orthogonal to the impulses at future infinity. In
fact, since the conservative contributions to Δbμ⊥ and Δpμ

i
satisfy Eq. (61) by themselves, one may discard them and
focus only on dissipative contributions. Further, we note
that static contributions also obey Eq. (61) by themselves—
at least to the 3PM order relevant here. With this restriction
only the two first terms of the second line of Eq. (61)
contribute for the dynamical region. This check then

explains why the velocity direction of Δbð3PMÞμ
⊥dyn:dis: must

be proportional to IðγÞ: This function appears at 3PM order
via linear response in the radiative terms of the b-direction

Δpi which therefore appears in the constraint (61). We have
also checked that the static contributions Eqs. (46) and (51)
satisfy the check (61).

VII. RESULTS IN GRAVITY

In this section we present our result for the change in
angular momentum in gravity. In addition we present also
the total change in the four-momentum of the two black
holes which we computed as a step toward the angular
momentum loss.
As discussed around Eq. (20) we parametrize the loss of

angular momentum through the change in EL which we
expand as

ΔðELÞ ¼ G2M2μ2

b

�
cð2ÞstatðγÞIðγÞ þ

GM
b

cð3ÞstatðγÞIðγÞ

þ GM
b

c⃗ð3ÞdynðγÞ · I⃗ðγÞ
�
þOðG4Þ; ð62Þ

with the static part parametrized by the expansion coef-

ficients cðnÞstatðγÞ and the dynamic part by c⃗ð3ÞdynðγÞ with the

function space vector I⃗ðγÞ from Eq. (58). The coefficients
are provided explicitly below in Eq. (67). Continuing, we
expand the change in the total energy as
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ΔE ¼ G3M3μ2

b3E
d⃗ð3ÞdynðγÞ · I⃗ðγÞ þOðG4Þ; ð63Þ

which only has dynamic contributions parametrized by

d⃗ð3ÞdynðγÞ which is also provided in Eq. (67).
The change in angular momentum ΔL is a simple linear

combination of the above two results:

ΔL ¼ 1

E
ΔðELÞ − L

E
ΔEþOðG5Þ: ð64Þ

The reason for splitting it into these terms is the mass
dependence: Each term has its own distinct mass depend-
ence and one would generally not expect simplifications
between them. More specifically the difference in mass
dependence is hidden in the variables L from Eq. (14) and
E2 ¼ m2

1 þm2
2 þ 2γm1m2. At OðG5Þ another contribution

to Eq. (64) appears which combines ΔE and ΔL.
Finally, we may parametrize the vectorial total fluxes of

linear and angular momentum in terms of the scalar losses

Lμ
dis ¼ −ΔLμ ¼ −ΔLL̂μ; ð65Þ

Pμ
rad ¼ −ΔPμ ¼ −

EΔE
M

vμ1 þ vμ2
1þ γ

þOðG4Þ: ð66Þ

Here, we provided also the radiative loss carried away by
the gravitational field which is simply the negative of the
change of each of the vectors. For the angular momentum
loss we used as label “dissipative” instead of “radiative”
because of the ambiguity of whether to interpret the static
loss of angular momentum as radiation. At higher PM
orders, it is no longer possible simply to parametrize the
total loss of four-momentum in terms only of the energy
loss as there are also independent recoil effects.
The static expansion coefficients of the angular momen-

tum loss are relatively simple and read

cð2Þstat ¼ −2ð2γ2 − 1Þ; ð67aÞ

cð3Þstat ¼ −
3π

4
ð5γ2 − 1Þ: ð67bÞ

Instead, the two-loop dynamical vector coefficients are
more involved in their structure and read

c⃗ð3Þdyn ¼
π

24ðγ2 − 1Þ2

0
B@

−105γ7 þ 411γ6 − 240γ5 − 537γ4 þ 683γ3 − 111γ2 − 386γ þ 237

3γð2γ2 − 3Þð35γ5 − 60γ4 − 70γ3 þ 72γ2 þ 19γ − 12Þ
−6ðγ2 − 1Þð35γ5 − 90γ4 − 70γ3 þ 16γ2 þ 155γ − 62Þ

1
CA; ð67cÞ

d⃗ð3Þdyn ¼
π

48ðγ2 − 1Þ5=2

0
B@

ðγ2 − 1Þð−210γ6 þ 552γ5 − 339γ4 þ 912γ3 − 3148γ2 þ 3336γ − 1151Þ
−3ðγ2 − 1Þð70γ6 − 165γ4 þ 112γ2 − 33Þ

210γ8 þ 360γ7 − 1320γ6 − 264γ5 þ 1980γ4 − 552γ3 − 840γ2 þ 456γ − 30

1
CA: ð67dÞ

Apart from the overall factors, the entries of both coef-
ficient vectors are polynomials in γ.
As we have already stated, our results in GR are already

well known [73,74,79–82]. In particular, our 2PM static
result for ΔL reproduces Ref. [79] and the 3PM part (static
and dynamic) ofΔL reproduces Ref. [81]. Finally, our 3PM
result for ΔE reproduces Ref. [73].

VIII. RESULTS IN ELECTROMAGNETISM

The action for the gauge potential in electromagnetism is

SEM ¼ −
1

4

Z
dDxFμνðxÞFμνðxÞ: ð68Þ

In the WEFT framework, we couple it to pointlike particles
which are now parametrized by their mass mi and charge
eqi and their worldline action is

Smi
¼ −

Z
dτ

�
1

2
miẋ

μ
i ẋ

ν
i ημν þ eqiAμðxiÞẋμi

�
: ð69Þ

Here, we dropped the constant term in the Brink-Di
Vecchia-Howe part of the action and −e ¼ −jej is the
electron charge.
We introduce the fine structure constant

α ¼ e2

4π
; ð70Þ

which in this context plays a parallel role to G in GR. The
analogous expansion parameters to the Schwarzschild radii
Gmi of the BHs are the “classical radii” of the charged
particles

λi ¼
ðeqiÞ2
4πmi

¼ α
q2i
mi

: ð71Þ

The effective field theory description is valid as long as λi
are much smaller than the relevant interaction scale, in our
case b. The total action reads

S ¼ Sm1
þ Sm2

þ SEM þ Sgf ; ð72Þ
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where we also added a gauge fixing term. We choose
Feynman gauge which in this classical context corresponds
to Lorenz gauge. The background expansion of the trajec-
tories are carried out as in GR given by Eq. (4) and the
photon field AμðxÞ is considered a perturbation itself.
The change in L is defined from the background

parameters exactly as discussed in Sec. III. Further, the
WQFT methodology for computing ΔL is theory agnostic
and may be carried directly over to EM. This includes both
Eq. (18) which relatesΔbμi to the WQFTone-point function
and the analysis of static regions in Sec. IV.
The main difference between the GR and EM compu-

tations lies only in the Feynman rules. These are generally
simpler because of AμðxÞ having only one index instead of

the two indices of hμνðxÞ. More importantly, however, the
photon field does not interact with itself and we therefore
do not have self-interactions in the bulk in EM. Therefore,
the required set of diagrams is much smaller and includes
only diagrams without bulk interactions. In the dynamic
region, this restriction removes half of the diagrams and
leaves only the first five diagrams of Fig. 3. The number of
required static correlators is the same (as we are not yet
sensitive to “nonlinear memory” effects), though the
dynamic impulse insertions are simpler.
The steps for computing the EM loss of angular momen-

tum are therefore exactly analogous to the GR computation,
though only simpler. Eventually we find the following result
for ΔL parametrized through ΔðELÞ given explicitly by

ΔðELÞ ¼ πα2q21q
2
2

3b

�
4γm2q1
πm1q2

þ 4γm1q2
πm2q1

−
12γF ðγÞ
πðγ2 − 1Þ −

α

b

�
Mq21
m2

1

þMq22
m2

2

−
3q1q2F ðγÞ
μðγ2 − 1Þ

��

−
πα3q21q

2
2

b2ðγ2 − 1Þ
��

m1q22
m2

2

þm2q21
m2

1

�
3γ4 þ 6γ2 − 1

12
þ
�
q21
m1

þ q22
m2

�
2γ

3

þ q1q2
μ

�
2ðγ − 1Þ − ðγ2 þ 2γ − 1ÞF ðγÞ

ðγ2 − 1Þ
��

þOðα4Þ; ð73Þ

where we have introduced the function

F ðγÞ ¼ γ −
arccoshγ

ðγ2 − 1Þ1=2 : ð74Þ

The first line of ΔðELÞ provides the Oðα2Þ and Oðα3Þ static losses while the second line gives the Oðα3Þ dynamical
contribution. TheOðα2Þ part of this result reproduces Ref. [23]. As far as we are aware, however, theOðα3Þ has not yet been
covered in the literature. Nonetheless, the full dissipative three-loop impulse in EM is known1 and we have checked both the
Oðα2Þ and Oðα3Þ parts of our result via linear response using the approach of Refs. [55,56].
We also reproduce the radiated energy at Oðα3Þ

ΔE ¼ −
πα3q21q

2
2

12b3E

�
3γ2 þ 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
�ðm1 þ γm2Þq21

m2
1

þ ðm2 þ γm1Þq22
m2

2

�
þ 3q1q2
μ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
3
ð4ðγ2 − 2γ þ 1Þ − ð3γ2 þ 1ÞF ðγÞÞ

�

þOðα4Þ; ð75Þ

in agreement with [23,103].
As is evident from our calculation, radiation of angular

momentum in EM scattering includes static contributions.
A natural question is whether this result is invariant under
asymptotic symmetry transformations or, more generally, if
it is possible to define an invariant notion of radiated
angular momentum. Recall that one could define the
mechanical angular momentum which is invariant under
BMS supertranslations in gravity. It was pointed out in
[116,117] that the situation in electromagnetism closely
mirrors that in gravity: An asymptotic u(1) gauge symmetry

in EM plays a role similar to the BMS supertranslations. As
in gravity, one can define a notion of angular momentum
invariant under these asymptotic transformations. We con-
jecture that the quantity we have computed can be
identified with this analog of the mechanical angular
momentum in EM.

IX. CONCLUSIONS

In this work, we propose a new approach to calculating
the total angular momentum dissipated in a gravitational
two-body scattering event. We use the WQFT formalism
and identify a way to extract the total change in each of the
BH impact parameters and from these changes, one may
then compute the total loss of angular momentum. Most

1This result is given in the master thesis by Alain Goldberg
[115] provided to us via private communication with Gregor Kälin.
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simply, this extraction is realized via a generalization of the
WQFT formula for computing the BH impulses from the
on-shell limit of tree-level one-point correlation functions.
Namely, the change in the BH impact parameters are
derived from the subleading term in the soft expansion
of the correlation functions in the outgoing frequency.
Passing to subleading order in this expansion introduces

subtle effects. First and foremost, the external frequency
tending to zero plays the role of an infrared regulator and
gives rise to new (from the perspective of WQFT) static
integration regions which we identify with well-known
zero-frequency gravitons. We classify how this new inte-
gration region appears in generic WQFT diagrams which
boils down to one-loop n-point static correlators. The
contributions from this region give rise to the static parts
of the loss of angular momentum and, in particular, that it
appears already at 2PM order.
The subtle effects of the change in the impact parameters

may also be identified with an ill-definedness of its time
components. This leads to a divergent behavior of
conservative contributions to these components.
However, for the computation of the loss of angular
momentum we are only interested in dissipative effects.
Focusing exclusively on such effects, all divergent behavior
of the change of the impact parameter disappears—at least
to the OðG3Þ order considered in this work. While the
dissipative effects are of most interest, it would be desirable
to also understand the conservative effects in future work.
Intriguingly, apart from the static integration regions

(well under control) and focusing only on dissipative
effects, the computation of the change of the impact
parameter—and hence the loss of angular momentum—
reduces to exactly the same diagrams and integrals as for
the impulse. For the OðG3Þ calculation considered explic-
itly in this work we could therefore directly import the well-
known two-loop integral results required at this order.
Having established this method, the next natural step is to

use the powerful methods developed within WQFT to
compute new results for the loss of angular momentum at

high perturbative orders matching those of the impulse. A
first clear target is to complete the spinless 4PM sector where
the required three-loop integrals are also well studied. Other
avenues will be to add spin and other finite-size effects.
One interesting first application of the 4PM loss of

angular momentum will be to connect it, via linear response,
to the linear-in-radiation part of the 5PM impulse [51].
Further, considerable effort has gone into resumming
perturbative PM results in order to reproduce numerical
relativity simulations as accurately as possible [118–122],
as well as comparisons of PM results with results derived
via the gravitational self-force approach [123,124]. Here
high-precision PM fluxes of angular momentum may well
improve resummation models and will be an interesting
target for self-force comparisons.
The 4PM loss of angular momentum will be sensitive to

the nonlinear memory effect. In contrast, up to the 3PM
order considered here, only the linear memory contributes.
Generally, it would be interesting to connect the static
correlators and the zero-frequency-graviton analysis carried
out in this paper to the small-frequency expansion of the
waveform and linear and nonlinear memory effects.
Concluding, the 4PM loss of angular momentum will be
an exciting—and realistic—next step.
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