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Gravitational waves (GWs) within the LIGO-Virgo-KAGRA sensitivity band can be microlensed by
stellar and intermediate-mass black holes, producing a frequency-dependent modulation of the signal
amplitude. Microlensing analyses, however, are costly due to the increased dimensionality of the parameter
space and waveform computation time. As a proof of concept, we show that the deep-learning-based
framework, Deep Inference for Gravitational-Wave Observations (DINGO), which employs a simulation-
based inference approach to estimate posterior distributions, can perform efficient parameter inference for
GW microlensing by an isolated point-mass lens. Using simulated microlensed GW signals, we train a
lensed-DINGO network and compare its performance with traditional Bayesian parameter estimation carried
out with Bilby. Our framework can be used to rapidly identify microlensed events in large GW catalogs.
When the lensed-DINGO network is combined with importance sampling, we find that, although sample
efficiencies are somewhat reduced compared to the unlensed-DINGO network, owing to the richer structure
of microlensed signals, it still achieves Oð10×Þ speed-up relative to Bilby. We further show that this
framework is useful to efficiently estimate the background Bayes-factor distribution, which is crucial for
assessing the significance of candidate lensed events. However, for foreground (lensed) events, the
sampling efficiency can sometimes drop when analyzed with the unlensed-DINGO network, providing a
diagnostic indicator of out-of-distribution data. Our approach can be straightforwardly generalized to more
complex and realistic lens models, enabling detailed studies of microlensed GWs.
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I. INTRODUCTION

Gravitational waves (GWs) are ripples in spacetime
generated by the acceleration of massive compact objects,
such as merging black holes or neutron stars. Since their
first detection by LIGO and Virgo Collaboration in 2015
[1], they have become a powerful probe of gravity,
astrophysics, and cosmology [2–8].
Like any other signal, GWs traveling through the

Universe are deflected and distorted by the gravitational

fields along their path [9]. Gravitational lensing offers a
powerful probe of cosmology, astrophysics, and fundamental
physics, with applications such as constraining the distribu-
tion of dark matter [10–12]. Weak lensing produces small
distortions that trace the large-scalematter distribution,while
strong lensing constrains the mass profiles of galaxies and
clusters [13–15]. Lensing phenomena can enable precision
tests of general relativity [16–19] and cosmological param-
eters [20–22]. Gravitational lensing phenomena are essential
to correctly interpret observations across the electromagnetic
spectrum [23]. For GWs, in addition to being magnified and
occasionally split into multiple images, lensing can produce
novel effects due to the signal’s finite wavelength, such as
diffraction and interference [24,25]. Accurately modeling
these effects is crucial: if not accounted for, lensing can bias
the posteriors and introduce systematic errors in source and
cosmological inference. Most importantly, diffraction may
be the smoking gun for small-scale objects and distant
magnified GWs [23,26–35].
GW lensing can be described in two regimes: the

geometric optics (GO) regime, where the GW wavelength
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is much smaller than the characteristic gravitational radius
of the lens, and the wave-optics (WO) regime, where the
GWwavelength is comparable or bigger than the character-
istic size of the lens, where diffraction and interference
become significant. We focus on the WO regime, as its
characteristic interference patterns imprint distinctive, fre-
quency-dependent modulations on the waveform, as clear
signatures of lensing by compact objects. These effects are
often combined, with a macroscopic lens (a galaxy or
cluster) magnifying the GW and small-scale objects (stars,
remnants) diffracting it; these cases are referred to as
macrolensing and microlensing, respectively [31].
Lensing computations are challenging in the WO

regime, as they require solving highly oscillatory integrals
[36,37]. Recent advances in algorithms [38–40] and
parameter estimation (PE) [41,42] now enable the search
for these signatures among GW events. Despite this
progress, inference becomes more costly due to the
computational cost of diffraction integrals and the extended
parameter space. Intriguing candidates for lensed GWs
have been reported [43–45], although none yet represent an
unambiguous detection [46–48]. Nevertheless, lensed GWs
are inevitable due to the rapidly increasing number of
observed events, warranting a search among theOð100=yrÞ
in the current run, the fourth observing run (O4), which will
reachOð105=yrÞwith next-generation detectors [49]. Many
forecasts agree that lensed GWs will be commonplace in
the next observing run O5 [50–53], but they have to be
identified among thousands of signals observed every year.
Given the inevitability of lensed signals within the grow-

ing data volume, the challenges ofWOcomputations, and the
complexity of traditional analysis, we are motivated to
develop a machine learning framework for fast and accurate
PE of lensed GW signals. Traditional Bayesian inference
methods, such as nested sampling [54–56], are computa-
tionally expensive and often prohibitively time consuming
for large datasets. Deep learning techniques have emerged as
a powerful alternative, enabling rapid and efficient PE in
GWs analyses [57,58]. Recent studies, have also explored
machine-learning-based inference for GW lensing parame-
ters usingvariousmethodologies, pursuing similar objectives
to this work. Examples include the use of conditional
variational autoencoders [59], normalizing flows for sto-
chastic lensing [35]. While preliminary, our approach dem-
onstrates the potential for extendingmachine-learning-based
microlensing inference to real data in future GW analyses.
In this study, we model lensing effects on GW signals by

computing the amplification factor using Gravitational
Lensing of Waves (GLoW) [40], a precise and flexible
code that calculates frequency-dependent amplification for
general lens configurations. PE is then performed using
the Deep Inference for Gravitational-Wave Observations
(DINGO) framework [60–63]. DINGO has been reviewed by
the LIGO-Virgo-KAGRA (LVK) Collaboration, used for
eccentricity estimates [64], and extended to work on binary

neutron star systems [65]. Recently, it has also been applied
to overlapping GW signals [66].
The paper is organized as follows. In Sec. II, we

introduce the gravitational lensing of GWs. In Sec. III,
we address the Bayesian PE methods, while in Sec. IV we
review the DINGO framework and mention our train setup in
Sec. V. In Sec. VI, we present our results and provide
conclusions in Sec. VII.

II. GW LENSING

Gravitational lensing in the weak field limit modulates
the GW strain by a frequency-dependent amplification
factor [9],

FðfÞ≡ h̃LðfÞ
h̃0ðfÞ

; ð1Þ

where h̃0ðfÞ and h̃LðfÞ denote the frequency-domain
unlensed and lensed strains, respectively. The amplification
factor is calculated from the diffraction integral over the
lens plane x,

FðwÞ ¼ w
2πi

Z
d2x exp

�
iwðϕðx; yÞ − ϕ0Þ

�
; ð2Þ

where ϕðx; yÞ ¼ 1
2
jx − yj2 − ψðxÞ is the Fermat potential,

ϕ0 is its minimum, and y is the source position, rescaled by
an arbitrary length scale ξ0. The lensing potential ψðxÞ
depends on the projected mass density of the lens (through
a Poisson equation) and the dimensionless frequency,

w≡ 8πGMLzf ≈ 1.24

�
MLz

100M⊙

��
f

100 Hz

�
; ð3Þ

is a scaled version of GW signal frequency f using the

effective lens mass MLz ≡ ξ2
0
ð1þzLÞDS

4GDLDLS
, where DS is the

angular distances to the source, DL to the lens, and DLS
between lens and source. We have set c ¼ 1.
In the GO limit (w ≫ 1), the amplification factor gets a

contribution only from the stationary points of the Fermat
potential, where the images are formed. However, in the
WO regime (w ∼ 1), the full diffraction integral needs to be
evaluated, which for most types of lenses cannot be done
analytically. A set of numerical algorithms is packaged in
GLoW to evaluate this integral efficiently for various lens
models [40].1 The diffracted signal thus encodes the
information about the lens properties and allows one to
probe dark and baryonic matter in the Universe [67–73].
Many models are used to describe the mass distribution

of lenses [74]. In the simplest case, point lens models,
representing compact objects such as planets, stars, or black

1The GLoW code is publicly available at https://github.com/mi
guelzuma/GLoW_public
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holes, allow for analytical treatment of the lensing proper-
ties [75]. More complex astrophysical lenses, such as
galaxies or clusters, are described using extended profiles
like the Singular Isothermal Sphere [76] and Navarro-
Frenk-White [77]. Even then, realistic representations
require the superposition of many such simple lenses,
often including additional deformations (ellipticity, multi-
polar structure). The FðwÞ computations become much
more expensive for extended lenses, and machine learning
can be particularly helpful in such cases.
As a proof of principle, we will consider only the isolated

point-mass lens, neglecting an environmental potential and
additional objects. The point lens lensing potential takes the
formψðxÞ ¼ lnx. Conveniently, choosing the scale ξ0 ¼ RE,

where RE≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4GMLDLDLS

DS

q
≈0.14 pc

�
ML

100M⊙

�
1=2
�
DLDLSD−1

S
1Gpc

�
1=2

as the Einstein radius of the point-mass lens, yields
MLz ¼ MLð1þ zLÞ, where ML is the mass of the lens
and zL is its redshift. MLz is equivalent to the “redshifted
lens mass.” Effectively, the diffraction by a point-mass lens
on the GW waveform is given by a frequency-dependent
amplification factor FðfÞ that depends on two parameters:
MLz and y, where y is the impact parameter of the source in
units of theEinstein radius. It canbe computed analytically as
a hypergeometric series expansion, forwhich several approx-
imations speed up the computation in different regions of the
parameter space (Sec. VA in [40]).
In the GO limit, which holds for w ≫ 1, the lensed

waveform is approximately equivalent to an interference of
two images. The amplification factor can be written in GO
approximation as

FðfÞ ≈ ffiffiffiffiffiffi
μþ

p þ ffiffiffiffiffiffi
μ−

p
expð2πifΔt − π=2Þ: ð4Þ

This gives rise to two images with magnifications

μ� ¼ 1
2

��� y2þ2

y
ffiffiffiffiffiffiffiffi
y2þ4

p � 1
��� (defined positive) and separated by

a time delay,

Δt ¼ 4GMLz

"
y
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ 4

q
þ ln

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ 4

p
þ yffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 þ 4
p

− y

!#

≈ 4 ms

�
MLz

1000M⊙

�
; at y ¼ 1: ð5Þ

An example of FðwÞ for a point lens, along with the GO
approximation, using different impact parameters y is given
in Fig. 1. Notice that, for high frequencies w ≫ 1 and/or
lens masses, the FðwÞ is very oscillatory; this is where GO
is a good approximation. On the other hand, for w ∼ 1 the
GO approximation fails and one needs to consider the full
WO amplification factor. As expected, the smaller impact
parameters have a more pronounced effect on the waveform
than the larger impact parameters. For example, for y ∼ 5,
the lensing amplification is negligible with FðwÞ ∼ 1,
irrespective of the mass of the lens. The LIGO-Virgo

detectors are most sensitive in the frequency range
f∈ ½10; 1000� Hz, which corresponds to the WO lensing
regime for isolated point masses with MLz ∈ ½10; 104�M⊙.

III. BAYESIAN PE

In the context of GWanalysis, the observed detector data
are given by dðtÞ ¼ hðt; θÞ þ nðtÞ, where hðt; θÞ is a GW
strain template for the waveform given the source param-
eters θ and nðtÞ the detector noise. The Bayes theorem is
used to infer the properties of an observed GW source,

pðθjd;HÞ ¼ pðdjθ; HÞpðθjHÞ
pðdjHÞ ; ð6Þ

where pðθjd;HÞ is the posterior probability distribution of
the parameters θ given the data d and the hypothesis H,
pðθjHÞ is the prior, and pðdjθ; HÞ is the likelihood. The
denominator pðdjHÞ is Bayesian evidence ZH, which is
useful for model selection. Given two hypotheses, in our
case lensed HL and unlensed HU, the Bayes factor is the
ratio of evidences BL

U ¼ ZL=ZU ¼ PðdjHLÞ=PðdjHUÞ.
This ratio quantifies the preference of one hypothesis over
the other, considering only the data.
In GW astronomy, a Gaussian noise likelihood function

is generally assumed, which in the frequency domain takes
the form [78]

pðdjθÞ ∝ exp

�
−2
Z

∞

0

df
jd̃ðfÞ − h̃ðf; θÞj2

SnðfÞ
�
; ð7Þ

where h̃ðf; θÞ represents the GW signal in the frequency
domain for a given set of parameters θ, projected onto the
detector antenna response pattern, while Sn is the power

FIG. 1. Lensing amplification factor FðwÞ for a point-mass lens
at different impact parameters y, in units of the Einstein radius
RE. The WO regime is near w ∼ 1, whereas for w ≫ 1 the GO
approximation is valid. The smaller impact parameters modulate
the waveform much more than the larger impact parameters, such
that for y ≫ 1 the lensing effect is negligible FðwÞ ∼ 1.
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spectral density (PSD) of the detector noise. For any signal
h̃ðfÞ, its optimal signal-to-noise ratio (SNR) is given

by ρopt ¼ ½4 R∞0 jh̃ðfÞj2
SnðfÞ df�

1=2
.

To estimate the posterior, one typically relies on evalu-
ating the likelihood explicitly for many parameter samples
from the prior while using efficient sampling techniques
like nested sampling [54]. In GWastronomy, often one uses
the Bilby [56] code, which is a GW specific interface to
many nested sampling implementations. The most popular
of these is DYNESTY [55].
Given the 15-dimensional parameter space for a binary

black hole, and an additional two parameters in the case
of the isolated point lens, sampling turns out to be
computationally expensive taking OðdaysÞ. It is especially
challenging for constructing a background distribution of
Bayes factors, which requires a large number of unlensed
injections (e.g., currently ∼400 injections for 3σ deep
background) to estimate the significance of a lensed event
candidate. These methods are not feasible given the
expected number of GW events, which will rise as detector
sensitivities improve, reaching Oð105Þ binary black hole
(BBH) events per year for next-generation detectors [79].
This motivated us to use the simulation-based inference
tool DINGO [60,61].

IV. DINGO FRAMEWORK

DINGO
2 utilizes neural posterior estimation (NPE) with

normalizing flows to model the posterior distribution
pðθjdÞ. The flow fϕ learns an invertible transformation
from a simple base distribution pðuÞ to the complex
posterior, conditioned on the data: θ ¼ fϕðu; dÞ [80].
The resulting probability density, qϕðθjdÞ, is given by
the change of variables formula,

qϕðθjdÞ ¼ p
�
u ¼ f−1ϕ ðθ; dÞ

���� det Jf−1ϕ ðθ; dÞ
���; ð8Þ

where Jf−1ϕ is the Jacobian of the inverse transformation.

The network is trained by minimizing the forward
Kullback-Leibler divergence between its output distribu-
tion qϕðθjdÞ and the true posterior pðθjdÞ. This is achieved
by minimizing the negative log-likelihood on a training set
of simulated signal-parameter pairs ðθi; diÞ, generated by
injecting GW signals into stationary Gaussian noise real-
izations. The loss function is the negative log-likelihood,
averaged over the joint distribution of parameters and data,
pðθ; dÞ,

LðϕÞ ¼ Epðθ;dÞ½− log qϕðθjdÞ�: ð9Þ

Since the true posterior is unknown, this loss is expressed
as an expectation over the prior pðθÞ and the likelihood

pðdjθÞ, which can be approximated using a Monte Carlo
average over training samples,

LðϕÞ ≈ −
1

N

X
θðiÞ∼pðθÞ

dðiÞ∼pðdjθðiÞÞ

logqϕðθðiÞjdðiÞÞ; ð10Þ

where N is the number of samples in the minibatch. This
training process allows the network to perform amortized
inference, generating posterior samples for new events in
seconds, without evaluating any likelihoods explicitly. This
approach is called “simulation-based inference.”
To simplify the learning task for the primary NPE

network, we infer the coalescence time in each detector
using the group-equivariant neural posterior estimation
(GNPE) algorithm [60,81]. This approach standardizes
the time of arrival of the signal across the detector network.
Although this requires training a separate neural network, it
simplifies the data by aligning coalescence times, allowing
the main NPE network to focus more effectively on the
remaining physical parameters of the source.

DINGO also allows for importance sampling (IS), in
which the output samples are corrected by explicit like-
lihood evaluation [63]. Given our target distribution
pðθjdÞ ∝ pðdjθÞpðθÞ and a set of n samples from the
proposal distribution, each sample θi ∼ qðθjdÞ is assigned
an importance weight,

wi ¼
pðdjθiÞpðθiÞ

qðθijdÞ
: ð11Þ

Since the proposal is unlikely to be perfect, the effective
sample size

neff ¼
ðPiwiÞ2P

iw
2
i

< n; ð12Þ

resulting in a sample efficiency

ϵ ¼ neff
n

: ð13Þ

The sample efficiency provides a measure of proposal
quality [63]. IS requires evaluating pðdjθÞpðθÞ for all n
samples. For sufficiently large ϵ, DINGO IS requires many
fewer likelihood evaluations than conventional sampling
techniques, and moreover, they can be executed in parallel.
The evidence Z ¼ pðdÞ ¼ R dθPðdjθÞPðθÞ is estimated
from the normalization of the weights,

Z ¼ pðdÞ ¼ 1

n

X
i

wi: ð14Þ

IS corrects for any mismatch between the proposal dis-
tribution and the true posterior and thereby improves the
final inference results. The statistical uncertainty of the IS
evidence estimator is controlled by the variance of the
importance weights [63],2https://github.com/dingo-gw/dingo
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σ2ðZÞ ¼ 1

n
σ2ðwÞ ¼ 1

n
ðhw2i − hwi2Þ: ð15Þ

Consequently, the relative error on the evidence scales as

σðZÞ
Z

∝

ffiffiffiffiffiffiffi
1

neff

s
: ð16Þ

Hence, for an accurate evidence estimate, the effective
sample size should be large. Meaning, for lower sampling
efficiency, one would need a larger number of proposal
samples (n) to achieve the desired neff . In all cases
considered in this study, a conservative requirement on
the effective sample size is imposed (neff ≳ 500), ensuring
that the resulting evidence estimates and Bayes factors are
not dominated by a small number of high-weight samples.

V. TRAINING PROCESS

For training lensed-DINGO network, we implement a WO
lensing transform that multiplies FðfÞ (see Sec. II) to
simulated signals on the fly during training. This max-
imizes coverage of the lensing parameters and mitigates
overfitting. As the point lens waveform computation is very
fast Oð0.1 msÞ, this is a reasonable approach; however, for
more complicated lensed models, lensed waveforms should
be computed in advance of training.3 We evaluate the
amplification factor on the signals using GLoW for a point
lens in the WO regime (see Sec. II).

In addition to lensed signals, we also train DINGO without
any lensing transform, representing the standard analysis
(15 parameters), to compare the results. From now on, we
will distinguish the two networks as unlensed DINGO and
lensed DINGO. For both networks, we used 107 waveforms
in the frequency domain based on the IMRPhenomXPHM
approximant [82], sampled at 2048 Hz, in the range [20,
1024] Hz with a duration of 8 sec. The GW signals are
injected into the Gaussian noise, sampled from a fixed PSD
of the Hanford, Livingston, and Virgo detectors using the
data from the third observing run (O3) [83]. We estimate
PSDs using the Welch method with 1024 sec of data and a
sampling frequency of 4096 Hz. The training dataset is
generated using the standard prior distributions for usual
15 parameters of the source, see Table I. The lens
parameters are generated for the redshifted lens mass,
log10ðMLzÞ∈Uniform½1.0; 4.0�, and the impact parameter,
y∈Uniform½0.1; 5.0�, as shown in Table I.
We train networks using one 40 GB NVIDIA A100

GPU, with 16 CPUs for data preprocessing. We use a batch
size of 4096 and the network architecture settings from
[60]. We train both networks for 275 epochs, which takes
approximately two weeks. The loss functions for both
unlensed DINGO and lensed DINGO are reported in Fig. 2.
The main computational cost lies in the training of the

networks, which requires approximately two weeks to fully
train the model. However, once trained, drawing 105

samples from the network takes just a few minutes.

VI. TEST RESULTS

In this section we begin by performing a statistical test
called a “probability-probability” (p − p) test for network

TABLE I. Priors used for preparing the datasets for training DINGO. The bottom two rows indicate the lens
parameters prior used to generate training dataset for lensed DINGO. The same priors are used for the Bilby.

Symbol Parameter name Prior (range)

Mc Chirp mass Uniform [15, 150] M⊙
q Mass ratio Uniform [0.125, 1.0]
a1 Primary spin magnitude Uniform [0, 0.99]
a2 Secondary spin magnitude Uniform [0, 0.99]
θ1 Primary spin tilt angle Sine [0, π]
θ2 Secondary spin tilt angle Sine [0, π]
ϕ12 Spin azimuthal angle difference Uniform [0, 2π]
ϕjl Precession phase Uniform [0, 2π]
tc Coalescence time Uniform [−0.1, 0.1] s
dL Luminosity distance Uniform [100, 3000] Mpc
θ Inclination angle Sine [0, π]
ϕc Coalescence phase Uniform [0, 2π]
α Right ascension Uniform [0, 2π]
δ Declination Cosine [−π=2, π=2]
ψ Polarization angle Uniform [0, π]

y Impact parameter Uniform [0.1, 5]
log10 MLz Redshifted lens mass (log10) Uniform [1, 4] M⊙

3All modifications to include lensing in DINGO have been
developed in a branch, available publicly at https://github.com/sra
shtig/dingo/tree/lensing
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validation. Then we compare the results with Bayesian PE
using Bilby. Finally, we investigate why lensing inference is
challenging compared to the unlensed case.

A. p− p test

To validate the lensed-DINGO network, we conduct a
p − p test using 1000 lensed injections drawn from
the prior in Table I, each recovered using lensed DINGO

without IS. For each injection, we determine the p-credible
region in which the true parameter lies within the corre-
sponding posterior. If the inference is well calibrated, these
cumulative probabilities, over many injections, should
follow a uniform distribution between 0 and 1.
Figure 3 displays the resulting p − p plots for the lensed-

DINGO network, where all parameters align closely with the
diagonal p ¼ CDFðpÞ, where CDF denotes the cumulative
distribution function, confirming that the network remains
well calibrated even without IS. We note that the coales-
cence time tc exhibits the lowest p value, as the network
may be having difficulty inferring the coalescence time due
to a degeneracy in lensed waveforms, which are equivalent
to the interference between two time-delayed waveforms
for higher lens masses. This results in a bimodal tc posterior
sometimes, which gets resolved with increased number of
GNPE iterations and after IS. Nevertheless, all other
parameters are recovered within 2σ confidence interval,
indicating that lensed DINGO can be used effectively, even
without IS, for rapid identification of lensed events and for
population studies. Note that this test has already been
performed for the unlensed-DINGO network in previous
studies [60,63].

B. Comparison with Bayesian PE

We compare the results of lensed DINGO and unlensed
DINGO with Bayesian PE using Bilby for a simulated
black hole binary merger injected into Gaussian noise.

FIG. 2. Evolution of the training and validation loss for both
unlensed DINGO and lensed DINGO as a function of epochs. It
demonstrates similar training and validation losses, indicating no
overfitting. Note that one cannot compare directly the losses of
the two networks as they have different priors and number of
parameters.

FIG. 3. p − p plots comparing the posterior distributions predicted by DINGO without IS. The numbers in parentheses indicate the
corresponding p values associated with each curve, while Ninjections and Nsamples denote the number of simulated injections and the
number of posterior samples drawn per injection, respectively. The alignment with the diagonal line indicates a good calibration of the
model, that is the inferred parameters fall within the predicted posterior probability regions at the correct rates. As shown by the gray
shaded regions, all parameters lie within 2σ confidence interval, except the coalescence time tc, which is recovered within 3σ. We
divided in extrinsic and intrinsic parameters for better visualization.
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We particularly focus on the following three cases: (i) an
unlensed injection (GW150914-like), (ii) lensed injection
withy ¼ 1.2,MLz ¼ 1000M⊙, and (iii) lensed injectionwith
y ¼ 0.2 and MLz ¼ 1000M⊙. The full parameters for these
injections are listed in Table II.
Figure 4 shows the waveform corresponding to these

injections. As seen in the figure, the lensed signals are much
richer than the corresponding base (unlensed) waveform
h̃0ðfÞ for smaller impact parameters and, for y ¼ 5, the
lensing modulations are almost undetectable. Note that the
unlensed injection waveform is the same as h̃0ðfÞ but with a
smaller luminosity distance and hence higher amplitude.
For each of these injections, we perform PE using lensed

DINGO, unlensed DINGO, and with Bilby under lensed and

unlensed hypothesis (HL and HU). We also perform IS
for DINGO posteriors, generating n ¼ 106 samples to get
improved results (DINGO IS), while computing sampling
efficiency ϵ, effective sample size neff , and log evidence
logZ. We also compare log evidence and the Bayes factors
BL
U between DINGO IS and Bilby for the three injections,

which is summarized in Table III. We now discuss our
findings for each of these cases in detail.

(i) Unlensed injection: Figure 6 shows the posteriors
obtained with lensed DINGO and Bilby, which agree
closely. As expected, y saturates at its prior maxi-
mum (y ¼ 5), while log10ðMLzÞ remains uncon-
strained. This behavior occurs because, for large
impact parameters, the lensed waveform becomes

TABLE II. Parameters corresponding to lensed and unlensed
injections used for testing DINGO and comparing with Bilby.

Parameter Lensed y ¼ 0.2 (1.2) Unlensed

Mc 28.10M⊙ 28.10M⊙
q 0.8 0.8
a1 0.4 0.4
a2 0.3 0.3
θ1 0.5 rad 0.5 rad
θ2 1.0 rad 1.0 rad
ϕ12 1.7 rad 1.7 rad
ϕjl 0.3 rad 0.3 rad
tc 0 s 0 s
dL 1640 Mpc 820 Mpc
θ 0.4 rad 0.4 rad
ϕ 1.3 rad 1.3 rad
α 1.375 rad 1.375 rad
δ 1.121 rad 1.121 rad
ψ 2.659 rad 2.659 rad
y 0.2 (1.2) � � �
logðMLzÞ 3.0 � � �
Optimal SNR 35.7 (18.1) 32

FIG. 4. Waveforms for the injected lensed and unlensed binary
black hole merger are shown. The lens is modeled as a point mass
with MLz ¼ 1000M⊙ and various values of y. Compared to the
corresponding unlensed waveform (black), the lensed signals
display a more complex modulation pattern because they include
the WO modulation factor FðfÞ. The noise amplitude spectral
density (ASD ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

SnðfÞp
) is plotted in gray. The lensed wave-

form with y ¼ 5 (green) is very similar to the unlensed signal:
although the lensing effect is present, the microlensing-induced
distortions are too small to be clearly distinguished from an
unlensed waveform with current detector network sensitivities.
The injection parameters are listed in Table II.

TABLE III. Comparison of log evidence under lensed and unlensed hypotheses between DINGO IS and Bilby for the three injections.
The last two rows compare the Bayes factors logBL

U. All cases agree well with Bilby, except for the lensed injection with y ¼ 0.2
analyzed with unlensed DINGO. In this case, the data are out of distribution for the unlensed network, causing the sampling efficiency to
drop to ϵ ∼ 0.0001% with an effective sample size of neff ¼ 1, rendering the DINGO Bayes factor unreliable. However, for cases where
the effective sample size is sufficient (e.g., y ¼ 1.2), DINGO Bayes factors match Bilby well and allow for fast background distribution
computation.

Unlensed Lensed (y ¼ 1.2) Lensed (y ¼ 0.2)

Lensed DINGO logZ ¼ 497.1 logZ ¼ 133.9 logZ ¼ 592.3
ϵ ¼ 0.11%, neff ¼ 1110 ϵ ¼ 0.74%, neff ¼ 7442 ϵ ¼ 0.06%, neff ¼ 602

Bilby logZL 498.9 134.7 593.8

Unlensed DINGO logZ ¼ 497.9 logZ ¼ 119.9 logZ ¼ 467.4
ϵ ¼ 1.8%, neff ¼ 17936 ϵ ¼ 10.3%, neff ¼ 103233 ϵ ¼ 0.0001%, neff ¼ 1 (unreliable)

Bilby logZU 499.7 121.45 482.9

DINGO logBL
U −0.8 14.0 124.9

Bilby logBL
U −0.8 13.25 110.9
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nearly indistinguishable from the unlensed one; in
particular, for y ¼ 5 the two are indistinguishable, as
illustrated in Fig. 4.
Thus, the marginalized posterior probability

pðy ¼ 5jdÞ inferred with lensed DINGO can be
used as a fast diagnostic to flag potential lensed
events, by imposing a selection criterion of the form
pðy ¼ 5jdÞ < threshold. The effectiveness of this
classification strategy can be assessed using a large

set of lensed and unlensed injections, which we
defer to future work. The other parameters are
recovered consistently with their injected values.
In this case, the sampling efficiency is ϵ ∼ 0.11%.

For the same unlensed injection analyzed with
unlensed DINGO, we obtain a sampling efficiency of
ϵ ¼ 1.8%, together with good agreement with the
Bilby posteriors (see Fig. 1 in Supplemental Material
[84]), consistent with previous studies [62,64,81].

FIG. 5. Lensed (y ¼ 1.2) injection with lensed DINGO and Bilby under lensed hypothesis. DINGO posteriors match that of Bilby,
especially after IS while recovering the injection (gray). We obtain ϵ ¼ 0.74%, neff ¼ 7442, and lensed DINGO logZ ¼ 133.9 which is
consistent with Bilby logZL ¼ 134.7.
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Since for unlensed injections both lensed DINGO and
unlensed DINGO perform well and yield reliable
estimates of logZ and logBL

U (see Table III), DINGO
is particularly well suited for constructing the back-
ground distribution of Bayes factors needed to
assess the significance of candidate lensed events,
a task for which traditional methods such as Bilby are
computationally very expensive.

(ii) Lensed injection (y ¼ 1.2): In Fig. 5, the lensed-
DINGO posteriors agree closely with those obtained
using Bilby, especially after applying IS, and they
recover the injected parameters. The sampling effi-
ciency in this case is ϵ ∼ 0.74%.
The same injection with the unlensed-DINGO

network also performs well and agrees with Bilby,
achieving a sampling efficiency of ϵ ∼ 10.3%. A
subset of its posterior is displayed in Fig. 7(a). Thus,
for this particular lensed injection, we can obtain
reliable Bayes factors BL

U. However, as we will show
in the next case, this does not always hold.

(iii) Lensed injection (y ¼ 0.2): Here the lensing-
induced modulation is stronger than in the pre-
vious case. In Fig. 8, the lensed-DINGO posteriors,
and therefore the corresponding values of logZ,
are consistent with those obtained using Bilby. For
this analysis, we measure a sampling efficiency
of ϵ ∼ 0.06%

FIG. 6. Unlensed injection with lensed DINGO and Bilby under
lensed hypothesis. Posterior distributions from both DINGO

(orange) and DINGO IS (blue) rail at the prior boundary of the
impact parameter y ¼ 5, and nearly flat in logMLz and recover
the source parameters (gray). (We do not show spin angles due to
size constraints, even though we infer them.) For this injection,
we obtain ϵ ¼ 0.11%, neff ¼ 1110, and lensed DINGO logZ ¼
497.1 (consistent with Bilby logZL ¼ 498.9).

(a)

(b)

FIG. 7. Lensed injections with unlensed DINGO and Bilby under
unlensed hypothesis. (a) For lensed (y ¼ 1.2) injection, the
unlensed-DINGO network performs well with high sampling effi-
ciency ϵ ¼ 10.3% (neff ¼ 103233), yielding logZ ¼ 119.9which
matches Bilby logZU ¼ 121.45. (b) For lensed (y ¼ 0.2) injection,
the strong lensing features effectively create out-of-distribution
data for the unlensed network. The sampling efficiency drops
to ϵ ¼ 0.0001% (neff ¼ 1), resulting in unreliable posteriors and
evidence estimates (logZ ¼ 467.4 vs Bilby logZU ¼ 482.9).
However, this lowefficiency serves as a diagnostic flag for potential
lensing. Notice that here the true (Bilby) posteriors are biased more
from the injection (gray) compared to the above case because of the
unaccounted microlensing signatures, as expected.
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In contrast, when we analyze the same injection with
unlensed DINGO, the sampling efficiency plummets to
∼0.0001%, and the effective sample size is reduced to
neff ¼ 1. This behavior arises because the signal is effec-
tively “out of distribution” relative to the network’s training
set. A subset of the inferred posteriors, displayed in Fig. 7(b),
shows that the DINGO and DINGO-IS posteriors peak at
different parameter values, and neither agrees with the
Bilby posterior. This demonstrates that, for lensed injections

analyzed under the unlensed hypothesis, both the inferred
posteriors and the evidence become unreliable (see Table III)
once the sampling efficiency is very low.
Nonetheless, the pronounced drop in efficiency still

serves as a useful diagnostic to flag potential out-of-
distribution events, such as lensed signals or instrumental
artifacts. We emphasize that such an efficiency drop will
not always occur, particularly for weakly lensed events or
those with low SNR, as in the previous example, where the

FIG. 8. Lensed (y ¼ 0.2) injection with lensed DINGO and Bilby under lensed hypothesis. DINGO posteriors match that of Bilby,
especially after IS while recovering the injection (gray). We obtain ϵ ¼ 0.06%, neff ¼ 602, and lensed DINGO logZ ¼ 592.3 which is
consistent with Bilby logZL ¼ 593.8.
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unlensed hypothesis did not introduce substantial param-
eter biases. Consequently, for foreground (lensed) events,
one must exercise caution when using DINGO to compute
Bayes factors. Reliable identification of candidate lensed
events requires that the sampling efficiency and effective
sample size be sufficiently high (e.g., neff > 500).
In summary, we find that after IS, the log-evidence

values and posterior distributions for all scenarios (the three
injections analyzed with both lensed and unlensed DINGO

networks) are in good agreement with Bilby, with one
exception: the lensed injection with y ¼ 0.2 analyzed using
unlensed DINGO, where the pronounced reduction in
sampling efficiency clearly indicates out-of-distribution
data. We also notice that on an average the sampling
efficiencies of lensed DINGO are lower than the unlensed
DINGO (see Table III), which can be attributed to the low
compressibility of the lensed waveforms. We point the
reader to the Appendix for details.
To assess the sampling time between Bilby and lensed

DINGO, we can compare the number of likelihood evalua-
tions from each sampler. Given that our sample efficiency
ranges from 0.06% to 0.74% in Table III, and if we require
5000 effective samples, we estimate we need 6.8 ×
105–8.3 × 106 likelihood evaluations per event. This is
doubled due to the phase reconstruction step, bringing the
total to 1.4 × 106–1.7 × 107 evaluations. For the runs in
Table III, Bilby computes 6.5 × 107 likelihood evaluations.
Therefore, we obtain an ∼4× to ∼48× [i.e., Oð10×Þ�
speedup in total CPU time. We note that, while this
comparison is in terms of CPU time, the likelihood eval-
uations for DINGO can be parallelized across nodes, further
reducing the wall-clock time. We note that DINGO also has
the GPU sampling time, which is OðhÞ per event for
generating 106 proposal samples. In practice, for the
injections above under lensed hypothesis, the Bilby run took
∼4.5 days on four CPU cores for us, whereas DINGO IS gave
the result in less than 2 h using hyperparallelization. Overall,
DINGO IS is substantially faster than Bilby and will be
advantageous for efficiently analyzing large numbers of
events in forthcoming observing runs. Note that DINGO is
expected to remain numerically stable even at SNRs lower
than those studied here and can, in fact, more readily capture
the broader posteriors that arise in such situations. However,
in this regime, microlensing signatures are anticipated
to become increasingly indistinguishable from detector
noise, resulting in posteriors that are largely dominated
by the prior.

VII. CONCLUSIONS

GW lensing provides a novel window into cosmology
and astrophysics, enabling tests of dark matter, constraints
on cosmological parameters, and insights into the
Universe’s history. However, extracting lensing signatures
can be challenging due to the lens complexity and high
computational cost of WO inference. As a proof of concept,

in this work we implemented lensing modifications in
DINGO through GLoW and trained lensed-DINGO network to
infer parameters for an isolated point-mass lens. The
lensed-DINGO network can serve as an efficient alternative
for microlensing PE and is well calibrated as per the p − p
test, see Fig. 3. It can generate ∼105 samples/min (without
IS) and enable real-time flagging of potentially microlensed
events by monitoring the posterior pðyjdÞ. After IS, one can
estimate the evidence and the posteriors are more reliable,
consistent with Bilby. Depending on the sampling efficiency,
the inference is Oð10×Þ faster than Bilby. Hence, lensed
DINGO can be utilized to study a large population of
microlensed events.
Analyzing microlensed signals with the unlensed-DINGO

network may sometimes result in a dramatic drop in
sampling efficiency (ϵ ∼ 10−6), leading to unreliable pos-
teriors and evidence of Bayes-factor estimates. This serves
as a useful diagnostic tool to flag out-of-distribution events,
such as microlensed signals or instrumental artifacts. Since
both lensed DINGO and unlensed DINGO give reliable
posteriors for unlensed events, and are substantially faster
than Bilby, they are uniquely suited for computing the
background distributions of Bayes factors. This is useful
for efficient estimation of the statistical significance of
candidate microlensed events across thousands of noise
realizations [85]. Note that our lensed-DINGO network
achieves comparatively lower sampling efficiencies than
unlensed DINGO and those reported in earlier works [64,81],
potentially due to the low compressibility of lensed wave-
forms, see the Appendix. To enhance the performance of
lensed DINGO in the future, one could either simplify the
input waveforms by calibrating the arrival time of the
second microimage using GNPE or increase the complexity
of the embedding network [86].
Throughout this study, we considered simulated GW

signals embedded in stationary Gaussian noise. Although
no microlensing candidates were identified during the third
observing run of LVK, future work will focus on extending
this analysis to real events. The DINGO framework has
already been successfully deployed to analyze real events,
and with the methodology developed here, future work will
involve reanalysis of potential microlensed candidates,
such as GW231123 in the fourth observing run by
retraining with updated noise conditions [48,87].
Overall, this study demonstrates that combining machine

learning with microlensing models provides an efficient
and reliable framework for rapid inference, paving the way
for real-time analysis and large-scale population studies of
microlensed events. In the future, this can be expanded to
include more complex lens models (e.g., lenses embedded
in external potentials [87,88]), orbital effects (e.g., eccen-
tricity), and degeneracies with other phenomena (e.g.,
overlapping signals [89,90]). Additionally, the current
DINGO and lensed-DINGO implementations are restricted
to scenarios in which the lensed signal can be treated as a
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single, stationary data segment in the frequency domain.
Strong lensing configurations involving resolvable or
partially resolvable time delays between multiple images,
such as cases where signals overlap only partially or arrive
as distinct events, may require a time-domain treatment
[91] and therefore lie beyond the scope of the present
framework. Recently, Ref. [92] carried out a related
analysis applying DINGO to lensed events, but modeling
the lensing through the GO approximation as overlapping
signals. Since the GO approximation is appropriate for
higher lens masses (and w ≫ 1, see Fig. 1), whereas we
restrict the lens mass to MLz ¼ 104M⊙, the two studies are
complementary.
As the cost of evaluating the WO lensing amplification

factor rises in more complex lens systems, machine
learning can facilitate in-depth analysis using multiple lens
models and waveform approximants.
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APPENDIX: COMPRESSIBILITY OF LENSED
WAVEFORMS

Lensed waveforms are intrinsically more complex than
unlensed ones. To quantify the relative complexity of
unlensed and microlensed waveforms, we perform a
singular value decomposition (SVD) of ensembles of
time-aligned frequency-domain signals. Given a data
matrixH whose rows correspond to individual waveforms,
the decomposition [93]

H ¼ UΣV† ðA1Þ

defines an orthonormal basis fvkðfÞg in waveform space
(columns of V). Here U contains the left singular vectors
describing how individual waveforms project onto this
basis, while Σ ¼ diagðσ1; σ2;…Þ contains the singular
values ordered by decreasing importance. Truncating the
expansion to the first n components yields an approximate
reconstruction

h̃ðnÞðfÞ ¼
Xn
k¼1

ckvkðfÞ; ðA2Þ

where ck denote the coefficients. The accuracy of this
representation is quantified using the mismatch between
hðfÞ and hðnÞðfÞ. As shown in Fig. 9, unlensed waveforms
reach mismatch M ∼ 10−4 with n ≃ 200 basis vectors,
whereas microlensed waveforms require approximately
twice as many components. Although DINGO does not
employ an explicit SVD representation, this diagnostic
highlights the increased intrinsic complexity and reduced
compressibility of microlensed signals.
One can gain intuition about the reason for the worse

scaling of basis vectors for the lensed case with the
following argument. We know that not setting the merger

FIG. 9. Mismatch between true waveforms and their
reconstruction using a truncated SVD basis. Microlensed wave-
forms require significantly more components than unlensed ones
to reach the same mismatch, reflecting their increased intrinsic
complexity. The SVD is used here only as a diagnostic and not in
the DINGO analysis.
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time to the time of arrival in the detectors (i.e., the merger
occurs at t ≠ 0) drastically increases the number of SVD
bases needed to model the waveform, which is one of the
reasons for using GNPE [81]. If one thinks of lensing as a
superposition of two signals, even though we have time
aligned the first signal, the second is free to shift depending
on the value of MLz and y. While the first signal is

standardized, the second is not and the network/SVD
has to represent this time shift on its own. For future work,
one could consider applying further time shifts to simplify
the signal depending values of MLz and y or increase the
complexity of the embedding network that DINGO uses to
compress a waveform before passing it to the normaliz-
ing flow.
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