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We systematically investigate the CP-averaged branching ratios and CP violations (CPVs) for the two-
body hadronic decays Λb → ph, where h runs through the mesons π−, ρ−, a−1 ð1260Þ, K−, K�−, K−

1 ð1270Þ,
and K−

1 ð1400Þ, in the perturbative QCD approach to order α2s in the strong coupling. Various topological
amplitudes are obtained by incorporating subleading-twist hadron distribution amplitudes, which exhibit
reasonable hierarchical patterns, sizable strong phases, and non-negligible higher-power corrections. The
predicted direct CPVs in Λb → pπ−; pK−, different from those in similar B meson decays, are as small as
the current data. The low CPV in Λb → pπ− results from the cancelation between the S- and P-wave
CPVs, while the one in Λb → pK− is determined by the tiny S-wave CPV. However, individual partial-
wave CPVs can exceed 10%, consistent with direct CPVs in B meson decays. The CPVs in the Λb →
pK−

1 ð1270Þ; pK−
1 ð1400Þ channels are relatively larger. In particular, CPVs above 20% appear in the up-

down asymmetries associated with the final-state angular distributions of Λb → pK−
1 ð1270Þ; pK−

1 ð1400Þ,
followed by the secondary K1 → Kππ decays. These observables offer promising prospects for firmly
establishing baryon CPVs. The decay asymmetry parameters of Λb → ph are also predicted for future
experimental confrontations.

DOI: 10.1103/lvsn-v3xj

I. INTRODUCTION

The explanation of the asymmetry between matter and
antimatter in the Universe requires CP violations (CPVs),
where C and P represent the charge-conjugation and parity,
respectively. The standard model (SM) of particle physics
provides the Cabibbo-Kobayashi-Maskawa (CKM) mecha-
nism for generating CPVs, which is, however, too weak to
account for the excess of matter. Additional sources of
CPVs are thus needed, and their exploration has marked a
long-term effort. CPVs have been observed in K [1], B
[2,3], and D [4] meson decays, consistent with the SM
predictions. However, they have not yet been firmly

established in baryonic processes. Given that visible matter
in the Universe is mainly composed of baryons, it is natural
to search for CPVs in baryon systems.
Baryons cannot undergo mixing owing to baryon num-

ber conservation, and exhibit only direct CPVs in their
decays. Experimental investigations of baryon CPVs have
been extensively pursued by the BESIII, Belle, and LHCb
Collaborations [5–15]. The measured direct CPVs [14]

Adir
CPðΛ0

b → pπ−Þ ¼ ð0.2� 0.8� 0.4Þ%;

Adir
CPðΛ0

b → pK−Þ ¼ ð−1.1� 0.7� 0.4Þ%; ð1Þ

are compatible with null asymmetries within the precision
of 1%. That is, the CPVs in Λb baryon decays are much
lower than those in similar B meson decays, although both
are induced by the b → uūq transitions, q ¼ d, s. Recently,
the LHCb reported the evidence of the CPV in Λ0

b →
Λ0KþK− [15] and the first observation of the baryon CPV
in the Λ0

b → pK−πþπ− mode [16], which motivates timely
related theoretical studies [17].
Baryon processes, engaging more complicated dynamics

than meson ones, impose a number of phenomenological
challenges [18]. The nonzero spin of a baryon prompts at

*Contact author: yujx18@lzu.edu.cn
†Contact author: liyakelly@163.com
‡Contact author: hnli@phys.sinica.edu.tw
§Contact author: wangjp20@lzu.edu.cn
∥Contact author: xiaozhenjun@njnu.edu.cn
¶Contact author: yufsh@lzu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 053007 (2025)

2470-0010=2025=112(5)=053007(52) 053007-1 Published by the American Physical Society

https://orcid.org/0000-0003-4332-6249
https://orcid.org/0009-0005-1568-8631
https://orcid.org/0000-0001-7454-1019
https://orcid.org/0000-0003-4080-4022
https://orcid.org/0000-0002-3157-3827
https://orcid.org/0000-0002-4879-209X
https://ror.org/01mkqqe32
https://ror.org/036trcv74
https://ror.org/05bxb3784
https://crossmark.crossref.org/dialog/?doi=10.1103/lvsn-v3xj&domain=pdf&date_stamp=2025-09-29
https://doi.org/10.1103/lvsn-v3xj
https://doi.org/10.1103/lvsn-v3xj
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


least two partial waves, such as the S- and P-wave
amplitudes in Λb → pπ−; pK−, while there is only a single
partial wave in B meson decays into two pseudoscalar
mesons. The polarizations of initial and final states in a
baryon decay enable the construction of more observables
out of angular distributions of decay products [8,19–22],
which shed valuable insight on involved QCD dynamics. A
baryon contains three valence quarks, demanding at least
two hard gluons to propagate momentum transfer in its
exclusive decay. More gluon exchanges may enhance
higher-power contributions and modify the behavior of
power expansions [23,24]. Besides, there also exist addi-
tional topological diagrams, including color-commensurate
W-emission and W-exchange diagrams, that serve as
abundant sources of strong phases required for
direct CPVs.
Several theoretical approaches have been proposed for

analyzing two-body hadronic B meson decays: the QCD
factorization (QCDF) [25,26], the soft-collinear-effective
theory (SCET) [27–29], and the perturbative QCD (PQCD)
factorization [30–32]. The QCDF and SCET are based on
the collinear factorization theorem, in which B meson
transition form factors develop endpoint singularities if
they were computed perturbatively. The PQCD is based on
the kT factorization theorem, in which the endpoint con-
tribution is absorbed into a transverse-momentum-depen-
dent distribution amplitude (DA) or resummed into a
Sudakov factor. The factorizable emission, nonfactorizable
emission, W-exchange, and annihilation diagrams, being
free of the endpoint singularities, are then computable.
CPVs of two-body hadronic B meson decays have been
successfully predicted in the PQCD [30–32]. However,
rigorous and systematic formalisms for heavy baryon
decays are still unavailable. The generalized factorization
assumption was employed to estimate branching ratios of
numerous bottom-baryon decays [33–35]. A final-state
rescattering mechanism was recently developed to study
CP violation of Λb decays [36,37]. As to QCD-inspired
methods, the QCDF was applied toΛb baryon decays under
the diquark approximation [38,39], and the Λb → pπ; pK
branching ratios were evaluated in the PQCD [40], but with
the results being a few times smaller than data.
The Λb → p transition form factors with reasonable

subleading-twist hadron DAs were reproduced in the
PQCD recently, and the outcomes agree with those from
lattice QCD and other nonperturbative methods [24]. The
two-body charmed hadronic Λb decays are also inves-
tigated in the PQCD after including high-twist DAs [41–
43]. Those studies indicate that exclusive heavy baryon
decays can be examined reliably in this framework. We will
perform a comprehensive analysis on the two-body had-
ronic decays Λb → ph, where h runs through the pseudo-
scalar (P) mesons π, K, the vector (V) mesons ρ; K�, and
the axil-vector (A) mesons a1ð1260Þ, K1ð1270Þ, K1ð1400Þ.
A decay amplitude is expressed as a convolution of the hard

kernel TH with the Sudakov factor e−S and the non-
perturbative DAs ΨΛb

, Ψp, and Ψh [18],

A ¼
Z

1

0

½dx�
Z

½d2b�ΨΛb
THΨpΨhe−S; ð2Þ

where x are the quark momentum fractions, b are conjugate
to the quark transverse momenta kT , and S represents the
Sudakov exponent. In principle, the threshold resummation
factor St arising from the all-order organization of the large
logarithms ln2 x should be included. Since St has not been
derived for heavy baryon decays, we set St ¼ 1 conserva-
tively as in our previous work [24]. For further details of the
PQCD formalism and its applications to heavy baryon
decays, refer to Refs. [24,40].
It will be demonstrated that CPVs in individual partial

waves of Λb decays can be as large as those in B meson
decays, greater than 10%, but the cancelation between
partial waves leaves no significant deviation from zero.
The sign of a partial-wave CPV depends on the location of
the weak vertex in the penguin diagram that provides
the dominant source of strong phases. We will illustrate
such cancelation in a full QCD calculation for the
Λb → pπ− decay. The partial-wave CPVs in the Λb →
pρ−; pK�−; pa−1 ð1260Þ; pK−

1 ð1270Þ modes also reach
10%, but cancel each other, turning in small net values.
Stimulated by the above observation, we propose to search
for the CPVs in the up-down asymmetries associated with
the angular distributions of the Λb → pa1ð1260Þ,
pK1ð1270Þ; pK1ð1400Þ decay products. They are found
to be of the order of 20%, granting an extraordinary
opportunity to establish CPVs in the baryon sector. Our
work unveils the distinct dynamics responsible for CPVs
in bottom baryon and meson decays, and suggests to
detect the former through partial-wave related CPV
observables in angular distributions.
The remainder of this paper is arranged as follows. In

Sec. II we present the effective Hamiltonian and classify the
topologies of Feynman diagrams relevant to the considered
channels. We specify the inputs for the factorization
formula in Eq. (2), i.e., DAs of various twists for the Λb
baryon, the proton, and the mesons. The numerical algo-
rithm for handling integrable singularities present in the
factorization formulas is elaborated. The outcomes for the
branching ratios and CPVs, and their phenomenological
implications are discussed in Sec. III, which is divided into
three subsections focusing on decays into pseudoscalar,
vector, and axial-vector mesons. Section IV summarizes
our findings and sketches future perspectives. Appendix A
contains the auxiliary functions as the hard kernels under
the Fourier transformation from the kT space to the b space.
Appendix B gathers the Λb → ph decay amplitudes for the
Feynman diagrams. Only one Feynman diagram is picked
in each topology for simplicity. Appendix C displays the
numerical results for the Λb → pV; pA amplitudes.
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II. FRAMEWORK

A. Effective Hamiltonian

The weak effective Hamiltonian for the two-body hadronic Λb baryon decays is given by

HW ¼ GFffiffiffi
2

p
�
VubV�

uq½C1ðμÞOu
1ðμÞ þ C2ðμÞOu

2ðμÞ� − VtbV�
tq

�X10
i¼3

CiðμÞOiðμÞ
��

; ð3Þ

with the Fermi constants GF ¼ 1.166 × 10−5 GeV−2 and the light quarks q ¼ d, s. The local four-quark operators Oi read

Ou
1 ¼ ðūαbβÞV−Aðq̄βuαÞV−A; Ou

2 ¼ ðūαbαÞV−Aðq̄βuβÞV−A;
O3 ¼ ðq̄αbαÞV−A

X
q0
ðq̄0βq0βÞV−A; O4 ¼ ðq̄βbαÞV−A

X
q0
ðq̄0αq0βÞV−A;

O5 ¼ ðq̄αbαÞV−A
X
q0
ðq̄0βq0βÞVþA; O6 ¼ ðq̄βbαÞV−A

X
q0
ðq̄0αq0βÞVþA;

O7 ¼
3

2
ðq̄αbαÞV−A

X
q0
eq0 ðq̄0βq0βÞVþA; O8 ¼

3

2
ðq̄βbαÞV−A

X
q0
eq0 ðq̄0αq0βÞVþA;

O9 ¼
3

2
ðq̄αbαÞV−A

X
q0
eq0 ðq̄0βq0βÞV−A; O10 ¼

3

2
ðq̄βbαÞV−A

X
q0
eq0 ðq̄0αq0βÞV−A; ð4Þ

where α and β are the color indices, the active quarks cover
q0 ¼ u, d, s, c, b, and ðq̄αq0βÞV∓A ¼ q̄αγμð1 ∓ γ5Þq0β denote
the left- and right-handed currents. The expressions of the
scale-dependent Wilson coefficients Ci can be found in
Refs. [31,44], whose values at the three specific renorm-
alization scales μ ¼ mb=2; mb and 3mb=2, mb ¼ 4.8 GeV
being the b quark mass, to leading-logarithm accuracy in
QCD are listed in Table I. The variation of the Wilson
coefficients in the scale μ constitutes one of the sources of
theoretical uncertainties in our analysis.

B. Topological diagrams

The topological-diagram approach [45] has been suc-
cessfully applied to predictions for observables in charm
hadron decays [46,47]. Topological diagrams, which
include full strong interaction, are categorized according
to the weak vertex insertion and quark flows. Those for the
Λb → ph decays with the meson h being formed by ūd or
ūs quarks are shown in Fig. 1. Four types of tree diagrams
are identified [18]:

(i) T, the external-W emission diagram, which can be
separated into the factorizable piece Tf and the
nonfactorizable piece Tnf.

(ii) C2, the internal-W emission diagram, which is also
called the color-commensurate W-emission diagram
in some references.

(iii) E2, the W-exchange diagram, where the quark from
the weak vertex goes into the meson h.

(iv) B, the bow-tieW-exchange diagram, where the light
spectator quark goes into the meson h.

The topologies C2, E2, and B, existing in baryon decays,
have no counterparts in meson decays.
There are six types of penguin diagrams [18]:
(i) PC1, PC2, PEu

1 , and PB, whose quark flows are
related to those of the tree diagrams T, C2, E2, and
B, respectively, by the Feriz transformation. The
PC1 topology can be further classified into the
factorizable piece PCf

1 and the nonfactorizable piece
PCnf

1 .
(ii) PEd

1 and PE2, which are related to each other
through the Feriz transformation without the corre-
sponding tree diagrams.

The Tf diagram dominates the tree contributions to the
Λb → ph decays as a consequence of the color trans-
parency mechanism, and can be well estimated by the
factorization hypothesis. All the other tree topologies give

TABLE I. Wilson coefficients at the renormalization scales μ ¼ mb=2; mb and 3mb=2 with mb ¼ 4.8 GeV to leading-logarithm
accuracy.

μ C1 C2 C3ð10−2Þ C4ð10−2Þ C5ð10−2Þ C6ð10−2Þ C7ð10−3Þ C8ð10−3Þ C9ð10−3Þ C10ð10−3Þ
mb=2 −0.39 1.19 1.94 −3.90 1.15 −5.20 1.05 0.63 −9.49 3.13
mb −0.27 1.12 1.26 −2.70 0.85 −3.26 1.09 0.40 −8.95 2.16
3mb=2 −0.22 1.09 0.98 −2.16 0.71 −2.49 1.10 0.30 −8.71 1.71
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nonfactorizable contributions. Following the power count-
ing rules in the SCET, we attain the hierarchy among the
various tree topologies [48]

jC2j
jTj ∼

jE2j
jTj ∼

jBj
jTj ∼O

�
ΛQCD

mb

�
2

; ð5Þ

with the QCD scale ΛQCD.

C. Kinematics

We adopt the light-cone coordinates for assigning the
kinematic variables of the Λb → ph decays. The initial Λb

baryon momentum pΛb
, the proton momentum pp, and the

meson momentum q are chosen, in the rest frame of the Λb
baryon, as

pΛb
¼ mΛbffiffiffi

2
p ð1; 1; 0TÞ;

pp ¼ mΛbffiffiffi
2

p ðηþ; η−; 0TÞ;

q ¼ pΛb
− pp ¼ mΛbffiffiffi

2
p ð1 − ηþ; 1 − η−; 0TÞ; ð6Þ

where the variables

η� ¼
h
m2

Λb
−m2

h þm2
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

Λb
−m2

h þm2
pÞ2 − 4m2

Λb
m2

p

q i
=ð2m2

Λb
Þ; ð7Þ

are determined by the momentum conservation with the Λb baryon (proton, meson) mass mΛb
(mp, mh). The longitudinal

and transverse polarization vectors of a spin-1 final-state meson,

ϵL ¼ mhffiffiffi
2

p
mΛb

ðηþ − 1; 1 − η−; 0TÞ; ϵT ¼ ð0; 0; 1TÞ; ð8Þ

are fixed by the normalization and orthogonality conditions, which respect ϵ2L ¼ −1 and ϵL · q ¼ 0.

FIG. 1. Topological diagrams contributing to the Λb → ph decays.
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The valence quark momenta in the three involved hadrons are parametrized as

k1 ¼
�
mΛbffiffiffi
2

p ;
mΛbffiffiffi
2

p x1; k1T

�
; k2 ¼

�
0;
mΛbffiffiffi
2

p x2; k2T

�
; k3 ¼

�
0;
mΛbffiffiffi
2

p x3; k3T

�
;

k01 ¼
�
mΛbffiffiffi
2

p ηþx01; 0; k
0
1T

�
; k02 ¼

�
mΛbffiffiffi
2

p ηþx02; 0; k
0
2T

�
; k03 ¼

�
mΛbffiffiffi
2

p ηþx03; 0; k
0
3T

�
;

q1 ¼
�
0;
mΛbffiffiffi
2

p yð1 − η−Þ; qT
�
; q2 ¼

�
0;
mΛbffiffiffi
2

p ð1 − yÞð1 − η−Þ;−qT
�
; ð9Þ

where k1 is the b quark momentum, and the other momenta are designated in the Feynman diagrams in Appendix B. The

momentum fractions xð0Þ1;2;3 and the transverse momenta kð0Þ1T;2T;3T obey

X3
i¼1

xð0Þi ¼ 1;
X3
i¼1

kð0ÞiT ¼ 0; ð10Þ

respectively. We stress that the quark momenta in the Λb baryon should be parametrized as

k1 ¼
�
mΛbffiffiffi
2

p ð1 − x3Þ;
mΛbffiffiffi
2

p ð1 − x2Þ; k1T
�
; k2 ¼

�
0;
mΛbffiffiffi
2

p x2; k2T

�
; k3 ¼

�
mΛbffiffiffi
2

p x3; 0; k3T

�
; ð11Þ

to maintain the virtuality of hard gluons as evaluating the topologiesC2, B, PC2, and PB. This special kinematic assignment
is allowed in view that light quarks in a Λb baryon are soft, and their momenta can point to different directions in principle.

D. Distribution amplitudes

TheΛb baryon DAs are defined by the matrix elements of nonlocal operators sandwiched between the vacuum and theΛb
baryon state. The general Lorentz structures of these matrix elements can be found in [49–52],

ðYΛb
Þαβγðxi; μÞ≡ 1

2
ffiffiffi
2

p
Nc

Z Y3
l¼2

dz−l dzl
ð2πÞ3 eikl·zlϵijkh0jT½biαð0Þujβðz2Þdkγðz3Þ�jΛbi

¼ 1

8
ffiffiffi
2

p
Nc

ffð1ÞΛb
ðμÞ½M1ðx2; x3Þγ5CT �γβ þ fð2ÞΛb

ðμÞ½M2ðx2; x3Þγ5CT �γβg½uΛb
�α; ð12Þ

where Nc is the number of colors, i0; j0; k0 are the color
indices, α, β, γ are the Dirac indices, the normalization

constants fð1ÞΛb
≈ fð2ÞΛb

≡ fΛb
¼ 0.022� 0.001 GeV3 are

quoted from the leading-order sum-rule result [53], C
stands for the charge conjugation matrix, and uΛb

is the
Λb baryon spinor. The DAs in Eq. (12) are decomposed into

M1ðx2; x3Þ ¼
n̄n
4
ψþ−
3 ðx2; x3Þ þ

nn̄
4
ψ−þ
3 ðx2; x3Þ;

M2ðx2; x3Þ ¼
nffiffiffi
2

p ψ2ðx2; x3Þ þ
n̄ffiffiffi
2

p ψ4ðx2; x3Þ; ð13Þ

with the lightlike vectors n ¼ ð1; 0; 0TÞ and n̄ ¼ ð0; 1; 0TÞ.
The models with the exponential ansatz [50] are employed

ψ2ðx2; x3Þ ¼
x2x3
ω4
0

m4
Λb
e−ðx2þx3ÞmΛb=ω0 ;

ψþ−
3 ðx2; x3Þ ¼

2x2
ω3
0

m3
Λb
e−ðx2þx3ÞmΛb =ω0 ;

ψ−þ
3 ðx2; x3Þ ¼

2x3
ω3
0

m3
Λb
e−ðx2þx3ÞmΛb =ω0 ;

ψ4ðx2; x3Þ ¼
1

ω2
0

m2
Λb
e−ðx2þx3ÞmΛb =ω0 ; ð14Þ

where the parameter ω0, with the typical value lower than
1 GeV, measures the average energy of the two light
quarks in a Λb baryon. We extract ω0 from the LHCb
data for the Λb → pμν̄μ and Λb → pD−

s branching ratios,
BrðΛb→pμν̄μÞ¼ð4.1�1.0Þ×10−4 and BrðΛb→pD−

s Þ¼
ð12.5�1.3Þ×10−6. The former for a semileptonic mode
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depends on the Λb → p transition form factors, and the latter involves only the T topology. The comparison between
the data and our predictions for various ω0 sets the conservative range ω0 ¼ 0.7� 0.1 GeV as exhibited in Fig. 2,
which is higher than the one chosen in light-cone sum rules [51,54]. The common extraction ω0 ≈ 0.7 GeV from the
two disparate pieces of data supports the consistency of our framework.
The final-state proton DAs up to twist 6 have been defined in Ref. [55] through the corresponding momentum-space

projector

ðȲPÞαβγðx0i; μÞ≡ 1

2
ffiffiffi
2

p
Nc

Z Y3
l¼2

dz−l dzl
ð2πÞ3 eik

0
l·zlϵi

0j0k0 hpðp0ÞjT½ūi0αð0Þūj
0
β ðz2Þd̄k

0
γ ðz3Þ�j0i

¼ −1
8

ffiffiffi
2

p
Nc

�
S1mpCβαðN̄þγ5Þγ þ S2mpCβαðN̄−γ5Þγ þ P1mpðCγ5ÞβαN̄þ

γ

þ P2mpðCγ5ÞβαN̄−
γ þ V1ðCPÞβαðN̄þγ5Þγ þ V2ðCPÞβαðN̄−γ5Þγ

þ V3

mp

2
ðCγ⊥ÞβαðN̄þγ5γ⊥Þγ þ V4

mp

2
ðCγ⊥ÞβαðN̄−γ5γ

⊥Þγ þ V5

m2
p

2Pz
ðCzÞβαðN̄þγ5Þγ

þ V6

m2
p

2Pz
ðCzÞβαðN̄−γ5Þγ þ A1ðCγ5PÞβαðN̄þÞγ þ A2ðCγ5PÞβαðN̄−Þγ

þ A3

mp

2
ðCγ5γ⊥ÞβαðN̄þγ⊥Þγ þ A4

mp

2
ðCγ5γ⊥ÞβαðN̄−γ⊥Þγ þ A5

m2
p

2Pz
ðCγ5zÞβαðN̄þÞγ

þ A6

m2
p

2Pz
ðCγ5zÞβαðN̄−Þγ − T1ðiCσ⊥PÞβαðN̄þγ5γ⊥Þγ − T2ðiCσ⊥PÞβαðN̄−γ5γ

⊥Þγ

− T3

mp

Pz
ðiCσPzÞβαðN̄þγ5Þγ − T4

mp

Pz
ðiCσzPÞβαðN̄−γ5Þγ − T5

m2
p

2Pz
ðiCσ⊥zÞβαðN̄þγ5γ⊥Þγ

− T6

m2
p

2Pz
ðiCσ⊥zÞβαðN̄−γ5γ

⊥Þγ þ T7

mp

2
ðCσ⊥⊥0 ÞβαðN̄þγ5σ⊥⊥0 Þγ

þ T8

mp

2
ðCσ⊥⊥0 ÞβαðN̄−γ5σ

⊥⊥0 Þγ
�
; ð15Þ

with the color indices i0; j0; k0. The lightlike vector P is
written, in terms of the proton momentum pp and the
lightlike vector z, as

Pμ ¼ pμ
p −

1

2
zμ

m2
p

Pz
; ð16Þ

with Pz ∼ ppz ∼ 1, and the shorthand notation σPz ¼
σνμPνzμ has been used. Furthermore, N̄þ ¼ N̄zP=ð2PzÞ
and N̄− ¼ N̄Pz=ð2PzÞ are introduced to represent the “large”
and “small” components of the proton spinor N̄, respectively.
The symbol ⊥ labels the projection perpendicular to z or P,
and the contraction γ⊥γ⊥ ¼ γμg⊥μνγν is perceived with

FIG. 2. Dependencies of BrðΛb → pμν̄μÞ (left) and BrðΛb → pD−
s Þ (right) on ω0.
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g⊥μν ¼ gμν − ðPμzν þ zμPνÞ=Pz. The functions Vi, Ai, Ti, Si, and Pi are classified according to their twists:
(i) Twist-3 DAs

V1ðx0iÞ ¼ 120x01x
0
2x

0
3½ϕ0

3 þ ϕþ
3 ð1 − 3x03Þ�;

A1ðx0iÞ ¼ 120x01x
0
2x

0
3ðx02 − x01Þϕ−

3 ;

T1ðx0iÞ ¼ 120x01x
0
2x

0
3

�
ϕ0
3 þ

1

2
ðϕ−

3 − ϕþ
3 Þð1 − 3x03Þ

�
. ð17Þ

(ii) Twist-4 DAs

V2ðx0iÞ ¼ 24x01x
0
2½ϕ0

4 þ ϕþ
4 ð1 − 5x03Þ�;

V3ðx0iÞ ¼ 12x03½ψ0
4ð1 − x03Þ þ ψ−

4 ðx021 þ x022 − x03ð1 − x03ÞÞ þ ψþ
4 ð1 − x03 − 10x01x

0
2Þ�;

A2ðx0iÞ ¼ 24x01x
0
2ðx02 − x01Þϕ−

4 ;

A3ðx0iÞ ¼ 12x03ðx02 − x01Þ½ðψ0
4 þ ψþ

4 Þ þ ψ−
4 ð1 − 2x03Þ�;

T2ðx0iÞ ¼ 24x01x
0
2½ξ04 þ ξþ4 ð1 − 5x03Þ�;

T3ðx0iÞ ¼ 6x03½ðξ04 þ ϕ0
4 þ ψ0

4Þð1 − x03Þ þ ðξ−4 þ ϕ−
4 − ψ−

4 Þðx021 þ x022 − x03ð1 − x03ÞÞ
þ ðξþ4 þ ϕþ

4 þ ψþ
4 Þð1 − x03 − 10x01x

0
2Þ�;

T7ðx0iÞ ¼ 6x03½ð−ξ04 þ ϕ0
4 þ ψ0

4Þð1 − x03Þ þ ð−ξ−4 þ ϕ−
4 − ψ−

4 Þðx021 þ x022 − x03ð1 − x03ÞÞ
þ ð−ξþ4 þ ϕþ

4 þ ψþ
4 Þð1 − x03 − 10x01x

0
2Þ�;

S1ðx0iÞ ¼ 6x03ðx02 − x01Þ½ðξ04 þ ϕ0
4 þ ψ0

4 þ ξþ4 þ ϕþ
4 þ ψþ

4 Þ þ ðξ−4 þ ϕ−
4 − ψ−

4 Þð1 − 2x03Þ�;
P1ðx0iÞ ¼ 6x03ðx02 − x01Þ½ðξ04 − ϕ0

4 − ψ0
4 þ ξþ4 − ϕþ

4 − ψþ
4 Þ þ ðξ−4 − ϕ−

4 þ ψ−
4 Þð1 − 2x03Þ�. ð18Þ

(iii) Twist-5 DAs

V4ðx0iÞ ¼ 3½ψ0
5ð1 − x03Þ þ ψ−

5 ð2x01x02 − x03ð1 − x03ÞÞ þ ψþ
5 ð1 − x03 − 2ðx021 þ x022 ÞÞ�;

V5ðx0iÞ ¼ 6x03½ϕ0
5 þ ϕþ

5 ð1 − 2x03Þ�;
A4ðx0iÞ ¼ 3ðx02 − x01Þ½−ψ0

5 þ ψ−
5 x

0
3 þ ψþ

5 ð1 − 2x03Þ�;
A5ðx0iÞ ¼ 6x03ðx02 − x01Þϕ−

5 ;

T4ðx0iÞ ¼
3

2
½ðξ05 þ ψ0

5 þ ϕ0
5Þð1 − x03Þ þ ðξ−5 þ ϕ−

5 − ψ−
5 Þð2x01x02 − x03ð1 − x03ÞÞ

þ ðξþ5 þ ϕþ
5 þ ψþ

5 Þð1 − x03 − 2ðx021 þ x022 ÞÞ�;
T5ðx0iÞ ¼ 6x03½ξ05 þ ξþ5 ð1 − 2x03Þ�;

T8ðx0iÞ ¼
3

2
½ðψ0

5 þ ϕ0
5 − ξ05Þð1 − x03Þ þ ðϕ−

5 − ϕ−
5 − ξ−5 Þð2x01x02 − x03ð1 − x03ÞÞ ð19Þ

þ ðϕþ
5 þ ϕþ

5 − ξþ5 Þð1 − x03 − 2ðx021 þ x022 ÞÞ�;

S2ðx0iÞ ¼
3

2
ðx02 − x01Þ½−ðψ0

5 þ ϕ0
5 þ ξ05Þ þ ðξ−5 þ ϕ−

5 − ψ0
5Þx03 þ ðξþ5 þ ϕþ

5 þ ψ0
5Þð1 − 2x03Þ�;

P2ðx0iÞ ¼
3

2
ðx02 − x01Þ½ðψ0

5 þ ϕ0
5 − ξ05Þ þ ðξ−5 − ϕ−

5 þ ψ0
5Þx03 þ ðξþ5 − ϕþ

5 − ψ0
5Þð1 − 2x03Þ�. ð20Þ

(iv) Twist-6 DAs

V6ðx0iÞ ¼ 2½ϕ0
6 þ ϕþ

6 ð1 − 3x03Þ�;
A6ðx0iÞ ¼ 2ðx02 − x01Þϕ−

6 ;

T6ðx0iÞ ¼ 2

�
ϕ0
6 þ

1

2
ðϕ−

6 − ϕþ
6 Þð1 − 3x03Þ

�
: ð21Þ
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The values of ϕ�;0
i ;ψ�;0

i and ξ�;0
i are connected to the eight independent parameters fN , λ1, λ2, Vd

1 , A
u
1 , f

d
1 , f

d
2 , and fu1 [55],

ϕ0
3 ¼ ϕ0

6 ¼ fN; ϕ0
4 ¼ ϕ0

5 ¼
1

2
ðλ1 þ fNÞ; ξ04 ¼ ξ05 ¼

1

6
λ2; ψ0

4 ¼ ψ0
5 ¼

1

2
ðfN − λ1Þ;

ϕ−
4 ¼ 5

4
ðλ1ð1 − 2fd1 − 4fu1Þ þ fNð2Au

1 − 1ÞÞ; ϕþ
4 ¼ 1

4
ðλ1ð3 − 10fd1Þ − fNð10Vd

1 − 3ÞÞ;

ψ−
4 ¼ −

5

4
ðλ1ð2 − 7fd1 þ fu1Þ þ fNðAu

1 þ 3Vd
1 − 2ÞÞ; ψþ

4 ¼ −
1

4
ðλ1ð−2þ 5fd1 þ 5fu1Þ þ fNð2þ 5Au

1 − 5Vd
1ÞÞ;

ξ−4 ¼ 5

16
λ2ð4 − 15fd2Þ; ξþ4 ¼ 1

16
λ2ð4 − 15fd2Þ; ϕ−

5 ¼ 5

3
ðλ1ðfd1 − fu1Þ þ fNð2Au

1 − 1ÞÞ;

ϕþ
5 ¼ −

5

6
ðλ1ð4fd1 − 1Þ þ fNð3þ 4Vd

1ÞÞ; ψ−
5 ¼ 5

3
ðλ1ðfd1 − fu1Þ þ fNð2 − Au

1 − 3Vd
1ÞÞ;

ψþ
5 ¼ −

5

6
ðλ1ð−1þ 2fd1 þ 2fu1Þ þ fNð5þ 2Au

1 − 2Vd
1ÞÞ; ξ−5 ¼ −

5

4
λ2fd2; ξþ5 ¼ 5

36
λ2ð2 − 9fd2Þ;

ϕ−
6 ¼ 1

2
ðλ1ð1 − 4fd1 − 2fu1Þ þ fNð1þ 4Au

1ÞÞ; ϕþ
6 ¼ −

1

2
ðλ1ð1 − 2fd1Þ þ fNð4Vd

1 − 1ÞÞ: ð22Þ

These parameters have been derived in QCD sum rules (QCDSR) [55,56] and lattice QCD (LQCD) [57], whose results are
summarized inTable II. They comewith large uncertainties, reflecting our limited knowledge on baryonDAs.Wewill take the set
of parameters from QCDSR [56] for the numerical investigations.
The DAs for a pseudoscalar meson are expanded, up to twist 3, as [58–61]

ΦπðKÞðq; yÞ ¼
Z

d4ze−iyq·zhπðKÞðqÞjq̄βðzÞuαð0Þj0i

¼ iffiffiffiffiffiffiffiffiffi
2NC

p ½γ5qϕA
πðKÞðyÞ þmπðKÞ

0 γ5ϕ
P
πðKÞðyÞ þmπðKÞ

0 γ5ðvn − 1ÞϕT
πðKÞðyÞ�αβ; ð23Þ

where mπðKÞ
0 ¼ m2

πðKÞ=ðmu þmdðsÞÞ, mu (md, ms) being the u (d, s) quark mass, is the chiral scale associated with the

pseudoscalar meson, and the momentum fraction y is carried by the quark in the meson. The DAs are parametrized as
[62,63],

ϕA
πðKÞðyÞ ¼

fπðKÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p 6yð1 − yÞ½1þ aπðKÞ1 C3=2
1 ð2y − 1Þ þ aπðKÞ2 C3=2

2 ð2y − 1Þ þ aπðKÞ4 C3=2
4 ð2y − 1Þ�;

ϕP
πðKÞðyÞ ¼

fπðKÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
0.45 −

5

2
ρ2πðKÞ

�
C1=2
2 ð2y − 1Þ

− 3

�
−0.045þ 9

20
ρ2πðKÞð1þ 6aπðKÞ2 Þ

�
C1=2
4 ð2y − 1Þ

�
;

ϕT
πðKÞðyÞ ¼

fπðKÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2yÞ
�
1þ 6

�
0.0975 −

7

20
ρ2πðKÞ −

3

5
ρ2πðKÞa

πðKÞ
2

�
ð1 − 10yþ 10y2Þ

�
; ð24Þ

TABLE II. Eight independent parameters for Eq. (22) at the scale 1 GeV from QCDSR and LQCD.

fN (GeV2) λ1 (GeV2) λ2 (GeV2) Vd
1

QCDSR (2001) [55] ð5.3� 0.5Þ × 10−3 −ð2.7� 0.9Þ × 10−2 ð5.1� 1.9Þ × 10−2 0.23� 0.03
QCDSR (2006) [56] ð5.0� 0.5Þ × 10−3 −ð2.7� 0.9Þ × 10−2 ð5.4� 1.9Þ × 10−2 0.23� 0.03
LQCD (2019) [57] ð3.54� 0.06Þ × 10−3 −ð4.49� 0.42Þ × 10−2 ð9.34� 0.48Þ × 10−2 0.19� 0.22

Au
1 fd1 fd2 fu1

QCDSR (2001) [55] 0.38� 0.15 0.6� 0.2 0.15� 0.06 0.22� 0.15
QCDSR (2006) [56] 0.38� 0.15 0.4� 0.05 0.22� 0.05 0.07� 0.05
LQCD (2019) [57] 0.30� 0.32 � � � � � � � � �
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with the decay constant fπðKÞ ¼ 0.13 (0.16) GeV, the
Gegenbauer polynomials Cν

n, ν ¼ 1=2; 3=2 and n ¼ 1, 2,
4, and the other parameters [62,63],

aπ1 ¼ 0; aK1 ¼ 0.06;

aπ2 ¼ 0.25� 0.15; aK2 ¼ 0.25� 0.15;

aπ4 ¼ −0.015; aK4 ¼ 0;

mπ ¼ 0.14 GeV; mK ¼ 0.494 GeV;

mπ
0 ¼ ð1.4� 0.1Þ GeV; mK

0 ¼ ð1.6� 0.1Þ GeV;
ρπ ¼

mπ

mπ
0

; ρK ¼ mK

mK
0

: ð25Þ

The vector meson DAs are defined by [64]

ΦL
Vðq; ϵ�L; yÞ ¼

Z
d4ze−iyq·zhVðq; ϵ�LÞjq̄βðzÞuαð0Þj0i

¼ −1ffiffiffiffiffiffiffiffi
2Nc

p ½mVϵ
�
LϕVðyÞ þ ϵ�Lqϕ

t
VðyÞ

þmVϕ
s
VðyÞ�αβ; ð26Þ

ΦT
Vðq; ϵ�T; yÞ ¼

Z
d4ze−iyq·zhVðq; ϵ�TÞjq̄βðzÞuαð0Þj0i

¼ −1ffiffiffiffiffiffiffiffi
2Nc

p ½mVϵ
�
Tϕ

v
VðyÞ þ ϵ�Tqϕ

T
VðyÞ

þmViϵμνρσγ5γμϵ�νT vρnσϕa
VðyÞ�αβ; ð27Þ

with the vector meson mass mV . The twist-2 DAs are also
expanded in terms of the Gegenbauer polynomials,

ϕVðyÞ ¼
3fVffiffiffiffiffiffiffiffi
2Nc

p yð1 − yÞ½1þ ak1C
3=2
1 ð2y − 1Þ

þ ak2C
3=2
2 ð2y − 1Þ�;

ϕT
VðyÞ ¼

3fTVffiffiffiffiffiffiffiffi
2Nc

p yð1 − yÞ½1þ a⊥1 C
3=2
1 ð2y − 1Þ

þ a⊥2 C
3=2
2 ð2y − 1Þ�: ð28Þ

The asymptotic forms are assumed for the twist-3 DAs, [65],

ϕt
VðyÞ ¼

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2y − 1Þ2;

ϕs
VðyÞ ¼

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2yÞ;

ϕv
VðyÞ ¼

3fV
8

ffiffiffiffiffiffiffiffi
2Nc

p ð1þ ð2y − 1Þ2Þ;

ϕa
VðyÞ ¼

3fV
4

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2yÞ: ð29Þ

The Gegenbauer moments an in the above expansions have
been obtained in QCDSR [66–69], which, together with the
decay constants, are collected in Table III.
The DAs for an axial vector with the quantum number

JP ¼ 1þ are introduced through [64],

ΦL
Aðq; ϵ�L; yÞ ¼

Z
d4ze−iyq·zhAðq; ϵ�LÞjq̄βðzÞuαð0Þj0i

¼ −iffiffiffiffiffiffiffiffi
2Nc

p ½mAγ5ϵ
�
LϕAðyÞ þ ϵ�Lqγ5ϕ

t
AðyÞ

þmAγ5ϕ
s
AðyÞ�αβ; ð30Þ

ΦT
Aðq; ϵ�T; yÞ ¼

Z
d4ze−iyq·zhAðq; ϵ�TÞjq̄βðzÞuαð0Þj0i

×
−iffiffiffiffiffiffiffiffi
2Nc

p ½mAγ5ϵ
�
Tϕ

v
AðyÞ þ ϵ�Tqγ5ϕ

T
AðyÞ

þmAiϵμνρσγμϵ�νT vρnσϕa
AðyÞ�αβ; ð31Þ

with the axial-vector meson mass mA. The twist-2 and
twist-3 DAs read

ϕAðyÞ ¼
3fAffiffiffiffiffiffiffiffi
2Nc

p yð1 − yÞ
�
ak0A þ 3ak1Að2y − 1Þ þ 3

2
ak2Að5ð2y − 1Þ2 − 1Þ

�
;

ϕT
AðyÞ ¼

3fAffiffiffiffiffiffiffiffi
2Nc

p yð1 − yÞ
�
a⊥0A þ 3a⊥1Að2y − 1Þ þ 3

2
a⊥2Að5ð2y − 1Þ2 − 1Þ

�
; ð32Þ

and

TABLE III. Inputs of the decay constants (in MeV) and the
Gegenbauer moments for the vector meson DAs.

fρ fTρ fK� fTK�

209� 2 165� 9 217� 5 185� 10

ak1ρ a⊥1ρ ak1K� a⊥1K�

0 0 0.03� 0.02 0.04� 0.03

ak2ρ a⊥2ρ ak2K� a⊥2K�

0.15� 0.07 0.14� 0.06 0.11� 0.09 0.10� 0.08
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ϕt
AðyÞ ¼

fA
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3a⊥0Að2y − 1Þ2

þ 3

2
a⊥1Að2y − 1Þð3ð2y − 1Þ2 − 1Þ

�
;

ϕs
AðyÞ ¼

3fA
2

ffiffiffiffiffiffiffiffi
2Nc

p ða⊥0A − a⊥1A − 2a⊥0Ayþ 6a⊥1Ay − 6a⊥1Ay2Þ;

ϕv
AðyÞ ¼

fA
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3

4
ak0Að1þ ð2y − 1Þ2Þ þ 3

2
ak1Að2y − 1Þ3

�
;

ϕa
AðyÞ ¼

3fA
4

ffiffiffiffiffiffiffiffi
2Nc

p ðak0A − ak1A − 2ak0Ayþ 6ak1Ay − 6ak1Ay
2Þ;

ð33Þ

respectively. The associated decay constants and
Gegenbauer moments are listed in Table IV.
The physical mass eigenstates K1ð1270Þ and K1ð1400Þ

are considered to be the mixtures of the K1Að3P1Þ and
K1Bð1P1Þ states with the mixing angle θK1

,

� jK1ð1270Þi
jK1ð1400Þi

�
¼
�
sinθK1

cosθK1

cosθK1
− sinθK1

�� jK1Ai
jK1Bi

�
; ð34Þ

in which θK1
is chosen as the typical values 30° and 60°

suggested in Refs. [70–73].
For the reader’s reference, we present the explicit

expressions for the relevant Gegenbauer polynomials
Cν
nðtÞ,

C3=2
1 ðtÞ ¼ 3t;

C1=2
2 ðtÞ ¼ 1

2
ð3t2 − 1Þ;

C3=2
2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C1=2
4 ðtÞ ¼ 1

8
ð3 − 30t2 þ 35t4Þ;

C3=2
4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ; ð35Þ

and the definitions of the meson decay constants,

hPjðq̄q0ÞV∓Aj0i ¼ �ifPpμ; hPjðq̄q0ÞS∓Pj0i ¼ �ifPm0P;

hVjðq̄q0ÞV∓Aj0i ¼ fVmVϵ
�
μ; hVjðq̄q0ÞS∓Pj0i ¼ 0;

hAjðq̄q0ÞV∓Aj0i ¼∓ ifAmAϵ
�
μ; hAjðq̄q0ÞS∓Pj0i ¼ 0:

ð36Þ

E. Numerical integration

The PQCD factorization formulas and the auxiliary
functions from Fourier transformation in Appendixes A
and B are extremely complicated, containing 11–13 dimen-
sional integrations. Computing high dimensional integrals
effectively and making precise predictions for heavy
baryon decays thus remain a numerical challenge.
Various algorithms have been proposed, among which
the VEGAS+ is one of the most widely used in particle
physics. The classic VEGAS performs a multidimensional
Monte Carlo integration based on adaptive importance
sampling, originally developed by Lepage [74]. It then
evolved to the VEGAS+ by incorporating a second strategy
known as adaptive stratified sampling [75]. It is believed
that the VEGAS+ is much more efficient for handling
integrands with multiple peaks compared to the VEGAS.
See Ref. [75] and references therein for more details of the
VEGAS+ algorithm.
When applying the VEGAS+ to the integrations involved

in this work, we encounter a subtlety, which can be
illustrated by taking the diagram Tðd5Þ in Fig. 15 as an
example. This diagram gives a nonfactorizable amplitude
with the auxiliary function F4, The numerical outcomes
from the VEGAS+ for the Tðd5Þ contributions after 15
iterations are plotted in Fig. 3, where the number of samples
increases from 104 to 108. It is observed that the statistical
errors in the imaginary parts decrease as 1=

ffiffiffiffiffiffiffiffi
Nev

p
, con-

sistent with the characteristics of a Monte Carlo algorithm.
However, the real parts do not converge, meaning that the
VEGAS+ is ineffective for the real parts.
We find that the real parts of the diagramswith the auxiliary

function F1 can be accurately acquired, but those depending
on F2;3;4 cannot. To elaborate the issue, we introduce the

functions Bð1ÞðxÞ≡K0ð
ffiffiffi
x

p ÞΘðxÞþ iπ
2
Hð1Þ

0 ð ffiffiffiffiffiffi
−x

p ÞΘð−xÞ and

TABLE IV. Same as Table III but for the axial-vector meson
DAs.

fa1ð1260Þ ak
0a1ð1260Þ ak

1a1ð1260Þ ak
2a1ð1260Þ

238� 10 1 0 −0.02� 0.02

a⊥
0a1ð1260Þ a⊥

1a1ð1260Þ a⊥
2a1ð1260Þ

0 −1.04� 0.34 0

fK1A ak0K1A
ak1K1A

ak2K1A

250� 13 1 0.00� 0.26 −0.05� 0.03

a⊥0K1A
a⊥1K1A

a⊥2K1A

0.08� 0.09 −1.08� 0.48 0.02� 0.20

fK1B ak0K1B
ak1K1B

ak2K1B

190� 10 0.14� 0.15 −1.95� 0.45 0.02� 0.10

a⊥0K1B
a⊥1K1B

a⊥2K1B

1 0.17� 0.22 −0.02� 0.22
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Bð2ÞðxÞ≡ K1ð
ffiffiffi
x

p ÞΘðxÞ − iπ
2
Hð1Þ

1 ð ffiffiffiffiffiffi
−x

p ÞΘð−xÞ, where the
step function ΘðxÞ equals 1 when x > 0 and 0 otherwise.
The former (latter) corresponds to the Bessel function
appearing in F1 (F2;3;4). As described in Fig. 4, both
Bð1ÞðxÞ and Bð2ÞðxÞ are singular at x ¼ 0 with the limits,

lim
x→0−

Bð1ÞðxÞ ¼ − lim
x→0−

logð ffiffiffiffiffiffi
−x

p Þ þ iπ
2
;

lim
x→0þ

Bð1ÞðxÞ ¼ − lim
x→0þ

logð ffiffiffi
x

p Þ;

lim
x→0−

Bð2ÞðxÞ ¼ lim
x→0−

−1ffiffiffiffiffiffi
−x

p ;

lim
x→0þ

Bð2ÞðxÞ ¼ lim
x→0þ

1ffiffiffi
x

p : ð37Þ

The real part ofBð1ÞðxÞ behaves like logð ffiffiffiffiffijxjp Þ on both sides
of x ¼ 0, which can be well managed by the VEGAS+.
However, the real part of Bð2ÞðxÞ approaches �∞ from the
two sides of x ¼ 0, whose incomplete cancelation causes the
numerical instability.
The aforementioned divergences of Bð2Þ ought to cancel,

since they are from an integrable singularity as shown in
Eq. (37); the integrand takes the same values in magnitude
but with opposite signs at x ¼ ϵ and x ¼ −ϵ, where ϵ is a

tiny parameter. We then decompose the function Bð2ÞðxÞ
into two terms, Bð2ÞðxÞ − SignðxÞ= ffiffiffiffiffijxjp

and SignðxÞ= ffiffiffiffiffijxjp
,

as depicted in Fig. 5. The former is finite everywhere,
whose integration is convergent and can be evaluated
reliably by the VEGAS+. The latter is divergent at x ¼ 0
but antisymmetric about the origin. Therefore, the contri-
butions to its integral from the intervals ð−ϵ; 0Þ and ð0; ϵÞ in
x are expected to cancel exactly and are negligible. This
operation replaces the integrations involving F2;3;4 by the
sum of two pieces, one with Bð2ÞðxÞ − SignðxÞ= ffiffiffiffiffijxjp

in the
entire range of x and the other with SignðxÞ= ffiffiffiffiffijxjp

in the
region outside ð−ϵ; ϵÞ. It has been checked that the cut
parameter ϵ within the range 0.0005–0.005 leads to
accurate outcomes with controllable uncertainties. Here
we set ϵ ¼ 0.001, for which the errors in the real parts of
the Tðd5Þ contributions indeed decrease as 1=

ffiffiffiffiffiffiffiffi
Nev

p
, as

indicated in Fig. 6. It confirms the effectiveness of our
algorithm.

F. Applicability of PQCD

The typical PQCD factorization formula for a Λb → ph
decay amplitude has been quoted in Eq. (2). The Wilson
coefficients in the weak effective Hamiltonian evolve from
the electroweak scale mW down to the hard scale t that

FIG. 3. Left: numerical results of the Tðd5Þ contribution to the Swave from the VEGAS+ after 15 iterations with increasing numbers of
samples; right: same as the left panel but for the P wave.

FIG. 4. Left: Bessel functions Bð1Þ and right: Bð2Þ.

CP VIOLATION IN TWO-BODY HADRONIC Λb … PHYS. REV. D 112, 053007 (2025)

053007-11



represents the maximal virtuality of internal particles in
relevant Feynman diagrams. The Wilson coefficients are
combined with a second-stage renormalization-group evo-
lution from t to 1=b, below which infrared logarithms are
absorbed into the hadron DAs [76]. The hard kernels are
then computed to fixed orders in the strong coupling αs at
the scale t. Hence, the applicability of the PQCD approach
lies in the sufficiently large hard scale above Oð1Þ GeV.
We have successfully reproduced the Λb → p transition

form factors with physically reasonable results in our
previous study [24]. The detailed examination of the
portions of the form factor f1ðq2 ¼ 0Þ in different ranges
of αs=π (see Fig. 5 in [24]) confirms that all contributions
arise from the region with αs=π < 0.18, implying the
average hard scale around t ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛQCDmΛb

p
. This ensures

the dominance of perturbative dynamics, which allows
reliable evaluations of Λb baryon decay amplitudes.
Although next-to-leading-order (NLO) PQCD calculations
have not been fully implemented, it is believed that NLO
corrections are under control. We will estimate higher-order
effects by varying the hard scales in the next section. The
mild impacts on our predictions for CP asymmetries will
further justify the applicability of the PQCD approach toΛb
baryon decays.
Hadron DAs are essential inputs in the PQCD frame-

work, whose universality enables consistent applications to

various modes. The precision of PQCD results is of course
subject to the knowledge of these DAs. Current under-
standing of baryon internal structures and their associated
DAs remains incomplete, which consequently introduces
uncertainties in our analyses. This source of uncertainties
will be also investigated in the next section by tuning the
parameters involved in the hadron DAs. Unambiguous
determinations of baryon DAs are necessary for improving
the theoretical precision.
The development of the PQCD formalism for heavy

baryon decays is still in the preliminary stage. Several
aspects need to be explored, such as the extension to higher
twists (higher powers in 1=mΛb

) and resummation effects of
the threshold logarithms, which are important in the
endpoint regions of parton momentum fractions. The
assessment of the uncertainties from the above sources
goes beyond the scope of the present work.

III. NUMERICAL RESULTS

A. Two-body Λb → ph decays

We start with the invariant amplitude of the Λbð12þÞ →
pð1

2
þÞhð0−Þ decay [77], h ¼ π− or K−,

A ¼ iūpðppÞðSþ Pγ5ÞuΛb
ðpΛb

Þ; ð38Þ

FIG. 5. Left: function Bð2ÞðxÞ − SignðxÞ= ffiffiffiffiffijxjp
; Right: the function SignðxÞ= ffiffiffiffiffijxjp

.

FIG. 6. Same as Fig. 3 but the integrals are treated under our algorithm.
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where up is the proton spinor, and S (P) denotes the parity-
violating S-wave (parity-conserving P-wave) amplitude.
CPVs are generated by the interference between the con-
tributions of the tree operators T and the penguin operators
P. The S- and P-wave amplitudes are split into [18]

S ¼ λT jST jeiδST þ λP jSPjeiδSP ;
P ¼ λT jPT jeiδPT þ λPjPP jeiδPP ; ð39Þ

where δ’s represent the strong phases, and λT ¼ VubV�
udðsÞ

and λP ¼ VtbV�
tdðsÞ are the products of the CKM matrix

elements. It is remembered that the S-wave amplitude flips
sign under the C transformation, but the P-wave one does
not [19],

S → S̄ ¼ −λ�T jST jeiδ
S
T − λ�PjSPjeiδ

S
P ;

P → P̄ ¼ λ�T jPT jeiδPT þ λ�P jPP jeiδPP : ð40Þ

It is equivalent to formulate the decay Λb → ph in terms
of the helicity amplitudes, defined as

Hλp;λh ¼ hpðλpÞhðλhÞjHW jΛbðλΛb
Þi: ð41Þ

TheΛb spin component obeys λΛb
¼ λp − λh with the proton

helicity λp and the meson spin λh. The helicity amplitudes
Hλp;λh are related to the partial-wave amplitudes via

H1=2;0 ¼ −iMþSþ iM−P;

H−1=2;0 ¼ −iMþS − iM−P; ð42Þ

with the coefficients M2
� ≡ ðmΛb

� mpÞ2 − m2
h ¼

2mΛb
ðEp � mpÞ, Ep being the proton energy.

We calculate the contributions from all diagrams to the
invariant amplitudes ST ;P and PT ;P in Eq. (39), including
their strong phases, for the Λb → pπ−, pK− decays in the
PQCD approach. The results can be transformed into the
helicity amplitudes in Eq. (42) straightforwardly. It is worth
mentioning that the nonfactorizable diagrams from the
topologies PC2 and PEu

1 are evaluated for the first time.
Our predictions for the Λb → pπ− (pK−) amplitudes are
presented in Tables V and VI (Tables VII and VIII), where
only the central values are given for clarity.
The contributions to the decay amplitudes have been

categorized according to topologies in the above tables.
The external-W emission topology T is further divided into
the factorizable part Tf and the nonfactorizable part Tnf,
and the same division applies to the PC1 topology. The
topological amplitudes, excluding the CKM matrix ele-
ments, respect the hierarchy relations,

jTfj≫ jE2j≳ jPCf
1 j≳ jTnfj> jC2j> jPC2j> jBj

≳ jPEu
1j> jPEd

1j∼ jPBj∼ jPE2j∼ jPCnf
1 jðS waveÞ;

jTfj≫ jTnfj≫ jE2j > jC2j> jBj> jPC2j≳ jPCnf
1 j

≳ jPEu
1j> jPCf

1 j> jPEd
1j∼ jPBj∼ jPE2jðP waveÞ;

ð43Þ

with the explicit relative ratios,

jC2j
jTj ¼ 0.042;

jE2j
jTj ¼ 0.095;

jBj
jTj ¼ 0.014 ðSwaveÞ;

jC2j
jTj ¼ 0.041;

jE2j
jTj ¼ 0.072;

jBj
jTj ¼ 0.024 ðPwaveÞ;

ð44Þ

TABLE V. Invariant amplitudes of the Λb → pπ− decay classified by topologies without the CKM matrix elements.

Λb → pπ− jSj δSð∘Þ Real(S) Imag(S) jPj δPð∘Þ Real(P) Imag(P)

Tf 707.17 0.00 707.17 0.00 1004.44 0.00 1004.44 0.00
Tnf 51.72 −96.64 −5.98 −51.38 267.72 −97.92 −36.90 −265.17
Tf þ Tnf 703.07 −4.19 701.19 −51.38 1003.22 −15.33 967.54 −265.17
C2 29.37 154.96 −26.61 12.43 41.51 179.80 −41.51 0.14
E2 66.94 −145.26 −55.01 −38.14 72.58 119.94 −36.23 62.89
B 10.40 112.64 −4.00 9.60 23.65 −122.56 −12.73 −19.93

Tree 619.26 −6.26 615.57 −67.49 904.75 −14.21 877.08 −222.06

PCf
1

58.44 0.00 58.44 0.00 2.90 0.00 2.90 0.00

PCnf
1

1.24 −115.38 −0.53 −1.12 11.16 −95.25 −1.02 −11.11
PCf

1 þ PCnf
1

57.91 −1.11 57.90 −1.12 11.27 −80.38 1.88 −11.11
PC2 13.36 −116.10 −5.88 −12.00 14.93 71.96 4.62 14.20
PEu

1 9.48 −87.62 0.39 −9.47 8.83 114.44 −3.65 8.04
PB 1.36 −51.30 0.85 −1.06 1.55 −159.86 −1.46 −0.53
PEd

1 þ PE2 3.87 −98.18 −0.55 −3.83 1.41 −12.55 1.37 −0.31

Penguin 59.45 −27.54 52.71 −27.49 10.65 74.93 2.77 10.28
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for the Λb → pπ− mode. Likewise, we have

jTfj ≫ jE2j≳ jPCf
1 j≳ jTnfj > jPEu

1j > jPEd
1j

> jPCnf
1 j ðSwaveÞ;

jTfj ≫ jTnfj ≫ jE2j > jPCnf
1 j≳ jPEu

1j > jPCf
1 j

> jPEd
1j ðPwaveÞ; ð45Þ

jE2j
jTj ¼ 0.104 ðSwaveÞ; jE2j

jTj ¼ 0.076 ðPwaveÞ; ð46Þ

for the Λb → pK− mode. It is seen that Eqs. (43) and (45)
are consistent with those from the SCET [48].
TheΛb → pπ−; pK− decays share the same topologies T

and E2, allowing a quantitative assessment on the SUð3ÞF
flavor symmetry breaking effects. The ratios

jTfðpKÞj
jTfðpπÞj ¼ 1.22;

jTnfðpKÞj
jTnfðpπÞj ¼ 1.03;

jE2ðpKÞj
jE2ðpπÞj

¼ 1.33 ðSwaveÞ;

jTfðpKÞj
jTfðpπÞj ¼ 1.23;

jTnfðpKÞj
jTnfðpπÞj ¼ 1.28;

jE2ðpKÞj
jE2ðpπÞj

¼ 1.29 ðPwaveÞ ð47Þ

TABLE VII. Same as Table V but for the Λb → pK− decay.

Λb → pK− jSj δSð∘Þ Real(S) Imag(S) jPj δPð∘Þ Real(P) Imag(P)

Tf 865.44 0.00 865.44 0.00 1230.64 0.00 1230.64 0.00
Tnf 53.41 −102.81 −11.84 −52.08 343.23 −96.76 −40.43 −340.84
Tf þ Tnf 855.18 −3.49 853.60 −52.08 1238.05 −15.98 1190.21 −340.84
E2 89.06 −138.10 −66.28 −59.48 94.13 122.31 −50.31 79.56

Tree 795.18 −8.06 787.31 −111.55 1169.46 −12.91 1139.90 −261.28

PCf
1

76.43 0.00 76.43 0.00 3.30 180.00 −3.30 0.00

PCnf
1

1.14 −134.10 −0.79 −0.82 13.85 −94.36 −1.05 −13.81
PCf

1 þ PCnf
1

75.64 −0.62 75.64 −0.82 14.48 −107.50 −4.35 −13.81
PEu

1 11.80 −89.53 0.10 −11.80 11.02 115.62 −4.76 9.93
PEd

1
7.53 −101.53 −1.50 −7.38 2.67 51.53 1.66 2.09

Penguin 76.88 −15.08 74.23 −20.00 7.66 −166.53 −7.45 −1.79

TABLE VI. Helicity amplitudes of the Λb → pπ− decay classified by topologies without the CKM matrix elements.

Λb → pπ− jH1
2
;0j δðH1

2
;0Þ∘ Real(H1

2
;0) Imag(H1

2
;0) jH−1

2
;0j δðH−1

2
;0Þ∘ Real(H−1

2
;0) Imag(H−1

2
;0)

Tf 65.30 90.00 0.00 65.30 9344.10 −90.00 0.00 −9344.10
Tnf 914.77 −8.40 904.96 −133.62 1593.23 172.35 −1579.06 212.04
Tf þ Tnf 907.53 −4.32 904.96 −68.32 9267.57 −99.81 −1579.06 −9132.06
C2 83.29 −13.80 80.89 −19.87 378.05 77.44 82.24 369.00
E2 577.41 160.66 −544.83 191.24 532.44 85.22 44.34 530.59
B 159.82 −12.04 156.30 −33.35 91.09 109.50 −30.40 85.87

Tree 601.38 6.66 597.33 69.70 8280.47 −100.32 −1482.88 −8146.61

PCf
1

369.76 −90.00 0.00 −369.76 396.97 −90.00 0.00 −396.97
PCnf

1
44.70 −1.64 44.68 −1.28 60.01 172.07 −59.43 8.28

PCf
1 þ PCnf

1
373.72 −83.13 44.68 −371.04 393.21 −98.69 −59.43 −388.69

PC2 157.24 157.48 −145.25 60.24 20.86 125.84 −12.21 16.91
PEu

1 101.73 −168.84 −99.80 −19.70 28.48 149.33 −24.50 14.53
PB 13.17 −109.70 −4.44 −12.40 9.53 172.34 −9.45 1.27
PEd

1 þ PE2 25.76 157.05 −23.72 10.04 26.73 −173.96 −26.58 −2.81

Penguin 403.75 −124.47 −228.52 −332.85 382.37 −110.22 −132.18 −358.80
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imply that the SUð3ÞF breaking effects reach roughly 30%,
similar to the case of B meson decays [78]. The breaking
effects primarily originate from the meson decay constants
in the factorizable Tf topology because of jTfðpKÞj=
jTfðpπÞj ≈ fK=fπ , and from the meson DAs in the other
topologies.
A hierarchy relation exists between the helicity ampli-

tudes H−1=2;0 and H1=2;0 from the factorizable topology Tf,
as manifested in Tables VI and VIII. The proton spin tends
to be antiparallel to its momentum due to the chiral current

(V − A) in weak interaction, granting the dominance of
H−1=2;0 over H1=2;0.
Tables Vand VII and the hierarchy relations in Eqs. (43)

and (45) declare that the factorizable penguin contribution
to the P wave is much lower than to the S wave, i.e.,
jPCf

1 jP-wave ≪ jPCf
1 jS-wave. This feature is attributed to the

current structures of the penguin operators; the matrix ele-
ment for the factorizable penguin PCf

1 from the ðV − AÞ ⊗
ðV − AÞ operators like O4 is written, in the factorization
hypothesis, as

hpπ−jO4jΛbi ¼ hpπ−jðd̄αbβÞV−AðūβuαÞV−AjΛbi
¼ hπ−jðd̄uÞV−Aj0i½hpjðūbÞV jΛbi − hpjðūbÞAjΛbi�: ð48Þ

For the ðV − AÞ ⊗ ðV þ AÞ operators like O6, the corresponding matrix element is approximated by

hpπ−jO6jΛbi ¼ hpπ−jðd̄αbβÞV−AðūβuαÞVþAjΛbi
¼ −2hπ−jðd̄uÞSþPj0ihpjðūbÞS−PjΛbi

¼ hπ−jðd̄uÞV−Aj0i
�

2m2
π

ðmb −muÞðmu þmdÞ
hpjðūbÞV jΛbi þ

2m2
π

ðmb þmuÞðmu þmdÞ
hpjðūbÞAjΛbi

�
¼ hπ−jðd̄uÞV−Aj0iðRπ

1hpjðūbÞV jΛbi þ Rπ
2hpjðūbÞAjΛbiÞ; ð49Þ

with the chiral factors Rπ
1 ≡ 2m2

π
ðmb−muÞðmuþmdÞ and Rπ

2 ≡ 2m2
π

ðmbþmuÞðmuþmdÞ.
The S- and P-wave PCf

1 amplitudes then read

ðPCf
1ÞS-wave ¼ −

GFffiffiffi
2

p fhVtbV�
td

�
C3

3
þ C4 þ

C9

3
þ C10 þ Rπ

1

�
C5

3
þ C6 þ

C7

3
þ C8

��
× ½f1ðm2

hÞðmΛb
−mpÞ þ f3ðm2

hÞm2
h�;

ðPCf
1ÞP-wave ¼ −

GFffiffiffi
2

p fhVtbV�
td

�
C3

3
þ C4 þ

C9

3
þ C10 − Rπ

2

�
C5

3
þ C6 þ

C7

3
þ C8

��
× ½g1ðm2

hÞðmΛb
þmpÞ − g3ðm2

hÞm2
h�; ð50Þ

respectively, where the form factors f1;3 and g1;3 are defined in terms of the matrix element hpjūγμbjΛbi ¼ ūpðf1γμ þ
f2iσμνqν þ f3qμÞuΛb

and hpjūγμγ5bjΛbi ¼ ūpðg1γμ þ g2iσμνqν þ g3qμÞγ5uΛb
. The chiral factors Rπ

1;2 are of Oð1Þ, so the

TABLE VIII. Same as Table VI but for the Λb → pK− decay.

Λb → pK− jH1
2
;0j δðH1

2
;0Þ∘ Real(H1

2
;0) Imag(H1

2
;0) jH−1

2
;0j δðH−1

2
;0Þ∘ Real(H−1

2
;0) Imag(H−1

2
;0)

Tf 71.74 90.00 0.00 71.74 11397.55 −90.00 0.00 −11397.55
Tnf 1252.42 −5.08 1247.50 −110.90 1947.26 172.15 −1929.02 265.90
Tf þ Tnf 1248.12 −1.80 1247.50 −39.17 11297.55 −99.83 −1929.02 −11131.65
E2 785.62 165.31 −759.92 199.29 668.39 91.58 −18.44 668.13

Tree 513.20 18.18 487.58 160.12 10643.20 −100.54 −1947.46 −10463.51

PCf
1

515.50 −90.00 0.00 −515.50 484.74 −90.00 0.00 −484.74
PCnf

1
59.00 0.28 59.00 0.29 70.45 171.76 −69.72 10.10

PCf
1 þ PCnf

1
518.58 −83.47 59.00 −515.22 479.73 −98.36 −69.72 −474.64

PEu
1 125.61 −169.53 −123.52 −22.83 37.72 145.13 −30.95 21.57

PEd
1

60.63 163.13 −58.02 17.60 38.56 176.88 −38.51 2.10

Penguin 534.68 −103.25 −122.54 −520.44 471.96 −107.15 −139.17 −450.97
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negative sign of the Rπ
2 piece in the second expression of

Eq. (50) results in destruction. As a consequence, the S-wave
PCf

1 is enhanced, while the P-wave one is suppressed.
It is observed from the amplitudes in Appendix B that

specific combinations of the hadron DAs may produce
opposite signs between the S and P waves. For instance,
Eq. (B9) from the combination of the Λb twist-2, proton
twist-3 and meson twist-2 DAs yields

MðV−AÞ⊗ðV−AÞ
Tnfðc7Þ ðΛb twist-2-proton twist-3-meson twist-2Þ

¼ 8m4
Λb
ðx3 − yÞð−2A1ψ2ð−1þ x2 þ yÞ

þ 2ψ2ð2T1 þ V1Þð−1þ x2 þ yÞÞϕA
m

þ 8m4
Λb
ðx3 − yÞð−2A1ψ2ð−1þ x2 þ yÞ

þ 2ψ2ð2T1 þ V1Þð−1þ x2 þ yÞÞϕA
mγ5; ð51Þ

where the S-wave (first) piece and the P-wave (second)
piece have the same sign. Nevertheless, the two partial
waves are opposite in sign in the combination of the Λb
twist-3, proton twist-3, and meson twist-2 DAs,

MðV−AÞ⊗ðV−AÞ
Tnfðc7Þ ðΛb twist-3þproton twist-3þmeson twist-2Þ

¼ 8m4
Λb
ðx3−yÞðA1ψ

−þ
3 x02þV1ψ

−þ
3 x02ÞϕA

m

−8m4
Λb
ðx3−yÞðA1ψ

−þ
3 x02þV1ψ

−þ
3 x02ÞϕA

mγ5: ð52Þ

This distinction arises from the different numbers of γ5 for
the S and P waves endowed by the vector and axial-vector
currents in weak interaction and by the Dirac structures of
the hadron DAs.
We survey all combinations of the DAs, and decide the

relative signs between the S- and P-wave amplitudes as
exhibited in Table IX, where the symbol “þ” (“−”) means
the same (opposite) sign. It is interesting that the relative
sign between the S and Pwaves alternates with the twists of
the Λb or proton DAs. This feature holds for all Feynman
diagrams and all types of weak interaction vertices. The net
interference between the S- and P-wave amplitudes for a
topology is then determined by the dominant Feynman

diagram and DA combination involved. This accounts for
the notable fluctuation of the strong phases in Tables Vand
VII. The different strong phases impact the predictions for
CPVs, which will be explored in the following subsections.
With the obtained amplitudes, we predict the various

observables associated with the Λb → pπ−; pK− decays as
elaborated below. The outcomes are assembled in Table X,
where the first three errors are from the inputs in the Λb,
proton and meson DAs, respectively, and the fourth one
stems from varying the renormalization scale of the Wilson
coefficients in Table I. The uncertainties from the CKM
matrix elements are negligible relative to the above sources.
The decay width is written as

Γ ¼ pc

8πm2
Λb

fM2þjSj2 þM2
−jPj2g

¼ pc

16πm2
Λb

ðjH1=2;0j2 þ jH−1=2;0j2Þ; ð53Þ

where

pc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðmΛb

þmpÞ2 −m2
h�½ðmΛb

−mpÞ2 −m2
h�

q
=ð2mΛb

Þ;
ð54Þ

is the momentum of either the proton or the meson in the
rest frame of the Λb baryon. The predicted Λb → pπ−

and Λb → pK− branching ratios are a bit lower than
the data BrðΛb → pπ−Þ ¼ ð4.6 � 0.8Þ × 10−6 and
BrðΛb → pK−Þ ¼ ð5.5� 1.0Þ × 10−6. We suspect that
the discrepancy is attributed to higher-order corrections,
in particular those to the nonfactorizable topologies. The
factorizable contributions have been more or less fixed
by the measured Λb → pμν̄μ and Λb → pD−

s branching
ratios. The uncertainty arising from the Wilson coeffi-
cients for the Λb → pK− decay is larger than for
Λb → pπ−, suggesting that higher-order contributions
are more important in penguin-dominant modes.
The Λb → pπ−; pK− decays share the same inputs from

the Λb and proton DAs, so the errors from these sources are
suppressed in the difference of the branching ratios,

TABLE IX. Relative signs between the S- and P-wave amplitudes for various twist combinations of the Λb and
proton DAs.

Meson twist-2 Proton twist-3 Proton twist-4 Proton twist-5 Proton twist-6

Λb twist-2 þ − þ −
Λb twist-3 − þ − þ
Λb twist-4 þ − þ −

Meson twist-3 Proton twist-3 Proton twist-4 Proton twist-5 Proton twist-6

Λb twist-2 − þ − þ
Λb twist-3 þ − þ −
Λb twist-4 − þ − þ
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ΔBrðΛb → pK−=π−Þ≡BrðΛb → pK−Þ −BrðΛb → pπ−Þ
¼ ð−0.51þ0.25þ0.20þ0.50þ1.72

−0.36−0.17−0.38−0.52 Þ× 10−6:

ð55Þ

Though the errors from the meson DAs and the Wilson
coefficients stay sizable, Eq. (55) indicates that the Λb →
pK− branching ratio is higher than the Λb → pπ− one. The
discrepancy between Eq. (55) and the LHCb measurements
may be also resolved by including higher-order corrections,

as hinted by the crucial effects from varying the renorm-
alization scale of the Wilson coefficients.
According to the definition for the direct CPV of the

Λb → ph decay,

Adir
CPðΛb → phÞ≡ ΓðΛb → phÞ − Γ̄ðΛ̄b → p̄ h̄Þ

ΓðΛb → phÞ þ Γ̄ðΛ̄b → p̄ h̄Þ ; ð56Þ

we have the explicit expression

Adir
CP ¼ −2M2þjST j2rS sinΔϕ sinΔδS − 2M2

−jPT j2rP sinΔϕ sinΔδP
M2þjST j2ð1þ r2S þ 2rS cosΔϕ cosΔδSÞ þM2

−jPT j2ð1þ r2P þ 2rP cosΔϕ cosΔδPÞ
; ð57Þ

where rS ¼ jλPSPj=jλT ST j (rP ¼ jλPPPj=jλT PT j) is the ratio of the penguin amplitude to the tree amplitude for
the S (P) wave, the difference of the weak phases Δϕ≡ argðλPÞ − argðλT Þ is identical for both waves, and ΔδS ¼ δSP − δST
(ΔδP ¼ δPP − δPT ) is the difference of the strong phases for the S (P) wave. It is trivial to construct the partial-wave CPVs,

AS
CP ≡ jSj2 − jS̄j2

jSj2 þ jS̄j2 ¼
−2rS sinΔϕ sinΔδS

1þ r2S þ 2rS cosΔϕ cosΔδS
;

AP
CP ≡ jPj2 − jP̄j2

jPj2 þ jP̄j2 ¼
−2rP sinΔϕ sinΔδP

1þ r2P þ 2rP cosΔϕ cosΔδP
: ð58Þ

The net direct CPV is related to the partial-wave CPVs through [18]

Adir
CP ¼ M2þðjSj2 − jS̄j2Þ þM2

−ðjPj2 − jP̄j2Þ
M2þðjSj2 þ jS̄j2Þ þM2

−ðjPj2 þ jP̄j2Þ ¼ κSAS
CP þ κPAP

CP; ð59Þ

TABLE X. Observables associated with the Λb → pπ−; pK− decays. The percentages in the parentheses stand for
the proportions of the partial-wave CPVs to the direct CPVs.

Brð×10−6Þ
Λb → pπ− 3.34þ2.53þ1.33þ0.10þ0.47

−1.30−1.10−0.11−0.14

Λb → pK− 2.83þ2.17þ1.17þ0.49þ2.19
−1.05−0.92−0.37−0.66

Adir
CP AS

CPðκSÞ AP
CPðκPÞ

Λb → pπ− 0.05þ0.00þ0.00þ0.00þ0.02
−0.02−0.01−0.02−0.01 0.17þ0.01þ0.01þ0.03þ0.04

−0.04−0.04−0.07−0.04 ð49%Þ −0.06þ0.01þ0.03þ0.02þ0.00
−0.02−0.03−0.03−0.01 ð51%Þ

Λb → pK− −0.06þ0.01þ0.01þ0.02þ0.00
−0.01−0.01−0.01−0.00 −0.05þ0.02þ0.02þ0.04þ0.00

−0.02−0.01−0.03−0.00 ð94%Þ −0.21þ0.07þ0.23þ0.29þ0.04
−0.15−0.33−0.27−0.01 ð6%Þ

α Aα
CP hαi

Λb → pπ− −0.94þ0.00þ0.02þ0.01þ0.03
−0.02−0.02−0.02−0.02 0.02þ0.00þ0.01þ0.00þ0.01

−0.01−0.01−0.01−0.01 −0.96þ0.00þ0.01þ0.01þ0.02
−0.00−0.01−0.01−0.01

Λb → pK−
0.23þ0.04þ0.02þ0.10þ0.15

−0.03−0.05−0.12−0.07 0.04þ0.02þ0.02þ0.01þ0.01
−0.02−0.03−0.01−0.01 0.20þ0.02þ0.01þ0.11þ0.14

−0.02−0.02−0.12−0.06

β Aβ
CP

hβi
Λb → pπ− 0.34þ0.00þ0.05þ0.01þ0.07

−0.06−0.06−0.06−0.05 0.22þ0.00þ0.00þ0.03þ0.07
−0.01−0.01−0.04−0.03 0.12þ0.00þ0.05þ0.03þ0.00

−0.05−0.05−0.04−0.02

Λb → pK− −0.39þ0.03þ0.08þ0.08þ0.12
−0.01−0.04−0.07−0.01 −0.44þ0.01þ0.01þ0.02þ0.08

−0.00−0.00−0.01−0.04 0.05þ0.03þ0.08þ0.07þ0.04
−0.01−0.05−0.07−0.02

γ Aγ
CP hγi

Λb → pπ− 0.09þ0.02þ0.04þ0.04þ0.04
−0.04−0.06−0.06−0.01 0.11þ0.01þ0.02þ0.03þ0.03

−0.02−0.03−0.04−0.02 −0.02þ0.01þ0.02þ0.01þ0.01
−0.02−0.04−0.01−0.00

Λb → pK− 0.89þ0.02þ0.04þ0.04þ0.00
−0.01−0.02−0.05−0.01 0.02þ0.02þ0.05þ0.04þ0.00

−0.01−0.03−0.04−0.00 0.87þ0.00þ0.01þ0.02þ0.00
−0.00−0.01−0.02−0.01
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where the weights are given by

κS ≡ jSj2
jSj2 þ M2

−
M2

þ

1þAS
CP

1þAP
CP
jPj2

¼ jSj2
jSj2 þ κrCPjPj2

;

κP ≡
M2

−
M2

þ
jPj2

1þAP
CP

1þAS
CP
jSj2 þ M2

−
M2

þ
jPj2

¼ κjPj2
jSj2=rCP þ κjPj2 ; ð60Þ

with κ ≡M2
−=M2þ and rCP ¼ ð1þ AS

CPÞ=ð1þ AP
CPÞ. It

states that the total direct CPV is the weighted average
of the partial-wave CPVs.
It is observed in Table X that the partial-wave CPVs

can exceed 10%, such as AS
CPðΛb → pπÞ ¼ 0.17 and

AP
CPðΛb → pKÞ ¼ −0.21, similar to the direct CPVs in

B meson decays. However, the destruction between the
S-wave CPV (0.17) and the P-wave CPV (−0.06) in
Λb → pπ− reduces the direct CPV to 0.05þ0.02

−0.03 . The central
value of our prediction does not exactly match the data,
but the destruction mechanism in this mode, which does
not exist in the corresponding decay B → ππ, has been
demonstrated unambiguously. The S-wave CPV in the
penguin-dominatedΛb → pK− decay is small (−0.05) with
the tiny strong phase ΔδS ¼ −7°, and the sizable P-wave
CPV is down by the proportion κP ¼ 6% because of

FIG. 7. QCD penguin contributions from each topological
diagram to the Λb → pπ− decay (top) and to the Λb → pK−

decay (bottom) depicted in the complex plane. The red (blue)
vectors represent the S-wave (P-wave) penguin contributions.

TABLE XI. Results of the topological amplitudes for the Λb → pπ− decay in units of 10−9 without the CKM matrix elements. The
QCD penguin contributions are further broken down into those from the O3;4 and O5;6 operators. The magnitudes and strong phases of
each topological diagram are grouped in the columns of jSj, δSð∘Þ, jPj, and δPð∘Þ.
Λb → pπ− jSj δSð∘Þ Real(S) Imag(S) jPj δPð∘Þ Real(P) Imag(P)

Tree

T 703.07 −4.19 701.19 −51.38 1003.22 −15.33 967.54 −265.17
C2 29.37 154.96 −26.61 12.43 41.51 179.80 −41.51 0.14
E2 66.94 −145.26 −55.01 −38.14 72.58 119.94 −36.23 62.89
B 10.40 112.64 −4.00 9.60 23.65 −122.56 −12.73 −19.93

Total 619.26 −6.26 615.57 −67.49 904.75 −14.21 877.08 −222.06

QCD penguin

PC1 59.36 −1.62 59.34 −1.68 13.41 −81.85 1.90 −13.27
PC2 13.95 −114.84 −5.86 −12.66 13.89 69.92 4.77 13.05
PEu

1 8.52 −93.30 −0.49 −8.51 10.23 112.10 −3.85 9.48
PB 1.44 −39.65 1.11 −0.92 1.40 −162.08 −1.33 −0.43

PEd
1 þ PE2 3.98 −101.17 −0.77 −3.90 1.35 7.65 1.34 0.18
Total 60.07 −27.41 53.33 −27.65 9.44 72.56 2.83 9.01

O3;4

PC1 30.41 −4.26 30.32 −2.26 43.11 −16.55 41.32 −12.28
PC2 1.05 179.78 −1.05 0.00 1.68 −154.82 −1.52 −0.71
PEu

1 2.18 −159.87 −2.05 −0.75 3.28 112.54 −1.26 3.03
PB 0.36 103.90 −0.09 0.35 0.38 −114.38 −0.16 −0.35

PEd
1 þ PE2 2.42 −93.34 −0.14 −2.42 1.61 86.32 0.10 1.60
Total 27.47 −10.64 27.00 −5.07 39.46 −12.75 38.49 −8.71

O5;6

PC1 29.02 1.15 29.02 0.58 39.44 −178.56 −39.42 −0.99
PC2 13.54 −110.82 −4.81 −12.66 15.13 65.45 6.29 13.76
PEu

1 7.92 −78.61 1.56 −7.76 6.95 111.88 −2.59 6.45
PB 1.74 −46.52 1.20 −1.27 1.17 −176.00 −1.17 −0.08

PEd
1 þ PE2 1.61 −113.22 −0.63 −1.48 1.89 −48.96 1.24 −1.42
Total 34.69 −40.61 26.33 −22.58 39.82 153.58 −35.66 17.72
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jPj ≪ jSj. The direct CPV Adir
CPðΛb → pKÞ ¼ −0.06þ0.03

−0.02
turns out to diminish as well.
We emphasize that the aforementioned destruction

mechanism was not noticed before. The previous studies
based on the generalized factorization [33,34,79] and the
QCDF [39] considered only the factorizable diagrams, i.e.,
T for the tree contributions and PC1 for the penguin
contributions. The associated partial-wave CPVs are always
minor owing to either the small strong phase differences or
the low weights of the penguin amplitudes. Here we point
out the large relative strong phases from the PC2 and PEu

1

diagrams, which are first realized in the PQCD formalism.
They generate the strong phases for the S and P waves with
opposite signs, whose cancelation is the mechanism respon-
sible for the diminishing direct CPV in Λb → pπ.
To visualize the cancelation between the imaginary

parts or the strong phases of the partial-wave amplitudes,
we display the PC2, PEu

1 andPC1 contributions to theΛb →
pπ− decay in Fig. 7. It is evident that the combined PC2 þ
PEu

1 constitutes the dominant source of the strong phases,
which destruct between the S and P waves. The diagram
PC1 mainly contributes to the magnitude of the Swave. The
Λb → pK− case is different as remarked before, where the
diagram PEu

1 also gives the strong phases with opposite
signs between the S and P waves. However, the dominant
S-wave CPV governs the direct CPV in this mode.
We explain why the PC2 and PEu

1 penguins generate
the dominant strong phases with opposite signs between
the S- and P-wave amplitudes. For simplicity, we ignore the
electroweak penguins and concentrate on the QCD pen-
guins. The distinction between the contributions of O3;4 and
O1;2, both being the ðV − AÞ ⊗ ðV − AÞ operators, appears
only in their Wilson coefficients, such that the strong phases
of the penguin amplitudes fromO3;4 are close to those of the
tree amplitudes. This claim is supported by the results in
Tables XI and XII. Taking the Λb → pπ− decay as an

example, we have δS ¼ −6.26° and −10.64° for the S-wave
amplitudes from the tree and O3;4 operators, respectively,
and δP ¼ −14.21° and −12.75° for the P-wave ones from
the tree andO3;4 operators, respectively. It is also the case for
Λb → pK−. The contributions from the ðV − AÞ ⊗ ðV þ AÞ
operators O5;6 make the substantial strong phase differences
between the penguin and tree amplitudes, which read δS ¼
−40.61° and δP ¼ 153.58° for the pπ− mode in Table XI,
and δS ¼ −18.02° and δP ¼ 172.56° for the pK− mode in
Table XII. Figure 8, depicting the S- and P-wave amplitudes
from O5;6, justifies our analytic argument for SPC2

≈ −PPC2

and SPEu
1
≈ −PPEu

1
.

TABLE XII. Same as Table V but for the Λb → pK− decay.

Λb → pK− jSj δSð∘Þ Real(S) Imag(S) jPj δPð∘Þ Real(P) Imag(P)

Tree
T 855.18 −3.49 853.60 −52.08 1238.05 −15.98 1190.21 −340.84
E2 89.06 −138.10 −66.28 −59.48 94.13 122.31 −50.31 79.56
Total 795.18 −8.06 787.31 −111.55 1169.46 −12.91 1139.90 −261.28

QCD Penguin

PC1 76.08 −0.81 76.07 −1.07 15.03 −106.59 −4.29 −14.40
PEu

1 11.88 −88.70 0.27 −11.88 11.41 114.21 −4.68 10.41
PEd

1
7.46 −100.12 −1.31 −7.34 2.08 60.60 1.02 1.81

Total 77.72 −15.13 75.03 −20.29 8.25 −164.60 −7.95 −2.19

O3;4

PC1 37.18 −4.11 37.09 −2.66 53.10 −17.42 50.67 −15.89
PEu

1 2.86 −149.71 −2.47 −1.44 4.48 111.71 −1.66 4.17
PEd

1
3.00 −92.18 −0.11 −3.00 2.08 83.11 0.25 2.06

Total 35.23 −11.64 34.51 −7.11 50.20 −11.10 49.26 −9.66
O5;6 PC1 39.01 2.33 38.98 1.59 54.98 178.45 −54.96 1.49

PEu
1 10.79 −75.30 2.74 −10.44 6.93 115.83 −3.02 6.24

PEd
1

4.50 −105.46 −1.20 −4.34 0.81 −18.16 0.77 −0.25
Total 42.61 −18.02 40.52 −13.18 57.70 172.56 −57.21 7.47

FIG. 8. O5 and O6 penguin contributions to the Λb → pπ−

decay (top) and to the Λb → pK− decay (bottom) depicted in the
complex plane. The red (blue) vectors represent the S-wave (P-
wave) penguin contributions.
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The underlying destruction between the partial-wave
CPVs in the Λb → pπ− decay is manifested in Fig. 9, for
the ratio of jPj2=jSj2 ¼ 1.6 obtained in this work. It shows
the dependence of the net direct CPV on partial-wave
CPVs, where the red spot corresponds to our prediction.
The gray narrow band specifies the partial-wave CPVs
allowed by the data of the direct CPV. We can perceive
how the partial-wave CPVs affect the net CPV, and how
close our prediction is to the data. It is noteworthy that the
P wave of the decay Λb → pK− reveals the highest partial-
wave CPV, amounting to 21%, but with larger uncertainty
compared to the S-wave CPV. The factorizable penguin
contributions play an essential role in the S-wave amplitude
due to the chiral factors. These contributions, being less
sensitive to the proton DAs, have smaller theoretical errors.

By contrast, the nonfactorizable penguin contributions,
dominating the P-wave amplitude, suffer significant uncer-
tainties from the proton and kaon DAs, which propagate
into the P-wave CPVs.
The difference of the direct CPVs is given by

ΔAdir
CPðΛb → pK−=π−Þ

≡ Adir
CPðΛb → pK−Þ − Adir

CPðΛb → pπ−Þ
¼ −0.11þ0.02þ0.02þ0.03þ0.02

−0.01−0.00−0.01−0.02 ; ð61Þ
which slightly deviates from the measured value around
−0.01. As mentioned in Sec. I and Ref. [24], the threshold
resummation factor for heavy baryon decays, which
smooths the endpoint behavior of hard kernels and modi-
fies tree and penguin contributions differently, has not been
taken into account in the present framework. Implementing
this factor may achieve more accurate predictions, improve
the agreement with experimental data, and advance our
understanding of the decay dynamics accordingly.
We define the decay parameters forΛb → pπ−; pK− [80],

α ¼ −
2κcReðS�PÞ
jSj2 þ κ2cjPj2

; β ¼ −
2κc ImðS�PÞ
jSj2 þ κ2cjPj2

;

γ ¼ jSj2 − κ2cjPj2
jSj2 þ κ2cjPj2

; ð62Þ

with the coefficient κc ¼ pc=ðEp þ mpÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEp − mpÞ=ðEp þ mpÞ
p

, and their associated CP asym-
metries and averages,

Aα
CP ¼ αþ ᾱ

2
; Aβ

CP ¼ β þ β̄

2
; Aγ

CP ¼ γ − γ̄

2
;

hαi ¼ α − ᾱ

2
; hβi ¼ β − β̄

2
; hγi ¼ γ þ γ̄

2
: ð63Þ

FIG. 9. Dependence of the net direct CPV on partial-wave
CPVs, where the red spot corresponds to our prediction. The gray
narrow band specifies the partial-wave CPVs allowed by the data
of the direct CPV of Λb → pπ−.

TABLE XIII. Same as Table V but without the proton and meson masses in kinematics.

Λb → pπ− jSj ϕðSÞ∘ Real(S) Imag(S) jPj ϕðPÞ∘ Real(P) Imag(P)

Tf 839.84 0.00 839.84 0.00 850.10 0.00 850.10 0.00
Tnf 62.83 −100.16 −11.08 −61.84 240.42 −97.09 −29.69 −238.58
Tf þ Tnf 831.06 −4.27 828.75 −61.84 854.39 −16.21 820.41 −238.58
C0 35.65 162.64 −34.02 10.64 32.99 −176.98 −32.95 −1.74
E2 84.36 −141.20 −65.75 −52.86 51.84 128.88 −32.54 40.35
B 17.54 104.24 −4.32 17.00 13.74 −124.50 −7.78 −11.32
Tree 729.88 −6.85 724.66 −87.06 776.44 −15.79 747.14 −211.29
PC1

f
67.66 0.00 67.66 0.00 2.61 0.00 2.61 0.00

PC1

nf
1.83 −109.17 −0.60 −1.73 9.87 −92.94 −0.51 −9.86

PC1

f þ PC1

nf
67.08 −1.48 67.06 −1.73 10.08 −77.93 2.11 −9.86

PC2 17.24 −116.06 −7.57 −15.49 13.63 67.60 5.19 12.60
PEu

1 11.22 −90.55 −0.11 −11.22 7.06 112.49 −2.70 6.52
PB 1.30 −42.87 0.96 −0.89 1.40 −170.77 −1.38 −0.22
PEd

1 þ PE2 4.68 −101.65 −0.95 −4.59 1.62 −12.75 1.58 −0.36
Penguin 68.39 −29.72 59.39 −33.91 9.92 61.02 4.81 8.68
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The numerical outcomes for the above observables are
supplied in T, among which the CP asymmetries Aβ

CP are
prominent for both the Λb → pπ−; pK− modes. However,
the information on the Λb baryon and proton polarizations is
needed to measure these parameters, which are experimen-
tally inaccessible by now.
The proton and meson masses have been retained in the

kinematic variables and hard kernels in the current analysis.
To quantify the impact of these supposed higher-power
contributions, we neglect the proton and pion masses, and
recalculate the Λb → pπ− decay amplitudes. The resultant
branching ratio 3.65 × 10−6 and direct CPV 0.09 in
Table XIII evince that the light-hadron masses produce
15% and 50% effects, respectively, relative to the corre-
sponding values in Table X. This test manifests the
importance of power corrections in heavy baryon decays.

B. Quasi-two-body Λb → pV decays

The Λb → pV decay amplitudes for longitudinally and
transversely polarized vector mesons V ¼ ρ−; K�− are
decomposed into

AL ¼ ūp

�
AL
1 γ

μγ5 þ AL
2

pμ
p

mΛb

γ5 þ BL
1 γ

μ þBL
2

pμ
p

mΛb

�
uΛb

ϵ�Lμ;

AT ¼ ūpðAT
1 γ

μγ5 þ BT
1 γ

μÞuΛb
ϵ�Tμ; ð64Þ

with the longitudinal (transverse) polarization vector ϵLðTÞ.
The polarization amplitudes AL;T

1 , AL
2 , B

L;T
1 and BL

2 form the
partial-wave amplitudes

SL ¼ −AL
1 ;

ST ¼ −AT
1 ;

P1 ¼ −
pc

EV

�
mΛb

þmp

Ep þmp
BL
1 þ BL

2

�
;

P2 ¼
pc

Ep þmp
BT
1 ;

D ¼ −
p2
c

EVðEp þmpÞ
ðAL

1 − AL
2 Þ; ð65Þ

and the helicity amplitudes

H1
2
;1 ¼ −

ffiffiffi
2

p
MþAT

1 −
ffiffiffi
2

p
M−BT

1 ;

H−1
2
;−1 ¼

ffiffiffi
2

p
MþAT

1 −
ffiffiffi
2

p
M−BT

1 ;

H1
2
;0 ¼ ðMþðmΛb

−mpÞAL
1 −M−pcAL

2

þM−ðmΛb
þmpÞBL

1 þMþpcBL
2 Þ=mV;

H−1
2
;0 ¼ ð−MþðmΛb

−mpÞAL
1 þM−pcAL

2

þM−ðmΛb
þmpÞBL

1 þMþpcBL
2 Þ=mV; ð66Þ

with the vector meson energy EV.

Given the numerical results in Appendix C for the above
amplitudes, the Λb → pV decay width is derived via

Γ ¼ pc

4π

Ep þmp

mΛb

�
2ðjST j2 þ jP2j2Þ

þ E2
V

m2
V
ðjSL þDj2 þ jP1j2Þ

�

¼ pc

16πm2
Λb

ðjH1=2;1j2 þ jH−1=2;−1j2

þ jH1=2;0j2 þ jH−1=2;0j2Þ: ð67Þ

The associated partial-wave CPVs are defined as in
Eq. (58), in terms of which the direct CPV is decomposed
[18],

Adir
CP ≈ κSTA

ST
CP þ κP1

AP1

CP þ κP2
AP2

CP þ κDþSLA
DþSL
CP ; ð68Þ

with the weights

κST ¼ 2jST j2
Π

; κP1
¼ E2

V jP1j2
m2

VΠ
;

κP2
¼ 2jP2j2

Π
; κDþSL ¼ E2

V jDþ SLj2
m2

VΠ
;

Π≡ 2jST j2 þ 2jP2j2 þ E2
V=m

2
V jDþ SLj2 þ E2

V=m
2
V jP1j2:

ð69Þ

The predictions for the branching ratios and CPVs of
the Λb → pρ−; pK�− decays are collected in Table XIV.
Unlike Λb → pπ−; pK−, whose branching ratios are of the
same order, the Λb → pρ− branching ratio is greater than
the pK�− one by a factor of 3. The operators O5;6;7;8 do not
contribute to the factorizable penguin topologies as shown
in Eq. (36). Hence, the enhancement of the penguin
amplitudes by the chiral factor in Eq. (50) is absent in
the Λb → pK�− decay.
It is found that the Dþ SL and P1 components dominate

the directCPVs because of the enhancement factor EV=mV.
The partial-wave CPVs of the Λb → pV decays also
exceed 10%; the P2-wave CPVs of Λb → pρ− reach
17%; the ðDþ SLÞ-wave CPV of Λb → pK�− is even as
large as 27%. However, the direct CPVs of these modes are
all minor for the similar reasons. The relative sign of the
partial-wave amplitudes in the Λb → pK�− decay can be
argued in the same manner. Their tiny direct CPVs trace
back to the destruction between the major ðDþ SLÞ- and
P1-wave CPVs, like the Λb → pπ− case. For the Λb →
pρ− decay, the two dominant partial-wave CPVs are small,
leading to a negligible direct CPV.
The decay asymmetry parameters are expressed, in terms

of the helicity amplitudes, as
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α¼ jH1=2;1j2− jH−1=2;−1j2
jH1=2;1j2þjH−1=2;−1j2

; β¼ jH1=2;0j2− jH−1=2;0j2
jH1=2;0j2þjH−1=2;0j2

;

γ¼ jH1=2;1j2− jH−1=2;−1j2
jH1=2;0j2þjH−1=2;0j2

;

Λ¼ jH1=2;1j2− jH−1=2;−1j2þjH1=2;0j2− jH−1=2;0j2
jH1=2;1j2þjH−1=2;−1j2þjH1=2;0j2þjH−1=2;0j2

; ð70Þ

which satisfy Λ ¼ ðβ þ αγÞ=ð1þ γÞ. The associated CPVs
and averages are defined as in Eq. (63) and by

AΛ
CP ¼ Λþ Λ̄

2
; hΛi ¼ Λ − Λ̄

2
: ð71Þ

The results for the above quantities in Table XIV clearly
imply that the CPVs of the decay asymmetry parameters
are all consistent with zero.
Since a vector meson decays strongly with a finite width,

what we worked on are actually the three-body decays

Λb → pðρ− →Þπ−π0; pðK�− →ÞK−π0. Motivated by the
sizable partial-wave CPVs, we investigate the potential
observables for identifying CPVs involved in the angle
distributions for three-body decays. The angle distribution
of Λb → pV → ph1h2 in Fig. 10 is formulated as

dΓ
d cos θ

∝ jH1
2
;0j2 þ jH−1

2
;0j2 þ jH−1

2
;−1j2 þ jH1

2
;1j2

þ ð2jH1
2
;0j2 þ 2jH−1

2
;0j2 − jH−1

2
;−1j2 − jH1

2
;1j2ÞP2

∝ 1þ J · P2; ð72Þ

where the observable

J ≡ 2jH1
2
;0j2 þ 2jH−1

2
;0j2 − jH−1

2
;−1j2 − jH1

2
;1j2

jH1
2
;0j2 þ jH−1

2
;0j2 þ jH−1

2
;−1j2 þ jH1

2
;1j2

; ð73Þ

with the Legendre polynomial P2 ¼ ð3 cos2 θ − 1Þ=2 can
be extracted from data fitting. The CPV and average for

TABLE XIV. Same as Table X but for the Λb → pρ−; pK�− decays.

Brð×10−6Þ Adir
CP AST

CPðκST Þ
Λb → pρ− 9.66þ6.23þ3.23þ0.21þ1.89

−3.50−3.03−1.20−0.75 0.03þ0.02þ0.01þ0.00þ0.02
−0.02−0.03−0.03−0.02 0.01þ0.00þ0.00þ0.00þ0.00

−0.01−0.02−0.02−0.02 ð7%Þ
Λb → pK�−

2.83þ1.77þ0.46þ0.37þ0.63
−1.29−1.23−0.53−0.66 −0.05þ0.04þ0.07þ0.01þ0.05

−0.11−0.07−0.06−0.08 −0.15þ0.06þ0.09þ0.02þ0.05
−0.00−0.04−0.05−0.00 ð6%Þ

ASLþD
CP ðκSLþDÞ AP1

CPðκP1
Þ AP2

CPðκP2
Þ

Λb → pρ− 0.02þ0.03þ0.04þ0.02þ0.05
−0.02−0.02−0.00−0.00 ð44%Þ 0.03þ0.04þ0.00þ0.00þ0.00

−0.05−0.04−0.10−0.05 ð45%Þ 0.17þ0.00þ0.00þ0.01þ0.03
−0.02−0.03−0.03−0.04 ð4%Þ

Λb → pK�−
0.27þ0.02þ0.06þ0.05þ0.03

−0.17−0.11−0.02−0.18 ð33%Þ −0.23þ0.05þ0.07þ0.02þ0.05
−0.11−0.11−0.09−0.03 ð55%Þ −0.14þ0.01þ0.00þ0.02þ0.01

−0.04−0.09−0.02−0.03 ð6%Þ
α Aα

CP hαi
Λb → pρ− −0.83þ0.02þ0.01þ0.00þ0.00

−0.02−0.05−0.04−0.01 −0.01þ0.01þ0.01þ0.01þ0.00
−0.00−0.00−0.01−0.00 −0.83þ0.01þ0.01þ0.01þ0.00

−0.02−0.05−0.04−0.01

Λb → pK�− −1.00þ0.01þ0.01þ0.00þ0.01
−0.00−0.00−0.00−0.00 −0.00þ0.00þ0.00þ0.00þ0.00

−0.00−0.00−0.00−0.00 −1.00þ0.00þ0.01þ0.00þ0.00
−0.00−0.00−0.00−0.00

β Aβ
CP

hβi
Λb → pρ− −0.98þ0.05þ0.07þ0.05þ0.06

−0.00−0.00−0.00−0.00 0.00þ0.01þ0.02þ0.01þ0.02
−0.00−0.00−0.00−0.00 −0.99þ0.04þ0.05þ0.04þ0.04

−0.00−0.00−0.00−0.00

Λb → pK�− −0.90þ0.07þ0.17þ0.11þ0.00
−0.03−0.03−0.00−0.03 −0.02þ0.04þ0.06þ0.04þ0.01

−0.00−0.04−0.00−0.00 −0.88þ0.06þ0.11þ0.08þ0.00
−0.03−0.06−0.00−0.04

γ Aγ
CP hγi

Λb → pρ− −0.11þ0.01þ0.01þ0.01þ0.01
−0.01−0.01−0.02−0.00 −0.01þ0.00þ0.00þ0.00þ0.00

−0.00−0.00−0.00−0.00 −0.10þ0.01þ0.01þ0.01þ0.00
−0.01−0.01−0.02−0.00

Λb → pK�− −0.12þ0.01þ0.00þ0.02þ0.00
−0.06−0.05−0.03−0.05 0.02þ0.01þ0.03þ0.01þ0.01

−0.02−0.02−0.01−0.01 −0.14þ0.01þ0.01þ0.02þ0.00
−0.04−0.07−0.04−0.04

Λ AΛ
CP hΛi

Λb → pρ− −0.96þ0.05þ0.06þ0.04þ0.05
−0.00−0.00−0.00−0.00 0.00þ0.01þ0.02þ0.01þ0.02

−0.00−0.00−0.00−0.00 −0.97þ0.04þ0.04þ0.03þ0.04
−0.00−0.00−0.00−0.00

Λb → pK�− −0.91þ0.06þ0.15þ0.09þ0.00
−0.02−0.02−0.00−0.03 −0.01þ0.03þ0.06þ0.03þ0.01

−0.00−0.03−0.00−0.00 −0.90þ0.05þ0.09þ0.07þ0.00
−0.03−0.05−0.01−0.03

J AJ
CP

hJ i
Λb → pρ− 1.66þ0.04þ0.04þ0.02þ0.02

−0.03−0.03−0.05−0.00 −0.01þ0.01þ0.01þ0.01þ0.00
−0.01−0.01−0.01−0.00 1.67þ0.03þ0.04þ0.02þ0.02

−0.05−0.03−0.05−0.00

Λb → pK�− 1.67þ0.02þ0.00þ0.04þ0.00
−0.14−0.12−0.08−0.12 0.04þ0.02þ0.05þ0.02þ0.01

−0.06−0.04−0.02−0.03 1.63þ0.01þ0.03þ0.04þ0.00
−0.08−0.15−0.09−0.09
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J are written as

AJ
CP ¼ J − J̄

2
; hJ i ¼ J þ J̄

2
; ð74Þ

whose predictions are listed in Table XIV. Unfortunately,
the CPVs AJ

CP in the Λb → pρ−; pK�− decays are too tiny
to search for experimentally.

C. Quasi-two-body Λb → pA decays

The decays Λb → pA, with A denoting the axial-vector
mesons a−1 ð1260Þ; K−

1 ð1270Þ; K−
1 ð1400Þ, share the same

amplitude parametrization and observables as Λb → pV
in the previous subsection. Because the K1ð1270Þ −
K1ð1400Þ mixing angle θK is not yet well determined
[73], we take the typical values θK ¼ 30° and 60° for
illustration. It is seen that most of our predictions in
Table XV are insensitive to θK . The predicted Λb →
pa−1 ð1260Þ and Λb → pK−

1 ð1270; 1400Þ branching ratios
are of the order 10−6, which can be verified experimen-
tally. The partial-wave CPVs of the Λb → pa−1 ð1260Þ;
pK−

1 ð1270Þ; pK−
1 ð1400Þ decays are significant, exceeding

50%. The opposite signs between the partial-wave CPVs
turn in the minor direct CPV of Λb → pa−1 ð1260Þ. The
direct CPVs of Λb → pK1ð1270Þ−; pK1ð1400Þ− can devi-
ate from zero, both of which are above þ5% in the range
20° ∼ 70° of the mixing angle as plotted in Fig. 11.
The Λb → pa−1 ð1260Þ; pK−

1 ð1270Þ; pK−
1 ð1400Þ modes

are actually the four-body decays, for a−1 ð1260Þ and
K−

1 ð1270; 1400Þ decay into π−πþπ− and K−πþπ−, respec-
tively. We propose the promising observables associated
with the angle distributions of the final states in these
multibody Λb decays, which can be measured in the future.
The angular distribution for the Λb → pA → ph1h2h3
decay in Fig. 12 is given by [19]

dΓ
d cos θ

∝
ðjH1=2;1j2 þ jH−1=2;−1j2Þ 1þcos2θ

2
þ ðjH1=2;0j2 þ jH−1=2;0j2Þsin2θ

jH1
2
;0j2 þ jH−1

2
;0j2 þ jH−1

2
;−1j2 þ jH1

2
;1j2

þ RðjH1=2;1j2 − jH−1=2;−1j2Þ cos θ
jH1

2
;0j2 þ jH−1

2
;0j2 þ jH−1

2
;−1j2 þ jH1

2
;1j2

; ð75Þ

with θ being the angle between the normal of the A →

h1h2h3 decay plane and the A meson momentum in the Λb

rest frame, i.e., cos θ ¼ n⃗ · p⃗A ¼ ðp⃗1 × p⃗2Þ · p⃗A. The non-

perturbative factor R parametrizes the effect and kinematics

of the strong decay A → h1h2h3 [81], which will be

canceled in the proposed CPV observable below. The

up-down asymmetry is then constructed,

AUD ¼ Γðcos θ > 0Þ − Γðcos θ < 0Þ
Γðcos θ > 0Þ þ Γðcos θ < 0Þ

¼ RðjH1=2;1j2 − jH−1=2;−1j2Þ
ðjH1=2;1j2 þ jH−1=2;−1j2 þ jH1=2;0j2 þ jH−1=2;0j2Þ

≡ R · aUD; ð76Þ

which defines the R-independent CPV

AUD
CP ¼ AUD þ ĀUD

AUD − ĀUD
; ð77Þ

with aUD ¼ ReðSTP�
2Þ and ĀUD representing the charge

conjugate of AUD.
The numerical outcomes for aUD and AUD

CP are gathered
in Table XVand their dependencies on the mixing angle are
displayed in Fig. 11, where AUD

CP of the Λb → pK1ð1270Þ
decay is more stable against the variation of the mixing
angle. We highlight that AUD

CP exceed 20% in the Λb → pA
decays owing to the large strong phase difference between
the S- and P-wave amplitudes. Therefore, AUD

CP with
controllable uncertainties serve as ideal observables for
establishing CPVs in Λb baryon decays experimentally.
The measurements of AUD

CP are based on the four-body
decays Λb → pπþπ−π− and pK−πþπ− for pa1ð1260Þ and
pK1ð1270Þ, respectively, both of which have abundant data
at the LHCb.
The LHCb has announced the direct CPVs of the above

modes from the Run 1 data corresponding to the integrated
luminosity 3 fb−1 at the center-of-mass energies

ffiffiffi
s

p ¼ 7
and 8 TeV [12]. The sum of particle and antiparticle
channels gives the signal yields of Λb → pa1 and pK1

around 800 and 1000, respectively. The yields would be

FIG. 10. Configuration of theΛb → pV → ph1h2 decay, where
θ is the angle between h1 in the V rest frame and the V
momentum in the Λb rest frame.
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enhanced by four times with the Run 2 data from twice the
integrated luminosity of 6 fb−1 and twice the cross section
at a higher collision energy of

ffiffiffi
s

p ¼ 13 TeV. More b
quarks and associated b-hadrons are produced at higher
energies. As reported by the LHCb [82], the b-quark
production cross sections are measured to be 72.0� 0.3�
6.8 μb at

ffiffiffi
s

p ¼ 7 TeV and 144� 1� 21 μb at
ffiffiffi
s

p ¼
13 TeV, respectively, showing an increase by a factor of
two from Run 1 to Run 2. The number of signal events in
Run 2 is thus expected be four times greater than those in
Run 1, with a factor of two from luminosities and another

factor of two from cross sections. Using the combined data
of Run 1 and Run 2, we would get the signal yields five
times higher relative to Run 1, which amount to 4000 and
5000 events for Λb → pa1 and pK1, respectively.
The trigger efficiencies for Run 3 are higher than those

for Run 2, especially in the low pT region, as indicated in
Fig. 13. The red points mark the efficiencies for Run 3 in
2024, and the blue points mark those for Run 2. The gray
bars display the Monte-Carlo candidates in acceptance. The
number of signal events can be deduced by convoluting the
gray bars with the red or blue points. The signal events in
Run 3 are then found to be roughly twice as many as those
in Run 2. This figure depicts the trigger efficiencies for
hadronic B meson decays, which can be extrapolated to the
case of hadronic Λb baryon decays. According to the plan
[83], the LHCb will reach the integrated luminosity of
50 fb−1 at the end of Run 4. Since LHCb Run 3 is currently
ongoing and its final integrated luminosity remains uncer-
tain, we will estimate the signal events for the combined
dataset of Run 3 and Run 4 by assuming that the conditions
and performance of Run 4 are identical to those of Run 3.
The ratio between the events from combined Run 3þ 4 and
those from Run 2 is about ð50 − 9Þ fb−1=6 fb−1 × 2 ∼ 14,
where the factor of 2 comes from the enhancement of
trigger efficiencies for Run 3 [84] implied by Fig. 13.
Taking into account the factor of 4 between the Run 2 and
Run 1 data, the ratio of the events from Run 1þ 2þ 3þ 4
to those from Run 1 is nearly 1þ 4þ 4 × 14 ∼ 60. That is,
the total signal events of Λb → pa1 and pK1 from the full

FIG. 11. Upper left: dependencies of the Λb → pK1 branching ratios on the mixing angle θK ; upper-right: same as the upper-left panel
but for the direct CPVs; bottom: same as the upper-left panel but for the CPVs in the up-down asymmetry.

FIG. 12. Configuration of the Λb → pA → ph1h2h3 decay,
where θ is the angle between the normal of the A → h1h2h3
decay plane and the A meson momentum in the Λb rest frame.
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TABLE XV. Same as Table X but for the Λb → pA decays.

Brð×10−6Þ Adir
CP AST

CPðκST Þ
Λb → pa−1 ð1260Þ 11.06þ8.21þ3.88þ0.91þ1.73

−4.30−3.32−0.46−0.06 −0.01þ0.01þ0.03þ0.02þ0.03
−0.00−0.01−0.02−0.00 −0.22þ0.04þ0.07þ0.05þ0.04

−0.03−0.07−0.07−0.01 ð6%Þ
Λb → pK−

1 ð1270Þð30°Þ 5.48þ3.63þ1.94þ0.27þ2.49
−1.87−1.55−0.31−1.11 0.09þ0.03þ0.07þ0.03þ0.01

−0.04−0.02−0.02−0.00 0.34þ0.00þ0.01þ0.01þ0.00
−0.02−0.03−0.01−0.05 ð8%Þ

Λb → pK−
1 ð1400Þð30°Þ 1.25þ0.59þ0.33þ0.13þ0.64

−0.39−0.19−0.19−0.31 0.06þ0.03þ0.05þ0.03þ0.00
−0.03−0.09−0.04−0.01 0.71þ0.05þ0.06þ0.03þ0.03

−0.02−0.16−0.04−0.13 ð13%Þ
Λb → pK−

1 ð1270Þð60°Þ 6.28þ3.97þ1.93þ0.18þ2.79
−2.13−1.51−0.41−1.32 0.07þ0.01þ0.03þ0.03þ0.01

−0.04−0.04−0.03−0.00 0.46þ0.00þ0.00þ0.02þ0.01
−0.02−0.04−0.02−0.07 ð9%Þ

Λb → pK−
1 ð1400Þð60°Þ 0.53þ0.33þ0.38þ0.09þ0.36

−0.16−0.19−0.22−0.13 0.08þ0.11þ0.09þ0.12þ0.00
−0.08−0.11−0.04−0.03 0.07þ0.00þ0.41þ0.08þ0.22

−0.12−0.09−0.15−0.10 ð3%Þ

ASLþD
CP ðκSLþDÞ AP1

CPðκP1
Þ AP2

CPðκP2
Þ

Λb → pa−1 ð1260Þ −0.11þ0.02þ0.01þ0.02þ0.02
−0.00−0.01−0.07−0.03 ð46%Þ 0.18þ0.03þ0.02þ0.04þ0.09

−0.03−0.02−0.03−0.04 ð40%Þ −0.24þ0.01þ0.05þ0.04þ0.03
−0.02−0.09−0.06−0.06 ð8%Þ

Λb → pK−
1 ð1270Þð30°Þ−0.11þ0.01þ0.08þ0.08þ0.03

−0.04−0.06−0.03−0.00 ð42%Þ 0.19þ0.10þ0.13þ0.05þ0.02
−0.06−0.09−0.11−0.01 ð42%Þ 0.33þ0.00þ0.04þ0.02þ0.00

−0.02−0.03−0.02−0.03 ð8%Þ
Λb → pK−

1 ð1400Þð30°Þ 0.81þ0.09þ0.17þ0.07þ0.04
−0.12−0.14−0.11−0.00 ð17%Þ −0.41þ0.04þ0.05þ0.08þ0.03

−0.07−0.05−0.11−0.04 ð60%Þ 0.78þ0.04þ0.11þ0.09þ0.05
−0.06−0.20−0.04−0.10 ð10%Þ

Λb → pK−
1 ð1270Þð60°Þ 0.06þ0.01þ0.08þ0.07þ0.03

−0.03−0.07−0.04−0.00 ð37%Þ −0.07þ0.05þ0.06þ0.04þ0.01
−0.06−0.05−0.05−0.02 ð45%Þ 0.46þ0.00þ0.04þ0.04þ0.02

−0.01−0.03−0.02−0.06 ð9%Þ
Λb → pK−

1 ð1400Þð60°Þ−0.82þ0.14þ0.19þ0.12þ0.21
−0.07−0.09−0.07−0.02 ð30%Þ 0.52þ0.06þ0.12þ0.37þ0.00

−0.01−0.14−0.03−0.07 ð64%Þ −0.28þ0.27þ0.04þ0.03þ0.03
−0.07−0.36−0.25−0.16 ð3%Þ

α Aα
CP hαi

Λb → pa−1 ð1260Þ −0.86þ0.01þ0.02þ0.03þ0.00
−0.03−0.05−0.05−0.03 0.02þ0.00þ0.01þ0.01þ0.00

−0.00−0.01−0.00−0.00 −0.88þ0.01þ0.02þ0.04þ0.00
−0.03−0.04−0.05−0.02

Λb → pK−
1 ð1270Þð30°Þ −1.00þ0.00þ0.00þ0.00þ0.00

−0.00−0.00−0.00−0.00 0.00þ0.00þ0.00þ0.00þ0.00
−0.00−0.00−0.00−0.00 −1.00þ0.00þ0.00þ0.00þ0.00

−0.00−0.00−0.00−0.00

Λb → pK−
1 ð1400Þð30°Þ −1.00þ0.00þ0.01þ0.01þ0.00

−0.00−0.00−0.00−0.00 −0.01þ0.01þ0.01þ0.01þ0.00
−0.00−0.04−0.06−0.02 −0.98þ0.01þ0.05þ0.07þ0.02

−0.01−0.01−0.01−0.00

Λb → pK−
1 ð1270Þð60°Þ −1.00þ0.00þ0.00þ0.00þ0.00

−0.00−0.00−0.00−0.00 0.00þ0.00þ0.00þ0.00þ0.00
−0.00−0.00−0.00−0.00 −1.00þ0.00þ0.00þ0.01þ0.00

−0.00−0.00−0.00−0.00

Λb → pK−
1 ð1400Þð60°Þ −0.96þ0.01þ0.10þ0.10þ0.04

−0.03−0.03−0.03−0.00 −0.00þ0.01þ0.01þ0.02þ0.00
−0.00−0.02−0.01−0.01 −0.96þ0.00þ0.09þ0.08þ0.05

−0.04−0.03−0.03−0.00

β Aβ
CP

hβi
Λb → pa−1 ð1260Þ −0.98þ0.01þ0.02þ0.01þ0.03

−0.01−0.02−0.01−0.00 −0.01þ0.01þ0.01þ0.01þ0.01
−0.01−0.01−0.01−0.00 −0.97þ0.01þ0.01þ0.02þ0.02

−0.01−0.01−0.02−0.01

Λb → pK−
1 ð1270Þð30°Þ −0.99þ0.00þ0.03þ0.03þ0.00

−0.00−0.01−0.00−0.01 0.00þ0.00þ0.02þ0.00þ0.00
−0.01−0.02−0.00−0.01 −0.98þ0.01þ0.02þ0.03þ0.00

−0.00−0.00−0.00−0.00

Λb → pK−
1 ð1400Þð30°Þ −0.15þ0.28þ0.17þ0.13þ0.25

−0.10−0.10−0.16−0.09 0.07þ0.04þ0.07þ0.08þ0.03
−0.01−0.02−0.04−0.03 −0.22þ0.24þ0.17þ0.10þ0.22

−0.10−0.11−0.15−0.06

Λb → pK−
1 ð1270Þð60°Þ −0.95þ0.04þ0.06þ0.04þ0.01

−0.03−0.03−0.02−0.01 0.00þ0.00þ0.01þ0.01þ0.00
−0.01−0.01−0.01−0.00 −0.95þ0.04þ0.05þ0.04þ0.02

−0.02−0.03−0.01−0.01

Λb → pK−
1 ð1400Þð60°Þ −0.01þ0.01þ0.07þ0.10þ0.09

−0.06−0.17−0.28−0.18 −0.26þ0.09þ0.09þ0.03þ0.03
−0.01−0.05−0.12−0.09 0.25þ0.12þ0.07þ0.11þ0.06

−0.15−0.16−0.18−0.09

γ Aγ
CP hγi

Λb → pa−1 ð1260Þ −0.10þ0.01þ0.01þ0.02þ0.00
−0.01−0.02−0.02−0.01 0.04þ0.01þ0.02þ0.01þ0.01

−0.01−0.01−0.00−0.00 −0.14þ0.01þ0.01þ0.02þ0.00
−0.02−0.03−0.01−0.01

Λb → pK−
1 ð1270Þð30°Þ −0.24þ0.04þ0.03þ0.02þ0.01

−0.03−0.03−0.02−0.04 −0.06þ0.01þ0.02þ0.01þ0.00
−0.01−0.01−0.01−0.00 −0.18þ0.03þ0.02þ0.01þ0.00

−0.02−0.02−0.01−0.04

Λb → pK−
1 ð1400Þð30°Þ −0.61þ0.15þ0.23þ0.13þ0.00

−0.16−0.26−0.19−0.09 −0.27þ0.06þ0.09þ0.06þ0.00
−0.07−0.08−0.09−0.05 −0.34þ0.08þ0.14þ0.07þ0.00

−0.09−0.19−0.11−0.04

Λb → pK−
1 ð1270Þð60°Þ −0.32þ0.06þ0.06þ0.02þ0.00

−0.04−0.06−0.03−0.06 −0.10þ0.02þ0.03þ0.01þ0.00
−0.02−0.01−0.01−0.01 −0.22þ0.04þ0.04þ0.01þ0.00

−0.02−0.05−0.02−0.05

Λb → pK−
1 ð1400Þð60°Þ −0.05þ0.02þ0.02þ0.01þ0.02

−0.01−0.06−0.03−0.01 0.01þ0.01þ0.03þ0.03þ0.00
−0.01−0.01−0.00−0.01 −0.06þ0.01þ0.01þ0.01þ0.02

−0.01−0.08−0.06−0.01

Λ AΛ
CP hΛi

Λb → pa−1 ð1260Þ −0.97þ0.00þ0.02þ0.01þ0.03
−0.01−0.02−0.01−0.00 −0.01þ0.01þ0.01þ0.01þ0.01

−0.01−0.01−0.01−0.00 −0.96þ0.01þ0.01þ0.02þ0.02
−0.01−0.01−0.02−0.01

Λb → pK−
1 ð1270Þð30°Þ −0.99þ0.00þ0.02þ0.03þ0.00

−0.00−0.01−0.00−0.01 0.00þ0.00þ0.02þ0.00þ0.00
−0.01−0.02−0.00−0.01 −0.99þ0.01þ0.01þ0.02þ0.00

−0.00−0.00−0.00−0.00

Λb → pK−
1 ð1400Þð30°Þ −0.47þ0.14þ0.16þ0.06þ0.14

−0.02−0.11−0.14−0.08 −0.07þ0.06þ0.08þ0.05þ0.00
−0.02−0.04−0.04−0.03 −0.40þ0.17þ0.09þ0.08þ0.15

−0.06−0.11−0.13−0.05

Λb → pK−
1 ð1270Þð60°Þ −0.96þ0.03þ0.05þ0.03þ0.01

−0.03−0.02−0.01−0.01 0.00þ0.00þ0.01þ0.00þ0.00
−0.01−0.00−0.01−0.00 −0.96þ0.03þ0.04þ0.04þ0.01

−0.02−0.02−0.01−0.01

(Table continued)
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Run 1þ 2þ 3þ 4 data can attain 800 × 60 ¼ 48; 000 and
1000 × 60 ¼ 60; 000, respectively.
Both the AUD and ACP

UD values are essential for evaluating
the experimental sensitivities, whose predictions are pro-
vided in Table XVI. Recall the definition of AUD,

AUD ¼ Γðcos θ > 0Þ − Γðcos θ < 0Þ
Γðcos θ > 0Þ þ Γðcos θ < 0Þ ¼

N> − N<

N> þ N<
; ð78Þ

where N are the numbers of signal events with N> ¼
Nðcos θ > 0Þ and N< ¼ Nðcos θ < 0Þ. The statistical error
of AUD follows the error propagation formula

σAUD
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
∂AUD

∂N>

�
2

σ2N>
þ
�
∂AUD

∂N<

�
2

σ2N<

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2N<

ðN> þ N<Þ2
�

2

σ2N>
þ
�

−2N>

ðN> þ N<Þ2
�

2

σ2N<

s
;

ð79Þ

with σN>;<
being the statistical errors of N>;<. The neglect

of background events for a naive analysis leads to the

approximate uncertainties σN>
≈

ffiffiffiffiffiffiffi
N>

p
and σN<

≈
ffiffiffiffiffiffiffi
N<

p
.

As a simple estimate of the uncertainties and experimental
sensitivities, we assume N> ¼ N< ¼ N̄> ¼ N̄< ¼ Ntot=4,
where Ntot ¼ 48; 000 for Λb → pa1 and Ntot ¼ 60; 000 for
Λb → pK1. The statistical uncertainty of AUD is then
σAUD

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2=Ntot

p
, inferring the experimental uncertainties

σAUD
ðΛb → pa1Þ ≈ 0.65% and σAUD

ðΛb → pK1Þ ≈ 0.58%
from the full Run 1þ 2þ 3þ 4 data.
The background effects are expected to be less than 30%

on σAUD
, as reflected by the LHCb data; the signal yields of

Λb → pπππ are 6646� 105 corresponding to the inte-
grated luminosity of 3 fb−1 in [8], and 27; 600� 200 for
6.6 fb−1 in [13], where the errors include background
contributions. The uncertainties of the pure signal eventsffiffiffiffiffiffiffiffiffiffi
6646

p ¼ 81.5 and
ffiffiffiffiffiffiffiffiffiffiffiffiffi
27600

p ¼ 166.1 are lifted by 29% to
105 and by 20% to 200, respectively. Hence, the uncer-
tainties are found to be σAUD

ðΛb → pa1Þ ≈ 0.85% and
σAUD

ðΛb → pK1Þ ≈ 0.75%, amplified by a factor of 1.3.
We then proceed to the statistical uncertainty of

ACP
UD ¼ ðAUD þ ĀUDÞ=ðAUD − ĀUDÞ. Note that the quan-

tity ĀUD acquires an opposite sign relative to AUD under the
parity transformation, because AUD is parity odd.
Analogous to Eq. (79), the uncertainty of ACP

UD is derived
from

σACP
UD

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
∂ACP

UD

∂AUD

�
2

σ2AUD
þ
�
∂ACP

UD

∂ĀUD

�
2

σ2ĀUD

s
≈

1ffiffiffi
2

p jAUDj
σAUD

;

ð80Þ

where the last expression is justified by the assumptions
ĀUD ¼ −AUD and σĀUD

¼ σAUD
. The magnitude of AUD is

crucial for obtaining the uncertainty of ACP
UD. The insertion of

the central values of AUD in Table XVI yields the statistical
uncertainties of ACP

UD, σACP
UD
ðΛb → pa1Þ ≈ 0.85%ffiffi

2
p

×9%
¼ 6.7%,

σACP
UD
ðΛb → pK1ðθK ¼ 30°ÞÞ ≈ 0.75%ffiffi

2
p

×19%
¼ 2.8%, and

σACP
UD
ðΛb → pK1ðθK ¼ 60°ÞÞ ≈ 0.75%ffiffi

2
p

×24%
¼ 2.2%.

Considering the differences of event numbers between
particles and antiparticles caused by direct CPVs, between

TABLE XV. (Continued)

Λb → pK−
1 ð1400Þð60°Þ −0.06þ0.10þ0.08þ0.10þ0.11

−0.07−0.17−0.29−0.18 −0.23þ0.09þ0.08þ0.03þ0.02
−0.01−0.01−0.08−0.08 0.18þ0.11þ0.07þ0.11þ0.09

−0.14−0.17−0.22−0.10

aUD AUD
CP

Λb → pa−1 ð1260Þ −0.09þ0.00þ0.01þ0.02þ0.00
−0.01−0.01−0.01−0.01 −0.24þ0.03þ0.05þ0.05þ0.03

−0.03−0.09−0.06−0.06

Λb → pK−
1 ð1270Þð30°Þ −0.19þ0.03þ0.02þ0.01þ0.01

−0.02−0.02−0.01−0.02 0.26þ0.02þ0.03þ0.01þ0.00
−0.03−0.08−0.04−0.04

Λb → pK−
1 ð1400Þð30°Þ −0.38þ0.06þ0.10þ0.05þ0.00

−0.06−0.09−0.07−0.03 0.72þ0.05þ0.13þ0.07þ0.05
−0.05−0.23−0.03−0.12

Λb → pK−
1 ð1270Þð60°Þ −0.24þ0.04þ0.04þ0.01þ0.00

−0.02−0.03−0.02−0.03 0.40þ0.02þ0.03þ0.02þ0.01
−0.01−0.04−0.03−0.07

Λb → pK−
1 ð1400Þð60°Þ −0.04þ0.02þ0.02þ0.01þ0.02

−0.01−0.05−0.03−0.01 −0.19þ0.12þ0.14þ0.00þ0.06
−0.18−0.19−0.20−0.00

FIG. 13. Comparison of trigger efficiencies for LHCb Run 2
and Run 3 taken from the LHCb public website [84].
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N> and N< caused by AUD, and between AUD and ĀUD

arising from ACP
UD, we refine the above crude estimates,

arriving at the uncertainties σACP
UD
ðΛb → pa1Þ ¼ 5.2%,

σACP
UD
ðΛb → pK1ðθK ¼ 30°ÞÞ ¼ 3.8%, and σACP

UD
ðΛb →

pK1ðθK ¼ 60°ÞÞ ¼ 3.5%. The decrease of σACP
UD
ðΛb →

pa1Þ and the increase of σACP
UD
ðΛb → pK1Þ stem from

the negativity of ACP
UDðΛb → pa1Þ and the positivity of

ACP
UDðΛb → pK1Þ, respectively. Referring to the predicted

ACP
UD in Table XVI, we conclude that the CPV induced by

the up-down asymmetry in Λb → pK1 could attain a
statistic significance greater than 5σ, while the CPV in
Λb → pa1 is at the edge of 5σ.
At last, we come to the issue of systematic uncertainties.

We can learn from the measurements of T̂-odd triple-
product-asymmetry CPVs of Λb → pπ−πþπ− in [8] and
[13], which are defined as CT̂ ¼ p⃗p · ðp⃗π−fast

× p⃗πþÞ for the
T̂-odd triple product of final-state particle momenta in theΛb

rest frame. Note that the quasitime reversal transformation T̂
reverses particle spins and momenta, while maintaining the
initial and final states. The definitions of the triple product
asymmetries (TPAs)

AT̂ ¼ NðCT̂ > 0Þ − NðCT̂ < 0Þ
NðCT̂ > 0Þ þ NðCT̂ < 0Þ ;

ĀT̂ ¼ N̄ð−C̄T̂ > 0Þ − N̄ð−C̄T̂ < 0Þ
N̄ð−C̄T̂ > 0Þ þ N̄ð−C̄T̂ < 0Þ ; ð81Þ

are similar to that for the up-down asymmetries in Eq. (76).
The T̂-odd CP- and P-violating asymmetries,

aT̂-oddCP ¼ 1

2
ðAT̂ − ĀT̂Þ; aT̂-oddP ¼ 1

2
ðAT̂ þ ĀT̂Þ; ð82Þ

correspond to the numerator and the denominator, respec-
tively, of the definition for AUD

CP in Eq. (77).
It has been known that the main sources of systematic

uncertainties in the TPA analysis include selection criteria,
reconstruction, and detector acceptance based on the control
sample of Λ0

b → Λþ
c ð→ pK−πþÞπ−. The systematic uncer-

tainties are evaluated as 0.32% for both aT̂-oddCP and aT̂-oddP
with the Run 1 data in [8], and 0.2% with more data in [13].
The systematic uncertainties of both AUD þ ĀUD and
AUD − ĀUD can thus be taken as 0.2% under the assumption
that it is unchanged with more data samples. Using the error
propagation formula with the fully positive correlation

between AUD þ ĀUD and AUD − ĀUD, we obtain the sys-
tematic uncertainty of AUD

CP as about 0.2%=ð2jAUDjÞ.
Namely, the systematic uncertainties of AUD

CP are 1.1% for
Λb → pa1, 0.5% for Λb → pK1ðθK ¼ 30°Þ, and 0.4% for
Λb → pK1ðθK ¼ 60°Þ, which are less than the statistic
uncertainties. Therefore, there is a great chance to identify
the order-of-20% ∼ 40% up-down asymmetric CPVs in
Λb → pa1 and pK1 in the near future, and to establish
CPVs in baryon decays.

IV. SUMMARY

We have performed the first full QCD analysis on two-
body hadronicΛb → ph decays in the PQCD approach. We
calculated the various topological amplitudes, including
their strong phases, by incorporating the higher-twist
hadron DAs. It is found that the subleading power correc-
tions are in fact sizable in heavy baryon decays.
Our predictions for the total and partial-wave CPVs of

the considered modes are summarized and compared with
the available data for bottom hadron decays in Fig. 14
[18]. We elucidated the mechanism responsible for the
measured small CPVs in Λb → pπ−; pK−, in contrast to
the sizable CPVs in the similar B meson decays. The
partial-wave CPVs in Λb → pπ− attains 10% potentially,
but the destruction between them leads to the tiny CPV.
The direct CPV of Λb → pK− is primarily attributed to the
modest S-wave CPV.
We have extended our investigation to the CPVs in the

modes with vector and axial-vector final states. The
partial-wave CPVs of the Λb → pV, pA decays also
exceed 10%; for examples, the P2-wave CPVs of Λb →
pρ− and pa−1 ð1260Þ are 17% and −24%, respectively; the
ðDþ SLÞ-wave CPV of Λb → pK�− is 27%; the partial-
wave CPVs of Λb → pK−

1 ð1270Þ even amount to the order
of 30%. Nevertheless, the direct CPVs of the Λb → pK�−,
pa−1 ð1260Þ, and pK1ð1270Þ decays diminish as well,
which trace back to the strong cancelation of the major
ðDþ SLÞ- and P1-wave CPVs, like the Λb → pπ− case.
Our work suggests that certain partial-wave CPVs in

bottom baryon decays, especially those related to angular
distributions, can be sufficiently significant and probed to
establish baryon CPVs. The decay asymmetry parameters
of two-body Λb modes are also predicted for future
experimental confrontations. It opens avenues for deeply
understanding the dynamics in heavy baryon decays
and their CPVs. The rich data samples and complicated

TABLE XVI. Predictions for AUD and ACP
UD in the Λb → pa1, pK1 decays.

Λb → pa1 Λb → pK1ðθK ¼ 30°Þ Λb → pK1ðθK ¼ 60°Þ
AUD ð−9þ2

−2 Þ% ð−19þ4
−4 Þ% ð−24þ6

−5 Þ%
ACP
UD ð−24þ8

−13Þ% ðþ26þ4
−10Þ% ðþ40þ4

−9 Þ%
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dynamics in multibody bottom baryon decays offer remark-
able prospects for exploring baryon CPVs.
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APPENDIX A: AUXILIARY FUNCTIONS

The auxiliary functions F1;2;3;4 as the results of the
Fourier transformation of the hard decay kernels from the
kT space to the b space are collected below:

F1ðA; bÞ ¼
Z

d2kT
eikT ·b

k2 þ A
¼ 2π

�
K0ð

ffiffiffiffiffiffiffiffi
Ab2

p
ÞΘðAÞ þ iπ

2
Hð1Þ

0 ð
ffiffiffiffiffiffiffiffiffiffiffi
−Ab2

p
ÞΘð−AÞ

�
; ðA1Þ

F2ðA; B; bÞ ¼
Z

d2kT
eikT ·b

ðk2 þ AÞðk2 þ BÞ

¼
Z

1

0

dz
πbffiffiffiffiffiffiffiffijZ1j

p �
K1ð

ffiffiffiffiffiffiffiffiffiffi
Z1b2

q
ÞΘðZ1Þ −

iπ
2
Hð1Þ

1 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−Z1b2

q
ÞΘð−Z1Þ

�
; ðA2Þ

F3ðA; B;C; b1; b2Þ ¼
Z

d2k1T

Z
d2k2T

eiðk1T ·b1þk2T ·b2Þ

ðk21 þ AÞðk22 þ BÞððk1 þ k2Þ2 þ CÞ

¼
Z

1

0

dz1dz2
z1ð1 − z1Þ

π2
ffiffiffiffiffiffi
X2

pffiffiffiffiffiffiffiffijZ2j
p �

K1ð
ffiffiffiffiffiffiffiffiffiffiffi
X2Z2

p
ÞΘðZ2Þ −

iπ
2
Hð1Þ

1 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−X2Z2

p
ÞΘð−Z2Þ

�
; ðA3Þ

F4ðA;B;C;D; b1; b2; b3Þ ¼
Z

d2k1T

Z
d2k2T

Z
d2k3T

eiðk1T ·b1þk2T ·b2þk3T ·b3Þ

ðk21 þ AÞðk22 þ BÞðk23 þ CÞððk1 þ k2 þ k3Þ2 þDÞ

¼
Z

1

0

dz1dz2dz3
z1z2ð1 − z1Þð1 − z2Þ

π3
ffiffiffiffiffiffi
X3

pffiffiffiffiffiffiffiffijZ3j
p �

K1ð
ffiffiffiffiffiffiffiffiffiffiffi
X3Z3

p
ÞΘðZ3Þ −

iπ
2
Hð1Þ

1 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−X3Z3

p
ÞΘð−Z3Þ

�
: ðA4Þ

In the above expressions Hð1Þ
v ðzÞ is the Hankel function of the first kind,

Hð1Þ
v ðzÞ ¼ JvðzÞ þ iYvðzÞ; ðA5Þ

where JvðzÞ (YvðzÞ) is the Bessel function of the first (second) kind, andKvðzÞ is the modified Bessel function of the second
kind. The variables Z1, Z2, Z3, and X2, X3 read

FIG. 14. CPVs measured in B meson and Λb → pπ−; pK−

decays, and our predictions.

HAN, YU, LI, LI, WANG, XIAO, and YU PHYS. REV. D 112, 053007 (2025)

053007-28



Z1 ¼ Azþ Bð1 − zÞ;
Z2 ¼ Að1 − z2Þ þ

z2
z1ð1 − z1Þ

½Bð1 − z1Þ þ Cz1�;

Z3 ¼ Að1 − z3Þ þ
z3

z2ð1 − z2Þ
�
Bð1 − z2Þ þ

z2
z1ð1 − z1Þ

½Cð1 − z1Þ þDz1�
�
;

X2 ¼ ðb1 − z1b2Þ2 þ
z1ð1 − z1Þ

z2
b22;

X3 ¼ ½b1 − b2z2 − b3z1ð1 − z2Þ�2 þ
z2ð1 − z2Þ

z3
ðb2 − b3z1Þ2 þ

z1ð1 − z1Þz2ð1 − z2Þ
z2z3

b23; ðA6Þ

with the Feynman parameters z’s. The above auxiliary
functions appear in the PQCD factorization formulas for
two-body hadronic Λb baryon decays.

APPENDIX B: DECAY AMPLITUDES

We present the PQCD factorization formula for each
topological diagram, whose hard kernel involves two
virtual gluons at the lowest order of the strong coupling
αs. The Feynman diagrams to be evaluated are shown in
Figs. 15–19, where the gluon in black stays fixed, while the
gluon in red has one fixed end with another attaching to a
cross at various locations. A Feynman diagram is labeled
by the crossed vertex. For instance, the upper-left diagram

in Fig. 15 is labeled as a3. We provide the formula for one
typical diagram in each topology involved in the Λb →
pπ−; pK− decay. The amplitudes for the other modes Λb →
pρ−; pK�−; pa−1 ; pK

−
1 from the same topology are similar,

but with different meson DAs.
There are 40 Feynman diagrams from the T topology in

Fig. 15, among which 16 are factorizable without hard
gluons attaching to the emitted meson, and 24 are non-
factorizable. Applying the Feriz transformation to Fig. 15
and replacing the tree operators by the penguin ones, we
acquire the diagrams for the PC1 topology. The formula for
the sum of the factorizable Tðb2Þ diagram and the
corresponding PC1 diagram is written as

FIG. 15. Feynman diagrams contributing to the external-W emission topology T.
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ATðb2ÞþPC1ðb2Þ ¼
8

3

−i
128N2

c

Z
½dx�

Z
½dx0� 1

ð2πÞ5
Z

b1db1

Z
b02db

0
2

Z
b03db

0
3ð4παsðtTðb2ÞÞÞ2

× ðMTðb2Þ þMPC1ðb2ÞÞF1ðC; b03ÞF3ðA;B;D; b1; b02Þ exp½−STðb2Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�: ðB1Þ

The auxiliary functions Fi, with arguments

A ¼ m2
Λb
ðx2 þ x3Þ; B ¼ m2

Λb
x3ðx01 þ x03Þ; C ¼ m2

Λb
x3x03; D ¼ m2

Λb
x2x02; ðB2Þ

from the internal particle propagators, have been given in Appendix. A. The functions

MTðb2Þ ¼
GFffiffiffi
2

p
�
VubV�

uq

�
1

3
C1 þC2

��
MLL

Tðb2Þ;

MPC1ðb2Þ ¼ −
GFffiffiffi
2

p
�
VtbV�

tq

�
1

3
C3 þC4 þ

1

3
C9 þC10

��
MLL

Tðb2Þ −
GFffiffiffi
2

p
�
VtbV�

tq

�
−
2

3
C5 − 2C6 −

2

3
C7 −C8

��
MSP

Tðb2Þ; ðB3Þ

are associated with the tree and penguin contributions, respectively, where the matrix elementMLL
Tðb2ÞðMSP

Tðb2ÞÞ corresponds
to the insertion of the ðV − AÞ ⊗ ðV − AÞððS − PÞ ⊗ ðSþ PÞÞ operator. We display their explicit expressions as follows:

MLL
Tðb2Þ ≡ hhjðq̄uÞV−Aj0ihpjðūbÞV−AjΛbiTðb2Þ

¼ f8ifPm4
Λb
ψ4T1x3 þmpm3

Λb
ð−2ifPψ−þ

3 x3ðP1 þ S1 þ 2T2 þ T3 − T7Þ − 2ifPψ
þ−
3 x3ð−A3 þ V3ÞÞ

þ 2ifPm3
pmΛb

ψ−þ
3 ðx01 þ x03ÞðA6 þ V6Þ þm2

pm2
Λb
ð−4ifPψ2x3ð−A4 − A5 − V4 þ V5Þ

þ 4ifPψ4ðx01 þ x03Þð−A4 − A5 þ P2 − S2 − T4 − T8 − V4 þ V5ÞÞg
þ f8ifPm4

Λb
ψ4T1x3 þmpm3

Λb
ð2ifPψ−þ

3 x3ð−P1 − S1 − 2T2 − T3 þ T7Þ þ 2ifPψ
þ−
3 x3ðA3 − V3ÞÞ

þ 2ifPm3
pmΛb

ψ−þ
3 ðx01 þ x03ÞðA6 þ V6Þ þm2

pm2
Λb
ð4ifPψ2x3ðA4 þ A5 þ V4 − V5Þ

− 4ifPψ4ðx01 þ x03ÞðA4 þ A5 − P2 þ S2 þ T4 þ T8 þ V4 − V5ÞÞgγ5; ðB4Þ

MSP
Tðb2Þ ≡ hhjðq̄uÞSþPj0ihpjðūbÞS−PjΛbiTðb2Þ

¼ f−2ifPmP
0 ðm3

Λb
x3ð4ψ4T1 þ ψþ−

3 ðA1 þ V1Þðx2 þ x3ÞÞ þm3
pðA6ψ

−þ
3 þ ψ−þ

3 V6 þ 4ψ2T6ðx2 þ x3ÞÞ
× ðx01 þ x03Þ −mpm2

Λb
ðψ−þ

3 ðP1 þ S1 þ 2T2 þ T3 − T7Þx3 þ ψþ−
3 ð−A3 þ V3Þx3 þ 2ψ2ðA2 þ A3

− P1 þ S1 þ T3 þ T7 − V2 þ V3Þx3ðx2 þ x3Þ − 2ψ4ðA2 þ A3 − V2 þ V3Þðx2 þ x3Þðx01 þ x03ÞÞ
þm2

pmΛb
ð2ψ2ðA4 þ A5 þ V4 − V5Þx3 − 2ψ4ðA4 þ A5 − P2 þ S2 þ T4 þ T8 þ V4 − V5Þðx01 þ x03Þ

− ψþ−
3 ðP2 þ S2 þ T4 þ 2T5 − T8Þðx2 þ x3Þðx01 þ x03Þ þ ψ−þ

3 ðA4 − V4Þðx2 þ x3Þðx01 þ x03ÞÞÞg
þ f2ifPmP

0 ðm3
Λb
ð4ψ4T1x3 − ψþ−

3 ðA1 þ V1Þx3ðx2 þ x3ÞÞ þm3
pðA6ψ

−þ
3 þ ψ−þ

3 V6 − 4ψ2T6ðx2 þ x3ÞÞ
× ðx01 þ x03Þ −mpm2

Λb
ðψ−þ

3 ðP1 þ S1 þ 2T2 þ T3 − T7Þx3 þ ψþ−
3 ð−A3 þ V3Þx3 − 2ψ2ðA2 þ A3

− P1 þ S1 þ T3 þ T7 − V2 þ V3Þx3ðx2 þ x3Þ þ 2ψ4ðA2 þ A3 − V2 þ V3Þðx2 þ x3Þðx01 þ x03ÞÞ
þm2

pmΛb
ð2ψ2ðA4 þ A5 þ V4 − V5Þx3 − 2ψ4ðA4 þ A5 − P2 þ S2 þ T4 þ T8 þ V4 − V5Þðx01 þ x03Þ

þ ψþ−
3 ðP2 þ S2 þ T4 þ 2T5 − T8Þðx2 þ x3Þðx01 þ x03Þ − ψ−þ

3 ðA4 − V4Þðx2 þ x3Þðx01 þ x03ÞÞÞgγ5: ðB5Þ

The nonfactorizable Tðc7Þ diagram yields

ATðc7Þ ¼
−1

128N2
c

1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dx�
Z

½dx0�
Z

dy
1

ð2πÞ5
Z

b2db2

Z
b3db3

Z
bqdbqð4παsðtTðc7ÞÞÞ2

× ðMTðc7Þ þMPC1ðc7ÞÞF4ðD;C; B; A; b2; b3; bqÞ exp½−STðc7Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�; ðB6Þ

with the arguments,
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A ¼ m2
Λb
x03ðx3 − yÞ; B ¼ m2

Λb
x02ð−1þ x2 þ yÞ; C ¼ m2

Λb
x3x03; D ¼ m2

Λb
x2x02: ðB7Þ

The functions

MTðc7Þ ¼
GFffiffiffi
2

p fVubV�
uq½f1C1 þ f2C2�gMLL

Tðc7Þ;

MPC1ðc7Þ ¼ −
GFffiffiffi
2

p fVtbV�
tq½f1C3 þ f2C4 þ f1C9 þ f2C10�gMLL

Tðc7Þ −
GFffiffiffi
2

p fVtbV�
tq½f1C5 þ f2C6 þ f1C7 þ f2C8�gMLR

Tðc7Þ;

ðB8Þ

where f1 ¼ 8=3 and f2 ¼ −2 are the color factors, and the superscript LR refers to the contribution from the ðV − AÞ ⊗
ðV þ AÞ operator, contain the matrix elements

MLL
Tðc7Þ ≡ hphjðq̄bÞV−AðūuÞV−AjΛbiTðc7Þ

¼ f8mΛb
ð4m3

pψ2T6x02x
0
3 þm2

pmΛb
x03ððA4ψ

−þ
3 − 2ψþ−

3 T5 − ψ−þ
3 V4Þx02 − 2ψ2ðP2 − S2 þ T4 þ T8Þ

× ð−1þ x2 þ yÞÞ þm3
Λb
ðx3 − yÞðA1ψ

−þ
3 x02 þ ψ−þ

3 V1x02 − 2A1ψ2ð−1þ x2 þ yÞ þ 2ψ2ð2T1 þ V1Þ
× ð−1þ x2 þ yÞÞ þmpm2

Λb
ð2ψ4ðA3 þ V3Þx02x03 − 2ψ2ðP1 − S1 þ T3 þ T7Þx02ðx3 − yÞ

þ ψþ−
3 ðP1 þ S1 þ T3 − T7Þx03ð−1þ x2 þ yÞÞÞϕA

mg
þ f8mΛb

ð−4m3
pψ2T6x02x

0
3 þm2

pmΛb
x03ðð−A4ψ

−þ
3 þ 2ψþ−

3 T5 þ ψ−þ
3 V4Þx02 þ 2ψ2ð−P2 þ S2 − T4 − T8Þ

× ð−1þ x2 þ yÞÞ −m3
Λb
ðx3 − yÞðA1ψ

−þ
3 x02 þ ψ−þ

3 V1x02 þ 2A1ψ2ð−1þ x2 þ yÞ − 2ψ2ð2T1 þ V1Þ
× ð−1þ x2 þ yÞÞ þmpm2

Λb
ð−2ψ4ðA3 þ V3Þx02x03 þ 2ψ2ðP1 − S1 þ T3 þ T7Þx02ðx3 − yÞ

þ ψþ−
3 ðP1 þ S1 þ T3 − T7Þx03ð−1þ x2 þ yÞÞÞϕA

mgγ5; ðB9Þ

MLR
Tðc7Þ≡ hphjðq̄bÞV−AðūuÞVþAjΛbiTðc7Þ

¼ f8m0ð2m3
pψ2ð−ððA6−V6Þx03ð−1þ x2þ yÞðϕP

m−ϕT
mÞÞþ 2T6x02ðx3− yÞðϕP

mþϕT
mÞÞ− 2m3

Λb
ψ4ð−2T1x03

× ð−1þ x2þ yÞðϕP
m−ϕT

mÞþA1x02ðx3− yÞðϕP
mþϕT

mÞ−V1x02ðx3− yÞðϕP
mþϕT

mÞÞþm2
pmΛb

ð−2ψþ−
3 T5x02

× ðx3− yÞðϕP
mþϕT

mÞþψþ−
3 x03ð−1þ x2þ yÞððA4þA5þP2þS2−T4þT8−V4þV5ÞϕP

m

þðA4 −A5þP2þS2 −T4þT8−V4 −V5ÞϕT
mÞþψ−þ

3 ðððA5− 2T5−V4þV5Þx02x3þðP2þS2 −T4þT8Þ
× ð−1þ x2Þx03− ðA5− 2T5−V4þV5Þx02yþðP2þS2−T4þT8Þx03yÞϕP

m− ððA5 − 2T5þV4þV5Þx02x3
þðP2þS2−T4þT8Þð−1þ x2Þx03− ðA5 − 2T5þV4þV5Þx02yþðP2þS2−T4þT8Þx03yÞϕT

m

þA4x02ðx3 − yÞðϕP
mþϕT

mÞÞ− 2ψ2ð−ðððS2þT4þT8Þx02x3þðA4þV4Þð−1þ x2Þx03− ðS2þT4þT8Þx02y
þðA4þV4Þx03yÞϕP

mÞþ ð−ððS2þT4þT8Þx02x3Þþ ðA4þV4Þð−1þ x2Þx03þðS2þT4þT8Þx02y
þðA4þV4Þx03yÞϕT

mþP2x02ðx3− yÞðϕP
mþϕT

mÞÞÞþmpm2
Λb
ðψ−þ

3 ððA2þA3þP1þS1−T3þT7þV2−V3Þx02x3
− 2T2ð−1þ x2Þx03− ððA2þA3þP1þS1−T3þT7þV2−V3Þx02þ 2T2x03ÞyÞϕP

mþψ−þ
3 ððA2−A3−P1

−S1þT3 −T7þV2þV3Þx02x3þ 2T2ð−1þ x2Þx03þð−A2þA3þP1þS1 −T3þT7−V2−V3Þx02yþ 2T2x03yÞϕT
m

þψþ−
3 ðððS1−T3þT7Þx02x3þðA2þA3− 2T2þV2−V3Þð−1þ x2Þx03 − ðS1−T3þT7Þx02yþðA2þA3

− 2T2þV2−V3Þx03yÞϕP
mþððS1−T3þT7Þx02x3þðA2−A3 − 2T2þV2þV3Þð−1þ x2Þx03− ðS1−T3þT7Þx02y

þðA2 −A3− 2T2þV2þV3Þx03yÞϕT
mþP1x02ðx3− yÞðϕP

mþϕT
mÞÞþ 2ψ4ð−ððP1−S1−T3−T7Þx03ð−1þ x2þ yÞ

× ðϕP
m−ϕT

mÞÞþA3x02ðx3 − yÞðϕP
mþϕT

mÞþV3x02ðx3− yÞðϕP
mþϕT

mÞÞÞÞg
þf8m0ð2m3

pψ2ð−ððA6−V6Þx03ð−1þ x2þ yÞðϕP
m−ϕT

mÞÞþ 2T6x02ðx3− yÞðϕP
mþϕT

mÞÞþ 2m3
Λb
ψ4ð−2T1x03

× ð−1þ x2þ yÞðϕP
m−ϕT

mÞþA1x02ðx3− yÞðϕP
mþϕT

mÞ−V1x02ðx3− yÞðϕP
mþϕT

mÞÞþm2
pmΛb

ð−2ψþ−
3 T5x02
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× ðx3 − yÞðϕP
m þ ϕT

mÞ þ ψþ−
3 x03ð−1þ x2 þ yÞððA4 þ A5 þ P2 þ S2 − T4 þ T8 − V4 þ V5ÞϕP

m

þ ðA4 − A5 þP2 þ S2 − T4 þ T8 − V4 − V5ÞϕT
mÞ þ ψ−þ

3 ðððA5 − 2T5 − V4 þ V5Þx02x3 þ ðP2 þ S2 − T4 þ T8Þ
× ð−1þ x2Þx03 − ðA5 − 2T5 − V4 þ V5Þx02yþ ðP2 þ S2 − T4 þ T8Þx03yÞϕP

m − ððA5 − 2T5 þ V4 þ V5Þx02x3
þ ðP2 þ S2 − T4 þ T8Þð−1þ x2Þx03 − ðA5 − 2T5 þ V4 þ V5Þx02yþ ðP2 þ S2 − T4 þ T8Þx03yÞϕT

m

þ A4x02ðx3 − yÞðϕP
m þ ϕT

mÞÞ þ 2ψ2ð−ðððS2 þ T4 þ T8Þx02x3 þ ðA4 þ V4Þð−1þ x2Þx03 − ðS2 þ T4 þ T8Þx02y
þ ðA4 þ V4Þx03yÞϕP

mÞ þ ð−ððS2 þ T4 þ T8Þx02x3Þ þ ðA4 þ V4Þð−1þ x2Þx03 þ ðS2 þ T4 þ T8Þx02y
þ ðA4 þ V4Þx03yÞϕT

m þP2x02ðx3 − yÞðϕP
m þ ϕT

mÞÞÞ−mpm2
Λb
ðψ−þ

3 ððA2 þ A3 þ P1 þ S1 − T3 þ T7 þ V2 − V3Þx02x3
− 2T2ð−1þ x2Þx03 − ððA2 þ A3 þ P1 þ S1 − T3 þ T7 þ V2 − V3Þx02 þ 2T2x03ÞyÞϕP

m þ ψ−þ
3 ððA2 − A3 − P1

− S1 þ T3 − T7 þ V2 þ V3Þx02x3 þ 2T2ð−1þ x2Þx03 þ ð−A2 þ A3 þ P1 þ S1 − T3 þ T7 − V2 − V3Þx02yþ 2T2x03yÞϕT
m

þ ψþ−
3 ðððS1 − T3 þ T7Þx02x3 þ ðA2 þ A3 − 2T2 þ V2 − V3Þð−1þ x2Þx03 − ðS1 − T3 þ T7Þx02yþ ðA2 þ A3

− 2T2 þ V2 − V3Þx03yÞϕP
m þ ððS1 − T3 þ T7Þx02x3 þ ðA2 − A3 − 2T2 þ V2 þ V3Þð−1þ x2Þx03 − ðS1 − T3 þ T7Þx02y

þ ðA2 − A3 − 2T2 þ V2 þ V3Þx03yÞϕT
m þ P1x02ðx3 − yÞðϕP

m þ ϕT
mÞÞ− 2ψ4ð−ððP1 − S1 − T3 − T7Þx03ð−1þ x2 þ yÞ

× ðϕP
m − ϕT

mÞÞ þ A3x02ðx3 − yÞðϕP
m þ ϕT

mÞ þ V3x02ðx3 − yÞðϕP
m þ ϕT

mÞÞÞÞgγ5: ðB10Þ

For the C2ðc7Þ diagram in Fig. 16, we have

AC2ðc7Þ ¼
−1

128N2
c

1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dx�
Z

½dx0�
Z

dy
1

ð2πÞ5
Z

b2db2

Z
b02db

0
2

Z
bqdbqð4παsðtC2ðc7ÞÞÞ2ðMC2ðc7Þ

þMPC2ðc7ÞÞF1ðD; b02ÞF3ðA;C; B; b2; b02; bqÞ exp½−SC2ðc7Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�; ðB11Þ

FIG. 16. Feynman diagrams contributing to the C2 topology.
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with the arguments

A ¼ m2
Λb
x2ðx02 þ x02Þ; B ¼ m2

Λb
ðx02 − x3 þ x03Þðx2 − yÞ; C ¼ m2

Λb
x3y; D ¼ m2

Λb
x2x02: ðB12Þ

The functions

MC2ðc7Þ ¼
GFffiffiffi
2

p fVubV�
ud½f1C1 þ f2C2�gMLL

C2ðc7Þ;

MPC2ðc7Þ ¼ −
GFffiffiffi
2

p fVtbV�
td½f1C3 þ f2C4 þ f1C9 þ f2C10�gMLL

C2ðc7Þ

−
GFffiffiffi
2

p fVtbV�
td½−2f1C5 − 2f2C6 − 2f1C7 − 2f2C8�gMSP

C2ðc7Þ; ðB13Þ

contain the color factors f1 ¼ −8=3 and f2 ¼ −16=3, and the matrix elements

MLL
C2ðc7Þ ≡ hphjðūbÞV−Aðd̄uÞV−AjΛbiC2ðc7Þ

¼ f8m0m3
pψ

þ−
3 ðA6 − V6Þðx02 þ x03Þðx02 − x3 þ x03ÞðϕP

m − ϕT
mÞ þ 8m0m3

Λb
ψ−þ
3 ðA1 − V1Þx2ðx2 − yÞ

× ðϕP
m þ ϕT

mÞ − 8mpm2
Λb
ðmΛb

ψ−þ
3 ðP1 þ S1 − 2T2 − T3 þ T7Þðx02 þ x03Þðx2 − yÞϕA

m −m0ψ
−þ
3 ðA3 þ V3Þx2

× ðx02 − x3 þ x03ÞðϕP
m − ϕT

mÞ þ 2m0ψ2ðP1 þ S1 − 2T2 − T3 þ T7Þx2ðx2 − yÞðϕP
m þ ϕT

mÞ − 2m0ψ4ðP1 þ S1

− 2T2 − T3 þ T7Þðx02 þ x03Þðx2 − yÞðϕP
m þ ϕT

mÞÞ − 8m2
pmΛb

ð−2ψ4ðx02 þ x03Þðx02 − x3 þ x03Þ
× ðA5mΛb

ϕA
m −mΛb

V5ϕ
A
m −m0ðP2 þ S2 − T4 − 2T5 þ T8ÞðϕP

m − ϕT
mÞÞ þ 2ψ2ðA4mΛb

ðx02 þ x03Þðx2 − yÞϕA
m

þmΛb
V4ðx02 þ x03Þðx2 − yÞϕA

m −m0ðP2 þ S2 − T4 − 2T5 þ T8Þx2ðx02 − x3 þ x03ÞðϕP
m − ϕT

mÞÞ
−m0ψ

þ−
3 ðA4 þ V4Þðx02 þ x03Þðx2 − yÞðϕP

m þ ϕT
mÞÞg

þ f−8m0m3
pψ

þ−
3 ðA6 − V6Þðx02 þ x03Þðx02 − x3 þ x03ÞðϕP

m − ϕT
mÞ þ 8m0m3

Λb
ψ−þ
3 ðA1 − V1Þx2ðx2 − yÞ

× ðϕP
m þ ϕT

mÞ − 8mpm2
Λb
ðmΛb

ψ−þ
3 ðP1 þ S1 − 2T2 − T3 þ T7Þðx02 þ x03Þðx2 − yÞϕA

m þm0ψ
−þ
3 ðA3 þ V3Þx2

× ðx02 − x3 þ x03ÞðϕP
m − ϕT

mÞ þ 2m0ψ2ðP1 þ S1 − 2T2 − T3 þ T7Þx2ðx2 − yÞðϕP
m þ ϕT

mÞ − 2m0ψ4ðP1 þ S1

− 2T2 − T3 þ T7Þðx02 þ x03Þðx2 − yÞðϕP
m þ ϕT

mÞÞ − 8m2
pmΛb

ð−2ψ4ðx02 þ x03Þðx02 − x3 þ x03Þ
× ðA5mΛb

ϕA
m −mΛb

V5ϕ
A
m þm0ðP2 þ S2 − T4 − 2T5 þ T8ÞðϕP

m − ϕT
mÞÞ þ 2ψ2ðA4mΛb

ðx02 þ x03Þðx2 − yÞϕA
m

þmΛb
V4ðx02 þ x03Þðx2 − yÞϕA

m þm0ðP2 þ S2 − T4 − 2T5 þ T8Þx2ðx02 − x3 þ x03ÞðϕP
m − ϕT

mÞÞ
−m0ψ

þ−
3 ðA4 þ V4Þðx02 þ x03Þðx2 − yÞðϕP

m þ ϕT
mÞÞgγ5; ðB14Þ

MSP
C2ðc7Þ ≡ hphjðūbÞS−Pðd̄uÞSþPjΛbiC2

¼ f8m3
pT6ðx02 þ x03ÞðmΛb

ψþ−
3 ðx02 − x3 þ x03ÞϕA

m þ 2m0ψ2ðx2 − yÞðϕP
m − ϕT

mÞÞ − 8m3
Λb
T1x2ðx02 − x3 þ x03Þ

× ðmΛb
ψ−þ
3 ϕA

m − 2m0ψ4ðϕP
m þ ϕT

mÞÞ þ 4m2
pmΛb

ð−mΛb
ψþ−
3 ðP2 − S2 − T4 − T8Þðx02 þ x03Þðx02 − x3 þ x03ÞϕA

m

þ 2mΛb
ψ4ðA4 þ A5 − V4 þ V5Þðx02 þ x03Þðx02 − x3 þ x03ÞϕA

m þm0ψ
−þ
3 ðA4 þ A5 − V4 þ V5Þðx02 þ x03Þ

× ðx2 − yÞðϕP
m − ϕT

mÞ þm0ψ
þ−
3 ðA4 þ A5 − V4 þ V5Þx2ðx02 − x3 þ x03ÞðϕP

m þ ϕT
mÞ

− 2ψ2ðmΛb
ϕA
mx2ðx02 − x3 þ x03ÞðA4 þ A5 − V4 þ V5Þ þm0ðϕP

m − ϕT
mÞðx02 þ x03Þðx2 − yÞðP2 − S2

− T4 − T8ÞÞÞ − 4mpm2
Λb
ð−mΛb

ψ−þ
3 ð−P1 þ S1 þ T3 þ T7Þx2ð−x02 þ x3 − x03ÞϕA

m þ 2mΛb
ψ2ðA2 þ A3

þ V2 − V3Þx2ðx02 − x3 þ x03ÞϕA
m −m0ψ

−þ
3 ðA2 þ A3 þ V2 − V3Þðx02 þ x03Þðx2 − yÞðϕP

m − ϕT
mÞ

−m0ψ
þ−
3 ðA2 þ A3 þ V2 − V3Þx2ðx02 − x3 þ x03ÞðϕP

m þ ϕT
mÞ − 2ψ4ðx02 − x3 þ x03Þ

× ðmΛb
ðA2 þ A3 þ V2 − V3Þðx02 þ x03ÞϕA

m −m0ðP1 − S1 − T3 − T7Þx2ðϕP
m þ ϕT

mÞÞÞg
þ f8m3

pT6ðx02 þ x03ÞðmΛb
ψþ−
3 ðx02 − x3 þ x03ÞϕA

m þ 2m0ψ2ðx2 − yÞðϕP
m − ϕT

mÞÞ þ 8m3
Λb
T1x2ðx02 − x3 þ x03Þ
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× ðmΛb
ψ−þ
3 ϕA

m − 2m0ψ4ðϕP
m þ ϕT

mÞÞ þ 4m2
pmΛb

ðmΛb
ψþ−
3 ðP2 − S2 − T4 − T8Þðx02 þ x03Þðx02 − x3 þ x03ÞϕA

m

þ 2mΛb
ψ4ðA4 þ A5 − V4 þ V5Þðx02 þ x03Þðx02 − x3 þ x03ÞϕA

m þm0ψ
−þ
3 ðA4 þ A5 − V4 þ V5Þðx02 þ x03Þ

× ðx2 − yÞðϕP
m − ϕT

mÞ þm0ψ
þ−
3 ðA4 þ A5 − V4 þ V5Þx2ðx02 − x3 þ x03ÞðϕP

m þ ϕT
mÞ

− 2ψ2ðmΛb
ϕA
mx2ðx02 − x3 þ x03ÞðA4 þ A5 − V4 þ V5Þ −m0ðϕP

m − ϕT
mÞðx02 þ x03Þðx2 − yÞðP2 − S2

− T4 − T8ÞÞÞ þ 4mpm2
Λb
ðmΛb

ψ−þ
3 ðP1 − S1 − T3 − T7Þx2ðx02 − x3 þ x03ÞϕA

m þ 2mΛb
ψ2ðA2 þ A3

þ V2 − V3Þx2ðx02 − x3 þ x03ÞϕA
m −m0ψ

−þ
3 ðA2 þ A3 þ V2 − V3Þðx02 þ x03Þðx2 − yÞðϕP

m − ϕT
mÞ

−m0ψ
þ−
3 ðA2 þ A3 þ V2 − V3Þx2ðx02 − x3 þ x03ÞðϕP

m þ ϕT
mÞ − 2ψ4ðx02 − x3 þ x03Þ

× ðmΛb
ðA2 þ A3 þ V2 − V3Þðx02 þ x03ÞϕA

m þm0ðP1 − S1 − T3 − T7Þx2ðϕP
m þ ϕT

mÞÞÞgγ5: ðB15Þ

The E2ða4Þ diagram in Fig. 17 contributes

AE2ða4Þ ¼
−1

128N2
c

1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dx�
Z

½dx0�
Z

dy
1

ð2πÞ5
Z

b1db1

Z
b3db3

Z
b02db

0
2ð4παsðtE2ða4ÞÞÞ2

× ðME2ða4Þ þMPE2ða4ÞÞF1ðC; b3ÞF3ðA;D;B; b1; b3; b02Þ exp½−SE2ða4Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�; ðB16Þ

with the arguments

A ¼ m2
Λb
ðx2 þ x3Þx03; B ¼ m2

Λb
ðx02 þ x03Þð−1þ x2 þ x3 þ yÞ; C ¼ m2

Λb
x3x03; D ¼ m2

Λb
x02ð−1þ yÞ: ðB17Þ

FIG. 17. Feynman diagrams contributing to the E2 topology.
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The functions

ME2ða4Þ ¼
GFffiffiffi
2

p fVubV�
uq½f1C1 þ f2C2�gMLL

E2ða4Þ;

M
P
Eu
1 ða4Þ ¼ −

GFffiffiffi
2

p fVtbV�
tq½f1C3 þ f2C4 þ f1C9 þ f2C10�gMLL

E2ða4Þ

−
GFffiffiffi
2

p fVtbV�
tq½−2f1C5 − 2f2C6 − 2f1C7 − 2f2C8�gMSP

E2ða4Þ; ðB18Þ

involve the color factors f1 ¼ −8=3 and f2 ¼ −16=3, and the matrix elements

MLL
E2ða4Þ ≡ hphjðūbÞV−Aðq̄uÞV−AjΛbiE2

¼ f8ð−4m4
Λb
ψ4T1x03ð−1þ x2 þ x3 þ yÞϕA

m þm3
Λb
ð2mpx03ðψ4ðP1 − S1 þ T3 þ T7Þðx02 þ x03Þ

þ ðψ−þ
3 þ ψþ−

3 ÞT2ð−1þ x2 þ x3 þ yÞÞϕA
m þm0ðψ−þ

3 þ ψþ−
3 ÞðA1 − V1Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞ

× ðϕP
m − ϕT

mÞÞ þm0m3
pðψ−þ

3 þ ψþ−
3 ÞðA6 − V6Þx03ðx02 þ x03ÞðϕP

m þ ϕT
mÞ þm0m2

pmΛb
ðA4ðψ−þ

3 þ ψþ−
3 Þx03

× ð−1þ x2 þ x3 þ yÞðϕP
m − ϕT

mÞ þ ψ−þ
3 V4x03ð−1þ x2 þ x3 þ yÞðϕP

m − ϕT
mÞ þ ψþ−

3 V4x03ð−1þ x2 þ x3 þ yÞ
× ðϕP

m − ϕT
mÞ þ 2A4ψ2ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞ − 2ψ2V4ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞ

− 2ψ4ðA5 þ V5Þx03ðx02 þ x03ÞðϕP
m þ ϕT

mÞÞ þmpm2
Λb
ð−mpðψ−þ

3 þ ψþ−
3 ÞðP2 þ S2 þ T4 − T8Þx03ðx02 þ x03ÞϕA

m

− 2m0ψ2ðA2 þ V2Þð−1þ x2Þx2ϕP
m þm0ðA3ðψ−þ

3 ðx2 þ x3Þðx02 þ x03Þ þ ψþ−
3 ðx2 þ x3Þðx02 þ x03Þ

þ 2ψ4x03ð−1þ x2 þ x3 þ yÞÞϕP
m þ ð2ψ2ðA2 þ V2Þx3 þ ψþ−

3 V3ðx2 þ x3Þðx02 þ x03Þ
− 2ðψ4V3x03ð−1þ x2 þ x3 þ yÞ þ ψ2V2ðx3ð2x2 þ x3Þ þ ðx2 þ x3ÞyÞ
þ A2ψ2ðx3ðx3 þ yÞ þ x2ð2x3 þ yÞÞÞÞϕP

m þ A3ðψ−þ
3 ðx2 þ x3Þðx02 þ x03Þ þ ψþ−

3 ðx2 þ x3Þðx02 þ x03Þ
− 2ψ4x03ð−1þ x2 þ x3 þ yÞÞϕT

m þ ðψþ−
3 V3ðx2 þ x3Þðx02 þ x03Þ þ 2A2ψ2ðx2 þ x3Þð−1þ x2 þ x3 þ yÞ

þ 2ψ2V2ðx2 þ x3Þð−1þ x2 þ x3 þ yÞ þ 2ψ4V3x03ð−1þ x2 þ x3 þ yÞÞϕT
m

þ ψ−þ
3 V3ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞÞÞÞg

þ f−8ð4m4
Λb
ψ4T1x03ð−1þ x2 þ x3 þ yÞϕA

m þm3
Λb
ð2mpx03ðψ4ðP1 − S1 þ T3 þ T7Þðx02 þ x03Þ

− ðψ−þ
3 þ ψþ−

3 ÞT2ð−1þ x2 þ x3 þ yÞÞϕA
m −m0ðψ−þ

3 þ ψþ−
3 ÞðA1 − V1Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞ

× ðϕP
m − ϕT

mÞÞ þm0m3
pðψ−þ

3 þ ψþ−
3 ÞðA6 − V6Þx03ðx02 þ x03ÞðϕP

m þ ϕT
mÞ þm0m2

pmΛb
ð−A4ðψ−þ

3 þ ψþ−
3 Þx03

× ð−1þ x2 þ x3 þ yÞðϕP
m − ϕT

mÞ − ψ−þ
3 V4x03ð−1þ x2 þ x3 þ yÞðϕP

m − ϕT
mÞ − ψþ−

3 V4x03ð−1þ x2 þ x3 þ yÞ
× ðϕP

m − ϕT
mÞ þ 2A4ψ2ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞ − 2ψ2V4ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞ

− 2ψ4ðA5 þ V5Þx03ðx02 þ x03ÞðϕP
m þ ϕT

mÞÞ þmpm2
Λb
ð−mpðψ−þ

3 þ ψþ−
3 ÞðP2 þ S2 þ T4 − T8Þx03ðx02 þ x03ÞϕA

m

þ 2m0ψ2ðA2 þ V2Þð−1þ x2Þx2ϕP
m þm0ðA3ðψ−þ

3 ðx2 þ x3Þðx02 þ x03Þ þ ψþ−
3 ðx2 þ x3Þðx02 þ x03Þ

− 2ψ4x03ð−1þ x2 þ x3 þ yÞÞϕP
m þ ð−2ψ2ðA2 þ V2Þx3 þ ψþ−

3 V3ðx2 þ x3Þðx02 þ x03Þ
þ 2ðψ4V3x03ð−1þ x2 þ x3 þ yÞ þ ψ2V2ðx3ð2x2 þ x3Þ þ ðx2 þ x3ÞyÞ
þ A2ψ2ðx3ðx3 þ yÞ þ x2ð2x3 þ yÞÞÞÞϕP

m þ A3ðψ−þ
3 ðx2 þ x3Þðx02 þ x03Þ þ ψþ−

3 ðx2 þ x3Þðx02 þ x03Þ
þ 2ψ4x03ð−1þ x2 þ x3 þ yÞÞϕT

m þ ðψþ−
3 V3ðx2 þ x3Þðx02 þ x03Þ − 2A2ψ2ðx2 þ x3Þð−1þ x2 þ x3 þ yÞ

− 2ψ2V2ðx2 þ x3Þð−1þ x2 þ x3 þ yÞ − 2ψ4V3x03ð−1þ x2 þ x3 þ yÞÞϕT
m

þ ψ−þ
3 V3ðx2 þ x3Þðx02 þ x03ÞðϕP

m þ ϕT
mÞÞÞÞgγ5; ðB19Þ
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MSP
E2ða4Þ ≡ hphjðūbÞS−Pðq̄uÞSþPjΛbiE2

¼ f−4m3
pðx02 þ x03ÞðmΛb

ðψ−þ
3 þψþ−

3 ÞðA6 −V6Þx03ϕA
m − 4m0ψ2T6ðx2 þ x3ÞðϕP

m −ϕT
mÞÞ

− 4m3
Λb
ð−A1mΛb

ðψ−þ
3 þ ψþ−

3 Þðx2 þ x3Þðx02 þ x03ÞϕA
m þmΛb

ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3Þðx02 þ x03ÞϕA
m

− 4m0ψ4T1x03ð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞ− 4mpm2
Λb
ð2mΛb

ψ2ðA2 þV2Þðx2 þ x3Þðx02 þ x03ÞϕA
m

þ ψ−þ
3 ðA3mΛb

ðx2 þ x3Þðx02 þ x03ÞϕA
m þmΛb

V3ðx2 þ x3Þðx02 þ x03ÞϕA
m −m0ð2T2x03 þ ðx2 þ x3Þ

× ððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 − 2T2 − T3 þ T7Þx03Þ− 2T2x03yÞϕP
m þm0ð−2T2x03 þ ðx2 þ x3Þ

× ððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 þ 2T2 − T3 þ T7Þx03Þ þ 2T2x03yÞϕT
mÞ þ ψþ−

3 ðA3mΛb
ðx2 þ x3Þðx02 þ x03ÞϕA

m

þmΛb
V3ðx2 þ x3Þðx02 þ x03ÞϕA

m −m0ð2T2x03 þ ðx2 þ x3ÞððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 − 2T2 − T3 þ T7Þx03Þ
− 2T2x03yÞϕP

m þm0ð−2T2x03 þ ðx2 þ x3ÞððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 þ 2T2 − T3 þ T7Þx03Þ þ 2T2x03yÞϕT
mÞ

þ 2ψ4x03ð−mΛb
ðA3 −V3Þðx02 þ x03ÞϕA

m þm0ðP1 − S1 − T3 − T7Þð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞÞ
þ 4m2

pmΛb
ð2mΛb

ψ4ðA5 þV5Þx03ðx02 þ x03ÞϕA
m þ 2ψ2ðx2 þ x3Þðx02 þ x03ÞðmΛb

ð−A4 þV4ÞϕA
m

−m0ðP2 − S2 − T4 − T8ÞðϕP
m −ϕT

mÞÞ þψ−þ
3 ðA4mΛb

x03ðx02 þ x03ÞϕA
m þmΛb

V4x03ðx02 þ x03ÞϕA
m

− 2m0T5ðx2 þ x3Þðx02 þ x03ÞðϕP
m −ϕT

mÞ þm0ðP2 þ S2 − T4 þ T8Þx03ð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞ
þ ψþ−

3 ðA4mΛb
x03ðx02 þ x03ÞϕA

m þmΛb
V4x03ðx02 þ x03ÞϕA

m − 2m0T5ðx2 þ x3Þðx02 þ x03ÞðϕP
m −ϕT

mÞ
þm0ðP2 þ S2 − T4 þ T8Þx03ð−1þ x2 þ x3 þ yÞðϕP

m þϕT
mÞÞÞg

þ f4ð−m3
pðx02 þ x03ÞðmΛb

ðψ−þ
3 þψþ−

3 ÞðA6 −V6Þx03ϕA
m − 4m0ψ2T6ðx2 þ x3ÞðϕP

m −ϕT
mÞÞ

þm3
Λb
ð−A1mΛb

ðψ−þ
3 þ ψþ−

3 Þðx2 þ x3Þðx02 þ x03ÞϕA
m þmΛb

ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3Þðx02 þ x03ÞϕA
m

− 4m0ψ4T1x03ð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞ þmpm2
Λb
ð2mΛb

ψ2ðA2 þV2Þðx2 þ x3Þðx02 þ x03ÞϕA
m

− ψ−þ
3 ðA3mΛb

ðx2 þ x3Þðx02 þ x03ÞϕA
m þmΛb

V3ðx2 þ x3Þðx02 þ x03ÞϕA
m þm0ð2T2x03 þ ðx2 þ x3Þ

× ððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 − 2T2 − T3 þ T7Þx03Þ− 2T2x03yÞϕP
m −m0ð−2T2x03 þ ðx2 þ x3Þ

× ððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 þ 2T2 − T3 þ T7Þx03Þ þ 2T2x03yÞϕT
mÞ− ψþ−

3 ðA3mΛb
ðx2 þ x3Þðx02 þ x03ÞϕA

m

þmΛb
V3ðx2 þ x3Þðx02 þ x03ÞϕA

m þm0ð2T2x03 þ ðx2 þ x3ÞððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 − 2T2 − T3 þ T7Þx03Þ
− 2T2x03yÞϕP

m −m0ð−2T2x03 þ ðx2 þ x3ÞððP1 þ S1 − T3 þ T7Þx02 þ ðP1 þ S1 þ 2T2 − T3 þ T7Þx03Þ þ 2T2x03yÞϕT
mÞ

þ 2ψ4x03ð−mΛb
ðA3 −V3Þðx02 þ x03ÞϕA

m −m0ðP1 − S1 − T3 − T7Þð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞÞ
þm2

pmΛb
ð2mΛb

ψ4ðA5 þV5Þx03ðx02 þ x03ÞϕA
m þ 2ψ2ðx2 þ x3Þðx02 þ x03ÞðmΛb

ð−A4 þV4ÞϕA
m

þm0ðP2 − S2 − T4 − T8ÞðϕP
m −ϕT

mÞÞ− ψ−þ
3 ðA4mΛb

x03ðx02 þ x03ÞϕA
m þmΛb

V4x03ðx02 þ x03ÞϕA
m

þ 2m0T5ðx2 þ x3Þðx02 þ x03ÞðϕP
m −ϕT

mÞ−m0ðP2 þ S2 − T4 þ T8Þx03ð−1þ x2 þ x3 þ yÞðϕP
m þϕT

mÞÞ
− ψþ−

3 ðA4mΛb
x03ðx02 þ x03ÞϕA

m þmΛb
V4x03ðx02 þ x03ÞϕA

m þ 2m0T5ðx2 þ x3Þðx02 þ x03ÞðϕP
m −ϕT

mÞ
−m0ðP2 þ S2 − T4 þ T8Þx03ð−1þ x2 þ x3 þ yÞðϕP

m þϕT
mÞÞÞÞgγ5: ðB20Þ

We have, for the Bðc3Þ diagram in Fig. 18,

ABðc3Þ ¼
−1

128N2
c

1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dx�
Z

½dx0�
Z

dy
1

ð2πÞ5
Z

b1db1

Z
b3db3

Z
b02db

0
2ð4παsðtBðc3ÞÞÞ2

× ðMBðc3Þ þMPBðc3ÞÞF1ðC; b1 − b02ÞF3ðD;B; A; b1; b3; b02Þ exp½−SBðc3Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�; ðB21Þ

with the arguments

A ¼ m2
Λb
x02ð−1þ x2 þ yÞ; B ¼ m2

Λb
ð−1þ x2Þðx02 − x3Þ; C ¼ m2

Λb
x02ð−1þ yÞ; D ¼ m2

Λb
x3y: ðB22Þ
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The functions

MBðc3Þ ¼
GFffiffiffi
2

p fVubV�
ud½f1C1 þ f2C2�gMLL

Bðc3Þ;

MPBðc3Þ ¼ −
GFffiffiffi
2

p fVtbV�
td½f1C3 þ f2C4 þ f2C9 þ f2C10�gMLL

Bðc3Þ

−
GFffiffiffi
2

p fVtbV�
td½−2f1C5 − 2f2C6 − 2f1C7 − 2f2C8�gMSP

Bðc3Þ; ðB23Þ

contain the color factors f1 ¼ −10=3 and f2 ¼ 10=3, and the matrix elements

MLL
Bðc3Þ ≡ hphjðūbÞV−Aðd̄uÞV−AjΛbiBðc3Þ

¼ f8mpmΛb
ð−2m2

Λb
ψ4ðA2 þ A3 − V2 þ V3Þx02ðx02 − x3ÞϕA

m −m0mΛb
ψ−þ
3 ðA2 þ A3 − V2 þ V3Þðx02 − x3Þ

× ð−1þ x2 þ yÞðϕP
m − ϕT

mÞ − 2m0mΛb
ψ2ðP1 þ S1 þ 2T2 þ T3 − T7Þð−1þ x2Þð−1þ x2 þ yÞðϕP

m þ ϕT
mÞ

−mpx02ð−2mΛb
ψ2ðA4 þ A5 þ V4 − V5Þð−1þ x2ÞϕA

m þmΛb
ψþ−
3 ðP2 þ S2 þ T4 þ 2T5 − T8Þ

× ðx02 − x3ÞϕA
m þ 2m0ψ4ðP2 þ S2 þ T4 þ 2T5 − T8Þðx02 − x3ÞðϕP

m − ϕT
mÞ

þm0ψ
þ−
3 ðA4 þ A5 þ V4 − V5Þð−1þ x2ÞðϕP

m þ ϕT
mÞÞÞg

þ f8mpmΛb
ð2m2

Λb
ψ4ðA2 þ A3 − V2 þ V3Þx02ðx02 − x3ÞϕA

m þm0mΛb
ψ−þ
3 ðA2 þ A3 − V2 þ V3Þðx02 − x3Þ

× ð−1þ x2 þ yÞðϕP
m − ϕT

mÞ − 2m0mΛb
ψ2ðP1 þ S1 þ 2T2 þ T3 − T7Þð−1þ x2Þð−1þ x2 þ yÞðϕP

m þ ϕT
mÞ

−mpx02ð−2mΛb
ψ2ðA4 þ A5 þ V4 − V5Þð−1þ x2ÞϕA

m −mΛb
ψþ−
3 ðP2 þ S2 þ T4 þ 2T5 − T8Þ

× ðx02 − x3ÞϕA
m − 2m0ψ4ðP2 þ S2 þ T4 þ 2T5 − T8Þðx02 − x3ÞðϕP

m − ϕT
mÞ

þm0ψ
þ−
3 ðA4 þ A5 þ V4 − V5Þð−1þ x2ÞðϕP

m þ ϕT
mÞÞÞgγ5; ðB24Þ

FIG. 18. Feynman diagrams contributing to the B topology.
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MSP
Bðc3Þ ≡ hphjðūbÞS−Pðd̄uÞSþPjΛbiBðc3Þ

¼ f8m3
pT6x02ðx02 − x3ÞðmΛb

ψþ−
3 ϕA

m þ 2m0ψ4ðϕP
m − ϕT

mÞÞ þ 16m0m3
Λb
ψ2T1ð−1þ x2Þð−1þ x2 þ yÞ

× ðϕP
m þ ϕT

mÞ − 4m2
pmΛb

ð−2mΛb
ψ2ðA5 þ V5Þð−1þ x2Þx02ϕA

m þ 2ψ4x02ðx02 − x3ÞðA4mΛb
ϕA
m −mΛb

V4ϕ
A
m

þm0ðP2 − S2 − T4 − T8ÞðϕP
m − ϕT

mÞÞ þm0ψ
−þ
3 ðA4 − V4Þðx02 − x3Þð−1þ x2 þ yÞðϕP

m − ϕT
mÞ

þ ψþ−
3 x02ðmΛb

ðP2 − S2 − T4 − T8Þðx02 − x3ÞϕA
m þm0ðA5 þ V5Þð−1þ x2ÞðϕP

m þ ϕT
mÞÞÞ

− 4mpm2
Λb
ð2mΛb

ψ4ðA2 þ V2Þx02ðx02 − x3ÞϕA
m þm0ψ

−þ
3 ðA2 þ V2Þðx02 − x3Þð−1þ x2 þ yÞðϕP

m − ϕT
mÞ

þm0ψ
þ−
3 ðA3 − V3Þð−1þ x2Þx02ðϕP

m þ ϕT
mÞ þ 2ψ2ð−1þ x2Þð−A3mΛb

x02ϕ
A
m þmΛb

V3x02ϕ
A
m

þm0ðP1 − S1 − T3 − T7Þð−1þ x2 þ yÞðϕP
m þ ϕT

mÞÞÞg
þ f8m3

pT6x02ðx02 − x3ÞðmΛb
ψþ−
3 ϕA

m þ 2m0ψ4ðϕP
m − ϕT

mÞÞ − 16m0m3
Λb
ψ2T1ð−1þ x2Þð−1þ x2 þ yÞ

× ðϕP
m þ ϕT

mÞ − 4m2
pmΛb

ð−2mΛb
ψ2ðA5 þ V5Þð−1þ x2Þx02ϕA

m þ 2ψ4x02ðx02 − x3ÞðA4mΛb
ϕA
m −mΛb

V4ϕ
A
m

−m0ðP2 − S2 − T4 − T8ÞðϕP
m − ϕT

mÞÞ þm0ψ
−þ
3 ðA4 − V4Þðx02 − x3Þð−1þ x2 þ yÞðϕP

m − ϕT
mÞ

þ ψþ−
3 x02ðmΛb

ð−P2 þ S2 þ T4 þ T8Þðx02 − x3ÞϕA
m þm0ðA5 þ V5Þð−1þ x2ÞðϕP

m þ ϕT
mÞÞÞ

þ 4mpm2
Λb
ð2mΛb

ψ4ðA2 þ V2Þx02ðx02 − x3ÞϕA
m þm0ψ

−þ
3 ðA2 þ V2Þðx02 − x3Þð−1þ x2 þ yÞðϕP

m − ϕT
mÞ

þm0ψ
þ−
3 ðA3 − V3Þð−1þ x2Þx02ðϕP

m þ ϕT
mÞ − 2ψ2ð−1þ x2ÞðA3mΛb

x02ϕ
A
m −mΛb

V3x02ϕ
A
m

þm0ðP1 − S1 − T3 − T7Þð−1þ x2 þ yÞðϕP
m þ ϕT

mÞÞÞgγ5: ðB25Þ

The formula for the PEd
1ðc2Þ diagram in Fig. 19 is written as

APEd
1
ðc2Þ ¼

−1
128N2

c

1ffiffiffiffiffiffiffiffi
2Nc

p
Z

½dx�
Z

½dx0�
Z

dy
1

ð2πÞ5
Z

b1db1

Z
b2db2

Z
bqdbqð4παsðtPEd

1
ðc2ÞÞÞ2

×MPEd
1
ðc2ÞF1ðD; b3ÞF3ðA; B;C; b1; b2; bqÞ exp½−SPEd

1
ðc2Þð½x�; ½x0�; y; ½b�; ½b0�; bqÞ�; ðB26Þ

with the arguments

A ¼ m2
Λb
x02ðx2 þ x3Þ; B ¼ m2

Λb
ðx01 þ x02Þð−1þ x2 þ x3 þ yÞ; C ¼ m2

Λb
x01ð−1þ yÞ; D ¼ m2

Λb
x2x02: ðB27Þ

The functions

Mpπ
PEd

1
ðc2Þ ¼ −

GFffiffiffi
2

p
�
VtbV�

td

�
ðf1 þ f2Þ

�
C3 þ C4 −

1

2
C9 −

1

2
C10

���
MLL

PEd
1
ðc2Þ

−
GFffiffiffi
2

p
�
VtbV�

td

�
f1C5 þ f2C6 −

1

2
f1C7 −

1

2
f2C8

��
MLR

PEd
1
ðc2Þ

−
GFffiffiffi
2

p fVtbV�
td½−2f2C5 − 2f1C6 þ f2C7 þ f1C8�gMSP

PEd
1
ðc2Þ; ðB28Þ

MpK
PEd

1
ðc2Þ ¼ −

GFffiffiffi
2

p
�
VtbV�

ts

��
f1C3 þ f2C4 −

1

2
f1C9 −

1

2
f2C10

���
MLL

PEd
1
ðc2Þ

−
GFffiffiffi
2

p
�
VtbV�

ts

�
f1C5 þ f2C6 −

1

2
f1C7 −

1

2
f2C8

��
MLR

PEd
1
ðc2Þ; ðB29Þ

contain the color factors f1 ¼ 8=3 and f2 ¼ 16=3, and the matrix elements

HAN, YU, LI, LI, WANG, XIAO, and YU PHYS. REV. D 112, 053007 (2025)

053007-38



MLL
PEd

1
ðc2Þ ≡ hphjðd̄bÞV−Aðd̄dÞV−AjΛbiPEd

1
ðc2Þ

¼ f−8m3
Λb
ð−1þ x2 þ x3 þ yÞð2A1mΛb

ψ4x02ϕ
A
m − 2mΛb

ψ4V1x02ϕ
A
m þ A1m0ðψ−þ

3 þ ψþ−
3 Þðx2 þ x3ÞðϕP

m − ϕT
mÞ

þm0ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3ÞðϕP
m − ϕT

mÞÞ − 8m0m3
pðψ−þ

3 þ ψþ−
3 ÞðA6 þ V6Þx02ðx01 þ x02ÞðϕP

m þ ϕT
mÞ

þ 8mpm2
Λb
ðmΛb

x02ð−2ψ4ðA3 þ V3Þðx01 þ x02Þ þ ðψ−þ
3 þ ψþ−

3 ÞðP1 þ S1 − T3 þ T7Þð−1þ x2 þ x3 þ yÞÞϕA
m

þm0ð2ψ2ðϕP
m − ϕT

mÞðP1 − S1 þ T3 þ T7Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞ
þ ðψþ−

3 þ ψ−þ
3 ÞðϕP

m þ ϕT
mÞðA2 þ V2Þðx2 þ x3Þðx01 þ x02Þ − 2ψ4ðϕP

m − ϕT
mÞðP1 − S1 − T3 − T7Þ

× x02ð−1þ x2 þ x3 þ yÞÞÞ þ 8m2
pmΛb

ð2mΛb
ðψ−þ

3 þ ψþ−
3 ÞT5x02ðx01 þ x02ÞϕA

m

þm0ð2ψ2ðS2 þ T4 þ T8Þðx01 þ x02Þðx2 þ x3ÞðϕP
m þ ϕT

mÞ − 2P2ðx01 þ x02Þð−ψ4x02 þ ψ2ðx2 þ x3ÞÞðϕP
m þ ϕT

mÞ
þ x02ð−2ψ4ðS2 − T4 − T8Þðx01 þ x02ÞϕP

m þ ðψ−þ
3 þ ψþ−

3 ÞðA5 þ V5Þð−1þ x2 þ x3 þ yÞϕP
m

− 2ψ4ðS2 − T4 − T8Þðx01 þ x02ÞϕT
m − ðψ−þ

3 þ ψþ−
3 ÞðA5 þ V5Þð−1þ x2 þ x3 þ yÞϕT

mÞÞÞg
þ f−8m3

Λb
ð−1þ x2 þ x3 þ yÞð2A1mΛb

ψ4x02ϕ
A
m − 2mΛb

ψ4V1x02ϕ
A
m þ A1m0ðψ−þ

3 þ ψþ−
3 Þðx2 þ x3ÞðϕP

m − ϕT
mÞ

þm0ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3ÞðϕP
m − ϕT

mÞÞ þ 8m0m3
pðψ−þ

3 þ ψþ−
3 ÞðA6 þ V6Þx02ðx01 þ x02ÞðϕP

m þ ϕT
mÞ

− 8mpm2
Λb
ð−mΛb

x02ð2ψ4ðA3 þ V3Þðx01 þ x02Þ þ ðψ−þ
3 þ ψþ−

3 ÞðP1 þ S1 − T3 þ T7Þð−1þ x2 þ x3 þ yÞÞϕA
m

þm0ð−2ψ2ðϕP
m − ϕT

mÞðP1 − S1 þ T3 þ T7Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞ
þ ðψþ−

3 þ ψ−þ
3 ÞðϕP

m þ ϕT
mÞðA2 þ V2Þðx2 þ x3Þðx01 þ x02Þ þ 2ψ4ðϕP

m − ϕT
mÞðP1 − S1 − T3 − T7Þ

× x02ð−1þ x2 þ x3 þ yÞÞÞ − 8m2
pmΛb

ð2mΛb
ðψ−þ

3 þ ψþ−
3 ÞT5x02ðx01 þ x02ÞϕA

m

þm0ð2ψ2ðS2 þ T4 þ T8Þðx01 þ x02Þðx2 þ x3ÞðϕP
m þ ϕT

mÞ − 2P2ðx01 þ x02Þð−ψ4x02 þ ψ2ðx2 þ x3ÞÞðϕP
m þ ϕT

mÞ

FIG. 19. Feynman diagrams in the PEd
1 topology, which also contribute to the PE2 topology after the Feriz transformation.
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þ x02ð−2ψ4ðS2 − T4 − T8Þðx01 þ x02ÞϕP
m − ðψ−þ

3 þ ψþ−
3 ÞðA5 þ V5Þð−1þ x2 þ x3 þ yÞϕP

m

− 2ψ4ðS2 − T4 − T8Þðx01 þ x02ÞϕT
m þ ðψ−þ

3 þ ψþ−
3 ÞðA5 þ V5Þð−1þ x2 þ x3 þ yÞϕT

mÞÞÞgγ5; ðB30Þ

MLR
PEd

1
ðc2Þ ≡ hphjðd̄bÞV−Aðd̄dÞV−AjΛbiPEd

1
ðc2Þ

¼ f−8m3
pðx01 þ x02ÞðA6mΛb

ðψ−þ
3 þ ψþ−

3 Þx02ϕA
m þmΛb

ðψ−þ
3 þ ψþ−

3 ÞV6x02ϕ
A
m þ 2A6m0ψ2ðx2 þ x3Þ

ðϕP
m − ϕT

mÞ − 2m0ψ2V6ðx2 þ x3ÞðϕP
m − ϕT

mÞÞ þ 8m3
Λb
ðA1mΛb

ðψ−þ
3 þ ψþ−

3 Þðx01 þ x02Þðx2 þ x3ÞϕA
m

þmΛb
ðψ−þ

3 þ ψþ−
3 ÞV1ðx01 þ x02Þðx2 þ x3ÞϕA

m − 2A1m0ψ4x02ð−1þ x2 þ x3 þ yÞðϕP
m þ ϕT

mÞ
þ 2m0ψ4V1x02ð−1þ x2 þ x3 þ yÞðϕP

m þ ϕT
mÞÞ − 8m2

pmΛb
ðmΛb

ðx01 þ x02Þð−2P2ψ4x02 þ 2ψ4ðS2
− T4 − T8Þx02 þ ðψ−þ

3 þ ψþ−
3 ÞðA5 þ V5Þx02 þ 2P2ψ2ðx2 þ x3Þ − 2ψ2ðS2 þ T4 þ T8Þðx2 þ x3ÞÞϕA

m

þm0ð2ψ2ðϕP
m − ϕT

mÞðA5 − V5Þðx01 þ x02Þðx2 þ x3Þ − ðψþ−
3 þ ψ−þ

3 ÞðP2 þ S2Þðx02ð−1þ 2x2 þ 2x3 þ yÞϕP
m

þ x01ðx2 þ x3ÞðϕP
m − ϕT

mÞ þ x02ð−1þ yÞϕT
mÞ þ ðψþ−

3 þ ψ−þ
3 ÞðT4 − T8Þðx01ðx2 þ x3ÞðϕP

m − ϕT
mÞ

þ x02ðϕP
m − yϕP

m − ð−1þ 2x2 þ 2x3 þ yÞϕT
mÞÞÞÞ þ 8mpm2

Λb
ðmΛb

ðx01 þ x02Þð2ψ2S1x2 − 2ψ2T3x2 − 2ψ2T7x2

þ ψ−þ
3 V2x2 þ ψþ−

3 V2x2 þ 2P1ψ4x02 − 2ψ4S1x02 − 2ψ4T3x02 − 2ψ4T7x02 þ 2ψ2ðS1 − T3 − T7Þx3
þ ðψ−þ

3 þ ψþ−
3 ÞV2x3 − 2P1ψ2ðx2 þ x3Þ þ A2ðψ−þ

3 þ ψþ−
3 Þðx2 þ x3ÞÞϕA

m

þm0ð−2ψ4ðϕP
m þ ϕT

mÞðA2 − V2Þx02ð−1þ x2 þ x3 þ yÞ þ ðψþ−
3 þ ψ−þ

3 ÞðP1 þ S1Þðx02ð−1þ 2x2 þ 2x3 þ yÞϕP
m

þ x01ðx2 þ x3ÞðϕP
m − ϕT

mÞ þ x02ð−1þ yÞϕT
mÞ þ ðψþ−

3 þ ψ−þ
3 ÞðT3 − T7Þðx01ðx2 þ x3ÞðϕP

m − ϕT
mÞ

þ x02ðϕP
m − yϕP

m − ð−1þ 2x2 þ 2x3 þ yÞϕT
mÞÞÞÞg

þ f−8m3
pðx01 þ x02ÞðA6mΛb

ðψ−þ
3 þ ψþ−

3 Þx02ϕA
m þmΛb

ðψ−þ
3 þ ψþ−

3 ÞV6x02ϕ
A
m þ 2A6m0ψ2ðx2 þ x3Þ

ðϕP
m − ϕT

mÞ − 2m0ψ2V6ðx2 þ x3ÞðϕP
m − ϕT

mÞÞ − 8m3
Λb
ðA1mΛb

ðψ−þ
3 þ ψþ−

3 Þðx01 þ x02Þðx2 þ x3ÞϕA
m

þmΛb
ðψ−þ

3 þ ψþ−
3 ÞV1ðx01 þ x02Þðx2 þ x3ÞϕA

m − 2A1m0ψ4x02ð−1þ x2 þ x3 þ yÞðϕP
m þ ϕT

mÞ
þ 2m0ψ4V1x02ð−1þ x2 þ x3 þ yÞðϕP

m þ ϕT
mÞÞ þ 8m2

pmΛb
ðmΛb

ðx01 þ x02Þð2P2ψ4x02 þ 2ψ4ð−S2
þ T4 þ T8Þx02 þ ðψ−þ

3 þ ψþ−
3 ÞðA5 þ V5Þx02 − 2P2ψ2ðx2 þ x3Þ þ 2ψ2ðS2 þ T4 þ T8Þðx2 þ x3ÞÞϕA

m

þm0ð2ψ2ðϕP
m − ϕT

mÞðA5 − V5Þðx01 þ x02Þðx2 þ x3Þ þ ðψþ−
3 þ ψ−þ

3 ÞðP2 þ S2Þðx02ð−1þ 2x2 þ 2x3 þ yÞϕP
m

þ x01ðx2 þ x3ÞðϕP
m − ϕT

mÞ þ x02ð−1þ yÞϕT
mÞ − ðψþ−

3 þ ψ−þ
3 ÞðT4 − T8Þðx01ðx2 þ x3ÞðϕP

m − ϕT
mÞ

þ x02ðϕP
m − yϕP

m − ð−1þ 2x2 þ 2x3 þ yÞϕT
mÞÞÞÞ þ 8mpm2

Λb
ðmΛb

ðx01 þ x02ÞðA2ψ
−þ
3 x2 þ A2ψ

þ−
3 x2 − 2ψ2S1x2

þ 2ψ2T3x2 þ 2ψ2T7x2

þ ψ−þ
3 V2x2 þ ψþ−

3 V2x2 − 2P1ψ4x02 þ 2ψ4S1x02 þ 2ψ4T3x02 þ 2ψ4T7x02 þ 2ψ2ð−S1 þ T3 þ T7Þx3
þ ðψ−þ

3 þ ψþ−
3 ÞðA2 þ V2Þx3 þ 2P1ψ2ðx2 þ x3ÞÞϕA

m

−m0ð2ψ4ðϕP
m þ ϕT

mÞðA2 − V2Þx02ð−1þ x2 þ x3 þ yÞ þ ðψþ−
3 þ ψ−þ

3 ÞðP1 þ S1Þðx02ð−1þ 2x2 þ 2x3 þ yÞϕP
m

þ x01ðx2 þ x3ÞðϕP
m − ϕT

mÞ þ x02ð−1þ yÞϕT
mÞ þ ðψþ−

3 þ ψ−þ
3 ÞðT3 − T7Þðx01ðx2 þ x3ÞðϕP

m − ϕT
mÞ

þ x02ðϕP
m − yϕP

m − ð−1þ 2x2 þ 2x3 þ yÞϕT
mÞÞÞÞgγ5; ðB31Þ

MSP
PEd

1
ðc2Þ ≡ hphjðd̄bÞS−Pðd̄dÞSþPjΛbiPEd

1
ðc2Þ;

¼ f−4m3
Λb
ð−1þ x2 þ x3 þ yÞð2A1mΛb

ψ4x02ϕ
A
m þ 2mΛb

ψ4V1x02ϕ
A
m þ A1m0ðψ−þ

3 þ ψþ−
3 Þðx2 þ x3Þ

× ðϕP
m − ϕT

mÞ þm0ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3Þð−ϕP
m þ ϕT

mÞÞ − 4m3
pðψ−þ

3 þ ψþ−
3 Þx02ðx01 þ x02Þð2mΛb

T6ϕ
A
m

þm0ðA6 − V6ÞðϕP
m þ ϕT

mÞÞ þ 4mpm2
Λb
ðmΛb

ðψ−þ
3 þ ψþ−

3 ÞðP1 − S1 þ T3 þ T7Þx02ð−1þ x2 þ x3 þ yÞϕA
m

þm0ð2ψ2ðP1 þ S1 − T3 þ T7Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞðϕP
m − ϕT

mÞ þ ðψþ−
3 þ ψ−þ

3 ÞðϕP
m þ ϕT

mÞ
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× ðA2 − V2Þðx01 þ x02Þðx2 þ x3Þ − 2ψ4ðϕP
m − ϕT

mÞðP1 þ S1 þ T3 − T7Þx02ð−1þ x2 þ x3 þ yÞÞÞ
− 4m2

pmΛb
ð2A4mΛb

ψ4x02ðx01 þ x02ÞϕA
m − 2mΛb

ψ4V4x02ðx01 þ x02ÞϕA
m

þm0ð2ψ2ðS2 þ T4 − T8Þðx01 þ x02Þðx2 þ x3ÞðϕP
m þ ϕT

mÞ þ 2P2ðx01 þ x02Þð−ψ4x02 þ ψ2ðx2 þ x3ÞÞðϕP
m þ ϕT

mÞ
− x02ð2ψ4ðS2 − T4 þ T8Þðx01 þ x02ÞϕP

m þ ðψ−þ
3 þ ψþ−

3 ÞðA5 − V5Þð−1þ x2 þ x3 þ yÞϕP
m

þ 2ψ4ðS2 − T4 þ T8Þðx01 þ x02ÞϕT
m − ðψ−þ

3 þ ψþ−
3 ÞðA5 − V5Þð−1þ x2 þ x3 þ yÞϕT

mÞÞÞg
þ f−4m3

Λb
ð−1þ x2 þ x3 þ yÞð2A1mΛb

ψ4x02ϕ
A
m þ 2mΛb

ψ4V1x02ϕ
A
m þ A1m0ðψ−þ

3 þ ψþ−
3 Þðx2 þ x3Þ

× ðϕP
m − ϕT

mÞ þm0ðψ−þ
3 þ ψþ−

3 ÞV1ðx2 þ x3Þð−ϕP
m þ ϕT

mÞÞ − 4m3
pðψ−þ

3 þ ψþ−
3 Þx02ðx01 þ x02Þð2mΛb

T6ϕ
A
m

−m0ðA6 − V6ÞðϕP
m þ ϕT

mÞÞ þ 4mpm2
Λb
ðmΛb

ðψ−þ
3 þ ψþ−

3 ÞðP1 − S1 þ T3 þ T7Þx02ð−1þ x2 þ x3 þ yÞϕA
m

þm0ð2ψ2ðP1 þ S1 − T3 þ T7Þðx2 þ x3Þð−1þ x2 þ x3 þ yÞðϕP
m − ϕT

mÞ − ðψþ−
3 þ ψ−þ

3 ÞðϕP
m þ ϕT

mÞ
× ðA2 − V2Þðx01 þ x02Þðx2 þ x3Þ − 2ψ4ðϕP

m − ϕT
mÞðP1 þ S1 þ T3 − T7Þx02ð−1þ x2 þ x3 þ yÞÞÞ

− 4m2
pmΛb

ð2A4mΛb
ψ4x02ðx01 þ x02ÞϕA

m − 2mΛb
ψ4V4x02ðx01 þ x02ÞϕA

m

þm0ð−2ψ2ðS2 þ T4 − T8Þðx01 þ x02Þðx2 þ x3ÞðϕP
m þ ϕT

mÞ − 2P2ðx01 þ x02Þð−ψ4x02 þ ψ2ðx2 þ x3ÞÞðϕP
m þ ϕT

mÞ
þ x02ð2ψ4ðS2 − T4 þ T8Þðx01 þ x02ÞϕP

m − ðψ−þ
3 þ ψþ−

3 ÞðA5 − V5Þð−1þ x2 þ x3 þ yÞϕP
m

þ 2ψ4ðS2 − T4 þ T8Þðx01 þ x02ÞϕT
m þ ðψ−þ

3 þ ψþ−
3 ÞðA5 − V5Þð−1þ x2 þ x3 þ yÞϕT

mÞÞÞgγ5: ðB32Þ

APPENDIX C: NUMERICAL RESULTS FOR Λb → pV;pA DECAYS

The numerical results for the Λb → pρ−; pK�−; pa−1 ð1260Þ; pK−
1 ð1270Þ; pK−

1 ð1400Þ decay amplitudes are summarized
in Tables XVII–XXXI. Several comments are in order:

(i) Tables XVII and XX show the invariant amplitudes for the Λb → pρ− and Λb → pK�− modes, respectively. The
ðSþ PÞ ⊗ ðS − PÞ operators, coming from the Fierz transformation of the ðV − AÞ ⊗ ðV þ AÞ ones, do not
contribute to the factorizable penguin diagrams, because a vector meson cannot be generated by the scalar or
pseudoscalar current. There is thus no hierarchy between the invariant amplitudes in the PCf

1 topology. The
nonfactorizable contributions are comparable to or even larger than the factorizable ones in all invariant amplitudes,
contrary to the conventional power counting rules.

(ii) The helicity amplitudes of the Λb → pρ− and Λb → pK�− decays in Tables XVIII and XXI, respectively, reveal a
hierarchical pattern for the factorizable topologies. The left-handed ðV − AÞ ⊗ ðV − AÞ current responsible for the
factorizable topologies prefers the configuration with the proton spin being antiparallel to its momentum and with a
transversely polarized meson. As a consequence, the helicity amplitudeH−1

2
;0 dominates the Tf and PC

f
1 topologies.

(iii) Tables XIX and XXII are for the partial-wave amplitudes in theΛb → pρ− andΛb → pK�− decays, respectively. The
SL þD and P1 waves are related to the λV ¼ 0 helicity state, and the P2 − ST and P2 þ ST waves are related to the
λM ¼ 1 and λM ¼ −1 helicity states, respectively [85]. Hence, the Tf and PC

f
1 topologies dominate the SL þD and

P1 wave amplitudes, but are suppressed by helicity flip effects in the P2 and ST waves.

TABLE XVII. Invariant amplitudes of the Λb → pρ− decay.

Real(AL
1 ) Imag(AL

1 ) Real(BL
1 ) Imag(BL

1 ) Real(AL
2 ) Imag(AL

2 ) Real(BL
2 ) Imag(BL

2 ) Real(AT
1 ) Imag(AT

1 ) Real(BT
1 ) Imag(BT

1 )

Tf −162.20 0.00 222.31 0.00 58.98 0.00 −64.57 0.00 −162.20 0.00 222.31 0.00
Tnf 5.05 8.83 0.64 −17.28 −15.58 −172.86 −6.32 −25.32 1.52 −6.01 4.19 1.28
T −157.15 8.83 222.95 −17.28 43.40 −172.86 −70.90 −25.32 −160.68 −6.01 226.51 1.28
C2 91.63 58.69 118.67 115.65 206.61 163.16 −209.59 −180.04 25.15 73.11 19.06 128.59
E2 −23.49 197.98 41.40 −284.37 −67.94 529.91 −74.14 486.93 −29.91 182.78 44.33 −251.50
B −4.74 −2.65 −13.35 9.86 −12.43 −4.05 13.59 −21.22 −5.47 −8.45 −10.04 −4.43

Tree −93.75 262.86 369.67 −176.14 169.64 516.17 −341.04 260.36 −170.92 241.42 279.86 −126.06

(Table continued)
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TABLE XVII. (Continued)

Real(AL
1 ) Imag(AL

1 ) Real(BL
1 ) Imag(BL

1 ) Real(AL
2 ) Imag(AL

2 ) Real(BL
2 ) Imag(BL

2 ) Real(AT
1 ) Imag(AT

1 ) Real(BT
1 ) Imag(BT

1 )

PCf
1

−6.80 0.00 9.33 0.00 2.45 0.00 −2.66 0.00 −6.80 0.00 9.33 0.00

PCnf
1

0.19 0.63 0.42 −1.04 −0.45 −4.76 −0.57 −0.21 −0.71 −3.67 1.27 5.27
PC1 −6.61 0.63 9.74 −1.04 2.00 −4.76 −3.23 −0.21 −7.50 −3.67 10.60 5.27
PC2 4.55 −1.89 2.37 8.63 7.32 −9.69 −2.56 −9.65 1.32 2.65 −0.20 2.89
PEu

1 0.27 11.50 −0.99 −16.74 1.04 31.64 0.93 24.60 −0.85 8.45 0.64 −12.45
PB −1.46 0.22 −0.39 −0.24 −4.45 0.09 0.87 −0.02 −1.24 −0.48 0.45 −0.71
PEd

1 þ PE2 0.46 5.02 1.75 −23.57 1.97 14.30 −3.22 38.37 0.71 5.17 0.23 −12.35

Penguin −2.80 15.47 12.49 −32.96 7.89 31.59 −7.22 53.08 −7.57 12.12 11.71 −17.36

jAL
1 j ϕðAL

1 Þ∘ jBL
1 j ϕðBL

1 Þ∘ jAL
2 j ϕðAL

2 Þ∘ jBL
2 j ϕðBL

2 Þ∘ jAT
1 j ϕðAT

1 Þ∘ jBT
1 j ϕðBT

1 Þ∘
Tf 162.20 180.00 222.31 0.00 58.98 0.00 64.57 180.00 162.20 180.00 222.31 0.00
Tnf 10.18 60.24 17.29 −87.87 173.56 −95.15 26.10 −104.03 6.20 −75.84 4.38 16.92
T 157.39 176.78 223.62 −4.43 178.22 −75.91 75.28 −160.35 160.79 −177.86 226.51 0.32
C2 108.81 32.64 165.70 44.26 263.27 38.30 276.30 −139.34 77.31 71.02 130.00 81.57
E2 199.37 96.77 287.37 −81.72 534.25 97.31 492.54 98.66 185.21 99.29 255.38 −80.00
B 5.43 −150.82 16.60 143.55 13.07 −161.96 25.19 −57.36 10.07 −122.92 10.97 −156.19

Tree 279.08 109.63 409.49 −25.48 543.33 71.81 429.06 142.64 295.80 125.30 306.95 −24.25

PCf
1

6.80 180.00 9.33 0.00 2.45 0.00 2.66 180.00 6.80 180.00 9.33 0.00

PCnf
1

0.66 73.47 1.12 −68.10 4.78 −95.43 0.61 −159.74 3.74 −100.92 5.42 76.46
PC1 6.64 174.56 9.80 −6.06 5.16 −67.20 3.24 −176.28 8.35 −153.95 11.83 26.43
PC2 4.92 −22.61 8.95 74.64 12.14 −52.92 9.99 −104.88 2.96 63.52 2.89 93.99
PEu

1 11.51 88.68 16.77 −93.38 31.66 88.11 24.61 87.84 8.49 95.75 12.47 −87.06
PB 1.48 171.53 0.45 −148.68 4.45 178.88 0.87 −1.16 1.33 −158.77 0.84 −57.76
PEd

1 þ PE2 5.04 84.78 23.64 −85.75 14.44 82.15 38.51 94.79 5.22 82.23 12.35 −88.94

Penguin 15.72 100.26 35.25 −69.24 32.56 75.97 53.57 97.74 14.29 122.00 20.94 −55.99

TABLE XVIII. Helicity amplitudes of the Λb → pρ− decay.

Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

Tf 29.39 −0.00 −2084.58 0.00 −61.55 0.00 10376.39 0.00
Tnf −29.27 33.29 −9.50 −45.09 235.30 1325.62 −402.27 −3099.70
T 0.12 33.29 −2094.08 −45.09 173.75 1325.62 9974.12 −3099.70
C2 −252.02 −1070.82 75.78 −117.97 167.26 126.97 −274.43 544.89
E2 −9.98 −28.57 −399.86 2353.61 78.59 −589.05 −148.59 354.39
B 82.07 75.56 10.74 −34.60 −145.74 −93.58 −162.44 −37.16

Tree −179.81 −990.54 −2407.42 2155.95 273.86 769.96 9388.65 −2237.58

PCf
1

1.17 −0.00 −87.41 0.00 −1.31 0.00 435.62 0.00

PCnf
1

−1.25 −0.45 −10.48 −48.25 12.83 39.54 −7.93 −103.95
PC1 −0.09 −0.45 −97.88 −48.25 11.52 39.54 427.69 −103.95
PC2 −7.67 −30.60 9.53 3.92 69.14 142.60 −19.36 28.55
PEu

1 2.58 2.52 −8.50 112.59 −17.08 −109.19 −8.21 −35.03
PB 6.03 6.43 −10.17 0.13 12.72 −1.72 −6.42 −11.94
PEd

1 þ PE2 −5.66 23.37 3.55 90.79 −12.30 −63.64 6.83 −19.73

Penguin −4.80 1.27 −103.47 159.19 64.00 7.59 400.52 −142.11

jH1=2;1j ϕðH1=2;1Þ∘ jH−1=2;−1j ϕðH−1=2;−1Þ∘ jH1=2;0j ϕðH1=2;0Þ∘ jH−1=2;0j ϕðH−1=2;0Þ∘

Tf 29.39 −0.00 2084.58 180.00 61.55 180.00 10376.39 0.00
Tnf 44.33 131.33 46.08 −101.90 1346.34 79.93 3125.69 −97.39
T 33.29 89.79 2094.56 −178.77 1336.96 82.53 10444.67 −17.26
C2 1100.08 −103.24 140.21 −57.28 209.99 37.20 610.09 116.73
E2 30.27 −109.26 2387.34 99.64 594.27 −82.40 384.28 112.75
B 111.56 42.64 36.23 −72.75 173.20 −147.30 166.64 −167.11

Tree 1006.73 −100.29 3231.68 138.15 817.21 70.42 9651.61 −13.41

(Table continued)
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TABLE XVIII. (Continued)

Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

PCf
1

1.17 −0.00 87.41 180.00 1.31 180.00 435.62 0.00

PCnf
1

1.33 −160.45 49.37 −102.25 41.57 72.02 104.26 −94.36
PC1 0.45 −101.24 109.13 −153.76 41.19 73.76 440.14 −13.66
PC2 31.55 −104.07 10.31 22.38 158.47 64.13 34.50 124.14
PEu

1 3.61 44.35 112.91 94.31 110.52 −98.89 35.98 −103.19
PB 8.81 46.83 10.17 179.24 12.83 −7.69 13.56 −118.25
PEd

1 þ PE2 24.05 103.60 90.85 87.76 64.82 −100.94 20.88 −70.92

Penguin 4.97 165.21 189.86 123.02 64.45 6.77 424.99 −19.54

TABLE XIX. Partial wave amplitudes of the Λb → pρ− decay.

Real(SL) Imag(SL) Real(ST ) Imag(ST ) Real(P1) Imag(P1) Real(P2) Imag(P2) Real(D) Imag(D) Real(Dþ SL) Imag(Dþ SL)

Tf 162.20 −0.00 162.20 −0.00 −309.28 0.00 157.69 0.00 150.78 −0.00 312.97 −0.00
Tnf −5.05 −8.83 −1.52 6.01 5.01 53.19 2.98 0.91 −14.07 −123.86 −19.12 −132.69
T 157.15 −8.83 160.68 6.01 −304.28 53.19 160.66 0.91 136.71 −123.86 293.86 −132.69
C2 −91.63 −58.69 −25.15 −73.11 3.21 −20.15 13.52 91.21 78.38 71.22 −13.24 12.53
E2 23.49 −197.98 29.91 −182.78 2.10 7.04 31.45 −178.39 −30.30 226.27 −6.81 28.29
B 4.74 2.65 5.47 8.45 9.24 3.92 −7.12 −3.14 −5.24 −0.96 −0.50 1.69

Tree 93.75 −262.86 170.92 −241.42 −289.72 44.01 198.51 −89.42 179.55 172.68 273.30 −90.18

PCf
1

6.80 −0.00 6.80 −0.00 −13.02 0.00 6.62 0.00 6.31 −0.00 13.10 −0.00
PCnf

1
−0.19 −0.63 0.71 3.67 −0.15 1.93 0.90 3.74 −0.44 −3.67 −0.62 −4.30

PC1 6.61 −0.63 7.50 3.67 −13.17 1.93 7.52 3.74 5.87 −3.67 12.48 −4.30
PC2 −4.55 1.89 −1.32 −2.65 −1.49 −5.13 −0.14 2.05 1.89 −5.31 −2.65 −3.42
PEu

1 −0.27 −11.50 0.85 −8.45 0.76 4.32 0.45 −8.83 0.53 13.73 0.27 2.22
PB 1.46 −0.22 1.24 0.48 −0.19 0.41 0.32 −0.50 −2.03 −0.09 −0.57 −0.31
PEd

1 þ PE2 −0.46 −5.02 −0.71 −5.17 0.16 2.50 0.16 −8.76 1.03 6.33 0.57 1.32

Penguin 2.80 −15.47 7.57 −12.12 −13.93 4.03 8.31 −12.31 7.29 10.98 10.09 −4.49

jSLj δS
L ð∘Þ jST j δS

T ð∘Þ jP1j δP1 ð∘Þ jP2j δP2 ð∘Þ jDj δDð∘Þ jDþ SLj δDþSL ð∘Þ
Tf 162.20 −0.00 162.20 −0.00 309.28 180.00 157.69 0.00 150.78 −0.00 312.97 −0.00
Tnf 10.18 −119.76 6.20 104.16 53.43 84.62 3.11 16.92 124.65 −96.48 134.06 −98.20
T 157.39 −3.22 160.79 2.14 308.89 170.08 160.66 0.32 184.47 −42.18 322.43 −24.30
C2 108.81 −147.36 77.31 −108.98 20.40 −80.94 92.21 81.57 105.91 42.26 18.23 136.58
E2 199.37 −83.23 185.21 −80.71 7.34 73.39 181.14 −80.00 228.29 97.63 29.10 103.54
B 5.43 29.18 10.07 57.08 10.04 22.99 7.78 −156.19 5.33 −169.67 1.76 106.49

Tree 279.08 −70.37 295.80 −54.70 293.05 171.36 217.72 −24.25 249.11 43.88 287.79 −18.26

PCf
1

6.80 −0.00 6.80 −0.00 13.02 180.00 6.62 0.00 6.31 −0.00 13.10 −0.00
PCnf

1
0.66 −106.53 3.74 79.08 1.94 94.35 3.84 76.46 3.70 −96.77 4.35 −98.23

PC1 6.64 −5.44 8.35 26.05 13.31 171.66 8.39 26.43 6.92 −32.04 13.20 −19.02
PC2 4.92 157.39 2.96 −116.48 5.34 −106.22 2.05 93.99 5.64 −70.40 4.33 −127.81
PEu

1 11.51 −91.32 8.49 −84.25 4.39 80.05 8.84 −87.06 13.74 87.78 2.24 83.18
PB 1.48 −8.47 1.33 21.23 0.45 114.77 0.60 −57.76 2.04 −177.50 0.65 −151.88
PEd

1 þ PE2 5.04 −95.22 5.22 −97.77 2.51 86.24 8.76 −88.94 6.42 80.75 1.44 66.46

Penguin 15.72 −79.74 14.29 −58.00 14.50 163.85 14.85 −55.99 13.18 56.43 11.04 −23.98
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TABLE XX. Invariant amplitudes of the Λb → pK�− decay.

Real(AL
1 ) Imag(AL

1 ) Real(BL
1 ) Imag(BL

1 ) Real(AL
2 ) Imag(AL

2 ) Real(BL
2 ) Imag(BL

2 ) Real(AT
1 ) Imag(AT

1 ) Real(BT
1 ) Imag(BT

1 )

Tf −194.45 0.00 266.80 0.00 71.23 0.00 −77.98 0.00 −194.45 0.00 266.80 0.00
Tnf 4.76 10.58 2.72 −20.50 −8.72 −203.69 −9.61 −29.00 2.22 −7.02 5.17 3.44
T −189.69 10.58 269.53 −20.50 62.51 −203.69 −87.59 −29.00 −192.24 −7.02 271.98 3.44
E2 −28.18 227.94 37.03 −316.34 −108.84 577.73 −82.87 549.87 −30.72 177.26 41.24 −260.86

Tree −217.87 238.53 306.56 −336.84 −46.33 374.04 −170.46 520.87 −222.96 170.23 313.22 −257.41

PCf
1

−8.16 0.00 11.19 0.00 2.97 0.00 −3.23 0.00 −8.16 0.00 11.19 0.00

PCnf
1

0.06 0.60 0.49 −1.65 −0.73 −6.16 0.01 0.88 −0.25 −3.90 0.84 6.11
PC1 −8.09 0.60 11.68 −1.65 2.25 −6.16 −3.21 0.88 −8.41 −3.90 12.03 6.11
PEu

1 0.42 12.52 −0.67 −18.54 −0.08 35.72 1.94 26.95 −0.83 8.35 0.80 −12.48
PEd

1 −0.38 12.18 0.71 −17.01 −0.60 30.30 −1.41 27.87 −0.32 6.16 0.35 −8.84

Penguin −8.06 25.30 11.73 −37.20 1.57 59.85 −2.68 55.70 −9.56 10.62 13.18 −15.20

jAL
1 j ϕðAL

1 Þ∘ jBL
1 j ϕðBL

1 Þ∘ jAL
2 j ϕðAL

2 Þ∘ jBL
2 j ϕðBL

2 Þ∘ jAT
1 j ϕðAT

1 Þ∘ jBT
1 j ϕðBT

1 Þ∘
Tf 194.45 180.00 266.80 0.00 71.23 0.00 77.98 180.00 194.45 180.00 266.80 0.00
Tnf 11.61 65.76 20.68 −82.43 203.88 −92.45 30.55 −108.34 7.36 −72.50 6.22 33.64
T 189.98 176.81 270.31 −4.35 213.07 −72.94 92.27 −161.68 192.37 −177.91 272.00 0.73
E2 229.68 97.05 318.50 −83.32 587.90 100.67 556.08 98.57 179.90 99.83 264.10 −81.02

Tree 323.05 132.41 455.45 −47.69 376.90 97.06 548.05 108.12 280.52 142.64 405.43 −39.41

PCf
1

8.16 180.00 11.19 0.00 2.97 0.00 3.23 180.00 8.16 180.00 11.19 0.00

PCnf
1

0.61 83.94 1.72 −73.39 6.21 −96.72 0.88 89.06 3.91 −93.69 6.17 82.21
PC1 8.12 175.73 11.80 −8.05 6.56 −69.97 3.33 164.62 9.27 −155.13 13.49 26.95
PEu

1 12.53 88.10 18.56 −92.06 35.72 90.13 27.02 85.87 8.39 95.67 12.50 −86.33
PEd

1 12.19 91.80 17.02 −87.61 30.30 91.14 27.90 92.89 6.17 92.96 8.84 −87.73

Penguin 26.56 107.67 39.01 −72.51 59.87 88.50 55.76 92.75 14.29 131.99 20.12 −49.08

TABLE XXI. Helicity amplitudes of the Λb → pK�− decay.

Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

Tf 36.78 −0.00 −2491.55 0.00 −70.47 0.00 10702.76 0.00
Tnf −38.20 29.82 −9.40 −61.50 133.06 1342.77 −266.10 −3118.57
T −1.42 29.82 −2500.95 −61.50 62.59 1342.77 10436.65 −3118.57
E2 9.97 47.66 −389.44 2352.39 125.40 −132.47 −624.29 61.91

Tree 8.55 77.48 −2890.39 2290.89 187.99 1210.31 9812.36 −3056.66

PCf
1

1.55 −0.00 −104.51 0.00 −2.28 0.00 449.38 0.00

PCnf
1

−2.21 −2.79 −5.48 −53.46 20.58 46.96 3.40 −101.76
PC1 −0.66 −2.79 −109.99 −53.46 18.30 46.96 452.77 −101.76
PEu

1 1.71 3.10 −9.07 111.71 21.48 −118.50 −0.13 −30.43
PEd

1 0.46 0.59 −3.68 80.71 −5.72 −24.84 1.14 −25.57

Penguin 1.52 0.90 −122.75 138.96 34.06 −96.38 453.79 −157.76

jH1=2;1j ϕðH1=2;1Þ∘ jH−1=2;−1j ϕðH−1=2;−1Þ∘ jH1=2;0j ϕðH1=2;0Þ∘ jH−1=2;0j ϕðH−1=2;0Þ∘

Tf 36.78 −0.00 2491.55 180.00 70.47 180.00 10702.76 0.00
Tnf 48.46 142.03 62.22 −98.69 1349.35 84.34 3129.90 −94.88
T 29.85 92.73 2501.71 −178.59 1344.23 87.33 10892.62 −16.64
E2 48.69 78.18 2384.41 99.40 182.40 −46.57 627.36 174.34

Tree 77.95 83.70 3688.16 141.60 1224.82 81.17 10277.43 −17.30

PCf
1

1.55 −0.00 104.51 180.00 2.28 180.00 449.38 0.00

PCnf
1

3.56 −128.41 53.74 −95.85 51.27 66.33 101.82 −88.09
PC1 2.86 −103.25 122.30 −154.08 50.40 68.71 464.07 −12.67
PEu

1 3.54 61.11 112.08 94.64 120.43 −79.73 30.43 −90.25
PEd

1 0.75 51.75 80.79 92.61 25.49 −102.97 25.59 −87.44

Penguin 1.77 30.72 185.41 131.46 102.22 −70.54 480.43 −19.17
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TABLE XXII. Partial wave amplitudes of the Λb → pK�− decay.

Real(SL) Imag(SL) Real(ST ) Imag(ST ) Real(P1) Imag(P1) Real(P2) Imag(P2) Real(D) Imag(D) Real(Dþ SL) Imag(Dþ SL)

Tf 194.45 −0.00 194.45 −0.00 −367.82 0.00 188.80 0.00 178.24 −0.00 372.69 −0.00
Tnf −4.76 −10.58 −2.22 7.02 4.60 61.43 3.66 2.44 −9.04 −143.75 −13.81 −154.34
T 189.69 −10.58 192.24 7.02 −363.22 61.43 192.46 2.44 169.19 −143.75 358.88 −154.34
E2 28.18 −227.94 30.72 −177.26 17.26 2.44 29.19 −184.59 −54.11 234.67 −25.94 6.72

Tree 217.87 −238.53 222.96 −170.23 −345.96 63.87 221.64 −182.15 115.08 90.91 332.95 −147.61

PCf
1

8.16 −0.00 8.16 −0.00 −15.47 0.00 7.92 0.00 7.47 −0.00 15.62 −0.00
PCnf

1
−0.06 −0.60 0.25 3.90 −0.83 1.90 0.59 4.33 −0.53 −4.54 −0.59 −5.14

PC1 8.09 −0.60 8.41 3.90 −16.30 1.90 8.51 4.33 6.94 −4.54 15.03 −5.14
PEu

1 −0.42 −12.52 0.83 −8.35 −0.74 5.15 0.57 −8.83 −0.33 15.56 −0.75 3.05
PEd

1 0.38 −12.18 0.32 −6.16 0.16 1.74 0.25 −6.25 −0.15 12.15 0.24 −0.03

Penguin 8.06 −25.30 9.56 −10.62 −16.88 8.79 9.32 −10.76 6.46 23.18 14.52 −2.12

jSLj δS
L ð∘Þ jST j δS

T ð∘Þ jP1j δP1 ð∘Þ jP2j δP2 ð∘Þ jDj δDð∘Þ jDþ SLj δDþSL ð∘Þ
Tf 194.45 −0.00 194.45 −0.00 367.82 180.00 188.80 0.00 178.24 −0.00 372.69 −0.00
Tnf 11.61 −114.24 7.36 107.50 61.60 85.72 4.40 33.64 144.04 −93.60 154.95 −95.11
T 189.98 −3.19 192.37 2.09 368.37 170.40 192.47 0.73 222.02 −40.35 390.66 −23.27
E2 229.68 −82.95 179.90 −80.17 17.43 8.05 186.88 −81.02 240.83 102.99 26.79 165.46

Tree 323.05 −47.59 280.52 −37.36 351.80 169.54 286.89 −39.41 146.66 38.31 364.20 −23.91

PCf
1

8.16 −0.00 8.16 −0.00 15.47 180.00 7.92 0.00 7.47 −0.00 15.62 −0.00
PCnf

1
0.61 −96.06 3.91 86.31 2.07 113.63 4.37 82.21 4.57 −96.66 5.18 −96.59

PC1 8.12 −4.27 9.27 24.87 16.41 173.36 9.55 26.95 8.29 −33.20 15.89 −18.90
PEu

1 12.53 −91.90 8.39 −84.33 5.20 98.16 8.85 −86.33 15.57 91.22 3.14 103.79
PEd

1 12.19 −88.20 6.17 −87.04 1.75 84.81 6.26 −87.73 12.16 90.69 0.24 −6.07

Penguin 26.56 −72.33 14.29 −48.01 19.03 152.48 14.24 −49.08 24.06 74.43 14.67 −8.32

TABLE XXIII. Invariant amplitudes of the Λb → pa−1 ð1260Þ decay.
Real(AL

1 ) Imag(AL
1 ) Real(BL

1 ) Imag(BL
1 ) Real(AL

2 ) Imag(AL
2 ) Real(BL

2 ) Imag(BL
2 ) Real(AT

1 ) Imag(AT
1 ) Real(BT

1 ) Imag(BT
1 )

Tf 0.00 296.24 −0.00 −409.58 −0.00 −111.18 0.00 121.60 0.00 296.24 −0.00 −409.58
Tnf 12.02 −6.01 −26.71 −2.57 −253.52 15.21 −86.65 15.01 −11.02 −2.42 4.35 −7.12
T 12.02 290.23 −26.71 −412.15 −253.52 −95.97 −86.65 136.61 −11.02 293.83 4.35 −416.70
C2 4.01 −109.12 75.01 −134.43 34.19 −256.32 −81.65 261.14 30.03 −66.00 107.05 −46.72
E2 132.67 18.84 −194.56 −21.79 386.67 55.94 368.73 68.69 131.79 28.94 −191.35 −33.51
B 2.52 −14.87 1.25 −5.86 2.80 −34.90 8.93 16.22 13.09 −5.94 20.40 −3.95

Tree 151.22 185.08 −145.00 −574.24 170.14 −331.25 209.35 482.66 163.89 250.83 −59.55 −500.89

PCf
1

0.00 12.36 0.00 −17.14 0.00 −4.64 0.00 5.03 0.00 12.36 0.00 −17.14
PCnf

1
−18.38 1.34 25.60 −2.99 −51.65 5.49 −51.67 4.93 −25.22 1.38 35.43 −2.42

PC1 −18.38 13.71 25.60 −20.12 −51.65 0.85 −51.67 9.96 −25.22 13.74 35.43 −19.55
PC2 5.40 −2.87 −4.72 −7.81 25.32 −9.16 1.15 17.40 1.97 −1.23 2.69 −2.66
PEu

1 9.47 −1.01 −14.29 1.93 30.69 −1.02 19.59 −3.47 7.15 0.64 −11.83 −0.40
PB −0.05 −0.65 −1.64 −2.32 −0.80 −0.27 3.00 2.77 0.06 −0.53 −0.07 −1.88
PEd

1 þ PE2 17.42 1.18 −4.11 0.40 42.41 3.76 3.98 −1.27 9.33 1.76 −4.17 −0.46

Penguin 13.86 10.35 0.85 −27.91 45.97 −5.85 −23.94 25.39 −6.71 14.38 22.06 −24.95

jAL
1 j ϕðAL

1 Þ∘ jBL
1 j ϕðBL

1 Þ∘ jAL
2 j ϕðAL

2 Þ∘ jBL
2 j ϕðBL

2 Þ∘ jAT
1 j ϕðAT

1 Þ∘ jBT
1 j ϕðBT

1 Þ∘
Tf 296.24 90.00 409.58 −90.00 111.18 −90.00 121.60 90.00 296.24 90.00 409.58 −90.00
Tnf 13.44 −26.58 26.83 −174.50 253.97 176.57 87.95 170.17 11.28 −167.64 8.35 −58.56
T 290.48 87.63 413.02 −93.71 271.07 −159.27 161.78 122.39 294.03 92.15 416.73 −89.40
C2 109.20 −87.90 153.94 −60.84 258.59 −82.40 273.60 107.36 72.51 −65.53 116.80 −23.58
E2 134.00 8.08 195.77 −173.61 390.70 8.23 375.07 10.55 134.93 12.38 194.26 −170.07
B 15.08 −80.36 6.00 −77.93 35.02 −85.41 18.52 61.18 14.37 −24.43 20.78 −10.97

Tree 239.00 50.75 592.26 −104.17 372.39 −62.81 526.11 66.55 299.62 56.84 504.42 −96.78

PCf
1

12.36 90.00 17.14 −90.00 4.64 −90.00 5.03 90.00 12.36 90.00 17.14 −90.00
PCnf

1
18.43 175.82 25.78 −6.66 51.94 173.94 51.90 174.55 25.26 176.87 35.51 −3.90

PC1 22.93 143.28 32.57 −38.17 51.65 179.06 52.62 169.09 28.72 151.41 40.47 −28.89
PC2 6.12 −28.01 9.12 −121.17 26.93 −19.89 17.43 86.23 2.33 −31.96 3.79 −44.71
PEu

1 9.52 −6.11 14.42 172.30 30.71 −1.91 19.90 −10.05 7.18 5.13 11.83 −178.06
PB 0.66 −94.45 2.84 −125.39 0.84 −161.57 4.09 42.72 0.53 −83.48 1.88 −92.04
PEd

1 þ PE2 17.46 3.88 4.13 174.38 42.57 5.06 4.18 −17.66 9.49 10.66 4.19 −173.76

Penguin 17.30 36.75 27.92 −88.26 46.34 −7.25 34.90 133.31 15.87 115.00 33.30 −48.52
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TABLE XXIV. Helicity amplitudes of the Λb → pa−1 ð1260Þ decay.
Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

Tf −0.00 −59.16 0.00 3756.40 0.00 72.69 0.00 −11416.70
Tnf 51.32 47.69 −90.62 16.58 609.70 −103.95 −3116.18 298.85
T 51.32 −11.47 −90.62 3772.98 609.70 −31.26 −3116.18 −11117.84
C2 −676.57 635.89 −289.78 −214.15 328.37 34.12 640.25 374.83
E2 14.91 −35.12 1712.40 337.63 −74.15 232.15 493.87 326.34
B −176.35 56.12 −7.80 −20.43 128.61 30.66 79.76 77.44

Tree −786.69 645.43 1324.20 3876.03 992.53 265.67 −1902.30 −10339.24

PCf
1

−0.00 −2.28 0.00 156.97 0.00 1.90 0.00 −477.58
PCnf

1
2.51 2.03 −322.34 19.79 −30.16 −16.77 −83.72 9.55

PC1 2.51 −0.25 −322.34 176.76 −30.16 −14.87 −83.72 −468.03
PC2 −24.85 19.95 0.56 4.09 −142.01 43.99 6.48 21.41
PEu

1 7.33 −2.33 99.43 5.94 −95.04 −10.79 −13.90 10.13
PB −0.09 11.89 0.69 5.04 5.08 −21.91 −3.67 −3.27
PEd

1 þ PE2 −41.27 −9.25 78.91 13.37 −13.57 −9.69 −48.50 −0.58

Penguin −56.37 20.00 −142.75 205.20 −275.70 −13.28 −143.31 −440.34

jH1=2;1j ϕðH1=2;1Þ∘ jH−1=2;−1j ϕðH−1=2;−1Þ∘ jH1=2;0j ϕðH1=2;0Þ∘ jH−1=2;0j ϕðH−1=2;0Þ∘

Tf 59.16 −90.00 3756.40 90.00 72.69 90.00 11416.70 −90.00
Tnf 70.06 42.90 92.12 169.63 618.49 −9.68 3130.48 174.52
T 52.59 −12.60 3774.06 91.38 610.50 −2.94 11546.30 −105.66
C2 928.49 136.78 360.33 −143.54 330.14 5.93 741.90 30.35
E2 38.15 −66.99 1745.36 11.15 243.70 107.71 591.94 33.46
B 185.07 162.35 21.87 −110.89 132.22 13.41 111.17 44.15

Tree 1017.57 140.63 4095.99 71.14 1027.47 14.98 10512.78 −100.43

PCf
1

2.28 −90.00 156.97 90.00 1.90 90.00 477.58 −90.00
PCnf

1
3.23 38.99 322.95 176.49 34.51 −150.93 84.26 173.49

PC1 2.52 −5.68 367.62 151.26 33.63 −153.76 475.46 −100.14
PC2 31.86 141.24 4.13 82.19 148.66 162.79 22.37 73.17
PEu

1 7.69 −17.63 99.60 3.42 95.65 −173.52 17.20 143.93
PB 11.89 90.44 5.09 82.19 22.49 −76.95 4.91 −138.30
PEd

1 þ PE2 42.29 −167.36 80.04 9.61 16.68 −144.46 48.50 −179.32

Penguin 59.81 160.46 249.97 124.82 276.02 −177.24 463.07 −108.03

TABLE XXV. Partial wave amplitudes of the Λb → pa−1 ð1260Þ decay.
Real(SL) Imag(SL) Real(ST ) Imag(ST ) Real(P1) Imag(P1) Real(P2) Imag(P2) Real(D) Imag(D) Real(Dþ SL) Imag(Dþ SL)

Tf −0.00 −296.24 −0.00 −296.24 0.00 545.91 0.00 −287.06 −0.00 −256.66 −0.00 −552.90
Tnf −12.02 6.01 11.02 2.42 120.62 −9.38 3.05 −4.99 −167.28 13.37 −179.30 19.38
T −12.02 −290.23 11.02 −293.83 120.62 536.53 3.05 −292.05 −167.28 −243.29 −179.30 −533.52
C2 −4.01 109.12 −30.03 66.00 −46.61 −19.68 75.03 −32.74 19.01 −92.73 15.01 16.40
E2 −132.67 −18.84 −131.79 −28.94 −20.20 −26.88 −134.11 −23.49 160.01 23.37 27.33 4.53
B −2.52 14.87 −13.09 5.94 −10.03 −5.20 14.30 −2.77 0.17 −12.62 −2.35 2.25

Tree −151.22 −185.08 −163.89 −250.83 43.78 484.77 −41.73 −351.05 11.92 −325.26 −139.31 −510.34

PCf
1

−0.00 −12.36 −0.00 −12.36 0.00 22.89 0.00 −12.01 −0.00 −10.71 −0.00 −23.07
PCnf

1
18.38 −1.34 25.22 −1.38 5.48 0.35 24.83 −1.69 −20.96 2.61 −2.58 1.27

PC1 18.38 −13.71 25.22 −13.74 5.48 23.24 24.83 −13.70 −20.96 −8.10 −2.58 −21.81
PC2 −5.40 2.87 −1.97 1.23 6.52 −3.15 1.89 −1.87 12.55 −3.96 7.15 −1.09
PEu

1 −9.47 1.01 −7.15 −0.64 5.24 0.03 −8.29 −0.28 13.37 −0.01 3.90 1.01
PB 0.05 0.65 −0.06 0.53 −0.07 1.21 −0.05 −1.31 −0.47 0.24 −0.42 0.90
PEd

1 þ PE2 −17.42 −1.18 −9.33 −1.76 2.99 0.49 −2.92 −0.32 15.74 1.62 −1.68 0.44

Penguin −13.86 −10.35 6.71 −14.38 20.16 21.83 15.46 −17.49 20.23 −10.20 6.37 −20.55

(Table continued)
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TABLE XXV. (Continued)

Real(SL) Imag(SL) Real(ST ) Imag(ST ) Real(P1) Imag(P1) Real(P2) Imag(P2) Real(D) Imag(D) Real(Dþ SL) Imag(Dþ SL)

jSLj ϕðSLÞ∘ jST j ϕðSTÞ∘ jP1j ϕðP1Þ∘ jP2j ϕðP2Þ∘ jDj ϕðDÞ∘ jDþ SLj ϕðDþ SLÞ∘
Tf 296.24 −90.00 296.24 −90.00 545.91 90.00 287.06 −90.00 256.66 −90.00 552.90 −90.00
Tnf 13.44 153.42 11.28 12.36 120.98 −4.45 5.85 −58.56 167.81 175.43 180.34 173.83
T 290.48 −92.37 294.03 −87.85 549.92 77.33 292.06 −89.40 295.25 −124.51 562.84 −108.58
C2 109.20 92.10 72.51 114.47 50.60 −157.11 81.86 −23.58 94.66 −78.41 22.23 47.53
E2 134.00 −171.92 134.93 −167.62 33.62 −126.93 136.15 −170.07 161.71 8.31 27.71 9.42
B 15.08 99.64 14.37 155.57 11.30 −152.58 14.56 −10.97 12.62 −89.21 3.25 136.24

Tree 239.00 −129.25 299.62 −123.16 486.74 84.84 353.52 −96.78 325.48 −87.90 529.01 −105.27

PCf
1

12.36 −90.00 12.36 −90.00 22.89 90.00 12.01 −90.00 10.71 −90.00 23.07 −90.00
PCnf

1
18.43 −4.18 25.26 −3.13 5.49 3.62 24.89 −3.90 21.12 172.90 2.87 153.83

PC1 22.93 −36.72 28.72 −28.59 23.88 76.73 28.36 −28.89 22.47 −158.87 21.96 −96.74
PC2 6.12 151.99 2.33 148.04 7.24 −25.76 2.65 −44.71 13.16 −17.52 7.23 −8.65
PEu

1 9.52 173.89 7.18 −174.87 5.24 0.35 8.29 −178.06 13.37 −0.03 4.03 14.46
PB 0.66 85.55 0.53 96.52 1.21 93.21 1.32 −92.04 0.53 152.67 0.99 115.12
PEd

1 þ PE2 17.46 −176.12 9.49 −169.34 3.03 9.40 2.94 −173.76 15.82 5.88 1.74 165.37

Penguin 17.30 −143.25 15.87 −65.00 29.72 47.27 23.34 −48.52 22.66 −26.76 21.52 −72.78

TABLE XXVI. Invariant amplitudes of the Λb → pK1ð1270Þ− decay with mixing angle θK ¼ 30°.

Real(AL
1 ) Imag(AL

1 ) Real(BL
1 ) Imag(BL

1 ) Real(AL
2 ) Imag(AL

2 ) Real(BL
2 ) Imag(BL

2 ) Real(AT
1 ) Imag(AT

1 ) Real(BT
1 ) Imag(BT

1 )

Tf 0.00 378.38 −0.00 −524.96 −0.00 −143.60 0.00 157.06 0.00 378.38 −0.00 −524.96
Tnf −34.43 2.18 29.72 −4.78 −37.64 9.01 −362.56 37.73 −25.06 0.73 38.14 −10.20
T −34.43 380.56 29.72 −529.74 −37.64 −134.59 −362.56 194.79 −25.06 379.10 38.14 −535.15
E2 −144.36 −33.42 201.71 43.50 −450.06 −98.06 −382.73 −118.18 −57.35 −4.77 77.80 12.11

Tree −178.79 347.14 231.43 −486.24 −487.70 −232.65 −745.29 76.62 −82.41 374.33 115.94 −523.04

PCf
1

0.00 15.86 0.00 −22.01 0.00 −5.99 0.00 6.50 0.00 15.86 0.00 −22.01
PCnf

1
−9.57 0.85 12.46 −1.08 −21.33 1.48 −34.10 3.09 −11.29 0.32 16.50 −0.96

PC1 −9.57 16.71 12.46 −23.09 −21.33 −4.50 −34.10 9.58 −11.29 16.19 16.50 −22.98
PEu

1 −7.06 0.05 9.94 −0.25 −24.37 −1.55 −15.22 −0.52 −1.84 −0.16 2.23 −0.01
PEd

1 −6.21 −0.29 8.85 0.45 −20.05 −0.01 −13.70 −1.91 −0.48 0.12 0.45 −0.20

Penguin −22.85 16.47 31.25 −22.89 −65.75 −6.06 −63.02 7.16 −13.60 16.14 19.18 −23.18

jAL
1 j ϕðAL

1 Þ∘ jBL
1 j ϕðBL

1 Þ∘ jAL
2 j ϕðAL

2 Þ∘ jBL
2 j ϕðBL

2 Þ∘ jAT
1 j ϕðAT

1 Þ∘ jBT
1 j ϕðBT

1 Þ∘
Tf 378.38 90.00 524.96 −90.00 143.60 −90.00 157.06 90.00 378.38 90.00 524.96 −90.00
Tnf 34.50 176.37 30.11 −9.14 38.70 166.54 364.52 174.06 25.07 178.34 39.48 −14.97
T 382.12 95.17 530.57 −86.79 139.76 −105.62 411.57 151.75 379.93 93.78 536.51 −85.92
E2 148.18 −166.96 206.35 12.17 460.62 −167.71 400.56 −162.84 57.55 −175.24 78.74 8.85

Tree 390.48 117.25 538.50 −64.55 540.35 −154.50 749.21 174.13 383.30 102.42 535.73 −77.50

PCf
1

15.86 90.00 22.01 −90.00 5.99 −90.00 6.50 90.00 15.86 90.00 22.01 −90.00
PCnf

1
9.61 174.95 12.51 −4.95 21.38 176.02 34.24 174.82 11.29 178.37 16.53 −3.34

PC1 19.26 119.81 26.24 −61.65 21.80 −168.08 35.42 164.30 19.73 124.89 28.29 −54.31
PEu

1 7.06 179.62 9.94 −1.43 24.42 −176.36 15.23 −178.04 1.84 −175.11 2.23 −0.31
PEd

1 6.22 −177.32 8.86 2.92 20.05 −179.98 13.83 −172.08 0.49 166.43 0.50 −23.40

Penguin 28.16 144.22 38.73 −36.22 66.03 −174.73 63.43 173.52 21.11 130.12 30.09 −50.39
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TABLE XXVII. Helicity amplitudes of the Λb → pK1ð1270Þ− decay.

Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

Tf −0.00 −68.10 0.00 4803.85 0.00 88.95 0.00 −14484.42
Tnf −10.66 41.32 −333.38 50.67 −3199.56 248.60 −2531.08 292.08
T −10.66 −26.78 −333.38 4854.52 −3199.56 337.54 −2531.08 −14192.34
E2 18.28 −23.92 −720.14 −85.37 275.50 −302.29 −710.87 −451.08

Tree 7.62 −50.69 −1053.51 4769.15 −2924.06 35.25 −3241.95 −14643.42

PCf
1

−0.00 −2.85 0.00 201.41 0.00 2.65 0.00 −607.92
PCnf

1
−1.77 2.28 −147.09 6.42 −132.76 15.41 −87.73 6.22

PC1 −1.77 −0.57 −147.09 207.84 −132.76 18.06 −87.73 −601.70
PEu

1 1.78 1.07 −21.88 −0.96 62.30 1.90 −16.44 −19.75
PEd

1 1.04 0.14 −5.14 1.63 44.75 −15.04 −6.60 −5.38

Penguin 1.05 0.64 −174.12 208.51 −25.71 4.92 −110.76 −626.82

jH1=2;1j ϕðH1=2;1Þ∘ jH−1=2;−1j ϕðH−1=2;−1Þ∘ jH1=2;0j ϕðH1=2;0Þ∘ jH−1=2;0j ϕðH−1=2;0Þ∘

Tf 68.10 −90.00 4803.85 90.00 88.95 90.00 14484.42 −90.00
Tnf 42.67 104.47 337.20 171.36 3209.21 175.56 2547.88 173.42
T 28.82 −111.71 4865.96 93.93 3217.32 173.98 14416.27 −100.11
E2 30.10 −52.61 725.18 −173.24 409.00 −47.65 841.91 −147.60

Tree 51.26 −81.46 4884.12 102.46 2924.27 179.31 14998.00 −102.48

PCf
1

2.85 −90.00 201.41 90.00 2.65 90.00 607.92 −90.00
PCnf

1
2.89 127.92 147.23 177.50 133.65 173.38 87.95 175.94

PC1 1.86 −162.20 254.62 125.29 133.98 172.25 608.06 −98.30
PEu

1 2.08 30.87 21.90 −177.49 62.33 1.74 25.69 −129.77
PEd

1 1.05 7.68 5.40 162.38 47.21 −18.58 8.51 −140.81

Penguin 1.23 31.21 271.65 129.86 26.17 169.17 636.53 −100.02

TABLE XXVIII. Partial wave of the Λb → pK1ð1270Þ− decay.

Real(SL) Imag(SL) Real(ST ) Imag(ST ) Real(P1) Imag(P1) Real(P2) Imag(P2) Real(D) Imag(D) Real(Dþ SL) Imag(Dþ SL)

Tf −0.00 −378.38 −0.00 −378.38 0.00 697.91 0.00 −367.80 −0.00 −328.16 −0.00 −706.54
Tnf 34.43 −2.18 25.06 −0.73 277.83 −26.21 26.72 −7.14 −2.02 4.29 32.41 2.11
T 34.43 −380.56 25.06 −379.10 277.83 671.70 26.72 −374.95 −2.02 −323.87 32.41 −704.43
E2 144.36 33.42 57.35 4.77 21.11 36.52 54.51 8.49 −192.18 −40.64 −47.82 −7.21

Tree 178.79 −347.14 82.41 −374.33 298.94 708.23 81.23 −366.46 −194.20 −364.51 −15.41 −711.64

PCf
1

−0.00 −15.86 −0.00 −15.86 0.00 29.34 0.00 −15.42 −0.00 −13.74 −0.00 −29.60
PCnf

1
9.57 −0.85 11.29 −0.32 10.69 −1.05 11.56 −0.68 −7.39 0.40 2.18 −0.45

PC1 9.57 −16.71 11.29 −16.19 10.69 28.30 11.56 −16.10 −7.39 −13.34 2.18 −30.05
PEu

1 7.06 −0.05 1.84 0.16 −2.22 0.87 1.56 −0.01 −10.88 −1.00 −3.82 −1.05
PEd

1 6.21 0.29 0.48 −0.12 −1.85 0.99 0.32 −0.14 −8.70 0.18 −2.49 0.47

Penguin 22.85 −16.47 13.60 −16.14 6.62 30.15 13.44 −16.24 −26.97 −14.16 −4.12 −30.63

jSLj ϕðSLÞ∘ jST j ϕðSTÞ∘ jP1j ϕðP1Þ∘ jP2j ϕðP2Þ∘ jDj ϕðDÞ∘ jDþ SLj ϕðDþ SLÞ∘
Tf 378.38 −90.00 378.38 −90.00 697.91 90.00 367.80 −90.00 328.16 −90.00 706.54 −90.00
Tnf 34.50 −3.63 25.07 −1.66 279.06 −5.39 27.66 −14.97 4.74 115.19 32.48 3.72
T 382.12 −84.83 379.93 −86.22 726.89 67.53 375.90 −85.92 323.88 −90.36 705.18 −87.37
E2 148.18 13.04 57.55 4.76 42.18 59.98 55.17 8.85 196.43 −168.06 48.36 −171.42

Tree 390.48 −62.75 383.30 −77.58 768.73 67.12 375.35 −77.50 413.01 −118.05 711.81 −91.24

PCf
1

15.86 −90.00 15.86 −90.00 29.34 90.00 15.42 −90.00 13.74 −90.00 29.60 −90.00
PCnf

1
9.61 −5.05 11.29 −1.63 10.74 −5.60 11.58 −3.34 7.40 176.89 2.23 −11.53

PC1 19.26 −60.19 19.73 −55.11 30.25 69.30 19.82 −54.31 15.25 −118.99 30.13 −85.84
PEu

1 7.06 −0.38 1.84 4.89 2.39 158.74 1.56 −0.31 10.93 −174.73 3.96 −164.63
PEd

1 6.22 2.68 0.49 −13.57 2.10 151.84 0.35 −23.40 8.70 178.83 2.53 169.34

Penguin 28.16 −35.78 21.11 −49.88 30.87 77.62 21.08 −50.39 30.46 −152.30 30.90 −97.67
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TABLE XXIX. Invariant amplitudes of the Λb → pK1ð1400Þ− decay with mixing abgle θK ¼ 30°.

Real(AL
1 ) Imag(AL

1 ) Real(BL
1 ) Imag(BL

1 ) Real(AL
2 ) Imag(AL

2 ) Real(BL
2 ) Imag(BL

2 ) Real(AT
1 ) Imag(AT

1 ) Real(BT
1 ) Imag(BT

1 )

Tf 0.00 156.11 0.00 −216.25 0.00 −58.88 0.00 64.41 0.00 156.11 0.00 −216.25
Tnf 35.90 −9.89 −50.17 0.35 −320.19 26.95 88.01 2.81 −0.81 −4.76 −15.54 −2.98
T 35.90 146.23 −50.17 −215.90 −320.19 −31.92 88.01 67.22 −0.81 151.35 −15.54 −219.24
E2 222.20 40.60 −323.31 −46.62 686.72 131.52 613.16 127.39 179.22 41.20 −257.22 −49.19

Tree 258.10 186.82 −373.48 −262.52 366.52 99.60 701.16 194.62 178.42 192.55 −272.76 −268.43

PCf
1

0.00 6.53 0.00 −9.06 0.00 −2.46 0.00 2.67 0.00 6.53 0.00 −9.06
PCnf

1
−17.15 1.77 24.90 −3.08 −55.17 6.10 −47.81 5.59 −24.97 1.49 35.31 −2.61

PC1 −17.15 8.30 24.90 −12.14 −55.17 3.64 −47.81 8.26 −24.97 8.02 35.31 −11.67
PEu

1 14.38 −1.36 −21.28 2.30 48.85 0.39 29.81 −4.68 9.61 1.06 −14.55 −0.48
PEd

1 14.66 0.59 −21.25 −0.91 40.02 0.88 32.81 2.33 8.36 0.30 −12.37 −0.07

Penguin 11.89 7.53 −17.63 −10.76 33.70 4.91 14.81 5.91 −7.00 9.38 8.39 −12.23

jAL
1 j ϕðAL

1 Þ∘ jBL
1 j ϕðBL

1 Þ∘ jAL
2 j ϕðAL

2 Þ∘ jBL
2 j ϕðBL

2 Þ∘ jAT
1 j ϕðAT

1 Þ∘ jBT
1 j ϕðBT

1 Þ∘
Tf 156.11 90.00 216.25 −90.00 58.88 −90.00 64.41 90.00 156.11 90.00 216.25 −90.00
Tnf 37.24 −15.40 50.17 179.60 321.33 175.19 88.05 1.83 4.83 −99.61 15.83 −169.13
T 150.57 76.21 221.65 −103.08 321.78 −174.31 110.74 37.37 151.35 90.30 219.79 −94.06
E2 225.88 10.35 326.66 −171.79 699.20 10.84 626.25 11.74 183.90 12.95 261.88 −169.17

Tree 318.62 35.90 456.51 −144.90 379.81 15.20 727.67 15.51 262.50 47.18 382.69 −135.46

PCf
1

6.53 90.00 9.06 −90.00 2.46 −90.00 2.67 90.00 6.53 90.00 9.06 −90.00
PCnf

1
17.24 174.11 25.09 −7.06 55.51 173.69 48.14 173.33 25.01 176.60 35.40 −4.23

PC1 19.05 154.17 27.70 −26.00 55.29 176.23 48.52 170.20 26.22 162.20 37.19 −18.29
PEu

1 14.44 −5.39 21.40 173.83 48.85 0.45 30.18 −8.92 9.66 6.30 14.56 −178.10
PEd

1 14.67 2.30 21.27 −177.54 40.03 1.26 32.89 4.06 8.37 2.08 12.37 −179.67

Penguin 14.07 32.36 20.65 −148.61 34.06 8.29 15.94 21.77 11.71 126.73 14.83 −55.54

TABLE XXX. Helicity amplitudes of the Λb → pK1ð1400Þ− decay.

Real(H1=2;1) Imag(H1=2;1) Real(H−1=2;−1) Imag(H−1=2;−1) Real(H1=2;0) Imag(H1=2;0) Real(H−1=2;0) Imag(H−1=2;0)

Tf −0.00 −33.73 0.00 1967.90 0.00 34.08 0.00 −5381.29
Tnf 74.68 43.86 64.35 −17.17 2370.88 −276.73 −2405.30 333.60
T 74.68 10.13 64.35 1950.73 2370.88 −242.65 −2405.30 −5047.68
E2 1.30 −44.14 2299.26 484.10 −313.49 219.18 850.48 501.57

Tree 75.98 −34.01 2363.61 2434.83 2057.39 −23.47 −1554.81 −4546.11

PCf
1

−0.00 −1.35 0.00 82.39 0.00 0.97 0.00 −225.54
PCnf

1
2.17 2.15 −317.96 21.19 31.88 −7.79 −83.06 8.73

PC1 2.17 0.81 −317.96 103.59 31.88 −6.82 −83.06 −216.81
PEu

1 3.49 −4.64 126.65 8.96 −132.44 −27.29 −6.22 18.32
PEd

1 1.71 −1.64 108.92 2.27 −52.16 9.54 −36.19 1.84

Penguin 7.36 −5.47 −82.40 114.81 −152.73 −24.57 −125.47 −196.66

jH1=2;1j ϕðH1=2;1Þ∘ jH−1=2;−1j ϕðH−1=2;−1Þ∘ jH1=2;0j ϕðH1=2;0Þ∘ jH−1=2;0j ϕðH−1=2;0Þ∘

Tf 33.73 −90.00 1967.90 90.00 34.08 90.00 5381.29 −90.00
Tnf 86.61 30.43 66.60 −14.94 2386.97 −6.66 2428.32 172.10
T 75.36 7.72 1951.79 88.11 2383.26 −5.84 5591.47 −115.48
E2 44.16 −88.32 2349.67 11.89 382.52 145.04 987.37 30.53

Tree 83.24 −24.12 3393.39 45.85 2057.52 −0.65 4804.64 −108.88

PCf
1

1.35 −90.00 82.39 90.00 0.97 90.00 225.54 −90.00
PCnf

1
3.06 44.74 318.67 176.19 32.82 −13.74 83.52 174.00

PC1 2.32 20.38 334.41 161.96 32.60 −12.07 232.18 −110.96
PEu

1 5.80 −53.10 126.96 4.05 135.23 −168.36 19.34 108.75
PEd

1 2.36 −43.77 108.94 1.19 53.03 169.64 36.24 177.09

Penguin 9.17 −36.61 141.32 125.67 154.69 −170.86 233.28 −122.54
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