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Landau models serve as quantum mechanical systems for generating quantum matrix geometries. In this
paper, we demonstrate that Howe duality provides the underlying structure of the super Landau model,
reflecting a general feature of coset-type Landau models. The (super) Howe duality relates different Landau
levels and accounts for the emergence of a dual fuzzy geometry. By employing superspinor derivative
operators, the supermonopole harmonics in both integer and half-integer Landau levels are explicitly
constructed and the algebraic structure of the super-Hilbert space is revealed. We propose a consistent
probabilistic interpretation for these wave functions defined on a supermanifold. Through a level projection
method, we derive the matrix coordinates of fuzzy supersphere geometries for arbitrary Landau levels,
along with a precise determination of the noncommutative scale factor. It is shown that the theta
correspondence of Howe duality induces a geometric transformation between fuzzy objects. Finally,
we point out that Howe duality realizes an internal-external space duality and underlies quantum
matrix geometries, suggesting that it may play a fundamental role in understanding Matrix model
geometries.
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I. INTRODUCTION

Landau models provide the quantum mechanical foun-
dation of the quantum Hall effect (QHE) and a physical
realization of noncommutative geometry (NCG). In the
context of the QHE, NCG is not merely an underlying
geometric framework but the central mechanism governing
the dynamics of collective excitations [1–3]. Furthermore,
NCG is essential for elucidating the geometric structures of
D-branes and matrix theory [4,5]. Specifically, fuzzy
geometries are realized as classical solutions of Matrix
models [6–14] and play a fundamental role in the recent
developments of emergent gravity [15–18]. It is also known
that the nonanticommutative structure of fermionic coor-
dinates referred to as nonanticommutative geometry
(NACG) is induced in a graviphoton background [19–22].
The frameworks of NCG and NACG are naturally unified
within the supersymmetric (SUSY) NCG formalism
[23–26]. An archetypical example of such a manifold is
the fuzzy supersphere [24,25,27], which realizes covariant
bosonic and fermionic matrix coordinates in a graded Lie
algebraic fashion. The fuzzy supersphere has been shown
to arise as a classical solution of a supermatrix model [28].

More than two decades ago, with a collaborator the
author introduced a supersymmetric generalization of the
Landau model on a supersphere [29]. He also formulated
the SUSY QHE [30] as a natural SUSY counterpart of
Haldane’s spherical QHE [31]. Just as the fuzzy sphere
geometry [32,33] appears in the lowest Landau level (LLL)
[34,35], it was shown that the fuzzy supersphere geometry
emerges in the super LLL [29]. The formulation of the
SUSY Landau model was extended from a supersphere to a
superplane [36–40] and a superhyperboloid [41]. A SUSY
Chern-Simons field theory was also introduced as the
effective field theory for the SUSY QHE [42].
Interestingly, the SUSY brings a unification of the
Laughlin and Moore-Read wave functions in a single super
Laughlin wave function [43]. Over the past two decades,
the studies of the SUSY QHE have evolved in various
ways. The first line of the development concerns the SUSY
generalization of the valence bond solid state: The super
Laughlin-Haldane wave function is transformed to the
SUSY valence bond solid state by translating the external
superspace as an internal superspace [44]. The SUSY
valence bond solid state exhibits a hidden order [45]
leading to the notion of SUSY protected topological phases
[46] and SUSY matrix product states [47]. Recent develop-
ments along this line can be found in [48,49]. A more direct
application of the SUSY QHE is about the analysis of the
neutral fermionic excitation in the Moore-Read QH state.
Moore-Read state possesses both QH and superconducting
natures, and its bulk collective excitations are bosonic
magneto-roton excitation and neutral fermion excitation
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regarded as mutual superpartners. Based on the SUSY
formalism, the wave function of the neutral fermion
excitation was proposed [50] and its validity was numeri-
cally confirmed [51]. A nonrelativistic supergeometry for
the Moore-Read state has been discussed in [52]. It is also
reported that the SUSY QHE is closely related to the
M-theoretic origin of topological order [53]. Other signifi-
cant results regarding the SUSY structure of the QHE can
be found in the literature [54–59]. It is also worth
mentioning the developments of superqubits [60–62].
Since both the superqubit and the SUSY QHE are founded
on the graded Hopf map, their SUSY generalizations share
many analogous properties.
In parallel, the NCG associated with Landau models has

been extensively investigated over for more than two
decades [63–76]. Based on the idea of utilizing the
Landau models to generate quantum matrix geometries
[9,77], fuzzy matrix geometries of two-, three-, and four-
spheres have been revealed in arbitrary LLs [77–80]. This
method has been successfully applied to derive new
solutions for the Matrix model [9] and to construct
deformed matrix geometries [81]. These results indeed
demonstrate the effectiveness of the Landau models for
generating matrix geometries and strongly suggest that
Matrix model geometries are realized in Landau models. It
is worthwhile to investigate whether this approach can be
equally applicable to the derivation of supermatrix geom-
etries. Introducing NCG in superspace is known to (par-
tially) break the SUSY structure in general [22], however,
fuzzy supermanifolds elude this unfavorable property.
Importantly, the graded Lie algebraic construction of
SUSY NCG preserves the full SUSY of the original
supermanifold. For instance, as the supersphere possesses
the N ¼ 1 SUSY, the fuzzy supersphere maintains the
same N ¼ 1 SUSY. The preservation of (super)symmetry
is a remarkable feature of fuzzy spaces. Although fuzzy
spaces are regarded as “discretized” geometries, they retain
the continuous symmetries of the original manifolds. This
stands in stark contrast to lattice models, where continuous
spatial symmetries are reduced to discrete lattice sym-
metries. This unique property is considered to be a key
factor behind the recent development of the numerical
simulations of 3D Ising criticality using fuzzy-sphere
regularization [82,83]. Furthermore, very recent studies
[84,85] suggest a close relationship between the fuzzy
supersphere and the 3D SUSY Ising theory. The fuzzy
supersphere and the fuzzy super Landau model are of
increasing importance. However, an entire picture that
encompasses higher super LLs has yet to be established.
In this paper, we investigate the super Landau model on a

supersphere [29] to explore a comprehensive understanding
of the super LL structures and associated matrix geom-
etries. By incorporating higher LL structures, we unveil that
the Howe duality constitutes the fundamental algebraic

structure of the system. We show that the supermonopole
harmonics form an orthonormal basis and propose their
consistent probabilistic interpretation by projecting them
onto the body-sphere along with an appropriate definition
of inner product. Using the newly defined inner product,
the supermatrix coordinates are evaluated for arbitrary
Landau levels. This presents the first explicit derivation
of the supermatrix geometry from a Landau model. We also
discuss the significance of Howe duality in the context of
quantum matrix geometry. The theta correspondence is
shown to induce a geometric transformation between fuzzy
objects in the framework of NCG. Viewing Howe duality as
a duality between internal and external spaces, we argue
that it is a general feature of coset-type Landau models and
may underlie the geometric structure of quantum geom-
etries in Matrix models.
This paper is organized as follows. In Sec. II, we review

the basics of the super Landau model. Superspinor deriva-
tive operators are constructed in Sec. III. In Sec. IV, we
derive the supermonopole harmonics for integer LLs and
explore their probabilistic interpretation. This analysis is
extended in Sec. V for half-integer LLs, where we redefine
the inner product to handle negative-norm states. The super
D-matrix is introduced in Sec. VI, where the underlying
super Howe duality of the system is revealed. We derive the
supermatrix geometry in Sec. VII, providing a geometric
realization of the theta correspondence as a transformation
of fuzzy manifolds. Section VIII is devoted to a summary
and discussions.

II. REVIEW OF THE SUPER LANDAU MODEL

We review the basic structure of the super Landau model
on a supersphere based on [29], adding some more useful
information. The correspondence between the original
Landau model and its SUSY counterpart is summarized
in Table I.

TABLE I. The basic mathematical setups for the original
Landau model and the super Landau model.

The original setup The SUSY setup

Fiber-bundle Principal fiber
bundle

Principal superfiber
bundle

Topological map Hopf map Graded Hopf map
Symmetry group SUð2Þ UOSpð1j2Þ
Gauge group Uð1Þ Uð1Þ
Base manifold S2 S2j2
Magnetic source Dirac Monopole Supermonopole
Landau level
eigenstates

Monopole
harmonics

Supermonopole
harmonics

Noncommutative
geometry

Fuzzy sphere Fuzzy supersphere
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A. The graded Hopf map and supersphere

The graded Hopf map [86–88] is defined by the
following mapping

S3j2 →
S1
S2j2: ð2:1Þ

As a coset, S2j2 is expressed as

S2j2 ≃ S3j2=S1 ≃UOSpð1j2Þ=Uð1Þ; ð2:2Þ

whose bosonic part realizes the original Hopf map,
S2≃S3=S1≃SUð2Þ=Uð1Þ. With two complex Grassmann
even quantities, u and v, and a complex Grassmann odd
quantity η, arbitrary UOSpð1j2Þ1 group element is repre-
sented as [89]

g ¼

0
B@ u −v η

v� u� η�

−uη� þ v�η u�ηþ vη� 1 − η�η

1
CA: ð2:3Þ

The condition sdetðgÞ ¼ 1 and g‡ ¼ g−1.2 imposes a con-
straint on the parameters as

u�uþ v�v − η�η ¼ 1; ð2:5Þ

which geometrically signifies UOSpð1j2Þ ≃ S3j2. With a
three-component spinor ψ (the super Hopf spinor) subject
to the normalization condition ψ‡ψ ¼ ψ tψ� ¼ 1, the
graded Hopf map (2.1) is explicitly given by

ψ ¼

0
B@ u

v

η

1
CA⟶

xi
r
¼ 2ψ tliψ�;

θα
r
¼ 2ψ tlαψ�; ð2:6Þ

where r signifies a constant parameter and

ψ‡ ≔ ð u� v� −η� Þ: ð2:7Þ

Note the minus sign in front of η�.3 The symbols li and lα
denote the UOSpð1j2Þ superspin matrices

li ¼
1

2

�
σi 0

0 0

�
; lθ1 ¼

1

2

0
B@ 0 0 1

0 0 0

0 1 0

1
CA;

lθ2 ¼
1

2

0
B@ 0 0 0

0 0 1

−1 0 0

1
CA: ð2:10Þ

The uospð1j2Þ algebra is summarized in Appendix A. The
supercoordinates (2.6), the bosonic coordinates xi and the
fermionic coordinates θα, automatically satisfy the con-
dition for S2j2

xixi þ Cαβθαθβ ¼ ðψ tψ�Þ2 ¼ r2; ð2:11Þ

where C denotes the charge conjugation matrix of the
SUð2Þ

C ¼ iσ2: ð2:12Þ

In detail, the supercoordinates (2.6) are given by

x1
r
¼uv�þvu�;

x2
r
¼−iuv�þ ivu�;

x3
r
¼uu�−vv�;

θ1
r
¼v�ηþuη�;

θ2
r
¼−u�ηþvη�: ð2:13Þ

Note that the supercoordinates are constructed from the
super Hopf spinor, suggesting that the Hopf spinor is more
fundamental than the coordinates. The supersphere (2.11)
is invariant under the N ¼ 1 SUSY transformation:

δξxi ¼ θαðσiCÞαβξβ; δξθα ¼ xiðσiÞβαξβ; ð2:14Þ

where ξα are Grassmann odd pseudo-Majorana parame-
ters, ξ�α ¼ Cαβξβ.

1While the notation OSpð1j2Þ is frequently used in place of
UOSpð1j2Þ in the literature, we strictly distinguish between these
in the present paper for preciseness. The bosonic subgroup of the
UOSpð1j2Þ is the compact SUð2Þ group, while that of the
OSpð1j2Þ is the noncompact SUð1; 1Þ group.

2See Appendix B for the definition of the superdeterminant
and the super adjoint is given by

�
A C
D B

�‡
≔
�
A† −D†

C† B†

�
: ð2:4Þ

3Here, � denotes the pseudoconjugation which acts on the
Grassmann odd quantities as

ðη1η2Þ� ¼ η�1η
�
2; ðη�Þ� ¼ −η: ð2:8Þ

Then, θα (2.6) satisfy

θα
� ¼ Cαβθβ; ð2:9Þ

which implies that θα form an SUð2Þ (pseudo-)Majorana spinor.
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B. Super Hopf spinor and the
supermonopole gauge field

The original Hopf spinor can be expressed as4

ϕðyiÞ ¼
�
μ

ν

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2rðrþ y3Þ
p �

rþ y3
y1 − iy2

�
· eiχ ; ð2:19Þ

where yi denote the ordinary c-number coordinates on S2:

yiyi ¼ r2: ð2:20Þ

The Uð1Þ phase eiχ signifies the S1-fiber on S2. The
corresponding gauge field is

A ¼ dyiAi ¼ 2igϕ†dϕ ¼ −g
1

rðrþ y3Þ
ϵij3yjdyi: ð2:21Þ

We took eiχ ¼ 1 in (2.21). Similarly, the super Hopf spinor
can be represented as

ψðxi;θαÞ¼

0
B@u

v

η

1
CA

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ðrþx3Þ

p
0
BBBB@

ðrþx3Þ
�
r− 1

4ðrþx3ÞθCθ
�

ðx1−ix2Þ
�
rþ 1

4ðrþx3ÞθCθ
�

ðx1−ix2Þθ1−ðrþx3Þθ2

1
CCCCA·eiχ :

ð2:22Þ

TheUð1Þ phase factor eiχ denotes the S1-fiber on S2j2. Note
that the xi are Grassmann even quantities but not ordinary
c-numbers, as xi “contain” a Grassmann quantity θCθ:
indeed from (2.11),

xi ¼ yi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

r2
θCθ

r
: ð2:23Þ

In the context of supermanifolds, the c-numbers yi
are called the coordinates of the body, whereas the θα
are referred to as the soul coordinates. When the θα are
dropped, the bosonic coordinates xi reduce to the body
coordinates yi. Note that the η (2.22) is an SUð2Þ singlet

η ¼ 1

r
Cαβθαψβ ¼

1

r
ðvθ1 − uθ2Þ; ð2:24Þ

and then

η�η ¼ −
1

2r2
θCθ: ð2:25Þ

The super Hopf spinor (2.22) is related to the original Hopf
spinor (2.19) as

ψ ¼
�
1 −

1

4r2
θCθ

�0B@ μ

ν
1
r ðνθ1 − μθ2Þ

1
CA: ð2:26Þ

The pseudoconjugation of ψ is given by

ψ� ¼

0
B@u�

v�

η�

1
CA

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ðrþ x3Þ

p
0
BBBB@

ðrþ x3Þ
�
r− 1

4ðrþx3ÞθCθ
�

ðx1 þ ix2Þ
�
rþ 1

4ðrþx3ÞθCθ
�

ðrþ x3Þθ1 þ ðx1 þ ix2Þθ2

1
CCCCA · e−iχ :

ð2:27Þ

The supermonopole gauge field is derived as

A ¼ 2igψ‡dψ ¼ −2igψ�‡dψ�; ð2:28Þ

where g signifies the magnetic charge of the supermono-
pole, g ¼ 0;�1=2;�1;�3=2;…. [We took eiχ ¼ 1 in
(2.28).] In differential form, (2.28) is given by

A ¼ dxiAi þ dθαAα; ð2:29Þ

where

Ai ¼ −g
1

rþ x3
ϵij3xj

�
1þ 2rþ x3

2r2ðrþ x3Þ
θCθ

�
;

Aα ¼ −ig
1

r3
ðθσiCÞαxi: ð2:30Þ

4The Hopf spinor regular on the southern hemisphere can be
taken as

ϕ0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rðr − y3Þ

p �
y1 þ iy2

r − y3

�
: ð2:15Þ

The corresponding gauge field is given by

A0 ¼ dyiA0
i ¼ 2igϕ0†dϕ0 ¼ g

1

rðr − y3Þ
ϵij3yjdyi: ð2:16Þ

The gauge transformation relating the A0 and A is

A0 ¼ A − iu�du; ð2:17Þ
where

u ¼ e−2igφ
�
tanðφÞ ≔ y2

y1

�
: ð2:18Þ
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Note that the Dirac string singularity appears only in Ai,
which is identical to the standard monopole gauge field5

dxiAi ¼ dyiAi: ð2:33Þ
Since the Dirac singularity reflects the nontrivial bundle
topology, the “twist” of the bosonic part of the superfiber
bundle (2.33) is accounted for by that of the original
monopole bundle on the body-sphere. The gauge trans-
formation between the supermonopole gauge fields on the
norther and southern hemispheres is exactly the same as the
original one (2.17):

A0 ¼ A − iu�du; ð2:34Þ
where u denotes the transition function

u ≔ e−2igφ ¼
�

y1 − iy2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr − y3Þ

p �
2g

¼
�

x1 − ix2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr − x3Þ

p �
2g
�
1þ g

r2 − x32
θCθ

�
: ð2:35Þ

We then have

−iu�du ¼ 2g
r2 − y32

ϵij3yjdyi

¼ 2g
r2 − x32

ϵij3xjdxi

�
1þ 1

r2 − x32
θCθ

�
: ð2:36Þ

Note that the−iu�du does not include the fermion coordinate
1-form dθ. The twist of the bundle is evaluated by the
mapping from the equator to the transition function. Since the
transition functions of the super and original Hopf maps
coincide (2.35), the twist of the S1-fiber of the supermono-
pole can reasonably be identified with that of the original
monopole. The winding number from the S1-equator to the
transition function u∈Uð1Þ is calculated as

i
1

2π

Z
2π

0

u�
∂u
∂χ

dχ ¼ 2g; ð2:37Þ

which is equal to the Chern number of the monopole:

c1 ¼
1

2π

Z
S2
f ¼ 2g; ð2:38Þ

where

f ¼ g
1

r3
ϵijkykdyi ∧ dyj: ð2:39Þ

The above discussion implies that the Chern number of the
supermonopole is also identified as (2.38). From (2.30), the
field strengths of the supermonopole are obtained as

F¼dA¼−
1

2
dxj∧dxiFij−dθα∧dxiFiα−

1

2
dθβ∧dθαFαβ;

ð2:40Þ
where

Fij¼−Fji¼∂iAj−∂jAi¼g
1

r3
ϵijkxk

�
1þ 3

2r2
θCθ

�
;

Fiα¼−Fαi¼∂iAα−∂αAi¼−ig
1

r3

�
δij−

3

r2
xixj

�
ðθσjCÞα;

Fαβ¼Fβα¼∂αAβþ∂βAα¼−2ig
1

r3
xiðσiCÞαβ

�
1þ 3

2r2
θCθ

�
:

ð2:41Þ
Throughout this paper, Grassmann derivatives such as ∂α are
understood to act from the left.

C. Super angular momentum operators

The covariant derivatives are introduced as

Di ¼ ∂i þ iAi; Dα ¼ ∂α þ iAα; ð2:42Þ
and we construct the super angular momentum operators as

Li ¼ Λi þ r2Bi; Lα ¼ Λα þ r2Bα: ð2:43Þ
Here, Λi and Λα denote the covariant super angular
momentum operators

Λi ¼ −iϵijkxjDk þ
1

2
θαðσiÞαβDβ;

Λα ¼
1

2
xiðCσiÞαβDβ −

1

2
θβðσiÞβαDi; ð2:44Þ

and Bi and Bα stand for the supermonopole magnetic field:

Bi ¼ g
1

r3
xi; Bα ¼ g

1

r3
θα: ð2:45Þ

These form a supervector multiplet of the UOSpð1j2Þ
group, implying that Bi and Bα are superpartners.

5In the southern hemisphere, the regular super Hopf spinor is
given by

ψ 0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r3ðr − x3Þ

p
0
BB@

ðxi þ ix2Þ
�
rþ 1

4rðrþx3Þ θCθ
�

ðr − x3Þ
�
r − 1

4rðrþx3Þ θCθ
�

ðr − x3Þθ1 − ðxi þ ix2Þθ2

1
CCA: ð2:31Þ

The corresponding gauge field A0 ¼ 2igψ 0‡dψ 0 ¼ dxiA0
i þ

dθαA0
α is

A0
i ¼ g

1

r3
ϵij3xj

�
1þ 2r−x3

2r2ðr−x3Þ
θCθ

�
; A0

α ¼−ig
1

r3
ðθσiCÞαxi:

ð2:32Þ

The bosonic part satisfies dxiA0
i ¼ dyiA0

i and the fermionic gauge
field A0

α is identical to Aα.
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The supermagnetic field (2.45) is radially distributed in
R3j2, which indicates that the supermagnetic monopole is
located at the origin. The magnitude of the super magnetic
field is

B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BiBi þ CαβBαBβ

p ¼ jgj
r2

; ð2:46Þ

and the magnetic charge of the supermonopole is evaluated
from the (super) Gauss law:

sgnðgÞ
2π

Z
S2j2

dΩ2j2B ¼ sgnðgÞ
2π

Z
S2
dΩ2B ¼ 2g; ð2:47Þ

where dΩ2j2 denotes the area element of S2j2 (see
Appendix B)

Z
S2j2

dΩ2j2 ¼
Z
S2
dΩ2

Z
dθ1dθ2

�
1 −

1

2
θCθ

�
: ð2:48Þ

As shown in (2.47), the integral over the super magnetic
field on a supersphere is reduced to that of the magnetic
field over the body-sphere, and the supermonopole charge
is equal to the Chern number (2.38). This is consistent with
the previous observation that the Chern number of the
supermonopole is equal to that of the original monopole.
A bit of calculations shows that (2.43) satisfy the

uospð1j2Þ algebra:

½Li; Lj� ¼ iϵijkLk; ½Li; Lα� ¼
1

2
ðσiÞβαLβ;

fLα; Lβg ¼ 1

2
ðCσiÞαβLi: ð2:49Þ

From the first relation, we see that Li constitute the suð2Þ
algebra and generate SUð2Þ rotations in the superspace
R3j2. The second equation implies that the supercharges Lα

transform as an SUð2Þ spinor and carry angular momentum
1=2. The last equation shows that Lα are fermionic
operators, and the two successive operations of the fer-
mionic generators yield the SUð2Þ operations. The set of Li

and Lα amounts to theUOSpð1j2Þ superrotations inR3j2. It
is worth mentioning a distinction between the present
model and standard SUSY field theories based on the
super Poincaré symmetry. While in the latter, the bosonic
and fermionic states with different 1=2 spin are related by
the super transformation, in the present model the orbital
angular momentum, rather than intrinsic spin, is involved:
the supercharges Lα relate bosonic and fermionic states
whose orbital angular momenta differ by 1=2. The super
charges act as fermionic ladder operators of the angular
momentum.
The super angular momentum operators (2.43) are

expressed as

Lx ¼ L0
x þ g

x1
rþ x3

�
1þ 1

2rðrþ x3Þ
θCθ

�
;

Ly ¼ L0
y þ g

x2
rþ x3

�
1þ 1

2rðrþ x3Þ
θCθ

�
; ð2:50aÞ

Lz ¼ L0
z þ g; ð2:50bÞ

Lθ1 ¼ L0
θ1
þ g
2r

�
θ1 þ

x1 þ ix2
rþ x3

θ2

�
;

Lθ2 ¼ L0
θ2
þ g
2r

�
θ2 −

x1 − ix2
rþ x3

θ1

�
; ð2:50cÞ

where L0
i and L0

α denote the free super angular momentum
operators:

L0
i ¼ −iϵijkxj∂k þ

1

2
θαðσiÞαβ∂β;

L0
α ¼

1

2
xiðCσiÞαβ∂β −

1

2
θβðσiÞβα∂i: ð2:51Þ

The super rotations for the supercoordinates are repre-
sented as

½Li; xj� ¼ iϵijkxk; ½Li;θα� ¼
1

2
ðσiÞβαθβ;

½Lα; xi� ¼ −
1

2
ðσiÞβαθβ; fLα;θβg ¼

1

2
ðCσiÞαβxi: ð2:52Þ

The last two equations demonstrate SUSY transforma-
tions of the supercoordinates. Obviously, the supersphere
condition, xixi þ Cαβθαθβ ¼ r2, is invariant under the
UOSpð1j2Þ SUSY transformation, implying that the super-
sphere respects the N ¼ 1 SUSY generated by two
pseudo-Majorana supercharges, Lθ1 and Lθ2 .

D. Super Landau Hamiltonian
and super Landau levels

Let us consider super quantum mechanics on a super-
sphere in the supermonopole background:

H ¼ 1

2Mr2
ðΛiΛi þ CαβΛαΛβÞ: ð2:53Þ

Using the orthogonality relation

xiΛi þ CαβθαΛβ ¼ Λixi þ CαβΛαθβ ¼ 0; ð2:54Þ

the Hamiltonian (2.53) can be rewritten as

H ¼ 1

2Mr2
ðLiLi þ CαβLαLβÞ −

1

2Mr2
g2; ð2:55Þ
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which is essentially the UOSpð1j2Þ Casimir operator.
Since the SUSY Hamiltonian is invariant under the
transformations generated by Li and Lα, the system
possesses UOSpð1j2Þ superrotational invariance. At the
same time, Li and Lα constitute conserved quantities, as
they commute with the Hamiltonian. The standard
results from UOSpð1j2Þ representation theory (see
Appendix A) determine the energy eigenvalues and their
degeneracies:

Casimir eigenvalues∶LiLi þ CαβLαLβ ¼ l

�
l þ 1

2

�
;

ð2:56aÞ

Degeneracies∶4lþ 1: ð2:56bÞ

The superspin index l generally takes integer or half-
integer values. In particular, for the present system, l is
given by

l ¼ N þ jgj ð2:57Þ

where N denotes the super Landau level index

N ¼ 0; 1=2; 1; 3=2; 2;…: ð2:58Þ

The Landau levels include both integer and half-integer
values due to SUSY. The energy eigenvalues are then
given by

Eg
N ¼ 1

2Mr2

�
N

�
N þ 1

2

�
þ
�
2N þ 1

2

�
jgj
�
; ð2:59Þ

with degeneracies

4jgj þ 4N þ 1 ¼ 4jgj þ 1; 4jgj þ 3; 4jgj þ 5; � � � : ð2:60Þ

Under the SUð2Þ group of UOSpð1j2Þ, the supermultiplet
in the Nth LL decomposes into two SUð2Þ irreducible
representations:

4jgj þ 4N þ 1 ¼ ð2jgj þ 2N þ 1Þ ⊕ ð2jgj þ 2NÞ; ð2:61Þ

where ð2jgj þ 2N þ 1Þ and ð2jgj þ 2NÞ correspond to
bosonic and fermionic states, respectively. The LL energies
(2.59) can be expressed as the sum of contributions from
the (super)spherical harmonics and the planar super Landau
levels:

Eg
N ¼ E0

N þ ẼB
N ð2:62Þ

with

E0
N ¼ 1

2Mr2
N

�
N þ 1

2

�
; ð2:63aÞ

ẼB
N ¼

�
N þ 1

4

�
B
M

: ð2:63bÞ

FIG. 1. Left: the original LLs (2.64). Right: the super Landau levels (2.59). Blue/red lines denote bosonic/fermionic states in integer
Landau levels, while green/purple lines denote bosonic/fermionic states in half-integer Landau levels. Both of the LLs and the
degeneracies are (almost) doubled in the SUSY system.
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The formulas (2.59) is quite similar to the LLs on
Haldane’s sphere [31],6 with the exception that the con-
stants differ slightly and the SUSY Landau levels include
half-integer values (see Fig. 1 also). In particular, the LLL
energy is given by

Eg
N¼0 ¼ ẼB

N¼0 ¼
B
4M

; ð2:66Þ
which is half of the original LLL energy due to the
cancellation between the bosonic and fermionic degrees
of freedom.

III. SUPERSPINOR DERIVATIVE OPERATORS

Spinor derivative operators are quite useful for analyzing
the Landau model on a two-sphere [31,73,77,90]. In this
section, we introduce superspinor derivative operators that
play the role of effective superangular momentum operators
and edth operators. We denote the Li and Lα (2.43) as Lg

A
ðA ¼ x1; x2; x3; θ1; θ2Þ with monopole charge g.

A. Super rotations and quantum numbers

Let us first discuss the superrotations of the super-Hopf
spinor. Using Eqs. (2.22) and (2.50)

L1=2
A ψ t ¼ ψ tlA; ð3:1Þ

while, for its complex conjugate (2.27),

L−1=2
A ψ�t ¼ ψ�tl̃A: ð3:2Þ

Here, lA and l̃A respectively denote the superspin matrices
(2.10) and their complex representation matrices:

l̃i ¼ −l�i ; l̃α ¼ Cαβlβ; ð3:3Þ
which satisfy

½l̃i; l̃j�¼ iϵijkl̃k; ½l̃i; l̃α�¼
1

2
ðσiÞβαl̃β; fl̃α; l̃βg¼

1

2
ðCσiÞαβ l̃i:

ð3:4Þ
The super-Hopf spinor and its complex conjugate thus
realize a UOSpð1j2Þ l ¼ 1=2 fundamental representation,
respectively. These two representation matrices are
related as

l̃A ¼ RtlAR; ð3:5Þ

where R signifies the UOSpð1j2Þ charge conjugation
matrix:

R ¼

0
B@ 0 −1 0

1 0 0

0 0 −1

1
CA; ð3:6Þ

which satisfies

R−1 ¼ Rt: ð3:7Þ
The quantum numbers of the components of the super Hopf
spinor (and its conjugate), along with the supercoordinates,
are summarized in Table II.

B. Effective super angular momentum operators

An arbitrary LL is specified by the quantum numbers,
ðN; gÞ, or equivalently, ðl; gÞ, while ψa ¼ u, v, η and ψ�

a ¼
u�; v�; η� carry the same superspin index of l ¼ 1=2, and
g ¼ 1=2 and g ¼ −1=2, respectively (Table II). Taking into
account the matching of the quantum numbers, the Nth LL
eigenstates are given by (a linear combination of) the
following homogeneous polynomials:

Ψðn1;n2Þ ≔ ψa1 � � �ψan1

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{n1

ψ�
b1
� � �ψ�

bn2

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{n2

; ð3:8Þ

where n1 and n2 are non-negative integers subject to7

n1 þ n2 ¼ 2l; n1 − n2 ¼ 2g: ð3:10Þ

Importantly,theactionofLg
Aonthesehomogeneousfunctions

iseffectivelyrepresentedbythatofL�1=2
A oneachcomponent8:

TABLE II. Quantum numbers of the components of the super
Hopf spinor and the supercoordinates.

Superspin
l

Spin
s

Magnetic quantum
number m

Supermonopole
charge g

u (u�) 1=2 1=2 þ1=2 (−1=2) þ1=2 (−1=2)
v (v�) 1=2 1=2 −1=2 (þ1=2) þ1=2 (−1=2)
η (η�) 1=2 0 0 (0) þ1=2 (−1=2)
xþ iy 1 1 1 0
x3 1 1 0 0
x − iy 1 1 −1 0
θ1 1 1=2 þ1=2 0
θ2 1 1=2 −1=2 0

6The original LLs on Haldane’s sphere are

Eg
N¼

1

2Mr2
ðNðNþ1Þþð2Nþ1ÞjgjÞ; ðN¼0;1;2;…Þ ð2:64Þ

with degeneracies

2lþ1¼2jgjþ2Nþ1¼2jgjþ1;2jgjþ3;2jgjþ5;���: ð2:65Þ

7As we will see in Sec. V, for half-integer LLs, the first relation
of (3.10) is modified to

n1 þ n2 ¼ 2lþ 1: ð3:9Þ
8While LA, ψa, and ψ�

b are assumed to be Grassmann-even, a
formula analogous to (3.11) holds for the Grassmann-odd cases.
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Lg
AΨðn1;n2Þ ¼

Xn1
i¼1

ψa1 � � � ðL1=2
A ψaiÞ � � �ψan1

ψ�
b1
� � �ψ�

bn2

þ
Xn2
i¼1

ψa1 � � �ψan1
ψ�
b1
� � � ðL−1=2

A ψ�
bi
Þ � � �ψ�

bn2
:

ð3:11Þ

Under the constraint (3.10), the action of Lg
A on the

homogeneous function reduces to the one-particle action.
From the results in Sec. III A, these effective operators are
identified as

LA ¼ ψ tlA
∂

∂ψ
þ ψ† l̃A

∂

∂ψ� ; ð3:12Þ

which obviously satisfy the uospð1j2Þ algebra. Their
explicit forms are given by

Lþ ¼ Lx þ iLy ¼ u
∂

∂v
− v�

∂

∂u�
;

L− ¼ Lx − iLy ¼ v
∂

∂u
− u�

∂

∂v�
;

Lz ¼
1

2

�
u
∂

∂u
− v

∂

∂v

�
−
1

2

�
u�

∂

∂u�
− v�

∂

∂v�

�
;

Lθ1 ¼
1

2

�
u
∂

∂η
þ η

∂

∂v

�
þ 1

2

�
v�

∂

∂η�
− η�

∂

∂u�

�
;

Lθ2 ¼
1

2

�
v
∂

∂η
− η

∂

∂u

�
−
1

2

�
u�

∂

∂η�
þ η�

∂

∂v�

�
: ð3:13Þ

When we introduce the complex representation

ψ̃ ≔ Rψ� ¼

0
B@−v�

u�

−η�

1
CA; ð3:14Þ

LA (3.12) can also be represented as

LA ¼ ψ tlA
∂

∂ψ
þ ψ̃ tlA

∂

∂ψ̃
: ð3:15Þ

Since these are bilinear differential forms of the super
Hopf spinor and its complex conjugate, the degrees n1
and n2 are conserved, which is consistent with the fact
that g and l are fixed in each LL. In practical calculations
associated with the LL eigenstates, the LA (3.15) are far
more efficient than the original coordinate-derivative
operators (2.50).

We also introduce an operator L whose eigenvalues
signify (the half of) the total degree, n1 þ n2

9:

L ¼ 1

2
ψ t ∂

∂ψ
þ 1

2
ψ̃ t ∂

∂ψ̃
¼ 1

2
ψ t ∂

∂ψ
þ 1

2
ψ† ∂

∂ψ� ; ð3:19Þ

which commutes LAs:

½L; LA� ¼ 0: ð3:20Þ

As demonstrated in Secs. IV B 3 and VA 4, the eigenvalue
of L coincides with the superspin index l (2.57) for integer
LLs, while it equals lþ 1=2 for half-integer LLs.

C. Effective edth operators

While the edth operators were originally introduced by
Newman and Penrose for the analysis of gravitational
radiation [91], these operators were also effective in the
analysis of the Landau model [77]. Here, we extend this
formalism to the SUSY case.
In contrast to the superangular momentum operators,

which do not mix the super-Hopf spinor and its complex
representation, the effective edth operators are constructed
to interchange these representations:

ψ ↔ ψ̃ ¼ Rψ�: ð3:21Þ

This interchange is realized by10

R−¼ ψ̃ t ∂

∂ψ
¼ψ†Rt ∂

∂ψ
; Rþ ¼ψ t ∂

∂ψ̃
¼ψ tR

∂

∂ψ� ð3:23Þ

or, more explicitly,

9In particular in the LLL, LA reduce to [30]

LA ¼ ψ tlA
∂

∂ψ
; ð3:16Þ

so the UOSpð1j2Þ Casimir is expressed as

LiLi þ CαβLαLβ ¼ L

�
Lþ 1

2

�
; ð3:17Þ

with

L ¼ 1

2
ψ t ∂

∂ψ
: ð3:18Þ

The relation (3.17) does not hold, in general, for LA (3.15) and L
(3.19).

10R− and Rþ act as

R−ψ
t ¼ ψ̃ t; Rþψ̃ t ¼ ψ t: ð3:22Þ
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R−¼ u�
∂

∂v
−v�

∂

∂u
−η�

∂

∂η
; Rþ ¼−u

∂

∂v�
þv

∂

∂u�
−η

∂

∂η�
:

ð3:24Þ
These provide a natural SUSY extension of the spinor-
derivative operators for Haldane’s sphere [73,90].11 Since
the super-Hopf spinor and its complex representation carry
supermonopole charges of 1=2 and −1=2, respectively, R�
shift the supermonopole charge by Δg ¼ �1. The R� thus
act as ladder operators for monopole charge. Note that they
do not change the superspin l, as they are bilinear super-
spinor differential operators. Since l ¼ N þ jgj is fixed, the
R� shifts the LL index N by∓ 1 corresponding to the shift
of g by �1. Then, R� can also be viewed as lowering/
raising operators for the Landau levels (that simultaneously
shift the monopole charge).
The commutation relation between Rþ and R− yields a

new operator,

R3≔
1

2
½Rþ;R−�¼

1

2

�
ψ t ∂

∂ψ
− ψ̃ t ∂

∂ψ̃

�
¼1

2

�
ψ t ∂

∂ψ
−ψ† ∂

∂ψ�

�
:

ð3:25Þ
Together with R3, Ri satisfy the SUð2Þ algebra:

½Ri; Rj� ¼ iϵijkRk; ð3:26Þ

where

R1 ≔
1

2
ðRþ þ R−Þ; R2 ≔ −i

1

2
ðRþ − R−Þ: ð3:27Þ

It is straightforward to verify that Li commute with both LA
and L:

½Ri; LA� ¼ ½Ri; L� ¼ 0: ð3:28Þ
Although Ri and LA are commutative, the SUð2Þ trans-
formations generated by Ri does not bring further degen-
eracies to Landau levels. Instead, R� act as ladder operators
between Landau levels. In other words, LA represent the
symmetry group generators, while Ri are spectrum-gen-
erating operators. One may wonder whether there exist
fermionic counterparts for Ri, analogous to Lα for Li. We
will revisit this question in Sec. VI along with the
discussion of the super Howe duality.

IV. SUPERMONOPOLE HARMONICS IN THE
INTEGER LANDAU LEVELS

In this section, we explicitly construct the supermono-
pole harmonics by using the superspinor derivative oper-
ators. We also discuss the probabilistic interpretation of
these states.

A. The original monopole harmonics

We begin with a brief review of the original monopole
harmonics. In the Dirac gauge, the monopole harmonics are
given by [92]12:

Φg
l;mðyiÞ ¼ ð−1Þm−g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðlþmÞ!ðl −mÞ!
ðlþ gÞ!ðl − gÞ!

s �
rþ y3
2r

�mþg
2

�
r − y3
2r

�m−g
2

Pðm−g;mþgÞ
l−m

�
y3
r

��
y1 þ iy2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − y32

p �
m−g

ðg;m ¼ l; l − 1; l − 2;…;−lÞ; ð4:2Þ

where Pðα;βÞ
lþm denote the Jacobi polynomials:

Pðα;βÞ
N ðcosϑÞ ¼

XN
n¼0

ð−1Þn
�
N þ α

nþ α

��
N þ β

n

��
cos

ϑ

2

�
2ðN−nÞ�

sin
ϑ

2

�
2n
: ð4:3Þ

12We can “interchange” m and g in (4.2) as

Φg
l;mðyiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðlþ gÞ!ðl − gÞ!
ðlþmÞ!ðl −mÞ!

s �
rþ y3
2r

�gþm
2

�
r − y3
2r

�g−m
2

Pðg−m;gþmÞ
l−g

�
y3
r

��
y1 þ iy2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − y32

p �
m−g

¼ ð−1Þl−g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðlþ gÞ!ðl − gÞ!
ðlþmÞ!ðl −mÞ!

s Xminðl−g;l−mÞ

n¼maxð0;−m−gÞ
ð−1Þn

�
lþm

gþmþ n

��
l −m
n

�
μgþmþnνl−m−nμ�nν�l−g−n: ð4:1Þ

11To the best of the author’s knowledge, the effective edth operators were first employed in [73], where they are realized as right
actions of the D-matrix.
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Here, we parametrized yi as

y1¼ rsinϑcosφ; y2¼ rsinϑsinφ; y3¼ rcosϑ: ð4:4Þ
The monopole harmonics satisfy

Φg
l;mðϑ;φÞ� ¼ ð−1Þg−mΦ−g

l;−mðϑ;φÞ ð4:5Þ
and

jΦg
l;mðyiÞj ¼ jΦg

l;mðy3Þj ¼ jΦg
l;−mð−y3Þj: ð4:6Þ

Their orthonormality relation on S2 is expressed asZ
S2
dΩ2Φ

g
l0;m0 ðyiÞ�Φg

l;mðyiÞ ¼ δl0lδm0m ðdΩ2 ¼ sinϑdϑdφÞ:

ð4:7Þ
It is useful to express the monopole harmonics in terms of
the Hopf spinor components (2.19):

Φg
l;mðyiÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

4π

ðlþmÞ!ðl−mÞ!
ðlþgÞ!ðl−gÞ!

s Xminðl−g;lþmÞ

n¼maxð0;m−gÞ
ð−1Þn

×

�
lþg

g−mþn

��
l−g

n

�
μlþm−nνg−mþnμ�l−g−nν�n:

ð4:8Þ

Low-dimensional examples are the components of the Hopf
spinor:

Φ1=2
1=2;1=2ðyiÞ¼

1ffiffiffiffiffiffi
2π

p μ; Φ1=2
1=2;−1=2ðyiÞ¼

1ffiffiffiffiffiffi
2π

p ν;

Φ−1=2
1=2;1=2ðyiÞ¼−

1ffiffiffiffiffiffi
2π

p ν�; Φ−1=2
1=2;−1=2ðyiÞ¼

1ffiffiffiffiffiffi
2π

p μ�; ð4:9Þ

and the vector coordinates:

Φ0
1;�1ðyiÞ ¼∓

ffiffiffiffiffiffi
3

8π

r
1

r
ðy1 � iy2Þ; Φ0

1;0ðyiÞ ¼
ffiffiffiffiffiffi
3

4π

r
1

r
y3:

ð4:10Þ

B. Supermonopole harmonics

In the integer LL ðN ¼ l − jgjÞ, there are (4lþ 1)
degenerate eigenstates consisting of

Ψg
l;mðxi; θαÞ ¼ fYg

l;m1
ðxi; θαÞ;Yg

l;m2
ðxi; θαÞg; ð4:11Þ

where

g ¼ l; l − 1; l − 2;…;−l
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2lþ1

; m1 ¼ l; l − 1; l − 2;…;−l
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2lþ1

;

m2 ¼ l − 1=2; l − 3=2; l − 5=2;…;−lþ 1=2
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2l

: ð4:12Þ

Here, Yg
l;m1

ðxi; θαÞ and Yg
l;m2

ðxi; θαÞ represent the bosonic
and fermionic sectors of the supermonopole harmonics,
respectively.

1. Bosonic monopole harmonics

It is straightforward to extend the discussion in Sec. IVA
to derive the bosonic sector of the supermonopole har-
monics. The highest-weight state of the supermultiplet
(m ¼ l) may be given by

ulþgv�l−g: ð4:13Þ
We can easily confirm that (4.13) is indeed annihilated by
the fermionic raising operator Lθ1 (3.13). By repeatedly
applying the lowering operator L− to (4.13), we can derive
the remaining monopole harmonics of the bosonic sector.
These are identical in form to the standard monopole
harmonics, provided that the original Hopf spinor is
replaced by the bosonic part of the super-Hopf spinor:

Yg
l;mðxi;θαÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ðlþmÞ!ðl−mÞ!
ðlþgÞ!ðl−gÞ!

s Xminðl−g;lþmÞ

n¼maxð0;m−gÞ
ð−1Þn

×

�
lþg

g−mþn

��
l−g
n

�
ulþm−nvg−mþnu�l−g−nv�n

ðg;m¼l;l−1;l−2;…;−lÞ: ð4:14Þ
Here, the normalization factor is chosen to match the
integral over the supersphere (4.29a). Since Yg

l;m are
homogeneous functions of the bosonic components of
the super Hopf spinor, (4.14) can be factorized into a body
part (involving yi) and a soul part (involving θα). The
supermonopole harmonics are then related to the original
monopole harmonics as

Yg
l;mðxi; θαÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
�
1 −

l
2r2

θCθ

�
·Φg

l;mðyiÞ: ð4:15Þ

From this equation, the properties of the bosonic super-
monopole harmonics are readily deduced from those of the
original monopole harmonics. For instance, the pseudo-
complex conjugation is

Yg
l;mðxi; θαÞ� ¼ ð−1Þg−mY−g

l;−mðxi; θαÞ: ð4:16Þ
2. Fermionic monopole harmonics

The fermionic monopole harmonics can be derived by
applying the fermionic lowering operator Lθ2 to the bosonic
monopole harmonics. According to (A9), a fermionic state
is obtained from the bosonic state through the formula
jl; miF ¼ − 2ffiffiffiffiffiffiffiffiffiffiffi

lþmþ1
2

p Lθ2 jl; mþ 1
2
iB. Substituting jl; miB ¼

Yg
l;m (4.15) and Lθ2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

lþmþ1
2

p ðη ∂

∂u þ η� ∂

∂v�Þ (3.13) into

this formula, we obtain
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Yg
l;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ðlþm − 1
2
Þ!ðl −m − 1

2
Þ!

ðlþ gÞ!ðl − gÞ!

s Xminðl−g;lþmþ1
2
Þ

n¼ð0;m−gþ1
2
Þ
ð−1Þn

�
lþ g

g −mþ n − 1
2

��
l − g

n

�

· ulþm−n−1
2vg−mþn−1

2u�l−g−nv�n−1
��

l − nþmþ 1

2

�
v�ηþ nuη�

�
: ð4:17Þ

With the bosonic monopole harmonics, (4.17) takes a remarkably compact form

Yg
l;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffi
lþ g

p
Y
g−1

2

l−1
2
;m
ðxi; θαÞ · η −

ffiffiffiffiffiffiffiffiffiffi
l − g

p
Y
gþ1

2

l−1
2
;m
ðxi; θαÞ · η�

ðm ¼ l − 1=2; l − 1; l − 3=2;…;−lþ 1=2; g ¼ l; l − 1; l − 2;…;−lÞ; ð4:18Þ

which, in terms of the original monopole harmonics, is expressed as13

Yg
l;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffi
lþ g
2l

r
Φg−1

2

l−1
2
;m
ðyiÞ · η −

ffiffiffiffiffiffiffiffiffiffi
l − g
2l

r
Φgþ1

2

l−1
2
;m
ðyiÞ · η�: ð4:20Þ

This concise expression is particularly efficient in deriving
the supermatrix geometry in Sec. VII. The pseudocomplex
conjugation is given by

Yg
l;mðxi; θαÞ� ¼ ð−1Þg−mþ1

2Y−g
l;−mðxi; θαÞ; ð4:21Þ

In terms of the body and soul coordinates, (4.20) can also
be represented as

Yg
l;mðxi; θαÞ ¼ Vg

l;m−1
2

ðyiÞ
θ1
r
− Ug

l;mþ1
2

ðyiÞ
θ2
r
; ð4:22Þ

where

Ug
l;mþ1

2

ðyiÞ ≔
g
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþmþ 1

2

2lþ 1

s
Φg

l;mþ1
2

ðyiÞ

þ 1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ gÞðl − gÞðl −m − 1

2
Þ

2l − 1

s
Φg

l−1;mþ1
2

ðyiÞ;

ð4:23aÞ

Vg
l;m−1

2

ðyiÞ ≔
g
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −mþ 1

2

2lþ 1

s
Φg

l;m−1
2

ðyiÞ

−
1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ gÞðl − gÞðlþm − 1

2
Þ

2l − 1

s
Φg

l−1;m−1
2

ðyiÞ:

ð4:23bÞ

In the derivation of (4.22), we used (D9). The pseudo-
conjugations of Ug

l;mþ1
2

and Vg
l;m−1

2

are respectively given by

Ug
l;mþ1

2

ðyiÞ� ¼ ð−1Þg−mþ1
2V−g

l;−m−1
2

ðyiÞ;
Vg
l;m−1

2

ðyiÞ� ¼ −ð−1Þg−mþ1
2U−g

l;−mþ1
2

ðyiÞ: ð4:24Þ

3. Action of the operators

It is straightforward to show that the superspinor
derivative operators act on the supermonopole harmonics as

R�Y
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl ∓ gÞðl� gþ 1Þ

p
Yg�1
l;m ; RzY

g
l;m ¼ gYg

l;m;

ð4:25aÞ

R�Y
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl∓ gÞðl� gþ 1Þ

p
Yg�1

l;m ; RzY
g
l;m ¼ gYg

l;m;

ð4:25bÞ

L�Y
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl∓mÞðl�mþ 1Þ

p
Yg
l;m�1; LzY

g
l;m ¼mYg

l;m;

ð4:26aÞ

13With the Clebsch-Gordan coefficients, (4.20) can be writ-
ten as

Yg
l;mðxi;θαÞ ¼ hl− 1

2
; g−

1

2
;
1

2
;
1

2
jl; giΦg−1

2

l−1
2
;m
ðyiÞ · η

− hl− 1

2
; gþ 1

2
;
1

2
;−

1

2
jl; giΦgþ1

2

l−1
2
;m
ðyiÞ · η�: ð4:19Þ
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L�Y
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l ∓ m −

1

2

��
l�mþ 1

2

�s
Yg

l;m�1;

LzY
g
l;m ¼ mYg

l;m; ð4:26bÞ

Lθ1Y
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffi
l−m

p
Yg

l;mþ1
2

; Lθ2Y
g
l;m ¼−

1

2

ffiffiffiffiffiffiffiffiffiffiffi
lþm

p
Yg

l;m−1
2

;

ð4:26cÞ

Lθ1Y
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþmþ 1

2

r
Yg
l;mþ1

2

;

Lθ2Y
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −mþ 1

2

r
Yg
l;m−1

2

; ð4:26dÞ

and

LYg
l;m ¼ lYg

l;m; LYg
l;m ¼ lYg

l;m: ð4:27Þ

Equation (4.26) coincides with (A9), indicating that the
fYg

l;m1
;Yg

l;m2
g form aUOSpð1j2Þ irreducible representation.

C. Probabilistic interpretation

As the supermonopole harmonics are defined on a
supermanifold, they depend on Grassmann variables, so
their physical interpretation is far from clear. Here, we
propose a probabilistic interpretation by projecting them
onto the underlying body-sphere.
Using the Berezin integral on a supersphere (2.48), we

can demonstrate that the supermonopole harmonics form
an orthonormal basis14:

Z
S2j2

dΩ2j2Y
g
l0;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ ¼ δl0lδm0m; ð4:29aÞ

Z
S2j2

dΩ2j2Y
g
l0;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ ¼ δl0lδm0m; ð4:29bÞ

Z
S2j2

dΩ2j2Y
g
l;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ ¼ 0: ð4:29cÞ

Since the Grassmann quantities are the primary obstacles
for the probabilistic interpretation, we project them out by
mapping the absolute square of the super states onto the
body-sphere:

ρðyiÞ≔
Z

dθ1dθ2

�
1−

1

2
θCθ

�
Ψðxi;θαÞ�Ψðxi;θαÞ: ð4:30Þ

Here,
R
dθ1dθ2ð1 − 1

2
θCθÞ denotes the Grassmann part of

the integral over a supersphere (2.48). With this definition,
the probability densities for Yg

l;m are obtained as

ρgl;mðyiÞ ¼
Z

dθ1dθ2

�
1 −

1

2
θCθ

�
Yg
l;mðxi; θαÞ�Yg

l;mðxi; θαÞ

¼ jΦg
lmðyiÞj2; ð4:31Þ

which are nothing but the probability densities for the
original monopole harmonics. Meanwhile, the probability
densities for Yg

l;m are given by

ϱgl;mðyiÞ ¼
Z

dθ1dθ2

�
1−

1

2
θCθ

�
Yg

l;mðxi;θαÞ�Yg
l;mðxi;θαÞ

¼ jUg
l;mþ1

2

ðyiÞj2þ jVg
l;m−1

2

ðyiÞj2; ð4:32Þ

which represent the sum of the absolute squares of the
amplitudes, Ug

l;mþ1
2

and Vg
l;m−1

2

, and are thereby manifestly

positive semidefinite. From (4.20), we have another expres-
sion of (4.32)

ϱgl;mðyiÞ ¼
lþ g
2l

ρ
g−1

2

l−1
2
;m
ðyiÞ þ

l − g
2l

ρ
gþ1

2

l−1
2
;m
ðyiÞ: ð4:33Þ

Let us recall that jΦg
l;mðyiÞj depends only on y3 (4.6),

so the probability densities also depend solely on y3 and
are axially symmetric about the y3-axis. Furthermore,
from (4.6), the probability densities satisfy the following
property:

ρgl;−mðy3Þ ¼ ρgl;mð−y3Þ; ϱgl;−mðy3Þ ¼ ϱgl;mð−y3Þ: ð4:34Þ

In addition from jΦ−g
l;−mðyiÞj ¼ jΦg

l;mðyiÞj, it follows that

ρ−gl;−mðy3Þ ¼ ρgl;mðy3Þ; ϱ−gl;−mðy3Þ ¼ ϱgl;mðy3Þ: ð4:35Þ

14For the integrals of Grassmann numbers,

Z
dθ1dθ2

�
1 −

1

2
θCθ

�
Yg
l0;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ ¼ Φg
l0;m0 ðyiÞ�Φg

l;m0 ðyiÞ;Z
dθ1dθ2

�
1 −

1

2
θCθ

�
Yg

l0;m0 ðxi; θαÞ�Yg
l;mðxi; θαÞ ¼

lþ g
2l

Φg−1
2

l0−1
2
;m0 ðyiÞ�Φg−1

2

l−1
2
;m
ðyiÞ þ

l − g
2l

Φgþ1
2

l0−1
2
;m0 ðyiÞ�Φgþ1

2

l−1
2
;m
ðyiÞ;Z

dθ1dθ2

�
1 −

1

2
θCθ

�
Yg

l0;m0 ðxi; θαÞ�Yg
l;mðxi; θαÞ ¼ 0: ð4:28Þ
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Namely, the probability densities are invariant under
the simultaneous reversal of the signs of m and g.
Physically, this implies that the probability density of the
supermonopole harmonics with a given magnetic quantum
number m in an antimonopole background is identical to
that with the opposite quantum number −m in a monopole
background. For a better understanding, we depict the
probability densities for the l ¼ 2 LLL supermonopole
harmonics (g ¼ l) and the l ¼ 2 superspherical harmonics
(g ¼ 0) in Fig. 2.15

V. SUPERMONOPOLE HARMONICS IN THE
HALF-INTEGER LANDAU LEVELS

In this section, we derive the supermonopole harmonics
in the half-integer LLs and discuss their probabilistic
interpretation.

A. Supermonopole harmonics

We denote (4lþ 1)-fold degenerate supermonopole
harmonics in half-integer LLs as

Ψg
l;mðxi; θαÞ ¼

� Zg
l;m1

ðxi; θαÞ
Zg

l;m2
ðxi; θαÞ

�
;

where Zg
l;m1

and Zg
l;m2

represent the bosonic and fermionic
sectors, respectively. The ranges of the quantum numbers
are given by

g ¼ l − 1=2; l − 3=2; l − 5=2;…;−lþ 1=2
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2l

;

m1 ¼ l; l − 1; l − 2;…;−l
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2lþ1

;

m2 ¼ l − 1=2; l − 3=2; l − 5=2;…;−lþ 1=2
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{2l

: ð5:1Þ

Since the LL index Nð¼ l − jgjÞ is a half-integer, the
difference between g and l must also be a half-integer.
Consequently, the monopole charge g takes 2l distinct
values, in contrast to the 2lþ 1 values in the integer
LL case.

1. Highest weight states of the half-integer Landau levels

Let us first construct the highest weight states for the
1=2th Landau level from those of the N ¼ 0 and N ¼ 1
LLs with the same superspin lð¼ g > 0Þ,

Yg
g;gðxi; θαÞ ¼

1ffiffiffiffiffiffi
4π

p u2g; Yg−1
g;g ðxi; θαÞ ¼ −

ffiffiffiffiffiffi
2g
4π

r
u2g−1v�:

ð5:2Þ

We then introduce the following Grassmann odd state:

Zg0
l0;m0 ∝ Yg

g;gðxi; θαÞη� þ αYg−1
g;g ðx;θαÞη; ð5:3Þ

where α is a constant to be determined. Let us recall that η
and η� are SUð2Þ singlets, while Yg

g;g and Yg−1
g;g are SUð2Þ

highest weight states with spin zs ¼ g; thereby, Zg0
l0;m0 is also

an SUð2Þ highest weight state (satisfying LþZ
g0
l0;m0 ¼ 0)

FIG. 2. The probability densities for the LLL supermonopole harmonics and the superspherical harmonics.

15See Appendix C for more about the LLL eigenstates and the
superspherical harmonics.
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with spin s ¼ g. By considering the matching of the
quantum numbers between the left- and right-hand sides
of (5.3), we can identify the quantum numbers of the
Zg0
l0;m0 as16

g0 ¼ g −
1

2
; m0 ¼ g: ð5:4Þ

The coefficient α is determined by requiring that Zg0
l0;m0 be

the highest weight state of a supermultiplet:

Lθ1Z
g−1=2
g;g ¼ 0: ð5:5Þ

This yields α ¼ 1ffiffiffiffi
2g

p , and so

Zg−1=2
l0;g ∝ Yg

g;gðxi; θαÞη� þ
1ffiffiffiffiffi
2g

p Yg−1
g;g ðx;θαÞη

¼ 1ffiffiffiffiffiffi
4π

p u2gη� −
1ffiffiffiffiffiffi
4π

p u2g−1v�η: ð5:6Þ

Now Zg−1=2
l0;g is promoted to the highest weight state of the

UOSpð1j2Þ supermultiplet with superspin

l0 ¼ g: ð5:7Þ

The LL to which (5.6) belongs is then determined as

N ¼ l0 − g0 ¼ 1=2: ð5:8Þ

Other eigenstates in the 1=2th LL can be obtained by
applying Lθ2 (and L−) to (5.6).

Furthermore, by acting R− on Zg−1=2
g;g , we can construct

other highest weight states with the same superspin l ¼ g
but with different monopole charges:

Zg−n−1=2
g;g ∝ Rn

−Z
g−1=2
g;g : ð5:9Þ

Since Ls and Rs commute, Zg−n−1=2
g;g obviously satisfies the

highest weight state conditions, Lθ1Z
g−n−1=2
g;g ¼0. Therefore,

Zg−n−1=2
g;g realize the highest weight states of the following

half-integer LLs:

N ¼ g − ðg − n − 1=2Þ ¼ nþ 1=2: ð5:10Þ

As before, by applying Lθ2 (and L−) to (5.9), we can
explicitly derive the degenerate eigenstates for the half-
integer LLs (5.10).
The half-integer LL eigenstates are represented by

homogeneous functions of degree 2lþ 1 (in contrast to
degree 2l for integer LLs) with maxðjgjÞ ¼ l − 1=2
and maxðjmjÞ ¼ l.

2. Bosonic monopole harmonics

Following the above procedure, we obtain the (normal-
ized) bosonic monopole harmonics as the following
Grassmann odd homogeneous polynomials:

Zg
l;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l − gþ 1

2

r
Y
g−1

2

l;m ðxi; θαÞ · ηþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ gþ 1

2

r
Y
gþ1

2

l;m ðxi; θαÞ · η�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l − gþ 1

2

2lþ 1

s
Φg−1

2

l;m ðyiÞ · ηþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþ gþ 1

2

2lþ 1

s
Φgþ1

2

l;m ðyiÞ · η�

×

�
m ¼ l; l − 1; l − 2;…;−l; g ¼ l −

1

2
; l −

3

2
;…;−

�
l −

1

2

��
: ð5:11Þ

By employing θ1 and θ2 instead of η and η�, one can rewrite (5.11) as

Zg
l;mðxi; θαÞ ¼

1

lþ 1
2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ gþ 1
2
Þðl − gþ 1

2
Þðl −mþ 1Þ

2ðlþ 1Þ

s
Φg

lþ1
2
;m−1

2

ðyiÞ þ g

ffiffiffiffiffiffiffiffiffiffiffiffi
lþm
2l

r
Φg

l−1
2
;m−1

2

ðyiÞ
1
A θ1

r

−
1

lþ 1
2

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ gþ 1
2
Þðl − gþ 1

2
Þðlþmþ 1Þ

2ðlþ 1Þ

s
Φg

lþ1
2
;mþ1

2

ðyiÞ − g

ffiffiffiffiffiffiffiffiffiffiffi
l −m
2l

r
Φg

l−1
2
;mþ1

2

ðyiÞ
1
A θ2

r
; ð5:12Þ

16η and η� carry the supermonopole charge�1=2, respectively.
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where (D9) and (4.9) were used. The complex conjugation
is given by

Zg
l;mðxi; θαÞ� ¼ ð−1Þg−m−1

2Z−g
l;−mðxi; θαÞ: ð5:13Þ

3. Fermionic monopole harmonics

As in the integer LL case, the fermionic monopole
harmonics can be derived using the formula
Zg

l;m ¼ − 2ffiffiffiffiffiffiffiffiffiffiffi
lþmþ1

2

p Lθ2Z
g
l;mþ1

2

:

Zg
l;mðxi; θαÞ ¼ ðu�uþ v�v − ð2lþ 1Þη�ηÞ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{¼1−2lη�η

Yg
l−1

2
;m
ðxi; θαÞ�

m ¼ l −
1

2
; l −

3

2
;…;−

�
l −

1

2

�
;

g ¼ l −
1

2
; l −

3

2
;…;−

�
l −

1

2

��
; ð5:14Þ

which are Grassmann even polynomial functions. In terms
of θ1 and θ2, (5.14) is represented as

Zg
l;mðxi; θαÞ ¼

1ffiffiffiffi
2l

p
�
1þ 2lþ 1

4r2
θCθ

�
Φg

l−1
2
;m
ðyiÞ: ð5:15Þ

The complex conjugation is

Zg
l;mðxi; θαÞ� ¼ ð−1Þg−mZ−g

l;−mðxi; θαÞ: ð5:16Þ
Note that for the half-integer LL eigenstates, the fermion
parity and the Grassmann parity are opposite: Zg

l;m are
Grassmann odd, while Zg

l;m are Grassmann even.
Just as the monopole harmonics (with a given g) form a

complete set for functions on a sphere [92], the super-
monopole harmonics realize a complete basis on a super-
sphere. Any function on a supersphere can be expanded in
terms of the fermion coordinates and represented as the
sum of the four terms

fðxi; θαÞ ¼ f0ðyiÞ þ f1ðyiÞθ1 þ f2ðyiÞθ2 þ f3ðyiÞθ1θ2:
ð5:17Þ

The supermonopole harmonics Yg
l;m and Zl;m

g can span the
first and last terms, while Yg

l;m and Zg
l;m the second and third

terms. Thus, the supermonopole harmonics (with a given g)
realize a complete set on the supersphere.

4. Action of the operators

The superspinor derivative operators act as

R�Z
g
l;m¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l∓g−

1

2

��
l�gþ1

2

�s
Zg�1
l;m ; RzZ

g
l;m¼gZg

l;m;

ð5:18aÞ

R�Z
g
l;m¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l∓g−

1

2

��
l�gþ1

2

�s
Zg�1

l;m ; RzZ
g
l;m¼gZg

l;m;

ð5:18bÞ

L�Z
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl∓mÞðl�mþ1Þ

p
Zg
l;m�1; LzZ

g
l;m ¼mZg

l;m;

ð5:19aÞ

L�Z
g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l ∓ m −

1

2

��
l�mþ 1

2

�s
Zg

l;m�1;

LzZ
g
l;m ¼ mZg

l;m; ð5:19bÞ

Lθ1Z
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffi
l−m

p
Zg

l;mþ1
2

; Lθ2Z
g
l;m ¼−

1

2

ffiffiffiffiffiffiffiffiffiffiffi
lþm

p
Zg

l;m−1
2

;

ð5:19cÞ

Lθ1Z
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþmþ 1

2

r
Zg
l;mþ1

2

;

Lθ2Z
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −mþ 1

2

r
Zg
l;m−1

2

; ð5:19dÞ

and

LZg
l;m ¼

�
lþ 1

2

�
Zg
l;m; LZg

l;m ¼
�
lþ 1

2

�
Zg

l;m: ð5:20Þ

The relations (5.19) are equal to those for the integer LLs
(4.26), implying that the fZg

l;m1
;Zg

l;m2
g form another

UOSpð1j2Þ multiplet. The relations (5.18) and (5.20) are
distinct from the integer LL results, (4.25) and (4.27).
These differences are consistent with the previous obser-
vations: (5.18) implies maxðjgjÞ ¼ l − 1=2, and (5.20)
implies that the half-integer supermonopole harmonics
have degree 2lþ 1.

B. Ghosts and a new definition of the inner product

The integrals of the supermonopole harmonics over a
supersphere are evaluated asZ

S2j2
dΩ2j2Z

g
l0;m0 ðxi; θαÞ�Zg

l;mðxi; θαÞ ¼ δl0lδm0m; ð5:21aÞ
Z
S2j2

dΩ2j2Z
g
l0;m0 ðxi; θαÞ�Zg

l;mðxi; θαÞ ¼ −δl0lδm0m; ð5:21bÞ
Z
S2j2

dΩ2j2Z
g
l;m0 ðxi; θαÞ�Zg

l;mðxi; θαÞ ¼ 0; ð5:21cÞ

and
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Z
S2j2

dΩ2j2Z
g
l;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ

¼
Z
S2j2

dΩ2j2Z
g
l;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ

¼
Z
S2j2

dΩ2j2Z
g
l;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ

¼
Z
S2j2

dΩ2j2Z
g
l;m0 ðxi; θαÞ�Yg

l;mðxi; θαÞ ¼ 0: ð5:22Þ

The supermonopole harmonics thus form an orthonormal
basis, except for the minus sign on the right-hand side of
(5.21b). This implies that the fermionic monopole har-
monics Zg

l;m are negative norm states, i.e., ghosts. It is
known that representations of the UOSpð1j2Þ group are
pseudo-orthogonal [93,94] and super Landau models con-
tain ghost states [36,37,39]. To handle these ghosts, there
are basically three approaches. The first is simply to discard
the half-integer Landau levels as unphysical and decouple
the physical sector from ghosts. As the whole Hilbert space
is spanned by the integer and the half-integer Landau level
eigenstates, almost half of the Hilbert space has to be
abandoned in this approach. The second is to utilize only
the bosonic monopole harmonics in the half-integer LLs,
but discarding the fermionic sectors containing ghosts. In
this remedy, the SUSY structure in the half-integer LLs has
to be abandoned, leaving only the SUð2Þ symmetry. The
last one is to modify the definition of the inner product to
retain the ghost states as physical states [36]. All of the
fermionic monopole harmonics in the half-integer Landau
levels are ghosts, but by just flipping the sign of their norms
simultaneously, we can transform them positive norm states
without ruining the SUSY structure. This is equivalent to
modifying the metric of the super Hilbert space [39]. In this
paper, we adopt the last. We add a minus sign for the
definition of bra of Z:

hZg
l;mj ≔ −Zg

l;m
�; ð5:23Þ

while the bras for other supermonopole harmonics are as
usual. We can represent this new definition of the bras by
introducing the Scasimir

S ¼ −2CαβLαLβ þ
1

4
; ð5:24Þ

whose eigenvalues are �ðlþ 1
4
Þ for bosonic and fermionic

eigenstates, respectively, so the eigenvalues correspond to
the fermion parity (see Appendix A 2 for details). We then
define the bras of the supermonopole harmonics in a
unified fashion:

hΨj ≔ ðsgnðSÞ2NΨðxi; θαÞÞ�: ð5:25Þ

Here, N denotes the LL of Ψðxi; θαÞ.17 For instance, if
Ψ ¼ Z, where N is a half-integer and sgnðSÞ ¼ −1, then
(5.25) reduces to (5.23). Accordingly, the inner product is
modified as

hΨjΨ0i ¼
Z
S2j2

dΩ2j2ðsgnðSÞ2NΨðxi; θαÞÞ�Ψ0ðxi; θαÞ;

ð5:27Þ
and matrix element of an operator O is given by

hΨjOjΨ0i ¼
Z
S2j2

dΩ2j2ðsgnðSÞ2NΨðxi; θαÞÞ�OΨ0ðxi; θαÞ:

ð5:28Þ

The correct matrix elements of Lα (A15) can be reproduced
from (5.19c) under the new formula (5.28), which supports
the validity of this definition. Henceforth, we use these new
definitions when evaluating the inner products and matrix
elements. For instance, the probability densities are calcu-
lated as

ρgl;mðyiÞ ¼
Z

dθ1dθ2

�
1 −

1

2
θCθ

�
Zg
l;mðxi; θαÞ�Zg

l;mðxi; θαÞ

¼ lþ gþ 1
2

2lþ 1
jΦgþ1

2

l;m ðyiÞj2 þ
l − gþ 1

2

2lþ 1
jΦg−1

2

l;m ðyiÞj2;
ð5:29aÞ

ϱgl;mðyiÞ¼−
Z

dθ1dθ2

�
1−

1

2
θCθ

�
Zg

l;mðxi;θαÞ�Zg
l;mðxi;θαÞ

¼jΦg
l−1

2
;m
ðyiÞj2: ð5:29bÞ

VI. SUPER D-MATRIX AND HOWE DUALITY

In this section, we introduce the super D-matrix of the
UOSpð1j2Þ group and discuss a systematic realization of
the supermonopole harmonics from the perspective of
super Howe duality.

A. D-matrix and Howe duality

The Euler angle representation of Wigner’s D-matrix is
given by

Dsðα; β; γÞ ¼ e−iαS
ðsÞ
z e−iβS

ðsÞ
y e−iγS

ðsÞ
z ; ð6:1Þ

where SðsÞi denote the SUð2Þ spin matrices with spin s, and
thereby Ds denotes a ð2sþ 1Þ × ð2sþ 1Þ matrix. It is

17With the Scasimir, N can be represented as

N ¼ jSj − jgj − 1

4
: ð5:26Þ
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known that the monopole harmonics are realized as the
matrix elements of the D-matrix18: [92,95,96]

Φg
s;mðyiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

r
Dsðφ;−ϑ;−φÞg;m; ð6:4Þ

where ϑ and φ signify the angle coordinates in R3 (4.4).
The Ds consists of (2sþ 1) rows comprising the LLL
and higher LL eigenstates: its gth row realizes the
N ¼ s − jgjth LL eigenstates as components [9,77].
(This is a consequence of the Peter-Weyl theorem.)
The left and right actions of the D-matrix independently
induce transformations between rows and columns,
respectively [73,77,90]. In other words, for a fixed g,
the (2sþ 1) elements in a given row form an irreduc-
ible representation under the right SUð2Þ action, while
for a fixed m, the (2sþ 1) elements in a given col-
umn constitute another irreducible representation
under the left SUð2Þ action. This interchangeability
manifests the ðSUð2Þ; SUð2ÞÞ self-dual Howe duality
[97]19 of the D-matrix, which realizes a duality between
its rows and columns, or equivalently, between the
quantum numbers g and m. The Hilbert space H of the
Landau model then admits a multiplicity-free decom-
position:

H ≅ ⨁
∞

s¼0

ðVðsÞ
SUð2ÞL ⊗ VðsÞ

SUð2ÞRÞ; ð6:5Þ

where VðsÞ
SUð2ÞL=R denotes the vector space on which each

SUð2Þ group with a common spin s acts.20 The one-to-one

mapping between VðsÞ
SUð2ÞL and VðsÞ

SUð2ÞR is known as the

theta correspondence. It should be emphasized that the
existence of the Howe duality is only realized through
the inclusion of higher Landau levels.

B. Super D-matrix and supermonopole harmonics

An arbitrary group element of UOSpð1j2Þ is given
by [89]

g ¼ F · B; ð6:6Þ

where F and B are defined as

Fðη;η�Þ≔e2ηLθ1
þ2η�Lθ2

¼1þ2ηLθ1 þ2η�Lθ2 −2η�ηðLθ1Lθ2 −Lθ2Lθ1Þ;
ð6:7aÞ

Bðχ; ϑ;φÞ ≔ e−iχLze−iϑLye−iφLz : ð6:7bÞ

Here, Li and Lα are the UOSpð1j2Þ representation matri-
ces rather than differential operators. For an irreducible
representation with superspin l, the super D-matrix is
expressed as

Dlðα; β; γ; η; η�Þ ¼ Flðη; η�Þ · Blðα; β; γÞ; ð6:8Þ

where

Flðη;η�Þ¼
0
@ð1þ lη�ηÞ12lþ1 ητðlÞθ1 þη�τðlÞθ2

ητðlÞθ2
t−η�τðlÞθ1

t ð1−ðlþ 1
2
Þη�ηÞ12l

1
A; ð6:9Þ

and

Blðα; β; γÞ ¼
 
Dlðα; β; γÞ 0

0 Dl−1
2
ðα; β; γÞ

!
: ð6:10Þ

The block diagonal components of Bl are the standard
D-matrices (6.1). See Appendix A for the explicit forms of

τðlÞα and Flðη; η�Þ. In the following, we take the Dirac gauge
in which (6.10) is given by

Blðφ; ϑ;−φÞ ¼ e−iφL
ðlÞ
z e−iϑL

ðlÞ
y eiφL

ðlÞ
z ¼ eiϑðL

ðlÞ
x sinφ−LðlÞ

y cosφÞ;

ð6:11Þ

where LðlÞ
i¼x;y;x represent the bosonic generators of the

uospð1j2Þ matrices (A15). For low-dimensional represen-
tations, (6.8) are given by

D1=2 ¼
0
@ u −v η

v� u� η�

−uη� þ v�η u�ηþ vη� 1 − η�η

1
A; ð6:12aÞ

19The ðSUð2Þ; SUð2ÞÞ duality is a particular realization of
Howe duality in the Landau model. Howe duality, however, is a
mathematical structure that also arises in certain other quantum
mechanical systems. See [98,99] as pedagogical accounts of
Howe duality for physicists.

18With Wigner’s small D-matrix

ds;g;mðβÞ ¼ ðeiβSðsÞy Þg;m; ð6:2Þ

the monopole harmonics (6.4) are represented as

Φg
s;mðyiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

r
ds;g;mðϑÞeiðm−gÞφ: ð6:3Þ

20Physically, this duality corresponds to a transformation
between monopole harmonics and spin-coherent states [100].
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D1 ¼

0
BBBBBB@

u2 −
ffiffiffi
2

p
uv v2

ffiffiffi
2

p
uη −

ffiffiffi
2

p
vηffiffiffi

2
p

uv� u�u − v�v −
ffiffiffi
2

p
u�v uη� þ v�η u�η − vη�

v�2
ffiffiffi
2

p
u�v� u�2

ffiffiffi
2

p
v�η�

ffiffiffi
2

p
u�η�

−
ffiffiffi
2

p ðu2η� − uv�ηÞ ðu�u − v�vÞηþ 2uvη� −
ffiffiffi
2

p ðv2η� þ u�vηÞ ð1 − 2η�ηÞu −ð1 − 2η�ηÞvffiffiffi
2

p ðv�2η − uv�η�Þ −ðu�u − v�vÞη� þ 2u�v�η
ffiffiffi
2

p ðu�2ηþ u�vη�Þ ð1 − 2η�ηÞv� ð1 − 2η�ηÞu�

1
CCCCCCA: ð6:12bÞ

Matrix D1=2 is exactly equal to (2.3). The first two rows
ofD1=2 denote the g ¼ 1=2 and g ¼ −1=2 LLL eigenstates,
(C2a) and (C4a). The last row stands for the l ¼ 1=2
superspherical harmonics (C16). Similarly, the first and
third rows of D1 represent the g ¼ 1 and g ¼ −1 LLL
eigenstates, (C2b) and (C4b). The second row is the l ¼ 1
superspherical harmonics (C12b). The last two rows
respectively correspond to the g ¼ 1=2 and g ¼ −1=2
lowest half-integer LL eigenstates, (C20a) and (C20b).
In general, the supermonopole harmonics are realized as
the matrix elements of the super D-matrix:

Ψg
l;mðxi; θαÞ ¼

1ffiffiffiffiffiffi
4π

p Dlðφ; ϑ;−φ; η; η�Þg;m: ðup to signÞ

ð6:13Þ

As illustrated in Fig. 3, the integer LL supermonopole
harmonics with l ¼ N þ jgj appear as the rows of the upper
ð2lþ 1Þ × ð4lþ 1Þ rectangular matrix of Dl, while the
half-integer LL supermonopole harmonics with l ¼ N þ
jgj appear as the rows of the lower ð2lÞ × ð4lþ 1Þ
rectangular matrix of Dl.

C. Super Howe duality

As in the case of the standard D-matrix, the super D-
matrix undergoes two independent transformations, namely
the left and right UOSpð1j2Þ superrotations. This suggests
that the (4lþ 1) matrix elements in a given column (with
varying g) constitute a left UOSpð1j2Þ multiplet, and those
in a given row (with varying m) form a right UOSpð1j2Þ
multiplet. While the SUð2Þ ladder operators R� (3.24)
partially realize the left UOSpð1j2Þ transformations, they
only connect the components within each of the two SUð2Þ
sectors in a column, so they fail to relate integer and half-
integer LLs. To bridge this gap, we construct the fermionic
ladder operators that shift the monopole charge g by
�1=2.
Let us recall the lowest-dimensional super D-matrix

(6.12), in which the fundamental representations for
g ¼ 0 and g ¼ �1=2 are realized as its rows. We then
construct the fermionic ladder operators interchanging
these states:

Rη ≔
1

2
ΦtR

∂

∂ψ� ¼
1

2

�
ð−uη� þ v�ηÞ ∂

∂v�

− ðu�ηþ vη�Þ ∂

∂u�
− ð1 − η�ηÞ ∂

∂η�

�
; ð6:14aÞ

Rη� ≔ −
1

2
Φt ∂

∂ψ
¼ 1

2

�
ð−uη� þ v�ηÞ ∂

∂u

− ðu�ηþ vη�Þ ∂

∂v
þ ð1 − η�ηÞ ∂

∂η

�
; ð6:14bÞ

where Φ denotes the l ¼ 1=2 superspherical harmonics:

Φ ≔

0
B@ uη� − v�η

u�ηþ vη�

−ð1 − η�ηÞ

1
CA: ð6:15Þ

Notably, Rα¼η;η� are quadratic-order polynomial differential
operators unlike the other superspinor bilinear derivative
operators. It is straightforward to verify that Rα and Ri
satisfy the uospð1j2Þ algebra:

½Ri; Rj� ¼ iϵijkRk; ½Ri; Rα� ¼
1

2
ðσiÞβαRβ;

fRα; Rβg ¼ 1

2
ðCσiÞαβRi ði; j; k ¼ 1; 2; 3; α; β ¼ η; η�Þ:

ð6:16Þ

Furthermore, the generators LA and RA are shown to be
supercommutative:

½Li; Rj� ¼ ½Li; Rα� ¼ ½Lα; Rα� ¼ fLα; Rβg ¼ 0; ð6:17Þ

where we used the Grassmann properties of η and η� along
with (2.5). They act as the fermionic ladder operators for
the monopole charge:

RηY
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffi
l − g

p
Z
gþ1

2

l;m ; Rη�Y
g
l;m ¼ −

1

2

ffiffiffiffiffiffiffiffiffiffi
lþ g

p
Z
g−1

2

l;m ;

ð6:18aÞ

RηZ
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþgþ1

2

r
Y
gþ1

2

l;m ; Rη�Z
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l−gþ1

2

r
Y
g−1

2

l;m ;

ð6:18bÞ
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and

RηY
g
l;m ¼ −

1

2

ffiffiffiffiffiffiffiffiffiffi
l − g

p
Z

gþ1
2

l;m ; Rη�Y
g
l;m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffi
lþ g

p
Z

g−1
2

l;m ;

ð6:19aÞ

RηZ
g
l;m¼−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþgþ1

2

r
Y

gþ1
2

l;m ; Rη�Z
g
l;m¼−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l−gþ1

2

r
Y

g−1
2

l;m :

ð6:19bÞ

The Rα operators thus shift the supermonopole charge by
�1=2, and they interchange the integer and half-integer
Landau level eigenstates.21 We identified two independent
uospð1j2Þ algebras acting on the rows and columns
indices, with RA and LA serving as their respective ladder
operators (see Fig. 3). The original ðSUð2Þ; SUð2ÞÞ Howe

duality is now extended to the ðUOSpð1j2Þ; UOSpð1j2ÞÞ
duality for the super D-matrix.
The super Hilbert space is then decomposed as

H ≅ ⨁
∞

l¼0

ðVðlÞ
UOSpð1j2ÞL ⊗ VðlÞ

UOSpð1j2ÞRÞ; ð6:20Þ

where VðlÞ
UOSpð1j2ÞL=R denotes the vector space on which each

UOSpð1j2Þ group with a common superspin l acts. More

specifically, VðlÞ
UOSpð1j2ÞL and V

ðlÞ
UOSpð1j2ÞR represent the space

of supermonopole harmonics generated by LA and the
UOSpð1j2Þ irreducible representation space generated by
RA, respectively. The theta correspondence realizes a one-

to-one map between VðlÞ
UOSpð1j2ÞL and VðlÞ

UOSpð1j2ÞR in the

present SUSY system.

VII. SUPER QUANTUM MATRIX GEOMETRY

There are basically three methods for deducing NCG
from Landau models. The former two, summarized in
Appendix E, are intuitive but restricted to the LLL. On the
other hand, the third approach, known as the level projec-
tion method, is rigorous for deriving precise matrix

FIG. 3. Structure of the super D-matrix (l ¼ N þ jgj). The rows in the blue (red) rectangles correspond to bosonic (fermionic)
monopole harmonics in the integer Landau levels, while those in the green (purple) rectangles realize the bosonic (fermionic) monopole
harmonics in the half-integer Landau levels. The colored arrows indicate the actions of the ladder operators of the two independent
uospð1j2Þ algebras.

21Careful readers may wonder about the consistency of the
degrees in (6.18b) and (6.19b). The left-hand sides involve the
quadratic-order polynomial differential operators acting on de-
gree-(2lþ 1) variables, which seemingly suggests a total degree
2lþ 2. However, the nilpotency of the Grassmann variables
reduces the actual degree to 2l, which indeed matches the degrees
of Yl and Yl on the right-hand sides.
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coordinates and applicable not only to the LLL but also to
higher LLs [9,77].

A. Fuzzy sphere geometry of the body-sphere

As the body-part of the present SUSY model realizes
Haldane’s sphere, its effective geometry is naturally given
by a fuzzy sphere geometry. Within each LL, the matrix
coordinates of the body-sphere are evaluated as

ðYiÞm0m ¼ hΦg
sm0 jyijΦg

smi ¼
Z
S2
dΩ2Φ

g
sm0

� yiΦ
g
sm: ð7:1Þ

From (D11), the matrix elements are readily obtained
as [77]

hΦg
sm0 jy1 � iy2jΦg

smi ¼ r
g

sðsþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðsþ 1Þ ∓ mðm� 1Þ

p
× δm0;m�1;

hΦg
sm0 jy3jΦg

smi ¼ r
g

sðsþ 1Þmδm0;m; ð7:2Þ

which implies

Yi ¼ αSðsÞi ; ð7:3Þ
with the NC scale factor

α ¼ r
g

sðsþ 1Þ : ð7:4Þ

Note that the SUð2ÞCasimir eigenvalue sðsþ 1Þ appears as
the denominator of α. The matrix coordinates (7.3) con-
stitute the NCG of the fuzzy sphere:

½Yi; Yj� ¼ iαϵijkYk;

YiYi ¼ α2sðsþ 1Þ12sþ1 ¼ r2
g2

sðsþ 1Þ 12sþ1: ð7:5Þ

B. Fuzzy supersphere geometry

We extend the level projection method in Sec. VII A to
derive the supermatrix geometry.

1. Fuzzy supersphere geometry
in the integer Landau levels

Using the integer LL eigenstates (4.11); jΨg
lmi ¼

ðjYg
lm1

ijYg
lm2

iÞt, we evaluate the matrix elements of the
supersphere coordinates as

ðXiÞm0m ¼ hΨg
lm0 jxijΨg

lmi ¼
Z
S2j2

dΩ2j2 Ψ
g
lm0

�xiΨ
g
lm; ð7:6aÞ

ðΘαÞm0m¼hΨg
lm0 jθαjΨg

lmi¼
Z
S2j2

dΩ2j2Ψ
ðgÞ
l;m0

�
θαΨ

ðgÞ
l;m; ð7:6bÞ

where
R
S2j2 dΩ2j2 is defined by (2.48). From the SUð2Þ

selection rules, it is easy to see that they take the following

block-structured forms:

Xi ¼
� hYjxijYi 0

0 hYjxijYi

�
;

Θα ¼
�

02lþ1 hYjθαjYi
hYjθαjYi 02l

�
: ð7:7Þ

The remaining matrix elements can be evaluated using
either the standard monopole harmonics formulas, (D9) and
(D11), or the newly derived supermonopole harmonics
formula (D17). Here we adopt the latter. By applying
(D17a) and (D17b) together with (C12b), we readily obtain

hYg
l;m0

1
jx1 � ix2jYg

l;m1
i

¼ r
g

lðlþ 1
2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ ∓ m1ðm1 � 1Þ

p
δm0

1
;m1�1;

hYg
l;m0

1
jx3jYg

l;m1
i ¼ r

g
lðlþ 1

2
Þm1δm0

1
;m1

; ð7:8Þ

and, from (D17c) and (D17d),

hYg
l;m0

2
jx1 � ix2jYg

l;m2
i

¼ r
g

lðlþ 1
2
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l −

1

2

��
lþ 1

2

�
∓ m0

2ðm2 � 1Þ
s

δm0
2
;m2�1;

hYg
l;m0

2
jx3jYg

l;m2
i ¼ r

g
lðlþ 1

2
Þm2δm0

2
;m2

: ð7:9Þ

Similarly, using (D17e) and (D17f) with (C12b), the
fermionic components are evaluated as

hYg
l;m0

1
jθ1;2jYg

l;m2
i¼ r

g
2lðlþ 1

2
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l�m2þ

1

2

r
δm0

1
;m2�1

2
;

hYg
l;m0

2
jθ1;2jYg

l;m1
i¼�r

g
2lðlþ 1

2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l∓m1

p
δm0

2
;m1�1

2
: ð7:10Þ

The supermatrix coordinates are then identified as

Xi ¼ αLðlÞ
i Θα ¼ αLðlÞ

α ; ð7:11Þ

with the NC scale factor

α ¼ r
g

lðlþ 1
2
Þ ; ð7:12Þ

where LðlÞ
i and LðlÞ

α are the uospð1j2Þ matrices with
superspin l (A15). These are ð4lþ 1Þ × ð4lþ 1Þ matrices,
reflecting the total degeneracy of the given Landau level.
Analogous to the SUð2Þ case (7.4), the UOSpð1j2Þ
Casimir eigenvalue lðlþ 1=2Þ appears as the denominator
of the NC scale factor (7.12). In the LLL (l ¼ jgj), (7.12)
reduces to
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α →
r

gþ 1
2
sgnðgÞ ; ð7:13Þ

which (in the limit jgj → ∞) coincides with the NC scale
factor obtained in Appendix E. It is also noted that, for a
fixed l, α (7.12) is proportional to g, which will be
important in Sec. VII D. With the identification (7.11),
one may find that the fuzzy supersphere geometry is
realized in an arbitrary super Landau level:

½Xi; Xj� ¼ iαϵijkXk; ½Xi;Θα� ¼
α

2
ðσiÞβαΘβ;

fΘα;Θβg ¼ α

2
ðCσiÞαβXi; ð7:14Þ

The first relation signifies the NC algebra of the bosonic
coordinates, while the last denotes the NAC geometry of
the fermionic sector. The second relation implies that these
bosonic and fermionic coordinates are entangled, forming a
closed SUSY NC algebra as a whole. The supermatrix
coordinates satisfy

XiXi þ CαβΘαΘβ ¼ α2l

�
lþ 1

2

�
14lþ1 ¼ r2

g2

lðlþ 1
2
Þ 14lþ1:

ð7:15Þ

The right-hand side (theUOSpð1j2Þ Casimir) is interpreted
as the square of the radius of the fuzzy supersphere:

RF ≔ r
jgjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1

2
Þ

q : ð7:16Þ

With higher LLs included, there are two independent
parameters: g and l, or equivalently, g and Nð¼ l − jgjÞ.
In either of the limits jgj → ∞ or N → ∞, the NC scale
factor (7.12) vanishes, indicating that the fuzzy supersphere
reduces to a continuous supersphere. However, the NC
scale factor decreases more rapidly in theN → ∞ limit than
in the jgj → ∞ limit. Consequently, the radius RF (7.16)
also vanishes as N → ∞, whereas it converges to the finite
classical radius r of the classical sphere as jgj → ∞.

2. Fuzzy supersphere geometry in the half-integer
Landau levels

In a manner analogous to the analysis of the integer LLs,
we deduce the supermatrix geometry from the half-integer
LL eigenstates (5.1); jΨg

lmi ¼ ðjZg
lm1

ijZg
lm2

iÞt. From the
SUð2Þ selection rules, we find the matrix coordinates again
take the following form:

Xi ¼
� hZjxijZi 0

0 hZjxijZi

�
;

Θα ¼
�

02lþ1 hZjθαjZi
hZjθαjZi 02l

�
: ð7:17Þ

Let us recall that the inner products (5.28) associated with
hZj are given by

hZjxijZi ¼ −
Z
S2j2

dΩ2j2Z�xiZ;

hZjθαjZi ¼ −
Z
S2j2

dΩ2j2Z�θαZ: ð7:18Þ

By proceeding in a similar manner to Sec. VII B 1, we
derive the matrix coordinates as

Xi ¼ αLðlÞ
i ; Θα ¼ αLðlÞ

α : ð7:19Þ
These are identical to those obtained for the integer LLs
(7.11). We have thus confirmed that the fuzzy supersphere
geometries emerge also in the half-integer Landau levels
under the new definition of the inner products for the
ghosts.

C. Implications of the SUSY NC algebra

The matrix coordinates Xi and Θα act also as the
generators of UOSpð1j2Þ transformations. The SUSY
NC algebra (7.14) represents the superrotational covariance
of the fuzzy supersphere, serving as the NC realization of
the covariance of the classical supersphere (2.52). The
fuzzy supersphere condition (7.15) remains manifestly
invariant under the SUSY transformations generated by
Θ1 and Θ2, indicating that the N ¼ 1 SUSY remains exact
after fuzzification. More specifically, under the N ¼ 1
SUSY transformation identical to that of the classical
supersphere (2.14)

δξXi ¼ ΘαðσiCÞαβξβ; δξΘα ¼ XiðσiÞβαξβ; ð7:20Þ
the fuzzy supersphere condition (2.11) is invariant, and the
SUSY NC algebra (7.14) is also covariantly preserved.
Thus, the NCG does not break the SUSY structure of the
original classical system. This exact preservation ofN ¼ 1
SUSY is a key feature of the fuzzy geometries constructed
from super Lie algebras, as mentioned in the Introduction.
In terms of the supermonopole field strengths (2.41), the

SUSY NC algebra (7.14) can be expressed as

½Xi; Xj� ¼ i
r4

lðlþ 1
2
ÞFij þ � � � ;

½Xi;Θα� ¼ i
r4

2lðlþ 1
2
ÞCαβFiβ þ � � � ;

fΘα;Θβg ¼ i
r4

4lðlþ 1
2
ÞCαγCβδFγδ þ � � � ; ð7:21Þ
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where � � � denotes higher-order corrections.
Equations (7.21) clearly show that the existence of
SUSY field strengths is crucial for the realization of the
SUSY noncommutative geometry.
Since the three bosonic matrix coordinates are equivalent

under the SUð2Þ symmetry, we may, without loss of
generality, diagonalize the third component of Xi (A15):

X3 ¼ α

�
SðlÞz 0

0 Sðl−1=2Þz

�
¼ α · diagðl; l − 1; l − 2;…;

− l∶l − 1=2; l − 3=2;…;−lþ 1=2Þ: ð7:22Þ

The bosonic degrees of freedom are represented by the

eigenvalues of the upper-left block SðlÞz , while the fermionic
degrees of freedom correspond to those of the lower-right

block Sðl−1=2Þz . The bosonic and fermionic components
constitute the quantum elements of the fuzzy supersphere
(see Fig. 4). The radius of the latitude corresponding to the
quantum element at X3 ¼ α ·m ðm ¼ l; l − 1=2; l −
1;…;−lÞ is given by

Rm¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
F−X3

2

q
¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

lðlþ 1
2
Þ−
�

m
lðlþ 1

2
Þ
�

2
s

· jgj: ð7:23Þ

In other words, the supermonopole harmonics are eigen-
states of jαj ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L1L1 þ L2L2 þ CαβLαLβ

p
with the eigenval-

ues (7.23).

D. Fuzzy geometry transformation
via the super Howe duality

Here, we fix l ¼ N þ jgj and vary g from l to −l under
this constraint. The fuzzy supersphere matrix coordinates
are given by the ð4lþ 1Þ × ð4lþ 1Þ uospð1j2Þ matrices
(7.11). Such fuzzy supermatrix geometries correspond to
the columns of the super D-matrixDl, since each row ofDl

describes the (4lþ 1) component basis states of the super
Landau level (Fig. 3). More specifically, the rows of Dl,
labeled by g, represent fuzzy supersphere geometries of the
same ð4lþ 1Þ × ð4lþ 1Þ matrix size, but with distinct NC
scale factors α ¼ g=ðlðlþ 1=2ÞÞ, or equivalently, distinct
radii (7.16). Then, as g varies from l to −l, we have (4lþ 1)
fuzzy supersphere geometries of different radii. When g is
regarded as “time,” this represents an evolution of the fuzzy
supersphere of (4lþ 1) latitudes as shown in Fig. 5.
Let us consider the evolution of the quantum state with

fixedm. This quantum state corresponds to the latitude with
radius Rm (7.23) which depends linearly on jgj. As g
decreases from l to −l (with Δg ¼ 1=2), the Rm sweeps out
a (fuzzy) cone. In the super D matrix picture, this procedure
realizes a sequence of transitions between the columns of
the integer and half-integer Landau levels. The resulting
fuzzy cone is then composed of (4lþ 1) latitudes corre-
sponding to the integer and half-integer LL eigenstates
connected by the supercharges Rα. We refer to this conic
structure as the fuzzy supercone (of finite length). The slope
of the “surface” of the fuzzy supercone is given by22

c ≔
l
r
∂Rm

∂jgj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l

lþ 1
2

−
�

m
lþ 1

2

�
2

s
< 1: ð7:24Þ

As jmj decreases, c increases and reaches the maximum
value c ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=ð2lÞp

at m ¼ 0. With fixed l, m varies
from l to −l, so there are (4lþ 1) fuzzy supercones with
distinct slopes (see Fig. 6). Regarding m as “time,” we see
the evolution of the fuzzy supercone in Fig. 6.
The roles of g and m are interchanged between the fuzzy

supersphere and the fuzzy supercone. Furthermore, the
evolution of the fuzzy supercone (Fig. 5) is uniquely

FIG. 4. Left: the fuzzy supersphere. The blue and red latitudes respectively correspond to the bosonic and fermionic degrees of
freedom. Right: the probability densities of the l ¼ 2 LLL eigenstates from Fig. 2 [also see (C8)]. The elements (¼ latitudes) in the left
figure correspond to the supermonopole harmonics in the right figure.

22We assume the physical time to be r
l · g. This definition

accounts for the range of g (from −l to l) and the required
dimension of length.
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determined by that of the fuzzy supersphere (Fig. 6), and vice
versa. Let us recall that the Howe duality represents the
duality between the row (g) and column (m). Hence, the
present geometric correspondence demonstrates a geometric
realization of the theta correspondence. Some of the readers
may be curious about the appearance of the fuzzy supercone
instead of the fuzzy supersphere. Since the present Howe
duality is self-dual, ðUOSpð1j2Þ; UOSpð1j2ÞÞ, the inter-
change of m and g should lead to dual fuzzy superspheres
instead of fuzzy supercones. In this perspective, the finite-
length fuzzy supercone is considered to be a “disguise” of the
dual fuzzy supersphere.23 In the language of the orbit
method, each fuzzy supersphere indexed by g corresponds
to a quantized coadjoint orbit generated by one supergroup

UOSpð1j2Þ. When we consider a family of such quantized
orbits labeled by g from l to −l, another family of quantized
orbits emerges along the “stacking direction” of the original
orbits, which manifests the Howe duality in the framework of
NCG. More specifically, the stacked fuzzy superspheres
yield a new nested fuzzy geometry, which can also be viewed
as a family of the fuzzy supercones (see Fig. 7). These two
superficially different descriptions are in fact equivalent and
represent the same nested object. This provides an intuitive
understanding of the Howe duality in the context of NCG.

E. Howe duality as an underlying structure

Finally, we discuss whether Howe duality appears in
other Landau models and their associated matrix geom-
etries.24 Let us recall the discussions in Sec. VI C, where

FIG. 5. Evolution of the fuzzy supersphere geometry. As the supermonopole charge g varies, the fuzzy superspheres associated with
integer LLs (constituted from blue and red latitudes) and half-integer LLs (constituted from green and purple latitudes) appear
alternately. The radius of the fuzzy supersphere shrinks as jgj decreases, and upon crossing g ¼ 0, the northern (m > 0) and southern
(m < 0) hemispheres are interchanged.

FIG. 6. Evolution of the fuzzy supercone. The slope of the fuzzy super cones decreases, as m varies from l to 0, and subsequently
increases as m moves from 0 to −l.

23The physical origin of the conical geometry is, however, still
unclear. The light cone describes the geometry of massless
particle trajectories, and it is also known that massless particle
is closely related to charge-monopole system [101,102]. There
might be some deeper reason behind the appearance of the
conical geometry.

24In [103,104], the authors introduced a doubled space con-
taining the Hilbert space of the Landau model, which naturally
gives rise to a Howe duality. The relation between their Howe
duality and the present one remains an open problem.
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LA, which change the external indexm, act as the symmetry
generators of the external space, while RA that change the
internal index g, act as symmetry generators of the internal
space. Since the UOSpð1j2ÞL and UOSpð1j2ÞR form a
dual pair, the Howe duality can be interpreted as a duality
between the internal and external spaces:

InternalðSUSYÞspace ↔
ðSuperÞHoweduality

ExternalðSUSYÞspace
ð7:25Þ

In this interpretation, the theta correspondence realizes a
bijection between the internal and external spaces (6.20).
Specifically, in the present system, the N ¼ 1 SUSY
relating the bosonic and fermionic monopole harmonics
in the external space necessarily induces the corresponding
N ¼ 1 structure in the internal space, leading to the
appearance of half-integer Landau levels as superpartners
of the integer ones. The internal space structure is thus
uniquely determined by that of the external space and
vice versa.
It should be emphasized that this internal-external space

correspondence is not a special feature in the present SUSY
system, but rather a generic feature of systems with Howe
duality. In a general prescription for constructing fuzzy
coset manifolds G=H from Landau models, the gauge
groups of the Landau models are identified with the
stabilizer groups H [9]. While H originally represents a
redundancy in the external symmetry G to define the coset
manifold, it is reinterpreted in the Landau model as a
redundancy of the internal space. In other words, the
redundant external symmetry is equivalent to the internal
gauge symmetry in the framework of coset-type Landau
models, indicating the internal-external space correspon-
dence. The D-matrix provides a concrete nonlinear reali-
zation of the coset, as demonstrated in the previous studies
of the Landau models on complex (projective) manifolds
[65,66,73,74,105] and on higher dimensional spheres
[75,77–80]. Since Howe duality originates from the com-
mutativity of the left- and right-actions of the D-matrix, it
arises naturally in coset-type Landau models and their
associated matrix geometries. Thus, Howe duality can be
regarded as an underlying structure of these matrix

geometries. It has been shown that the analogous structure
between internal and external spaces gives rise to a
dimensional hierarchy [68,71]. Such a duality is closely
related to the intrinsic structure of Matrix models, as
their internal and external spaces are described by matrices
of the same size arising from a common algebra [13,106].
Since the internal and external spaces share a common
origin, a large external space necessarily implies an
extended internal space. This particular feature of the
internal space gives rise to a higher-spin structure in
Matrix models [15–17,107,108].
In the language of the orbit method, a coadjoint orbit

generated by a group action corresponds to an irreducible
representation of that group, while the theta correspon-
dence determines a relation between two representation
spaces. Therefore, it is natural to expect a unique corre-
spondence between the two families of such orbits. Since
the fuzzy geometries are represented as quantized coadjoint
orbits, the theta correspondence between fuzzy objects can
be regarded as a quantized version of the relation between
two orbit families, as exemplified by the geometric trans-
formation in Sec. VII D. This observation also indicates the
underlying role of Howe duality in fuzzy geometries.

VIII. SUMMARY AND DISCUSSIONS

We have performed a comprehensive analysis of the
super-Landau model on a supersphere, encompassing both
integer and half-integer higher LLs. By employing super-
spinor derivative operators, we derived explicit forms of the
supermonopole harmonics. In the half-integer LLs, the
fermionic monopole harmonics are negative-norm states. A
consistent prescription for resolving this probability prob-
lem is proposed using a modified inner product and a
projection onto the body-sphere. We revealed that the
ðUOSpð1j2Þ; UOSpð1j2ÞÞ self-dual super Howe duality
constitutes the underlying structure of the entire super
Hilbert space based on the super D-matrix formalism. We
then explicitly derived the matrix elements for the super-
sphere-coordinates in arbitrary LLs, showing that the fuzzy
supersphere geometries arise in all LLs. We finally pre-
sented a geometric interpretation of the super Howe duality

FIG. 7. An intuitive picture of the emergence of fuzzy supercones. The left denotes the stacked fuzzy superspheres with their latitudes.
From this nested structure, fuzzy supercone geometries naturally emerge as shown in the middle. The right depicts the dual description
as a family of the fuzzy supercones.

SUPER LANDAU MODEL AND HOWE DUALITY: FROM … PHYS. REV. D 114, 085006 (2026)

085006-25



as the theta correspondence between the fuzzy super-
spheres and fuzzy supercones.
We have also discussed that the Howe duality realizes an

internal-external space duality. This observation leads to
two intriguing possibilities. The first concerns a new
interpretation of quantum numbers associated with exter-
nal-space symmetries. Since the external space and internal
spaces are essentially equivalent, the external quantum
numbers may be interpreted as internal ones, for instance a
possible topological interpretation of the magnetic quantum
number. This issue will be discussed elsewhere. The second
pertains to the structure of Matrix model geometries. As
discussed in the main text, the internal and external spaces
in Matrix models share a common matrix origin, while
Howe duality naturally realizes this equivalence as an
internal-external space duality. Furthermore, the previous
studies, together with the orbit method, also suggest that
Howe duality serves as an underlying structure in fuzzy
geometries. Needless to mention, for Matrix models,
matrices are of prime importance, while we have observed
that matrix geometries are obtained from quantum states or
irreducible representations. This representation-theoretic
point of view may offer new insights into a fundamental
understanding Matrix model geometries.
Furthermore, though we highlighted Howe duality in the

Landau models, the concept is not restricted to such models.
Howe duality is a central concept in representation theory,
providing a unified perspective that links irreducible rep-
resentations of two distinct groups as manifestations of a
single underlying representation. Since fuzzy manifolds are
constructed from irreducible representations (and their
algebraic structures), the theta correspondence naturally
relates two geometrically distinct fuzzy manifolds as dis-
tinct realizations of the same fuzzy object, namely a family
of quantized coadjoint orbits. Howe duality encompasses
cases where one member of the two groups is compact and
the other is noncompact, with different dimensions. In such
cases, we may have phenomenologically plausible matrix
geometries that feature a compact internal space and a
noncompact external space of different dimensions. The
theta correspondence then accounts for geometric trans-
formations between fuzzy Riemannian (positive-definite)
and pseudo-Riemannian (indefinite) spaces. Additionally,
the see-saw structure of Howe duality allows a single
Hilbert space to accommodate multiple dual pairs. This
suggests that a fuzzy space possesses multiple equivalent
descriptions in terms of pairs of fuzzy spaces. Another
remarkable feature of Howe duality is that irreducible
representations of a larger group, which are difficult to
construct directly, can be derived from those of a simpler
group. In the context of NCG, this approach may be applied
to obtain an intricate fuzzy manifold from a simpler one.
The application of supermonopole harmonics also offers

an interesting direction to be pursued. Since monopole
harmonics are mathematically equivalent to spin-weighted

spherical harmonics or Wigner’s D-matrices, the super-
monopole harmonics will possess an equally broad utility.
One promising application is about the quantum mechanics
of massless superparticle. As spin-weighted spherical
harmonics describe massless particle states, their SUSY
counterpart naturally describes massless superparticle
states, which will be important in studies of supergravity
and supertwistor theory.
As mentioned in the Introduction, recent studies indicate

the existence of a SUSY structure in the Moore-Read state.
Specifically, in the zero-momentum limit, spin-3=2 gravitino-
mode excitations are expected to appear along with the
graviton-mode. NC algebra is crucial for describing the
magneto-roton along with its low energy limit, the recently
observed chiral graviton [109,110]. We then naturally antici-
pate that the SUSY NCG may provide a possible geometric
framework for the chiral gravitino-mode. It is rather stimu-
lating to speculate how such a sophisticated mathematics of
SUSY NCG could manifest itself in real physics.
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APPENDIX A: THE uospð1j2Þ ALGEBRA AND
RELEVANT MATHEMATICS

1. The uospð1j2Þ algebra and irreducible representation

The uospð1j2Þ algebra consists of three bosonic gen-
erators Li and two fermionic generators Lα, which satisfy

½Li; Lj� ¼ iϵijkLk; ½Li; Lα� ¼
1

2
ðσiÞβαLβ;

fLα; Lβg ¼ 1

2
ðCσiÞαβLi; ðA1Þ

where C ≔ iσ2 denotes the SUð2Þ charge conjugation
matrix. The first equation denotes the suð2Þ algebra, and
the second relation shows the SUð2Þ spinor property of the
fermionic generators. The last equation implies that two
successive applications of the fermionic operators generate
the bosonic angular momentum operations:

Lθ1
2¼ 1

4
Lþ; Lθ2

2¼−
1

4
L− ðL� ≔Lx� iLyÞ; ðA2Þ

and
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fLθ1 ; Lθ2g ¼ −
1

2
Lz: ðA3Þ

The UOSpð1j2Þ Casimir is given by

C ¼ LiLi þ CαβLαLβ: ðA4Þ

Irreducible representations of the UOSpð1j2Þ are indexed
by the following superspin index

l ¼ 0; 1=2; 1; 3=2; � � � ; ðA5Þ

and the corresponding Casimir eigenvalue and the dimen-
sion of the representation are respectively given by

lðlþ 1=2Þ; ðA6aÞ

4lþ 1: ðA6bÞ

Under the SUð2Þ subgroup of UOSpð1j2Þ, the irreduc-
ible representation decomposes into

4lþ 1 ¼ ð2lþ 1Þ ⊕ ð2lÞ: ðA7Þ

We refer to the (2lþ 1)-dimensional and ð2lÞ-dimensional
representations as the bosonic and fermionic states, denoted
by jl; m1iB and jl; m2iF, respectively. The magnetic quan-
tum numbers range as m1 ¼ l; l − 1;…;−l and
m2 ¼ l − 1=2; l − 3=2;…;−lþ 1=2. These states are
assumed to satisfy

Cjl; miB=F ¼ l

�
lþ 1

2

�
jl; miB=F: ðA8Þ

The action of the UOSpð1j2Þ operators on these states is
given by [89,94,111]

L�jl; miB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl ∓ mÞðl�mþ 1Þ

p
jl; m� 1iB; L3jl; miB ¼ mjl; miB;

L�jl; miF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l ∓ m −

1

2

��
l�mþ 1

2

�s
jl; m� 1iF; L3jl; miF ¼ mjl; miF;

Lθ1 jl; miB ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffi
l −m

p ����l; mþ 1

2

	
F
; Lθ2 jl; miB ¼ −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
lþm

p ����l; m −
1

2

	
F
;

Lθ1 jl; miF ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþmþ 1

2

r ����l; mþ 1

2

	
B
; Lθ2 jl; miF ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −mþ 1

2

r ����l; m −
1

2

	
B
: ðA9Þ

2. Scasimir and fermion parity

The Scasimir [112] is introduced as

S ¼ −2CαβLαLβ þ
1

4
: ðA10Þ

This operator is a “square root” of the Casimir operator C
(A4) in the following sense:

S2 ¼ C þ 1

16
: ðA11Þ

Note that the Scasimir plays the role of a “center”; it
commutes with the bosonic generators but anticommutes
with the fermionic generators:

½S; Li� ¼ fS; Lαg ¼ 0: ðA12Þ

The bosonic and fermionic states are the eigenstates of S
with eigenvalues of the same magnitude but opposite signs:

Sjl;miB¼
�
lþ1

4

�
jl;miB; Sjl;miF ¼−

�
lþ1

4

�
jl;miF:

ðA13Þ
The sign of S indicates the fermion parity. The fermion
number F and the fermion parity ð−1ÞF are then respec-
tively identified as

F ¼ 1

2
ð1 − sgnðSÞÞ; ð−1ÞF ¼ sgnðSÞ: ðA14Þ

3. Supermatrix realization

The uospð1j2Þ matrices for superspin l are expressed as

LðlÞ
i ¼

0
@SðlÞi 0

0 S
ðl−1

2
Þ

i

1
A; LðlÞ

α ¼ 1

2

0
@ 02lþ1 τðlÞα

Cαβτ
ðlÞ
β

t
02l

1
A: ðA15Þ

Here, SðsÞi denote the SUð2Þ spin matrices of spin s:

SðsÞi SðsÞi ¼ sðsþ 1Þ12sþ1: ðA16Þ
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The ð2lþ 1Þ × ð2lÞ rectangular matrices τðlÞα in LðlÞ
α (A15) are defined as

τðlÞθ1 ≔

0
BBBBBBBBBBBB@

ffiffiffiffi
2l

p
0 0 0 0 0

0
ffiffiffiffiffiffiffiffiffiffiffiffi
2l − 1

p
0 0 0 0

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
2l − 2

p
0 0 0

0 0 0 . .
.

0 0

0 0 0 0
ffiffiffi
2

p
0

0 0 0 0 0
ffiffiffi
1

p

0 0 0 0 0 0

1
CCCCCCCCCCCCA
; τðlÞθ2 ≔

0
BBBBBBBBBBBB@

0 0 0 0 0 0ffiffiffi
1

p
0 0 0 0 0

0
ffiffiffi
2

p
0 0 0 0

0 0
ffiffiffi
3

p
0 0 0

0 0 0 . .
.

0 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
2l − 1

p
0

0 0 0 0 0
ffiffiffiffi
2l

p

1
CCCCCCCCCCCCA
: ðA17Þ

The bosonic generators Li in (A15) are the direct sum of SUð2Þ spin generators whose spins differ by 1=2. In the matrix
representation, the Scasimir is expressed as

SðlÞ ¼
�
lþ 1

4

��
12lþ1 0

0 −12l

�
: ðA18Þ

The transformation matrix Fl (6.9) is given by

Flðη;η�Þ¼e2ηL
ðlÞ
θ1
þ2η�LðlÞ

θ2

¼

0
BBBBBBBBBBBBBBBBBBBBBBBBB@

1þlη�η 0 0 0 0 0
ffiffiffiffi
2l

p
η 0 0 0 0

0 1þlη�η 0 0 0 0 η�
ffiffiffiffiffiffiffiffiffiffiffi
2l−1

p
η 0 0 0

0 0 1þlη�η 0 0 0 0
ffiffiffi
2

p
η�

ffiffiffiffiffiffiffiffiffiffiffi
2l−2

p
η 0 0

0 0 0 . .
.

0 0 0 0
ffiffiffi
3

p
η� . .

.
0

0 0 0 0 1þlη�η 0 0 0 0 . .
.

η

0 0 0 0 0 1þlη�η 0 0 0 0
ffiffiffiffi
2l

p
η�

−
ffiffiffiffi
2l

p
η� η 0 0 0 0 1−ðlþ1

2
Þη�η 0 0 0 0

0 −
ffiffiffiffiffiffiffiffiffiffiffi
2l−1

p
η�

ffiffiffi
2

p
η 0 0 0 0 1−ðlþ1

2
Þη�η 0 0 0

0 0 −
ffiffiffiffiffiffiffiffiffiffiffi
2l−2

p
η�

ffiffiffi
3

p
η 0 0 0 0 1−ðlþ1

2
Þη�η 0 0

0 0 0 . .
. . .

.
0 0 0 0 . .

.
0

0 0 0 0 −η�
ffiffiffiffi
2l

p
η 0 0 0 0 1−ðlþ1

2
Þη�η

1
CCCCCCCCCCCCCCCCCCCCCCCCCA

:

ðA19Þ

APPENDIX B: BEREZINIAN AND THE AREA
ELEMENT OF S2j2

The Berezinian integral on S2j2 is derived as follows.
We consider the coordinate transformation from the
super-Euclidean coordinates in R3j2 to the superspherical
coordinates:

x1¼ r

�
1−

1

2r2
θCθ

�
cosðφÞsinðϑÞ;

x2¼ r

�
1−

1

2r2
θCθ

�
sinðφÞsinðϑÞ;

x3¼ r

�
1−

1

2r2
θCθ

�
cosðϑÞ; θ01¼θ1; θ02¼θ2: ðB1Þ
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Let us recall that xi ¼ ð1 − 1
2r2 θCθÞyi, in which yi represent the standard Cartesian coordinates in R3 (4.4). The

superdeterminant (Berezinian) associated with the coordinates transformation is given by

Ber ¼ sdet

�
A C

D B

�
¼ detðA − C 1

BDÞ
detðBÞ : ðB2Þ

In the present case (B1), the blocks of the super-Jacobian matrix take the form of

A ¼
�

∂x
∂r

∂x
∂ϑ

∂x
∂φ

�
¼
��

1þ 1
2r2 θCθ

�
∂y
∂r

�
1 − 1

2r2 θCθ

�
∂y
∂ϑ

�
1 − 1

2r2 θCθ

�
∂y
∂φ

�
; ðB3Þ

and

Ciα ¼
∂xi
∂θα

¼ −
1

r2
xiCαβθβ; Dαi ¼

∂θα
∂xi

¼ 0;

Bαβ ¼
∂θ0α
∂θβ

¼ δαβ: ðB4Þ

Since D ¼ 0 and detðBÞ ¼ 1, the Berezinian simplifies to
detðAÞ, which is evaluated as

Ber¼ detðAÞ ¼
�
1þ 1

2r2
θCθ

��
1−

1

2r2
θCθ

�
2

×det

�
∂y
∂r

∂y
∂ϑ

∂y
∂φ

�
¼
�
1−

1

2r2
θCθ

�
r2 sinϑ:

ðB5Þ

Consequently, the Berezin integral on S2j2 is related to the
integral on S2 as

Z
S2j2

dΩ2j2 ¼
Z
S2
dϑdφdθ1dθ2Ber

¼
Z
S2
dϑdφ sinϑ
zfflfflfflfflfflffl}|fflfflfflfflfflffl{¼dΩ2 Z

dθ1dθ2

�
1−

1

2
θCθ

�
: ðB6Þ

For an arbitrary function on R3j2

fðxi; θαÞ ¼ f0ðyiÞ þ f1ðyiÞθ1 þ f2ðyiÞθ2 þ f3ðyiÞθ1θ2;
ðB7Þ

its integral over S2j2 yields

Z
S2j2

dΩ2j2fðxi;θαÞ¼
Z
S2
dΩ2f0ðyiÞ−

Z
S2
dΩ2f3ðyiÞ: ðB8Þ

In particular, the integral of unity over S2j2 is identical to
that over S2:

Z
S2j2

dΩ2j2 1 ¼
Z
S2
dΩ21: ðB9Þ

APPENDIX C: SPECIAL LL EIGENSTATES

We examine two special limits of g, the LLL limit
jgj ¼ maxðjgjÞ ¼ l, and the superspherical harmonics limit,
g ¼ minðjgjÞ ¼ 0. In these limits, the right-hand sides of
(4.23) reduce to the first and second terms, respectively. We
also discuss the lowest half-integer LL eigenstates.

1. Lowest Landau level eigenstates (jgj= max jgj= l)
In the LLL (N ¼ 0), the energy eigenvalues are given by

(2.66). For g > 0, from (4.14) and (4.18), the LLL
eigenstates are obtained as

Yg
g;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2gÞ!
ðgþmÞ!ðg −mÞ!

s
ugþmvg−m; ðC1aÞ

Yg
g;mðxi; θαÞ ¼

ffiffiffiffiffi
2g

p
Y
g−1

2

g−1
2
;m
·

η ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2gÞ!
ðgþm − 1

2
Þ!ðg −m − 1

2
Þ!

s
ugþm−1

2vg−m−1
2η: ðC1bÞ

These are holomorphic functions of the super Hopf
spinor components [29]. For example,

ðl; gÞ ¼ ð1=2; 1=2Þ∶ Y1=2
1=2;1=2 ¼

1ffiffiffiffiffiffi
4π

p u;

Y1=2
1=2;−1=2 ¼

1ffiffiffiffiffiffi
4π

p v; Y1=2
1=2;0 ¼

1ffiffiffiffiffiffi
4π

p η; ðC2aÞ

ðl; gÞ ¼ ð1; 1Þ∶ Y1
1;1 ¼

1ffiffiffiffiffiffi
4π

p u2;

Y1
1;0ðxi; θαÞ ¼

1ffiffiffiffiffiffi
2π

p uv; Y1
1;−1 ¼

1ffiffiffiffiffiffi
4π

p v2;

Y1
1;1=2 ¼

1ffiffiffiffiffiffi
2π

p uη; Y1
1;−1=2 ¼

1ffiffiffiffiffiffi
2π

p vη: ðC2bÞ
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Equation (C2a) corresponds to the components of the super Hopf spinor themselves, whereas (C2b) appears in Sec. VI B.
Meanwhile for g < 0, the LLL eigenstates are

Y−jgj
jgj;mðxi; θαÞ ¼ ð−1Þjgjþm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2jgjÞ!
ðjgj þmÞ!ðjgj −mÞ!

s
u�jgj−mv�jgjþm;

Y−jgj
jgj;mðxi; θαÞ ¼ −

ffiffiffiffiffiffiffiffi
2jgj

p
Y
−jgjþ1

2

jgj−1
2
;m
· η� ¼ ð−1Þjgjþmþ1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2jgjÞ!
ðjgj þm − 1

2
Þ!ðjgj −m − 1

2
Þ!

s
u�jgj−m−1

2v�jgjþm−1
2η�; ðC3Þ

which are antiholomorphic functions of the super Hopf spinor components. For instance,

ðl; gÞ ¼ ð1=2;−1=2Þ∶ Y−1=2
1=2;1=2 ¼ −

1ffiffiffiffiffiffi
4π

p v�; Y−1=2
1=2;−1=2 ¼

1ffiffiffiffiffiffi
4π

p u�; Y−1=2
1=2;0 ¼ −

1ffiffiffiffiffiffi
4π

p η�; ðC4aÞ

ðl;gÞ¼ð1;−1Þ∶Y−1
1;1¼

1ffiffiffiffiffiffi
4π

p v�2; Y−1
1;0¼−

1ffiffiffiffiffiffi
2π

p u�v�; Y−1
1;−1¼

1ffiffiffiffiffiffi
4π

p v�2; Y1
1;1=2¼

1ffiffiffiffiffiffi
2π

p v�η�; Y1
1;−1=2¼−

1ffiffiffiffiffiffi
2π

p u�η�: ðC4bÞ

Equation (C4a) represents the pseudocomplex representation (3.14). The LLL eigenstates for �g are simply related under
the exchange:

u ↔ −v�; v ↔ u�; η ↔ −η�: ðC5Þ

The probability densities are

ρgjgj;mðy3Þ ¼ jΦg
jgj;mðy3Þj2 ¼

ð2jgj þ 1Þ!
4πðjgj þmÞ!ðjgj −mÞ!

�
rþ y3
2r

�jgjþsgnðgÞm�r − y3
2r

�jgj−sgnðgÞm
; ðC6aÞ

ϱgjgj;mðy3Þ ¼
1

2ð2jgj þ 1Þ ðð2jgj − 2mþ 1Þρgjgj;m−1
2

ðy3Þ

þ ð2jgj þ 2mþ 1Þρgjgj;mþ1
2

ðy3ÞÞ; ðC6bÞ

where (C6b) can also be expressed in a concise form

ϱgjgj;mðy3Þ ¼ ρ
g−1

2
sgnðgÞ

jgj−1
2
;m

ðy3Þ: ðC7Þ

The probability densities of the LLL fermionic harmonics
thus coincide exactly with those of the original LLL
monopole harmonics, provided the magnetic charge is
shifted by − 1

2
sgnðgÞ. The extreme values (maxima) of

ρgjgj;mðy3Þ and ϱgjgj;mðy3Þ occur at

y3
r
¼ m

jgj ;
m

jgj − 1
2

; ðC8Þ

which are distributed along the y3-axis with constant
intervals of Δy3 ¼ r

jgj and
r

jgj−1=2, respectively.

2. Superspherical harmonics (g= minðjgjÞ= 0)
The superspherical harmonics are the eigenstates of

H ¼ 1

2Mr2
ðL0

i L
0
i þ CαβL0

αL0
βÞ; ðC9Þ

with the eigenvalues (2.63a). From (4.15) and (4.22), the
superspherical harmonics ðl ¼ 0; 1; 2;…Þ are obtained as25

Y0
l;mðxiÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p Φ0
l;mðxiÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
�
1 −

l
2
θCθ

�
Φ0

l;mðyiÞ; ðC11aÞ

25With the Clebsch-Gordan coefficients, (C11b) can be
written as

Y0
l;mðxi;θαÞ ¼−



1

2
;
1

2
; l− 1;m−

1

2

����l− 1

2
;m

	
Φ0

l−1;m−1
2

ðxiÞ
θ1
r

−


1

2
;−

1

2
; l− 1;mþ 1

2

����l− 1

2
;m

	
Φ0

l−1;m−1
2

ðxiÞ
θ2
r
:

ðC10Þ
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Y0
l;mðxi; θαÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþm − 1

2

2l − 1

s
Φ0

l−1;m−1
2

ðxiÞ
θ1
r

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −m − 1

2

2l − 1

s
Φ0

l−1;mþ1
2

ðxiÞ
θ2
r
; ðC11bÞ

whereΦ0
l;m denote the ordinary spherical harmonics. (Since

the arguments xi are not c-numbers, Φ0
l;mðxiÞ should be

understood as a formal expression.) The bosonic spherical
harmonics depend only on the bosonic coordinates xi. Low-
dimensional examples are

l ¼ 0∶ Y0
0;0 ¼

1ffiffiffiffiffiffi
4π

p ; ðC12aÞ

l¼1∶Y0
1;1¼−

1ffiffiffiffiffiffi
8π

p x1þix2
r

; Y0
1;0¼

1ffiffiffiffiffiffi
4π

p x3
r
; Y0

1;−1¼
1ffiffiffiffiffiffi
8π

p x1−ix2
r

; Y0
1;1=2¼−

1ffiffiffiffiffiffi
4π

p θ1
r
; Y0

1;−1=2¼−
1ffiffiffiffiffiffi
4π

p θ2
r
; ðC12bÞ

l ¼ 2∶ Y0
2;2 ¼

ffiffiffiffiffiffiffiffi
3

32π

r �
x1 þ ix2

r

�
2

; Y0
2;1 ¼ −

ffiffiffiffiffiffi
3

8π

r
ðx1 þ ix2Þx3

r2
; Y0

2;0 ¼
1ffiffiffiffiffiffiffiffi
16π

p 2x32 − x12 − x22

r2
;

Y0
2;−1 ¼

ffiffiffiffiffiffi
3

8π

r
ðx1 − ix2Þx3

r2
; Y0

2;−2 ¼
ffiffiffiffiffiffiffiffi
3

32π

r �
x1 − ix2

r

�
2

;

Y0
2;3=2 ¼

ffiffiffiffiffiffi
3

8π

r
ðx1 þ ix2Þθ1

r2
; Y0

2;1=2 ¼ −
1ffiffiffiffiffiffi
2π

p x3θ1
r2

þ 1ffiffiffiffiffiffi
8π

p ðx1 þ ix2Þθ2
r2

;

Y0
2;−1=2 ¼ −

1ffiffiffiffiffiffi
8π

p ðx1 − ix2Þθ1
r2

−
1ffiffiffiffiffiffi
2π

p x3θ2
r2

; Y0
2;−3=2 ¼ −

ffiffiffiffiffiffi
3

8π

r
ðx1 − ix2Þθ2

r2
: ðC12cÞ

As expected, the components of the l ¼ 1 supermultiplet
(C12b) are given by the supervector coordinates. The
probability densities for (C11) are respectively given by

ρ0l;mðy3Þ ¼ jΦ0
l;mðyiÞj2; ðC13aÞ

ϱ0l;mðy3Þ ¼
1

2ð2l − 1Þ ðð2lþ 2m − 1Þρ0
l−1;m−1

2

ðy3Þ

þ ð2l − 2m − 1Þρ0
l−1;mþ1

2

ðy3ÞÞ: ðC13bÞ

Equation (C13b) indicates that the probability densities of
the fermionic spherical harmonics are composed of the
original ones with the angular momentum shifted by −1.
(C13b) can also be expressed as

ϱ0l;mðyiÞ ¼
1

2

�
ρ
−1
2

l−1
2
;m
þ ρ

1
2

l−1
2
;m

�
: ðC14Þ

The probability densities of superspherical harmonics
exhibit reflection symmetry with respect to the y1y2 plane:
ρ0l;mðy3Þ ¼ ρ0l;mð−y3Þ and ϱ0l;mðy3Þ ¼ ϱ0l;mð−y3Þ.
For half-integer ls (l ¼ 1=2; 3=2;…), the superspherical

harmonics are given by

Z0
l;mðxi; θαÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l −mþ 1

2ðlþ 1Þ

s
Φ0

lþ1
2
;m−1

2

ðxiÞ
θ1
r

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lþmþ 1

2ðlþ 1Þ

s
Φ0

lþ1
2
;mþ1

2

ðxiÞ
θ2
r
; ðC15aÞ

Z0
l;mðxi;θiÞ¼

1ffiffiffiffi
2l

p ð1þlθCθÞΦ0
l−1

2
;m
ðxiÞ

¼ 1ffiffiffiffi
2l

p
�
1þ1

2

�
lþ1

2

�
θCθ

�
Φ0

l−1
2
;m
ðyiÞ: ðC15bÞ

For instance,

l ¼ 1=2 ∶ Z0
1=2;1=2 ¼

1ffiffiffiffiffiffi
4π

p
r2
ðx3θ1 þ ðx1 þ ix2Þθ2Þ;

Z0
1=2;−1=2 ¼

1ffiffiffiffiffiffi
4π

p
r2
ððx1 − ix2Þθ1 − x3θ2Þ;

Z0
1=2;0 ¼

1ffiffiffiffiffiffi
4π

p
�
1þ 1

2r2
θCθ

�
: ðC16Þ

The probability densities for (C15) are

ρ0l;mðy3Þ≔
Z

dθ1dθ2

�
1−

1

2
θCθ

�
Z0�
l;mZ

0
l;m

¼l−mþ1

2ðlþ1Þ jΦ
0
lþ1

2
;m−1

2

ðy3Þj2þ
lþmþ1

2ðlþ1Þ jΦ
0
lþ1

2
;mþ1

2

ðy3Þj2;

ðC17aÞ
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ϱ0l;mðy3Þ ≔ −
Z

dθ1dθ2

�
1 −

1

2
θCθ

�
Z0�

l;mZ
0
l;m

¼ jΦ0
l−1

2
;m
ðy3Þj2: ðC17bÞ

To the best of the author’s knowledge, the superspherical
harmonics were first constructed in Ref. [93]. While the
specific forms may appear to differ, the present

formulas (C11) and (C15) are mathematically equivalent
to those in [93].

3. Lowest half-integer Landau
level eigenstates ðN = 1=2Þ

From the general formulas (5.11) and (5.14), we readily
obtain the eigenstates for the lowest half-integer LL
ðN ¼ 1=2Þ. In the case of a positive monopole charge
g > 0, the eigenstates are given by

Zg
gþ1

2
;m

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gþ 1

4π

ð2gþ 1Þ!
ðgþ 1

2
þmÞ!ðgþ 1

2
−mÞ!

s
ugþ1

2
þmvgþ1

2
−mη� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ðgþ 1
2
þmÞ!ðgþ 1

2
−mÞ!

ð2gÞ!

s

·

��
2g

g −m − 1
2

�
ugþ1

2
þmvg−

1
2
−mu� −

�
2g

g −mþ 1
2

�
ug−

1
2
þmvgþ1

2
−mv�

�
η; ðC18aÞ

Zg
gþ1

2
;m

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2gÞ!
ðgþmÞ!ðg −mÞ!

s
ð1 − ð2gþ 1Þη�ηÞugþmvg−m: ðC18bÞ

Similarly, for a negative monopole charge g ¼ −jgj < 0, we obtain

Z−jgj
jgjþ1

2
;m
¼ð−1Þjgjþ1

2
þm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jgjþ1

4π

ð2jgjþ1Þ!
ðjgjþ 1

2
þmÞ!ðjgjþ 1

2
−mÞ!

s
u�jgjþ1

2
−mv�jgjþ1

2
þmηþð−1Þjgjþ1

2
þm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ðjgjþ 1
2
þmÞ!ðjgjþ 1

2
−mÞ!

ð2jgjÞ!

s

·

��
2jgj

jgjþmþ 1
2

�
u�jgj−1

2
−mv�jgjþ1

2
þmv−

�
2jgj

jgjþm− 1
2

�
u�jgjþ1

2
−mv�jgj−1

2
þmu

�
η�; ðC19aÞ

Z−jgj
jgjþ1

2
;m

¼ ð−1Þjgjþ1
2
þm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2jgjÞ!
ðjgj þmÞ!ðjgj −mÞ!

s
ð1 − ð2jgj þ 1Þη�ηÞu�jgj−mv�jgjþm: ðC19bÞ

Specifically, for g ¼ �1=2,

Z
1
2

1;1 ¼
1ffiffiffiffiffiffi
2π

p ðu2η� − uv�ηÞ; Z
1
2

1;0 ¼
1ffiffiffiffiffiffi
4π

p ð2uvη� þ ðuu� − vv�ÞηÞ; Z
1
2

1;−1 ¼
1ffiffiffiffiffiffi
2π

p ðu�vηþ v2η�Þ;

Z
1
2

1;1
2

¼ 1ffiffiffiffiffiffi
4π

p ð1 − 2η�ηÞu; Z
1
2

1;1
2

¼ 1ffiffiffiffiffiffi
4π

p ð1 − 2η�ηÞv; ðC20aÞ

Z
−1
2

1;1 ¼
1ffiffiffiffiffiffi
2π

p ðv�2η − uv�η�Þ; Z
−1
2

1;0 ¼ −
1ffiffiffiffiffiffi
4π

p ð2u�v�η − ðuu� − vv�Þη�Þ; Z
−1
2

1;−1 ¼
1ffiffiffiffiffiffi
2π

p ðu�vη� þ u�2ηÞ;

Z
−1
2

1;1
2

¼ −
1ffiffiffiffiffiffi
4π

p ð1 − 2η�ηÞv�; Z
−1
2

1;1
2

¼ 1ffiffiffiffiffiffi
4π

p ð1 − 2η�ηÞu�: ðC20bÞ

APPENDIX D: USEFUL FORMULAS

Here, we summarize the formulas for the monopole
harmonics and supermonopole harmonics used in the main
text. The products of the monopole harmonics are

determined by the SUð2Þ Clebsch-Gordan decomposition
rule:

s ⊗ s0 ¼ ⊕sþs0
S¼js−s0jS ðΔs ¼ Δs0 ¼ ΔS ¼ 1Þ; ðD1Þ
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or

ð2sþ 1Þð2s0 þ 1Þ ¼
Xsþs0

S¼js−s0j
ð2Sþ 1Þ: ðD2Þ

Similarly, the products of the supermonopole harmonics are
determined by the UOSpð1j2Þ Clebsch-Gordan decom-
position [89,94,111,113]:

l ⊗ l0 ¼⊕lþl0
L¼jl−l0j L ðΔl ¼ Δl0 ¼ ΔL ¼ 1=2Þ; ðD3Þ

or

ð4lþ 1Þð4l0 þ 1Þ ¼
Xlþl0

L¼jl−l0j
ð4Lþ 1Þ: ðD4Þ

1. For the monopole harmonics

The properties of monopole harmonics are discussed
in [114].

a. General formulas

The product of two Wigner D-functions is expanded as

Dl;m1;m2
·Dl0;m0

1
;m0

2
¼

X
L;M1;M2

hl; m1; l0; m0
1jL;M1iDL;M1;M2

hL;M2jl; m2; l0; m0
2i: ðD5Þ

In terms of the monopole harmonics (6.4), (D5) becomes

Φg
l;m ·Φg0

l0;m0 ¼
X
L;G;M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2lþ 1Þð2l0 þ 1Þ
2Lþ 1

r
hl; g; l0; g0jL;GiΦG

L;MhL;Mjl; m; l0; m0i: ðD6Þ

The triple integral over S2 is then given byZ
S2
dΩ2ΦG

L;M
� ·Φg

l;m ·Φg0
l0;m0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4π

ð2lþ 1Þð2l0 þ 1Þ
2Lþ 1

r
hl; g; l0; g0jL;Gi hL;Mjl; m; l0; m0i; ðD7Þ

which can be expressed symmetrically using 3j-symbols:Z
S2
dΩ2Φ

g1
l1;m1

·Φg2
l2;m2

·Φg3
l3;m3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r �
l1 l2 l3
g1 g2 g3

�
:
�

l1 l2 l3
m1 m2 m3

�
: ðD8Þ

b. Low-dimensional examples

From (D6), we have

Φ1=2
1=2;�1=2 Φ

g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ gþ 1Þðl�mþ 1Þ

4πðlþ 1Þð2lþ 1Þ

s
Φgþ1

2

lþ1
2
;m�1

2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − gÞðl ∓ mÞ
4πlð2lþ 1Þ

s
Φgþ1

2

l−1
2
;m�1

2

; ðD9aÞ

Φ−1=2
1=2;�1=2 Φ

g
l;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − gþ 1Þðl�mþ 1Þ

4πðlþ 1Þð2lþ 1Þ

s
Φg−1

2

lþ1
2
;m�1

2

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ gÞðl ∓ mÞ
4πlð2lþ 1Þ

s
Φg−1

2

l−1
2
;m�1

2

; ðD9bÞ

and

Φ0
1;�1Φ

g
lm¼∓

ffiffiffiffiffiffi
3

8π

r
g

lðlþ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl�mþ1Þðl∓mÞ

p
Φg

l;m�1

þ
ffiffiffiffiffiffi
3

8π

r
1

lþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððlþ1Þ2−g2Þðl�mþ2Þðl�mþ1Þ

ð2lþ3Þð2lþ1Þ

s
Φg

lþ1;m�1−
ffiffiffiffiffiffi
3

8π

r
1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2−g2Þðl∓mÞðl∓m−1Þ

ð2lþ1Þð2l−1Þ

s
Φg

l−1;m�1;

Φ0
1;0Φ

g
lm¼

ffiffiffiffiffiffi
3

4π

r
g

lðlþ1ÞmΦg
l;mþ

ffiffiffiffiffiffi
3

4π

r
1

lþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððlþ1Þ2−g2Þððlþ1Þ2−m2Þ

ð2lþ3Þð2lþ1Þ

s
Φg

lþ1;m

þ
ffiffiffiffiffiffi
3

4π

r
1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2−g2Þðl2−m2Þ
ð2lþ1Þð2l−1Þ

s
Φg

l−1;m: ðD10Þ
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Hence,Z
S2
dΩ2Φ

g
l;m0

� ·Φ0
1;�1 ·Φ

g
l;m

¼∓
ffiffiffiffiffiffi
3

8π

r
g

lðlþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl�mþ 1Þðl ∓ mÞ

p
δm0;m�1; ðD11aÞ

Z
S2
dΩ2Φ

g
l;m0

� ·Φ0
1;0 ·Φ

g
l;m ¼

ffiffiffiffiffiffi
3

4π

r
g

lðlþ1Þmδm0;m: ðD11bÞ

These formulas are used in Sec. VII A.

2. For the supermonopole harmonics

We extend the formulas of the monopole harmonics to
the supermonopole harmonics.

a. General formulas

The products of the supermonopole harmonics are
expanded as

Yg
l;m · Yg0

l0;m0 ¼ 1ffiffiffiffiffiffi
4π

p
�
1þ ðL − l − l0Þ 1

2
θCθ

�X
L;G;M

hl; g; l0; g0jL;GiYG
L;MhL;Mjl; m; l0; m0i; ðD12aÞ

Yg
l;m · Yg0

l0;m0 ¼ −
1

2
ffiffiffiffiffiffi
4π

p θCθ ·
X
L;G;M

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ gÞðl0 − g0Þ

p 

l −

1

2
; g −

1

2
; l0 −

1

2
; g0 þ 1

2

����L;G
	

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − gÞðl0 þ g0Þ

p 

l −

1

2
; gþ 1

2
; l0 −

1

2
; g0 −

1

2

����L;G
	�

· YG
L;M



L;M

����l − 1

2
; m; l0 −

1

2
; m0
	
; ðD12bÞ

Yg
l;mY

g0
l0;m0 ¼ Yg0

l0;m0Y
g
l;m ¼ 1ffiffiffiffiffiffi

4π
p

X
L;G;M

� ffiffiffiffiffiffiffiffiffiffiffiffi
l0 þ g0

p 

l; g; l0 −

1

2
; g0 −

1

2

����L;G
	
η

−
ffiffiffiffiffiffiffiffiffiffiffiffi
l0 − g0

p 

l; g; l0 −

1

2
:g0 þ 1

2

����L;G
	
η�
�
YG
L;M



L;M

����l; m; l0 −
1

2
; m0
	
: ðD12cÞ

Here, we used (4.15), (4.20) and (D6). The triple integrals on S2j2 are derived asZ
S2j2

dΩ2j2 YG
L;M

� · Yg
l;m · Yg0

l0;m0 ¼ 1ffiffiffiffiffiffi
4π

p Lþ lþ l0 þ 1

2Lþ 1
hl; g; l0; g0jL;GihL;Mjl; m; l0; m0i; ðD13aÞ

Z
S2j2

dΩ2j2 YG
L;M

� · Yg
l;m · Yg0

l0;m0 ¼ 1ffiffiffiffiffiffi
4π

p 1

2Lþ 1
ðD13bÞ

·
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ gÞðl0 − g0Þ
p 


l −
1

2
; g −

1

2
; l0 −

1

2
; g0 þ 1

2

����L;G
	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − gÞðl0 þ g0Þ

p 

l −

1

2
; gþ 1

2
; l0 −

1

2
; g0 −

1

2

����L;G
	�

·



L;M

����l − 1

2
; m; l0 −

1

2
; m0
	
; ðD13cÞ

Z
S2j2

dΩ2j2 YG
L;M

� · Yg
l;m · Yg0

l0;m0 ¼
Z
S2j2

dΩ2j2 YG
L;M

� · Yg0
l0;m0 · Y

g
l;m ¼ 1ffiffiffiffiffiffi

4π
p 1

2L

·
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðLþGÞðl0 þ g0Þ
p 


l; g; l0 −
1

2
; g0 −

1

2

����L −
1

2
; G −

1

2

	
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL −GÞðl0 − g0Þ

p 

l; g; l0 −

1

2
:g0 þ 1

2

����L −
1

2
; Gþ 1

2

	�

·



L −

1

2
;Mjl; m; l0 −

1

2
; m0
	
;
Z
S2j2

dΩ2j2 YG
L;M

� · Yg
l;m · Yg0

l0;m0 ¼
Z
S2j2

dΩ2j2 YG
L;M

� · Yg
l;m · Yg0

l0;m0 ¼ 0: ðD13dÞ

Other triple integrals are Z
S2j2

dΩ2j2YG
L;M · Yg

l;m
� · Yg0�

l0;m0 ¼
Z
S2j2

dΩ2j2YG
L;M

� · Yg
l;m · Yg0

l0;m0 ; ðD14aÞ

KAZUKI HASEBE PHYS. REV. D 114, 085006 (2026)

085006-34



Z
S2j2

dΩ2j2YG
L;M ·Yg

l;m
� ·Yg0�

l0; m0 ¼
Z
S2j2

dΩ2j2YG
L;M

� ·Yg
l;m ·Y

g0
l0;m0 ;

ðD14bÞZ
S2j2

dΩ2j2YG
L;M ·Yg

l;m
� ·Yg0�

l0; m0 ¼−
Z
S2j2

dΩ2j2YG
L;M

� ·Yg
l;m ·Y

g0
l0;m0 ;

ðD14cÞ

where the right-hand sides are given by (D13). In terms of

the 3j-symbols, the triple integrals are represented asZ
S2j2j

dΩ2j2 Y
g1
l1;m1

· Yg2
l2;m2

· Yg3
l3;m3

¼ 1ffiffiffiffiffiffi
4π

p ðl1 þ l2 þ l3 þ 1Þ
�
l1 l2 l3
g1 g2 g3

��
l1 l2 l3
m1 m2 m3

�
;

ðD15aÞ

Z
S2j2j

dΩ2j2 Y
g1
l1;m1

· Yg2
l2;m2

· Yg3
l3;m3

¼ 1ffiffiffiffiffiffi
4π

p
 

l1 l2 − 1
2

l3 − 1
2

m1 m2 m3

!

·

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 þ g2Þðl3 − g3Þ

p  
l1 l2 − 1

2
l3 − 1

2

g1 g2 − 1
2

g3 þ 1
2

!
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 − g2Þðl3 þ g3Þ

p  
l1 l2 − 1

2
l3 − 1

2

g1 g2 þ 1
2

g3 − 1
2

!!
; ðD15bÞ

Z
S2j2j

dΩ2j2 Y
g1
l1;m1

· Yg2
l2;m2

· Yg3
l3;m3

¼
Z
S2j2j

dΩ2j2Y
g1
l1;m1

· Yg2
l2;m2

· Yg3
l3;m3

¼ 0: ðD15cÞ

For other supermonopole harmonics, we haveZ
S2j2j

dΩ2j2Z
g1
l1;m1

·Zg2
l2;m2

·Zg3
l3;m3

¼ −
1ffiffiffiffiffiffi
4π

p
�
l1 þ l2 þ l3 þ

1

2

��
l1 − 1

2
l2 − 1

2
l3 − 1

2

g1 g2 g3

��
l1 − 1

2
l2 − 1

2
l3 − 1

2

m1 m2 m3

�
; ðD16aÞ

Z
S2j2j

dΩ2j2Z
g1
l1;m1

·Zg2
l2;m2

·Zg3
l3;m3

¼ 1ffiffiffiffiffiffi
4π

p
�
l1 − 1

2
l2 l3

m1 m2 m3

�

·

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l2 þ g2 þ

1

2

��
l3 − g3 þ

1

2

�s  
l1 − 1

2
l2 l3

g1 g2 þ 1
2

g3 − 1
2

!
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l2 − g2 þ

1

2

��
l3 þ g3 þ

1

2

�s  
l1 − 1

2
l2 l3

g1 g2 − 1
2

g3 þ 1
2

!!
;

ðD16bÞZ
S2j2j

dΩ2j2 Z
g1
l1;m1

· Zg2
l2;m2

· Zg3
l3;m3

¼
Z
S2j2j

dΩ2j2 Z
g1
l1;m1

· Zg2
l2;m2

· Zg3
l3;m3

¼ 0: ðD16cÞ

b. Low-dimensional examples

Equations (D13) yield

Z
S2j2

dΩ2j2Y
g
l;m0

� ·Y0
1;�1 ·Y

g
l;m

¼∓ 1ffiffiffiffiffiffi
2π

p g
lð2lþ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þ∓mðm�1Þ

p
δm0;m�1; ðD17aÞ

Z
S2j2

dΩ2j2Y
g
l;m0

� ·Y0
1;0 ·Y

g
l;m¼ 1ffiffiffi

π
p g

lð2lþ1Þmδm0;m; ðD17bÞ

Z
S2j2

dΩ2j2Y
g
l;m0

� ·Y0
1;�1 ·Y

g
l;m

¼∓ 1ffiffiffiffiffiffi
2π

p g
lð2lþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l−

1

2

��
lþ 1

2

�
∓mðm� 1Þ

s
δm0;m�1;

ðD17cÞZ
S2j2

dΩ2j2Y
g
l;m0

� ·Y0
1;0 ·Y

g
l;m¼ 1ffiffiffi

π
p g

lð2lþ1Þmδm0;m; ðD17dÞ
Z
S2j2

dΩ2j2 Y
g
l;m0

� · Y0
1;�1

2

· Yg
l;m

¼ −
1ffiffiffi
π

p g
2lð2lþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l�mþ 1

2

r
δm0;m�1

2
; ðD17eÞ
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Z
S2j2

dΩ2j2 Y
g
l;m0

� · Y0
1;�1

2

· Yg
l;m

¼∓ 1ffiffiffi
π

p g
2lð2lþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
l ∓ m

p
δm0;m�1

2
: ðD17fÞ

These formulas are used in Sec. VII B 1.

APPENDIX E: THE LOWEST LANDAU LEVEL
SUPERGEOMETRY

Here, we provide concise derivations of the fuzzy
supersphere geometry for the LLL, employing the
Lagrangian and Hamiltonian formalisms, respectively.

1. From Lagrange formalism

The SUSY Lagrangian for the present system may be
given by

L ¼ M
2
ðẋiẋi þ Cαβθ̇αθ̇βÞ − ẋiAi − θ̇αAα: ðE1Þ

In the LLL, the kinetic terms are quenched, and the
Lagrangian reduces to a first-order form:

LLLL ¼ −ẋiAi − θ̇αAα ¼ −2igψ‡ψ̇ : ðE2Þ
The canonical momenta for ψa ¼ ðu; v; ηÞ are derived as

πa ¼
∂

∂ψ̇a
LLLL ¼ −2igψ�

a: ðE3Þ

Imposing the canonical supercommutation relations
½πa;ψbg ¼ −iδab, we obtain

πa ¼ −i
∂

∂ψa
ðE4Þ

or

ψ�
a ¼

1

2g
∂

∂ψa
: ðE5Þ

By substituting (E5) into the graded Hopf map (2.6), we
promote the coordinates of the supersphere to operators:

Xi ¼
r
g
ψ tli

∂

∂ψ
; Θα ¼

r
g
ψ tlα

∂

∂ψ
: ðE6Þ

They obviously satisfy the superalgebra of the fuzzy
supersphere;

½Xi; Xj� ¼ i
r
g
ϵijkXk; ½Xi;Θα� ¼

r
2g

ðσiÞβαΘβ;

fΘα;Θβg ¼ r
2g

ðCσiÞαβXi; ðE7Þ

and

XiXi þ CαβΘαΘβ ¼
�
r
g

�
2

L

�
L þ 1

2

�
¼ r2

�
1 þ 1

2jgj
�
;

ðE8Þ
where L is given by (3.18) with eigenvalue jgj.

2. From Hamilton formalism

In the LLL, the kinetic part of the Hamiltonian is
quenched, which effectively sets the covariant derivatives
to zero:Di → 0 andDα → 0. With this replacement, the LA
(2.43) reduce to the following forms [29]:

Li → r2Bi ¼
g
r
xi; Lα → r2Bα ¼

g
r
θα; ðE9Þ

implying that the superspin index l reduces to jgj. Then, the
coordinates on the supersphere can be identified with the
UOSpð1j2Þ generators:

Xi ¼
r
g
Li; Θα ¼

r
g
Lα; ðE10Þ

which obey the supercommutation relations (E7) and
satisfy the fuzzy supersphere constraint:

XiXi þ CαβΘαΘβ ¼
�
r
g

�
2

ðLiLi þ CαβLαLβÞ

¼ r2
�
1þ 1

2jgj
�
: ðE11Þ
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