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Landau models serve as quantum mechanical systems for generating quantum matrix geometries. In this
paper, we demonstrate that Howe duality provides the underlying structure of the super Landau model,
reflecting a general feature of coset-type Landau models. The (super) Howe duality relates different Landau
levels and accounts for the emergence of a dual fuzzy geometry. By employing superspinor derivative
operators, the supermonopole harmonics in both integer and half-integer Landau levels are explicitly
constructed and the algebraic structure of the super-Hilbert space is revealed. We propose a consistent
probabilistic interpretation for these wave functions defined on a supermanifold. Through a level projection
method, we derive the matrix coordinates of fuzzy supersphere geometries for arbitrary Landau levels,
along with a precise determination of the noncommutative scale factor. It is shown that the theta
correspondence of Howe duality induces a geometric transformation between fuzzy objects. Finally,
we point out that Howe duality realizes an internal-external space duality and underlies quantum
matrix geometries, suggesting that it may play a fundamental role in understanding Matrix model

geometries.
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I. INTRODUCTION

Landau models provide the quantum mechanical foun-
dation of the quantum Hall effect (QHE) and a physical
realization of noncommutative geometry (NCG). In the
context of the QHE, NCG is not merely an underlying
geometric framework but the central mechanism governing
the dynamics of collective excitations [1-3]. Furthermore,
NCG is essential for elucidating the geometric structures of
D-branes and matrix theory [4,5]. Specifically, fuzzy
geometries are realized as classical solutions of Matrix
models [6-14] and play a fundamental role in the recent
developments of emergent gravity [15-18]. It is also known
that the nonanticommutative structure of fermionic coor-
dinates referred to as nonanticommutative geometry
(NACG) is induced in a graviphoton background [19-22].
The frameworks of NCG and NACG are naturally unified
within the supersymmetric (SUSY) NCG formalism
[23-26]. An archetypical example of such a manifold is
the fuzzy supersphere [24,25,27], which realizes covariant
bosonic and fermionic matrix coordinates in a graded Lie
algebraic fashion. The fuzzy supersphere has been shown
to arise as a classical solution of a supermatrix model [28].
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More than two decades ago, with a collaborator the
author introduced a supersymmetric generalization of the
Landau model on a supersphere [29]. He also formulated
the SUSY QHE [30] as a natural SUSY counterpart of
Haldane’s spherical QHE [31]. Just as the fuzzy sphere
geometry [32,33] appears in the lowest Landau level (LLL)
[34,35], it was shown that the fuzzy supersphere geometry
emerges in the super LLL [29]. The formulation of the
SUSY Landau model was extended from a supersphere to a
superplane [36—40] and a superhyperboloid [41]. A SUSY
Chern-Simons field theory was also introduced as the
effective field theory for the SUSY QHE [42].
Interestingly, the SUSY brings a unification of the
Laughlin and Moore-Read wave functions in a single super
Laughlin wave function [43]. Over the past two decades,
the studies of the SUSY QHE have evolved in various
ways. The first line of the development concerns the SUSY
generalization of the valence bond solid state: The super
Laughlin-Haldane wave function is transformed to the
SUSY valence bond solid state by translating the external
superspace as an internal superspace [44]. The SUSY
valence bond solid state exhibits a hidden order [45]
leading to the notion of SUSY protected topological phases
[46] and SUSY matrix product states [47]. Recent develop-
ments along this line can be found in [48,49]. A more direct
application of the SUSY QHE is about the analysis of the
neutral fermionic excitation in the Moore-Read QH state.
Moore-Read state possesses both QH and superconducting
natures, and its bulk collective excitations are bosonic
magneto-roton excitation and neutral fermion excitation
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regarded as mutual superpartners. Based on the SUSY
formalism, the wave function of the neutral fermion
excitation was proposed [50] and its validity was numeri-
cally confirmed [51]. A nonrelativistic supergeometry for
the Moore-Read state has been discussed in [52]. It is also
reported that the SUSY QHE is closely related to the
M-theoretic origin of topological order [53]. Other signifi-
cant results regarding the SUSY structure of the QHE can
be found in the literature [54-59]. It is also worth
mentioning the developments of superqubits [60-62].
Since both the superqubit and the SUSY QHE are founded
on the graded Hopf map, their SUSY generalizations share
many analogous properties.

In parallel, the NCG associated with Landau models has
been extensively investigated over for more than two
decades [63-76]. Based on the idea of utilizing the
Landau models to generate quantum matrix geometries
[9,77], fuzzy matrix geometries of two-, three-, and four-
spheres have been revealed in arbitrary LLs [77-80]. This
method has been successfully applied to derive new
solutions for the Matrix model [9] and to construct
deformed matrix geometries [81]. These results indeed
demonstrate the effectiveness of the Landau models for
generating matrix geometries and strongly suggest that
Matrix model geometries are realized in Landau models. It
is worthwhile to investigate whether this approach can be
equally applicable to the derivation of supermatrix geom-
etries. Introducing NCG in superspace is known to (par-
tially) break the SUSY structure in general [22], however,
fuzzy supermanifolds elude this unfavorable property.
Importantly, the graded Lie algebraic construction of
SUSY NCG preserves the full SUSY of the original
supermanifold. For instance, as the supersphere possesses
the N'=1 SUSY, the fuzzy supersphere maintains the
same N = 1 SUSY. The preservation of (super)symmetry
is a remarkable feature of fuzzy spaces. Although fuzzy
spaces are regarded as “discretized” geometries, they retain
the continuous symmetries of the original manifolds. This
stands in stark contrast to lattice models, where continuous
spatial symmetries are reduced to discrete lattice sym-
metries. This unique property is considered to be a key
factor behind the recent development of the numerical
simulations of 3D Ising criticality using fuzzy-sphere
regularization [82,83]. Furthermore, very recent studies
[84,85] suggest a close relationship between the fuzzy
supersphere and the 3D SUSY Ising theory. The fuzzy
supersphere and the fuzzy super Landau model are of
increasing importance. However, an entire picture that
encompasses higher super LLs has yet to be established.

In this paper, we investigate the super Landau model on a
supersphere [29] to explore a comprehensive understanding
of the super LL structures and associated matrix geom-
etries. By incorporating higher LL structures, we unveil that
the Howe duality constitutes the fundamental algebraic

structure of the system. We show that the supermonopole
harmonics form an orthonormal basis and propose their
consistent probabilistic interpretation by projecting them
onto the body-sphere along with an appropriate definition
of inner product. Using the newly defined inner product,
the supermatrix coordinates are evaluated for arbitrary
Landau levels. This presents the first explicit derivation
of the supermatrix geometry from a Landau model. We also
discuss the significance of Howe duality in the context of
quantum matrix geometry. The theta correspondence is
shown to induce a geometric transformation between fuzzy
objects in the framework of NCG. Viewing Howe duality as
a duality between internal and external spaces, we argue
that it is a general feature of coset-type Landau models and
may underlie the geometric structure of quantum geom-
etries in Matrix models.

This paper is organized as follows. In Sec. II, we review
the basics of the super Landau model. Superspinor deriva-
tive operators are constructed in Sec. III. In Sec. IV, we
derive the supermonopole harmonics for integer LLs and
explore their probabilistic interpretation. This analysis is
extended in Sec. V for half-integer LLs, where we redefine
the inner product to handle negative-norm states. The super
D-matrix is introduced in Sec. VI, where the underlying
super Howe duality of the system is revealed. We derive the
supermatrix geometry in Sec. VII, providing a geometric
realization of the theta correspondence as a transformation
of fuzzy manifolds. Section VIII is devoted to a summary
and discussions.

II. REVIEW OF THE SUPER LANDAU MODEL

We review the basic structure of the super Landau model
on a supersphere based on [29], adding some more useful
information. The correspondence between the original
Landau model and its SUSY counterpart is summarized
in Table I.

TABLE 1. The basic mathematical setups for the original
Landau model and the super Landau model.

The original setup The SUSY setup

Fiber-bundle Principal fiber  Principal superfiber
bundle bundle
Topological map Hopf map Graded Hopf map
Symmetry group SU(2) UoSp(1)2)
Gauge group U(l) U(l)
Base manifold S2 S22
Magnetic source Dirac Monopole Supermonopole
Landau level Monopole Supermonopole
eigenstates harmonics harmonics
Noncommutative Fuzzy sphere Fuzzy supersphere
geometry
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A. The graded Hopf map and supersphere

The graded Hopf map [86-88] is defined by the
following mapping

5ok 5 5o, 2.1)
As a coset, S?? is expressed as
S22~ $312/81 ~ UOSp(1]2)/U(1), (2.2)

whose bosonic part realizes the original Hopf map,
§?~83/8'~SU(2)/U(1). With two complex Grassmann
even quantities, # and v, and a complex Grassmann odd
quantity #, arbitrary UOSp(1]2)" group element is repre-
sented as [89]

* | (23)
—un* +v'n uwn+opt 1-n'n

The condition sdet(g) = 1 and g* = g~!.> imposes a con-
straint on the parameters as

wut+viv—-nn=1, (2.5)

which geometrically signifies UOSp(1]2) ~ $*2. With a
three-component spinor y (the super Hopf spinor) subject
to the normalization condition yw¥y = y'y* =1, the
graded Hopf map (2.1) is explicitly given by

. 0
— Y 2y L™, 2 — 2yl (2.6)
r r

n

where r signifies a constant parameter and

*

yhe=(ut vt ). (2.7)

'While the notation OSp(1|2) is frequently used in place of
UOSp(1]2) in the literature, we strictly distinguish between these
in the present paper for preciseness. The bosonic subgroup of the
UOSp(1]2) is the compact SU(2) group, while that of the
0OSp(1]2) is the noncompact SU(1, 1) group.

See Appendix B for the definition of the superdeterminant
and the super adjoint is given by

A C\* _ (AT -D7
D B) ~\c' B )

(2.4)

Note the minus sign in front of 11*.3 The symbols /; and [,
denote the UOSp(1/2) superspin matrices

1 . | 0 0 1
Gl
: 2(0 0)’ ) ’
01 0
1 0 0 0
ly=5[0 01 (2.10)
100

The uosp(1]2) algebra is summarized in Appendix A. The
supercoordinates (2.6), the bosonic coordinates x; and the
fermionic coordinates 6,, automatically satisfy the con-
dition for §?

XiX; + Caﬂeaeﬂ = (W’W*)z = I‘2, (211)

where C denotes the charge conjugation matrix of the
SU(2)
C=io. (2.12)

In detail, the supercoordinates (2.6) are given by

X1 Xp . . X3
——=uv*+out, —=—iuv*+ivu*, —=uu*—ovv*,
r r r

1 2
—=v'ntun*, —=-u*n+on*. (2.13)
r r

Note that the supercoordinates are constructed from the
super Hopf spinor, suggesting that the Hopf spinor is more
fundamental than the coordinates. The supersphere (2.11)
is invariant under the N' =1 SUSY transformation:

55)6,- = Htx(dic)aﬂéﬂv (214)

5:0, = xi(01) puSp

where £, are Grassmann odd pseudo-Majorana parame-
ters, & = Coplp.

*Here, * denotes the pseudoconjugation which acts on the
Grassmann odd quantities as

(mmn2)* = mins, () = -n. (2.8)

Then, 0, (2.6) satisfy
0, = Coplp, (2.9)

which implies that 6, form an SU(2) (pseudo-)Majorana spinor.
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B. Super Hopf spinor and the
supermonopole gauge field

The original Hopf spinor can be expressed as’

H 1 r+y3 ;
P(yi) = < > =7< : > -e, (2.19)
v V2r(r+y3) \y1 —iy2
where y; denote the ordinary c-number coordinates on S°:
vy = r2. (2.20)

The U(1) phase e signifies the S'-fiber on S?. The
corresponding gauge field is

. 1
A=dyA = 219¢*d¢ = —g—)eiﬂ)’jdyi- (2.21)

}"(I" + 3

We took e = 1in (2.21). Similarly, the super Hopf spinor
can be represented as

u
l//(xivea>: v
n
1 (rx3) (r=75500)
= Ao | i) (r+a50C0)
(x1=ix2)01 = (r+x3)0,
(2.22)

The U(1) phase factor ¢’ denotes the S'-fiber on S2. Note
that the x; are Grassmann even quantities but not ordinary
c-numbers, as x; “contain” a Grassmann quantity 6C6:
indeed from (2.11),

“The Hopf spinor regular on the southern hemisphere can be

taken as
1 +i
(,s/:—(y‘ ”). (2.15)
2r(r=y3) \ r=y;
The corresponding gauge field is given by
Al = dy A = 2igd'"dd’ = g eipyidyi.  (2.16)
r(r=y;)
The gauge transformation relating the A’ and A is
A = A—iutdu, (2.17)
where
— ,—2igq — Y2
u = e 297 (tan((p) = —>. (2.18)
Y1

el

x; =y /1- %96‘9. (2.23)
r

In the context of supermanifolds, the c-numbers y;

are called the coordinates of the body, whereas the 6,

are referred to as the soul coordinates. When the 0, are

dropped, the bosonic coordinates x; reduce to the body

coordinates y;. Note that the 7 (2.22) is an SU(2) singlet

1 1
n= ;Caﬁeal//ﬂ = ; (Ugl - Mgz), (224)

and then

1
n'n=—--——=0Ce.

52 (2.25)

The super Hopf spinor (2.22) is related to the original Hopf
spinor (2.19) as

U
1
r
%(”91 — pub,)

The pseudoconjugation of y is given by

u
l//* — U*
’/I*

= . ce

2r3(r+x3) <X1+lx2)(r+mece) ¢ :

(r+x3)0) + (x1 + ix;)0,
(2.27)
The supermonopole gauge field is derived as
A = 2igytdy = =2igy**dy, (2.28)

where ¢ signifies the magnetic charge of the supermono-
pole, g=0,%£1/2,41,43/2,.... [We took e%* =1 in
(2.28).] In differential form, (2.28) is given by

A =dx;A; +do,A,, (2.29)
where
1 2r + x3
A, =—g——¢jax | 1 +———-0C0O ),
! gr+x3 e,]3xj< +2r2(r—|—x3) )
1
A(Z = —ig—3(90,~C)ax,». (230)
r
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Note that the Dirac string singularity appears only in A;,
which is identical to the standard monopole gauge field®

dxl-A,- = dylAl (233)
Since the Dirac singularity reflects the nontrivial bundle
topology, the “twist” of the bosonic part of the superfiber
bundle (2.33) is accounted for by that of the original
monopole bundle on the body-sphere. The gauge trans-
formation between the supermonopole gauge fields on the
norther and southern hemispheres is exactly the same as the
original one (2.17):

Al=A-

iu*du, (2.34)

where u denotes the transition function

—7 2
L o260 — <M) g
r(r—ys;)

——(-%if%%5>%<1+vg_x39cé> (2.35)

We then have

29
—iu*du = ——¢€;;3y;dy;
Pyt Y
2

g 1
= 7}’2 — x32 €,»J»3xjdx,- <1 + rz _ x3

9ce>. (2.36)

Note that the —iu* du does not include the fermion coordinate
I-form dO. The twist of the bundle is evaluated by the
mapping from the equator to the transition function. Since the
transition functions of the super and original Hopf maps
coincide (2.35), the twist of the S'-fiber of the supermono-
pole can reasonably be identified with that of the original
monopole. The winding number from the S!-equator to the
transition function u € U(1) is calculated as

°In the southern hemisphere, the regular super Hopf spinor is
given by

(x; + ixz)(r + 5 er GCG)

(r=x2) (7 = sty
(r—x3)0) = (x; +ix,)0,

The corresponding gauge field A’ = 2igy'*dy’ = dx;A} +
de,A! is

1
23 (r — x3)

/

v = (2.31)

ece)

1 2r—x3 1
A;-:gﬁeiﬁx (ler@CG), A’o,:—lgr—3(00'iC)axl

(2.32)

The bosonic part satisfies dx;A; =
field A, is identical to A,.

dy; A} and the fermionic gauge

(2.37)

which is equal to the Chern number of the monopole:

¢ = f =2g, (2.38)

o0

where

1
f= gﬁﬂjkka)’i A dy;. (2.39)

The above discussion implies that the Chern number of the
supermonopole is also identified as (2.38). From (2.30), the
field strengths of the supermonopole are obtained as

1 1
F=dA= —de] A dxl-Fij —d9a A dxiF,»a —Edg/,? A\ deaFa/},

(2.40)

where

1 3
F”:—F”:alA]—a]Al:gﬁGkak ]—%—WQCQ N

o1 3
Fia:_Fai:aiAa_aaAi:_lgF 5ij—pxixj (06;C)q

1 3
F(lﬁ Fﬁa—a(,Aﬂ+0ﬁAa— 2lg 3 (0 C)a/}<1+ 29C9>
(2.41)

Throughout this paper, Grassmann derivatives such as d, are
understood to act from the left.

C. Super angular momentum operators

The covariant derivatives are introduced as

D; = 0; + iA;, D, =9, + iA,, (2.42)

and we construct the super angular momentum operators as

L; =A; + B, Ly=A,+ 7B, (243)

Here, A; and A, denote the covariant super angular
momentum operators

. 1
Ai = _leijkijk + Ee(l(ai)(l/jDﬂ7
1
A, = _xi(Coi)aﬁDﬂ

5 (2.44)

1
_zgﬂ(gi)ﬂaDi’

and B; and B,, stand for the supermonopole magnetic field:

1 1
=X Ba:g_';

i 0,. 2.45
r r (243)

Bi=g

These form a supervector multiplet of the UOSp(1|2)
group, implying that B; and B, are superpartners.
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The supermagnetic field (2.45) is radially distributed in
R3, which indicates that the supermagnetic monopole is
located at the origin. The magnitude of the super magnetic
field is

(2.46)

e Y
B: BiBi+CaﬂBaBﬁ :7,

and the magnetic charge of the supermonopole is evaluated
from the (super) Gauss law:

sen(g) / dQy,B _ senlg) / dQ,B =29,  (2.47)
522 2 52

2w b4

where dQ,, denotes the arca element of S22 (see
Appendix B)

1
A 4 = /S dQ, / d91d02<1—§9C9>. (2.48)

As shown in (2.47), the integral over the super magnetic
field on a supersphere is reduced to that of the magnetic
field over the body-sphere, and the supermonopole charge
is equal to the Chern number (2.38). This is consistent with
the previous observation that the Chern number of the
supermonopole is equal to that of the original monopole.

A bit of calculations shows that (2.43) satisfy the
uosp(1|2) algebra:

[szLj] = ieijkLk’ [Li’La] - (5i>ﬂaL/3’

N =

1
{La’ L/)'} = 5 (CGi)a/}Li' (249)

From the first relation, we see that L; constitute the su(2)
algebra and generate SU(2) rotations in the superspace
R3. The second equation implies that the supercharges L,
transform as an SU(2) spinor and carry angular momentum
1/2. The last equation shows that L, are fermionic
operators, and the two successive operations of the fer-
mionic generators yield the SU(2) operations. The set of L;
and L, amounts to the UOSp(1|2) superrotations in R3. It
is worth mentioning a distinction between the present
model and standard SUSY field theories based on the
super Poincaré symmetry. While in the latter, the bosonic
and fermionic states with different 1/2 spin are related by
the super transformation, in the present model the orbital
angular momentum, rather than intrinsic spin, is involved:
the supercharges L, relate bosonic and fermionic states
whose orbital angular momenta differ by 1/2. The super
charges act as fermionic ladder operators of the angular
momentum.

The super angular momentum operators (2.43) are
expressed as

X 1
L, =L L (1 0Co ),
X X+gr+x3< +2r(r—|—x3) >

Ly=L{+g- fo (1 +5 (r1+x3> ece>, (2.50a)
L.=L+yg, (2.50b)
Ly =LY + % <9, + x’{ I)’f 92>,

Lo, =LY+ <92 - ’iz 91>, (2.50¢)

where LY and LY denote the free super angular momentum
operators:

. 1
L? = —leijkxjak + Eea(ai)"ﬁaﬂ’

1
LY==

1

xi(coi)aﬁaﬁ

The super rotations for the supercoordinates are repre-
sented as

. 1
[Lisxj] = L€;jkXks [Li,0,] = E(Gi)ﬁag/}’
1
[La’xi] = _E (Gi)ﬂagﬁ’ {La’eﬂ} - (CG )aﬁx (252)

The last two equations demonstrate SUSY transforma-
tions of the supercoordinates. Obviously, the supersphere
condition, x;x; + Cpp0,05 = r?, is invariant under the
UOSp(1]2) SUSY transformation, implying that the super-
sphere respects the N =1 SUSY generated by two
pseudo-Majorana supercharges, Ly, and Ly,.

D. Super Landau Hamiltonian
and super Landau levels

Let us consider super quantum mechanics on a super-
sphere in the supermonopole background:

H= 2]\/1[ 5 (AA; 4 CopNoAg). (2.53)
Using the orthogonality relation
XN + CopluNg = Nix; + CopN05 = 0, (2.54)
the Hamiltonian (2.53) can be rewritten as
H= ! (L;L; + CopL,Ly) — ! 2g , (2.55)

oMr? 2Mr
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2M - EY,

N Degeneracies
2 5
53+% lgl +
T
N=2)
313-1—32 %
T
(N=1)
B 2[gl+1
(N =0)

The original Landau levels

FIG. 1.

2M - E%, Degeneracies
4lgl+9
L
i 1
gB-I-E 2lg|+5 2lg| + 4
2 r2
(N=2) 4lg| +7
|
I 1
ZB+3 2lg| + 4 2lg|+3
2 r2
(N =3/2) 4lg|+5
L
r 1
2 3 2|g| +2
§B+z_i2 lgl + lgl
(N=1) ‘ 4lgl+3 1
3B+ 1 2lg| +2 2lgl+1
2 2r2
v =172 ' 4lgl +1 ‘
1 2|g|+1 2|g|
—B
2
(N=0)

The super Landau levels

Left: the original LLs (2.64). Right: the super Landau levels (2.59). Blue/red lines denote bosonic/fermionic states in integer

Landau levels, while green/purple lines denote bosonic/fermionic states in half-integer Landau levels. Both of the LLs and the

degeneracies are (almost) doubled in the SUSY system.

which is essentially the UOSp(1]|2) Casimir operator.
Since the SUSY Hamiltonian is invariant under the
transformations generated by L; and L,, the system
possesses UOSp(1]2) superrotational invariance. At the
same time, L; and L, constitute conserved quantities, as
they commute with the Hamiltonian. The standard
results from UOSp(1|2) representation theory (see
Appendix A) determine the energy eigenvalues and their
degeneracies:

1
Casimir eigenvalues:L,L; + CopLl, Ly = l(l + E)’

(2.56a)

Degeneracies:4/ + 1. (2.56b)

The superspin index [/ generally takes integer or half-
integer values. In particular, for the present system, [ is
given by

=N+ |g (2.57)
where N denotes the super Landau level index
N=0,1/2,1,3/2,2,.... (2.58)

The Landau levels include both integer and half-integer
values due to SUSY. The energy eigenvalues are then
given by

1 1 1

with degeneracies

4lg| + 4N +1 = 4|g| + 1,4|g| +3.4|g| +5,---. (2.60)

Under the SU(2) group of UOSp(1]2), the supermultiplet
in the Nth LL decomposes into two SU(2) irreducible
representations:

4l + 4N +1=(2|g| + 2N+ 1) & (2|g| + 2N), (2.61)

where (2]|g| +2N + 1) and (2|g| + 2N) correspond to
bosonic and fermionic states, respectively. The LL energies
(2.59) can be expressed as the sum of contributions from
the (super)spherical harmonics and the planar super Landau
levels:

E} = ES + EB (2.62)
with
ES = ! N N—i—1 , (2.63a)
N oM 2
, 1\ B
EE=(N+-)—. 2.63b
= (V+3) (2.630)
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The formulas (2.59) is quite similar to the LLs on
Haldane’s sphere [31],° with the exception that the con-
stants differ slightly and the SUSY Landau levels include
half-integer values (see Fig. 1 also). In particular, the LLL
energy is given by

B
am’
which is half of the original LLL energy due to the

cancellation between the bosonic and fermionic degrees
of freedom.

Efo=Ey= (2.66)

III. SUPERSPINOR DERIVATIVE OPERATORS

Spinor derivative operators are quite useful for analyzing
the Landau model on a two-sphere [31,73,77,90]. In this
section, we introduce superspinor derivative operators that
play the role of effective superangular momentum operators
and edth operators. We denote the L; and L, (2.43) as LY
(A = x1,x,, x3,60,,0,) with monopole charge g.

A. Super rotations and quantum numbers

Let us first discuss the superrotations of the super-Hopf
spinor. Using Egs. (2.22) and (2.50)

L' = w'ly, (3.1)
while, for its complex conjugate (2.27),
L Pyt =y (3.2)

Here, [, and 1, respectively denote the superspin matrices
(2.10) and their complex representation matrices:

I = -1, 1, = Coply, (3.3)

which satisfy

SO | y T | y
[li’lj]:leijklk’ [li’l(l]zi(ai)ﬂal/)” {l(zvlﬁ}zi(cai)a/jli'

(3.4)

The super-Hopf spinor and its complex conjugate thus
realize a UOSp(1]2) [ = 1/2 fundamental representation,
respectively. These two representation matrices are
related as

Iy =RILR, (3.5)
The original LLs on Haldane’s sphere are
1
E%:W(N(N+l)+(2N+l)|g|), (N=0,1,2,...) (2.64)
with degeneracies
21+1=2|g|+2N+1=2|g|+1,2|g|+3,2|g| +5,--.  (2.65)

TABLE II. Quantum numbers of the components of the super
Hopf spinor and the supercoordinates.

Superspin Spin Magnetic quantum  Supermonopole

l s number m charge g

u W) 1/2 1/2 +1/2 (-1/2) +1/2 (-1/2)
v (@) 1/2 1/2 -1/2 (+1/2) +1/2 (-1/2)
n@) 12 0 0 (0) +1/2 (=1/2)
X+ iy 1 1 1 0
X3 1 1 0 0
x—iy 1 1 -1 0
0, 1 1/2 +1/2 0
0, 1 1/2 -1/2 0

where R signifies the UOSp(1|2) charge conjugation
matrix:

0O -1 0
R=1]1 0 0 1, (3.6)
0o 0 -1
which satisfies
R =R (3.7)

The quantum numbers of the components of the super Hopf
spinor (and its conjugate), along with the supercoordinates,
are summarized in Table II.

B. Effective super angular momentum operators

An arbitrary LL is specified by the quantum numbers,
(N, g), or equivalently, (1, g), while y, = u, v, 7 and y}; =
u*, v*,n* carry the same superspin index of [ = 1/2, and
g =1/2and g = —1/2, respectively (Table II). Taking into
account the matching of the quantum numbers, the Nth LL
eigenstates are given by (a linear combination of) the
following homogeneous polynomials:

n 2

—N—

——
Wnm) = Wa,—Wa, ll/;;l . W;nz , (3.8)

. . . 7
where n; and n, are non-negative integers subject to

ny +n, = 2I, ny —n, = 2g. (3.10)
Importantly, theactionof L} onthese homogeneous functions

iseffectivelyrepresentedby thatofLi‘E 1/2 oneachcomponentg:

"As we will see in Sec. V, for half-integer LLs, the first relation
of (3.10) is modified to

*While L A» Wq» and v, are assumed to be Grassmann-even, a
formula analogous to (3.11) holds for the Grassmann-odd cases.
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n

1/2 * *

Lgl}‘("],nz) — Zv/al P (LA/ thl) . .Wll"lwhl e l//b
i=1

n

n

* -1/2 & *

= W Wa, W (L )
i=1

nz.

(3.11)

Under the constraint (3.10), the action of L} on the
homogeneous function reduces to the one-particle action.
From the results in Sec. III A, these effective operators are
identified as

0 ~ 0
L,=v'l,— e 3.12
A=Y Aaw+ll/ Aaw* ( )
which obviously satisfy the wosp(1|2) algebra. Their

explicit forms are given by

L, =L,+iL, ui— *i,
ov ou*
Y ou ov*’

L 1( 0o\ _1( 0 9
c==lu——v—|—=|u -v .
2 ou ov 2 ou* ov*
L0 0 (.0 9
o0 =2\"op o) T2\ T owr )
1/ 0 o\ 1/ .0 P
A ) I 2. (313
% 2(”&1 ”au> 2<” Pl aw) (3.13)

=Ry =1 u |, (3.14)

L, (3.12) can also be represented as

9

S (3.15)

0
La=y'las + 'l
g

Since these are bilinear differential forms of the super
Hopf spinor and its complex conjugate, the degrees n;
and n, are conserved, which is consistent with the fact
that g and [ are fixed in each LL. In practical calculations
associated with the LL eigenstates, the L, (3.15) are far
more efficient than the original coordinate-derivative
operators (2.50).

We also introduce an operator L whose eigenvalues
signify (the half of) the total degree, n; + n29:

1 J0 1 0 1 0 1 0
t ~r_:_wz_+_wT_

L=y 242 . (319
WtV T2 ey T2V e (3.19)

which commutes L,s:

[L,L4] =0. (3.20)
As demonstrated in Secs. IV B 3 and V A 4, the eigenvalue
of L coincides with the superspin index / (2.57) for integer
LLs, while it equals / + 1/2 for half-integer LLs.

C. Effective edth operators

While the edth operators were originally introduced by
Newman and Penrose for the analysis of gravitational
radiation [91], these operators were also effective in the
analysis of the Landau model [77]. Here, we extend this
formalism to the SUSY case.

In contrast to the superangular momentum operators,
which do not mix the super-Hopf spinor and its complex
representation, the effective edth operators are constructed
to interchange these representations:

v < = Ry*. (3.21)
This interchange is realized by
0 0 0 0
R =y'—=y'"R'—, R, =y'—=y'R— (3.23)
oy oyr T o oy
or, more explicitly,
°In particular in the LLL, L, reduce to [30]
Ly—yi, 2 (3.16)
A A 01// ) .
so the UOSp(1]2) Casimir is expressed as
LiLi + Coploly =L <L + %) (3.17)
with
1 0
L=—y' —. 1
V' (3.18)

The relation (3.17) does not hold, in general, for L, (3.15) and L
(3.19).
"R_ and R, act as

(3.22)

085006-9



KAZUKI HASEBE

PHYS. REV. D 114, 085006 (2026)

R 0 - 0 0 R 0 i 0 0
=y ——v"—- =—u v—— .
ov ou " o on’ * ov* ou* 77017*
(3.24)

These provide a natural SUSY extension of the spinor-
derivative operators for Haldane’s sphere [73,90]."" Since
the super-Hopf spinor and its complex representation catry
supermonopole charges of 1/2 and —1/2, respectively, R
shift the supermonopole charge by Ag = +£1. The R, thus
act as ladder operators for monopole charge. Note that they
do not change the superspin /, as they are bilinear super-
spinor differential operators. Since I = N + |g| is fixed, the
R shifts the LL index N by F 1 corresponding to the shift
of g by £1. Then, R, can also be viewed as lowering/
raising operators for the Landau levels (that simultaneously
shift the monopole charge).

The commutation relation between R, and R_ yields a
new operator,

R -—l[R R }_1 ti 9 1 i T 9
= R R =\ o ") 2\ e T o)
(3.25)
Together with R3, R; satisfy the SU(2) algebra:
[RI,R]] = leiijk, (326)

1
Rl = (R++R_), R2 = _iE(R+_R_). (327)

| =

It is straightforward to verify that L; commute with both L 4
and L:

[Ri,La] = [R;, L] = 0. (3.28)

Although R; and L, are commutative, the SU(2) trans-
formations generated by R; does not bring further degen-
eracies to Landau levels. Instead, R act as ladder operators
between Landau levels. In other words, L, represent the
symmetry group generators, while R; are spectrum-gen-
erating operators. One may wonder whether there exist
fermionic counterparts for R;, analogous to L, for L;. We
will revisit this question in Sec. VI along with the
discussion of the super Howe duality.

IV. SUPERMONOPOLE HARMONICS IN THE
INTEGER LANDAU LEVELS

In this section, we explicitly construct the supermono-
pole harmonics by using the superspinor derivative oper-
ators. We also discuss the probabilistic interpretation of
these states.

A. The original monopole harmonics

We begin with a brief review of the original monopole
harmonics. In the Dirac gauge, the monopole harmonics are

where given by (921"
@7 (y) _ (_l)m_g 20+1 (l + m) (l - ) r+y3 =l r—=y;3 %P(m—g.erg) & yi+iys \"
Lm7t 4z (I+9)!(1—g)! 2r 2r [=m r \/,»2_7),32
(gﬁm:lﬁl_lal_za""_l)v (4.2)
where P; +m> denote the Jacobi polynomials:
N N+a\/N+p I\ 2WN-n) /1 9\ 2n
(a.p) n .
P cosd) = -1 cos— sin— | . 4.3
e =30 () () ) () =

""To the best of the author’s knowledge, the effective edth operators were first employed in [73], where they are realized as right

actions of the D-matrix.
We can “interchange” m and g in (4.2) as

@Y ( ) _ 20 +1 (lJrg) ( g)- r+ys3 r—ys %P(g—m.gﬂn) V3 yi iy, \"Y
LY 4z (I4+m)!(I—m)!\' 2r 2r I=9 r ) \\/1? = 332
min(l—g,[-m)
20+ l l+g l_ ) (_1)n I+m [=m Iungernyl—m—n”*ny*l—g—n' (4])
4n (= m)! g+m+n)\ n

n=max(0,—m—g)
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Here, we parametrized y; as

yi=rsindcos@, y,=rsindsing, y;=rcosd. (4.4)
The monopole harmonics satisfy
@7, (8.)" = (=1)7"®, 2, (9. 9) (4.5)
and
@7, (i)l =197, (y3)| = 19]_,,,(=y3)|. ~ (4.6)

Their orthonormality relation on S? is expressed as

/ 49,0 () D, () = 8116y (A = sin 8dSdp).
(4.7)

It is useful to express the monopole harmonics in terms of
the Hopf spinor components (2.19):

min(/—g,/+m)
o, (1) = \/2’“(”"?'21 o >

4z (I+g)!

< H—g )(l g)ﬂler ny,9- m+n'u*l g—nyn
g—m-+n

(4.8)

Low-dimensional examples are the components of the Hopf
spinor:

/2

1 12 1
1/21/2()’1) \/ﬂ’ (1)1/2 1/2()’1) \/—2—71_1/,

-1/2 -1/2
i (D1/2,—1/2(yi)

1 *
1/2,1/2()’:’) :_\/—2_77V , (4.9)

1 *
_\/275” '

and the vector coordinates:

/31 ) 31
(I)(l),:tl(yi) =+ g;(yl +iy,), <I>‘1)’0(yl.) =\ /E;y}

(4.10)

B. Supermonopole harmonics

In the integer LL (N =1[—|g|), there are (4/+ 1)
degenerate eigenstates consisting of

P!, (xi.0,) = {Y]

my (Xi:00): Vi, (%12 00) . (4.11)

where

21+1 20+1
g=11-1,1-2,...-1, m="11-1,1-2,...,-1,

21
my=1-1/2,1-3/2.1-5/2, ...,

—+1/2. (4.12)

Here, Y7, (xi,0,) and )7, (x;,0,) represent the bosonic
and fermionic sectors of the supermonopole harmonics,
respectively.

1. Bosonic monopole harmonics

It is straightforward to extend the discussion in Sec. IVA
to derive the bosonic sector of the supermonopole har-
monics. The highest-weight state of the supermultiplet
(m = [) may be given by

ult9p*i=9, (4.13)
We can easily confirm that (4.13) is indeed annihilated by
the fermionic raising operator Ly, (3.13). By repeatedly
applying the lowering operator L_ to (4.13), we can derive
the remaining monopole harmonics of the bosonic sector.
These are identical in form to the standard monopole
harmonics, provided that the original Hopf spinor is
replaced by the bosonic part of the super-Hopf spinor:

min(l—g,l+m)

g L (Hm) (I-m)!
Yl,m(xi’ea)_\/“'ﬂ (I4+9)'(I-9)! Z

n=max(0,m—g)

X ( l+g ) (l_g> ul+m—n1jg—m+nu*l—g—nv*n
g—m+n n

(g.m=11-1,1=2,....=I). (4.14)

(=1)"

Here, the normalization factor is chosen to match the
integral over the supersphere (4.29a). Since Y'Zm are
homogeneous functions of the bosonic components of
the super Hopf spinor, (4.14) can be factorized into a body
part (involving y;) and a soul part (involving 6,). The
supermonopole harmonics are then related to the original
monopole harmonics as

1 l
Y (x,0,) = ——o (1=—20C0) -7 (y,).
lm(xl ) 21+1 ( 2’,.2 ) I,m(y)

From this equation, the properties of the bosonic super-
monopole harmonics are readily deduced from those of the
original monopole harmonics. For instance, the pseudo-
complex conjugation is

(4.15)

Ylm(xnea) - ( l)g_myzzm(xiﬁea)' (416)

2. Fermionic monopole harmonics

The fermionic monopole harmonics can be derived by
applying the fermionic lowering operator Ly, to the bosonic
monopole harmonics. According to (A9), a fermionic state
is obtained from the bosonic state through the formula

|l,m)yp = _77 +1L92|l m +1)g. Substituting |/, m)g =
Y?m (415) and L92 :m(nau‘l‘?’] ) (313) into

this formula, we obtain
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4n I+ 9!l —-g)!

in(/—g.l+m+5)
1(l+m——)'(l—m—l)'mn 2 < I+yg )(Z—g)
g ‘,ga: 2 1)
iatre = S (e ("

n=(0,m—g+%)

Ml—}—m—n—%vg—m-&-n—%u*l—g—n,U*n—l ((l —n4+m+ %) v'n + }’Lul’]*> ]

With the bosonic monopole harmonics, (4.17) takes a remarkably compact form

L n(Xi.0,) = /1 + Yf__zm(x,-,e(,) N
(m=1-1/2.1~

1,1-3/2, ...,

. . .. . . 13
which, in terms of the original monopole harmonics, is expressed as

/I+g ol
21 l——m

This concise expression is particularly efficient in deriving
the supermatrix geometry in Sec. VII. The pseudocomplex
conjugation is given by

?.m (xi’ 0(1)*

= (=19 BY I (x.0,). (4.21)

In terms of the body and soul coordinates, (4.20) can also
be represented as

0, 0
Tn(xi00) =V, )= U, ()2 (422)

where

[1+m+1
9 — 2@9
ul m+2(y ) = 20 +1  Lml (i)

i+ =}
\/ Zl - 1 (D';}_Ler%(yi),

(4.23a)

BWith the Clebsch-Gordan coefficients, (4.20) can be writ-
ten as

yﬁm(xiv ea

(4.17)
[ - Y[g+l2 ('xi99a)‘71*
=1+1/2,9g=11-1,1-2,...,-1]), (4.18)
9 +
,/ 5 f__z (4.20)
l—m+1
g / 2,0 ‘
Vlm__(yl) '_l 2l+1 q)lm__(yl)
1 [(+9)(I=g)(l+m=3)
- z\/ 20-1 im0
(4.23Db)

In the derivation of (4.22), we used (D9). The pseudo-
conjugations of ], and V] _, are respectively given by
Mg m=3

= (-1t Lt i)

—(=1)om Ly O0)-

1m+1(yz)

Vi) = (4.24)

3. Action of the operators

It is straightforward to show that the superspinor
derivative operators act on the supermonopole harmonics as

R.Y], =\(IFg9tg+ )Yy,  RY| =g¥.
(4.25a)

RV, =VIFUxg+ )VEL RV, =g,
(4.25b)

LiY?’”:\/(l:Fm)(lim+1)Y‘?,mil’ LZY?, _mY?m,
(4.26a)
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1
LY}, = \/(l:F m_i) (lim—i— )ylmil’

L 37 =m lm, (4.26b)
L91 =5V yl m4L L92 Im = Vi+ y
(4.260)
9 _1 l 1 g9
LoYiw =7\ I+m+2Y] 1
g 1 1 g 49
ngyl’m —5 l—m+2yl ( . 6d)
and
Ly, =17],. Ly}, =1, (4.27)

Equation (4.26) coincides with (A9), indicating that the
{11, Y], } forma UOSp(1|2) irreducible representation.

Lmy’

C. Probabilistic interpretation

As the supermonopole harmonics are defined on a
supermanifold, they depend on Grassmann variables, so
their physical interpretation is far from clear. Here, we
propose a probabilistic interpretation by projecting them
onto the underlying body-sphere.

Using the Berezin integral on a supersphere (2.48), we
can demonstrate that the supermonopole harmonics form
an orthonormal basis'*:

/S 4] (60, 00)° (4.29a)

Yzm(xi’ 9(1) = 51'15m’m9
/S22 d92|2y§i,m’ (xi’ 9&)*3}?;11 (xi’ 9{1) = 51’15m’m7 (429b)
(4.29¢)

/2 sz‘zy?m,(xi,9a)*Yﬁm(xi,9a) =
522 '

14 .
For the integrals of Grassmann numbers,

Since the Grassmann quantities are the primary obstacles
for the probabilistic interpretation, we project them out by
mapping the absolute square of the super states onto the
body-sphere:

p(y;) = / d91d92<1—;9C9>‘P(x,~,6a)*‘{’(xi,9a). (4.30)

Here, [ d6,d6,(1 —36C0) denotes the Grassmann part of
the integral over a supersphere (2.48). With this definition,
the probability densities for Y7, are obtained as

1
/’?.m()’i) = /d91d92 (1 - 29C9> Y?,m(xi’ea)*y?.m(xia 0,)

which are nothing but the probability densities for the
original monopole harmonics. Meanwhile, the probability
densities for y;{ ,n, are given by

2, (4.31)

Q‘Zm(yi) :/d61d92<1__0C9) l;n(xi’ea)*yzm(xi’ga)

=], )P+, L0

, (4.32)

which represent the sum of the absolute squares of the
amplitudes, ¢/, and V] ., and are thereby manifestly
Rl M=

positive semidefinite. From (4.20), we have another expres-
sion of (4.32)

I+g g——

1) = 2P0, 0) + 7 ‘g L) (433)

Let us recall that [®], (y;)| depends only on y; (4.6),
so the probability densities also depend solely on y; and
are axially symmetric about the ys-axis. Furthermore,
from (4.6), the probability densities satisfy the following

property:

Pl () =0 u(=y3). 0l _n(v3) =0, (=y3). (4.34)

In addition from |®,7, (v;)| = |®],,(y;)], it follows that

21l 3) =pl(3)s e l,(v3) =0l (v3).  (4.35)

1
/d61d62< _zece) l'm'(x“e) Ylm(x”e) l’m( i)*q)?.m’(yi)’

1 /
/d91d92<1—EHCH))J‘;’,,M,(x,-,Ga)* 9 (x100) = ;g

/de,d92(1 -

)y, (1. 02)°Y!, (51.0,) = 0

- l !
O ) @), )+ e () @ (30),

—— m Zl

(4.28)
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¢
Ceey .

LLL supermonopole harmonics (I =2, g=2)

@ e § § .

Superspherical harmonics (1=2, g=0)

m: 2 3/2 1 1/2

Y3

Y2 g

0 ~1/2 -1 ~3/2 -2

FIG. 2. The probability densities for the LLL supermonopole harmonics and the superspherical harmonics.

Namely, the probability densities are invariant under
the simultaneous reversal of the signs of m and g.
Physically, this implies that the probability density of the
supermonopole harmonics with a given magnetic quantum
number m in an antimonopole background is identical to
that with the opposite quantum number —m in a monopole
background. For a better understanding, we depict the
probability densities for the /=2 LLL supermonopole
harmonics (¢ = /) and the / = 2 superspherical harmonics
(g = 0) in Fig. 2."

V. SUPERMONOPOLE HARMONICS IN THE
HALF-INTEGER LANDAU LEVELS

In this section, we derive the supermonopole harmonics
in the half-integer LLs and discuss their probabilistic
interpretation.

A. Supermonopole harmonics

We denote (4] + 1)-fold degenerate supermonopole
harmonics in half-integer LLs as

Z? (xia 9(1)
lI!‘;],m(xi’ ea) = ( éml >7
Zz,m2 (xi’ 9a)
where Z‘Z m, and zy m, Tepresent the bosonic and fermionic

sectors, respectively. The ranges of the quantum numbers
are given by

BSee Appendix C for more about the LLL eigenstates and the
superspherical harmonics.

21
g=1-1/2,1—-3/2,1—=5/2,....—1+ 12,
21+1
mo=11-1,1-2,... -1,
21
my=1-1/2,1-3/2,1—=5/2,...., =1+ 1/2.

(5.1)

Since the LL index N(=1[-—|g|) is a half-integer, the
difference between g and / must also be a half-integer.
Consequently, the monopole charge ¢ takes 2/ distinct
values, in contrast to the 2/+4 1 values in the integer
LL case.

1. Highest weight states of the half-integer Landau levels

Let us first construct the highest weight states for the
1/2th Landau level from those of the N =0 and N = 1
LLs with the same superspin /(= g > 0),

1 _ /2
Jin u*, Yg.gl (xi,6q) = — ﬁuzg_l '
(5.2)

Yg~g(xi’ Ga) =

We then introduce the following Grassmann odd state:

Z] & Vg 00" + a¥iy (0. (5.3)
where «a is a constant to be determined. Let us recall that #
and #7* are SU(2) singlets, while Y9, and Y%, are SU(2)
highest weight states with spin zs = g; thereby, Z;’,J '

an SU(2) highest weight state (satisfying L,Zj , = 0)

is also
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with spin s = g. By considering the matching of the
quantum numbers between the left- and right-hand sides

of (5.3), we can identify the quantum numbers of the
16

Zl, , as
/ 1 !/
g=9-5. m=g (5.4)
The coefficient « is determined by requiring that 7y I D€
the highest weight state of a supermultiplet:
Lo 25, = 0. (5.5)
This yields a = \/—, and so
1
257 o YY) (x,. 000" + —— Y9 (x 6
l'.g & (X )7] + \/@ 9.9 (x, a)”[
1 1
= —— Pt — ——u?" vy, 5.6
T n (5.6)
Now Z‘l‘],qu/ s promoted to the highest weight state of the

UOSp(1]2) supermultiplet with superspin
I'=g. (5.7)
The LL to which (5.6) belongs is then determined as

N=I-g=1)2. (5.8)

|
=4/l- Yqzxﬂ
9+2 g
21+1

LI-1,1-2

xm

Other eigenstates in the 1/2th LL can be obtained by
applying Ly, (and L_) to (5.6).

Furthermore, by acting R_ on ngql/ ?, we can construct
other highest weight states with the same superspin [ = g
but with different monopole charges:

75V « RrZE,2 (5.9)

Since Ls and Rs commute, ZJ;"~"/> obviously satisfies the

highest weight state conditions, L, Z;"~"/*=0. Therefore,
757'/2 realize the highest weight states of the following
half-integer LLs:

N=g—(9—n-1/2)=n+1/2. (5.10)
As before, by applying Ly, (and L_) to (5.9), we can
explicitly derive the degenerate eigenstates for the half-
integer LLs (5.10).

The half-integer LL eigenstates are represented by
homogeneous functions of degree 2/ 4 1 (in contrast to
degree 2!/ for integer LLs) with max(|g|) =1—1/2
and max(|m|) = L.

2. Bosonic monopole harmonics

Following the above procedure, we obtain the (normal-
ized) bosonic monopole harmonics as the following
Grassmann odd homogeneous polynomials:

I+g+ ijgx 0,)

By employing 6, and 6, instead of # and r*, one can rewrite (5.11) as

2(0+1)

1 \/(l+g+%)(l—g+§)(l—m+l)

16;1 and 77" carry the supermonopole charge +1/2, respectively.

1 (I+g9+)I-g+3 )(l+m+1) 4 /1 - mq)g ) 0,
l+l 2(l+ ) l+2m+2 =L m45\t r’

+g+2 g+z *
21+1
= - (5.11)
’ - 25 27"'3 2 . .
g l
]+] m—— +g~l (I)l %m% r
(5.12)
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where (D9) and (4.9) were used. The complex conjugation
is given by

Z](x1,0,)" = (=1)9"=Z,9 (x.,0,).  (5.13)

3. Fermionic monopole harmonics

As in the integer LL case, the fermionic monopole

harmonics can be derived wusing the formula
9 _ __ 2 g .
Zim = N L(’?Zl,m%'

=1-2In"n

2], (x.0,) = (u'u+ v*v — (21 + l)n*n)Y?_%.m(x,-,Ha)

)

1 3 1
<m—l—§,l—§,...,—<l—§>,
1 3 1
=l—= ==, —(l=-=)).
o=t-31-3=(-3))

which are Grassmann even polynomial functions. In terms
of 8, and 6,, (5.14) is represented as

(5.14)

1 21 +1
— | 1+———0C0 |®? ). (5.15
\/ﬁ( + 47‘2 > 1_%’m(yl) ( )

The complex conjugation is

Z'lq,m (xiv 9(1) =

Zg

l,m(xh 9,1)* = (—1)g_mZZ€m(xia ea)' (5'16)

Note that for the half-integer LL eigenstates, the fermion
parity and the Grassmann parity are opposite: Z'Zm are
Grassmann odd, while Zi ., are Grassmann even.

Just as the monopole harmonics (with a given g) form a
complete set for functions on a sphere [92], the super-
monopole harmonics realize a complete basis on a super-
sphere. Any function on a supersphere can be expanded in
terms of the fermion coordinates and represented as the
sum of the four terms

f(xi,0,) = fo(yi) + fF1(0)01 + f2(3i)02 + f3(1i)0,05.
(5.17)

I,m

The supermonopole harmonics Y‘lq_ ., and Z;" can span the
first and last terms, while )/, and Z7,, the second and third

terms. Thus, the supermonopole harmonics (with a given g)
realize a complete set on the supersphere.

4. Action of the operators

The superspinor derivative operators act as

1 1
R*Z?m_\/ (170m) (1245) 222,

RZZ?_m =g7!

ILm>

(5.18a)

1 1
RiZ?mZ\/ (l ?9—5) (1i9+5) 2], RZ,=0%],
(5.18b)
Lizlgm:\/(l:':m)(lim_l_l)zgmil’ LZZE{].m:mZ?,nl’
(5.19a)

1 1
L2, = \/<1 ¥ m—E) (lim+§>z§nlil,

LZZ‘Iq’m =mZ!

ILm>

(5.19b)

1
Lg]Z‘ZmZE\/ l—mZg

Lm+L

1
ngzim = —E V l+ mZim_%,

(5.19¢)
g 1 1 9
L‘QIZLmZE l+m+§Zl’m+%,
g9 1 1 g
LQZZ'Lm = E l —m + EZ‘Lm_%, (519(1)
and
g 1 g g 1 g
L7, = (14+5)Z,.  LZ,=(1+3) 2, (520

The relations (5.19) are equal to those for the integer LLs
(4.26), implying that the {Z], ,Z], } form another
UOSp(1|2) multiplet. The relations (5.18) and (5.20) are
distinct from the integer LL results, (4.25) and (4.27).
These differences are consistent with the previous obser-
vations: (5.18) implies max(|g|]) =1—1/2, and (5.20)
implies that the half-integer supermonopole harmonics
have degree 2/ + 1.

B. Ghosts and a new definition of the inner product

The integrals of the supermonopole harmonics over a
supersphere are evaluated as

/S“ dQZ\ZZ}(]’,m’ (xh 6&)*Zlg,m(xi’ ga) = 5l’lém’m’ (5213)
/S A3 (50 00) 21, (5.0 = ~BriByie (5210)

Azz sz‘zZZm/(xi, Qa)*Zﬁm(x,», Ha) = 0, (521C)

and
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[ 0220 5.0 V1 3.0
- /S A2 2] (xi. 0) V], (xi. 0)
- AM dgmz.zm, (xi’ 911)*Y2(],m (xi, 9(1)

- Azz dgzpzlgﬂl/ (xi’ 90’)* lg,m(xi’ ga) == 0 (522)

The supermonopole harmonics thus form an orthonormal
basis, except for the minus sign on the right-hand side of
(5.21b). This implies that the fermionic monopole har-
monics Z‘Zm are negative norm states, i.e., ghosts. It is
known that representations of the UOSp(1]2) group are
pseudo-orthogonal [93,94] and super Landau models con-
tain ghost states [36,37,39]. To handle these ghosts, there
are basically three approaches. The first is simply to discard
the half-integer Landau levels as unphysical and decouple
the physical sector from ghosts. As the whole Hilbert space
is spanned by the integer and the half-integer Landau level
eigenstates, almost half of the Hilbert space has to be
abandoned in this approach. The second is to utilize only
the bosonic monopole harmonics in the half-integer LLs,
but discarding the fermionic sectors containing ghosts. In
this remedy, the SUSY structure in the half-integer LLs has
to be abandoned, leaving only the SU(2) symmetry. The
last one is to modify the definition of the inner product to
retain the ghost states as physical states [36]. All of the
fermionic monopole harmonics in the half-integer Landau
levels are ghosts, but by just flipping the sign of their norms
simultaneously, we can transform them positive norm states
without ruining the SUSY structure. This is equivalent to
modifying the metric of the super Hilbert space [39]. In this
paper, we adopt the last. We add a minus sign for the
definition of bra of Z:

(2, = ~21,"

m s (5.23)
while the bras for other supermonopole harmonics are as
usual. We can represent this new definition of the bras by
introducing the Scasimir

1
S = —ZC{I/}L(’L/} + Z N (524)

whose eigenvalues are (I + 1) for bosonic and fermionic
eigenstates, respectively, so the eigenvalues correspond to
the fermion parity (see Appendix A 2 for details). We then
define the bras of the supermonopole harmonics in a
unified fashion:

(] = (sgn($)*"¥(x;.0,))" (5.25)

Here, N denotes the LL of ‘I’()C,-,Ho,).17 For instance, if
W = Z, where N is a half-integer and sgn(S) = —1, then
(5.25) reduces to (5.23). Accordingly, the inner product is
modified as

() = [ dfup(sen(S) (i 0) ¥ (5.0,).
(5.27)

and matrix element of an operator O is given by

(WION) = [ deys(sen(S)™¥(x,.0,) 0¥ (x..0,)
(5.28)

The correct matrix elements of L, (A15) can be reproduced
from (5.19¢) under the new formula (5.28), which supports
the validity of this definition. Henceforth, we use these new
definitions when evaluating the inner products and matrix
elements. For instance, the probability densities are calcu-
lated as

1
plavi) = /deldez (1 —29C9>Z‘j”m(xi,9(1)*Zz,n(x,-,9(,)

REXES

l—g+1%
20+ 1

2
21+ 1 ’

1
|q)imz(yi)

(5.29a)

+1
ARG

1
Q?,m()’i)_—/deldez <1—EHCG)Zﬁm(xi»ga)*zﬁm@iﬁa)

=@, ()l (5.29b)

VI. SUPER D-MATRIX AND HOWE DUALITY

In this section, we introduce the super D-matrix of the
UOSp(1]2) group and discuss a systematic realization of
the supermonopole harmonics from the perspective of
super Howe duality.

A. D-matrix and Howe duality

The Euler angle representation of Wigner’s D-matrix is
given by

_ —iaSY —ipst) —iys)

D,(a, B,y) = ™% 7 F% 705, (6.1)

where SES) denote the SU(2) spin matrices with spin s, and
thereby D, denotes a (25 + 1) x (25 4+ 1) matrix. It is

With the Scasimir, N can be represented as

1
N=1S]-lgl-7- (5.26)
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known that the monopole harmonics are realized as the
matrix elements of the D-matrix'®: [92,95,96]

21+ 1
OF ) (y;) = \/ ?Ds(% —8, =) g (6.4)

where 9 and ¢ signify the angle coordinates in R? (4.4).
The D, consists of (2s + 1) rows comprising the LLL
and higher LL eigenstates: its gth row realizes the
N =5 —|g/th LL eigenstates as components [9,77].
(This is a consequence of the Peter-Weyl theorem.)
The left and right actions of the D-matrix independently
induce transformations between rows and columns,
respectively [73,77,90]. In other words, for a fixed g,
the (25 + 1) elements in a given row form an irreduc-
ible representation under the right SU(2) action, while
for a fixed m, the (2s + 1) elements in a given col-
umn constitute another irreducible representation
under the left SU(2) action. This interchangeability
manifests the (SU(2),SU(2)) self-dual Howe duality
[97]l9 of the D-matrix, which realizes a duality between
its rows and columns, or equivalently, between the
quantum numbers g and m. The Hilbert space H of the
Landau model then admits a multiplicity-free decom-
position:

(Vo ® Vi) (6.5)

s=0

H =

(s)
sUQ2),,

SU(2) group with a common spin s acts.” The one-to-one

where V . denotes the vector space on which each

mapping between V') and V) - is known as the

SU(2), SUQ2)g
theta correspondence. It should be emphasized that the
existence of the Howe duality is only realized through

the inclusion of higher Landau levels.

BWith Wigner’s small D-matrix

.+ als)
dygm(B) = (€757) 4 s (6.2)
the monopole harmonics (6.4) are represented as
21+ 1 .
(1) = [t (D). (63)
7T

“The (SU(2),SU(2)) duality is a particular realization of
Howe duality in the Landau model. Howe duality, however, is a
mathematical structure that also arises in certain other quantum
mechanical systems. See [98,99] as pedagogical accounts of
Howe duality for physicists.

20Physically, this duality corresponds to a transformation
between monopole harmonics and spin-coherent states [100].

B. Super D-matrix and supermonopole harmonics

An arbitrary group element of UOSp(1]2) is given
by [89]

g=F-B, (6.6)

where F and B are defined as

F(,,I’,,[*) = g21Lo, 21" Ly,
=1+2nLy +2n*Lo, —217*n(Lg, Ly, —Lg,Lg,).
(6.7a)

B(y,9,¢) = e *Le=i0Lyg=ivL: (6.7b)

Here, L; and L, are the UOSp(1|2) representation matri-
ces rather than differential operators. For an irreducible
representation with superspin [, the super D-matrix is
expressed as

Di(e, By, mn") = Fi(n.n*) - By(a, p,y),  (6.8)

where

(+Im) oy nzy) +n'ty
Fl(n’r]*) = ’ (69)

Wféi)t—’?*f(ell)t (1= (+)n'n)1y
and
Dl((l,ﬂ,}/) 0
B,(a,ﬁ,y)—( 0 D fir) ) (6.10)

The block diagonal components of B; are the standard
D-matrices (6.1). See Appendix A for the explicit forms of
r((f ) and F /(n,n*). In the following, we take the Dirac gauge
in which (6.10) is given by

Bi(. 9. ) = ool p=ioLy) yigL? _ ,is(L\ sing-L\ cosg)
(6.11)
where L!" represent the bosonic generators of the

i=x,y,x
uosp(1]2) matrices (A15). For low-dimensional represen-
tations, (6.8) are given by

u -V n
Dypp = v u* n ,  (6.12a)
—un* +v'n wn+ort 1-n'y
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u? —2uw
\/EMU* uu—vv
D] _ ’1)*2 \/iu*v*

~V2(un* — uv*n)
V2(v 2 = uv'y’)

(u*u — v*v)n + 2uvn*

Matrix D, ), is exactly equal to (2.3). The first two rows
of D, denote the g = 1/2 and g = —1/2 LLL eigenstates,
(C2a) and (C4a). The last row stands for the [ =1/2
superspherical harmonics (C16). Similarly, the first and
third rows of D; represent the g =1 and g = —1 LLL
eigenstates, (C2b) and (C4b). The second row is the / = 1
superspherical harmonics (C12b). The last two rows
respectively correspond to the g=1/2 and g=—1/2
lowest half-integer LL eigenstates, (C20a) and (C20Db).
In general, the supermonopole harmonics are realized as
the matrix elements of the super D-matrix:

( 1 .
Wi (xi:00) = —=Di(@, 9, =0 1.7") g -

Jix (up to sign)

(6.13)

As illustrated in Fig. 3, the integer LL supermonopole
harmonics with [ = N + |g| appear as the rows of the upper
(214 1) x (41 4 1) rectangular matrix of D,;, while the
half-integer LL. supermonopole harmonics with [ = N +
lg| appear as the rows of the lower (21)x (41+1)
rectangular matrix of D,.

C. Super Howe duality

As in the case of the standard D-matrix, the super D-
matrix undergoes two independent transformations, namely
the left and right UOSp(1|2) superrotations. This suggests
that the (4/ + 1) matrix elements in a given column (with
varying g) constitute a left UOSp(1|2) multiplet, and those
in a given row (with varying m) form a right UOSp(1]2)
multiplet. While the SU(2) ladder operators R, (3.24)
partially realize the left UOSp(1]2) transformations, they
only connect the components within each of the two SU(2)
sectors in a column, so they fail to relate integer and half-
integer LLs. To bridge this gap, we construct the fermionic
ladder operators that shift the monopole charge ¢ by
+1/2.

Let us recall the lowest-dimensional super D-matrix
(6.12), in which the fundamental representations for
g=0 and g= £1/2 are realized as its rows. We then
construct the fermionic ladder operators interchanging
these states:

—(uu — v o)+ 2ut vty 2wy 4 uton®)

v? V2un —\/2un
—2u*v un* + v'n u'n—on*
u*? V20t V2urn* . (6.12b)
—V2(Pn o) (L=27nu —(1=2y"n)v
(I =2pn)v* (1 =27"n)u*
|
1 0 1 d
R. = _®! _ ¥ *
1= PR 2<( v 5,
d 0
o) —(1 =g 14
ont o) = (=) (614
R ——f@’i—l (—u*+v*)i
U a2\ TG,
(un + *)a+(1 *)a (6.14b)
—(u o) — - -, )
n n o nn an

where @ denotes the [ = 1/2 superspherical harmonics:

un* —v'n
O:=| un+ oyt (6.15)
=(1=n"n)
Notably, R,_, ,- are quadratic-order polynomial differential

operators unlike the other superspinor bilinear derivative
operators. It is straightforward to verify that R, and R;
satisfy the uosp(1|2) algebra:

1

Ri.R,] = 3 (0:) paRp

(Coi)ypRi (i, j. k=1,2,3,a,=n,n").
(6.16)

[Ri.R;| = ie;jx Ry,

{Ra’ Rﬁ} =

N[ =

Furthermore, the generators L, and R, are shown to be
supercommutative:

[LhRj} = [Lierl] = [LavRa} = {L(I’Rﬁ} =0, (617)
where we used the Grassmann properties of # and #* along

with (2.5). They act as the fermionic ladder operators for
the monopole charge:

L g+
Rﬂylg,m = 5 - ng.m~7

1 gt
Rﬂ*Ylg,m = —Ex/l—i—ng.mz,

(6.184)

1 1 g4t 1 L og-4

R\Z{ =5\ 9+3Y s Ry Zi =57\ 1=9+5Y,
(6.18b)
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2141 ' 21
A H A
[ }I )
L_ ) L62 : .
wn L —— L, =Ly
(GMIN | L 1=tfi-2] e m e gn] g b1 {13 e mog [ HD )]
(1.0) / R_
(1=1 I Bosonic monopole harmonics Yigm Fermionic monopole harmonics V7, l I
) ) R
(2,1-2) +
20+ 1 A Rn*
(9,1 —lg]) Integer Landau level supermonopole harmonics
(-141,1)
,D (=1,0)
- I 11
l (1*35)
@-32|| Bosonic monopole harmonics me Fermionic monopole harmonics ng'
1 1 . .
21 4 (-5l-ls-5D Half-integer Landau level supermonopole harmonics
Ry
R_
33
1
11
- a3 Ry

FIG. 3.

Structure of the super D-matrix (I = N + |g|). The rows in the blue (red) rectangles correspond to bosonic (fermionic)

monopole harmonics in the integer Landau levels, while those in the green (purple) rectangles realize the bosonic (fermionic) monopole
harmonics in the half-integer Landau levels. The colored arrows indicate the actions of the ladder operators of the two independent

uosp(1]2) algebras.

and

1 1 1 -1
RV ==5VI=92[ RV, =5VI+9Z],.

(6.19a)

1 1 41
R’IZ'I(}.m :_5 l+g+§yim2,

(6.19b)

The R, operators thus shift the supermonopole charge by
+1/2, and they interchange the integer and half-integer
Landau level eigenstates.21 We identified two independent
uosp(1]2) algebras acting on the rows and columns
indices, with R, and L, serving as their respective ladder
operators (see Fig. 3). The original (SU(2), SU(2)) Howe

!Careful readers may wonder about the consistency of the
degrees in (6.18b) and (6.19b). The left-hand sides involve the
quadratic-order polynomial differential operators acting on de-
gree-(2/ + 1) variables, which seemingly suggests a total degree
21+ 2. However, the nilpotency of the Grassmann variables
reduces the actual degree to 2/, which indeed matches the degrees
of Y; and Y, on the right-hand sides.

1 | G

duality is now extended to the (UOSp(1|2), UOSp(1]2))
duality for the super D-matrix.
The super Hilbert space is then decomposed as

() )
H = 16—90 (VUOSp(1|2)L ® VUOSp(1\2)R)’

(6.20)

()
where VUOSp(1\2)L/R

UOSp(1|2) group with a common superspin [ acts. More

0 )
vosp12), A4V yos,112),

of supermonopole harmonics generated by L, and the
UOSp(1]2) irreducible representation space generated by
R,, respectively. The theta correspondence realizes a one-

to-one map between v and Vg)OSp(l\Z)R

vosp(12),

denotes the vector space on which each

specifically, V represent the space

in the
present SUSY system.

VII. SUPER QUANTUM MATRIX GEOMETRY

There are basically three methods for deducing NCG
from Landau models. The former two, summarized in
Appendix E, are intuitive but restricted to the LLL. On the
other hand, the third approach, known as the level projec-
tion method, is rigorous for deriving precise matrix
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coordinates and applicable not only to the LLL but also to
higher LLs [9,77].

A. Fuzzy sphere geometry of the body-sphere

As the body-part of the present SUSY model realizes
Haldane’s sphere, its effective geometry is naturally given
by a fuzzy sphere geometry. Within each LL, the matrix
coordinates of the body-sphere are evaluated as
(Yi)m’m = <(ng’|yt|q)€m> = Az dQZq)gm’* Yi (I)‘?m (71)
From (D11), the matrix elements are readily obtained
as [77]

(@7 |y iys| D) = )
X 5m’,m:t1v
O |ys| %) = r— b, 72
< sm|y3| > rs(s+1)mm.m ( )
which implies
Y, = as¥, (7.3)
with the NC scale factor
g
= . 7.4
* rs(s +1) (7.4)

Note that the SU(2) Casimir eigenvalue s(s + 1) appears as
the denominator of a. The matrix coordinates (7.3) con-
stitute the NCG of the fuzzy sphere:

[Yi. Y] = iaeij Y.

2

g
VY= als(s + )y = rzmlzsﬂ-

(7.5)
B. Fuzzy supersphere geometry

We extend the level projection method in Sec. VII A to
derive the supermatrix geometry.

1. Fuzzy supersphere geometry
in the integer Landau levels

Using the integer LL eigenstates (4.11); |‘Plgm> =
(1Y5, )1V0,))s we evaluate the matrix elements of the
supersphere coordinates as

(X = (Vi) = [ a0, 5. (160
(©udu = (W1, 0¥ = [ W2, 0,205 (7.60)

where [ dQ,, is defined by (2.48). From the SU(2)
selection rules, it is easy to see that they take the following

block-structured forms:

Xi= <<Y|)3Y> <y|fl-|y>>’

o ( (N <Y|e(,|y>>
¢ <y |9(1|Y> 021

The remaining matrix elements can be evaluated using

either the standard monopole harmonics formulas, (D9) and

(D11), or the newly derived supermonopole harmonics

formula (D17). Here we adopt the latter. By applying
(D17a) and (D17b) together with (C12b), we readily obtain

(7.7)

(r{ Lon |x) :I:lx2|Ylm1>

m VIL+ 1) F my(my £ 1)8,0 21,

(Yo 153l Yi) =7

g
— M8,
{1+
and, from (D17c) and (D17d),

<y?,m’2 |X1 + ix2|y?,mz>

g 1 1
S Y i N my £ 18,0 i,
"0+ \/< 2)( +2> T 2 )i

V131V m,) = (7.9)

rimzém/ -
I(1+%) 22

Similarly, using (D17e) and (D17f) with (CI2b), the
fermionic components are evaluated as

g 1
Jitmy£25, 00,
21144 VI E T 0m

9

< lm |912|ylmz>_

9 101,|Y] Y=+ l S,y 7.10
<yl,ln2| 1*2| Z,m|> r2l(l+%) :le m, RO ( )
The supermatrix coordinates are then identified as

X,=all" ©,=aLy, (7.11)
with the NC scale factor
g
a=r , 7.12
I(1+19) (7-12)

where LSD and LY are the uosp(1|2) matrices with
superspin / (A15). These are (4] + 1) x (4] + 1) matrices,
reflecting the total degeneracy of the given Landau level.
Analogous to the SU(2) case (7.4), the UOSp(1]2)
Casimir eigenvalue /(! + 1/2) appears as the denominator
of the NC scale factor (7.12). In the LLL (I = |g]), (7.12)
reduces to
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.
g+%sgn(g)’

a —

(7.13)

which (in the limit |g| — o) coincides with the NC scale
factor obtained in Appendix E. It is also noted that, for a
fixed [, a (7.12) is proportional to g, which will be
important in Sec. VIID. With the identification (7.11),
one may find that the fuzzy supersphere geometry is
realized in an arbitrary super Landau level:

. a
(X, X)] = iae; Xy, [X;.0,] = 5(01')/}(1@/;,

a
{0,,0;} = E(Cai)aﬁxiv (7.14)

The first relation signifies the NC algebra of the bosonic
coordinates, while the last denotes the NAC geometry of
the fermionic sector. The second relation implies that these
bosonic and fermionic coordinates are entangled, forming a
closed SUSY NC algebra as a whole. The supermatrix
coordinates satisfy

2

1 g
X X; 4+ Cps®,0; =l 1+~ |1 =r2—"—14.,.
B p = < 2) 4i41 =T l(l—i—%) 41+1

(7.15)

The right-hand side (the UOSp(1|2) Casimir) is interpreted
as the square of the radius of the fuzzy supersphere:

Reomr— 19

I(1+%

(7.16)

With higher LLs included, there are two independent
parameters: g and [, or equivalently, g and N(=1—|g|).
In either of the limits |g| » o0 or N — o0, the NC scale
factor (7.12) vanishes, indicating that the fuzzy supersphere
reduces to a continuous supersphere. However, the NC
scale factor decreases more rapidly in the N — oo limit than
in the |g| — oo limit. Consequently, the radius Ry (7.16)
also vanishes as N — oo, whereas it converges to the finite
classical radius r of the classical sphere as |g| — .

2. Fuzzy supersphere geometry in the half-integer
Landau levels

In a manner analogous to the analysis of the integer LLs,
we deduce the supermatrix geometry from the half-integer
LL eigenstates (5.1); |¥},) = (|2, )|27,,))". From the
SU(2) selection rules, we find the matrix coordinates again
take the following form:

&:<@@a @@ﬁ»’

0 Z6,|2
o,— (S 02 _—
(Z10.12) 0y
Let us recall that the inner products (5.28) associated with
(Z| are given by

(Z]xi|Z) = —/ Ay, 2 x;Z,
SZ\Z

(Z210,|2) = —/ dQ,, Z0,Z. (7.18)
5212

By proceeding in a similar manner to Sec. VIIB 1, we

derive the matrix coordinates as

0, = aL((xD.

X; =aL, (7.19)

These are identical to those obtained for the integer LLs
(7.11). We have thus confirmed that the fuzzy supersphere
geometries emerge also in the half-integer Landau levels
under the new definition of the inner products for the
ghosts.

C. Implications of the SUSY NC algebra

The matrix coordinates X; and ®, act also as the
generators of UOSp(1]2) transformations. The SUSY
NC algebra (7.14) represents the superrotational covariance
of the fuzzy supersphere, serving as the NC realization of
the covariance of the classical supersphere (2.52). The
fuzzy supersphere condition (7.15) remains manifestly
invariant under the SUSY transformations generated by
®, and ©,, indicating that the N' = 1 SUSY remains exact
after fuzzification. More specifically, under the A =1
SUSY transformation identical to that of the classical
supersphere (2.14)

5:X; = 0,(0;C) 58, 3:0, = Xi(0;) pulp:
the fuzzy supersphere condition (2.11) is invariant, and the
SUSY NC algebra (7.14) is also covariantly preserved.
Thus, the NCG does not break the SUSY structure of the
original classical system. This exact preservation of N = 1
SUSY is a key feature of the fuzzy geometries constructed
from super Lie algebras, as mentioned in the Introduction.

In terms of the supermonopole field strengths (2.41), the
SUSY NC algebra (7.14) can be expressed as

(7.20)

4
r
X, X |]=i———F;; +---,
S (U
4
r
X0, =i————C,yFis+ .
Xi O =ty ConF
4
T
{@a, @/}} = lmcayC/ﬁFﬂs -+ .- 5 (721)
2
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@3|2

FIG. 4. Left: the fuzzy supersphere. The blue and red latitudes respectively correspond to the bosonic and fermionic degrees of
freedom. Right: the probability densities of the [ = 2 LLL eigenstates from Fig. 2 [also see (C8)]. The elements (= latitudes) in the left
figure correspond to the supermonopole harmonics in the right figure.

where denotes higher-order  corrections.
Equations (7.21) clearly show that the existence of
SUSY field strengths is crucial for the realization of the
SUSY noncommutative geometry.

Since the three bosonic matrix coordinates are equivalent
under the SU(2) symmetry, we may, without loss of
generality, diagonalize the third component of X; (A15):

. < sO o
3= a
O Sél—1/2)

— 10 =1/2,1-3/2,...., -1+ 1)2).

) = a-diag(l.1-1,1-2....,
(7.22)

The bosonic degrees of freedom are represented by the
eigenvalues of the upper-left block Sg), while the fermionic

degrees of freedom correspond to those of the lower-right
block SEH/ %), The bosonic and fermionic components
constitute the quantum elements of the fuzzy supersphere
(see Fig. 4). The radius of the latitude corresponding to the
quantum element at X;=a-m (m=11-1/2,1—-
1,...,—I) is given by

Ry = /Ry = X2 = \/ z(zi%) - (z(zﬁ%))z ot (7.29)

In other words, the supermonopole harmonics are eigen-
states of |a|\/LiL| + LyLy + CopL,Ly with the eigenval-
ues (7.23).

D. Fuzzy geometry transformation
via the super Howe duality

Here, we fix [ = N + |g| and vary g from [ to —/ under
this constraint. The fuzzy supersphere matrix coordinates
are given by the (41+ 1) x (414 1) uosp(1|2) matrices
(7.11). Such fuzzy supermatrix geometries correspond to
the columns of the super D-matrix D;, since each row of D,

describes the (4] + 1) component basis states of the super
Landau level (Fig. 3). More specifically, the rows of D,
labeled by g, represent fuzzy supersphere geometries of the
same (41 + 1) x (41 + 1) matrix size, but with distinct NC
scale factors a = g/(I(l + 1/2)), or equivalently, distinct
radii (7.16). Then, as g varies from [ to —[, we have (4/ 4 1)
fuzzy supersphere geometries of different radii. When g is
regarded as “time,” this represents an evolution of the fuzzy
supersphere of (4/ + 1) latitudes as shown in Fig. 5.

Let us consider the evolution of the quantum state with
fixed m. This quantum state corresponds to the latitude with
radius R,, (7.23) which depends linearly on |g|. As g
decreases from [ to —/ (with Ag = 1/2), the R,,, sweeps out
a (fuzzy) cone. In the super D matrix picture, this procedure
realizes a sequence of transitions between the columns of
the integer and half-integer Landau levels. The resulting
fuzzy cone is then composed of (4/ + 1) latitudes corre-
sponding to the integer and half-integer LL eigenstates
connected by the supercharges R,. We refer to this conic
structure as the fuzzy supercone (of finite length). The slope
of the “surface” of the fuzzy supercone is given by22

[ 0R,, [ (m
Ci=- = —
r dlg| I+3 \I+1

)2 <1. (7.24)

As |m| decreases, ¢ increases and reaches the maximum

value ¢ = 1/4/1 4 1/(21) at m = 0. With fixed /, m varies
from [ to —/, so there are (4/ 4 1) fuzzy supercones with
distinct slopes (see Fig. 6). Regarding m as “time,” we see
the evolution of the fuzzy supercone in Fig. 6.

The roles of g and m are interchanged between the fuzzy
supersphere and the fuzzy supercone. Furthermore, the
evolution of the fuzzy supercone (Fig. 5) is uniquely

We assume the physical time to be 7+ g. This definition

accounts for the range of g (from —/ to /) and the required
dimension of length.
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FIG. 5. Evolution of the fuzzy supersphere geometry. As the supermonopole charge g varies, the fuzzy superspheres associated with
integer LLs (constituted from blue and red latitudes) and half-integer LLs (constituted from green and purple latitudes) appear
alternately. The radius of the fuzzy supersphere shrinks as |g| decreases, and upon crossing g = 0, the northern (m > 0) and southern

(m < 0) hemispheres are interchanged.
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FIG. 6. Evolution of the fuzzy supercone. The slope of the fuzzy super cones decreases, as m varies from [/ to 0, and subsequently

increases as m moves from 0 to —/.

determined by that of the fuzzy supersphere (Fig. 6), and vice
versa. Let us recall that the Howe duality represents the
duality between the row (g) and column (/). Hence, the
present geometric correspondence demonstrates a geometric
realization of the theta correspondence. Some of the readers
may be curious about the appearance of the fuzzy supercone
instead of the fuzzy supersphere. Since the present Howe
duality is self-dual, (UOSp(1]2),UO0Sp(1]2)), the inter-
change of m and g should lead to dual fuzzy superspheres
instead of fuzzy supercones. In this perspective, the finite-
length fuzzy supercone is considered to be a “disguise” of the
dual fuzzy supersphere.23 In the language of the orbit
method, each fuzzy supersphere indexed by g corresponds
to a quantized coadjoint orbit generated by one supergroup

SThe physical origin of the conical geometry is, however, still
unclear. The light cone describes the geometry of massless
particle trajectories, and it is also known that massless particle
is closely related to charge-monopole system [101,102]. There
might be some deeper reason behind the appearance of the
conical geometry.

UOSp(1]2). When we consider a family of such quantized
orbits labeled by g from [/ to —I, another family of quantized
orbits emerges along the “stacking direction” of the original
orbits, which manifests the Howe duality in the framework of
NCG. More specifically, the stacked fuzzy superspheres
yield a new nested fuzzy geometry, which can also be viewed
as a family of the fuzzy supercones (see Fig. 7). These two
superficially different descriptions are in fact equivalent and
represent the same nested object. This provides an intuitive
understanding of the Howe duality in the context of NCG.

E. Howe duality as an underlying structure

Finally, we discuss whether Howe duality appears in
other Landau models and their associated matrix geom-
etries.”* Let us recall the discussions in Sec. VI C, where

In [103,104], the authors introduced a doubled space con-
taining the Hilbert space of the Landau model, which naturally
gives rise to a Howe duality. The relation between their Howe
duality and the present one remains an open problem.

085006-24



SUPER LANDAU MODEL AND HOWE DUALITY: FROM ... PHYS. REV. D 114, 085006 (2026)

- ~ N —
AT - - ~¢ s \ I —
. — ~ /‘FA——#\ T BT £y 4 ’
’, = = N > >
pa i — " 1 Yot — X * e———— "
! VY SN 7 \’ A % 7,7 - ’
" — \ < N - \ S — ” - i
. . o SR T SN
D : Vo DTNt N SNt
ﬁ 1 P4 1
1 f I 1 ] 1 1 ! I /’ > ! 1 /;‘(\
i 1 \ ABNIN 1 ! 7278~
! 1 ! [ 21 INS~ ! RN
v 1 A 47 RN A -7, NP
AR ’ 1 NSRS S e NN
YN ee— ! A coca S~ ’ P S~
\ < 7 >—F-ﬁ——4+"'\ <7 ,—==—#<—-\
N, e e——— 7 Pamm— NN
e RIS VAN
= S== P PASN A
- o o™ % \
. e — ST ‘

FIG.7. Anintuitive picture of the emergence of fuzzy supercones. The left denotes the stacked fuzzy superspheres with their latitudes.
From this nested structure, fuzzy supercone geometries naturally emerge as shown in the middle. The right depicts the dual description

as a family of the fuzzy supercones.

L 4, which change the external index m, act as the symmetry
generators of the external space, while R, that change the
internal index g, act as symmetry generators of the internal
space. Since the UOSp(1|2), and UOSp(1]2); form a
dual pair, the Howe duality can be interpreted as a duality
between the internal and external spaces:

(Super)Howeduality

Internal (SUSY ) space < External (SUSY ) space

(7.25)

In this interpretation, the theta correspondence realizes a
bijection between the internal and external spaces (6.20).
Specifically, in the present system, the N =1 SUSY
relating the bosonic and fermionic monopole harmonics
in the external space necessarily induces the corresponding
N =1 structure in the internal space, leading to the
appearance of half-integer Landau levels as superpartners
of the integer ones. The internal space structure is thus
uniquely determined by that of the external space and
vice versa.

It should be emphasized that this internal-external space
correspondence is not a special feature in the present SUSY
system, but rather a generic feature of systems with Howe
duality. In a general prescription for constructing fuzzy
coset manifolds G/H from Landau models, the gauge
groups of the Landau models are identified with the
stabilizer groups H [9]. While H originally represents a
redundancy in the external symmetry G to define the coset
manifold, it is reinterpreted in the Landau model as a
redundancy of the internal space. In other words, the
redundant external symmetry is equivalent to the internal
gauge symmetry in the framework of coset-type Landau
models, indicating the internal-external space correspon-
dence. The D-matrix provides a concrete nonlinear reali-
zation of the coset, as demonstrated in the previous studies
of the Landau models on complex (projective) manifolds
[65,66,73,74,105] and on higher dimensional spheres
[75,77-80]. Since Howe duality originates from the com-
mutativity of the left- and right-actions of the D-matrix, it
arises naturally in coset-type Landau models and their
associated matrix geometries. Thus, Howe duality can be
regarded as an underlying structure of these matrix

geometries. It has been shown that the analogous structure
between internal and external spaces gives rise to a
dimensional hierarchy [68,71]. Such a duality is closely
related to the intrinsic structure of Matrix models, as
their internal and external spaces are described by matrices
of the same size arising from a common algebra [13,106].
Since the internal and external spaces share a common
origin, a large external space necessarily implies an
extended internal space. This particular feature of the
internal space gives rise to a higher-spin structure in
Matrix models [15-17,107,108].

In the language of the orbit method, a coadjoint orbit
generated by a group action corresponds to an irreducible
representation of that group, while the theta correspon-
dence determines a relation between two representation
spaces. Therefore, it is natural to expect a unique corre-
spondence between the two families of such orbits. Since
the fuzzy geometries are represented as quantized coadjoint
orbits, the theta correspondence between fuzzy objects can
be regarded as a quantized version of the relation between
two orbit families, as exemplified by the geometric trans-
formation in Sec. VII D. This observation also indicates the
underlying role of Howe duality in fuzzy geometries.

VIII. SUMMARY AND DISCUSSIONS

We have performed a comprehensive analysis of the
super-Landau model on a supersphere, encompassing both
integer and half-integer higher LLs. By employing super-
spinor derivative operators, we derived explicit forms of the
supermonopole harmonics. In the half-integer LLs, the
fermionic monopole harmonics are negative-norm states. A
consistent prescription for resolving this probability prob-
lem is proposed using a modified inner product and a
projection onto the body-sphere. We revealed that the
(UOSp(1]2),U0Sp(1]2)) self-dual super Howe duality
constitutes the underlying structure of the entire super
Hilbert space based on the super D-matrix formalism. We
then explicitly derived the matrix elements for the super-
sphere-coordinates in arbitrary LLs, showing that the fuzzy
supersphere geometries arise in all LLs. We finally pre-
sented a geometric interpretation of the super Howe duality
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as the theta correspondence between the fuzzy super-
spheres and fuzzy supercones.

We have also discussed that the Howe duality realizes an
internal-external space duality. This observation leads to
two intriguing possibilities. The first concerns a new
interpretation of quantum numbers associated with exter-
nal-space symmetries. Since the external space and internal
spaces are essentially equivalent, the external quantum
numbers may be interpreted as internal ones, for instance a
possible topological interpretation of the magnetic quantum
number. This issue will be discussed elsewhere. The second
pertains to the structure of Matrix model geometries. As
discussed in the main text, the internal and external spaces
in Matrix models share a common matrix origin, while
Howe duality naturally realizes this equivalence as an
internal-external space duality. Furthermore, the previous
studies, together with the orbit method, also suggest that
Howe duality serves as an underlying structure in fuzzy
geometries. Needless to mention, for Matrix models,
matrices are of prime importance, while we have observed
that matrix geometries are obtained from quantum states or
irreducible representations. This representation-theoretic
point of view may offer new insights into a fundamental
understanding Matrix model geometries.

Furthermore, though we highlighted Howe duality in the
Landau models, the concept is not restricted to such models.
Howe duality is a central concept in representation theory,
providing a unified perspective that links irreducible rep-
resentations of two distinct groups as manifestations of a
single underlying representation. Since fuzzy manifolds are
constructed from irreducible representations (and their
algebraic structures), the theta correspondence naturally
relates two geometrically distinct fuzzy manifolds as dis-
tinct realizations of the same fuzzy object, namely a family
of quantized coadjoint orbits. Howe duality encompasses
cases where one member of the two groups is compact and
the other is noncompact, with different dimensions. In such
cases, we may have phenomenologically plausible matrix
geometries that feature a compact internal space and a
noncompact external space of different dimensions. The
theta correspondence then accounts for geometric trans-
formations between fuzzy Riemannian (positive-definite)
and pseudo-Riemannian (indefinite) spaces. Additionally,
the see-saw structure of Howe duality allows a single
Hilbert space to accommodate multiple dual pairs. This
suggests that a fuzzy space possesses multiple equivalent
descriptions in terms of pairs of fuzzy spaces. Another
remarkable feature of Howe duality is that irreducible
representations of a larger group, which are difficult to
construct directly, can be derived from those of a simpler
group. In the context of NCG, this approach may be applied
to obtain an intricate fuzzy manifold from a simpler one.

The application of supermonopole harmonics also offers
an interesting direction to be pursued. Since monopole
harmonics are mathematically equivalent to spin-weighted

spherical harmonics or Wigner’s D-matrices, the super-
monopole harmonics will possess an equally broad utility.
One promising application is about the quantum mechanics
of massless superparticle. As spin-weighted spherical
harmonics describe massless particle states, their SUSY
counterpart naturally describes massless superparticle
states, which will be important in studies of supergravity
and supertwistor theory.

As mentioned in the Introduction, recent studies indicate
the existence of a SUSY structure in the Moore-Read state.
Specifically, in the zero-momentum limit, spin-3/2 gravitino-
mode excitations are expected to appear along with the
graviton-mode. NC algebra is crucial for describing the
magneto-roton along with its low energy limit, the recently
observed chiral graviton [109,110]. We then naturally antici-
pate that the SUSY NCG may provide a possible geometric
framework for the chiral gravitino-mode. It is rather stimu-
lating to speculate how such a sophisticated mathematics of
SUSY NCG could manifest itself in real physics.
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APPENDIX A: THE uosp(1/2) ALGEBRA AND
RELEVANT MATHEMATICS

1. The uosp(1|2) algebra and irreducible representation

The uosp(1]2) algebra consists of three bosonic gen-
erators L; and two fermionic generators L,, which satisfy
[Li, Lj] = ieijLy,

[Liv L(l] = (ai)ﬁ(lL[)”

| —

(Lo} =5 (Cosl (A1)
where C:=ic, denotes the SU(2) charge conjugation
matrix. The first equation denotes the su(2) algebra, and
the second relation shows the SU(2) spinor property of the
fermionic generators. The last equation implies that two
successive applications of the fermionic operators generate
the bosonic angular momentum operations:

1
—L+, La 2:—114_ (Li :=Lx2tiL),), (AZ)

2
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1
{Lo, Lo} = —5 L. (A3)
The UOSp(1|2) Casimir is given by

Irreducible representations of the UOSp(1|2) are indexed
by the following superspin index

1=0,1/2,1,3/2,---, (A5)

and the corresponding Casimir eigenvalue and the dimen-
sion of the representation are respectively given by

I(1+1/2), (AGa)

41+ 1. (A6b)

Lyl.m)g=+/IFmItm+1)

l,m:l:l)B, L3

1 1
Li|l,m>F:\/<li|im—§>(l:|:m—|—§>|l,m:|:1>p L3

1
[ — L
7m+2>F’ 6,

1
I,m)g :E\/l_m
1

1 1
l,m)F—Eq/l+m+§'l,m+§> .
B

Ly,

Ly,

2. Scasimir and fermion parity

The Scasimir [112] is introduced as

1
S = ~2CaLaly + 7. (A10)

This operator is a “square root” of the Casimir operator C
(A4) in the following sense:

1
S=C+—.
"6

(A11)
Note that the Scasimir plays the role of a ‘“center”; it
commutes with the bosonic generators but anticommutes
with the fermionic generators:

S.L;] = {S.L,} =0. (A12)

The bosonic and fermionic states are the eigenstates of S
with eigenvalues of the same magnitude but opposite signs:

Under the SU(2) subgroup of UOSp(1]2), the irreduc-
ible representation decomposes into

4l+1=(21+1) @ (2]). (A7)

We refer to the (2/ + 1)-dimensional and (2/)-dimensional

representations as the bosonic and fermionic states, denoted

by |l,m)g and |I, m,), respectively. The magnetic quan-
tum numbers range as my; =1[[-1,...,—] and

my=1-1/2,1-3/2,...,—1+1/2. These states are
assumed to satisfy
1

The action of the UOSp(1]2) operators on these states is
given by [89,94,111]

L,myg = ml|l,m)g,

Lmyp=m

L,m)p,

1
lLom—=
7m 2>F7

1
I,m)g :—E\/l—l—m

I 1 1
L92|l,m>F:§ l—m+§l,m—§> . (Ag)
B
[
1 1
S|l,m)p = l—i—Z Lmyg, S|lm)p=-— l+4_1 Lm)p.
(A13)

The sign of S indicates the fermion parity. The fermion
number F and the fermion parity (—1)% are then respec-
tively identified as

F =—(1-sgn(9)),

(=1)F = sgn(S). (Al14)

N[ =

3. Supermatrix realization

The uosp(1|2) matrices for superspin / are expressed as

()

n 1 0211 7a
LQ:5 o . (A15)
Copty™ 0y

Here, SE‘Y) denote the SU(2) spin matrices of spin s:

SIS = s(s+ Dlayyr. (Al6)
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The (27 + 1) x (21) rectangular matrices W in LY (A15) are defined as

V21 0 0 0 0 0 0 0 0 0 0 0
0 V2i-1 0 0 0 0 Vi 0 0 0 0 0
0 0 20-2 0 0 0 0 vV2 0 0 0 0
% = o 0 0 o0 o | =0 0 V3o 0 0 (A17)
0 0 0 0 V2 0 0 0 0 ) 0 0
0 0 0 0 0 V1 0 0 0 0 V2i-1 0
0 0 0 0 0 0 0 0 0 0 0 V21

The bosonic generators L; in (A15) are the direct sum of SU(2) spin generators whose spins differ by 1/2. In the matrix

representation, the Scasimir is expressed as
1\ /1 0
S0 = (l +—> < 2 ) (A18)
4 0 -1y

The transformation matrix F; (6.9) is given by

Fylnnt) = 2o 20 Lo,
1+In*y 0 0 0 0 0 V2 0 0 0 0
0 1+In'n 0 0 0 0 n* V2I-1n 0 0 0
0 0 1+in'n O 0 0 0 V2t 21-2n O 0
0 0 0 L0 0 0 0 N 0
0 0 0 0 14+Iyn O 0 0 0 n
— 0 0 0 0 0 1+Iy'n 0 0 0 0 2y
-2l n 0 0 0 0 1—(I+Hn*n 0 0 0 0
0 —=V2I-1p* V2 0 0 0 0 1=+ 0 0 0
0 0 —\21=-2n* /33 0 0 0 0 1—-(I+3)n'n 0 0
0 0 0 0 0 0 0 : 0
0 0 0 0 -t 2y 0 0 0 0 1-(I+dnn
(A19)
APPENDIX B: BEREZINIAN AND THE AREA 1 .
ELEMENT OF S22 X\ =r 1—ﬁ6’C9 cos(¢p)sin(9),
The Berezinian integral on $2? is derived as follows. 1 : -
=r|1-=—6C6 9),
We consider the coordinate transformation from the 2= r? sin(g)sin(9)
super-Euclidean coordinates in R to the superspherical 1
coordinates: X3= V(l —p9C9> cos(9), 0,=0,, 6,=60,. (Bl)
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Let us recall that x; = (1 —#QCﬁ)yi, in which y; represent the standard Cartesian coordinates in R3 (4.4). The
superdeterminant (Berezinian) associated with the coordinates transformation is given by

A C det(A — C4D)
Ber = sdet == -
D B

In the present case (B1), the blocks of the super-Jacobian matrix take the form of

A=<g—: a 3—;):((1+#9c&>%

and

ox; 1 00
f=—5xCutly.  Dy=—-"=0,
2 Xi%ap¥p @ = ox,

c. =
1104 ae(l
00!
B,=—2=5§__,
ap aaﬂ af

(B4)

Since D = 0 and det(B) = 1, the Berezinian simplifies to
det(A), which is evaluated as

1 1 2
Ber=det(A)= (1 +— ] ——
er =det(A) < + 52 9C6> ( 52 9C6’>

1
xdet<g z 3—5) = (1—ﬁec¢9)r2sm8.

(BS)

Consequently, the Berezin integral on % is related to the
integral on S as

/ sz‘z = / d&d&d&] dgz Ber
s2p 52

=dQ,

—— 1
—/ d&d(psmé)/deldﬁz <1—§9C9). (B6)
2

For an arbitrary function on R3?

F(xi,00) = fo(yi) + f1(3i)01 + f2(3:)0> + f3(1i)0:162,
(B7)

its integral over S? yields
/ dQ22f(xia0a):/ szfo()’i)—/ dQ, f3(y;). (B8)
SZ\Z S2 S2

In particular, the integral of unity over $2? is identical to
that over S°:

B2
det(B) (B2)
(1 —#909)3% (1 —#90@)3—;), (B3)
[
SZ\Z 2

APPENDIX C: SPECIAL LL EIGENSTATES

We examine two special limits of g, the LLL limit
lg] = max(|g|) = 1, and the superspherical harmonics limit,
g =min(|g|) = 0. In these limits, the right-hand sides of
(4.23) reduce to the first and second terms, respectively. We
also discuss the lowest half-integer LL eigenstates.

1. Lowest Landau level eigenstates (|g| = max |g| =1)

In the LLL (N = 0), the energy eigenvalues are given by
(2.66). For g >0, from (4.14) and (4.18), the LLL
eigenstates are obtained as

1 (29)!
ng "9(1 - e gtm g_m, Cl
o (Xi,0,) 47t(g—|-m)!(g—m)!u v (Cla)
_1
yg»m(xi’ 9(1) =V 2gYZ—§m
|
: o) Wy (CIb)

These are holomorphic functions of the super Hopf
spinor components [29]. For example,

1
(Lg)=(1/2.1/2): Y}3, ), = T
1 1
y!/2 L yl/z - C2a
1/2.-1/2 [in 1/2,0 /—4”’1 ( )
(lg)=(L1): ¥}, = 2
’ ’ SRV v
1 1
Yl .xi,ga = —F—Uuv, Yl_ :—1_)2’
1,0( ) \/E 1,-1 \/4—71:
1 1
Vip= i Vi = Nz (C2b)
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Equation (C2a) corresponds to the components of the super Hopf spinor themselves, whereas (C2b) appears in Sec. VI B.

Meanwhile for g < 0, the LLL eigenstates are

Y—‘9|

(x1,0,) = (=1)lsl+m 1 (2[g))!

|gl.m

_ —lgl+3 m4d
Vg (xis00) = =y/20gl¥ 1 o = (=1l +2\/

4z (|l +m)!(|gl —m)!

ol y<lal-em.

which are antiholomorphic functions of the super Hopf spinor components. For instance,

1
lLg)=(1/2,-1/2): Y712 = ———o*,
( 9) ( / /2) 1/2,1/2 \/4—”
. y-1 1 *2 —1 1 * ok —1
(l,g)=(1,—1).Y1’1=\/4_ﬂ’l) ’ YI.OZ_\/z—”u v, Yl.—1:

! (2lgl)! s
e wrldl=m=byloltm=ys - (C3)
4r (|gl +m =)' (|gl = m = 3)!

yol2oo . Y- N S c4

1/2-1/2 = \/4—75” ’ Vijpo= _\/—4—7[’7 ) (Cda)
U*Z’ y: l/ZZLU*’/I*’ 1_1/2:__14*’7*. (C4b)
Van' TN 2T e

Equation (C4a) represents the pseudocomplex representation (3.14). The LLL eigenstates for g are simply related under

the exchange:
u < —v*,

The probability densities are

v < u,

2lgl+ 1!

*

n < —n*. (Cs5)

Pfg\,m(%) = |‘D|gg\,m(y3)|2 = 4n(

1 9
=200+ 1) (2lgl=2m+1)py 1 (v3)

+ Q2lgl +2m+1)p? 1 (v3)),
\g\,m-&-z

Qlym(V3)

(C6b)

where (C6b) can also be expressed in a concise form

—Lson
g—35¢ (g)(y3)'

qu‘m()@) = p‘y‘_%’m <C7)

The probability densities of the LLL fermionic harmonics
thus coincide exactly with those of the original LLL
monopole harmonics, provided the magnetic charge is
shifted by —3sgn(g). The extreme values (maxima) of

Py (¥3) and ¢ (v3) oceur at

y3 m m
SN (C8)
r gl 9l =3

which are distributed along the y;-axis with constant

intervals of Ay; = % and respectively.

—r _r
lgl lgl=1/22

<r + y3> |g/+sgn(g)m <r - y3> lg|-sgn(g)m
lgl +m)!(|g| =m)! \ 2r 2r ’

(C6a)

2. Superspherical harmonics (g = min(|g|) =0)

The superspherical harmonics are the eigenstates of

H

(LYLY + CapLoLy), (C9)

M2

with the eigenvalues (2.63a). From (4.15) and (4.22), the
superspherical harmonics (I = 0, 1,2, ...) are obtained as>>

1
V() = 5 @)
1 I
T V21 <1 _ieca)q’?m(yi), (Cl1a)

PWwith the Clebsch-Gordan coefficients, (C11b) can be
written as

11 1 1 0
0 (x. =—{ = = S 0 N
yl,nl(xneu) <252’l lvm 2’1 2’m>¢l—1.n—%(xl) r
1 1 1 1 0
. 0 2
—<§,—§,l—l,m+§’l—§,m>q)l_1.n_%(xi)7'
(C10)
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; where d>?m denote the ordinary spherical harmonics. (Since
W (x1,0,) = — /Mq)?_l m_l(xi)ﬁ the arguments x; are not c-numbers, @), (x;) should be
2i=1 e r understood as a formal expression.) The bosonic spherical
| harmonics depend only on the bosonic coordinates x;. Low-
_ u@o (x;) 2] (C11b)  dimensional examples are
20—1 Flma
|
1
[=0:Y5)=—F=, (C12a)
' 4z
1 x1+ix2 1 X3 1 X1 —1lXp 1 91 1 92
=179 =——— , = Y = . W —, W , (Cl12b
1,1 \/% r 1.0 \/4—” r 1,-1 \/% r 1,1/2 A r 1,-1/2 A T ( )
3 [x+ix)\2 3 (X + ixy)x3 1 2x32 —x;2 = xp?
1=2: Y9, =/—(= , Yo, = — /TN yo — ’
22 3271( r 21 kY4 r 0 167 r*
3 <X1 - iX2)X3 3 - iX2 2
Y) | =4/, YY) =/ ,
21T\ R 22 V32x\
0 o 3 (Xl + ix2)91 0 o 1 X391 1 (Xl + iX2)02
y2,3/2 - g 2 ’ yz,l/z - \/ﬂ 2 + \/% 2 ’
1 (.X] - ix2)(91 1 x;92 3 ()C] — ix2)92
0 — = —_ - s = — —_— . C12
Vacip NG 2 NG —3/2 87 2 (Cl12c)
|
As expected, the components of the / = 1 supermultiplet o o fl=-m+1 0,
(C12b) are given by the supervector coordinates. The Z)m(xi1,0q) = 2(0+1) l+%.m—%(xi) "
probability densities for (C11) are respectively given by
l 1 0
S, )2, (Cls)
0 0 2 (l + 1) 2’ 2 r
PLm(¥3) = 197, (v) %, (C13a)
1
ZO xi,9,~ = 1+l9C9 CDO 1 xi
l.m( ) m( ) [_E'm( )
& (1) = (@I 2m =10 () — L (1B oco) o0, ). (cisp)
L2300 20— 1) I=Lm=3\F3 NA AP I=hm
+ (20 =2m - 1)%’?_]’,,1%()’3))- (CI3b)  For instance,
1
1=1/2 : Z9 = ——— (530, + (x1 + ix2)6,),
Equation (C13b) indicates that the probability densities of / 212 = g (a0 ()0
the fermionic spherical harmonics are composed of the 0 1 )
original ones with the angular momentum shifted by —1. Z /2,-1/2 = \/4—”—r2 ((x1 = ix2)01 — x36,),
(C13b) can also be expressed as ! !
29 =——|14+=50C0|. Cl16
120 = < + 2,2 > (Cl6)
1/ 2 1
Q?,m (i) = 5 <P,_2%,m + Pj_%_m>- (C14) The probability densities for (C15) are
1
0 — _ 0x 70
The probability densities of superspherical harmonics Pin(¥3):= / 46,0, <1 29C9> ZinZim
exhibit reflection symmetry with respect to the y;y, plane: I—m+1 I+m+1
_ 0 2 0 2
p?m(y3> = p?.m(_y3) and Q?m(y3) = Q?,m(_y3) - 2(l+1) | l+%,m—%(y3)’ + 2(l+1> | l+%.m+%(y3)| ’
For half-integer Is (I = 1/2,3/2, ...), the superspherical (C17a)
a

harmonics are given by
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1
Q?,m(y3) = _/d91d62 (1 —§9C9> Zgzzgm
= |q>0_

0 ) (C17b)

To the best of the author’s knowledge, the superspherical
harmonics were first constructed in Ref. [93]. While the
specific forms may appear to differ, the present
|

29+ 1 (2g+ 1)!
s 4 (g+3+m)l(g+3-m

formulas (C11) and (C15) are mathematically equivalent
to those in [93].

3. Lowest half-integer Landau
level eigenstates (N=1/2)

From the general formulas (5.11) and (5.14), we readily
obtain the eigenstates for the lowest half-integer LL
(N =1/2). In the case of a positive monopole charge
g > 0, the eigenstates are given by

uq+%+mvy+%—m;7* + i (g + % + m) !(g + % — m)!
)!

(29)!

2 2
' (( g >u‘7+z+mvg Lom, s _ < 9 )uq S+m g+-m *>,7 (C18a)
1 —m+1 ’
g—m=—5 g—m+3;
1 (29)!
g _ b (1-02 D n)udtmyp—m. C18b
gzm 4r(g+m)!(g—m)! g+ Dirnjut™v ( )

Similarly, for a negative monopole charge g = —|g| < 0, we obtain

o pyelaem 2Ol (2[gl+1)! )
\g\+1-m_( ) 4 1 | o
2 T (|g|+2+m).(|g|+2 m)-

*lgltzmylgltatmy 4 (—1)ld4ztm
47

1 (gl +3+m)!(|lg|+5—m)!
(2lg))!

2 2
. (( 19 ]>u*|g—%—mv*|g+%+mv_< g ]>u*|g+%—mv*|g—%+mu> . (C19)
gl +m+3 9] +m—3
ol (_pyleltbem | L (2|9|) _ R
Z = (=1)9*2 1 2lg| + 1 u v . C19b
Specifically, for g = +1/2
7y = W Zhg= e Qun vt ). 7 = (o o)
= —uv = uv uu* — vv = u*v v
1,1 \/ﬂ 7] ’7 1,0 \/4—” ’1 I/] 1,—1 \/E 7’] I/]
1 1 1 1
Z =——(1-=-2n"n)u, Z =—(1=-2n"n)v, C20a
= g (=2 3= a2 (C20a)
=—(v*n —uv'n’), =——QQu"v uu* — vv , P = —(u"v u
H 2w 7 7 1o dr T 1 1 \/2_71' 1 7
_1 1 1 1
Zi=——=(-2rnv*,  Zi=—=0-2rnu (C200)
2 47 2 47

APPENDIX D: USEFUL FORMULAS

Here, we summarize the formulas for the monopole
harmonics and supermonopole harmonics used in the main
text. The products of the monopole harmonics are

determined by the SU(2) Clebsch-Gordan decomposition
rule:

s® s feag“‘v | (As=As'=AS=1), (DI)
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or I+1'
4+ 1)@Ar+1)= > (4L+1). (D4)
s+’ L=[I-1|
2s+ 125 +1)= > (25+1). (D2)
S=|s—s'|
Similarly, the products of the supermonopole harmonics are 1. For the monopole harmonics

determined by the UOSp(1]2) Clebsch-Gordan decom-

position [89,94,111,113]; The properties of monopole harmonics are discussed

in [114].
1@ =@,",_, L (Al=AI'=AL=1/2), (D3)
a. General formulas
or The product of two Wigner D-functions is expanded as
Dl.m,.mz 'Dl’,m'l,m’2 = Z (lyml§l/am/1|L’M1>DL.M,.M2<L7M2|ly mz;l’,m’2>. (DS)

LM, M,

In terms of the monopole harmonics (6.4), (D5) becomes

1 I+ )20 +1
@), - ) 21+ 1)@r + )(l,g;l’,g’|L,G)CIJE’M<L,M|l,m;l’,m’). (D6)

I'm ;= -
L;M 47 2L + 1

The triple integral over S? is then given by

)<l, gl

G) (L,

ok (D7)

120+ 120 +1
dQ,®G " - @Y DY =] —
Az PULM S = N g 2L+ 1

which can be expressed symmetrically using 3j-symbols:

21 YL+ 1)L+ 1)L L 1 [ l [
/dQZq)l Jmy (I)?szz lgm; \/( 1+ 2+ >( 3+ ><1 ? %>< : ’ 3)' (DS)

91 92 43 myp  mp Mz

b. Low-dimensional examples
From (D6), we have

l+g+1)(IEtm+1) g1 (=gl Fm) g1

/2 D) = ( S ~ 22 T ol D9

1/2.41/2 = m \/ 4r(l+1)(21+ 1) I+ m} 4rl(21 + 1) — 1=hm (D9a)
_ l—g+1D)(l+m+1) 41 (I+g)(lFm) g1

o2 @l — ( 972 NN T T HI2 D9b
V2L \/ An(l+1)(2041) HmE Anl(20+1)  ams (D%b)

and

3 g
), P, =F \/ S—W V(IEm+1D)([(Fm)®], .,

/ ((141)? lj:m+2)(lj:m+1(bg \/’ (P=A)(IFm)(IFm— D gy
l+1 2l+3)(21+1) FLmEl T\ 8 ] (20+1)(20—1) =Lkl

/3 / (I+12=)((I+1)2—m?)
(I)O ch (I)l]
1,05 Im — 4_”[ l+1 lm 47Tl+1\/ 2l+3 Zl—f—l) I+1,m

31 [(BP=g)(P—m?)

Vaz1 @1 DI

N\ @@= e (D10)
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Hence, These formulas are used in Sec. VII A.

/ dQ,®! - 0, - D 2. For the supermonopole harmonics
s ' '

Lm
We extend the formulas of the monopole harmonics to

3 g the supermonopole harmonics.
_ = |+ 1)(! S, , (D11
+ 8ﬂl(l+1) \/( m+ )( :Fm) m',m=%1 ( a)
a. General formulas
/ dQZ‘Dzm* q)(l)o.q)?m: i 9 My - (D11b) The products of the supermonopole harmonics are
' ' 4rl(l+1) expanded as
|
1 1
Y? Y9 ,:—<1—|— L-1-1 —€Ct9> Lgl,d|L,G)YY (L, M|l,m;l',m'), DI12a
Vi = 7= ( )5 L;M< g: U, gL, G)YT (L, M| ) (D12a)
7 A HCH Z V(l+ J) l_l —l'l’—lg’—i—lLG
Im I'm et g 2 7g 2 s 2 ) 2 s

1 1 1
_ !/ / _ _./__ _
(1 9X1+yKl 5:9+ 531 2@’

1 1 1
./ l l
yl/m yl/ /Y - Z l,g,l—i,g,—EL,G n

LGM
1
L, G>77*> Y7 <L,M'l, m; 1 — 5,m’>. (D12c)

1 1
I =4 Lgl —=.g 4+~
9< g 29+2

Here, we used (4.15), (4.20) and (D6). The triple integrals on $22 are derived as

1 L+I+7I+1
G *x.vyY g _ ) T
ﬁzz dp Y7 3™ Yi,, Yy, iz 2L+ (L,g;l',d|L,G)(L,M|l,m;I',m'), (D13a)
1 1
dQ YG . / ) = T = D13b
ﬁ 22 Vi Vi Voot = 230 11 (D13b)
: U+@W—J)I—LQ—LV—LJ+ELG —V(l=gl'+g){ - {g+—ﬂ Ly-le
2 2 2 2 2 2 2
1 1
. L,Ml—E,m;l'—E,m’ y (D13C)
, 1 1
G *x . yY — G x .Y V9 — _
Azz dQZ\Z yL,M Yl, :)71, ’ /S22 sz‘z yL’M yl,’m, Yl,m in 3L

1 1 1 1 1 1 1 1
: L "+ d 0 —=.¢d—=|L—=,G—= L—-G)(I ’ L- -
< ( +G)(l+g)<l,g,l 59 2‘ 5. G 2>+ (L-G)(I' - )<lg,l g—|—2’ 2,G+2>>

{

Other triple integrals are

I>’Azz dQZ\zng*' qu/m :/S7 sz\zyGM ylm yz' = (D13d)

Azz szleg’M ’ Y'lq,m* ’ Y'Iq’.tn’ - /qzz dQZ\ZYgM* ’ Yl(],m ’ Y'lq’,m” (D14a)
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the 3j-symbols, the triple integrals are represented as

/Szzd92|zyf.M'ng,m*'yf(,* m= A UG SPRN
(D14b) /S A Y], Y, Y

1,m, I3,m3
. L L, 1 [ [ [
/zzdgzlzng'Y?,m*'Y?’, m’:_/ndQZZyLM 241 Yld’ D _—(ll+lz+l3+ )( b %>( e )
5 s v4 g1 9 g3/ \my my my
(D14c) (D15a)

where the right-hand sides are given by (D13). In terms of
|

_1 _1
/ d92|2 Ve LB 1 L L 2 I3 2
1 L, I, -
S22 e 2 3 V 4 my my ms

_1 _1 _1 _1
-<¢<zz+gz><z3—g3><“ 2o b i)—wzz—gﬁ(mga(“ R b )) (D15b)

g1 g —% g3 +3 [ 92+% 933

/Szz d92|2 Y?'l’m' Ylg; my ;}:m; B /s 2| dQQ‘Zyll "y ylv my 13 my 0. (D15c¢)

For other supermonopole harmonics, we have

/ A0, 20 .zh gh | <l L+l +1>(l'_; b1 l3_é><ll_é R l_é> (D16a)
sl 2Ry Ty " s Vaz \' 2T 91 92 93 my my my )

1 /L-1 1, L
A, z9 .79 7B — ( 2
ﬂzz 22 hom Famz Lams V 47 my my nij

1 11—— l I3 1 1 11—% L I3
: lz+92+§ I3 934‘2 | T 12—924‘5 l3+g3+§ | Ak
g Gt3 93—3 g G%2—3 93t3

(D16b)
AHZ dQZ\Z ll g Z.l(]22m2 Z?ﬁ,m; = AZZ dQZ\Z ll iy ZZJ;mz Z?j,m; =0. (D16C)
|
b. Low-dimensional examples / , dQup V], Y LV,
Equations (D13) yield ’
1 g 1 1
:$\/—2—ﬂm 1—5 l+§ Fm(m=E1)8, s,
\/Szde2|2Y'lq‘m/*'Y(l)’il'Ylg,m (D17C)
1
- 1+ 1) £ 108, ner. (D17 dQyp )+ YO — mé,s ., (D17d
:F /2][l<2l+1 \/ + :Fm(m ) +1 ( a) /522 Z‘Zy['m 10 ylm \/—l(2l+1) N ( )
Azz de Y y(l) +1 ’ m
I g
/ A Y Y)Y = s, (DI17b) 1 g /
m' ' " [(21+1 ’ =———— 4/l +£ | D17
§22 \/;E ( + ) \/7_7:2[(214_ 1) m+2 m' N ES Y ( e)
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9 = 0 g
Lz A V" P iy Yim

L9
V2121 + 1)

These formulas are used in Sec. VIIB 1.

I F ms (D17f)

m',mi%'

APPENDIX E: THE LOWEST LANDAU LEVEL
SUPERGEOMETRY

Here, we provide concise derivations of the fuzzy
supersphere geometry for the LLL, employing the
Lagrangian and Hamiltonian formalisms, respectively.

1. From Lagrange formalism
The SUSY Lagrangian for the present system may be
given by

M . ,
L - — (x,x, + Caﬂ9a9ﬂ> - xl'Ai - gaAa. (El)

2

In the LLL, the kinetic terms are quenched, and the
Lagrangian reduces to a first-order form:

Ly = —%A; — 0,A, = =2igyHy. (E2)

The canonical momenta for y, = (u, v,n) are derived as

0
= Ly, = 2igy. E3
g o, LLL LY (E3)
Imposing the canonical supercommutation relations
[7aswy} = —i8,,, we obtain
0
— —7 E4
mo=in (E4)
or
1 0
e — . ES
Ve = 20 (ES)

By substituting (E5) into the graded Hopf map (2.6), we
promote the coordinates of the supersphere to operators:

r 0 r 0
Xi:—l//tli—, @a:—l//tla_. E6
g oy g oy (ES)

They obviously satisfy the superalgebra of the fuzzy
supersphere;

T r
Xi, X;] = l§€iijk7 [Xi, 0] = 2—9(51')/30:@/3’

r

{0,.0;} = 2 (Coi)apXi, (E7)

and

XX+ 0,0, = ()LL) = (142

X. . —| =r i

i ap~Fa™~p q B 2‘g| ,
(E8)

where L is given by (3.18) with eigenvalue |g].

2. From Hamilton formalism

In the LLL, the kinetic part of the Hamiltonian is
quenched, which effectively sets the covariant derivatives
to zero: D; — 0 and D, — 0. With this replacement, the L,
(2.43) reduce to the following forms [29]:

9

g
Li b rzBl- = —x,-,
r

L,— r*B, =26, (E9)
r

implying that the superspin index / reduces to |g|. Then, the
coordinates on the supersphere can be identified with the
UOSp(1]2) generators:

r

X, =‘rL, ®,='L, (E10)
g g

which obey the supercommutation relations (E7) and
satisfy the fuzzy supersphere constraint:

7\ 2
XiXi + Ca/}®a®/i = <§> (LiLi + CaﬁLaLﬁ)

1
=2 (1 + —)
2|g]

(E11)
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