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We perform coupled channel analysis for DD*, J /yz, and related meson pairs for the Z,(3900) channel
in an effective model of hadrons and quarks. The model incorporates meson exchange potential such as one
pion and D™ meson exchanges, and quark exchanges. It turns out that the meson exchange potential is
small, while the off-diagonal interactions by the quark exchanges at short distances, particularly for
transitions between DD* — J /y are strong, which plays a main role for the scattering amplitudes for the
Z.(3900) channel, in consistent with the results of the lattice simulations of the HALQCD group.
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I. INTRODUCTION

While much attention has been paid to exotic hadrons
with heavy flavors for decades, understanding of their origin
is not fully achieved. Many exotic hadrons with a clear signal
have been observed near and above the threshold region of
two or more hadron channels [1-5]. A crucial difficulty is in
that the interactions between hadrons that participate in the
relevant reactions for the exotic phenomena are not well
established. While remarkable progresses have been made
by lattice simulations [6-9] and by the analysis of correlation
functions [10-13], their achievements do not cover fully
the observed phenomena. In general many hadron channels
are open above the charm and bottom thresholds where
exotic phenomena are observed. Therefore, coupled channel
effects are crucially important with reliable interactions.
Considering the fact that it took many years even for the
nucleon-nucleon interaction to be established [14], inter-
actions between hadrons for exotic resonances seem
extremely difficult. In such situations, it is desired to explore
an integrated use of various approaches including effective
models, experimental data, and lattice simulations.

Motivated partly by the result of the lattice simulations of
the HALQCD collaboration [15,16], in this paper we study
the interactions for the channel of Z,.(3900) in an effective
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models for hadrons and quarks. The Z.(3900) is a candidate
of an exotic particle containing ¢c and ud, and hence it is a
genuine exotic tetraquark, if it exists. The signal was first
observed by BESIII [17], and then also confirmed by Belle
[18] and CLEO [19], where they have analyzed the invariant
mass spectrum of 7+J /y in the process ete™ — ztz=J /.
Subsequently, BESIII observed a signal also in the open
charm channel of DD* [20,21]. Although more than ten
years have passed, its nature is not yet well understood. Then
a lattice simulation was performed for coupled-channels
including DD* — xJ /yr — pn, corresponding to Z,.(3900) at
the nonphysical pion mass m, = 410-700 MeV [15,16].
The finding of the lattice simulation is rather nontrivial. It
indicates only weak interactions for the diagonal open-charm
channels of DD*, while the interaction for the off-diagonal
ones such as DD* — J /yr is significantly large. Using the
obtained interaction, they have analyzed coupled-channel
scattering amplitudes, and found only a virtual state pole for
Z.(3900) with the resulting line shape of the observed mass
distribution qualitatively consistent with the data.
Recently, rather inclusive amplitude analyses have been
performed with coupled channels [22,23]. In Ref. [22], a
model of three coupled channels DD*, J /yr and py,. was
employed with the inclusion of triangle singularities. By
using the data of Refs. [20,21], they performed an invariant
mass analysis of relevant two-body channels, and con-
cluded that the signal of Z.(3900) was likely to be a cusp.
In Ref. [23], they have performed a global analysis with
more than ten relevant channels for the e™e™ — ¢ process.
The state-of-arts analysis implied that the Z.(3900) was a
virtual state whose pole was located ~40 MeV below the
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DD* threshold. In both studies, the importance of inter-
actions was emphasized.

In the present paper we employ a coupled channel model
with D)D) — my) — py.. channels with interactions in an
effective model of meson exchanges [5,24] and quark
exchanges [25,26]. Here D™) indicates D or D*, and w!")
includes J/y(1S) and w(2S), focusing our study on the
channel of Z.(3900), namely the spin and parity J*¢ = 17~
and isospin I = 1. The x, p, @ exchanges are considered for
the diagonal open charm channels D®)D() — D)D),
while D) exchange is considered for the off-diagonal
DYDY — 2 /y(—pn.) interaction. In contrast, the quark
exchange contributes only to the off-diagonal interaction
between open-charm and hidden-charm channels. The
resulting interaction is then compared with the lattice results.

One of our motivations in this work is to see whether we
can understand the lattice results in terms of effective
models. We do this for a particular channel of Z,.. However,
if we achieve a reasonable agreement with the lattice
results, we may apply the similar idea based on effective
models to other systems.

This paper is organized as follows. After a brief
summary for the nominal Z, state in Sec. II, in Sec. III
we derive the meson exchange potential for the one pion
and D™ meson exchanges. In both cases, we show that the
interaction is reasonably approximated in the form of a
static potential. Section IV derives the quark exchange
potential with the one-gluon exchange. In Sec. V we show
numerical results for various components of the potential,
and present scattering amplitudes by solving coupled
channel equations with relevant two-meson coupled chan-
nels. In that section, we compare our potential with the
lattice results at the quark masses that were used by the
lattice simulations. The final Sec. VI is devoted discussions
and summary.

I Z, STATE

To start with, let us briefly look at the relevant coupled
channels of hadrons for Z.. Its quantum numbers of spin,
parity and charge conjugation are

JPC: 1+— (1)

They are formed by various combinations of the open charm
and hidden charm mesons, D D™ and zJ Jw, oy, pn..
The hidden charm combinations, zJ/w,my’, pn,., satisfy
by themselves the condition JPC = 17~ together with
two-meson orbital wave function of angular momentum
(L =0, 2). For D D™, suitable combinations are formed
to satisfy spin 1 and negative charge conjugation. They are

(DD* + D*D)y (), D* Dy (x)  (2)

Nia

where y; is the orbital wave function of an even angular
momentum L, and y, is the spin 1 wave function. For the
DD* term the spin 1 wave function is trivially formed, while
for D*D* the two spin 1 states are formed in antisymmetric
manner.

III. MESON EXCHANGE INTERACTION

In this section we show the meson exchange interaction
for a coupled channel system of D®) D) — () — py. as
shown in Fig. 1. The necessary Lagrangians of Yukawa
vertices are given by [5,27-29]

g —
Logn = - Tr[HIYﬂySaﬂﬂHl}
2fx

Y 7
- 2—fﬂTf[H2}’,475a””H2],

EVHH = —iﬂTr[Hl’Uﬂ‘A/ H ] + l.ﬂTr[Hlﬁle}wHJ

(x=t-m) ()

+ lﬂTr[sz”V Hz] l./ITI'[Hzﬁ'MDF”DHz],
& _lgy gv
Vﬂ=7Vﬂ > —(t-p, +w,),
F/u/ = a/lvv - 01/‘7/47 (4)
Evlﬁll_{z = g’Tr[szaﬂy”I:h] + H.c., (5)

where i = 1, 2, and H,, H, and J are for the annihilation
of heavy quark multiplets, (D, D*), (D, D*), and (w,1.)
mesons, respectively,

T+4,,
Hy =— [D*y, + szS]
» - 75
H [D 7/;4 + lD]fs}
+ 75 1-—
J = Wty + incys| —— 5

We need the two fields H, ,, because in the heavy quark
limit D™ and D™ are regarded as different particles, and
their creation and annihilation are suppressed. For the
phenomena near the D®*)D®) threshold region that we

(a) (b)
D™ wO,n,
DY — p® p®
n p,@ P —l. p
e ' e
D® w01,
D™
pH—0oHA zp
FIG. 1. Meson exchange diagrams.
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are interested in we can treat the scattering of heavy
particles D), J /yr in a nonrelativistic manner which allows
us to set v, = (1,0,0,0). We employ the coupling con-
stants as g, = 0.59, f=0.9, 1 =0.56 GeV~!, g, ~5.8,

g =4/\/ ml,,m%), and the pion decay constant f, =
93 MeV [5,27-29].

For practical purposes, it is convenient to prepare the
meson exchange interaction in the form of a static potential
in the coordinate space. There are two cases that are
qualitatively different as shown in Figs. 1(a) and (b).

The case (a) is the light meson (z, p and @) exchange
between the D)D) channels. Here we demonstrate
the pion exchange potential, while other vector meson
exchanges are summarized in the Appendix A. In the heavy
quark limit where the masses of D and D* are degenerate,
the energy transfer is neglected and the standard static
potential is obtained. When the mass difference between D
and D* is taken into account, the mass of the exchanged
pion should be replaced by an effective one u [5]. Therefore,
the one pion exchange potential for D)D) — D)D) jg
given by

VZ(*) PEDE P (r)

S < 7 )2[51 -$,C(rip) + S (T (rsp)ley - 72, (6)

where the spin operator S;_;, at DD*z vertex is the
polarization vector of D*, €, and at D*D*x vertex the 3 x 3
spin one matrix. The tensor operators are then formed as
Slz(i') = 3S1 i‘SZ 'i'—Sl . Sz, etc.

The radial functions are

& 2 .
C(rip) :/ﬁﬁe"”F(A,q),
PR
$u®T(n) = [ G esn@rng)
2 _ 2\ 2
F(Ag) = (h) ™)

We also note that for the spin-spin interaction C(r;u), the
constant term (delta function in coordinate space) has been
removed, and instead, the form factor F(A,q) has been
introduced. The cutoff parameter A is determlned by the
following formula as inspired by the relation to the size of
hadrons,

A= Ay x 1.35, ry/rp = 1.35 (8)
Here Ay = 836 MeV is employed to reproduce the deu-
teron properties such as binding energy, the scattering
length and effective range of the nucleon scattering. The
factor 1.35 is the ratio of the sizes of the nucleon and the

D) meson with the physical basis that the form factor
reflects the spatial sizes of the scattering particles. This is a
prescription inspired by the one pion exchange potential for
D) mesons, and is also applied to the p meson exchanges.
Details are given in Refs. [5,24,30-32].

The case (b) is for the transitions between D)D) and
J/wr as in Fig. 1(b), where the relevant diagrams which
conserve the number of heavy quarks are shown in
chronological order. In that process the fact that a large
energy transfer should be taken into account carefully. For
this let us consider the following scattering process in the
center-of-mass system,

DY(Ep(p).p) + D (Ep(p). -p)
= 7(E:(p).p') + J/w(Esp, (). —P) ©)

where inside braces are the energies and momenta of the
particles. We assume that the momentum p is small near the
threshold region of D)D) and consider the heavy quark
mass limit where the masses of D and D* mesons are
degenerate. In this limit, we may replace the energies of
heavy particles by their masses, e.g.,

while the energy of the pion is kept as

Eup') = \/m2 +p% ~2mp —myy. (1)

Having these kinematic approximations, we can compute
the transition amplitudes.

As shown in the Appendix B, in the limit of heavy mass
of D), the amplitude is a constant in momentum space
except for the tensor structure. Specifically, D meson
exchange for DD* — J/wr, is given as

929
V2fEx

As in the case of the pion exchange, we multiply a form
factor due to the finite structure of scattering mesons. The
momentum transfer ¢ is then transformed into the deriva-
tive acting on it. The form factor is introduced as the
Fourier transform of the overlap of the incoming and
outgoing mesons at the vertex,

VD

DD = Jfyr — 3/251 95,4 (12)

Flg) = / Prety (2)pin(x) (13)

where i, o,(X) are the internal wave functions of the
mesons, and ¢ is the momentum of the exchanged meson.
Employing the harmonic oscillator wave functions as in the
standard quark model, for the transitions between the
ground state mesons we have
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FIG. 2. Phase shifts obtained by using the meson exchange
potential for various channels as shown in the panel.

F(q) = Ne 7/V (14)

where N is the normalization factor and the cutoff param-
eter A is determined by the sizes of the mesons. When the
two mesons have the same size, N = 1, while if they are
different, N < 1 due to an incomplete overlap. The form
factor is attached at each vertex of meson exchange
diagrams, which is labeled by an index 1 or 2.

Hence we arrive at the expression

V(@) ppi—ijyz = —GS1 - ¢S, SgN Ny @/N:, (15)
where
9.9 1 1 1
=T =4 (l6)
V2fE? AL AAS

Performing the Fourier transform, we find
VDD*—»J/y/ﬂ(r) = GN1N2[SI : SZC(r) + Sl2<?)T(r)] (17)

The radial functions C(r) and 7'(r) are given as

5 2 .2
C(r) = - 136/\;?2 <1 - A162r )e‘A%zrz/“
T
Al A2
T(r) :ng/ze A12 /4, (18)

Potentials for other channels are given in the Appendix B.

Using the obtained meson-exchange interaction, we
have computed phase shifts. It turns out that the resulting
phase shifts are tiny, and so are the amplitudes. In Fig. 2,
phase shifts for the S-wave scattering of w —z and of
D —D* for I =1 and JPC = 17~ channels. The small
J/wr phase shift is expected because the interaction is
from the coupled channel of DD* and D*D* with small
coupling strengths. As for the D)D) channel, the one
pion exchange potential has the effective mass as an
overall factor, 4 < m,. In addition, the isospin factor 7, -
T, which is, for the isospin 1 channel, 1/3 of the isospin 0
channel. Hence, the one pion exchange potential is small.

The p meson exchange is also small due to the form
factor (A? —m3)/(A* = ¢%).

As we have verified that meson exchange process for the
Z . channel turned out to be very small and is far from what
is expected in the experimental data and from the lattice
result, we shall investigate quark exchange processes in the
next section.

IV. QUARK EXCHANGE INTERACTION

The quark exchange process for two-meson scattering has
been considered for example by Barns and Swanson [25,26].
Quark exchanges between two mesons occur via inter-
actions, for which we consider one-gluon exchange as often
used in the nonrelativistic quark model. It consists of the
Coulomb, linear confinement and spin-spin terms with
color factors in common,

A9 29

v=2 (0" + o+ o) T (19)
i<j
where

Coul __ %C conf _ —ébr»» (20)

Vi —rij, vijm = 4Pl

s Sﬂah o’ —62r2,

vij = _3mimj PR Si-S;. (21)

In these equations, the indices i, j labels the interacting
quarks, r;; their interdistance, A* (a =1, --8) are Gell-
Mann matrices for colors and S; = 6;/2 spin matrices. The
parameters a., b, a;, o are taken from Ref. [33].

For the meson wave functions that we need for the quark
exchanges, we approximate them by one range (term)
Gaussian function which minimizes the Hamiltonian with
the potential (19) and the kinetic term. Then the light quark
mass is tuned to reproduce the mass splitting of the 7 and p
mesons in the lattice calculation (case I in Ref. [16]), while
the charm quark mass is set at the one of Ref. [33],

m, = 361 MeV, m, = 1840 MeV. (22)
The resulting meson masses are summarized in Table 1. In
the present numerical calculations we employ this param-
eter set. In addition to this parameter set, we have
performed calculations by using other sets within a rea-
sonable range, which turns out not to change the essential
features that we will show in the next sections.

The quark exchange interaction is effective only for the
transitions between the open and hidden charm channels
via heavy (charm) quark exchange such as DD* — 7J /y,
while it is ineffective for the diagonal channel DD* — DD*
because of the color singlet nature of hadrons. The relevant

014061-4
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TABLE I. Meson masses used in this work and those in the
lattice calculation [16] in units of MeV.

Meson This work Lattice
m, 313 411

m, 798 896

my, 3121 3097

m,, 3032 2988

mp 1892 1903

Mp- 2028 2056

Capture 2

w07,

mp

diagrams are shown in Fig. 3, where the classification of
“capture” or “transfer” follows Refs. [25,26].

There is a subtlety in the six processes. Because the initial
and final states are different, the equivalence between the
post and prior form, or in general, the symmetry of the T-
matrix is guaranteed either when including all the six
processes or when including the two transfer processes.
For the capture processes, the interactions shown in Fig. 3
could be interpreted as the one for the formation of the
meson states. In fact, the interaction (19) that we use for the
present study for hadron interaction is used for the formation
of the meson wave functions. (Actually in the present study
they are approximated by the Gaussian functions as shown in
Appendixes.) If this would be the case, the relevant process
is the transfer ones. Having this discussion, we will inves-
tigate contributions from the capture, transfer, and their sum,
respectively in the next section.

To show concrete calculations we consider an example
for a two-meson scattering as shown in Fig. 4

A(aa) + B(bb) — C(ct) + D(dd) (23)

where momentum variables for particles A,B,--- are
denoted by bold letters such as A,B,---, and those of
the constituent quarks and antiquarks a, a by the small and
bold letters, a,a.,b.,b, - - .

For the capture 1 the quarks a and b interact via v

ij=ab>
the Born amplitude is computed by
(C.Dl[v,5|A. B) (24)
4\ ey —1
= (== I s (C+D-A-B
< 9> spin (27[)3 ( + )
3 .13 « (1) * (c1) _ _
x | dadc®y(ef)0p (" Yo, — al)
x @ (a )y (b)), (25)
=(22)°6%)(C+ D —A - B)hlS" (26)

where

D* _ / \E zp

Transfer 1 Transfer 2

e —— —,—
D . wO.n, D 0,1,

z,p

FIG. 3.

FIG. 4. Definition of various momenta for the process capture 1
in Fig. 3.

arv =da — 7_14, (27)
m, + m,
B —g_c——" 4 (28)
my, + ny,
dV—e-—"c (29)
m. + m,
mgy + mgy

In these expressions, @, are the internal wave functions of
the mesons @ = A, B, C, D in momentum space, and the
ééy)in

Other diagrams are computed by replacing the momenta
suitably depending on the process shown in Fig. 4. Complete
expressions are presented in the Appendix D. The sum over
all diagrams in Fig. 3 is the Born amplitude that we identify
with the (transition) potential.

In general the amplitudes depend on the two momen-
tum variables, p; =A — B,p; = C — D, or equivalently,

q=p;—pi.P=5p;+ps)

spin factors /. are shown in the Appendix C.
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V(pﬂpi) =V(q.P) = Z<CD|”U A,B). (31

ij

We note that the sum over the pair of quarks ij completes
the sum over the diagrams in Fig. 3, because each diagram
there determines the pair of quarks between which one
gluon is exchanged. Introducing the coordinates r; and r;
which are conjugate to p; and p;, we find

d3 d3 ;
rvin) = [ SR

ePrT—ipiTi V(vaPi)

d3P d3q ipy_ i
- / W(z—ﬁﬁp" “rV(q.P) (32)
where we have defined
1
rzi(r,-—l-rf), p=r;—r; (33)

The P-dependence leads to nonlocality as it shows the
dependence on the difference in the initial and final
coordinates, p = ry —r;. In the present work, we assume
that such nonlocality is not very strong, V(q,P) ~ V(q),
and hence ry ~ r;. In this way we find a local potential [by

removing the delta function (27)*8(r; —r;)]

V(r) = / (;’733 e 4TV (q). (34)

More complete derivation is shown in the Appendix E. In
the next section this will be compared with the results of the
lattice calculation [15,16].

V. RESULTS

A. Scattering equations in coupled channels

We solve the following coupled channel equation,
(K+V)y = Ey (35)
where K is the kinetic term. The relevant channels are

J/wn, Nep w(2S)x, DD*, D*D*. (36)
Hence, the wave function has five components, the poten-
tial V(r) takes the form of 5 x 5 matrix, while the kinetic
term is diagonal in the five channels. We have solved the
coupled equation (35) with suitable boundary conditions,
and obtained the phase-shifts for diagonal channels (aa).

Then they are transformed to scattering amplitudes by

Suq = €0, = (S —1 37
aox e faa Zika( aox ) ( )

where k, is the relative momentum of the channel a.

B. Potentials from the quark exchanges

In this subsection we discuss the quark exchange poten-
tial in detail. As we will discuss in the next subsection, the
potential strengths are reduced by about factor 0.3 to obtain
better agreement with those of the lattice calculation. As
anticipated, there are various contributions from different
diagrams as shown in Fig. 3. To compare our results with
lattice calculations, we show the two important transition
potentials in Fig. 5, V(J /wz — DD*) and V(5.p — DD*) as
functions of radial distance r. Three cases from left to right
are transfer 4 capture (left), transfer (middle), and capture
(right). Furthermore, contributions from the hyperfine (red
dashed), confinement (blue dashed), and Coulomb terms
(green dashed) are shown separately. In all cases, the
potential strengths are reduced by a factor as shown on
the top of the figures.

We observe the following points.

(i) Typical potential strength is about 0.2 GeV with
short ranges; the potential almost vanishes at
around 0.5 fm. For transition potentials, the sign
of the potential is not important; only magnitude is
relevant.

(i) Although various components, hyperfine (Hyp),
confinement (Conf) and Coulomb (Coul) terms,
separately behave smoothly as functions of r, the
sums show nontrivial r dependences. This is because
different contributions have different strengths and
ranges.

(iii) Although the r-dependence of the sum differs for
different cases, volume integrals of the sum take
similar values around

0.1 ~0.2 fm?> = 0.02 ~0.04 GeV - fm®>  (38)

As we will see later, the volume integrals play an

important role for the amplitudes of low energy
scattering.

For quark exchange processes in our present model,

there are four more potentials in addition to the above two,

V(J Jyz — D*D*),
V(y(28)7 — DD¥),

V(n.p — D*D*),
Vp(2S)z - D'D*).  (39)

For completeness, we show these four potentials in Fig. 6.
These potentials were not shown by the HALQCD in
Refs. [15,16], because the y(2S)x and D*D* channels were
not explicitly included in their lattice calculations. However,
as we will see later, these potentials provide non-negligible
contributions in scattering amplitudes.

C. Amplitudes

By using the obtained potential with the reduces
strengths we have computed the scattering amplitudes of
the coupled channels (36), (37), Im[f(E)], [the scattering
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| 0.216 * (transfer+capture) |

0.350 * transfer

0.135 * capture

03 S8 —-— Hyp 041N == Hyp 021"~ == Hyp
— 02 e —-= Conf = \ - Conf o s X - Conf
% - = Co = == Co R 1} B i O -
o Eep gy I Sl I o v~ R =
g -, .'g \\\§ N 0.0 =~ e
‘] 00 a S a ’
Q ,/ ;00 So== 1 0.1 yod
g -0l 7. H Jie - /
S 5 4 S 02 z s 2 4
= -02 7 = ’ Y ’

/ Pid 031,/
3 {==" 041~ -
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
r[fm] r[fm] r [fm]
e Y == Hyp 0217~
I s o 041N —-= Conf - ol
= _—_m % \ == Coul % >
8 00pE== e ) \ (o g L
= / =0 \ )
b ’ Q b Q
S 0.1 7 a Mo Q /,
| / I 00F= = —— | 5 Vi
g 02 4 == lyp % = g 02 / —-= Hyp
= / - = Conf £ - £ / L Conf
- 03 74 —-= Coul = 02 //’ = B —= Coul
ek —_— Sum s 0417 — Sum
04 04
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
r [fm] r[fm] r[fm]
FIG. 5. Important potentials for off-diagonal channels, V(J/wz — DD*) (first row) and V(3.0 — DD*) (second row) as functions of

the radial distance r. Three different cases are shown depending on the terms included; the left column shows the results including
transfer and capture processes, the middle one transfer, and the right one capture. These potentials are scaled by factors as shown in the
top boxes in such a way that they reproduce the amplitudes the lattice calculation as shown in the next subsection.

amplitudes Im[f(E)] of the coupled channels in Eq. (36)]
where E is the center-of-mass energy measured from the
J/wr threshold. To compare with the lattice results, we
employ the masses of the particles,

m, =411 MeV,
my, = 3097 MeV,
mp = 1903 MeV,

m, = 896 MeV,
m, = 2988 MeV,

mp- = 2056 MeV (40)
rather than the mass values in Table I. By doing this
threshold values of various channels agree with lattice
results, which enables us to make better comparison
between the two methods.

When we used the standard quark model parameters, the
resulting amplitudes turned out to be too large which
cannot be compared with the lattice result [15,16]. In fact,
there are some ambiguities in the model setup and treat-
ments. One is the strength of the quark exchange potential
which is proportional to the parameter ag. As in the
standard quark model [33] the strength of ay is determined
in the light flavor sectors, where typical momentum scale is
Aqcp- Contrary, in the present quark exchange process it is
larger of order 1 GeV. The coupling strength ag scales to
the leading order as 1/In(Q*/Ajcp) =p. By setting
Agcp ~0.2 GeV, it is estimated as f~1/In25~0.3.
We employ S around this value as a uniform reduction
factor,

V(r)=pv(r) (41)

In actual calculations we attempt several values around 0.3
depending on the kind of quark exchange processes as
indicated on top of Figs. 5-7. The other ambiguity is in the
approximation in the potential structure. In general, the
quark exchange amplitude becomes nonlocal. As explained
in the previous section (Egs. (31) and after), by neglecting
the P-dependence we have made the amplitude local. This
prescription may effectively enhance the strength of the
potential. To know better the nonlocal nature, we need a
more sophisticated analysis which is a future work.

Results are shown in Fig. 7 for 9 (= 3 x 3) cases. Three
columns are for diagonal amplitudes of different exchange
processes as corresponding to the potential plots in Fig. 5,
and three rows are for three different cases of coupled
channels; top panel: three coupled channels of J/yr,
DD*,n.p, middle panel: four of J/wmx, DD*,n.p, D*D*,
bottom panel: five of J/wxz, DD*,n.p, D*D*,y(2S)x.

Let us compare the present result with that of the lattice
calculations. As we can see in Fig. 7 the top three plots are
qualitatively similar to and consistent with the lattice result
in the relative behaviors of the three amplitudes, see Fig. 4
of Ref. [16]. The reason for the similar behaviors of the
three cases is that the volume integrals of the potentials
take similar values as anticipated in the previous section.
Consequently, as expected, our amplitude has no bound
nor resonant poles in accordance with what has been
claimed in Ref. [16].

Now as we increase the number of channels in our
coupled channel treatment, line shapes of amplitudes exhibit
kinklike singular behaviors at the threshold of the added
channels, D*D* and y/(2S)x, which is the requirement of
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FIG. 6. The other potentials generated by quark exchanges, V(J/wx — D*D*), V(y.p — D*D*), V(y(2S)x — DD*), V(w(28)x —
D*D*) from the top to bottom rows as functions of the radial distance r. The same classification and scales as in Fig. 5 is used.

the unitarity (probability conservation). Furthermore, abso- K +Vy Vis Viz

lute values of the amplitudes change §igniﬁcantly; as the H— Vs Ky + Vs Vas (42)
number of channels increase the amplitudes also increase.
Therefore, proper treatment for coupled channel problems is
very important. In comparison with the amplitudes of
Ref. [16], they do not show singular like behaviors at ~ Where K; is the Kinetic energy of the channel i,
threshold in the energy region higher than the DD* thresh-

Vi Vi K;+ V33

old. This discrepancy should be further considered in the B p% p,2
future. K; = 2m, - 2u; + AM; (43)
D. Toy model calculations with the reduced mass y; and the threshold energy AM,;

To understand the behaviors of the amplitudes, we have =~ measured from the lowest threshold, and the potential
performed a simple calculation using a three-channel model ~ parameters V;; = V; are constant in momentum space,
with a contact interaction. The three important channels are ~ which is contact type in coordinate space. Because the
for J/wnr, DD*, and #,.p, which are labeled by i = 1, 2, 3, contact interaction is separable, we can solve the Lippmann-
respectively. Hence the Hamiltonian is given by Schwinger equation as an algebraic equation. The resulting
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FIG. 7. Various scattering amplitudes of the four channels, J/wz, DD*, 5.p, and D*D* as functions of the center-of-mass energy E

measured from the lowest threshold of J/wz. The arrangement of the three columns follows that of Fig. 5, while the three rows are for
the amplitudes obtained by different coupled channels as shown in figures.

t(E) matrix is given in momentum space by

1

t(E) = l/V——G(E) (44)

where the G-function (two-particle propagator) is given by

Iq  flg)
G(E) = R a (45)
(27)*E—q°/2p
with the reduced mass p of the two particles. To remove the
ultraviolet divergence we introduce a form factor f(q).
Employing the monopole type for f(g) with the cutoff A,

AZ
@) =F—=3 (46)
A’ +qP?
we obtain a simple expression for the G-function,
A3 1
G(E) =12 k= \/2uE. (47)

Az (k+iN)?

The t-matrix here is related to the f-amplitude in (37) by

-2 uE).

e (48)

f(E) =

Employing the mass values as used in the lattice calcu-
lation as in (40), the parameters in this toy model are the
potential strengths V;; and cutoff A;. We have attempted
several parameter sets and a reasonable one is found to be as
shown in Table II. For the cutoff, we have employed different
values for different channels i. We note that the value A =
4 fm ~ 0.8 GeV corresponds to a typical interaction range
R~ \/6/ A ~ 0.6 fm. For potential parameters, guided by
the lattice result, we set only three components finite, V,,

TABLE II. Parameters used in the toy model. The cutoff A;’s
are in units of fm, and the potentials Vij in units of fm?.

Vo
—-0.12

Vo3
0.21
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FIG. 8. Various amplitude in a toy model.

V1, Vas. In fact, the interaction in the channel 1, J/wx, is
expected to be suppressed.

The result of the scattering amplitudes are shown in Fig. 8.
We argue that the line shapes of the amplitudes are qualita-
tively consistent with those of the lattice [15,16] and the
present calculations. The potential strengths are also consis-
tent with each other. The potential parameters V;; listed in
Table II can be crudely identified with volume integrals of the
(local) potential used in the lattice and present analysis. This
can be seen by a momentum independent interaction which
can be written as

P'|Vip) = (0]V]0) = /d3xV(X)- (49)

These volume integrals for the present quark model calcu-
lations are

V12 ~ 028, V23 ~ 017, V22 ~ 0 (50)
which are roughly consistent with those in Table II. We have
computed the amplitudes with using other set of parameters. It
turned out that result depends very sensitively on the strengths
of the V;; parameters both in their relative ratios and absolute
strengths. Observing this fact, the quark exchange mechanism
in the quark model provides in a rather nontrivial way
potential strengths that are consistent with the lattice calcu-
lation modulo overall strength. As we have discussed, the
reduction of the overall strength could be attributed to the
running coupling constant ag. Therefore, we could say that,
though not perfect, the quark model provides a reasonable
explanation for the phenomena around the Z.(3900) and
useful to understand physics mechanism of the Ilattice
calculations. This observation also suggests the suppression
of the coupling of two-meson channels to genuine tetraquark
state, and hence their existence as a real particle is not likely.

VI. SUMMARY AND DISCUSSIONS

We have investigated hadron interactions between mes-
ons in the Z,. channels by meson exchange and quark
exchange models. While the quark exchange model has

been employed for hadron-hadron interactions at short
distances for various systems, the case with constituents
with different masses has been carefully formulated in the
present work. We have seen that the meson exchanges play
a negligible role, while the quark exchanges at short
distances dominate the interaction among various channels.
In general the quark exchange processes yield a nonlocal
interaction, which has been in the present work approxi-
mated by a local potential by neglecting higher order terms.
The obtained potential is used in a coupled channel
equation for the Z -channel including J/wx, DD*, n.p,
D*D*, and w(2S)r. The resulting amplitudes are then
compared with the results of the lattice simulations [16].
We have shown that the amplitudes depend very sensi-
tively on the interaction by using a simple toy scattering
model. It turns out that the quark exchange model explains
reasonably well the results of the lattice simulations, once
the strength of the obtained local potential is weakened
uniformly, the amount of which is consistent with the
running behavior of the strong coupling constant ag
between quarks and gluons.

There are still several unsolved questions that have to be
clarified. In comparison with the data, the use of the
physical pion mass is important. For this, we need updated
lattice simulations and model calculations.

Since the pioneering work of the Z, tetraquark in the
lattice [15,16], there has been a great amount of progress in
hadron interactions. In the lattice simulations, the inter-
actions in the ¢N, J/wN channels have been achieved,
revealing rather strong attractive interaction [34]. This
observation seems consistent with the experimental analysis
of the correlation functions [35], while not with the photo-
production analysis [36]. Theoretically, the importance of
the two-pion exchange is recently revisited [37-39], which
could be also relevant in the present study of the Z.. channel.
In the lattice calculations and in experimental data, the
separation of spin states is also important but not yet
analyzed. In effective models better coupled channel models
are expected including possible hadron-hadron channels,
and also with genuine quark-dominated channels. These
multiface studies should be further explored in the eluci-
dation of exotic hadron phenomena.
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APPENDIX A: VECTOR p AND w MESON

EXCHANGE

The necessary VD™ D™ vertices are extracted from (4).
They are
Lypp = —ﬂgvaMV”DT (Al)
EVD*D* = ﬁgvD*ﬂvMV”D*”T
+ 2iAgyD*F ,,D* (A2)
Lypp: = —i2AgyeP v,

x (D3, V,D," — D39,V,D")  (A3)

where D meson isospin doublets are
D = (D° D) (A4)

The resulting potentials for the p meson exchange are

2
v/;m pp(r) = <ﬁﬂ> C(rim,)t, - 15, (AS)

2mp

Vb _pp () = (ﬂgv> e - eC(rym,)t) -7y, (A6)

V/l))D -D* D( r) = (XQV)Z% [-2¢&* -eD(r)
4+ 2e* - £C(i‘;ﬂp) - Sgg(f”)T(r;ﬂp)]T] Ty,
(A7)
V%D pp (1) = —(ﬁgv)zé[—%* -&*D(r)
+2¢* - e*C(r;m,) — S, (W) T (r;m,)]z, - 73,
(A8)
Vip—pp(r) = i(ﬂgv)zé[—%‘* -SD(r)

+2¢*-SC(r;m,) = Ses(M)T (r;m,)]7) - 7,

(A9)

) Bav\* . ..
Vb pp(7) :< V) e - ee -eC(rym,)t; - 1)

+ (gy 5 [-28 - 5D(1)

+28 - 8C(r;m,) — Sss(7)T(r;m,)]T) - 75,
(A10)

For the ® meson exchange, 7| - 7, is removed.

APPENDIX B: D*) MESON EXCHANGE

The relevant vertex Lagrangians involving J/y or y/ in
Fig. 1 are

Ly,pp = 2gy*[D"(9,D") - (9,D7) D]
+2¢((9,0)D — D(9, D)yt (BI)

EU/DD = 2g¢ky i[D ;WakDT) - (ale’;T)D*]

+2¢/e%((9,D)D; = D(0:D;) ]y} (B2)
Lypp = 29/£ijkll/i[DT(aletT) - (ajDT)DltW

+2g€%[(0,D;)D — D;(9,D)]w! (B3)
Lypp = 29y*Di (D7) = (D" D;

_ (D*”(a,,D;‘T) _ ( D*m) *T)

+ DN (e*Dy") - (D)D)
+24((¢"D;)D;, — Dy (¢ D},)

~ ((0,D5)D* - D;(9,D™))

+ (¢D};) Dy = D;(0°Dy)y* (B4)

and for those involving #,. are

ﬁnCDD* = _29/776 [D*WL (ayDT) - (aﬂD*M)DT]
—2¢((9,D)D* — D(3,D™)]nt (BS)
L, p-p = —2gn:[D"(0,D*") — (9,D7)D*"]
-24(3,D*)D — D*(0,D)]ni (B6)
L, pp = —24von.£7*[D;*(0,D;") - (0,D;")D;]
—2¢'vo[(9;D})D; — PZ(aij)]'lz- (B7)

The exchanging of a D*) meson is accompanied by a
large energy transfer. Therefore, we follow a somewhat
primitive method of computing the transition amplitude. To
be specific, let us consider the transition amplitude shown
in Fig. 1 by the second order perturbation method,

=D N Z <f|['7rHH|n><n|£y/HH|i>
DD*—=J/yrx — E,—E,
1
sz(ZmJ/y/2 Eﬂ'(p/))]/2
Ir
X <— mD) (Z.dem}ﬁ/)

1 (fIS) - qln)(n|S, - q]i)
sz En(P/) ’

where E;, E, are the energies of the initial and intermediate
states. In the second step we have shown explicitly various

(B8)
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factors; the first one 1/2mp(2m;,,2 E,(p'))"/? is for the
normalization per unit volume, the second and third one are
the coupling constants with the heavy hadron field nor-
malization taken into account, and the last one of 1/2mp, is
for the normalization of the exchanged D meson. The
intermediate state n is for the virtual D exchange, and S,
S, are suitable spin transition operators at the vertices with
q = p’ — p. In addition to this diagram, we need to consider
D™D*~ component to form the isospin 1 and charge
conjugation eigenstate as in (2). We find

/

9

TABLE VI. Spin factors of the spin-dependent potentials for
the capture 3.
(1a,15) (1a.0) (0a.15)
1 3
(Ic.1p) 0 -5 -5
1 | 3
(1¢,0p) A 8 8
1 1 3
(OCv 1D) m 3 -3

TABLE VIIL
the capture 4.

Spin factors of the spin-dependent potentials for

& 9n
Vobisspyn === 3751459  (BY)
v V2fE) (1a.15) (1a.0) (0a.15)
. (e, 1p) 0 5 yvi
where E, =2mp —m;;, as we have discussed around L0 . 4¢3§ 4\1/5
Eq. (11). Similarly, we find the D* exchange potential. This (1c.0p) B 41175 _§ ?
result is due to heavy quark symmetry. (Oc. 1p) na 3 8
APPENDIX‘ C: SPIN FACTOR TABLE VIII.  Spin factors of the spin-dependent potentials for
The spin factors Ii’)in (i=cl,c2,c3,c4,t1,12) in the transfer 1.
Eq. (25) are summarized in Tables IIT-IX.
& ¢ (1 10) (1.05) (01 12)
1 1 1
(le lD) ) m - m
TABLE III. ~ Spin factors of the spin-independent potentials for (1¢,0p) L\[ -1 %
the (S4,Sz) — (S¢, Sp) transition, where S; (i = A, B, C, D) is W 3 1
/ ) (0c. 1p) _ L 3 _1
the spin of the meson i. 42 8 8
(1a.1p) (14.05) (04.15)
(Ic.1p) 0 —ﬁ \/% TABLE IX. Spin factors of the spin-dependent potentials for
(1¢,0p) _ L 1 1 the transfer 2.
’ V2 2 2
1 1 1
(0c, 1p) Vi 2 2 (1a.1p) (14,05) (04, 1p)
1 1 1
(1C7 lD) 2 m — m
(1¢.0p) ™ 3 -3
TABLEIV. Spin factors of the spin-dependent potentials for the ~ (Ocs 1p) ~ i -3 3
capture 1.
(4. 15) (14.0) Oa.15) APPENDIX D: SUMMARY OF THE BORN
1 1
(le.1p) 0l “i W AMPLITUDES
(1c.0p) a2 8 8 In this Appendix, the Born amplitude (C, D|v;;|A, B) of
(Oc. 1p) —ﬁg -3 -3 each of the diagrams is summarized.
For the capture 1,
(C.Dlv,51A. B)
TABLE V. Spin factors of the spin-dependent potentials for the 4\ ) -1 3)
capture 2. =179 ! in 2n)? 83 (C+D-A-B)
14,1 14,0 0y, 1 c c
(14 1p) (14.0p) (04.1p) y /d3ad3c(1>*c(c§ D) (@) (lc — al)
1 1
(lC’ ID) ! e W2 (cl) (cl)
(IC,OD) 43% —% —% deA(a, )q)B(br )
(Oc.1p) 5 § § _ 3503) _ A _ RypleD)
e = (27)°6Y(C+D-A B)hfi , (D1)
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where the meson momenta are given by

(cl) m,
ar — - — ’
m, +m,
bV —a-C-—"0 4,
my, + my,
V= e C,
mL‘ + C
dV=a-a-—"4 ¢
mg+my
For the capture 2,
<Ca D|Uﬁb A’B>
4\ (o) —1
=== |1 s3(C+D-A-B
( 9) spin (2”)3 ( + )

< [ @ad a0 (el 0y a1 - a)

X @y (aicz))q)B (bﬁcz)%
— 35(3 (c2)
= (27)*6(C+D-A - B)hy;” .

where
a? = —ay T4,
m, + m,
biY = —a—C+—t A,
my, + my,
Y= _a+A— e —C,
m. +m.
4 — _g Mgy
mgy + ﬁ’ld
For the capture 3,
(C.Dlv.z|A. B)
4\ (3 —1
=(-= |15 s(C+D-A-B
< 9> spin (271_)3 ( + )

« / B ad ()05 (dD) v (e —al)
x @, (a0 (b))
= (22)53(C +D - A - B)h,

where

bV =c—C- A,
my, + my,
(D2)
(c3) m.
Cr =C — — ,
m. + m,
(D3) i}
a4 =c-a-—"4
mgy + mgy
(D4

For the capture 4,

(Ds)  (C.DlveglA. B)

4 (c4) -1
=(—-= 1< S8(C+D-A-B
< 9) PN (73 (8 )

« [ dadt e (el @ (N vralle - a

x @, (a) )y (b))
= (27)353(C+D-A - B)R'Y

fi >
where
af —d+C+—"0 4,
(D6) m, +m,
B =b "4
mp + iy,
©7) oV =d+ar—"c
mC + mC
(DS) d£C4) =d+ ny _C
mg —+my
(D9) For the transfer 1,
<C’ D|vab|As B>
(D10) 4 _1
_ RAIGY) (3) _A_
= I oV C+D—-A-B
<+ 9) spin (2][)3 ( + )
3,13 « (A (11) « ((11)
x [ @ad i@y a e -l
X ¢A(a£tl))¢3(b£tl>)’
= (22)’60)(C+D - A -B)hY),
where
aﬁ'l) —g——a — A,
ma + md
(D11)
bW =c—C-—"t 4,
my + 1y,
(D12) Moo M ¢,
m. + m,
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L) (D25)

For the transfer 2,

(C.D|vz3|A. B)

4\ @ -1
— <+§)1§;i3, (2”)35(3)(C+D—A -B)

< [ @adav (e (a0 - a)

X @y (a5'2)><1>3 (l’yz))’

2
= (22)’60)(C+D - A -B)h'?, (D26)
where
al® = a1+ "4, (D27)
m, +m,
b = —d-c+— "0 4, (D28)
my, + my,
= _ara-—" ¢ (D29)
m. + m,
d? =g "4 (D30)
my + mgy

APPENDIX E: FOURIER TRANSFORMATIONS
FOR DERIVING THE LOCAL POTENTIAL

In this Appendix, we perform the Fourier transformation
to obtain the local potential in Eq. (34). In general, the
integral part with any function f()(|k|) are given by

vy [ L9 5 sk kel

x exp|—(b, ¢* + b, p* + by k*
+2by, qp +2byp -k +2b, k- q)]
z\3/2 &g _
= (= — L BkfM(|k])ear
()" [ Lo

P
X exXp [—(cq q’ +2chq-k—|—ckk2)], (El)

where the coefficients are redefined by

Cqg = q—%, (E2)
b,
by by
p

2
_ b

; (E4)

Cp = bk .
P

As a specific example, we demonstrate performing the
integral for the capture 1. In a similar way, the integrals for
the other diagrams are also done by using the appropriate
momenta shown in the Appendix D.

In the case of the capture 1, the constants b, b, by, b,

bk, and by, are given as follows:
b b*(Ry)*  bp*(Ry)?  bA(RY) bp*(R)?
1 8 8 8 8 '

bs’Ry  bR! by Ry
- . (ES
2 2 2 2 (E8)

1 /b2 bgt b2 bp?
bh,=— (A 428 _~7C 7D E
pk 2<2+2 >t ) (E9)
1 (bs®R"  bg’RI  bcR™  bp*RY
_1 _ El
big =3 < 4 4 4 4 ) (E10)
where R (i = a, b, c, d) is given by
Ry =" (E11)
m; + m;

For hyperfine interaction with Gaussian potential
FEP)(|k|) = e¥/7* | one obtain

3/2 3
J(Hyp) — <1> / / d q3 d’ket”
b, (27)

1
X exp [—{ (ck + P)k2 + 2,4 -k + cqqZ}]

T 3/2 [ rz]
(4bpdkeq> 4eq ( )
where
1
dk—Ck-f—P, (E13)
2
Cak
e,=c,———. El14
q q dk ( )
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For the confinement potential f(©")(|k|) = [d®RRe™*X,

3/2 3
I(Conf) _ <b£> / /(;1 6)13 d3k€iq'r/d3RR€_ik‘R
P T

x exp [—{cik* + 2c 09 - k + c,q°}]

2r n 321 r +c%R 5
=— | —exp|——+-"r
cr \4b,cif, r P 4f,  4cg

" [3(dr”) s
CR
1
- i<—+(d,r)2>erf((d,r)./—cR)] (E15)
CRr 2CR
where

2

Cuk
fo=c4— qu , (E16)

1

— . Ca (E17)

1 1 1 Cc k>2}
74 {Ck fq (Ck ( )
CrR
d, = . E19
=g (€19
For the Coulomb potential, (€ (|k|) = 1/k?,
J(Coul) — (l) v / d3q3 d3keiq'riz
b, (27) k
x exp [—(c,q* + 2cuq - k + c,k?)]
(1 \¥c, 1 r
4 \b,c, Cak T 4c,
Cak
x erf 4 r), E20
s (20)
where
2
c
Ik :Ck—ik‘ (E21)
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