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We perform coupled channel analysis for DD̄�, J=ψπ, and related meson pairs for the Zcð3900Þ channel
in an effective model of hadrons and quarks. The model incorporates meson exchange potential such as one
pion and Dð�Þ meson exchanges, and quark exchanges. It turns out that the meson exchange potential is
small, while the off-diagonal interactions by the quark exchanges at short distances, particularly for
transitions between DD̄� − J=ψπ are strong, which plays a main role for the scattering amplitudes for the
Zcð3900Þ channel, in consistent with the results of the lattice simulations of the HALQCD group.
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I. INTRODUCTION

While much attention has been paid to exotic hadrons
with heavy flavors for decades, understanding of their origin
is not fully achieved.Many exotic hadrons with a clear signal
have been observed near and above the threshold region of
two or more hadron channels [1–5]. A crucial difficulty is in
that the interactions between hadrons that participate in the
relevant reactions for the exotic phenomena are not well
established. While remarkable progresses have been made
by lattice simulations [6–9] and by the analysis of correlation
functions [10–13], their achievements do not cover fully
the observed phenomena. In general many hadron channels
are open above the charm and bottom thresholds where
exotic phenomena are observed. Therefore, coupled channel
effects are crucially important with reliable interactions.
Considering the fact that it took many years even for the
nucleon-nucleon interaction to be established [14], inter-
actions between hadrons for exotic resonances seem
extremely difficult. In such situations, it is desired to explore
an integrated use of various approaches including effective
models, experimental data, and lattice simulations.
Motivated partly by the result of the lattice simulations of

the HALQCD collaboration [15,16], in this paper we study
the interactions for the channel of Zcð3900Þ in an effective

models for hadrons and quarks. The Zcð3900Þ is a candidate
of an exotic particle containing c̄c and ud̄, and hence it is a
genuine exotic tetraquark, if it exists. The signal was first
observed by BESIII [17], and then also confirmed by Belle
[18] and CLEO [19], where they have analyzed the invariant
mass spectrum of π�J=ψ in the process eþe− → πþπ−J=ψ .
Subsequently, BESIII observed a signal also in the open
charm channel of DD̄� [20,21]. Although more than ten
years have passed, its nature is not yet well understood. Then
a lattice simulation was performed for coupled-channels
includingDD̄� − πJ=ψ − ρηc corresponding to Zcð3900Þ at
the nonphysical pion mass mπ ¼ 410–700 MeV [15,16].
The finding of the lattice simulation is rather nontrivial. It
indicates only weak interactions for the diagonal open-charm
channels of DD̄�, while the interaction for the off-diagonal
ones such as DD̄� − J=ψπ is significantly large. Using the
obtained interaction, they have analyzed coupled-channel
scattering amplitudes, and found only a virtual state pole for
Zcð3900Þ with the resulting line shape of the observed mass
distribution qualitatively consistent with the data.
Recently, rather inclusive amplitude analyses have been

performed with coupled channels [22,23]. In Ref. [22], a
model of three coupled channels DD̄�; J=ψπ and ρηc was
employed with the inclusion of triangle singularities. By
using the data of Refs. [20,21], they performed an invariant
mass analysis of relevant two-body channels, and con-
cluded that the signal of Zcð3900Þ was likely to be a cusp.
In Ref. [23], they have performed a global analysis with
more than ten relevant channels for the eþe− → cc̄ process.
The state-of-arts analysis implied that the Zcð3900Þ was a
virtual state whose pole was located ∼40 MeV below the
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DD̄� threshold. In both studies, the importance of inter-
actions was emphasized.
In the present paper we employ a coupled channel model

withDð�ÞD̄ð�Þ − πψ ð0Þ − ρηc channels with interactions in an
effective model of meson exchanges [5,24] and quark
exchanges [25,26]. Here Dð�Þ indicates D or D�, and ψ ð0Þ
includes J=ψð1SÞ and ψð2SÞ, focusing our study on the
channel of Zcð3900Þ, namely the spin and parity JPC ¼ 1þ−

and isospin I ¼ 1. The π, ρ, ω exchanges are considered for
the diagonal open charm channels Dð�ÞD̄ð�Þ −Dð�ÞD̄ð�Þ,
while Dð�Þ exchange is considered for the off-diagonal
Dð�ÞD̄ð�Þ − πJ=ψð−ρηcÞ interaction. In contrast, the quark
exchange contributes only to the off-diagonal interaction
between open-charm and hidden-charm channels. The
resulting interaction is then compared with the lattice results.
One of our motivations in this work is to see whether we

can understand the lattice results in terms of effective
models. We do this for a particular channel of Zc. However,
if we achieve a reasonable agreement with the lattice
results, we may apply the similar idea based on effective
models to other systems.
This paper is organized as follows. After a brief

summary for the nominal Zc state in Sec. II, in Sec. III
we derive the meson exchange potential for the one pion
and Dð�Þ meson exchanges. In both cases, we show that the
interaction is reasonably approximated in the form of a
static potential. Section IV derives the quark exchange
potential with the one-gluon exchange. In Sec. V we show
numerical results for various components of the potential,
and present scattering amplitudes by solving coupled
channel equations with relevant two-meson coupled chan-
nels. In that section, we compare our potential with the
lattice results at the quark masses that were used by the
lattice simulations. The final Sec. VI is devoted discussions
and summary.

II. Zc STATE

To start with, let us briefly look at the relevant coupled
channels of hadrons for Zc. Its quantum numbers of spin,
parity and charge conjugation are

JPC ¼ 1þ− ð1Þ

They are formed by various combinations of the open charm
and hidden charm mesons, Dð�ÞD̄ð�Þ and πJ=ψ ; πψ 0; ρηc.
The hidden charm combinations, πJ=ψ ; πψ 0; ρηc, satisfy
by themselves the condition JPC ¼ 1þ− together with
two-meson orbital wave function of angular momentum
(L ¼ 0, 2). For Dð�ÞD̄ð�Þ, suitable combinations are formed
to satisfy spin 1 and negative charge conjugation. They are

1ffiffiffi
2

p ðDD̄� þD�D̄ÞψLðxÞ; D�D̄�χ1ψLðxÞ ð2Þ

where ψL is the orbital wave function of an even angular
momentum L, and χ1 is the spin 1 wave function. For the
DD̄� term the spin 1 wave function is trivially formed, while
for D�D̄� the two spin 1 states are formed in antisymmetric
manner.

III. MESON EXCHANGE INTERACTION

In this section we show the meson exchange interaction
for a coupled channel system of Dð�ÞD̄ð�Þ − πψ ð0Þ − ρηc as
shown in Fig. 1. The necessary Lagrangians of Yukawa
vertices are given by [5,27–29]

LπHH ¼ −
gπ
2fπ

Tr½H1γμγ5∂
μπH̄1�

−
gπ
2fπ

Tr½H̄2γμγ5∂
μπH2�; ðπ ≡ τ · πÞ ð3Þ

LVHH ¼ −iβTr½H1vμV̂μH̄1� þ iλTr½H1σ
μνFμνH̄1�

þ iβTr½H̄2vμVμH2� þ iλTr½H̄2σ
μνFμνH2�;

V̂μ ≡ igV
2

Vμ ¼
igV
2

ðτ · ρμ þ ωμÞ;
Fμν ¼ ∂μV̂ν − ∂νV̂μ; ð4Þ

LψH̄1H̄2
¼ g0Tr½J H̄2∂μ

↔
γμH̄1� þ H:c:; ð5Þ

where i ¼ 1, 2, and H1, H2 and J are for the annihilation
of heavy quark multiplets, ðD;D�Þ, ðD̄; D̄�Þ, and (ψ ; ηc)
mesons, respectively,

H1 ¼
1þ =v
2

½D�μγμ þ iDγ5�;

H2 ¼ ½D̄�μγμ þ iD̄γ5�
1 − =v
2

;

J ¼ 1þ =v
2

½ψμγμ þ iηcγ5�
1 − =v
2

:

We need the two fields H1;2, because in the heavy quark
limit Dð�Þ and D̄ð�Þ are regarded as different particles, and
their creation and annihilation are suppressed. For the
phenomena near the Dð�ÞD̄ð�Þ threshold region that we

FIG. 1. Meson exchange diagrams.
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are interested in we can treat the scattering of heavy
particlesDð�Þ; J=ψ in a nonrelativistic manner which allows
us to set vμ ¼ ð1; 0; 0; 0Þ. We employ the coupling con-
stants as gπ ¼ 0.59, β ¼ 0.9, λ ¼ 0.56 GeV−1, gV ∼ 5.8,

g0 ¼ 4=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mψm2

D

q
, and the pion decay constant fπ ¼

93 MeV [5,27–29].
For practical purposes, it is convenient to prepare the

meson exchange interaction in the form of a static potential
in the coordinate space. There are two cases that are
qualitatively different as shown in Figs. 1(a) and (b).
The case (a) is the light meson (π, ρ and ω) exchange

between the Dð�ÞD̄ð�Þ channels. Here we demonstrate
the pion exchange potential, while other vector meson
exchanges are summarized in the Appendix A. In the heavy
quark limit where the masses of D and D� are degenerate,
the energy transfer is neglected and the standard static
potential is obtained. When the mass difference between D
and D� is taken into account, the mass of the exchanged
pion should be replaced by an effective one μ [5]. Therefore,
the one pion exchange potential for Dð�ÞD̄ð�Þ → Dð�ÞD̄ð�Þ is
given by

Vπ
Dð�ÞD̄ð�Þ→Dð�ÞD̄ð�Þ ðrÞ

¼ −
1

3

�
gπ
2fπ

�
2

½S1 · S2Cðr;μÞ þ S12ðr̂ÞTðr;μÞ�τ1 · τ2; ð6Þ

where the spin operator Si¼1;2 at DD�π vertex is the
polarization vector of D�, ϵ, and at D�D�π vertex the 3 × 3
spin one matrix. The tensor operators are then formed as
S12ðr̂Þ ¼ 3S1 · r̂S2 · r̂ − S1 · S2, etc.
The radial functions are

Cðr; μÞ ¼
Z

d3q
ð2πÞ3

μ2

q2 þ μ2
eiq·rFðΛ; qÞ;

S12ðr̂ÞTðr; μÞ ¼
Z

d3q
ð2πÞ3

−q2

q2 þ μ2
eiq·rS12ðq̂ÞFðΛ; qÞ

FðΛ; qÞ ¼
�
Λ2 −m2

Λ2 − q2

�
2

ð7Þ

We also note that for the spin-spin interaction Cðr; μÞ, the
constant term (delta function in coordinate space) has been
removed, and instead, the form factor FðΛ; qÞ has been
introduced. The cutoff parameter Λ is determined by the
following formula as inspired by the relation to the size of
hadrons,

Λ ¼ ΛN × 1.35; rN=rD ¼ 1.35 ð8Þ

Here ΛN ¼ 836 MeV is employed to reproduce the deu-
teron properties such as binding energy, the scattering
length and effective range of the nucleon scattering. The
factor 1.35 is the ratio of the sizes of the nucleon and the

Dð�Þ meson with the physical basis that the form factor
reflects the spatial sizes of the scattering particles. This is a
prescription inspired by the one pion exchange potential for
Dð�Þ mesons, and is also applied to the ρ meson exchanges.
Details are given in Refs. [5,24,30–32].
The case (b) is for the transitions between Dð�ÞD̄ð�Þ and

J=ψπ as in Fig. 1(b), where the relevant diagrams which
conserve the number of heavy quarks are shown in
chronological order. In that process the fact that a large
energy transfer should be taken into account carefully. For
this let us consider the following scattering process in the
center-of-mass system,

Dð�ÞðEDðpÞ; pÞ þ D̄ð�ÞðED̄ðpÞ;−pÞ
→ πðEπðp0Þ; p0Þ þ J=ψðEJ=ψ ðp0Þ;−p0Þ ð9Þ

where inside braces are the energies and momenta of the
particles. We assume that the momentum p is small near the
threshold region of Dð�ÞD̄ð�Þ, and consider the heavy quark
mass limit where the masses of D and D� mesons are
degenerate. In this limit, we may replace the energies of
heavy particles by their masses, e.g.,

EDðpÞ → mD; EJ=ψ → mJ=ψ ð10Þ

while the energy of the pion is kept as

Eπðp0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ p02
q

∼ 2mD −mJ=ψ : ð11Þ

Having these kinematic approximations, we can compute
the transition amplitudes.
As shown in the Appendix B, in the limit of heavy mass

of Dð�Þ, the amplitude is a constant in momentum space
except for the tensor structure. Specifically, D meson
exchange for DD̄� → J=ψπ, is given as

ṼD
DD̄�→J=ψπ ¼ −

gπg0ffiffiffi
2

p
fπE

3=2
π

S1 · qS2 · q: ð12Þ

As in the case of the pion exchange, we multiply a form
factor due to the finite structure of scattering mesons. The
momentum transfer q is then transformed into the deriva-
tive acting on it. The form factor is introduced as the
Fourier transform of the overlap of the incoming and
outgoing mesons at the vertex,

FðqÞ ¼
Z

d3xeiq·xψ†
outðxÞψ inðxÞ ð13Þ

where ψ in;outðxÞ are the internal wave functions of the
mesons, and q is the momentum of the exchanged meson.
Employing the harmonic oscillator wave functions as in the
standard quark model, for the transitions between the
ground state mesons we have
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FðqÞ ¼ Ne−q
2=Λ2 ð14Þ

where N is the normalization factor and the cutoff param-
eter Λ is determined by the sizes of the mesons. When the
two mesons have the same size, N ¼ 1, while if they are
different, N < 1 due to an incomplete overlap. The form
factor is attached at each vertex of meson exchange
diagrams, which is labeled by an index 1 or 2.
Hence we arrive at the expression

ṼðqÞDD̄�→J=ψπ ¼ −GS1 · qS2 · qN1N2e−q
2=Λ2

12 ; ð15Þ

where

G ¼ −
gπg0ffiffiffi
2

p
fπE

3=2
π

;
1

Λ2
12

¼ 1

Λ2
1

þ 1

Λ2
2

: ð16Þ

Performing the Fourier transform, we find

VDD̄�→J=ψπðrÞ ¼ GN1N2½S1 · S2CðrÞ þ S12ðr̂ÞTðrÞ�: ð17Þ

The radial functions CðrÞ and TðrÞ are given as

CðrÞ ¼ −
3Λ5

12

16π3=2

�
1 −

Λ2
12r

2

6

�
e−Λ

2
12
r2=4

TðrÞ ¼ Λ7
12

32π3=2
e−Λ

2
12
r2=4: ð18Þ

Potentials for other channels are given in the Appendix B.
Using the obtained meson-exchange interaction, we

have computed phase shifts. It turns out that the resulting
phase shifts are tiny, and so are the amplitudes. In Fig. 2,
phase shifts for the S-wave scattering of ψ − π and of
D − D̄� for I ¼ 1 and JPC ¼ 1þ− channels. The small
J=ψπ phase shift is expected because the interaction is
from the coupled channel of DD̄� and D�D̄� with small
coupling strengths. As for the Dð�ÞD̄ð�Þ channel, the one
pion exchange potential has the effective mass as an
overall factor, μ < mπ . In addition, the isospin factor τ1 ·
τ2 which is, for the isospin 1 channel, 1=3 of the isospin 0
channel. Hence, the one pion exchange potential is small.

The ρ meson exchange is also small due to the form
factor ðΛ2 −m2

ρÞ=ðΛ2 − q2Þ.
As we have verified that meson exchange process for the

Zc channel turned out to be very small and is far from what
is expected in the experimental data and from the lattice
result, we shall investigate quark exchange processes in the
next section.

IV. QUARK EXCHANGE INTERACTION

The quark exchange process for two-meson scattering has
been considered for example by Barns and Swanson [25,26].
Quark exchanges between two mesons occur via inter-
actions, for which we consider one-gluon exchange as often
used in the nonrelativistic quark model. It consists of the
Coulomb, linear confinement and spin-spin terms with
color factors in common,

v ¼
X
i<j

ðvCoulij þ vconfij þ vssij Þ
λai
2

λaj
2

ð19Þ

where

vCoulij ¼ αC
rij

; vconfij ¼ −
3

4
brij; ð20Þ

vssij ¼ −
8παh
3mimj

�
σ3

π3=2
e−σ

2r2ij

�
Si · Sj: ð21Þ

In these equations, the indices i, j labels the interacting
quarks, rij their interdistance, λa (a ¼ 1; � � � 8) are Gell-
Mann matrices for colors and Sj ¼ σj=2 spin matrices. The
parameters αc; b; αh; σ are taken from Ref. [33].
For the meson wave functions that we need for the quark

exchanges, we approximate them by one range (term)
Gaussian function which minimizes the Hamiltonian with
the potential (19) and the kinetic term. Then the light quark
mass is tuned to reproduce the mass splitting of the π and ρ
mesons in the lattice calculation (case I in Ref. [16]), while
the charm quark mass is set at the one of Ref. [33],

mq ¼ 361 MeV; mc ¼ 1840 MeV: ð22Þ

The resulting meson masses are summarized in Table I. In
the present numerical calculations we employ this param-
eter set. In addition to this parameter set, we have
performed calculations by using other sets within a rea-
sonable range, which turns out not to change the essential
features that we will show in the next sections.
The quark exchange interaction is effective only for the

transitions between the open and hidden charm channels
via heavy (charm) quark exchange such as DD̄� → πJ=ψ ,
while it is ineffective for the diagonal channelDD̄� → DD̄�
because of the color singlet nature of hadrons. The relevant

0

200 400 600 8000

FIG. 2. Phase shifts obtained by using the meson exchange
potential for various channels as shown in the panel.
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diagrams are shown in Fig. 3, where the classification of
“capture” or “transfer” follows Refs. [25,26].
There is a subtlety in the six processes. Because the initial

and final states are different, the equivalence between the
post and prior form, or in general, the symmetry of the T-
matrix is guaranteed either when including all the six
processes or when including the two transfer processes.
For the capture processes, the interactions shown in Fig. 3
could be interpreted as the one for the formation of the
meson states. In fact, the interaction (19) that we use for the
present study for hadron interaction is used for the formation
of the meson wave functions. (Actually in the present study
they are approximated by the Gaussian functions as shown in
Appendixes.) If this would be the case, the relevant process
is the transfer ones. Having this discussion, we will inves-
tigate contributions from the capture, transfer, and their sum,
respectively in the next section.
To show concrete calculations we consider an example

for a two-meson scattering as shown in Fig. 4

AðaāÞ þ Bðbb̄Þ → Cðcc̄Þ þDðdd̄Þ ð23Þ

where momentum variables for particles A;B; � � � are
denoted by bold letters such as A;B; � � �, and those of
the constituent quarks and antiquarks a; ā by the small and
bold letters, a; ā; b; b̄; � � �.
For the capture 1 the quarks a and b̄ interact via vij¼ab̄,

the Born amplitude is computed by

hC;Djvab̄jA;Bi ð24Þ

¼
�
−
4

9

�
Iðc1Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ad3cΦ�
Cðcðc1Þr ÞΦ�

Dðdðc1Þr Þvab̄ðjc − ajÞ

×ΦAðaðc1Þr ÞΦBðbðc1Þr Þ; ð25Þ

≡ð2πÞ3δð3ÞðCþ D − A − BÞhðc1Þfi ; ð26Þ

where

aðc1Þr ¼ a −
ma

ma þ m̄a
A; ð27Þ

bðc1Þr ¼ a − C −
m̄b

mb þ m̄b
A; ð28Þ

cðc1Þr ¼ c −
mc

mc þ m̄c
C; ð29Þ

dðc1Þr ¼ a − A −
m̄d

md þ m̄d
C: ð30Þ

In these expressions, Φα are the internal wave functions of
the mesons α ¼ A, B, C, D in momentum space, and the

spin factors IðiÞspin are shown in the Appendix C.
Other diagrams are computed by replacing the momenta

suitably depending on the process shown in Fig. 4. Complete
expressions are presented in the Appendix D. The sum over
all diagrams in Fig. 3 is the Born amplitude that we identify
with the (transition) potential.
In general the amplitudes depend on the two momen-

tum variables, pi ¼ A − B; pf ¼ C − D, or equivalently,
q ¼ pf − pi;P ¼ 1

2
ðpi þ pfÞ,

TABLE I. Meson masses used in this work and those in the
lattice calculation [16] in units of MeV.

Meson This work Lattice

mπ 313 411
mρ 798 896
mJ=ψ 3121 3097
mηc 3032 2988
mD 1892 1903
mD� 2028 2056

FIG. 3. Six types of quark exchange diagrams.

FIG. 4. Definition of various momenta for the process capture 1
in Fig. 3.
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Vðpf; piÞ ¼ Vðq;PÞ≡X
ij

hC;DjvijjA;Bi: ð31Þ

We note that the sum over the pair of quarks ij completes
the sum over the diagrams in Fig. 3, because each diagram
there determines the pair of quarks between which one
gluon is exchanged. Introducing the coordinates ri and rf
which are conjugate to pi and pf, we find

hrfjVjrii ¼
Z

d3pf

ð2πÞ3
d3pi

ð2πÞ3 e
ipf ·rf−ipi·riVðpf; piÞ

¼
Z

d3P
ð2πÞ3

d3q
ð2πÞ3 e

i
2
P·ρ−iq·rVðq;PÞ ð32Þ

where we have defined

r ¼ 1

2
ðri þ rfÞ; ρ ¼ rf − ri ð33Þ

The P-dependence leads to nonlocality as it shows the
dependence on the difference in the initial and final
coordinates, ρ ¼ rf − ri. In the present work, we assume
that such nonlocality is not very strong, Vðq;PÞ ∼ VðqÞ,
and hence rf ∼ ri. In this way we find a local potential [by
removing the delta function ð2πÞ3δðrf − riÞ]

VðrÞ ¼
Z

d3q
ð2πÞ3 e

−iq·rVðqÞ: ð34Þ

More complete derivation is shown in the Appendix E. In
the next section this will be compared with the results of the
lattice calculation [15,16].

V. RESULTS

A. Scattering equations in coupled channels

We solve the following coupled channel equation,

ðK þ VÞψ ¼ Eψ ð35Þ

where K is the kinetic term. The relevant channels are

J=ψπ; ηcρ; ψð2SÞπ; DD̄�; D�D̄�: ð36Þ

Hence, the wave function has five components, the poten-
tial VðrÞ takes the form of 5 × 5 matrix, while the kinetic
term is diagonal in the five channels. We have solved the
coupled equation (35) with suitable boundary conditions,
and obtained the phase-shifts for diagonal channels (αα).
Then they are transformed to scattering amplitudes by

Sαα ¼ e2iδαα ; fαα ¼
1

2ikα
ðSαα − 1Þ ð37Þ

where kα is the relative momentum of the channel α.

B. Potentials from the quark exchanges

In this subsection we discuss the quark exchange poten-
tial in detail. As we will discuss in the next subsection, the
potential strengths are reduced by about factor 0.3 to obtain
better agreement with those of the lattice calculation. As
anticipated, there are various contributions from different
diagrams as shown in Fig. 3. To compare our results with
lattice calculations, we show the two important transition
potentials in Fig. 5, VðJ=ψπ −DD̄�Þ and Vðηcρ −DD̄�Þ as
functions of radial distance r. Three cases from left to right
are transfer þ capture (left), transfer (middle), and capture
(right). Furthermore, contributions from the hyperfine (red
dashed), confinement (blue dashed), and Coulomb terms
(green dashed) are shown separately. In all cases, the
potential strengths are reduced by a factor as shown on
the top of the figures.
We observe the following points.
(i) Typical potential strength is about 0.2 GeV with

short ranges; the potential almost vanishes at
around 0.5 fm. For transition potentials, the sign
of the potential is not important; only magnitude is
relevant.

(ii) Although various components, hyperfine (Hyp),
confinement (Conf) and Coulomb (Coul) terms,
separately behave smoothly as functions of r, the
sums show nontrivial r dependences. This is because
different contributions have different strengths and
ranges.

(iii) Although the r-dependence of the sum differs for
different cases, volume integrals of the sum take
similar values around

0.1 ∼ 0.2 fm2 ¼ 0.02 ∼ 0.04 GeV · fm3 ð38Þ

As we will see later, the volume integrals play an
important role for the amplitudes of low energy
scattering.

For quark exchange processes in our present model,
there are four more potentials in addition to the above two,

VðJ=ψπ −D�D̄�Þ; Vðηcρ −D�D̄�Þ;
Vðψð2SÞπ −DD̄�Þ; Vðψð2SÞπ −D�D̄�Þ: ð39Þ

For completeness, we show these four potentials in Fig. 6.
These potentials were not shown by the HALQCD in
Refs. [15,16], because the ψð2SÞπ andD�D̄� channels were
not explicitly included in their lattice calculations. However,
as we will see later, these potentials provide non-negligible
contributions in scattering amplitudes.

C. Amplitudes

By using the obtained potential with the reduces
strengths we have computed the scattering amplitudes of
the coupled channels (36), (37), Im½fðEÞ�, [the scattering
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amplitudes Im½fðEÞ� of the coupled channels in Eq. (36)]
where E is the center-of-mass energy measured from the
J=ψπ threshold. To compare with the lattice results, we
employ the masses of the particles,

mπ ¼ 411 MeV; mρ ¼ 896 MeV;

mJ=ψ ¼ 3097 MeV; mηc ¼ 2988 MeV;

mD ¼ 1903 MeV; mD� ¼ 2056 MeV ð40Þ

rather than the mass values in Table I. By doing this
threshold values of various channels agree with lattice
results, which enables us to make better comparison
between the two methods.
When we used the standard quark model parameters, the

resulting amplitudes turned out to be too large which
cannot be compared with the lattice result [15,16]. In fact,
there are some ambiguities in the model setup and treat-
ments. One is the strength of the quark exchange potential
which is proportional to the parameter αS. As in the
standard quark model [33] the strength of αS is determined
in the light flavor sectors, where typical momentum scale is
ΛQCD. Contrary, in the present quark exchange process it is
larger of order 1 GeV. The coupling strength αS scales to
the leading order as 1=lnðQ2=Λ2

QCDÞ≡ β. By setting
ΛQCD ∼ 0.2 GeV, it is estimated as β ∼ 1= ln 25 ∼ 0.3.
We employ β around this value as a uniform reduction
factor,

ṼðrÞ ¼ βVðrÞ ð41Þ

In actual calculations we attempt several values around 0.3
depending on the kind of quark exchange processes as
indicated on top of Figs. 5–7. The other ambiguity is in the
approximation in the potential structure. In general, the
quark exchange amplitude becomes nonlocal. As explained
in the previous section (Eqs. (31) and after), by neglecting
the P-dependence we have made the amplitude local. This
prescription may effectively enhance the strength of the
potential. To know better the nonlocal nature, we need a
more sophisticated analysis which is a future work.
Results are shown in Fig. 7 for 9 (¼ 3 × 3) cases. Three

columns are for diagonal amplitudes of different exchange
processes as corresponding to the potential plots in Fig. 5,
and three rows are for three different cases of coupled
channels; top panel: three coupled channels of J=ψπ;
DD̄�; ηcρ, middle panel: four of J=ψπ; DD̄�; ηcρ; D�D̄�,
bottom panel: five of J=ψπ; DD̄�; ηcρ; D�D̄�;ψð2SÞπ.
Let us compare the present result with that of the lattice

calculations. As we can see in Fig. 7 the top three plots are
qualitatively similar to and consistent with the lattice result
in the relative behaviors of the three amplitudes, see Fig. 4
of Ref. [16]. The reason for the similar behaviors of the
three cases is that the volume integrals of the potentials
take similar values as anticipated in the previous section.
Consequently, as expected, our amplitude has no bound
nor resonant poles in accordance with what has been
claimed in Ref. [16].
Now as we increase the number of channels in our

coupled channel treatment, line shapes of amplitudes exhibit
kinklike singular behaviors at the threshold of the added
channels, D�D̄� and ψð2SÞπ, which is the requirement of

FIG. 5. Important potentials for off-diagonal channels, VðJ=ψπ −DD̄�Þ (first row) and Vðηcρ −DD̄�Þ (second row) as functions of
the radial distance r. Three different cases are shown depending on the terms included; the left column shows the results including
transfer and capture processes, the middle one transfer, and the right one capture. These potentials are scaled by factors as shown in the
top boxes in such a way that they reproduce the amplitudes the lattice calculation as shown in the next subsection.
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the unitarity (probability conservation). Furthermore, abso-
lute values of the amplitudes change significantly; as the
number of channels increase the amplitudes also increase.
Therefore, proper treatment for coupled channel problems is
very important. In comparison with the amplitudes of
Ref. [16], they do not show singular like behaviors at
threshold in the energy region higher than the DD̄� thresh-
old. This discrepancy should be further considered in the
future.

D. Toy model calculations

To understand the behaviors of the amplitudes, we have
performed a simple calculation using a three-channel model
with a contact interaction. The three important channels are
for J=ψπ, DD̄�, and ηcρ, which are labeled by i ¼ 1, 2, 3,
respectively. Hence the Hamiltonian is given by

H ¼

0
B@

K1 þ V11 V12 V13

V21 K2 þ V22 V23

V31 V32 K3 þ V33

1
CA ð42Þ

where Ki is the kinetic energy of the channel i,

Ki ¼
p2
i

2mi
→

p2
i

2μi
þ ΔMi ð43Þ

with the reduced mass μi and the threshold energy ΔMi
measured from the lowest threshold, and the potential
parameters Vij ¼ Vji are constant in momentum space,
which is contact type in coordinate space. Because the
contact interaction is separable, we can solve the Lippmann-
Schwinger equation as an algebraic equation. The resulting

FIG. 6. The other potentials generated by quark exchanges, VðJ=ψπ −D�D̄�Þ, Vðηcρ −D�D̄�Þ, Vðψð2SÞπ −DD̄�Þ, Vðψð2SÞπ −
D�D̄�Þ from the top to bottom rows as functions of the radial distance r. The same classification and scales as in Fig. 5 is used.
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tðEÞ matrix is given in momentum space by

tðEÞ ¼ 1

1=V −GðEÞ ð44Þ

where the G-function (two-particle propagator) is given by

GðEÞ ¼
Z

d3q
ð2πÞ3

fðqÞ2
E − q2=2μ

ð45Þ

with the reduced mass μ of the two particles. To remove the
ultraviolet divergence we introduce a form factor fðqÞ.
Employing the monopole type for fðqÞ with the cutoff Λ,

fðqÞ ¼ Λ2

Λ2 þ jqj2 ð46Þ

we obtain a simple expression for the G-function,

GðEÞ ¼ μΛ3

4π

1

ðkþ iΛÞ2 ; k ¼
ffiffiffiffiffiffiffiffiffi
2μE

p
: ð47Þ

The t-matrix here is related to the f-amplitude in (37) by

fðEÞ ¼ −
μ

2π
tðEÞ: ð48Þ

Employing the mass values as used in the lattice calcu-
lation as in (40), the parameters in this toy model are the
potential strengths Vij and cutoff Λi. We have attempted
several parameter sets and a reasonable one is found to be as
shown in Table II. For the cutoff, we have employed different
values for different channels i. We note that the value Λ ¼
4 fm ∼ 0.8 GeV corresponds to a typical interaction range
R ∼

ffiffiffi
6

p
=Λ ∼ 0.6 fm. For potential parameters, guided by

the lattice result, we set only three components finite, V12,

FIG. 7. Various scattering amplitudes of the four channels, J=ψπ, DD̄�, ηcρ, and D�D̄� as functions of the center-of-mass energy E
measured from the lowest threshold of J=ψπ. The arrangement of the three columns follows that of Fig. 5, while the three rows are for
the amplitudes obtained by different coupled channels as shown in figures.

TABLE II. Parameters used in the toy model. The cutoff Λi ’s
are in units of fm, and the potentials Vij in units of fm2.

Λ1 Λ2 Λ3 V12 V22 V23

4 3 3 0.23 −0.12 0.21
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V22, V23. In fact, the interaction in the channel 1, J=ψπ, is
expected to be suppressed.
The result of the scattering amplitudes are shown in Fig. 8.

We argue that the line shapes of the amplitudes are qualita-
tively consistent with those of the lattice [15,16] and the
present calculations. The potential strengths are also consis-
tent with each other. The potential parameters Vij listed in
Table II can be crudely identified with volume integrals of the
(local) potential used in the lattice and present analysis. This
can be seen by a momentum independent interaction which
can be written as

hp0jVjpi ¼ h0jVj0i ¼
Z

d3xVðxÞ: ð49Þ

These volume integrals for the present quark model calcu-
lations are

V12 ∼ 0.28; V23 ∼ 0.17; V22 ∼ 0 ð50Þ

which are roughly consistent with those in Table II. We have
computed the amplitudes with using other set of parameters. It
turned out that result depends very sensitively on the strengths
of the Vij parameters both in their relative ratios and absolute
strengths. Observing this fact, the quark exchangemechanism
in the quark model provides in a rather nontrivial way
potential strengths that are consistent with the lattice calcu-
lation modulo overall strength. As we have discussed, the
reduction of the overall strength could be attributed to the
running coupling constant αS. Therefore, we could say that,
though not perfect, the quark model provides a reasonable
explanation for the phenomena around the Zcð3900Þ and
useful to understand physics mechanism of the lattice
calculations. This observation also suggests the suppression
of the coupling of two-meson channels to genuine tetraquark
state, and hence their existence as a real particle is not likely.

VI. SUMMARY AND DISCUSSIONS

We have investigated hadron interactions between mes-
ons in the Zc channels by meson exchange and quark
exchange models. While the quark exchange model has

been employed for hadron-hadron interactions at short
distances for various systems, the case with constituents
with different masses has been carefully formulated in the
present work. We have seen that the meson exchanges play
a negligible role, while the quark exchanges at short
distances dominate the interaction among various channels.
In general the quark exchange processes yield a nonlocal
interaction, which has been in the present work approxi-
mated by a local potential by neglecting higher order terms.
The obtained potential is used in a coupled channel
equation for the Zc-channel including J=ψπ, DD̄�, ηcρ,
D�D̄�, and ψð2SÞπ. The resulting amplitudes are then
compared with the results of the lattice simulations [16].
We have shown that the amplitudes depend very sensi-
tively on the interaction by using a simple toy scattering
model. It turns out that the quark exchange model explains
reasonably well the results of the lattice simulations, once
the strength of the obtained local potential is weakened
uniformly, the amount of which is consistent with the
running behavior of the strong coupling constant αS
between quarks and gluons.
There are still several unsolved questions that have to be

clarified. In comparison with the data, the use of the
physical pion mass is important. For this, we need updated
lattice simulations and model calculations.
Since the pioneering work of the Zc tetraquark in the

lattice [15,16], there has been a great amount of progress in
hadron interactions. In the lattice simulations, the inter-
actions in the ϕN, J=ψN channels have been achieved,
revealing rather strong attractive interaction [34]. This
observation seems consistent with the experimental analysis
of the correlation functions [35], while not with the photo-
production analysis [36]. Theoretically, the importance of
the two-pion exchange is recently revisited [37–39], which
could be also relevant in the present study of the Zc channel.
In the lattice calculations and in experimental data, the
separation of spin states is also important but not yet
analyzed. In effective models better coupled channel models
are expected including possible hadron-hadron channels,
and also with genuine quark-dominated channels. These
multiface studies should be further explored in the eluci-
dation of exotic hadron phenomena.
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APPENDIX A: VECTOR ρ AND ω MESON
EXCHANGE

The necessary VDð�ÞDð�Þ vertices are extracted from (4).
They are

LVDD ¼ −βgVDvμVμD† ðA1Þ

LVD�D� ¼ βgVD�μvμVμD�μ†

þ 2iλgVD�μFμνD�ν† ðA2Þ

LVDD� ¼ −i2λgVϵαβμνvα
× ðD∂μVνD

�†
β −D�

β∂μVνD†Þ ðA3Þ

where D meson isospin doublets are

D ¼ ðD0; DþÞ ðA4Þ

The resulting potentials for the ρ meson exchange are

Vρ
DD̄−DD̄ðrÞ ¼

�
βgV
2mρ

�
2

Cðr;mρÞτ1 · τ2; ðA5Þ

Vρ
DD̄�−DD̄� ðrÞ ¼

�
βgV
2mρ

�
2

ε� · εCðr;mρÞτ1 · τ2; ðA6Þ

Vρ
DD̄�−D�D̄ðrÞ ¼ ðλgVÞ2

1

3
½−2ε� · εDðrÞ

þ 2ε� · εCðr; μρÞ − Sεεðr̂ÞTðr; μρÞ�τ1 · τ2;
ðA7Þ

Vρ
DD̄−D�D̄� ðrÞ ¼ −ðλgVÞ2

1

3
½−2ε� · ε�DðrÞ

þ 2ε� · ε�Cðr;mρÞ− Sεεðr̂ÞTðr;mρÞ�τ1 · τ2;
ðA8Þ

Vρ
DD̄�−D�D̄� ðrÞ ¼ iðλgVÞ2

1

3
½−2ε� · SDðrÞ

þ 2ε� · SCðr;mρÞ− SεSðr̂ÞTðr;mρÞ�τ1 · τ2;
ðA9Þ

Vρ
D�D̄�−D�D̄� ðrÞ ¼

�
βgV
2mρ

�
2

ε� · εε� · εCðr;mρÞτ1 · τ2

þ ðλgVÞ2
1

3
½−2S · SDðrÞ

þ2S · SCðr;mρÞ − SSSðr̂ÞTðr;mρÞ�τ1 · τ2;
ðA10Þ

For the ω meson exchange, τ1 · τ2 is removed.

APPENDIX B: Dð�Þ MESON EXCHANGE

The relevant vertex Lagrangians involving J=ψ or ψ 0 in
Fig. 1 are

LψDD̄ ¼ 2g0ψμ½D̄†ð∂μD†Þ − ð∂μD̄†ÞD†�
þ 2g0½ð∂μDÞD̄ −Dð∂μD̄Þ�ψμ† ðB1Þ

LψDD̄� ¼ 2g0εijkψ i½D̄�†
j ð∂kD†Þ − ð∂kD̄�†

j ÞD†�
þ 2g0εijk½ð∂kDÞD̄�

j −Dð∂kD̄�
jÞ�ψ†

i ðB2Þ

LψD�D̄ ¼ 2g0εijkψ i½D̄†ð∂jD�†
k Þ − ð∂jD̄†ÞD�†

k �
þ 2g0εijk½ð∂jD�

kÞD̄ −D�
kð∂jD̄Þ�ψ†

i ðB3Þ

LψD�D̄� ¼ 2g0ψμ½D̄�†
μ ð∂νD�†

ν Þ − ð∂νD̄�†
μ ÞD�†

ν

− ðD̄�ν†ð∂μD�†
ν Þ − ð∂μD̄�ν†ÞD�†

ν Þ
þ D̄�†

ν ð∂νD�†
μ Þ − ð∂νD̄�†

ν ÞD�†
μ �

þ 2g0½ð∂νD�
νÞD̄�

μ −D�
νð∂νD̄�

μÞ
− ðð∂μD�

νÞD̄�ν −D�
νð∂μD̄�νÞÞ

þ ð∂νD�
μÞD̄�

ν −D�
μð∂νD̄�

νÞ�ψμ† ðB4Þ
and for those involving ηc are

LηcDD̄� ¼ −2g0ηc½D̄�μ†ð∂μD†Þ − ð∂μD̄�μ†ÞD†�
− 2g0½ð∂μDÞD̄�μ −Dð∂μD̄�μÞ�η†c ðB5Þ

LηcD�D̄ ¼ −2g0ηc½D̄†ð∂μD�μ†Þ − ð∂μD̄†ÞD�μ†�
− 2g0½ð∂μD�μÞD̄ −D�μð∂μD̄Þ�η†c ðB6Þ

LηcD�D̄� ¼ −2g0v0ηcεijk½D̄�†
i ð∂jD�†

k Þ − ð∂jD̄�†
i ÞD�†

k �
− 2g0v0½ð∂jD�

kÞD̄�
i − P�

kð∂jD̄�
i Þ�η†c: ðB7Þ

The exchanging of a Dð�Þ meson is accompanied by a
large energy transfer. Therefore, we follow a somewhat
primitive method of computing the transition amplitude. To
be specific, let us consider the transition amplitude shown
in Fig. 1 by the second order perturbation method,

ṼD
DD̄�→J=ψπ ¼

X
n

hfjLπHHjnihnjLψHHjii
Ei − En

¼ −
1

2mDð2mJ=ψ2Eπðp0ÞÞ1=2

×

�
gπ
fπ

mD

�
ð2g0mDm

1=2
J=ψ Þ

×
1

2mD

hfjS1 · qjnihnjS2 · qjii
Eπðp0Þ

; ðB8Þ

where Ei, En are the energies of the initial and intermediate
states. In the second step we have shown explicitly various
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factors; the first one 1=2mDð2mJ=ψ2Eπðp0ÞÞ1=2 is for the
normalization per unit volume, the second and third one are
the coupling constants with the heavy hadron field nor-
malization taken into account, and the last one of 1=2mD is
for the normalization of the exchanged D meson. The
intermediate state n is for the virtual D exchange, and S1,
S2 are suitable spin transition operators at the vertices with
q ¼ p0 − p. In addition to this diagram, we need to consider
DþD�− component to form the isospin 1 and charge
conjugation eigenstate as in (2). We find

ṼDD̄�→J=ψπ ¼ −
gπg0ffiffiffi
2

p
fπE

3=2
π

S1 · qS2 · q ðB9Þ

where Eπ ¼ 2mD −mJ=ψ as we have discussed around
Eq. (11). Similarly, we find theD� exchange potential. This
result is due to heavy quark symmetry.

APPENDIX C: SPIN FACTOR

The spin factors IðiÞspin (i ¼ c1; c2; c3; c4; t1; t2) in
Eq. (25) are summarized in Tables III–IX.

APPENDIX D: SUMMARY OF THE BORN
AMPLITUDES

In this Appendix, the Born amplitude hC;DjvijjA;Bi of
each of the diagrams is summarized.
For the capture 1,

hC;Djvab̄jA;Bi

¼
�
−
4

9

�
Iðc1Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ad3cΦ�
Cðcðc1Þr ÞΦ�

Dðdðc1Þr Þvab̄ðjc − ajÞ

×ΦAðaðc1Þr ÞΦBðbðc1Þr Þ
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðc1Þfi ; ðD1Þ

TABLE III. Spin factors of the spin-independent potentials for
the ðSA; SBÞ → ðSC; SDÞ transition, where Si (i ¼ A, B, C, D) is
the spin of the meson i.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 0 − 1ffiffi

2
p 1ffiffi

2
p

ð1C; 0DÞ − 1ffiffi
2

p 1
2

1
2

ð0C; 1DÞ 1ffiffi
2

p 1
2

1
2

TABLE IV. Spin factors of the spin-dependent potentials for the
capture 1.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 0 − 1

4
ffiffi
2

p 1

4
ffiffi
2

p

ð1C; 0DÞ − 1

4
ffiffi
2

p 1
8

1
8

ð0C; 1DÞ − 3

4
ffiffi
2

p − 3
8

− 3
8

TABLE V. Spin factors of the spin-dependent potentials for the
capture 2.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 0 − 1

4
ffiffi
2

p 1

4
ffiffi
2

p

ð1C; 0DÞ 3

4
ffiffi
2

p − 3
8

− 3
8

ð0C; 1DÞ 1

4
ffiffi
2

p 1
8

1
8

TABLE VI. Spin factors of the spin-dependent potentials for
the capture 3.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 0 − 1

4
ffiffi
2

p − 3

4
ffiffi
2

p

ð1C; 0DÞ − 1

4
ffiffi
2

p 1
8

− 3
8

ð0C; 1DÞ 1

4
ffiffi
2

p 1
8

− 3
8

TABLE VII. Spin factors of the spin-dependent potentials for
the capture 4.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 0 3

4
ffiffi
2

p 1

4
ffiffi
2

p

ð1C; 0DÞ − 1

4
ffiffi
2

p − 3
8

1
8

ð0C; 1DÞ 1

4
ffiffi
2

p − 3
8

1
8

TABLE IX. Spin factors of the spin-dependent potentials for
the transfer 2.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ 1

2
1

4
ffiffi
2

p − 1

4
ffiffi
2

p

ð1C; 0DÞ 1

4
ffiffi
2

p 3
8

− 1
8

ð0C; 1DÞ − 1

4
ffiffi
2

p − 1
8

3
8

TABLE VIII. Spin factors of the spin-dependent potentials for
the transfer 1.

ð1A; 1BÞ ð1A; 0BÞ ð0A; 1BÞ
ð1C; 1DÞ − 1

2
1

4
ffiffi
2

p − 1

4
ffiffi
2

p

ð1C; 0DÞ 1

4
ffiffi
2

p − 1
8

3
8

ð0C; 1DÞ − 1

4
ffiffi
2

p 3
8

− 1
8
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where the meson momenta are given by

aðc1Þr ¼ a −
ma

ma þ m̄a
A; ðD2Þ

bðc1Þr ¼ a − C −
m̄b

mb þ m̄b
A; ðD3Þ

cðc1Þr ¼ c −
mc

mc þ m̄c
C; ðD4Þ

dðc1Þr ¼ a − A −
m̄d

md þ m̄d
C: ðD5Þ

For the capture 2,

hC;DjvābjA;Bi

¼
�
−
4

9

�
Iðc2Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ād3d̄Φ�
Cðcðc2Þr ÞΦ�

Dðdðc2Þr Þvābðjd̄ − ājÞ

×ΦAðaðc2Þr ÞΦBðbðc2Þr Þ;
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðc2Þfi ; ðD6Þ

where

aðc2Þr ¼ −āþ m̄a

ma þ m̄a
A; ðD7Þ

bðc2Þr ¼ −ā − Cþ mb

mb þ m̄b
A; ðD8Þ

cðc2Þr ¼ −āþ A −
mc

mc þ m̄c
C; ðD9Þ

dðc2Þr ¼ −d̄ −
m̄d

md þ m̄d
C: ðD10Þ

For the capture 3,

hC;Djvcd̄jA;Bi

¼
�
−
4

9

�
Iðc3Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ad3cΦ�
Cðcðc3Þr ÞΦ�

Dðdðc3Þr Þvcd̄ðjc − ajÞ

×ΦAðaðc3Þr ÞΦBðbðc3Þr Þ
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðc3Þfi ; ðD11Þ

where

aðc3Þr ¼ a −
ma

ma þ m̄a
A; ðD12Þ

bðc3Þr ¼ c − C −
m̄b

mb þ m̄b
A; ðD13Þ

cðc3Þr ¼ c −
mc

mc þ m̄c
C; ðD14Þ

dðc3Þr ¼ c − A −
m̄d

md þ m̄d
C: ðD15Þ

For the capture 4,

hC;Djvc̄djA;Bi

¼
�
−
4

9

�
Iðc4Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ad3cΦ�
Cðcðc4Þr ÞΦ�

Dðdðc4Þr Þvc̄dðjc − ajÞ

×ΦAðaðc4Þr ÞΦBðbðc4Þr Þ
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðc4Þfi ; ðD16Þ

where

aðc4Þr ¼ d þ Cþ m̄a

ma þ m̄a
A; ðD17Þ

bðc4Þr ¼ bþ mb

mb þ m̄b
A; ðD18Þ

cðc4Þr ¼ d þ Aþ m̄c

mc þ m̄c
C; ðD19Þ

dðc4Þr ¼ d þ md

md þ m̄d
C: ðD20Þ

For the transfer 1,

hC;DjvabjA;Bi

¼
�
þ 4

9

�
Iðt1Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ad3cΦ�
Cðcðt1Þr ÞΦ�

Dðdðt1Þr Þvabðjc − ajÞ

×ΦAðaðt1Þr ÞΦBðbðt1Þr Þ;
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðt1Þfi ; ðD21Þ

where

aðt1Þr ¼ a −
ma

ma þ m̄a
A; ðD22Þ

bðt1Þr ¼ c − C −
m̄b

mb þ m̄b
A; ðD23Þ

cðt1Þr ¼ c −
mc

mc þ m̄c
C; ðD24Þ
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dðt1Þr ¼ a − A −
m̄d

md þ m̄d
C: ðD25Þ

For the transfer 2,

hC;Djvā b̄jA; Bi

¼
�
þ 4

9

�
Iðt2Þspin

−1
ð2πÞ3 δ

ð3ÞðCþ D − A − BÞ

×
Z

d3ād3d̄Φ�
Cðcðt2Þr ÞΦ�

Dðdðt2Þr Þvā b̄ðjd̄ − ājÞ

×ΦAðaðt2Þr ÞΦBðbðt2Þr Þ;
≡ ð2πÞ3δð3ÞðCþ D − A − BÞhðt2Þfi ; ðD26Þ

where

aðt2Þr ¼ −āþ m̄a

ma þ m̄a
A; ðD27Þ

bðt2Þr ¼ −d̄ − Cþ mb

mb þ m̄b
A; ðD28Þ

cðt2Þr ¼ −āþ A −
mc

mc þ m̄c
C; ðD29Þ

dðt2Þr ¼ −d̄ −
m̄d

md þ m̄d
C: ðD30Þ

APPENDIX E: FOURIER TRANSFORMATIONS
FOR DERIVING THE LOCAL POTENTIAL

In this Appendix, we perform the Fourier transformation
to obtain the local potential in Eq. (34). In general, the
integral part with any function fðVÞðjkjÞ are given by

IðVÞ ¼
Z

d3q
ð2πÞ3 d

3pd3kfðVÞðjkjÞeiq·r

× exp½−ðbq q2 þ bp p2 þ bkk2

þ2bqp q · pþ 2bpk p · kþ 2bkq k · qÞ�

¼
�
π

bp

�
3=2

Z
d3q
ð2πÞ3 d

3kfðVÞðjkjÞeiq·r

× exp ½−ðcq q2 þ 2cqk q · kþ ckk2Þ�; ðE1Þ

where the coefficients are redefined by

cq ¼ bq −
b2qp
bp

; ðE2Þ

cqk ¼ bkq −
bqpbpk
bp

; ðE3Þ

ck ¼ bk −
b2pk
bp

: ðE4Þ

As a specific example, we demonstrate performing the
integral for the capture 1. In a similar way, the integrals for
the other diagrams are also done by using the appropriate
momenta shown in the Appendix D.
In the case of the capture 1, the constants bq, bp, bk, bqp,

bpk, and bkq are given as follows:

bq ¼ −
bA2ðRm

a Þ2
8

−
bB2ðRm

b Þ2
8

−
bC2ðRm

c Þ2
8

−
bD2ðRm

d Þ2
8

;

ðE5Þ

bp ¼ −
bA2

2
−
bB2

2
−
bC2

2
−
bD2

2
; ðE6Þ

bk ¼ −
bA2

8
−
bB2

8
−
bC2

8
−
bD2

8
; ðE7Þ

bqp ¼ 1

2

�
−
bA2Rm

a

2
þ bB2Rm

b

2
þ bC2Rm

c

2
−
bD2Rm

d

2

�
; ðE8Þ

bpk ¼
1

2

�
bA2

2
þ bB2

2
−
bC2

2
þ bD2

2

�
; ðE9Þ

bkq ¼
1

2

�
bA2Rm

a

4
−
bB2Rm

b

4
þ bC2Rm

c

4
þ bD2Rm

d

4

�
; ðE10Þ

where Rm
i (i ¼ a, b, c, d) is given by

Rm
i ¼ mi

mi þ m̄i
: ðE11Þ

For hyperfine interaction with Gaussian potential
fðHypÞðjkjÞ ¼ e−k

2=Λ2

, one obtain

IðHypÞ ¼
�
π

bp

�
3=2

Z
d3q
ð2πÞ3 d

3keiq·r

× exp

�
−
��

ck þ
1

Λ2

�
k2 þ 2cqkq · kþ cqq2

��

¼
�

π

4bpdkeq

�
3=2

exp
�
−

r2

4eq

�
; ðE12Þ

where

dk ¼ ck þ
1

Λ2
; ðE13Þ

eq ¼ cq −
c2qk
dk

: ðE14Þ
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For the confinement potential fðConfÞðjkjÞ¼R
d3RRe−ik·R,

IðConfÞ ¼
�
π

bp

�
3=2

Z
d3q
ð2πÞ3 d

3keiq·r
Z

d3RRe−ik·R

× exp ½−fckk2 þ 2cqkq · kþ cqq2g�

¼ 2π

crR

�
π

4bpckfq

�
3=2 1

r
exp

�
−

r2

4fq
þ c2rR
4cR

r2
�

×

�
3ðdrrÞ
cR

e−cRðdrrÞ2

−
ffiffiffiffiffi
π

cR

r �
1

2cR
þ ðdrrÞ2

�
erfððdrrÞ

ffiffiffiffiffi
cR

p Þ
�

ðE15Þ

where

fq ¼ cq −
c2qk
ck

; ðE16Þ

crR ¼ 1

2

cqk
fqck

; ðE17Þ

cR ¼ 1

4

�
1

ck
þ 1

fq

�
cqk
ck

�
2
�
; ðE18Þ

dr ¼
crR
2cR

: ðE19Þ

For the Coulomb potential, fðCoulÞðjkjÞ ¼ 1=k2,

IðCoulÞ ¼
�
π

bp

�
3=2

Z
d3q
ð2πÞ3 d

3keiq·r
1

k2

× exp ½−ðcqq2 þ 2cqkq · kþ ckk2Þ�

¼ π2

4

�
1

bpcq

�
3=2 cq

cqk

1

r
exp

�
−

r2

4Cq

�

× erf

�
cqk

2cq
ffiffiffiffiffi
gk

p r

�
; ðE20Þ

where

gk ¼ ck −
c2qk
cq

: ðE21Þ
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