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We present a once-subtracted dispersion relation (DR) formalism for the virtual Compton scattering
(VCS) process from threshold up to the A(1232) energy region. The formalism aims at extracting the
nucleon’s electric and magnetic generalized polarizabilities from the e”p — e~y p process, in view of the
precision goals of the present and near-future experiments at Jefferson Lab. The present work improves
upon the existing unsubtracted DR formalism in several ways. The required s- and #-channel discontinuities
in the subtracted dispersion integrals are obtained in a largely data-driven manner in this energy region. The
s-channel dispersive integrals are reconstructed from y*p — 2N — yp using pion photo- and electro-
production data, while the #-channel dispersion integrals are evaluated from y*y — zz — NN using recent

dispersive analyses of both the y*y — zz and zz — NN processes. We compare our results to VCS data

and show the sensitivity of the observables to the nucleon’s scalar generalized polarizabilities, which enter

the present formalism as subtraction constants.
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I. INTRODUCTION

The electromagnetic polarizabilities of the nucleon are
elementary structure constants that encode its response to
slowly varying external electric and magnetic fields, and
provide stringent tests of our understanding of low-energy
QCD. In real Compton scattering (RCS), the leading scalar
polarizabilities (electric ag; and magnetic ;) and their
spin counterparts can be accessed through precision mea-
surements of photon-nucleon scattering—see [1,2] for the
most recent experiments and [3] for the first simultaneous
extraction of the six leading-order proton polarizabilities.
The extraction of polarizabilities has long served as a
benchmark for effective field theory and dispersion-theo-
retical descriptions of hadron structure, see [4-7] for
reviews. The nucleon polarizabilities also enter the had-
ronic corrections to precision hydrogen spectroscopy,
where the polarizability contribution corresponds to the
two-photon exchange process between the lepton and the
proton in the hydrogen atom. These two-photon exchange
corrections are currently a dominant source of theoretical
uncertainty in the standard model prediction of the Lamb
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shift and hyperfine splitting of muonic hydrogen and light
muonic atoms, see [8,9] for recent reviews. An improved
understanding of these polarizability corrections is timely
and necessary in view of the ongoing spectroscopy experi-
ments, which aim to extract nucleon and nuclear radii with
improved precision. Virtual Compton scattering (VCS), in
which the incoming real photon is replaced by a spacelike
virtual photon, extends this program to generalized polar-
izabilities (GPs) [10,11]. The GPs, which depend on the
photon virtuality Q?, allow us to map the spatial distribu-
tions of the induced polarization and magnetization den-
sities of the nucleon [12], therefore, providing spatially
resolved information on the nucleon’s response to external
electromagnetic fields. A substantial experimental program
has established VCS as a precision tool, with measurements
performed at the Mainz Microtron [13-19], MIT-Bates
[20,21], and Jefferson Lab (JLab) [22-24], see [4,25,26] for
reviews.

Dispersion relations (DRs) provide a particularly power-
ful tool for extracting polarizabilities and GPs from RCS
and VCS data, respectively, because they connect these
low-energy structure parameters to the excitation spectrum
of the nucleon and to photo- and electro-production data
through analyticity and unitarity. Their application to the
Compton process has a long history, dating back to the
works of Gell-Mann, Goldberger, and Thirring [27] and
Goldberger [28], who derived DRs for forward Compton
scattering. These pioneering works laid the foundation for
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numerous sum rules for the forward RCS amplitude,
obtained by combining DRs with low-energy theorems
[29,30]—see [4,7] for more detailed discussions. More
recently, DRs for nonforward RCS have become a practical
tool for extracting information on the nucleon’s static
polarizabilities from RCS observables from low energies
up to the A(1232) resonance region. The formalism has
been developed and applied to data using both unsubtracted
DRs [31] and subtracted DRs [32,33]. The unsubtracted
DR formalism has also been extended to VCS in [34,35]
and used to extract GPs from VCS data, as recently
reviewed in [26].

In the unsubtracted VCS DR formalism of [34,35], the
twelve VCS amplitudes are separated into Born contribu-
tions, corresponding to a nucleon intermediate state in the
Compton process, and non-Born contributions, correspond-
ing to all intermediate excited states. These non-Born
contributions are represented by unsubtracted fixed-7
dispersion integrals over their s-channel discontinuities,
which are saturated at moderate energies by zN intermedi-
ate states. For three of the twelve VCS amplitudes, these s-
channel integrals are supplemented at higher energies by
energy-independent asymptotic contributions. The asymp-
totic contributions correspond physically to the 7-channel
exchange of the 7° state and the zz state in the f(500)
channel, as well as s-channel dispersive contributions
beyond the zN state. Although this approach provides a
good description of existing VCS data up to the center-of-
mass energy ~1.25 GeV, it also highlights a limitation of
the unsubtracted formalism: the amplitudes corresponding
to the 7° and zzt-channel exchanges do not decrease
sufficiently fast at high energies for the corresponding
integrals to converge. In the unsubtracted DR approaches
for RCS [31] and VCS [35], this issue was addressed by
evaluating the s-channel dispersion integrals up to a finite
cutoff and approximating the remainder by effective z-
channel poles. The associated model dependence of this
unsubtracted finite-energy sum rule scheme is difficult to
quantify reliably, especially for the description of the zxt-
channel exchange through an effective f,(500)-pole
exchange, and becomes a limiting factor. To improve on
this point, a fixed-# once-subtracted DR formalism was
developed for RCS [4,32]. Due to the extra subtraction in
the s-channel dispersive integrals, the corresponding ampli-
tudes then exhibit fast convergence at the expense of
introducing two f-dependent subtraction functions. The
latter are calculated for zero value of the crossing-sym-
metric energy (corresponding to the Mandelstam variable
condition s = u) by once-subtracted DRs in ¢ for the
crossed yy — NN process. In the RCS work of [4,32],
one of these subtraction functions was saturated by the z°-
pole, while the other was calculated through the yy —
ar — NN process using a dispersive amplitude for the
yy — nm process, constrained by data for this reaction and
convoluted with the 7z — NN amplitude taken from [36].

The leading left-hand cut contributions to the subtraction
functions were modeled by A(1232) exchange in the s- and
u-channels. In the subtracted DR formalism, the subtraction
constants at s = u and t = 0 can be written directly in terms
of the leading scalar and spin polarizabilities, which can
then be obtained from a fit to RCS data.

Since the development of the subtracted DR formalism
for RCS nearly three decades ago, major progress has been
achieved in the dispersive description of the relevant
t-channel dynamics. The amplitudes for the real and virtual
photon-photon fusion processes yy — nzx and yy* — zx
have been analyzed within single- and coupled-channel
dispersive frameworks that include 7z rescattering in s- and
d-waves and allow for a data-driven description of scalar
and tensor isoscalar resonances [37-42]. In parallel, the
am — NN partial waves that enter the ¢-channel disconti-
nuity of the Compton amplitudes have been reconstructed
with high precision from the Roy-Steiner equations for zN
scattering [43], providing a modern alternative to the older
Hohler parametrization [36], extending the range in ¢ up to
around 4 GeV?. These developments allow us to extend the
subtracted DR formalism to the VCS process and suggest
that a more constrained and quantitatively controlled
dispersive treatment, where the dominant ¢-channel con-
tributions are anchored to experimental information, is now
within reach. The aim of the present work is to mirror the
successful subtracted DR approach for RCS [4,32] and to
construct a largely data-driven subtracted DR formalism for
VCS from threshold up to the A(1232) resonance region, in
view of the precision goals of present and near-future VCS
experiments at JLab [44.,45].

The paper is organized as follows. In Sec. II we briefly
review the VCS process and the definition of generalized
polarizabilities. Section III presents the dispersive formal-
ism for VCS. We first briefly summarize the unsubtracted
approach with asymptotic contributions and then develop
the once-subtracted fixed- DRs together with the 7-channel
DRs for the subtraction functions. In Sec. IV we provide
numerical results for the VCS amplitudes and illustrate
their impact on the latest VCS observables from JLab,
including comparisons with the unsubtracted framework
and studies of sensitivity to the #-channel input. Section V
contains our conclusions and outlook. Further technical
details of the formalism are given in three Appendixes.

II. VIRTUAL COMPTON SCATTERING
AND GENERALIZED POLARIZABILITIES

VCS describes the subprocess

r*(q) +N(p) = r(4d') + N(p'). (1)

where a spacelike virtual photon with four-momentum ¢
scatters off a nucleon with mass My and four-momentum
p, producing a real photon and a nucleon in the final state
with four-momenta ¢’ and p’, respectively, see Fig. 1.
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FIG. 1. The virtual Compton scattering process on a nucleon.

We denote the initial photon’s spacelike virtuality by
q> =-0° <0.

The Mandelstam invariants for the VCS process are
given by

s=(p+aq? t=@-4? u=(p-47 (2
with the constraint s + ¢ + u = 2M3 — Q. In describing
the VCS process, it is useful to introduce the crossing

energy variable v as

_s—u
AMy

v

(3)

Furthermore, to describe VCS observables, it is common to
use the y*N center-of-mass (c.m.) frame. In this frame, the
c.m. energy W and the angle € of the outgoing photon
momentum direction §’ relative to the virtual photon
momentum direction § can be expressed in terms of
Lorentz invariants as

WE\/E,

1
cos@=q-§ =
AW ~07)
2W3(t + Q?
W2 — M3,

x {W2 -M% - 0*+
with the Killén function,

Mx,y,z) =x*+y*+ 22 = 2xy —2xz—2yz.  (5)

Experimentally, the VCS process can be accessed through
the eN — eyN reaction, as shown in Fig. 2. At leading
order O(e?) in the electromagnetic coupling, the eN — eyN
reaction contains both the Bethe-Heitler (BH) subprocess
and the VCS subprocess. In the BH subprocess, the real
photon is emitted from the lepton line, and the virtual photon
has four-momentum g — ¢’, with spacelike virtuality 7. It can
be calculated exactly in terms of quantum electrodynamics
and the nucleon elastic form factors [25]. The VCS sub-
process is described by the invariant amplitude

FIG. 2. The eN — eyN process: Bethe-Heitler process (upper
diagrams) and VCS process (lower diagram).

Muyes = (kW) (—ieqyr,)u(k. h) (;—) ¢/ 7)
< (<ie)N (ol ) MPN(p. 5) ©)

where u(k, h) [a(k’, h')] are the initial (final) electron spinors
with four-momenta k(k") and helicities i (1), respectively,
N(p.s)[N(p',s")] are the initial (final) nucleon spinors with
four-momenta p (p’) and helicities s (s'), respectively, and
€:(q',A') is the final photon polarization vector with four-
momentum ¢’ and helicity A’. Furthermore, in Eq. (6) we
introduced a lepton charge factor ¢; = —1 (¢; = +1) for an
electron (positron) beam, with ¢ > 0 denoting the magnitude
of the electric charge unit.

The VCS tensor M* in Eq. (6) can be decomposed into
a Born (B) part, corresponding to a nucleon intermediate
state, and a non-Born (NB) part, as discussed in [10].
Following the early work of [46], Refs. [11,47] showed
how M* can be expressed in a gauge-invariant tensor
basis,

12
M =3 (0% v 1)l (7)
i=1

where the 12 independent gauge-invariant tensors p:* are
given in Appendix A of [35]. The basis is chosen such that
the non-Born parts of the invariant amplitudes f;(Q?, v, )
are free of kinematic singularities and constraints [11,47].
The Born terms for the amplitudes are collected in
Appendix B of [35].

The invariant amplitudes f; have the following behavior
under nucleon crossing combined with charge conjugation
v - —v) [35]:

fi(Q*v.t) = fi(Q* —v,1),
[i(Q% v, 1) = =fi(Q* —v.1),

(i=1,2,5,6,7,9,11,12),
(i=3,4,8.10). (8)
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Furthermore, in [35] the amplitudes F;(Q? v,t) were
conveniently introduced, which are all even functions in v,

Fi(Q*v.1) = f(Q% v, 1),
1
Fi(Q*v.1) = ;fi(QZ’M 1),

(i=1,2,5.6,7,9,11,12).

(i=3,4,8,10.  (9)

Note that, since the odd f; vanish at v = 0, the correspond-
ing F;_3 43810 are regular there.

For finite initial photon virtuality Q?, the limit of a low
outgoing photon four-momentum, ¢’ — 0, corresponds to
the kinematic point v = 0, t = —Q?. In this limit, the non-
Born VCS amplitudes FNB can be parametrized in terms of
six GPs [10,11]. A convenient choice and multipole
notation were proposed in [25]. The relations between
these six GPs and the invariant amplitudes are

PLILIO(Q2) — \@Nq [Fy+4M3 (14 7)F

+ AM3T(2Fg + Fy — Fu)} . (10)

pusnngd) = -, oy, F, (1)

2 _ _ _
pELEDT (Qz):—quMNT[(F5+F7+4F11)
+4MNF12}, (12)
2 MNT
N _
3 M4
2
\/_N
3v3 1
1 - _ _
+§(F5—|-F7+4F“)
(14)

pLm)1 (Qz) [Fs —2MytF 5],  (13)

Mle (Q2) |: ( 1_'_1)}_75

+ Mat g
1+7 2

V2 N,
6 1+

+ (F, +4F11)+2MN7F12}, (15)

PUIMIL(2) — [4MN(2F6 + Fy)

where we introduced the shorthand notations

Fi(Q*) =F*(Q*v=0.1=-07),

1+7\1/2 0?
N, = , =——. 16
‘ (1+27> = 19

In the GPs PWL'rL)S we used the multipole notation
of Refs. [10,11]: p(p’) denotes the longitudinal (L) or
magnetic (M) nature of the initial (final) photon. The initial

(final) orbital angular momentum is labeled by L(L'), and
S =0, 1 denotes nonspin-flip/spin-flip transition.

It is also convenient to introduce the (Q2-dependent
generalizations of the electric dipole (ag;) and magnetic
dipole (f3,;,) polarizabilities as

2\ _ e 3 (L1.L1)0( 2
aEl(Q)__E P (0%), (17)

- fapmanngy )

In the limit Q%> — 0 for the GPs, one finds the following
relations with the static polarizabilities, as measured in
RCS:

ﬂMl(Qz) =

(29201 (O) = Ofy,

Pu1(0) = B
_4n2V2
pMLL2)1 () — 7
(0) e 3\/—7M1E2
P(LI’MZ)I(O) = 472[\/_7/E1M27
e~ 3
P(Ll,Ll)l(o) =0,
pMIMIL(0) =0, (19)

where ag; (By) are the electric (magnetic) scalar dipole
polarizabilities, respectively, and where ¥,z and ygiun
are two of the four lowest-order spin polarizabilities of the
nucleon [4].

ITI. DISPERSION RELATIONS
FOR VCS AMPLITUDES

In [35], a fixed-# dispersive framework was presented for
the non-Born VCS amplitudes FNB, which are free of
kinematical singularities and constraints. To obtain the
corresponding dispersion relations, one needs to start from
the analytic structure of the full amplitudes, which includes
nucleon pole terms and the s-channel cut contributions
starting at the zN threshold (see Fig. 3).

The nucleon poles are located at s = M3, and u = M%
and are expressed in terms of the crossing variable v as

N _M12V = 2MN(U—1/N),
u—M3 =-2My(v+uy), (20)

with the s-channel nucleon pole position

, Q0 1
NTamy,

1)

The s-channel cut contributions in the dispersive for-
malism start at the zN threshold position v, given by
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N,

FIG. 3. The s-channel zN cut contribution in the dispersive
formalism for VCS on the nucleon.

2

m
z 22
M, (22)

I/():I/N+m,,+

with m, the pion mass. The convergence of the s-channel
dispersion integrals depends on the high-energy behavior
of the VCS amplitudes FNB. For amplitudes that decrease
sufficiently fast at high energy, analyticity allows one to
express their real parts, at fixed values of # and Q?, through
an unsubtracted dispersion integral over the s-channel
discontinuity as

FNB(Q%,u,1) = FP°(Q, v, 1) — F(Q? v, 1)

2 [ "Im, F,(Q*, V.t
2 [Tt )
Yo

/2 -2 —ie

where F}?" denotes the on-shell nucleon pole contribu-
tion in the s-channel (with pole positions located at
v==uy), F }3 is the Born contribution defined in a
gauge-invariant way for an off-mass-shell nucleon, as in
[10,25], and where the dispersion integral starts from the
pion production threshold v. In evaluating the non-Born
VCS amplitudes in the dispersive framework, one thus
needs the difference between the pole (F;P"°
(F®) amplitudes, which are given by

) and Born

s-pol FP(QZ)
Flpoe(QZal/a t) _F?(QZ,U’ [) - _m’

s-pole KFP(QZ)
FSP (Qz,l/,t)—F?(Qz,l/,t)=+W,

s-pol KFP(Qz)
FiP(Q% v, 1) = FY (0% v, 1) = _W’

FSPole _ B _ ),

1 1

fori =2,3,4,6,7,8,9,10,12,
(24)
where k is the anomalous magnetic moment of the nucleon

and Fp(Q?) is its Pauli form factor, with Fp(0) = k. One
notices from Eq. (24) that for the combination F'5 + 4F |,

the difference between pole and Born contribution van-
ishes, i.e.,

(Fs +4F ) P — (Fs +4F;)® = 0. (25)

Therefore, we only need to account for the difference
between the pole and Born contributions for two combi-
nations out of the twelve VCS amplitudes, which we take as
F| and F5. One furthermore notices from Eq. (24) that the
difference between the nucleon pole and Born terms is
energy independent. Consequently, for all twelve VCS
amplitudes F; (i = 1, ..., 12), the following relation holds:

FlSjPole(QZ7 v, l‘) — F?(Q2, v, f)
_ Ff—pOIe(Qz,Oy t) _ F?(sz()? t). (26)

From the high-energy Regge behavior of the VCS
invariant amplitudes (v — co at fixed ¢ and Q?), it was
found in [35] that the amplitudes F)'® and FY® do not drop
fast enough in v for the unsubtracted dispersion integral in
Eq. (23) to hold. The leading physical contributions
responsible for this behavior are the t-channel zz exchange
with scalar and tensor quantum numbers in F\B and the -
channel 7°-pole contribution in FYB. In the formalism
developed in [35], the unsubtracted dispersion integrals for
the VCS amplitudes FY® and FY® were implemented
within a finite-energy sum-rule scheme: the unsubtracted
integrals were evaluated up to an upper cutoff, and the
remaining high-energy part was approximated by asymp-
totic contributions, as discussed below. Although this
approach describes existing VCS data well from threshold
up to the A(1232) region, it introduces a model dependence
associated with the treatment of the high-energy contribu-
tions. In view of the precision goals of present and
forthcoming VCS measurements, and to potentially extend
the applicability range of the theory, we instead develop a
subtracted dispersion relation framework for F)'® and F}5,
which improves convergence. If the subtraction functions
can be constrained by data (or by dispersive input), the
resulting framework enables a more transparent propaga-
tion of uncertainties.

We will next review the unsubtracted DR formalism with
asymptotic contributions, as used in [35], and subsequently
develop the subtracted DR formalism.

A. Unsubtracted dispersion formalism
with asymptotic contributions

Since Ref. [35] aimed to present a VCS DR formalism up
to A(1232) resonance energies, the dispersion integrals
of Eq. (23) were evaluated only up to a finite upper
limit v < v, With v, corresponding to the limit
Wnax = 2 GeV. The s-channel discontinuities were satu-
rated by their zN contributions, as shown in Fig. 3. For
most VCS amplitudes, this procedure provides a rapidly
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convergent representation. However, for the amplitudes
FY8 and FY®, the unsubtracted dispersion integrals of
Eq (23) do not converge due to their high-energy behavior.
In addition, for the amplitude F)B, contributions from
intermediate states beyond zN are non-negligible and must
be accounted for. To handle these cases, Ref. [35] approxi-
mated the remaining high-energy part of the s-channel
integral (v > v,,,x) by energy-independent asymptotic
contributions.

For the amplitudes F\B, the asymptotic contribution was
parametrized through an effective 7-channel f(500)-pole,
with a Q?-dependent residue adjusted to reproduce the Q>
dependence of the GP B, (0Q?).

For the amplitude FYB, the asymptotic contribution was
parametrized through the ¢-channel z°-pole contribution in
terms of the y*y — 7° transition form factor.

For the amplitudes F)B, the asymptotic contribution was
adjusted to reproduce the Q? dependence of the GP

combination ag;(Q?) + By (Q?).

B. Subtracted dispersion relation formalism

To overcome the convergence limitations of the unsub-
tracted framework [35], we now develop a once-subtracted
fixed-r DR formalism. For the non-Born VCS amplitudes
FYB, FYB_ and for a specific combination involving F}®, as
defined below, the unsubtracted DR of Eq. (23) is either not
valid or converges too slowly. We, therefore, write a once-
subtracted fixed-¢ dispersion relation

= F}*(0%.0.1)

2 Im, F;(Q?
+;1/2/ YL CRLAL )

V(WP -1 —ie)’

Fi*(Q%v.1)

where the subtraction is performed at v = 0. Owing to
Eq. (26), the difference between pole and Born contribu-
tions cancels in this relation.

The subtraction function FNB(Q?,0, 7) in Eq. (27) is then
evaluated through a once-subtracted DR in the variable ¢ at
fixed Q?. Choosing the subtraction point at r = —Q?, we
obtain the following subtracted DRs in the variable #:
Fi®*(Q%.0.1) = F}*(Q*.0.-0%)

+ FiP4(Q2,0.1) - Fi™*(0,0,-07)

(t + Qz) /oo dr Ithi(sz()’ t/)
b2 e (' + Q*)(f —t —ie)
(t + Q2> L / Ithi(QZ’ 07 [/)
+ 7 /_wdt (' +Q*)(f —t—ie)’
(28)

+

We will subsequently discuss the four contributions on the
right-hand side (rhs) of Eq. (28).

The first contribution on the rhs of Eq. (28) is the non-
Born VCS amplitudes evaluated at the subtraction point
t = —Q?. Using Egs. (10)=(15), these can be expressed in
terms of GPs for the following six combinations of VCS
amplitudes:

FY®  FY8, FYB. FNB 4 FIB 4 4FNB,
2F16"B + FNB Fll\lzB (29)
In this work, we will evaluate the subtracted DRs of

Eqs. (27) and (28) for the amplitudes FYB, FYB, and for
the combination

t
Yz

FYB = F)B — t(2F16"B + FYB —FYB).  (30)

For these three amplitudes, their values at the subtraction
point can be expressed in terms of GPs as

FYB(02,0,—0%) = % 1 (@), (31)

4z 1 1
e’ N, aM3(1 + 1)

X {aE](QZ) +ﬂMl(Q2)}f (32)

FY®(0%.0.-0%) = -

_ii (L1.L1)1 (2
Nq4MN{ (Q )

(B ponnn @2

+2MNT\@ gyl @)

The second contribution on the rhs of Eq. (28) is due to
the 7° t-channel pole and is nonzero only for the ampli-
tudes FX® and F)P,

FYB(02,0,-0%) =

FEPR(02,0,1) = —4FT(02,0,1),

_ 9NN 1
MN f—m Fﬂoy*y(Q2)7 (34)

with zNN coupling given by g,yy = 13.13, and where
Fﬂom(QZ) is the y*y — #° transition form factor para-
metrized through the monopole form

1

FJTOJ/*}/(Q ) — F”oy*y(())m.

(35)

We use the fit to the spacelike single virtual y*y — z° world
data up to Q% < 9 GeV? with values [48]
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A2 = (0.611 +0.005) GeV?,
F,,(0) = (0.273 £ 0.003) GeV~. (36)

yy
Note that Eq. (34) implies that the z°-pole contribution
drops out of the combination F3® + 4F)P. Furthermore,
for the amplitude Fs, the difference FY®(Q?,0,-0?%) —
F(02,0,-0?) entering Eq. (28) can be expressed,
using Eq. (33), in terms of the dispersive spin GP
contribution, i.e., beyond the ﬂo—pole.

The third and fourth contributions on the rhs of Eq. (28)
arise from the discontinuities across the t-channel right-
hand cut and left-hand cut, respectively. The right-hand cut
starts at the 7z threshold, t; = 4m2, and extends along the
positive real f-axis. The left-hand cut extends along the
negative real 7-axis and starts at

1, = =2mg —4Mym, — 0%, (37)

which corresponds to the zN threshold for v = 0. For
t <ty, the left-hand cut term in Eq. (28) has to be
understood with the r — ¢ + ie prescription. It then decom-
poses into a principal value integral giving the real part, and
an additional imaginary part ilm,F;(Q?,0,¢) on the cut.
The principal value part can be evaluated numerically as

(r1+ 0% / no ImFi(0%,0,7)
Lo
(t-l—Qz)/fL Im,Fi(0%,0,7) — Im,F;(Q?,0,1)
= =/ dr
T ) (7 +0*)(f —1)
t; —t
1+ 0?

1
+—1Im,F;(Q%0,7)In : (38)
™

In the next two subsections, we will discuss in detail how
to estimate the t-channel right- and left-hand cuts.

C. t-Channel right-hand cut contribution due to zx
intermediate state

The leading #-channel right-hand cut contribution to the
VCS amplitudes at v = 0 arises from the 7z intermediate
state (see Fig. 4). In Appendix B, we express the corre-
sponding discontinuities of the VCS amplitudes in terms of
the helicity amplitudes for the processes y*y — zx
and 7z — NN.

For the y*y — nz amplitudes, we use the s- and d-wave
amplitudes of the dispersive formalism of [40], which
provides a good description of the available yy — zz data
from threshold up to zz invariant mass of 1.4 GeV, and
which was extended to the processes with one or both
photons having spacelike virtuality [42].

For the 7z — NN amplitudes, two sets of s- and d-wave
amplitudes are available. The older reconstruction of
Hohler [36] is given up to # <0.78 GeV? and was used

N

FIG. 4. The t-channel zz right-hand cut contribution in the
subtracted dispersive formalism for VCS on the nucleon.

in the RCS subtracted DR formalism of [32]. In the more
recent analysis of Hoferichter ef al. [43], which we employ
here, the s- and d-wave amplitudes were reconstructed
from Roy-Steiner equations for zN scattering and provided
up to t <4 GeV2.

Both the dispersive framework for y*y — 7z and the
modern Roy-Steiner reconstruction for zz — NN incor-
porate a coupled-channel description in the scalar-
isoscalar channel (/ =0, s-wave) and, therefore, cover
both the f,(500) and f((980) regions. In the present
work, however, we restrict ourselves to the dominantly
elastic zz contribution in the s-wave. Therefore, when
evaluating the f-channel right-hand cut integrals of
Eq. (28) for the s-wave, we truncate the dispersive
integration at 0.78 GeVZ?, ie., we keep only the elastic
f0(500) region, below the onset of significant inelas-
ticities. For the d-wave, both the y*y - 2z and
zm — NN inputs are based on single-channel analyses
covering the f,(1270) region and are reliable up to at
least 2 GeV?. Although the y*y — zz and zzx — NN
inputs are obtained from independent dispersive analy-
ses, both rely on 7z phase-shift information constrained
by Roy-type analyses [49,50]. As a consequence,
Watson’s theorem holds in the elastic region, ensuring
that the phases cancel in the unitarity relation below.
Any residual mismatch in the phase input provides an
additional source of systematic uncertainty in the
numerical evaluation.

For the three VCS amplitudes FY5, FYB, and FYB, which
we evaluate in this work through the subtracted DR
formalism, the zz right-hand cut discontinuities (including
s- and d-waves) are obtained from Eq. (B11) as

Im, F§*(Q2,0.7')
1B { I

2 Yy

Fho(1', Q%) fY (1)

N

bR 130,00 - 3] ). 9
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Im, F27(Q?,0,7)

15 B 3/ ¢ , "
- _e2164]’l‘;]25—)t’ {\/;<t’ n Q2>h%(t OO ()
1 ¢ 21 /3
5 (7 ) Mf’h%“ =

2

+ VAR Q%) = 1(1. Qz)]f%*(t’)}, (40)

Im,F%"(Q%,0,7)

_ LT NS
N ez(t’+Q2)32ﬁ”(t)

x { lh%(t’, Q%) - \/gh%(t’, Qz)] fz*(f)}, (41)

where we defined the pion velocity in the zz rest
frame as

z. (42)

In Egs. (39)—(41), hf\y(t/ , 0?) are the isospin I = 0 helicity
amplitudes for the y*y — 7z process from Ref. [40], where
J refers to the partial wave in the zz system, and A, is the
difference of photon helicities in the y*y c.m. system. Note
that the s-wave zz intermediate state only contributes to
Im,F,, whereas Im,F, and Im,F5 only receive contribu-
tions from d-waves or higher partial waves. Furthermore,
f%.(7) denote the isospin I = 0 zz — NN helicity ampli-
tudes for parallel (4+) or antiparallel (=) nucleon and
antinucleon helicities [51].

D. #-Channel left-hand cut contribution due
to A(1232) exchange

The leading #-channel left-hand cut contribution to
the VCS amplitudes at v =0 arises from the zN
intermediate state. In this work, we approximate the
corresponding left-hand cut discontinuity by the spectral
function associated with A(1232) excitation in the s-
and u-channels (see Fig. 5), including its finite width,
'y =0.117 GeV. Furthermore, we consider the domi-
nant magnetic dipole excitations in the y*NA and yNA
vertices. Details of the derivation are given in the
Appendix C.

For the three VCS amplitudes F&, F)®, and FYB, which
we evaluate in this work through a subtracted DR, the

N a

v

FIG. 5. The r-channel A(1232) resonance exchange left-hand
cut contribution in the subtracted dispersive formalism for VCS
on the nucleon.

left-hand cut discontinuities due to the A(1232) exchange
are obtained from Egs. (C12)-(C19) as

1
I FH(07.0.7) = [ap? (M3, =5 (1 + 02 Ma.T ) |

2
LTI SR
x(14+7)+ (MA +iMN)(lJ + Qz)},
(43)

- 1
I F3(0°.0.¢) = a0 (M3, = (¢ + 02 Mo T )|

2
y 791”(]‘04%;9 ) {1 (My + My)

2
MN ’ 2
T e (] M

1
m,F2(0%,0,7) = [npA (M%v S Q2>;MA,FA)]

% gM(O)gM(QZ)
M50%

x (1 +§) (M +TMy)

{—MN<MN M)

(f+0%)
S )
(45)

where the normalized A(1232) spectral function p* is
defined in Eq. (C26). The variable Qi is defined in
Eq. (C5), and g¢,,(Q?) denotes the covariant magnetic
y*NA coupling of Eq. (C7), for which we use the form
factors of the MAID2007 parameterization given
in Eq. (C8).

Because the dispersion relation in ¢ is once-subtracted,
the left-hand cut integrals exhibit rapid convergence. For
VCS observables up to the A(1232) energy region, as
considered in this work, contributions from higher-mass
baryon resonances beyond the A(1232) are, therefore,
expected to be suppressed.
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t-channel contributions to the real and imaginary parts of the amplitude F\B(Q?2,0, ) at Q> = 0.33 GeV? as a function of .

Left panel: results from the 7-channel subtracted DRs according to Eq. (28), with the separate contributions from the right-hand cut, left-
hand cut, and the subtraction constant. The subtraction constant corresponds with a value of the GP £, (Q?) = 1.20 x 107* fm?. Right
panel: contributions to the imaginary part from the left-hand and right-hand cuts in the 7-channel.

IV. RESULTS AND DISCUSSION

We start our discussion with the z-channel dispersive
input and the calculation of the subtraction functions at
v =0 for the non-Born VCS amplitudes FYB, FNB, and
FIS\IB, which are the main new elements of the present
subtracted DR formalism for VCS. For illustration, the
t dependence of FYB(Q2,0,1), FYB(Q?%0,1), and
FYB(Q?%,0,1) is shown in Figs. 6-8 for 0> = 0.33 GeV>.
Several VCS experiments have taken data at this 0? value,
including the most recent measurement of Ref. [24].

In the right panels of Figs. 6-8, we show the
t-channel discontinuities Im,F; arising from the right-
hand cut (RHC) due to the zz intermediate state (see
Sec. IIT C) and from the left-hand cut (LHC) due to the
A(1232) resonance (see Sec. IIID). The dominant
feature of the RHC input is the s-wave zz contribution

—— T-CH (RHC)
0.3 1 = = T-CH (LHC)
xsx GPs

e
Y
)

—¢’Re > [GeV 7]
(=]

o
=)
!

—0.1

—0.4 —0.6 —0.8

t [GeV?]

0.0 —0.2

corresponding to the f(500) region, which contributes
exclusively to Im,F; according to Eq. (39) (see the right
panel of Fig. 6). Furthermore, the d-wave zz state
contributes to all three discontinuities and shows a
pronounced enhancement due to the tensor resonance
f2(1270). As seen in Fig. 6, the f((500) and f,(1270)
contributions to Im,F; enter with opposite sign, leading
to a partial cancellation in the evaluating ReF.

In this work, the numerical evaluation of both s- and
d-wave zrm contributions to the f-channel RHC dis-
continuities in Egs. (39)—(41) is performed using the
y*y — zx amplitudes of the dispersive formalism of [40]
and the 7z — NN amplitudes of [43], constructed from
the Roy-Steiner equations for zN scattering. In evalu-
ating the corresponding real parts ReF;, the RHC
subtracted dispersion integrals in Eq. (28) are computed
up to an upper cutoff ~2 GeV? in d-wave and

0.8 1 —— T-CH (RHC)
—— T-CH (LHC)
0.6 -
0.4 -

0.2

0.0 4 -

T~~~ /

—e? Im; F> [GeV‘S]

1
—0.2 - A |
A |
v
‘i
‘i
v

—0.4

—0.6

—i.O 0:0 1:0 2.0
t [GeV?]

-3.0 -—-2.0

FIG. 7. The same as in Fig. 6 but for the amplitude F}®(Q?,0,1) at 0% = 0.33 GeV?2. The subtraction constant corresponds with a
value of the GP combination ag; (Q?) + By (Q?) = 5.44 x 107* fm?.
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FIG. 8. The same as in Fig. 6 but for the amplitude FYE (02,0, 7). The GP value excludes the z°-pole contribution and is calculated
according to Eq. (23) for t = —Q? and v = 0, with the upper limit of integration corresponding to W, = 2.0 GeV.

~0.78 GeV? in s-wave." It was checked that the
subtracted dispersion integrals exhibit very fast con-
vergence, and any contribution to Im,F; originating
from the timelike region beyond 7~2 GeV? has a
negligible impact when evaluating ReF,;(Q%,0,t) in
the spacelike region for —¢ <1 GeV?>.

Figures 6-8 also show the LHC discontinuities from the
A(1232) resonance and the corresponding LHC subtracted
dispersion integrals in Eq. (28). We checked that in
evaluating the LHC contribution to ReF;(Q?,0,7) in the
spacelike region for — <0.8 GeV?, the corresponding
LHC subtracted dispersion integrals exhibit very fast
convergence. They reach around 95% or higher of their
asymptotic value for the lower integration limit of
tiower = —3 GeV?, which corresponds to W ~1.5 GeV
for v =0 and Q% = 0.33 GeV?. Thus, further LHC dis-
continuities beyond A(1232) are expected to contribute at
the few-percent level or less to the subtracted dispersion
integral for ReF;(Q?,0,1).

The good convergence of the subtracted integrals
entering ReF;(Q?,0,¢) in Eq. (28) in our subtracted
DR formalism is achieved at the expense of intro-
ducing the subtraction constants FNB(Q? 0,-Q?%) —

F f'po}e(Qz, 0,—Q?). For the amplitude F,, the subtraction
constant is related to the magnetic GP f3,;, (Q?) according
to Eq. (31), while for the amplitude F, it is related to the

'In the present implementation we truncate the s-wave 7z
contribution at ~0.78 GeV? in order to isolate the f,(500)
region. Extending the s-wave integration to a higher cutoff
would include the f,(980) region, where the y*y — KK and
KK — NN inputs are needed in addition to the zz channel. We
have checked that the zz contribution remains dominant above
the KK threshold and omitting the KK channel induces an
imaginary part at the ~15-20% level in Im,F;. Within our once-
subtracted DR framework, the resulting impact of the f((980)
region on ReF is further suppressed.

GP combination ag(Q?) + i (Q?) according to
Eq. (32). In our formalism, both constants are to be
extracted from a fit to the VCS data. In Figs. 6 and 7, we
illustrate their contribution ReF; and ReF, using the GP
values determined in the JLab experiment of [24]. For the
amplitude Fs, which contains the z°-pole contribution,
the subtraction constant involves the GP contribution
beyond the z’-pole. Its value is expressed in terms
of a spin GP according to Eq. (33) and is calculated in
the present work using Eq. (23) for t = —Q? and v = 0,
with the upper integration limit corresponding to
Winax = 2.0 GeV.

Extracting the GPs from VCS measurements in the
A(1232) energy region requires a reliable control of the
W dependence, which is provided by the dispersive
calculation. The s-channel dispersive input, which enters
the subtracted DRs of Eq. (27), as well as the corresponding
real parts ReF;, are shown in Figs. 9—11 as functions of the
c.m. energy W for Q> = 0.33 GeV? and for a fixed c.m.
scattering angle @ = 150°. Along such a curve of fixed
scattering angle, W increases starting at W = M, where the
amplitudes reduce to their GP values FNB(Q?,0, —Q0?). The
right panels of Figs. 9-11 show the s-channel disconti-
nuities Im,F; entering the subtracted dispersion integrals.
One sees that these s-channel discontinuities are dominated
by the low-W region, where the MAID2007 parametriza-
tion [52] provides a very good description of existing pion
electroproduction data. For Im,F, and Im,F, the contri-
butions beyond the A(1232) region are very small, while
for Im, F'5 the contributions in the second and third nucleon
resonance regions come with opposite sign. Thus, the
corresponding subtracted dispersive integral for ReFs is
also nearly completely saturated by its contribution from
the A(1232) region. One sees from the left panels of Figs. 9
and 10 that the real parts of the VCS amplitudes F, and F,
show the characteristic variation of an elastic resonance,
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FIG. 9. Real and imaginary parts of the amplitude FYE(Q?,v,1) at 0% = 0.33 GeV? and 6 = 150° as a function of W. Left panel:
results from the subtracted DRs with the separate contributions from the s- and ¢-channels, and for a value of the GP
B (Q?) = 1.20 x 10~ fm*. Middle panel: total results from subtracted DRs (solid black curve) compared with the unsubtracted
DR result of [35] (dashed-dotted pink curve). For the unsubtracted DR result we also show the separate contributions of the dispersive s-
channel contribution according to Eq. (23), with the upper limit of integration corresponding to W, = 2.0 GeV (dashed blue curve)
and the asymptotic #-channel contribution (dotted red curve). Right panel: contribution to the imaginary part from the s-channel cut.
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FIG. 10. Real and imaginary parts of the amplitude F3B(Q?,v, 1) at Q*> = 0.33 GeV? and @ = 150° as a function of W. Left panel:
results from the subtracted DRs with the separate contributions from the s- and 7-channels, and for a value of the GP combination
ag (%) + Py (Q?) = 5.44 x 10~* fm>. Middle panel: total results from subtracted DRs (solid black curve) compared with the
unsubtracted DR result of [35] (dashed-dotted pink curve). Right panel: contribution to the imaginary part from the s-channel cut.
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FIG. 11. Real and imaginary parts of the amplitude FY(Q% v, 1) at Q* = 0.33 GeV? and 6 = 150° as a function of W. Left panel:
results from the subtracted DRs, with the separate contributions from the s-channel, #-channel, z°-pole, and GP contribution. The GP
value excludes the z°-pole contribution and is calculated according to Eq. (23) for t = —Q? and v = 0, with the upper limit of integration
corresponding to W, = 2.0 GeV. Middle panel: comparison of the results from subtracted DRs with the unsubtracted DR result of

[35], with and without the z%-pole. Right panel: contribution to the imaginary part from the s-channel cut.
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FIG. 12. Real and imaginary parts of the amplitude FY8(Q? v,1) at Q> = 0.33 GeV? and W = 1.19 GeV as a function of ¢. Left
panel: results from the subtracted DRs with the separate contributions from the s- and f-channels, and for a value of the GP
B (Q?) = 1.20 x 10™* fm>. Middle panel: total results from subtracted DRs (solid black curve) compared with the unsubtracted DR
result of [35] (dashed-dotted pink curve). For the unsubtracted DR result we also show the separate contributions of the dispersive s-
channel contribution with the upper limit of integration corresponding to W, = 2.0 GeV (dashed blue curve) and the asymptotic #-
channel contribution (dotted red curve). Right panel: contribution to the imaginary part from the s-channel cut.

with the real part of the s-channel dispersive contribution
going through zero when crossing the A(1232) position.
The real part of the amplitude Fs, shown in Fig. 11,
displays, in addition, a pronounced cusp behavior at the zN
threshold. On the other hand, the #-channel subtracted DR
contribution displays a smooth variation with W for the
VCS amplitudes, while ReFs shows a prominent z°-pole
contribution. Furthermore, we also show the GP subtraction
constant contribution, corresponding to ReF; at W = M. In
the middle panels of Figs. 9-11, we compare the present
subtracted DR formalism with the unsubtracted DR result
of [35]. While there is a good overall agreement between
both frameworks in the A(1232) energy region, one notices
that in particular on the higher-energy side of the A(1232),
where the experiment of [24] has taken data, there are clear
differences that are significant when compared with the GP
effects.

The abovementioned recent JLab VCS experiment of
[24] was performed at several fixed W values in the
A(1232) region. As an illustration, we show in
Figs. 12-14 for a fixed W = 1.19 GeV, fixed Q*> =
0.33 GeV? kinematics of [24] the ¢ dependence of the
VCS amplitudes F,, F,, and F5 in the present subtracted
DR formalism in comparison with their unsubtracted
counterparts from [35]. One again notices clear differences
between both formalisms. While for ReF, and ReFs the
differences between the subtracted and unsubtracted results
are mainly increasing for larger values of —¢, for the
amplitude ReF;| there is a clear difference over the whole
t region. This difference mainly originates from the differ-
ent treatment of the #-channel discontinuities. In the
unsubtracted formalism of [35], the #-channel asymptotic
contribution to the amplitude F; was modeled through a
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FIG. 13. Real and imaginary parts of the amplitude FY5(Q? v,1) at Q> = 0.33 GeV? and W = 1.19 GeV as a function of ¢. Left
panel: results from the subtracted DRs with the separate contributions from the s- and 7-channels, and for a value of the GP combination
ag (0?) + By (Q?) = 5.44 x 10™* fm>. Middle panel: total results from subtracted DRs (solid black curve) compared with the
unsubtracted DR result of [35] (dashed-dotted pink curve). Right panel: contribution to the imaginary part from the s-channel cut.
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FIG. 14. Real and imaginary parts of the amplitude FYB(Q?% v, 1) at Q> = 0.33 GeV? and W = 1.19 GeV as a function of 7. Left
panel: results from the subtracted DRs, with the separate contributions from the s-channel, #-channel, 77,'0—[)016, and GP contribution. The
GP value excludes the z%-pole contribution and is calculated according to Eq. (23) for t = —Q? and v = 0, with the upper limit of
integration corresponding to W .. = 2.0 GeV. Middle panel: comparison of the results from subtracted DRs with the unsubtracted DR
result of [35], with and without the z%-pole. Right panel: contribution to the imaginary part from the s-channel cut.

f0(500)-pole contribution, leading to a monopole behavior
in t. The latter is responsible for the steeper behavior,
especially at smaller values of —#, as seen from the middle
panel in Fig. 12. In the present subtracted DR formalism, on
the other hand, the ¢ dependence is fully calculated, and for
ReF; is given by the RHC and LHC contributions, as
shown in Fig. 6 and discussed above. Such different ¢
dependence is of relevance when extracting the GPs from
the VCS data in the A(1232) region.

We next discuss the VCS observables and present our
results in the subtracted DR formalism. The unpolarized
fivefold differential cross section for the e~ p — e7yp
reaction is expressed as [10]

Lo ()

= =— Z | Mgy + Mycs|?,
(<) d|K'|, (<)) sy

c.m.

(40)

where the scattered lepton solid angle (dQ.,) and momen-

tum value (|1?’|) are expressed in the Lab (L) frame, in
which the proton target is at rest (p = 0), and where the
scattered proton solid angle (dQ),) is expressed in the y*p
c.m. frame. The phase space factor ® in Eq. (46) is given
by [10]

1 1
2z’ 64My s

s — M3} E,

o (#7)

with E, (E.) the beam (scattered) electron energy in the
Lab frame. Furthermore, the unpolarized cross section of
Eq. (46) involves a helicity average over the squared
invariant amplitude of the e”p — e7yp reaction. The
e”p — e yp invariant amplitude consists, at order
O(e?), of two terms: My g describing the VCS subprocess

(lower diagram in Fig. 2), given by Eq. (6), and Mgy
describing the BH subprocess (top diagrams in Fig. 2). The
latter is given by

3 !
_i— Y yy'<k_Q>+mu
MBH_ t u(k?h){y _2kq/

VoK +q) +m
Ty

<) Foloh + Folr)

X N(p.s),

w}wkhwﬁ¢w»

ia;m(q - q,)(l
2My
(48)

with m the lepton mass. On the proton side, the BH
amplitude is expressed in terms of the Dirac (F'p) and Pauli
(Fp) proton form factors with spacelike argument ¢, for
which we use the parametrization from [53].

The pioneering work of [10] proposed to study the
e~ p — e"yp reaction at low c.m. energy W as a tool to
extract the nucleon GPs. Specifically, it proposed to make a
low-energy expansion (LEX) of the e p — e"yp ampli-
tude in the outgoing photon c.m. energy,

W2 - M?,

W (49)

9em. =

In such LEX, the helicity-averaged squared amplitude for
the e~ p — e~y p reaction, entering Eq. (46), takes the form

1 a, a
4 Z My + Mycs* =37+ ——+ a0+ O(¢em.).
hh's.s" A qcm. c.m.
(50)

The first two coefficients in this expansion, a_, and a_,, are
fully determined through a low-energy theorem (LET) in
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FIG. 15.

Left panels: e~ p — e~y p fivefold differential cross section of Eq. (46) as a function of the c.m. energy W in the kinematics of

the upcoming VCS-II experiment at JLab [44]: electron beam energy E, = 2.2 GeV, initial photon virtuality Q> = 0.33 GeV?, and
photon c.m. scattering angle & = 150°. Right panels: results for (¢ — 6BH+Bo™M) /® with ® the phase space factor, given by Eq. (47). Top
and bottom panels correspond to azimuthal angles ¢ = 180° and ¢ = 0°, respectively. The dashed-dotted curves in the left panels show
the result of the BH + Born cross section. The other curves show the sensitivity in the subtracted DR formalism to the magnetic GP f,
for a fixed value of the electric GP ag; (both in units 10~* fm?), as indicated in the legend.

terms of the BH + Born amplitude, for details see [10]. The
nucleon structure information, beyond the nucleon elastic
form factors in the BH + Born amplitude, appears to lowest
order in ¢, ,, in the coefficient a,, which can be expanded
in terms of dipole GPs. The unpolarized cross section
contains three GP combinations, which can be accessed by
measuring the photon angular dependence and varying the
beam energy. An experimental extraction of all six inde-
pendent dipole GPs requires to perform also double-
polarization experiments involving a longitudinally polar-
ized electron beam and either polarizing the nucleon target
or measuring the nucleon recoil polarization along three
orthogonal directions [54], see the review in [25] for details
of the formalism and the review in [26] for an overview of
the low-energy VCS experiments performed so far.

We show in Fig. 15 the sensitivity of the e p — e7yp
cross section to the GPs from threshold into the A(1232)
region for the kinematics of the upcoming VCS-II experi-
ment at JLab [44]. We show the results for two values of the
azimuthal angle ¢ between the lepton and hadron planes:
¢ = 0° corresponding with the photon emitted in the same
half-plane determined by the lepton beam and the scattered

lepton, and ¢ = 180° in which the photon is emitted in the
opposite half-plane. One notices that in the low-energy
region, below the pion production threshold, the cross
section is largely dominated by the BH + Born amplitude,
in accordance with the LET, and the GPs make an effect of
order 10% or less below the pion production threshold. In
the low-energy region, the sensitivity to the GPs arises
through interference with the BH + Born amplitude. To
enhance the sensitivity to the GPs, it has been proposed in
[35] to measure the VCS process in the A(1232) region,
requiring a theoretical formalism beyond the LEX of
Eq. (50). For this purpose an unsubtracted dispersive
formalism was developed in [35]. This formalism is
improved in the present work through the largely data-
driven subtracted DRs, in view of the precision goals of the
present and future JLab experiments. In the subtracted DR
formalism the scalar GPs directly appear as subtraction
constants and are to be determined from a fit to the VCS
cross sections. In the A(1232) region, one sees that the
BH + Born process is only responsible for around 10-20%
of the cross section, which is predominantly driven by the
A(1232) resonance excitation. The sensitivity to the GPs in
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this region, therefore, arises mainly through the interfer-
ence with the real part of the A(1232) resonance amplitude.
As the real part of the A(1232) production amplitude goes
through a zero at the resonance position, where the
amplitude is purely imaginary, one thus expects the largest
sensitivity to the GPs on either side of the resonance peak
position. As an illustration, we show in Fig. 15 the
sensitivity of the e”p — e"yp cross section to a *lo
(standard deviation) variation in the magnetic dipole GP
B (Q?) around its value at Q% = 0.33 GeV? measured at
JLab [24], for the fixed value of the electric dipole GP
ag (Q?) measured in the same experiment.

In Fig. 16 a direct comparison between our subtracted
DR formalism and the existing VCS JLab data from [24] is
shown as a function of the photon c.m. angle for three Q2
values and for different W values through the A(1232)
energy range. As the GPs ag(Q?) and S, (Q?) at each
value of Q7 are subtraction constants in our formalism, we
show as a first step the comparison using the central values
extracted in [24], which were obtained using the unsub-
tracted DR formalism of [35]. Furthermore, in Fig. 16 we
also show the sensitivity bands in @ and f by considering 1o
variations around their central values. For the data at
Q? = 0.4 GeV?, which are mostly centered near the peak
of the A(1232), one notices that the sensitivity to the GP is
reduced, as the amplitude is mostly imaginary around the
resonance position. This kinematics thus provides a good
test of the dispersive formalism. One notices that the
angular dependence is well reproduced. For the lower
0? values, 0% = 0.28 GeV? and Q% = 0.33 GeV?, shown
in Fig. 16, the existing data are mostly at and above the
A(1232) peak position. Overall the subtracted DR formal-
ism follows also well the angular distributions and the
decrease of the cross section when going from the A(1232)
peak to higher W values. Merely at the highest W bin, and
for ¢p = 180°, one sees a deviation beyond the 1o sensitivity
bands for the GPs. Before drawing conclusions as to
whether the origin of this deviation is caused by the GP
values extracted in [24], a global fit to all world data is
required. Such a fit of the scalar GPs to the world VCS data
using the subtracted DR formalism is planned for a
future work.

As the real part of the A(1232) production amplitude
changes sign when crossing the resonance position, also the
interference effect with the GPs on the cross section
changes sign when crossing the resonance position.
Therefore, a simultaneous measurement both below and
above the A(1232) resonance position will provide strong
consistency checks on the extraction of the GPs ag; and
Pui- Such a measurement is planned in the near future at
JLab [44] and will complement the existing JLab data from
[24], shown in Fig. 16, which were mostly taken around or
above the A(1232) peak position. In Figs. 17 and 18 we
show the predictions of our subtracted DR formalism for
the expected sensitivity to ag; and f;,; in the kinematics of

the forthcoming VCS-II experiment [44]. One clearly
notices the sign change in the interference effect with
the GPs when crossing the resonance position. One also
notices in Fig. 17, especially for 6 = 130° below the
resonance position, regarding the sensitivity to the GP
ag there is a change in interference for azimuthal angles
¢ = 180° and ¢ = 0°. For ¢» = 180° our results predict an
anticorrelation between the GPs ag; and f,,: increasing
the value of ay; or decreasing the value of f;,, affect the
cross section in a similar way. On the other hand, for
¢ = 0° our results predict a correlation between the GPs
ag; and fBy: increasing the value of ag; or increasing the
value of 3, affect the cross section in a similar way. Thus,
the forthcoming JLab measurement [44] of the photon
angular dependence of the e”p — e“yp reaction both
below and above the A(1232) position will allow for a
strong consistency check on the extraction of the GPs using
the subtracted DR formalism.

In order to test the imaginary part of the VCS DR
formalism, a further planned JLab VCS-IIIp experiment
[45] will measure the beam spin asymmetry (BSA) of the
e~ p — e~yp reaction, which is the asymmetry for reversal
of the electron beam helicity 4, i.e.,

do)_ —dPo,__
BSA — Op=+1/2 Op=—1/2

(51)

dop_1p+doyp__yp

where d°c;, denotes the fivefold e"p — e"yp differential
cross section for an electron beam in a pure helicity state
h = +1/2. This observable is zero below the pion pro-
duction threshold, as the e”p — e~ py amplitude is purely
real in that region. Above the pion production threshold,
the BSA firstly tests the dispersive input, as it is sensitive
to the imaginary part of the VCS amplitude. Furthermore,
the BSA numerator in Eq. (51) has a sin¢ angular
dependence. Its measurement thus requires out-of-plane
kinematics. In Figs. 19 and 20, we show our results for the
BSA for ¢p = 45° and ¢ = 90°. We see that the subtracted
DR formalism predicts asymmetries in the range between
—5% and +3% in the kinematics of the JLab VCS-IIIp
experiment. Figure 19 also illustrates that the BSA has
a significant sensitivity to the GP aj; especially below
the A(1232) resonance position, while Fig. 20 shows
that the BSA is nearly insensitive to the GP f;,;. This
sensitivity to the GP ag; in the BSA can be understood,
as this observable results from the product of the
imaginary part of the VCS amplitude for A(1232)
production due to a transverse virtual photon (predomi-
nantly M1 excitation) with the real part of the VCS
amplitude for a longitudinal virtual photon. The latter
contains the dependence on ag. The BSA thus provides
a further strong cross-check on the extraction of ag
from the unpolarized cross section.

In Figs. 17-20, we show the sensitivity of the cross
section and beam spin asymmetries to the scalar GPs. In the
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FIG. 16.
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e~ p — e yp fivefold differential cross section of Eq. (46) as a function of the photon c.m. scattering angle for the kinematics

of the JLab experiment [24]: electron beam energy E, = 4.56 GeV, three values for photon virtuality Q% and several c.m. energy W
values, as indicated on the panels. Top and bottom panels correspond to azimuthal angles ¢p = 180° and ¢p = 0°, respectively. The bands
show the 1o uncertainties associated with the values of the scalar GPs extracted in Ref. [24], as indicated in the legends (all in units

1074 fm?).
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FIG. 17. e p — e yp fivefold differential cross section of Eq. (46) as a function of the c.m. energy W in the kinematics of the
upcoming VCS-II experiment at JLab [44]: electron beam energy E, = 2.2 GeV and initial photon virtuality Q> = 0.33 GeV?, for
several values of the photon c.m. scattering angle. Top and bottom panels correspond to azimuthal angles ¢ = 180° and ¢ = 0°,
respectively. The curves show the sensitivity to the scalar electric GP ag; for a fixed value of the magnetic GP f3);; (both in units

10~* fm?), as indicated in the legend.

curves due to varying the scalar GPs, as shown in
Figs. 17 and 18, are either broadly comparable or larger
than the projected experimental uncertainties. For the
BSA, the sensitivity to varying the GP a,, as shown in
Fig. 19, is comparable to the estimated experimental
uncertainty, as reported in Ref. [45], thus allowing an
independent cross-check on the extraction of ag.

proposal of the upcoming JLab VCS-II experiment [44], it
was estimated that the cross sections will be measured
with a statistical uncertainty ranging from +1% to £2%,
depending on the kinematics. The systematic uncertainties
will be the dominant factor, ranging at ~+4%. A
qualitative comparison of our results with these projected
uncertainties shows that the differences between the
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FIG. 18. The same as Fig. 17, where the curves show the sensitivity to the magnetic GP ), for a fixed value of the electric GP ap;

(both in units 10~ fm?), as indicated in the legend.
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FIG. 19. Beam spin asymmetry for the e~ p — e~y p reaction as a function of the c.m. energy W in the kinematics of the planned VCS-
IlIp experiment at JLab [45]: electron beam energy E, = 2.2 GeV and initial photon virtuality Q%> = 0.33 GeV?, for several values of
the photon c.m. scattering angle. Top and bottom panels correspond to azimuthal angles ¢p = 45° and ¢ = 90°, respectively. The curves
show the sensitivity to the electric GP a, for a fixed value of the magnetic GP f3,;; (both in units 10~* fm?), as indicated in the legend.
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V. CONCLUSIONS AND OUTLOOK

In this work, we developed a once-subtracted DR
formalism for VCS off the proton from threshold into the
A(1232) region, with the aim of extracting the scalar GPs
with controlled input in view of the precision goals of the
ongoing and forthcoming measurements at Jefferson Lab.

The central improvement over the previously used
unsubtracted DR formalism is the replacement of the
finite-energy sum-rule prescription and effective asymp-
totic parametrizations by a subtracted framework in which
the relevant low-energy structure information enters
through subtraction constants. In the present implementa-
tion, the VCS amplitudes for which the unsubtracted
dispersion integrals are not convergent (F\'®, FY®) or poorly
convergent (FgB) are reconstructed from fixed-r once-
subtracted dispersion integrals in v, while the subtraction
functions are obtained from once-subtracted dispersion
relations in ¢. This provides rapidly convergent disper-
sive integrals for both right-hand and left-hand cuts. The
dominant #-channel dynamics are treated in a largely
data-driven way through y*y — zz and zz — NN dis-
persive input, including the prominent f,(500) and
f2(1270) regions, while the leading left-hand cut in
the A(1232) energy region is estimated through A(1232)
exchange with finite width.

We presented numerical results for the subtracted ampli-
tudes and their decomposition into s- and #-channel
contributions, highlighting the modified ¢ dependence
relative to the unsubtracted formalism, in particular for
FTB, where the earlier effective f,(500) pole approxima-
tion is replaced by an explicit dispersive evaluation. In the
s-channel, the dispersive integrals entering the subtracted
relations are largely saturated by the low-energy region up
to and around the A(1232), which is essential for a
quantitatively reliable description of the W dependence
in the resonance region.

Confronting the formalism with the latest VCS cross
section data in the A(1232) region, we find an overall good
description of the angular distributions and of the observed
decrease of the cross section with increasing W. A deviation
appears only in the highest-W bin for ¢» = 180°, where the
data lie outside the sensitivity band obtained from the scalar
GPs, as extracted in the previous analysis. Establishing
whether this indicates tension in the polarizability input or
points to missing contributions requires a global analysis of
the world dataset within the present subtracted framework,
which we plan to pursue in future work.

The subtracted DR formalism also yields clear expect-
ations for near-future measurements designed to test both
the real and imaginary parts of the VCS amplitude in the A
region. Since the sensitivity to the scalar GPs ay (Q?) and
By (Q?) is driven by interference with the real part of the
A(1232) amplitude, the largest impact of the scalar GPs
occurs on either side of the resonance peak, while it is

reduced close to the peak where the amplitude is predomi-
nantly imaginary. For the planned kinematics of the VCS-II
experiment at JLab, the predicted dependence on the
azimuthal angle ¢ implies that measurements at ¢ = 0°
and ¢ = 180°, taken below and above the resonance,
provide strong internal consistency checks and show
different correlation patterns between ag; and fy.

A complementary constraint will come from the polari-
zation observables. In particular, the beam spin asymmetry
above the pion threshold directly tests the dispersive input
through its sensitivity to the imaginary part of the VCS
amplitude. For the planned kinematics of the VCS-IIp
experiment at JLab we predict asymmetries at the few-
percent level and a pronounced sensitivity to ag; below the
A(1232) peak position, while the dependence on Sy, is
much weaker, providing an independent cross-check on the
extraction of ag; from unpolarized cross sections.

Looking ahead, several extensions are natural. On the
phenomenological side, a global fit of ag (Q?) and
B (Q?) to the full set of VCS cross section data, including
a consistent propagation of uncertainties from the pion
electroproduction input and from the z-channel dispersive
amplitudes, will be essential to fully exploit the precision of
current and upcoming measurements. On the theory side,
the treatment of the 7-channel left-hand cut can be further
refined by incorporating contributions beyond the leading
A(1232) exchange, and the 7-channel right-hand cut input
can be improved by including the f,(980) in a coupled-
channel framework. Finally, combining the present frame-
work with dedicated double-polarization measurements
offers a path toward a dispersive extraction of the spin
GPs, thereby extending the reach of the subtracted DR
approach beyond the scalar sector.
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APPENDIX A: t~-CHANNEL HELICITY
AMPLITUDES FOR VCS

The t-channel helicity amplitudes for virtual Compton
scattering, corresponding to the yy* — NN process, can be
written as

054035-19



IGOR DANILKIN et al.

PHYS. REV. D 114, 054035 (2026)

Th iy = —€ (02, A)ex (g1, A1)

X u(pr, AN)Muv(pa, Ag),  (Al)
where ¢, and ¢ are the polarization vectors of the virtual
and real photons, respectively, and u and v are the Dirac
spinors of the nucleon and antinucleon in the final state.

The tensor M w has the following definition:

12
My, =D Q% v, )i, (A2)
i=1

where the gauge-invariant tensor basis pi, coincides with
the basis introduced in Appendix A of [35], but with the
following crossing transformation (combined with a
change of notation):

4= q. pP—>-pn 4 —>-q. pop. (A3
The f; are the same invariant amplitudes as in Eq. (7). In
this appendix, we express the invariant amplitudes F; in
terms of these f-channel helicity amplitudes. As
expected, the number of independent helicity amplitudes
matches the number of twelve independent invariant
amplitudes. We choose the following set of independent
helicity amplitudes: the polarization of the antinucleon is
fixed at 1/2, while the polarizations of the other particles
are varied, leading to the following independent ampli-
tudes:

t t 1
oy Thogy Doy
t t t
T—l 1,-11 TI.O 110 T—I,O.%,%’
t t t
Tl.o, Ly T—1.0,—‘ L Tl,—l,g%’
T ., T T (A4)

1-1,-48 -1,1,-44
In order to find the relations with the invariant ampli-
tudes F;, as a first step, we implement the helicity
amplitude for the -channel of VCS of Eq. (A1). We work in
the c.m. system of the ¢-channel process yy* — NN (see
Fig. 21 for the kinematics). In this frame, the four-momenta
are defined as

4} = (qem: 0.0, gem) (AS)
¢, = (Eq, 0,0, =Gem), (A6)
P = (Ey, pysind,,0, py cos6,), (A7)
ph = (Ey,—pysind,, 0, —py cosd,). (A8)

In the following, for simplicity, 8, will be denoted by 6. The
energies and the magnitudes of the three-momenta in

N (p2,\x)

FIG. 21.
frame.

The kinematics of the yy* — NN process in the c.m.

Egs. (A5)—(A8) can be expressed in terms of the
Mandelstam variables as

t+Q? t—Q?
9em = s Eq = s
24/t 24/t

NG t
EN:77 PN = Z—M%\,. (A9)

We use the Lorenz gauge for the photon polarization
vectors. For the real photon they are given by

8‘1‘<q|,/11 = 1) = (0,—1,—i,0),

S-Sl

& (g1 0 =—1) =—(0,1,-i,0), (A10)

whereas for the virtual photon, the polarization vectors read
8‘2’ <q27 /12 = 1) =

(0,1,—i,0),

55(‘12,/12:—1) = (07—15—1',0)7

giviiaiells

&(q2. 2 = 0) = = (=¢em. 0.0. E;).  (All)

Q

The spinor conventions for the nucleon and the antinucleon
in the final state characterized, respectively, by momenta p,
and p, and by polarizations Ay and Ay are

. 1 (9)
u(p, Ay =1/2) = VEy +My| 20|
Ey+My
- x1(0)
u(py, Ay = —=1/2) = \/Ey + My — )|
En+My

(A12)

and
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—_ PN (9
v(py. Ay =1/2) = m EN+MN)(¢( ) ’
7,(0)
R ' (@
v(Pa, Ay = —1/2) = /Ey + My Eyimy X1 (0)
—24(6)
(A13)
where
_ [cos6/2 _ [—sin6/2
x1(0) = |:Sin9/2:| 1o = { cos 6/2 }
o | sing/2 Lo [cos6/2
40 = {—Cos@/z}’ 2,(0) = Lin@/z]' (A14)

The relations between the independent #-channel helicity
amplitudes and VCS invariant amplitudes can be written in
matrix form as

— JURN
T' = AF, (A15)

where Al is a 12 x 12 matrix, F is a vector whose

components are the VCS invariant amplitudes F;, and 7’)
is the vector containing the independent 7-channel helicity
amplitudes listed in Eq. (A4). By inverting the matrix A, we
can express the VCS invariant amplitudes in terms of the #-
channel helicity amplitudes.

Furthermore, it is useful to introduce reduced VCS t¢-
channel helicity amplitudes z;, i = 1, ..., 12, defined by the
following relations:
|

t
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(A16)

In terms of the 7-channel reduced helicity amplitudes 7!
of Eq. (A16), the VCS invariant amplitudes F;(Q?, v, 1)
read

(A17)

)} (A18)

! 1
2 _
—e°F = (t—4M,2V)1/2(Q2+t) [—(r’1 +75) —1(1{5 +Té)]
4U2Q2MN \/E
+ (0% + 1)3(1 — 4M3%)32 My (7t + 75) +7(T§ )
_ v
(Q* 4 1)2(t — 4M%,)
! Vi
2 _
—e'Fy = (t—4M3) 3/2 (0% +1)2 { +16)_W(t7_78
2M Vi
2p. — N
—eF3 = ( 4M2 3/2 Q2+12{ +T6 N(Tt7_78

- [(75 = 710) +

V2(t - 4M%v)(Q2 +1)Qu 2My

t
(7h +712)]s

(A19)
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2 1 t t
= ay gt ) T
—e? —#L (At M%V(Q4+4V2Q2+2Q2t+t2) ot
eFS_(QZ-Fl)MN\/Z{ (¢ —74) + (1= 4M2) (0% + 112 (75 —7%)
— 2V2MyQu ' . 20 MyQ° o
—a) (@ 1) T T g T
1 1 V2t
+W [_MN {(Té —173) +§(75 ) _?(Tlil - Tﬁz)}
t—4M3)V/2 SM2 — ¢
% [Vi(zh + 1) — \ﬁm (th + %) + V20(e, + r’lz)]] },
_p2 _ 1 2 2 AN( At ot _4MNQ2(Q2+Z) t_t:|
O Byl — M) (@ T 1) { [((Q TN ) Ty ()
201 — AMRN2(O2
e ]Z]\A})Ny Q"+ 2V/1(2} + 74) + Vi(7h +74) +2V20(7h, +7,)]
2 2 + 2
+\/_Q(IQ/I)(T’9 +Tt10)},
Vi My
—p2 — ot ot
S 7 s e N PR 77T R
- o (¢4 —175) — 2My Q" (e +7%)
Wit —4MZ) 20  + 0207 Y (=AM (Q* 1) T B
V20 .
([_4M12v)]/2(Q2 T 1) (7)) = 712).
2 _ 4MN ot 2 ot
M Ty V3 1 U T TV v A
T : { 2M}Z 75 (76 4+ 710) = (71 +72) |
V2ViMyQ(Q* + 1y (1 — 4M3,)"
2 (t_Qz) " A Q4 ot
= = a7 T T i g g T Y
Q2 ! ! 1 ! ! Q\/j ! ! \/E(Qz + I)ZM ! !
+m [(73 + 1) +§(T7 + 1) +7(T11 +11,) — Q\/f(t—4M12V)172 (7h + 7o) |-
! A Vi o
—e’F g = TSML (O + 00 [(73 +74) +§(T7 +73) +4(t—4M,2V)1/2(Q2 )7 (77 — 7).
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t
—€2F]1 =+ (Ttl—’l'é)— \/~

Q2

1
4AMy\/1(Q* 4 1)
0

8(r—4M3)'2(Q* + 1)

(77 —7§) +

Wil — a5 T

Q21/2

D T
_ 14
8My(t —4M%)(Q? + 1)}

- TIIZ) + 2\/;<
[(r(Qz 1) - 4M30%) (2

1= 4My)(Q* +1)°

0= 432 = ) = 200 - )|

2V20(4My - 1)(Q* + 1)

T+ - L (el + rw]

- v CAM2AN2 (ot o 2V20My o,
AMy(t —4M%)V2(Q* +1)? [(t AMy) (75 + 74) NG (76 +7h0) | (A27)
1 Q2
—e2F,, = + ) Lt
=@ 0 T T i — e e
1 1 V20
o |+ 5 )+ L )]
N
1
- 7+ 7). A28
WA — a2 ) (A28)
|
As a consistency check, the RCS limit was considered. In T X = Z (27 +1) hiﬁz(t’ 0?) d{\y()(em), (B3)

this limit, the expressions for the invariant amplitudes given
in Egs. (A17)-(A28) were found to be consistent with the
known relations between the L'vov amplitudes A; and the
t-channel helicity amplitudes for RCS (Eq. (B3) of Ref. [32]).

APPENDIX B: VCS -CHANNEL
DISCONTINUITIES FROM THE zx
INTERMEDIATE STATE

In the subtracted dispersion relation of Eq. (28), the -
channel integration is taken along the line v =0.
Consequently, we need the t-channel discontinuities
Im, F;(Q?,v = 0,t). We evaluate the zz contribution by
inserting the zz intermediate state into the #-channel
unitarity relation and expressing the result in terms of
helicity partial waves for yy* — 2z and 7z — NN.

We first write the partial-wave expansion of the
t-channel VCS helicity amplitudes y(q;,4,)r*(¢2,4,) —

N(Ay)N(Ay) as
Z 2J +1

where dfn () are Wigner d-functions, and the helicity
differences A, and Ay are defined as

Tﬁlzzw,—v T zzzNzN@ Qz)df\ A, (9), (BI1)

Ay Eﬂl —12, AN E/11\/ —lN. <B2)
The helicity amplitude for yy* — zz satisfies the partial-

wave expansion [40,42]

Jeven

with 6, the c.m. angle of the yy* — 7z process. Finally, for
ar — NN we similarly write

rymen =S a0, (B4

J

where ® denotes the c.m. angle of the zzx — NN
reaction. Isospin conservation and Bose symmetry
restrict the zz intermediate state to / =0 and even
J. The zz contribution to the z-channel discontinuity is
obtained from the unitarity relation, which for fixed J
takes the form

ﬁn( ) 1y

ZImT“ ANy (1,Q*) = S—7—= “2( Q%)

iy (D)7

where f3,(t) is defined in Eq. (42). For the isospin-0 7z
intermediate state considered here, one has the sym-
metry factor S = 1/2. Parity invariance implies that

o, (607 =h!) (1,07,
T iy () = =T5 5, (1),

so that the independent amplitudes may be labeled by
A, =0, 1, 2 and Ay =0, 1. We, therefore, introduce
the shorthand notations

(1.0,

X (T (BS)

(B6)

T3, (1), (B7)
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with T} _,=T{. Using Eq. (BI)
22

Eq. (B5), and truncating the zz system to J =0, 2,
one obtains the following relations for the imaginary
part of the reduced r-channel helicity amplitudes 7!

(defined in the Appendix A):

together with

Im7, =Im7} = ﬁé’i ) h(t, 0*)(T((1))*

+§(1 + 3cos 20)k3 (1, 02)(T3(1))*
et = I} = =20 o5 122, 02) (20
tme; = tmef = 2P (s 02y i)
tmef = e, = 221300, 02730
tmef = ~Imefy = 0 s o121, 02)(13(0).
—e*Im,F(Q%,0,1) = (thQZ) {(4le

—ezlm,Fz(QZ, 0, l) =

—ezlm,F3(Q2, 0, t) = —

—e’Im,F,(Q%,0,1) =

—621m1F5(Q2, 0, l)

—eIm,F¢(Q?,0,1) =

—e’Im,F7(Q%,0,1) =

—e*Im,Fg(02,0,1) =

—ezlthg(Qz, 0, [) = —

_ezlmIFIO(QZ’ Oa t) =

1Py

(14 Q) (4M3, -

Mytp;

0’
5,
16"

0’

(t+ Q%) (4M%, —

tmel, = - 220 (1 4 2cos 01 (1. 02) (130"
Imz), = _5[6%15;) (=1 +2cosO)hi(t, 0*)(T3(1))*. (B8)

For the reaction 7z — NN we express the partial waves
T}, (1) through the Frazer-Fulco amplitudes f7 (z) [51] as

167

Ty(1) = p—(prn')JfJ< ).
8
10 =" (pupa' 720, (B9)
with the c.m. momenta
RSN N

Combining the above relations with the definitions of the
invariant amplitudes in the Appendix A, we obtain

00 + 22 [h%)(a o)\t QZ)] ﬁ*m},

21.0?) N %10 —ﬁfﬁ*(t)],

5 [h%(z, Q) - \/gh%a, Q%] l\éﬁ(r) - ﬁﬁ*m] ,

Gk [ e \/gh%“ QZ)]f%*m’

& [\/Q%hz (1.0%) + V2011, 0?) - LT O Q2>1f2*(r>

My(1+ %) 64

2

By S 2
%ﬁ lh%(ﬁ Q%) - \/;h?(t, Qz)lfﬁ*(t%

Wa 5|, o [, 2y | f2s
(t+Q2)28lh2(t’Q) \/;h (Z‘Q)lf (1),

Q*p; 5

My(t+ 0%)332

2
l\@hé(n 0+ V2@ (1,07 - S 1A Q%] 7 (1),

233
Py i l\/gh%(t’ 0% _%h%([, QZ)] (1),

(t+ Q%)?%32
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2?5
—2Im,F 2’071« R o S

—e’Im,F 20,t)=—— "% "~
e~1m; 12(Q ) MN(t+Q2)232

Note that the Born-subtracted yy* — zz partial wave
helicity amplitudes, i_zf\y =hy - hf\’yB"m, are subject to
kinematic constraints at the soft-photon point and at

two-pion threshold [40]. For the lowest partial waves
relevant here one finds

hy(1, Q%) ~ (1 + Q%). (B12)

h3 (1, Q%) ~ (1 —4m3) (1 + Q)

h3(t. Q%) — \/gfl?(n Q%) ~ (t—4mz)(t + @)%,

2
.0+ Vaoii. ) - L i )

~(t=4m2)(t + Q%)% (B13)
As a consequence, in all combinations of the invariant
amplitudes F; that enter the generalized polarizabilities (see
Egs. (10)—(15) all denominators containing powers of (¢ +
Q?) cancel against these zeros, which provides a consis-
tency check of our evaluation of the 7z contribution. The
Born term retains a soft-photon pole at t = —Q?, which is
of no consequence here since for spacelike Q? that point
lies outside both integration ranges in Eq. (28).

APPENDIX C: A(1232) EXCHANGE
CONTRIBUTION TO VCS AMPLITUDES
1. y*NA vertex function

To describe the A(1232) exchange in the VCS process,
we start from the Lagrangian describing the electromag-
netic N — A interaction,

Loy =—eJenA,
_ B o
= —e{WﬁF/yz’QAN + NFfK/A’I/ﬂ}Aw (C1)
where N is the nucleon field and y; is the A Rarita-
Schwinger field. Furthermore, F% A and l:fff, » stand for the
vertex and its adjoint, which are related by

~ i
F%A =y’ (F%A) 70 (C2)

2
1. 0%+ 2L Q2>] 72 (1),

5 5[ f ’
v l\émé(n 0%) + V20731, 0%) - L 131, %) | 12 (1)

: (B11)

|
The electromagnetic N — A transition is described by three
Lorentz structures corresponding with the magnetic dipole
(M1), the electric quadrupole (E2), and the Coulomb
quadrupole (C2) transitions. We follow the parametrization
given in [55],

2
hs(pa.p) = \/g{gqu)ﬂff + ge ()T

+ ge(gIT }, (c3)
with p (p,) the nucleon (A) four-momentum, respectively,
with four-momentum transfer g = p, — p. We have
defined the vertex for the p — A™ transition, which yields
the isospin factor 4/2/3. The tensors in Eq. (C3) corre-
sponding with magnetic dipole (M), electric quadrupole
(E), and Coulomb quadrupole (C) y*NA excitations are
given by the gauge-invariant expressions,

3(Mpy+My) .
| A P .
M =5 MNQi— [ie (PA)K‘U]
3(Mpy+M
p = 3 M+ My) [(q- pa)d™ = &’ (pa)lrs.

E2 My0l
3(Mpy+ My)
MY =ty pa(dPq" — ¢ d)
T2 MyM,Q* A
+7P(q- pad” — *(Pa)"))rs, (C4)
where
0% = (My £ My)? + 02, (Cs)

and where we adopt the convention é&y,3 = +1. The
vertices defined in Eq. (C4) satisfy the property

(pA)ﬂFfV/;,E,C =0, (Co)
which defines them as “consistent” couplings [55], decou-
pling the unphysical spin-1/2 degrees of freedom present in
the Rarita-Schwinger field. The corresponding form factors
(FFs) gar» gg, and g appearing in Eq. (C3) have spacelike
virtuality. It is conventional to express these FFs at the
resonance position, i.e., for p3 = M3, in terms of the
magnetic dipole (Gjy,), electric quadrupole (Gy), and
Coulomb quadrupole (G¢) transition FFs, as
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(o
—(G3, — G%),
9m = MN+MA( M E)
0y 2
9 = — A2
My + My Q=2
x {(M3 — M}, - 0*)Gj + Q°G¢},
U
€T My + M, Q2

< {4M3 G} — (M3 - My - Q*)Geh. (CT)

with the so-called Ash FFs parametrized, for spacelike
virtuality g> = —Q? < 0, through the MAID2007 analysis
[52,56],

G;,(0%) =3.00(1 4+ 0.010%)e 032G, (0?),

G5(0?) = 0.064(1 —0.02102)e™0162°G ,(0?),

1 +0.120% 4M3 e 020 GO
Qz M2 _M2 D(Q )7
+4.9 A N

GL(Q?) = 0.124

with Q2 in GeV? and the dipole FF,

1
(1+ Q%/071)%

Gp(0?) (C9)

2. VCS amplitudes for narrow A exchange
in s- and u-channels

As we are interested to model the 7-channel left-hand cut
for v = 0 through the A exchange, we calculate the narrow
A(1232) exchange in s- and u-channels to the VCS
amplitudes f; in Eq. (7) that are even in v (i.e., for
i=1,2,5,6,7,9,11,12). For v = 0, the contribution to
the odd amplitudes f3, f4, fg, and f;o vanishes.

As the y*NA transition for low Q7 is completely
dominated by the magnetic dipole excitation in
Eq. (C3), we will model the left-hand cut contribution
to the VCS amplitudes, keeping only the magnetic dipole
excitation in the y*NA transition. The corresponding VCS

aM3
tensors M* of Eq. (6) due to s- and u-channel A
(C8) exchange are given by
|

v _ fa (r - ps+ M) 1
My =TRa(P'. py) —7MZA —Jap + 3 3Valp FyNA(pw p). (C10)

v (7/ Pt M ) 1
M’;A _FyNA(p pu)TiA ga/i+3yay/3 FyNA(pua P) (Cll)

with p; = p+ ¢ and p,

= p — ¢'. By projecting Egs. (C10) and (C11) on the VCS tensor basis of Eq. (7), the resulting

expressions for the VCS amplitudes for v = 0 due to s- and u-channel A exchange are found as

fH(0%,0,1) = FA(QZ,t){—ZM,ZV(MN +M,) + <MA +%>r+; (MA +%) Qz}, (C12)
1

£200.0) = Fa(@0 {5 My + M) 4 11+ 0 . ©13)

A 2 2 1 3 2

£3(02.0.0) = Fa(@ 0 Mty + M) + i (M + T+ 507, (C14)
1

72(0%0.0) = Fa(@ {0ty + M) = 551 00 c15)

[3(0%,0,1) = FA(Q% 1 ){%Qz}, (C16)

£3(0%0.0) =0 1)

A (0%,0,1) = Fp(Q? M M 3 02 C18

(02.0.0 = Fa(@0{ = S (ay + M- 02, c18)

12(0%,0,1) = FA(Q%, ){ (MN+MA)} (C19)
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where we have defined the shorthand for the common
prefactor,

gM(O)gM(Qz)
My 0% (M5 —3(t+ Q)

Fa(Q% 1) = (C20)

-M3)

In Ref. [57], the nucleon GPs were calculated in Baryon
ChPT. As part of that calculation, also the A-pole contri-
bution in the limit = —Q? was evaluated in the 5-counting
scheme. We have checked that the expressions of
Egs. (C12)~(C19) exactly agree with the expressions of
Appendix B of Ref. [57] in the limit 7 = —Q?, when making
the replacement Q% — (M, + My)? in Eq. (C20) to be
consistent with the power-counting scheme of Ref. [57].

3. A(1232) resonance spectral function

The expressions of Egs. (C12)—(C19), which have been
obtained for a narrow A, see Eq. (C20), are of the pole form

9(Q* 1)
s — M3

A(Q% 1) = (C21)

with s = M%, — (1 + Q?)/2 forv = 0, and where g(Q?, 1) is
a smooth numerator function. The #-channel discontinuity of
an amplitude of the form of Eq. (C21) for v = 0 is then
obtained by the analytic continuation t — ¢ + ig, resulting in

Im, A(Q.1) = g(Q% 1)[wd(s - M3)).  (C22)
Note the opposite sign when calculating the s- and z-channel
discontinuities for v = 0.

Because in the realistic case the A(1232) baryon has a
width of I'y = 0.117 GeV, we next discuss the disconti-
nuity for the case of an unstable particle. For unstable
particles, the standard Cutkosky rules have to be extended
by also including the resonance decay in the #N channel,
corresponding with a cut for s> sy = (My +m,)% It
amounts to replace the discontinuity for the stable particle
of Eq. (C22) by

Im,A(Q?%, 1)
= 9(0*.1) [ﬂpA (S = M5 - % (t+ Q2);MA,FA>} :
(C23)
with p2(s; M, T») a spectral function, which describes the

distribution of strength in the discontinuity function around
the resonance position, with normalization

/oo dsp®(s;Mp,Tp) = 1.

K

(C24)

In the limit of a narrow resonance, the spectral function
reduces to a S-function,

PA(s; My, Ty = 0) = (s — M3), (C25)

resulting in Eq. (C22). For a finite width, we choose a Breit-
Wigner line shape for the spectral function

Ny M,Ta(s)

pA(s:Mp.Ta) = 1 (s=M2)* + (MaTa(5))>

(C26)

In the above equation, the energy dependence of the width
function T (s) is given as in MAID2007 [52],

|Px(5)P
X i)l3\f
(Ipn( AP +X3

|Pa(s)]” + X3

La(s) =

>9(s —50), (C27)

where the pion momentum in the zN c.m. frame is given by

M2 (s, M%, m2)

= s C28
a(o)] = =5 (c28)

with A(x, y, z) the Killén function,
Mx,y,2) =x>+y* + 22 = 2xy — 2xz — 2yz.  (C29)

The A(1232) resonance in MAID2007 is described by the
parameters

M, = 1.232 GeV, (C30)
I, =0.117 GeV, (C31)
X, = 0.5 GeV. (C32)

The normalization of Eq. (C24) of the spectral function
implies, for the normalization parameter N, in Eq. (C26),

1
N, = .
A7 11567

(C33)
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