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We study the hadron-quark mixed phase within a two-phase model for symmetric and asymmetric
matter. For the quark sector we employ the (2þ 1) Polyakov-extended Nambu–Jona-Lasinio model
(PNJL) with vector interactions. We investigate how the hadronic equation of state affects the phase
diagram and the thermodynamic properties inside the mixed phase. The behavior of isentropic trajectories
in the mixed phase depends on the fixed entropy per baryon (s=ρB), with trajectories near the critical end
point (CEP) exhibiting a pronounced cooling pattern, while isentropic trajectories with low entropy per
baryon undergo pronounced heating as the baryonic density increases. The adiabatic squared speed of
sound displays characteristic peak and dip structures that depend on s=ρB. The polytropic index along
isentropic and isothermal trajectories, including in the vicinity of the CEP are also investigated. The effects
of vector interactions and isospin asymmetry on thermodynamic observables likewise depend on the
chosen s=ρB value. Finally, we discuss the population of hyperons along isentropic trajectories and their
influence on the phase diagram. The main effect of hyperons is to shift the onset of deconfinement to larger
densities and decrease the density extension of the mixed phase.
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I. INTRODUCTION

Under extreme conditions of temperature and baryon
density, such as those reached in relativistic heavy-ion
collisions or in the interior of compact stars, confinement is
expected to giveway to deconfinement,while chiral symmetry
becomes (partially) restored. Under these conditions, strongly
interacting matter may transition to a deconfined quark phase
or form a quark-gluon plasma (QGP). Mapping the phase
structure ofQCDmatter and identifying observable signatures
of the hadron-quark transition are therefore central objectives
of contemporary nuclear and particle physics.
Lattice QCD calculations indicate that, at finite temper-

ature and vanishing baryon chemical potential, the tran-
sition from hadronic matter to the QGP is not a genuine
phase transition but rather a smooth crossover [1–6]. At
finite baryon chemical potential, however, first-principles
lattice calculations are limited by the fermion sign problem,
leaving the structure of the QCD phase diagram in this
region largely uncertain. A widely discussed scenario

predicts the existence of a first-order phase transition at
sufficiently large baryon chemical potentials, terminating at
a critical end point (CEP) where the transition becomes
second order. Support for such a structure has been
obtained in various effective approaches, including the
Nambu–Jona-Lasinio (NJL) model and the quark-meson
model, without and with Polyakov loop, as well as in
functional frameworks such as Dyson-Schwinger equations
and the functional renormalization group [7–14].
Experimentally, locating the CEP and determining the

nature of the hadron-quark phase transition are primary
goals of ongoing and planned heavy-ion programs, includ-
ing those at the Relativistic Heavy Ion Collider (RHIC), the
Super Proton Synchrotron (SPS), and the Large Hadron
Collider (LHC) at CERN, and the upcoming FAIR facility
at GSI. In particular, data from the second phase of the
RHIC Beam Energy Scan program have achieved improved
precision in measurements of net-proton cumulants and
revealed possible nonmonotonic trends that may be indica-
tive of critical phenomena [15]. In this context, theoretical
studies of the evolution along isentropic trajectories and the
associated collective flow dynamics are essential for
interpreting experimental observations.
A first-order hadron-quark phase transition implies the

existence of a mixed-phase region in which hadronic and
quark degrees of freedom coexist. A common and physi-
cally transparent framework to describe this regime is the
two-phase construction, in which hadronic and quark
matter are modeled separately and matched through the
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appropriate phase-equilibrium conditions. This approach
has long been employed in the study of neutron-star matter
under weak equilibrium [16–19], and has also been applied
to heavy-ion collision scenarios, particularly for isospin-
asymmetric matter [20–25]. Strangeness and vector inter-
actions also play a crucial role in determining the properties
of QCD matter. In the quark sector, repulsive vector
couplings tend to shift the phase transition toward higher
baryon densities and lower temperatures and may signifi-
cantly modify the location of the CEP or even eliminate it
[26–30]. In the hadronic sector, isoscalar and isovector
interactions govern the stiffness of the equation of state
(EoS) and control the system’s response to isospin asym-
metry. Moreover, as temperature and baryon density
increase, the appearance of hyperons becomes energetically
favorable, signaling the transition from purely nucleonic to
hyperonic matter. The emergence of these additional
degrees of freedom generally softens the hadronic EoS
and influences the onset of quark matter, the characteristics
of the hadron-quark phase transition, and the thermody-
namic properties of the system as a whole.
An important feature of the fireball produced in heavy-

ion collisions (HICs) is its approximately adiabatic expan-
sion. As a consequence, the system evolves along trajec-
tories of nearly constant entropy per baryon in the phase
diagram. The behavior of thermodynamic quantities along
these isentropic trajectories provides valuable insight into
the nature of the phase transition and its possible exper-
imental signatures. The speed of sound is one of the key
quantities of interest along isentropic trajectories, as it
reflects the stiffness of the EoS and directly influences the
hydrodynamic evolution of the fireball. Recently, in
Ref. [31], the authors estimated the speed of sound and
its logarithmic derivative with respect to baryon density,
and explored their connection with cumulants of the
baryon-number distribution in matter created in HICs, with
the aim of identifying signatures of the QCD CEP.
Furthermore, Ref. [29] showed that the existence of a
CEP cannot be established solely on the basis of non-
monotonic behavior in net-baryon number susceptibilities,
since such behavior may also arise in the absence of a CEP.
This observation motivates the investigation of additional
observables that may serve as complementary indicators of
the hadron-quark phase transition. The polytropic index is
another useful quantity that can quantitatively distinguish
between hadronic and quark matter, and has been widely
employed in studies of neutron-star matter [32–35].
In this work, the hadron-quark phase transition is

investigated within a two-phase framework, considering
both isospin-symmetric and isospin-asymmetric matter.
The hadronic phase is described using relativistic mean-
field models [36], extended to include the full baryon octet.
The deconfined phase is modeled using the (2þ 1)-flavor
Polyakov–Nambu–Jona-Lasinio (PNJL) model [26,30,37–
40], which incorporates chiral symmetry breaking and an

effective description of deconfinement through the
Polyakov loop. Repulsive vector interactions among quarks
are also included. Our analysis focuses primarily on the
behavior of strongly interacting matter along isentropic
trajectories, both across the hadron-quark coexistence
region and within the pure phases. Particular attention is
given to the influence of vector interactions, isospin
asymmetry, and hyperonic degrees of freedom on the
location and extent of the mixed phase. Along these
trajectories, we compute the speed of sound and the
polytropic index, and examine their behavior in the vicinity
of the hadron-quark phase transition boundary and the CEP.

II. MODEL AND FORMALISM

In this Section, we present the EoSs used for the hadronic
and quark phases within the two-phase model employed
throughout this work. Quark vector interaction and the
possible appearance of hyperons in the hadronic phase are
included. In the mixed phase the pure hadronic and quark
phases are connected by the Gibbs conditions (thermal,
chemical, and mechanical equilibrium) under conservation
of baryon number and isospin in the strong-interacting
process.

A. Quark phase

Quark matter is described by the Lagrangian of the
(2þ 1)-flavor PNJL model,

LPNJL ¼ ψ̄ðiγμDμ −mþ μγ0Þψ þ Lsym þ Ldet þ Lvec

− UðΦ; Φ̄;TÞ; ð1Þ

where ψ ¼ ðu; d; sÞT and m ¼ diagfðmu;md;msÞ is the
corresponding (current) mass matrix in flavor space. Finite-
density effects are introduced by the chemical potential
matrix μ ¼ diagfðμu; μd; μsÞ. The scalar-pseudoscalar
interaction reads

Lsym ¼ GS

X8
a¼0

½ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2�; ð2Þ

which spontaneously breaks chiral symmetry in the vac-
uum. The Kobayashi-Maskawa-’t Hooft interaction,

Ldet ¼ −GDðdet ½ψ̄ð1þ γ5Þψ � þ det ½ψ̄ð1 − γ5Þψ �Þ; ð3Þ

generates the six-fermion flavor-mixing term that explicitly
breaks the UAð1Þ symmetry and correctly reproduces the
observed hadron spectrum [41,42].
We include a vector interaction of the form [43]

Lvec ¼ −GV

X8
a¼0

½ðψ̄γμλaψÞ2 þ ðψ̄γμγ5λaψÞ2�: ð4Þ

SALGADO, COSTA, and PROVIDÊNCIA PHYS. REV. D 114, 014042 (2026)

014042-2



Rather than attempting to fix GV from vacuum vector-
meson properties, we study its in-medium effect by varying
the ratio ζ ¼ GV=GS. Vector interactions are known to be
important in the study of neutron stars [44,45] or the QCD
phase diagram [29], and may have a nontrivial density
dependence.
The quark fields are minimally coupled to a static

background gluon field A0
4, via the covariant derivative

Dμ ¼ ∂μ − A0
4δ

0
μ. The Polyakov loop Φ acts as an order

parameter for the center symmetry in the pure-gauge limit:
in the confined phase Φ → 0, while Φ → 1 in the decon-
fined phase. In this model, the effective potential
UðΦ; Φ̄;TÞ is responsible for describing the statistical
confinement-deconfinement transition, with the breaking
of ZðNcÞ symmetry. We choose to adopt the effective
Polyakov potential of Ref. [46],

UðΦ;Φ̄;TÞ
T4

¼−
1

2
aðTÞΦ̄Φ

þbðTÞ ln ½1−6Φ̄Φþ4ðΦ̄3þΦ3Þ−3ðΦ̄ΦÞ2�;
ð5Þ

where aðTÞ ¼ a0 þ a1ðT0

T Þ þ a2ðT0

T Þ2, bðTÞ ¼ b3ðT0

T Þ3. Its
parametrization values are a0 ¼ 3.51, a1 ¼ −2.47,
a2 ¼ 15.2, and b3 ¼ −1.75 [46], while the critical temper-
ature is set to T0 ¼ 210 MeV. The divergent ultraviolet
sea quark integrals are regularized by a sharp cutoff Λ in
three-momentum space. For the NJL model parametriza-
tion, we consider: Λ ¼ 630 MeV, mu ¼ md ¼ 5.5 MeV,
ms ¼ 135.7 MeV, GsΛ2 ¼ 1.781, and GDΛ5 ¼ 9.29 [45].
The quark condensates and the Polyakov loop value
are determined in the mean-field approximation (see
Appendix A).

B. Hadron phase

We describe hadronic matter within a relativistic mean-
field framework. To assess the impact of hyperons we
employ two parametrizations: one for nucleonic matter
only and one including the full baryon octet. In these
models nucleons are coupled to the neutral scalar σ, the
isoscalar-vector ωμ, and the isovector-vector ρμ. When
hyperons are included we also add the isoscalar-vector
ϕμ, which mediates repulsive interactions among hyperons
and tends to stiffen the equation of state.
The Lagrangian density of the theory is given by

L ¼
X
b

Lb þ Lm; ð6Þ

where Lb and Lm denote the baryon and meson contribu-
tions, respectively. For nucleonic matter (neutrons n and
protons p) we use the NL3ωρ model [47,48]. The baryonic
term reads

Lb ¼ ψ̄bðiγμ∂μ −mb þ gσbσ − gωbγμωμ

− gρbγμτb · ρμ þ μbγ0Þψb; ð7Þ

with b∈ fn; pg, ψb the baryon Dirac field and τb the
isospin operator. The mesonic term is

Lm ¼ 1

2
∂μσ∂

μσ −
1

2
m2

σσ
2 −

κ

3!
ðgσNσÞ3 −

λ

4!
ðgσNσÞ4

−
1

4
ωμνω

μν þ 1

2
m2

ωωμω
μ þ ξ

4!
g4ωNðωμω

μÞ2

−
1

4
ρμνρμν þ

1

2
m2

ρρμρμ þ Λωg2ρNg
2
ωNρμρ

μωμω
μ; ð8Þ

where the field strength tensors are defined by ωμν ¼
∂μων − ∂νωμ and ρμν ¼ ∂μρν − ∂νρμ. The couplings κ and λ
define, respectively, the strength of the cubic and the
quartic self-interacting σ-meson terms and the coupling ξ
denotes the strength of the ω-meson quartic term [49].
To include hyperons we extend the baryon sum to the full

spin-1=2 octet,

b∈ fn; pg → fn; p;Λ;Σ�;Σ0;Ξ0;Ξ−g; ð9Þ

and introduce the ϕ meson, which couples to the hyperons.
The baryonic Lagrangian is modified as

Lb → Lb − ψ̄bgϕbγμϕμψb; ð10Þ

while for the mesonic Lagrangian we add

Lm → Lm −
1

4
ϕμνϕ

μν þ 1

2
m2

ϕϕμϕ
μ; ð11Þ

where ϕμν ¼ ∂μϕν − ∂νϕμ and the sum in Eq. (6) runs over
the baryonic octet, the nucleons together with the hyperon
states Λ, Σþ, Σ0, Σ−, Ξ0, Ξ−. The Δ baryon is ignored as it
is too heavy to be relevant in the regime considered. When
hyperons are included we employ the FSU2H parameter set
[50,51], which reproduces nuclear and finite-nuclei proper-
ties [52–55] while accommodating 2M⊙ neutron stars and
radii constraints inferred from the GW170817 [32,56–59].
The thermodynamic potential and the mesonic equations

of motion for both models are presented in Appendix A. In
Appendix B, we describe the relations between hyperon
vector couplings and nucleon couplings, and summarize
the model parameters and some properties of the NLωρ and
FSU2H models in Table VIII.

C. Mixed phase

The chemical potential of particle i in phase a
(a∈ fQ;Hg) can be written as the linear combination of
the chemical potentials associated with the three conserved
charges,
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μai ¼ BiμB þ I3iμ3 þ SiμS; ð12Þ

where Bi, I3i, and Si are the baryon number, the third
component of isospin, and the strangeness of particle i,
respectively, and μB, μ3, and μS are the corresponding
chemical potentials. In the quark phase, the quark chemical
potentials are related to the baryon, isospin, and strangeness
chemical potentials defined by

μQB ¼ 3

2
ðμu þ μdÞ; μQ3 ¼ μu − μd;

μQS ¼ 1

2
ðμu þ μd − 2μsÞ: ð13Þ

Analogous definitions hold for hadronic matter,

μHB ¼ 1

2
ðμp þ μnÞ; μH3 ¼ μp − μn;

μHS ¼ 1

2
ðμp þ μn − 2μΛÞ: ð14Þ

The chemical potentials of other baryons in the baryon
octet are written in terms of μn, μp, and μΛ,

μΣþ ¼ μp − μn þ μΛ; μΞ0 ¼ 2μΛ − μn;

μΣ0 ¼ μΛ; μΞ− ¼ 2μΛ − μp;

μΣ− ¼ μn − μp þ μΛ: ð15Þ

One obtains the density of a total conserved charge Q in
phase a from ρaQ ¼ P

iQiρi, where Qi is the correspond-
ing quantum number, and for a vanishing net strangeness in
both phases.
In the mixed (coexistence) phase of quarks and hadrons,

the Gibbs conditions (thermal, chemical, and mechanical
equilibrium)

PHðρB; ρ3; TÞ ¼ PQðρB; ρ3; TÞ; ð16aÞ

μQB ðρB; ρ3; TÞ ¼ μHB ðρB; ρ3; TÞ; ð16bÞ

μQ3 ðρB; ρ3; TÞ ¼ μH3 ðρB; ρ3; TÞ; ð16cÞ

should be fulfilled.
These equilibrium conditions describe the hadron-quark

mixed phase. These conditions impose global instead of
local conservation conditions; therefore, the coexisting
hadronic and quark phases are allowed to be charged
separately. In Eq. (16), the total baryon density in the
mixed phase can be defined as

ρB ¼ ð1 − λÞρHB þ λρQB ; ð17Þ

where λ is the quark fraction, and the total isospin
density as

ρ3 ¼ ð1 − λÞρH3 þ λρQ3 : ð18Þ

Similarly, the total mixed phase energy density is given by

E ¼ ð1 − λÞEH þ λEQ: ð19Þ

For HICs with a fixed global isospin asymmetry, the global
asymmetry parameter α in the coexistence phase

α ¼ −2
ρ3
ρB

¼ −2
ð1 − λÞρH3 þ λρQ3
ð1 − λÞρHB þ λρQB

; ð20Þ

should be constant according to the isospin charge con-
servation in strong interaction. The values of α are tabulated
for several heavy-ion sources in Ref. [23]; for stable nuclei
the largest value is α ¼ 0.227 in 238Uþ 238U collisions. For
this reason, we adopt α ¼ 0.2 to study the effect of isospin
asymmetry on the phase transition and thermodynamic
properties along isentropic lines. We remark that collisions
involving neutron-rich unstable nuclei may reach still larger
asymmetries.
In addition, we impose vanishing net strangeness in each

phase, since the colliding nuclei carry no net strangeness
[60]. Accordingly, we set the strangeness fraction YS ¼
ρS=ρB to zero in both phases,

YQ
S ¼ YH

S ¼ 0; ð21Þ

which requires the strange chemical potential to remain
finite and to differ between the two phases, μQS ≠ μHS .

III. RESULTS AND DISCUSSION

Now, we present and discuss the results obtained
considering several temperatures, isentropic lines, and
isospin asymmetries. In particular, we discuss the effect
of introducing the vector interaction in the quark sector and
identify the locations of various quark fractions in the
mixed phase. In Sec. III A only nucleons are included in the
hadronic phase, whereas the onset and effects of hyperons
are treated in Sec. III B.

A. Results without hyperons

The equation of state was calculated imposing
Gibbs conditions defined in Eq. (16) to determine the
mixed phase. Figure 1 shows the pressure as a function of
the baryon density to illustrate the hadron-quark phase
transition: the panels illustrate two scenarios for the
quark vector interaction, ζ ¼ 0 (left) and ζ ¼ 0.5 (right),
and two different isospin asymmetries, α ¼ 0 (top) and
α ¼ 0.2 (bottom). The transition lines were obtained at
fixed temperatures T ¼ 10, 80, 100, 150 MeV, chosen
to probe both high baryon density effects and the region
close to the CEP. Black dots denote the limits of the mixed
phase region.
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In the isospin-symmetric matter (α ¼ 0) case, Figs. 1(a)
and 1(b), pressure remains constant throughout the mixed
phase, as expected for a Maxwell construction, even
though more than one globally conserved charge is
present. Since the isospin chemical potential μ3 ¼ 0
(i.e., μu ¼ μd and μp ¼ μn) in symmetric matter,
Eq. (16c) is automatically satisfied, and only Eq. (16b)
is relevant, and the Maxwell and Gibbs constructions are
equivalent in this case. Hence no isospin distillation
occurs, i.e., there is no transfer of isospin per baryon,
between the two phases [60]. At variance in the asym-
metric case (α ¼ 0.2), Figs. 1(c) and 1(d), pressure
increases monotonically with density.
The inclusion of the repulsive vector interaction in the

quark sector (ζ ≠ 0) stiffens the equation of state: the
transition pressure increases by more than a factor of 2 at all
temperatures compared with the ζ ¼ 0 cases, and the onset

of the phase transition shifts to higher baryon densities.
Table I shows that the effect of the vector interaction on the
transition strength depends on temperature. For example,
comparing the cases ζ ¼ 0 and ζ ¼ 0.5 with α ¼ 0, at
T ¼ 10 MeV, the phase transition is strengthened by
including vector interactions, i.e., the density jump ΔρB
increases. In contrast, at T ¼ 150 MeV the transition is
weakened, and ΔρB is reduced. This behavior reflects the
nonmonotonic structure of the phase diagram and the
influence of the CEP location in modifying the size of
the coexistence region, as shown in Figs. 2(a) and 2(b).
In Fig. 2 the boundaries of the hadron-quark transition in

the T − ρB plane are shown for the same set of scenarios
discussed above. Dashed colored lines indicate matter with
different quark fractions, λ: λ ¼ 0 (at low density) corre-
sponds to the pure-hadron phase boundary, while λ ¼ 1 (at
high density) corresponds to the pure-quark phase

(a) (b)

(c) (d)

FIG. 1. Phase transition in the P − ρB plane for symmetric (α ¼ 0, top) and asymmetric (α ¼ 0.2, bottom) matter, computed with the
NL3ωρ-PNJL two-model approach. Columns show scenarios with ζ ¼ 0 (left) and ζ ¼ 0.5 (right). Solid lines are isotherms at fixed
temperatures T ¼ 10, 80, 100, 150 MeV. The region between the black dots indicates the mixed (coexistence) phase.
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(a) (b)

(c) (d)

FIG. 2. Phase diagram of the NL3ωρ-PNJL two-phase model in the T − ρB plane for α ¼ 0 (top) and α ¼ 0.2 (bottom) matter, and
ζ ¼ 0 (left) and ζ ¼ 0.5 (right). The big black dot is the CEP and the colored dashed lines identify the coexistence phase where 0% (pure
hadron), 20%, 50%, 70%, and 100% (pure quark) of matter is in the quark phase, respectively. The solid colored lines are isentropes for
fixed s=ρB ¼ 0.5, 2, 5 ratios. For clarity, the pure-hadron and pure-quark boundaries, together with the isentropes from panel 2(a), are
displayed in gray in the other three panels to highlight differences.

TABLE I. Initial and final boundaries of the mixed phase in the P − ρB plane along isothermal trajectories T ¼ 10, 80, 100, 150 MeV,
for the scenarios shown in Fig. 1, within the NL3ωρ-PNJL two-phase model. The interval ΔρB is defined as ΔρB ¼ ρfB − ρiB.

ζ α

ρiB ρfB ΔρB Pi Pf ρiB ρfB ΔρB Pi Pf

(fm−3) (fm−3) (fm−3) (MeV/fm3) (MeV/fm3) (fm−3) (fm−3) (fm−3) (MeV/fm3) (MeV/fm3)

T ¼ 10 MeV T ¼ 80 MeV

0 0 0.363 0.497 0.134 67.0 67.0 0.407 0.638 0.231 123.5 123.5
0.5 0 0.527 0.700 0.173 224.0 224.0 0.563 0.795 0.232 288.0 288.0
0 0.2 0.355 0.495 0.140 61.5 66.3 0.398 0.636 0.238 117.4 122.8
0.5 0.2 0.523 0.696 0.173 219.0 223.0 0.560 0.790 0.230 282.0 287.0

T ¼ 100 MeV T ¼ 150 MeV

0 0 0.404 0.658 0.254 131.5 131.5 0.250 0.415 0.165 62.5 62.5
0.5 0 0.556 0.795 0.239 289.0 289.0 0.363 0.494 0.131 126.7 126.7
0 0.2 0.395 0.657 0.262 125.1 131.3 0.235 0.412 0.177 56.5 62.0
0.5 0.2 0.550 0.790 0.240 283.0 287.0 0.354 0.490 0.136 120.0 126.0
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boundary; intermediate values 0 < λ < 1 mark the mixed
phase region.
At low T, the transition sets in slightly earlier for isospin-

asymmetric matter (α ¼ 0.2), bottom panels, than for
symmetric matter (α ¼ 0), top panels; the same trend is
observed in the isotherms listed in Table I. This behavior
reflects the reduced binding of asymmetric matter, which
favors the appearance of quark matter at lower baryon
density. The effects of vector interactions are most
pronounced at low T [compare Figs. 2(a) and 2(c) with
Figs. 2(b) and 2(d)]: they shift the onset density upward by
a factor of about 1.4 and enlarge the mixed phase region,
owing to the repulsive contribution from the isoscalar-
vector channel. Similar shifts have been reported previ-
ously (see, e.g., Refs. [61,62]).
The CEP is present in all scenarios considered (Fig. 2).

For symmetric matter, Figs. 2(a) and 2(b), the coexistence
boundaries corresponding to λ ¼ 0 and λ ¼ 1 share a
common endpoint at high temperature. In asymmetric
matter Figs. 2(c) and 2(d), the endpoints of the λ ¼ 0
and λ ¼ 1 lines are slightly separated, so that each fixed
value of λ admits its own endpoint inside the mixed region.
As explained in Ref. [63], for a given λ, one has ρHB < ρQB in
the coexistence region and the two curves TðρHB Þ and TðρQB Þ
intersect at single point at high T—the CEP for that λ. Thus,
asymmetric matter exhibits a λ-dependent set of critical
points; linking these endpoints produces a short transition
line between the λ ¼ 0 and λ ¼ 1 boundaries. For α ¼ 0.2
the temperature difference between these endpoints is small
(≈1 MeV), so we adopt the midpoint point of the line
connecting both the extreme of the λ ¼ 0 and λ ¼ 1
boundaries at high T as the representative CEP in asym-
metric scenarios. Table II summarizes the CEP positions
predicted by the NL3ωρ-PNJL scheme for each scenario.
The CEP temperature TCEP is largely insensitive to the
cases considered, although it is systematically lower for
isospin-asymmetric matter than for the symmetric case.
However, the CEP baryon density ρCEPB and baryon
chemical potential μCEPB exhibit more visible changes.
Isospin asymmetry tends to shift the CEP to lower densities
and chemical potentials, but the inclusion of repulsive
vector interactions has the dominant (opposite) effect.
Figure 2 also shows isentropic trajectories at fixed

s=ρB ¼ 0.5, 2, 5, where the last value was chosen to
approach the CEP as closely as possible before numerical

instabilities associated with the critical point appear. As
expected, in all scenarios the isentropes approach the
vacuum limit as T → 0 (i.e., ρB → 0 and μB → mN).
This behavior follows from the third law of thermodynam-
ics combined with the constraint of fixed s=ρB.
As ρB increases and the isentropes cross the pure-hadron

boundary (λ ¼ 0), their evolution inside the mixed phase
depends on the value of s=ρB, producing a nonmonotonic
behavior. In Fig. 2(a), the temperature for the s=ρB ¼ 5
trajectory drops as the quark fraction increases inside the
mixed; the trajectory then leaves the mixed phase at λ ¼ 1,
after which T slowly increases. By contrast, along the
s=ρB ¼ 0.5 and s=ρB ¼ 2 trajectories the system temper-
ature rises while in the mixed phase. An identical trend
is observed when ζ ¼ 0.5 and/or α ¼ 0.2. Table III and
Fig. 2(b) show that including repulsive vector interactions
increases the values of T and ρB at the onset of the mixed
phase, i.e., at the λ ¼ 0 boundary (cf. Table III). Also, each
isentrope leaves the mixed phase at a significantly higher
density relative to the scenario in Fig. 2(a), but with
approximately the same temperature. By comparison, the
effect of an asymmetry parameter of α ¼ 0.2 [Fig. 2(c)] is
much smaller, as the temperature and density at the inter-
section with the λ ¼ 0 boundary remain mostly unchanged.
The asymmetry α ¼ 0.2 is still too small to produce
significant changes in the phase boundaries and isentropes.
In particular, the pure-quark boundary nearly overlaps with
the symmetric case [Fig. 2(a)]. We note that, at the mixed
phase quark phase transition, chiral symmetry is already
largely restored, so the light u and d quark masses become
similar, and the isospin dependence of the EoS is small.
The different behavior of each isentropic trajectory

inside the mixed phase is better understood by looking
at the s=ρB ratio in each phase as a function of λ, as we plot
in Fig. 3. Here, the scenarios with isospin-symmetric matter
are shown (the asymmetric case is qualitatively identical).
For each isentrope, we plot sQ=ρQB (quark phase, red) and
sH=ρHB (hadron phase, blue).
The key point is that the local entropy per baryon in each

phase is generally different. To maintain a fixed global ratio
s=ρB as the quark fraction λ changes, the system must
adjust the temperature T and the baryon chemical potential
μB. For the trajectories with s=ρB ¼ 0.5 and 2 one finds
sQ=ρQB < sH=ρHB . This inequality reflects the dominance of
density-dependent contributions over thermal ones. Since
the hadron and quark Fermi energies are large compared to
T, the entropy per baryon for a multicomponent system in a
pure phase can be analyzed with the relation for degenerate
Fermi particle [64]

s
ρB

¼ π2T

P
ipFi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
Fi
þm�2

i

q
P

ip
3
Fi

; ð22Þ

where m�
i and pFi

are the effective mass and the Fermi
momentum of component i, respectively. When the

TABLE II. Temperature, baryon density, and baryon chemical
potential for the CEP in the different scenarios considered within
the NL3ωρ-PNJL model.

ζ α TCEP (MeV) ρCEPB (fm−3) μCEPB (MeV)

0 0 158.0 0.115 515.0
0.5 0 160.0 0.170 606.7
0 0.2 157.5 0.112 508.0
0.5 0.2 159.0 0.168 604.2
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isentropes cross the λ ¼ 0 boundary and enter the mixed
phase, the opening of additional quarks degrees of freedom
eventually lowers the baryons Fermi energy, but that
reduction does not offset the larger nucleon rest mass
(relative to T) and the comparatively small kinetic energy of
the quarks. As a result, converting hadronic matter into
quark matter (increasing λ) requires an increase in T in
order to keep the global s=ρB fixed, which produces the
observed temperature rise inside the mixed phase. By

contrast, for s=ρB ¼ 5 one finds sQ=ρQB > sH=ρHB . In this
regime the light quark masses1 mu;d become comparable to
T (cf. Table IV), and the introduction of quark degrees of
freedom substantially increases the system’s specific heat
because there aremore particle species and the quarks behave
more relativistically than the hadrons. The combination of
these effects raises the entropy per baryon in the quark phase.
Consequently, as the isentrope crosses the mixed phase, T
decreases with increasing λ, producing the observed cooling
within the mixed phase. Dashed lines show the effect of
vector interactions in the quark sector. Vector repulsion
increases (decreases) sQ=ρQB (sH=ρHB) and thereby modifies
the difference between the quark and hadron phase. For the
s=ρB ¼ 5 isentrope this separation grows,which explains the
larger temperature variation inside the mixed phase; for
s=ρB ¼ 0.5 and s=ρB ¼ 2 the separation is reduced, con-
sistent with the smaller temperature variation observed for
those trajectories. In particular, the near overlap of sQ=ρQB and
sH=ρHB for s=ρB ¼ 2 with ζ ¼ 0.5 accounts for the small
temperature change along that isentrope.
The nonmonotonic evolution of isentropes across

the phase diagram can leave measurable signatures on
thermodynamic observables in HICs. The sound velocity,
c2s ¼ ðdP=dEÞs=ρB , controls the hydrodynamic response to
initial energy-density gradients and thus influences the

TABLE III. Limits of the mixed phase in the T − ρB plane along the isentropes s=ρB ¼ 0.5, 2, 5 for the different scenarios shown in
Fig. 2. Here, the intervals ΔρB and ΔT are defined as ΔρB ¼ ρfB − ρiB and ΔT ¼ Tf − Ti, respectively.

ρiB ρfB Ti Tf ΔρB ΔT

ζ α (fm−3) (fm−3) (MeV) (MeV) (fm−3) (MeV)

s=ρB ¼ 0.5

0 0 0.365 0.545 15.2 38.7 0.180 23.5
0.5 0 0.530 0.735 18.9 39.6 0.205 20.7
0 0.2 0.357 0.544 15.0 38.8 0.187 23.8
0.5 0.2 0.525 0.731 18.8 39.5 0.206 20.7

s=ρB ¼ 2

0 0 0.402 0.650 68.8 87.5 0.248 18.7
0.5 0 0.565 0.800 82.5 87.3 0.235 4.8
0 0.2 0.395 0.647 68.5 87.5 0.252 19.0
0.5 0.2 0.558 0.796 82.5 87.3 0.237 4.8

s=ρB ¼ 5

0 0 0.213 0.615 153.8 125.5 0.402 −28.3
0.5 0 0.244 0.720 157.7 126.5 0.476 −31.2
0 0.2 0.205 0.613 152.8 125.7 0.408 −27.1
0.5 0.2 0.242 0.717 157.0 126.5 0.475 −30.5

FIG. 3. Local entropy per baryon number density of quark (red)
and hadron (blue) matter as a function of the quark concentration
for ζ ¼ 0 (solid) and ζ ¼ 0.5 (dashed) in symmetric matter.

1Only u and d flavors appear in the mixed phase. In theNL3ωρ-
PNJL model the s-quark crossover occurs only at a baryon density
ρB ≈ 1.4 fm−3, which lies outside the density range displayed, and
therefore its effect on the isentropes is not visible.
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collective acceleration of the fireball [65]. Because c2s
changes during the expansion, notably on entering or
leaving the mixed phase, these changes may leave an
imprint on the transverse-momentum distributions of
hadrons at freeze-out [66]. Experimentally, c2s can be

extracted from the widths of rapidity (or pseudorapidity)
distributions [66–68]. Another useful parameter is the
polytropic index [69] γ ¼ ðd lnP=d ln EÞs=ρB , recently
employed with the PNJL model [70] and within the context
of quark-matter cores in hybrid stars in Ref. [34]. In the

TABLE IV. u, d effective quark masses at the onset of the mixed phase along the isentropes shown in Fig. 2.

ζ α

m�
u m�

d m�
u m�

d m�
u m�

d

(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

s=ρB ¼ 0.5 s=ρB ¼ 2 s=ρB ¼ 5

0 0 27.8 27.8 21.6 21.6 123.4 123.4
0.5 0 17.2 17.2 15.9 15.9 140.7 140.7
0 0.2 33.4 27.8 26.0 21.2 152.4 128.5
0.5 0.2 19.0 16.7 17.7 15.3 161.5 142.7

(a) (b)

(c) (d)

FIG. 4. Sound velocity squared c2s as a function of the baryon density along the isentropes s=ρB ¼ 0.5, 2, 5 for ζ ¼ 0 (left) and ζ ¼ 0.5
(right), and for α ¼ 0 (top) and α ¼ 0.2 (bottom) within the NL3ωρ-PNJL two-model approach. The horizontal dashed line c2s ¼ 1=3
indicates the high-density conformal limit.
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conformal limit γ ¼ 1, while in chiral effective theory
calculations and hadronic models generically predict γ ≈
2.5 around and above saturation density at zero temper-
ature [69,71].
Results for c2s along the three isentropes are shown in

Fig. 4 as a function of ρB, for the four scenarios of previous
figures. The horizontal dashed line at c2s ¼ 1=3 marks the
conformal limit for free massless fermions. In our results,
both the s=ρB ¼ 0.5 and s=ρB ¼ 2 trajectories exceed this
limit near ρB ≈ 0.21 fm−3, consistent with other hadronic
approaches: for instance, chiral effective field theory
predicts c2s ≪ 1=3 below nuclear saturation density, while
most hadronic models predict c2s ≳ 0.5 at higher densities
[72]. A significant feature across all scenarios is a steep
drop in c2s when an isentrope traverses the mixed phase.
This behavior reflects the change in degrees of freedom: the
onset of quark matter softens the equation of state and
reduces c2s , which later recovers as the system reaches the
pure high-density quark phase. The temporary softening
reduces the fluid acceleration during the transition and may
therefore leave detectable signatures in the final transverse-
momentum spectra of emitted hadrons. Additionally, the
hadronic segments of the s=ρB ¼ 0.5 and s=ρB ¼ 2 trajec-
tories include density intervals where c2s < 0, corresponding
to the liquid-gas phase transition of nuclear matter. For
symmetricmatter [Figs. 4(a) and 4(b)] these intervals extend
up to 0.111 fm−3 and 0.045 fm−3 for s=ρB ¼ 0.5 and 2,
respectively; for α ¼ 0.2 it is reduced to 0.109 fm−3 and
0.041 fm−3 [Figs. 4(c) and 4(d)]. Physically, c2s < 0 implies
an imaginary sound speed in the linearized hydrodynamic
equation, so that small perturbations do not propagate as
waves in the (unstable) spinodal region but instead exhibit
exponential decay or growth (spinodal decomposition). For
the s=ρB ¼ 5 isentrope and trajectories at higher baryon
density c2s is always positive.
The evolution of the sound velocity inside the mixed

phase depends strongly on the isentrope, s=ρB. In Fig. 4(a),
both the s=ρB ¼ 5 and s=ρB ¼ 2 curves show a monotonic
decrease of c2s with increasing ρB; the steep drop at low ρB
is, however, noticeably smaller for the s=ρB ¼ 5 case than
for s=ρB ¼ 2. By contrast, the s=ρB ¼ 0.5 curve, c2s
increases immediately after the discontinuity at low ρB,
reaches a local maximum inside the mixed phase, and then
decreases. Indeed, the same local-peak structure appears in
some of the other scenarios.
Vector interactions modify these behaviors in an isen-

trope-dependent way as shown in Figs. 4(b) and 4(d). For
s=ρB ¼ 5, the discontinuity at low ρB is reduced while
increasing at high ρB for ζ ¼ 0.5, and a local peak develops
in the mixed phase. For s=ρB ¼ 0.5 and 2, vector repulsion
enhances the sound-velocity drop at both low and high
densities and reduces c2s throughout the mixed phase. We
also observe that ζ ¼ 0.5 causes c2s to exceed the conformal
limit already at the mixed-quark boundary at high ρB,

suggesting that such large vector couplings may be dis-
favored; accordingly, in the hyperon study in Sec. III B that
follows, we adopt ζ ¼ 0.1.
Finite isospin asymmetry [Figs. 4(c) and 4(d)] generally

softens the steep changes at the mixed-phase boundaries.
Its effect is largest for the s=ρB ¼ 0.5 and s=ρB ¼ 2

trajectories, especially at low ρB. In particular, for the
curve with s=ρB ¼ 0.5 a pronounced valley and a new local
minimum appear, which are partly smoothed by quark
vector interactions [compare Figs. 4(c) and 4(d)].
The overall behavior of the speed of sound inside the

transition region is a result of several effects, namely the
entropy per baryon and energy density in each phase,
the effect of the GV interaction, and the isospin asymmetry
of each phase. For s=ρB ¼ 2, both phases have similar
entropy per baryon (see Fig. 3), and the behavior is defined
by the EoS: near to the hadron transition the contribution of
the stiff hadron EoS is larger, and its influence decreases as
the pure-quark phase is reached, so that c2s decreases
monotonically. For s=ρB ¼ 5, close to the pure-hadron
boundary, the quark phase has a much larger entropy per
baryon (Fig. 3), so that in the mixed phase the drop of the
speed of sound is not very large, and can even suffer an
increase if GV ≠ 0, since this interaction stiffens the quark
EoS. As the system moves from the pure-hadron to the
pure-quark boundary, the entropy per baryon of the quark
phase decreases, and the same occurs to the speed of sound.
For the lowest isentrope, s=ρB ¼ 0.5, the entropy contri-
bution of the quark phase increases as the quark fraction
increases (Fig. 3), leading to an increase in the speed of
sound. If the vector interaction is present in the quark
phase, there is a competition of effects, and near to the pure-
hadron boundary the drop in the speed of sound is less
pronounced.
We further examine the polytropic index γ along the

three isentropic trajectories as a function of ρB as shown in
Fig. 5. A horizontal dashed line marks the approximate
criterion γ < 1.75 proposed in Ref. [69] to signal the
presence of quark matter at T ¼ 0. The s=ρB ¼ 0.5 and
s=ρB ¼ 2 curves start above this threshold and decrease
monotonically, exhibiting a rapid drop near the hadron-
quark transition. By contrast, the s=ρB ¼ 5 trajectory
begins below, rises to cross the threshold, and then drops
again to values below 1.45; this behavior persists when ζ
and/or α are nonzero. Inside the coexistence region the
trends mirror those seen for the sound velocity: the s=ρB ¼
2 and s=ρB ¼ 5 curves decrease monotonically, whereas
s=ρB ¼ 0.5 develops a local maximum. As ρB increases
and the isentropes enter the pure-quark phase, γ rises
rapidly and subsequently drops, eventually approaching
the conformal value γ ¼ 1 at sufficiently high temperature
and baryon density. We also find that γ in the high-density
quark phase is insensitive to the vector coupling [compare
Figs. 5(a) and 5(b) with Figs. 5(c) and 5(d), in agreement
with the results of Ref. [34].
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B. The role of hyperons

In the previous Section, hyperonic degrees of freedom
were neglected. At sufficiently large baryon densities,
however, hyperons become energetically favorable and
appear in chemical equilibrium with nucleons. In this
Section we study the impact of hyperons on the phase
diagram and on thermodynamic observables, and we
compare, qualitatively, those results with the hyperon-free
case presented above. For the hadronic sector we adopt the
FSU2H parametrization, while for the quark phase we
employ a smaller vector coupling of ζ ¼ 0.1, in order to
avoid having the speed of sound exceed the conformal limit
too much, as discussed in the last Section.
The hadron-quark phase transition along several iso-

therms within the FSU2H-PNJL two-phase model is shown
in Fig. 6. Qualitatively, the results with and without
hyperons (cf. Fig. 1) are similar. From Table V, however,

one can see that the inclusion of hyperons systematically
predicts the first-order transition to occur at higher pres-
sures and baryon densities, and the overall extent of the
mixed-phase interval is slightly reduced. For asymmetric
matter, this reduction manifests itself as a steeper increase
of pressure over the corresponding density range. Although
the ζ ¼ 0.1 cases are not shown in Fig. 6, their effect
mimics that observed in Figs. 1(b) and 1(d) for the EoS
NL3ωρ, namely a shift of the transition to higher density
and pressure. In the present case, however, this shift is less
pronounced owing to the smaller value of ζ used. The initial
and final boundaries of the mixed phase in the P − ρB plane
for these configurations are nevertheless included in
Table V.
The EoS stiffness across the three phases can be studied

using the speed of sound along each isentrope. Following
this approach, Fig. 7 shows that despite FSU2H being the

(a) (b)

(c) (d)

FIG. 5. Polytropic index γ as a function of the baryon density along the isentropes s=ρB ¼ 0.5, 2, 5 for ζ ¼ 0 (left) and ζ ¼ 0.5 (right),
and for α ¼ 0 (top) and α ¼ 0.2 (bottom) within the NL3ωρ-PNJL two-model approach. The horizontal dotted line γ ¼ 1.75 serves as
an approximate reference value to distinguish hadronic from quark degrees of freedom.
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softer hadronic parameter set, it produces a comparatively
stiffer EoS than NL3ωρ within the mixed phase, that is a
higher c2s at equal ρB. Furthermore, the transition from
hadron to quark matter occurs for a smaller density interval
with FSU2H. One possible explanation is that the delayed
onset of the mixed phase with the FSU2H EoS, results in
larger energies and smaller quark masses (see Table VI)
when the mixed phase appears, which in turn drives the
dissociation of hadrons into quarks more rapidly than with
NL3ωρ. That more rapid conversion shortens the coexist-
ence density range, yielding a stiffer mixed phase EoS. This
behavior is illustrated in Fig. 7, which shows the sound
speed for the two parametrizations. For FSU2H the T <
150 MeV isentropes enter the mixed phase with a relatively

higher stiffness than for NL3ωρ; the rate at which stiffness
changes is also higher for FSU2H.
At temperatures close to the CEP, the delay in the onset

of the mixed phase is reduced, reflecting both the presence
of the CEP and its relative insensitivity to the choice of
hadronic EoS (see Tables II and VII). As a consequence, the
onset density and pressure of the mixed phase become more
similar for the two parametrizations, and density contribu-
tions to the stiffening of the mixed-phase EoS become less
significant. In contrast to the behavior observed at lower
temperatures, a stiffer hadronic EoS may therefore lead to a
stiffer mixed-phase EoS, as seen for the T ¼ 150 MeV
isotherm using the NL3ωρ model. At this temperature, a
global minimum of c2s appears at the onset of the mixed

(a) (b)

FIG. 6. Phase transition in the P − ρB plane for symmetric (α ¼ 0, left) and asymmetric (α ¼ 0.2, right) matter with ζ ¼ 0, computed
with the FSU2H-PNJL two-model approach. Solid lines are isotherms at fixed temperatures T ¼ 10, 80, 100, 150 MeV. The region
between the black dots indicates the mixed (coexistence) phase.

TABLE V. Initial and final boundaries of the mixed phase in the P − ρB plane along isothermal trajectories T ¼ 10, 80, 100, 150 MeV,
for the different scenarios discussed in the text, within the FSU2H-PNJL two-phase model. The interval ΔρB is defined as
ΔρB ¼ ρfB − ρiB.

ζ α

ρiB ρfB ΔρB Pi Pf ρiB ρfB ΔρB Pi Pf

(fm−3) (fm−3) (fm−3) (MeV/fm3) (MeV/fm3) (fm−3) (fm−3) (fm−3) (MeV/fm3) (MeV/fm3)

T ¼ 10 MeV T ¼ 80 MeV

0 0 0.475 0.597 0.122 105.7 105.7 0.555 0.771 0.216 179.0 179.0
0.1 0 0.550 0.680 0.130 155.0 155.0 0.631 0.844 0.213 234.0 234.0
0 0.2 0.455 0.540 0.085 95.0 105.0 0.536 0.765 0.229 167.0 178.0
0.1 0.2 0.528 0.675 0.147 141.0 153.0 0.610 0.837 0.227 219.0 232.0

T ¼ 100 MeV T ¼ 150 MeV

0 0 0.545 0.784 0.239 184.0 184.0 0.322 0.476 0.154 83.0 83.0
0.1 0 0.618 0.845 0.227 235.0 235.0 0.358 0.500 0.142 99.0 99.0
0 0.2 0.526 0.778 0.252 171.0 183.0 0.310 0.475 0.165 78.0 83.0
0.1 0.2 0.600 0.843 0.243 221.0 233.0 0.345 0.496 0.151 93.0 98.0
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phase among the selected isotherms. This behavior is
consistent with predictions from effective models
[65,73,74], which indicate that the speed of sound reaches
a global minimum at the CEP, although it does not vanish
within the mean-field approximation.
The phase diagram of the FSU2H-PNJL two-phase

model in the T − ρB plane is shown in Fig. 8. As in the
NL3ωρ-PNJL case, isospin asymmetry has only a minor
effect on the phase boundaries, resulting in a small earlier
onset of the coexistence region at low temperature.
Although not shown, quark vector interactions produce
the same effect observed in Fig. 2, namely a shift of the
phase boundaries toward higher baryon densities and
chemical potentials; however, this shift is less pronounced
owing to the smaller coupling ζ ¼ 0.1. The CEP location is
largely unchanged between the two models. For FSU2H the
CEP lies at similar T and μB, with a slight shift to higher ρB
(see Table VII). At low T, the hyperonic EoSs noticeably
shift the onset of the mixed phase, thereby disfavoring the
emergence of quark matter at lower densities. This behavior
follows directly from the softening of the hadronic EoS
discussed above.
We also examine isentropic trajectories with fixed

s=ρB ¼ 0.5, 2, 5 in the presence of hyperons (Fig. 8).
These isentropes exhibit an evolution similar to that
obtained with the NL3ωρ parametrization; however, their
intersections with the phase boundaries are influenced by
the onset of hyperons, which modify the hadronic compo-
sition and thermal response along each trajectory. Although
all isentropes enter the coexistence region at higher baryon
density, the corresponding onset temperature does not vary
uniformly. Relative to NL3ωρ, the onset temperature in the
FSU2H model remains nearly unchanged for s=ρB ¼ 0.5,

FIG. 7. Squared speed of sound c2s as a function of ρB for ζ ¼ 0
and α ¼ 0.2 at T ¼ 10, 80, 100, 150 MeV using the hadronic
NL3ωρ (top) and FSU2H (bottom) models.

(a) (b)

FIG. 8. Phase diagram of the FSU2H-PNJL two-phase model in the T − ρB plane for α ¼ 0 (left) and α ¼ 0.2 (right) matter with
ζ ¼ 0. The colored dashed lines identify the coexistence region with different fractions of quark matter. The solid colored lines are
isentropes for fixed s=ρB ¼ 0.5, 2, 5 ratios. For clarity, the λ ¼ 0 and λ ¼ 1 boundaries, together with the isentropes from panel 8(a), are
displayed in gray in panel 8(b) to highlight differences.
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increases for s=ρB ¼ 2, and decreases for s=ρB ¼ 5. This
contrasting behavior can be traced to the different hyperon
content along each trajectory. The evolution of the hyperon
fractions with ρB modifies the thermal and compositional
properties of the hadronic phase and therefore changes
where, and at which temperature, the isentropes intersect
the coexistence region (see Fig. 9).
Figure 9 displays the hyperon number density fractions

along the isentropic trajectories. The upper panel shows the
isospin-symmetric case (α ¼ 0), while the lower panel
corresponds to the isospin-asymmetric case (α ¼ 0.2).
Isospin asymmetry modifies the relative populations within
the isospin doublet ðn; pÞ and the isospin triplet
ðΣ−;Σ0;ΣþÞ, producing noticeable changes in their abun-
dances. Solid lines denote the intermediate-entropy isen-
trope s=ρB ¼ 2 and dashed lines denote the high-entropy
isentrope s=ρB ¼ 5. The Ξ0 and Ξ− fractions, as well as the
abundances along the low-entropy trajectory s=ρB ¼ 0.5,
are negligible.
The splitting of the Σ-baryon abundances is governed by

the coupling to the ρ meson. In isospin-symmetric matter
the ρ-meson mean field vanishes and no isospin splitting
occurs. For α ≠ 0, however, the ρ field is finite and the
isovector coupling term gρbγμτb · ρμ in Eq. (7) contributes
to the effective chemical potential. Because τ3Σ� ¼ �1, the
ρ field lowers the effective chemical potential of Σþ and
raises that of Σ−, reducing the Σþ density fraction while

TABLE VI. u, d effective quarks masses at the onset of the mixed phase along the isotherms T ¼ 10, 80, 100, 150 MeV for the
different scenarios and models discussed in the text.

Models ζ α

m�
u m�

d m�
u m�

d m�
u m�

d m�
u m�

d

(MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

T ¼ 10 MeV T ¼ 80 MeV T ¼ 100 MeV T ¼ 150 MeV

NL3ωρ 0 0 28.2 28.2 21.2 21.2 21.6 21.6 75.4 75.4
0.5 0 17.4 17.4 15.9 15.9 16.7 16.7 49.7 49.7
0 0.2 34.0 28.3 25.4 20.6 26.3 21.1 107.0 87.0
0.5 0.2 19.3 16.8 17.6 15.3 18.7 16.1 61.3 51.5

FSU2H 0 0 21.5 21.5 16.5 16.5 17.2 17.2 53.6 53.6
0.1 0 18.0 18.0 14.8 14.8 15.6 15.6 48.4 48.4
0 0.2 26.3 21.7 20.2 16.2 21.0 16.8 67.8 56.3
0.1 0.2 21.6 17.9 17.7 14.4 18.6 15.1 59.8 50.1

FIG. 9. Baryon fractions as functions of the baryonic density
for α ¼ 0 (top) and α ¼ 0.2 (bottom) in the FSU2H model with
ζ ¼ 0. Full lines denote s=ρB ¼ 2 isentropes, while dashed lines
denote s=ρB ¼ 5 isentropes. Open circles denote intersections
with the λ ¼ 0 boundary. The abundances of the Ξ0, Ξ− baryons
and along the s=ρB ¼ 0.5 trajectory are negligible and cannot be
seen in the plots. A log scale is used on the y axis.

TABLE VII. Temperature, baryon density, and baryon chemi-
cal potential for the CEP in the different scenarios considered
within the FSU2H-PNJL model.

ζ α TCEP (MeV) ρCEPB (fm−3) μCEPB (MeV)

0 0 160.0 0.140 516.0
0.1 0 160.5 0.145 523.0
0 0.2 160.0 0.125 505.0
0.1 0.2 160.0 0.135 512.0
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enhancing Σ−. The same mechanism produces the relative-
abundance splitting in the ðn; pÞ doublet.
In both panels hyperons appear at lower densities along

the s=ρB ¼ 5 isentrope because the temperature increases
more rapidly along that trajectory, enhancing thermal
excitations. Consequently, when the s=ρB ¼ 5 isentrope
reaches the mixed phase the hyperon fractions are larger by
approximately one order of magnitude than along the
s=ρB ¼ 2 isentrope. This earlier and more abundant
hyperon population causes an earlier softening of the
hadronic EoS, which in turn reduces the temperature along
the high-entropy isentrope as it approaches the phase
boundary. By contrast, the s=ρB ¼ 0.5 and s=ρB ¼ 2
isentropes experience a milder temperature rise and smaller
thermal contributions. For s=ρB ¼ 0.5 hyperons are nearly
absent, whereas for s=ρB ¼ 2 they become relevant only
above ρB ≳ 0.3 fm−3. This situation therefore provides a

wider density interval over which the isentrope can heat
before additional degrees of freedom emerge. Because the
onset of the mixed phase occurs at higher ρB for FSU2H-
PNJL, the low- and intermediate-entropy isentropes inter-
sect the coexistence region at higher temperatures than in
the NL3ωρ-PNJL model.
As in the NL3ωρ-PNJL case, the onset of the s-quark

degrees of freedom in the FSU2H-PNJL model lies outside
the mixed-phase density interval shown in Fig. 8. The s-
quark crossover occurs at ρB ≈ 1.4 fm−3, so its influence on
the isentropic trajectories is only apparent for those that
probe such large baryon densities.
Similar to Figs. 4 and 5 for NL3ωρ, Figs. 10 and 11

show the speed of sound and the polytropic index
for the FSU2H model. Several general features persist:
a liquid-gas instability at very low density (signaled by
c2s < 0 along the s=ρB ¼ 0.5, 2 isentropes) and steep

(a) (b)

(c) (d)

FIG. 10. Sound velocity squared c2s as a function of the baryon density along the isentropes s=ρB ¼ 0.5, 2, 5 for ζ ¼ 0 (left) and
ζ ¼ 0.1 (right), and for α ¼ 0 (top) and α ¼ 0.2 (bottom) within the FSU2H-PNJL two-model approach. The horizontal dashed line
c2s ¼ 1=3 indicates the high-density conformal limit.
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discontinuities at the coexistence-region boundaries; for
larger ρB we always find c2s > 0. However, when hyper-
ons are included the magnitude of these discontinuities
and the changes on the sound speed along each trajectory
depend on the chosen s=ρB ratio. In the hadronic phase,
the maximum c2s for the low- and intermediate-entropy
curves is substantially reduced at the onset of the mixed
phase, despite the larger onset baryon density. By con-
trast, for s=ρB ¼ 5 the larger ρB coincides with a larger
peak of c2s . This behavior results from the interplay
between the softening (induced by hyperons) of the
hadronic EoS and thermal effects. For the s=ρB ¼ 0.5
and 2 isentropes, hyperon-driven softening dominates,
and the larger onset ρB is insufficient to compensate
for the reduction of the pressure-to-energy-density
ratio. Indeed, whereas for the NL3ωρ EoS (Fig. 4) the
maximum for s=ρB ¼ 0.5 lies below that for s=ρB ¼ 2,

for FSU2H (Fig. 10) this ordering is inverted, reflecting
the more abundant hyperon population along the
s=ρB ¼ 2 trajectory. For s=ρB ¼ 5, however, the rapid
temperature rise dominates, and thermal excitations
largely offset the pressure reduction cause by the appear-
ing of hyperons, so the higher onset ρB produces a larger
maximum c2s .
At the λ ¼ 0 boundary, the magnitude of the steep

discontinuities is reduced for the s=ρB ¼ 0.5, 2 isentropes
but increases for s=ρB ¼ 5, relative to NL3ωρ. In
Fig. 10(a), the mixed-phase EoS evolves similarly as for
NL3ωρ; in particular, a peak value in c2s persists along the
s=ρB ¼ 0.5 trajectory. Although the intermediate- and
high-entropy curves enter the mixed phase with a lower
c2s , the mixed-phase EoS is stiffer (higher c2s) than for
NL3ωρ over the same baryon density interval. By contrast,
the low-entropy trajectory enters the mixed phase with a

(a) (b)

(d)(c)

FIG. 11. Polytropic index γ as a function of the baryon density along the isentropes s=ρB ¼ 0.5, 2, 5 for ζ ¼ 0 (left) and ζ ¼ 0.1
(right), and for α ¼ 0 (top) and α ¼ 0.2 (bottom) within the FSU2H-PNJL two-model approach. The horizontal dotted line γ ¼ 1.75
serves as an approximate reference value to distinguish hadronic from quark degrees of freedom.
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higher c2s because of the larger onset density; along this
trajectory the mixed-phase EoS is initially softer (lower
c2s) but becomes stiffer (higher c2s) than NL3ωρ at
sufficiently high density. The effects of isospin asymme-
try shown in Fig. 10(c) are identical to those described for
NL3ωρ: a local minimum forms in the s=ρB ¼ 0.5 curve,
and the discontinuities at the onset density are reduced,
particularly for the low- and intermediate-entropy isen-
tropes. Here, although the onset value of c2s is again higher
for s=ρB ¼ 0.5 and lower for s=ρB ¼ 2 and 5, the mixed-
phase EoS for FSU2H remains stiffer than that of NL3ωρ
along the same trajectory and over the same density range,
mostly owning to the larger onset densities and pressures
due to hyperons. The addition of quark vector interactions
[Figs. 10(b) and 10(d)] produces effects similar to those
described before; for the smaller coupling shown
(ζ ¼ 0.1) the peak seen in Figs. 4(b) and 4(d) is absent.
We observe that even for the smaller vector coupling ζ ¼
0.1 the low- and intermediate-entropy trajectories exceed
the c2s ¼ 1=3 limit in the quark phase already for ρB ≳ 0.7,
within the model’s validity range. Indeed, it is known that
a drawback of including a finite vector coupling is that the
EoS remains stiff at higher densities so that the conformal
limit, observed by perturbative QCD (pQCD), cannot be
attained. One possible way to circumvent this problem is
to consider a density-dependent vector coupling, GVðρBÞ,
able to interpolate between a regime where repulsion is
high (the EoS is stiff) and a regime where repulsion is low
(the EoS is soft), while conciliating neutron stars’ con-
straints at lower densities and pQCD predictions at
asymptotically high baryonic densities. The simple ansatz
proposed in Ref. [75] for GVðρBÞ in the three-flavor NJL
model approaches the conformal limit at high density,
while supporting the claim in Ref. [76] that the presence
of a nonconformal peak in c2s is not necessarily in tension
with the trace anomaly being positive for all densities—a
nontrivial result cannot be simultaneously obtained when
GV vanishes or has a fixed value [75]. Such study is
beyond the scope of the present work and will be saved for
future investigation.
Figure 11 displays the polytropic index γ for the FSU2H

model. The evolution of γ along each isentrope closely
resembles that in Fig. 5. As for NL3ωρ, the approximate
criterion γ ≤ 1.75 (at T ¼ 0) proposed in Ref. [32] remains
a useful indicator for distinguishing hadronic from quark
matter along the s=ρB ¼ 0.5 and 2 trajectories. However,
for s=ρB ¼ 5, i.e., at higher T, this criterion loses its
discriminating power, as γ remains mostly below 1.75
across all three phases. In this regime, a more restrictive
interval, γ ≲ 1–1.4, appears to provide a more appropriate
reference for identifying the possible onset of the quark
matter at finite T. Within the hadron-quark mixed phase γ is
generally below the conformal limit; at still larger densities
(in the quark phase) γ appears to approach the conformal
value from above.

IV. SUMMARY

In the work, we investigated the hadron-quark phase
transition using a two-phase construction based on a three-
flavor PNJL model for the quark sector and two hadronic
EOS of different stiffness at intermediate densities. We
analyze the combined effects of isospin asymmetry, quark
vector interactions, and the thermal and density dependence
of the EoS on the phase boundaries, the speed of sound, and
the polytropic index along isentropic and isothermal
trajectories, including in the vicinity of the CEP. We also
examined the role of hyperonic degrees of freedom and
their impact on the phase diagram and along each
trajectory.
Increasing isospin asymmetry lowers the onset density

and temperature of the phase transition, suggesting that
neutron-rich systems may probe the transition more effi-
ciently in HICs. A harder hadronic EoS (NL3ωρ) shifts the
transition to lower densities and pressures, favoring the
earlier onset of the mixed phase, although this effect
remains small for asymmetries relevant to current HIC
experiments. In contrast, quark vector interactions signifi-
cantly displace the phase diagram toward higher baryon
density and chemical potential, and broaden the mixed-
phase region in the low temperature region.
A CEP is present in all scenarios considered. Its position

is relatively stable but shifts systematically toward higher
baryon densities when quark vector interactions are
included, particularly in asymmetric matter. This contrasts
with results from single-model approaches, where the CEP
is highly sensitive to model parameters [7,77] and may
disappear for strong vector couplings [29,30,78]. For the
softer hadronic EoS with hyperons (FSU2H), the mixed
phase is shifted to higher densities and reduced in extent,
yet the CEP location remains close to that obtained
with NL3ωρ.
The thermal evolution within the mixed phase depends

strongly on the entropy per baryon. Low- and intermediate-
entropy trajectories show monotonic heating as the system
evolves from hadronic to quark matter, whereas high-
entropy trajectories near the CEP exhibit cooling. Quark
vector interactions weaken the heating effect and enhance
cooling. These behaviors reflect differences in the entropy
content of the coexisting phases and the interplay of density
effects, thermal excitations, and effective masses. When
hyperons are included, changes in their population further
influence the heating and cooling behavior within the
mixed phase, as well as the onset temperature, despite
the systematic shift of the onset density to higher values.
The speed of sound and the polytropic index display

clear signatures of the phase transition. Away from the CEP,
a softer hadronic EoS leads to a relatively stiffer mixed-
phase EoS due to its higher onset density and energy
density. Near the CEP, however, a pronounced minimum in
c2s develops at the transition onset. Both c2s and the γ exhibit
discontinuities at the phase boundary, reflecting the abrupt
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change in degrees of freedom, which gradually smooth out
in the quark phase. The impact of quark vector interactions
depends on s=ρB: they enhance the discontinuity at low
entropy but reduce it at high entropy. Such differences may
influence the dynamical evolution of the fireball in HICs,
particularly during the emergence of quark degrees of
freedom, and could affect the experimental search for
signals of the hadron-quark phase transition and the
CEP. The evolution of c2s within the mixed phase shows
entropy-dependent peak and dip structures also dependent
on s=ρB, particularly in asymmetric matter. The criterion
γ ≤ 1.75 remains useful for identifying quark matter along
low- and intermediate-entropy trajectories (lower T).
However, near to the CEP (higher T), γ remains mostly
below 1.75 across all three phases, and a narrower interval
(γ ≲ 1–1.4) seems to provide a more reliable reference for
identifying the possible onset of the quark matter at finite T.
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APPENDIX A: FORMALISM

1. The PNJL model

The thermodynamical potential for the three-flavor PNJL
model reads

ΩðT;μiÞ¼GSðσ2uþσ2dþσ2sÞþ4GDσuσdσu

þGVðρ2uþρ2dþρ2sÞ−UðΦ;Φ̄;TÞ

−2T
X

i¼u;d;s

Z
d3p
ð2πÞ3 ðNcβEiþ zþΦðEiÞþ z−ΦðEiÞÞ;

ðA1Þ

where Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þm�

i
2

p
is the quasiparticle energy of the

quark i, and z�Φ represent the following partition function
densities,

zþðEiÞ¼ lnð1þNcΦ̄e−βE
þ þNcΦe−2βE

þ þe−3βE
þÞ;

z−ðEiÞ¼ lnð1þNcΦe−βE
−
i þNcΦ̄e−2βE

−
i þe−3βE

−Þ; ðA2Þ

where Eð�Þ
i ¼ Ei ∓ μ�i with the upper (lower) sign apply-

ing for fermions (antifermions), and β ¼ 1=T. The quark
effective chemical potentials are given by

μ�i ¼ μi − 4GVρi:

The i quark number density is determined by ρi ¼
−ð∂Ω=∂μiÞ and reads

ρi ¼ −2Nc

Z
d3p
ð2πÞ3 ðF

þ
i ðEiÞ − F−

i ðEiÞÞ: ðA3Þ

The modified Fermi-Dirac distribution functions Fþ
i ðEiÞ

and F−
i ðEiÞ are given by

Fþ
i ðEiÞ ¼

3
Nc
e−3βE

þ
i þ Φ̄e−βE

þ
i þ 2Φe−2βE

þ
i

1þ e−3βE
þ
i þ NcΦ̄e−βE

þ
i þ NcΦe−2βE

þ
i
;

F−
i ðEiÞ ¼

3
Nc
e−3βE

−
i þΦe−βE

−
i þ 2Φ̄e−2βE

−
i

1þ e−3βE
−
i þ NcΦe−βE

−
i þ NcΦ̄e−2βE

−
i
: ðA4Þ

In the mean-field approximation, the values of the quark
condensates are given by

σi ¼ −2Nc

Z
d3p
ð2πÞ3

m�
i

Ei
ð1 − Fþ

i ðEiÞ − F−
i ðEiÞÞ; ðA5Þ

which satisfy the following gap equations:

m�
i ¼ mi − 2GSσi − 2GDσjσk; ðA6Þ

with i ≠ j ≠ k∈ fu; d; sg. The values of Φ and Φ̄ are the
solutions of

−
aðTÞ
2

Φ̄¼ 6bðTÞðΦ̄−2Φ2þΦ̄2ΦÞ
1−6Φ̄Φþ4ðΦ̄3þΦÞ−3ðΦ̄ΦÞ2

þ2Nc

T3

X
f¼u;d;s

Z
d3p
ð2πÞ3

�
e−βE

−
i

ez
−
i ðEiÞ þ

e−2βE
þ
i

ez
þ
i ðEiÞ

�
;

−
aðTÞ
2

Φ¼ 6bðTÞðΦ−2Φ̄2þΦ̄Φ2Þ
1−6Φ̄Φþ4ðΦ̄3þΦÞ−3ðΦ̄ΦÞ2

þ2Nc

T3

X
f¼u;d;s

Z
d3p
ð2πÞ3

�
e−βE

þ
i

ez
þ
i ðEiÞ þ

e−2βE
−
i

ez
−
i ðEiÞ

�
: ðA7Þ

The thermodynamical quantities can be determined via
the thermodynamical potential (see [30]). The pressure is
given by

PðT; μiÞ ¼ −ΩðT; μiÞ; ðA8Þ

the density of the i quark, ρi, by

ρðT; μiÞ ¼
�
∂P
∂μi

�
T
; ðA9Þ

while the entropy density, s, is given by
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sðT; μiÞ ¼
�
∂P
∂T

�
μi

: ðA10Þ

The energy density, E, comes from the following funda-
mental relation of thermodynamics

EðT; μiÞ ¼ TsðT; μiÞ − PðT; μiÞ þ
X

i¼u;d;s

μiρi: ðA11Þ

In this work, for the vector channel, we adopted the
interaction of Eq. (4), which generates a repulsive contri-
bution proportional to the quark densities and leads to
shifted effective chemical potentials for each flavor. In an
isospin-symmetric case, the resulting thermodynamic struc-
ture is qualitatively similar to that obtained from a purely
isoscalar interaction of the form ððψ̄γμψÞ2Þ. However, in
asymmetric matter the distinction becomesmore relevant. A
purely isoscalar interaction depends only on the total quark
density and contributes to the thermodynamic potential
through a term proportional to the square of the total baryon
density. On the other hand, a flavor-dependent interaction
introduces separate contributions associated with each
flavor density and therefore modifies differently the effec-
tive chemical potentials of the u and d quarks in asymmetric
matter. Complete studies can be found in Refs. [79–81].

2. Hadronic models

Within the relativistic mean-field approach, the thermo-
dynamical potential for the NL3ωρ Lagrangian density is

ΩðT; μbÞ ¼
1

2
m2

σσ
2 þ κ

3!
ðgσNσÞ3 þ

λ

4!
ðgσNσÞ4

−
1

2
m2

ωω
2
0 −

ξ

4!
ðgωNω0Þ4

−
1

2
m2

ρðρ30Þ2 − Λωg2ρNg
2
ωNðρ30Þ2ðω0Þ2

− 2T
X
b

Z
d3p
ð2πÞ3 ½ln ð1þ e−βðEbþμ�bÞÞ

þ ln ð1þ e−βðEb−μ�bÞÞ�; ðA12Þ

with Eb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
b þm�

b
2

q
, the effective chemical potential of

baryon b

μ�b ¼ μb − gωbω0 − gρbτ3bρ30; ðA13Þ

and the baryon effective mass

m�
b ¼ mb − gσbσ: ðA14Þ

The equations of motion for the meson fields in the mean-
field approximation for the uniform medium are

m2
σσ þ κ

2
g3σNσ

2 þ λ

3!
g4σNσ

3 ¼
X
b

gσbρsb; ðA15Þ

m2
ωω0 þ

ξ

3!
g4ωNω

3
0 þ 2Λωg2ρNg

2
ωNðρ30Þ2ω0 ¼

X
b

gωbρb;

ðA16Þ

m2
ρρ

3
0 þ 2Λωg2ρNg

2
ωNρ

3
0ðω0Þ2 ¼ −

X
b

gρbτ3bρb: ðA17Þ

Here,

ρsb ¼ 2

Z
d3p
ð2πÞ3

m�
b

Eb
ðfþb ðEbÞ þ f−b ðEbÞÞ; ðA18Þ

is the baryon scalar density of particle b, and the respective
baryon density is

ρb ¼ 2

Z
d3p
ð2πÞ3 ðf

þ
b ðEbÞ − f−b ðEbÞÞ; ðA19Þ

where f�b is the Fermi distribution for the baryon (þ) and
antibaryon (−) b, given by

f�b ðEbÞ ¼
1

eβðEb∓μ�bÞ þ 1
: ðA20Þ

For the FSU2H parametrization, the thermodynamical
potential (A12) is extended to include the ϕ-field meson by
adding the mass term

ΩðT; μbÞ → ΩðT; μbÞ −
1

2
m2

ϕϕ
2
0; ðA21Þ

and a ϕ-baryon coupling term to the effective chemical
potential (A13)

μ�b → μ�b − gϕbϕ0: ðA22Þ

The equation of motion for the ϕ-meson mean field,

m2
ϕϕ0 ¼

X
b

gϕbρb; ðA23Þ

is included together with Eqs. (A15)–(A17). The bulk
thermodynamic properties of the system are then obtained
by applying the relations given in Eqs. (A8)–(A11).

APPENDIX B: HADRONIC
PARAMETERIZATIONS

The hadronic phase is described by a relativistic mean-
field Lagrangian with two parameter sets—NL3ωρ [47,48]
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and FSU2H [50,51]—in order to compare scenarios
that exclude and include hyperon degrees of freedom.
The model couplings are determined from a multipara-
meter fit to finite-nuclei properties and astrophysical
observations. The coupling constants and saturation
properties for both parametrizations are reported in
Table VIII.
The hyperon-vector couplings are obtained by assuming

SU(3) flavor symmetry together with ideal ω − ϕ mixing,
which yields the relative strengths [82]

gωΛ∶ gωΣ∶gωΞ∶gωN ¼ 2

3
∶
2

3
∶
1

3
∶1;

gϕΛ∶gϕΣ∶gϕΞ∶gωN ¼ −
ffiffiffi
2

p

3
∶ −

ffiffiffi
2

p

3
∶ −

2
ffiffiffi
2

p

3
∶1: ðB1Þ

For the coupling to the ρ meson we adopt

gρΛ∶gρΣ∶gρΞ∶gρN ¼ 0∶1∶1∶1: ðB2Þ

In addition, gϕN ¼ 0 is imposed on the basis that
nucleons contain no strange valence quarks while the ϕ
meson is composed of ss̄. The scalar couplings gσb are
fixed by reproducing hyperon potentials in symmetric
nuclear matter as extracted from hypernuclear data
[83,84]. In particular we adopt the ratios gσΛ=gσN ¼
0.620, gσΣ=gσN ¼ 0.461, and gσΞ=gσN ¼ 0.310.
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