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We numerically investigate the first-order electroweak phase transition in the background of a
hypermagnetic field with a three-dimensional lattice simulation. The generation of baryon asymmetry is
observed, and we present the relationship between baryon number asymmetry and magnetic field strength
and its helicity. We find that the magnetic field strength required to achieve the correct matter-antimatter

asymmetry is about 107'7—107!4 Gauss at present, depending on the correlation length of the helical
magnetic field. This study provides a mechanism for explaining the baryon number asymmetry with cosmic

magnetic fields.
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I. INTRODUCTION

The matter-antimatter asymmetry remains one of the
most fundamental and unresolved puzzles in modern
physics. Within the standard cosmological framework,
matter and antimatter are postulated to have been created
in exact equal abundance during the big bang. However, a
subsequent physical process must have disrupted this
equilibrium at an early epoch, resulting in the matter-
dominated observable Universe. To address this discrep-
ancy, physicists have proposed various baryogenesis
scenarios, including electroweak baryogenesis [1,2], lepto-
genesis [3-5], and the Affleck-Dine mechanism [6,7]. In
this work, we propose an alternative baryogenesis para-
digm rooted in a first-order phase transition (PT) occurring
in a primordial cosmic magnetic field (MF) background.
Specifically, the Chern-Simons number Ncg initially
stored in gauge field configurations is converted into
baryon number via the chiral anomaly [8—11], dynamically
giving rise to the net cosmic matter-antimatter asymmetry
[12-14].

MFs permeate the Universe across diverse scales, from
the solar system and the Milky Way [15] to galaxies, galaxy
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clusters [16—18], and even the cosmic voids of large-scale
structure [19-22]. These MFs are hypothesized to originate
from primordial seeds generated during high-energy proc-
esses in the early Universe, such as inflation [23-29],
first-order electroweak PTs [30-36], or the first-order
QCD PT [37], followed by various amplification mecha-
nisms and magnetohydrodynamic (MHD) evolutions
[38—43]. Primordial MFs leave significant imprints on
gamma-ray observations of blazars [43-46], axion dark
matter predictions [47], big bang nucleosynthesis [48], and
the cosmic microwave background (CMB) spectrum
[49-54].

Within the framework of the Standard Model (SM),
given the measured Higgs mass of 125 GeV, the electro-
weak PT is well established to be a crossover [55].
However, if a potential barrier is introduced into the
Higgs potential via physics beyond the SM, the transition
can be altered into a first-order one [56-58]. This modi-
fication provides the crucial ‘“departure from thermal
equilibrium,” one of the fundamental Sakharov conditions
[2,59,60] required to explain the observed matter-anti-
matter asymmetry, and has consequently become a subject
of intense recent investigation [61]. Such a first-order PT
proceeds and completes through the nucleation, expansion,
and coalescence of true vacuum bubbles (where the
vacuum expectation value v # 0) within the surrounding
false vacuum (v = 0). Remarkably, the violent collisions
of these bubbles not only generate primordial seed mag-
netic fields but also produce a detectable stochastic
gravitational wave background (SGWB) [57,62-65]
which can be probed by the next-generation space-based
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gravitational wave observatories, such as the Laser
Interferometer Space Antenna (LISA) [66], Taiji [67],
and TianQin [68].

Previous works have shown that MFs modify the Higgs
vacuum structure and trigger a vortex condensate known
as Ambjgm-Olesen condensation [69-74], affect baryon-
number-violating sphaleron processes [75,76] and PT
dynamics in the SM [77,78], and drive baryon asymmetry
generation via the decay of helical primordial magnetic fields
around the electroweak crossover [79,80]. In this work, we
observe that bubble dynamics during the first-order electro-
weak PT drives the conversion of helicity variation in
primordial MFs into baryon number via the chiral anomaly,
thereby naturally accounting for the baryon asymmetry of the
Universe (BAU). Using (3 + 1)-dimensional lattice simula-
tions, we establish a quantitative relation between the result-
ing baryon asymmetry and the MF strength and determine
the present-day MF amplitude required to reproduce the
observed matter-antimatter asymmetry. To demonstrate the
robustness of our results, we consider two representative
helical MF scenarios: infinite correlation length and finite
correlation length set to the characteristic mean bubble
separation of the first-order electroweak PT.

This work adopts the natural units where 7 =c¢ =
kg = 1. Given the rapid completion of the first-order
electroweak PT, we neglect the effects of the cosmic
expansion, the evolution of background MFs, and the
temperature variation during the PT.

II. FRAMEWORK

To investigate the first-order electroweak PT within a
preexisting constant MF background via lattice simula-
tions, we adopt the electroweak Lagrangian extended by
the background U(1)y field Y&,:

. 1 1
L= (D,®)"(D'®) - 1 Wi, W — 1 Y,

1
-5 YR - V(@) m

Here, @ denotes the Higgs doublet, while Wy, and Y, are
the SU(2), and U(1)y field strengths, respectively. Yy
denotes the constant background MF. In addition, the term
YeXYe is omitted here as it contributes only a constant
energy density. The covariant derivative is given by

. o .1
D,=0,- 197 Wi - 1g’§(YM + ij‘), (2)
where 6 (a = 1, 2, 3) are the Pauli matrices, and the gauge

couplings are set to g = 0.65 and g’ = 0.53g. The fields W,

and Y* = (Y°)Y) represent the SU(2); and U(1)y gauge
bosons, respectively. The potential

V(®) = 20D + A(DTD)32 + A(dT D)2 (3)

features a cubic term that induces a potential barrier,
facilitating a first-order electroweak PT as motivated by
some new physics beyond the SM [56-58]. Such a model
can be probed by future high-energy colliders [81,82]. The
parameters U2, A, and A will be specified below. The initial
profile of these bubbles is determined by the potential
function (3) using FindBounce [83],

D(r) =

[1 — tanh (r ; RO)}&), o(r) =0, (4)

w

N <

where v is the vacuum expectation value of Higgs field,
|®| = 1 has a random SU(2) phase,  is the radial distance
from the bubble center, R, is the bubble radius, and [,
represents the bubble wall thickness. After nucleation, the
vacuum bubbles expand and collide with one another,
driving the PT forward.

Applying the Euler-Lagrange equations to Eq. (1) and
using temporal gauge W, = Y, = Y§* = 0, we obtain the
equations of motion for the Higgs and gauge fields:

%
a%)d> =D;D;® — FSh (5)

RWS = 0, WS, — ge WLWS, + gIm[@7o"(D,®)],  (6)

RY; = =0, Yy + ¢ Im[®7(D;®)]. (7)

During bubble collisions, ® and D;® undergo rapid and
violent variations, thereby sourcing changes in the gauge
fields via Eqgs. (6) and (7), which is presented in Ref. [31].
The relationship between the electromagnetic field and the
original gauge fields is given by [84]: A, =n“ W}, sinfy +
(Y/w + th)z(/) COSeW —iﬁ[(DM(D)T(DDQ)) - (Duq))T(D”Q))] X
sinfy, with n* = —®7¢*®/v>. This constitutes the core
mechanism of magnetic field generation in first-order phase
transitions. A strong background MF further enhances this
PT-induced MF. We present the corresponding findings
in Sec. IV.

Moreover, the evolution of the gauge fields directly
governs the dynamics of both the hypermagnetic helicity
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and the Chern-Simons number

Nes() 11 ,k/ X
== ! d’x Y, + Y)Y + Y5
Vv V327[ ( i i )( Jk jk)
92 (V‘za“z;zk _ 3 achtzuzb“/c>:| (9)

with V = L3 being the lattice volume. Comparing the
above two equations reveals that the hypermagnetic helicity
(8) is precisely the U(1) component of N¢g (9), up to an
overall negative factor. We have verified that the SU(2),
contribution to Ncg is subdominant, with the explicit
results presented in Sec. IV; hence, we restrict our sub-
sequent discussion to the U(1)y component. In the absence
of a background hypermagnetic field, the variation of Ng
is dominated by the Y - By term, causing it to oscillate
around zero. In contrast, when a background hypermag-
netic field is present, the initial Ncg is nonvanishing and
directly proportional to the Y** - BY* term. Furthermore,
during the phase transition, the variations in Y; and Y;;
induce shifts in the Y -BY* and Y*-Bj, terms [85].
Provided that the external magnetic field is sufficiently
strong, the evolution of Ncg becomes pronounced, ulti-
mately settling into a distinct stationary plateau compared
to its pretransition value. Our numerical simulations
directly substantiate this picture.

The chiral anomaly of the electroweak theory establishes
a rigorous topological correspondence between the change
in the Chern-Simons number and the baryon number
violation during a first-order electroweak PT [8—11],

d,/"

ﬂ]B 167 2 |: gle p?”y-ngW;lpW”W}
N
- 32j,2 "9 |: /ZYDYPO'

9

+ F(Wews, — 38“”“W;’WﬁW§)} (10)

where N, = 3 is the number of fermion generations and
Xw =1lemwroX  denotes the Hodge dual of X,,.
Integrating this equation over a finite time interval and
performing the volume average yields a relation between
the baryon number density and the variation of the Chern-
Simons number:

Ang = ‘;1m dt/ d*x0

N
=L e hm e / d3xa 9*Y,Y
327[ VooV
+ P (Wawe, — geabcwzwbwg)}
N
:sz ka}l—{rolo dt/dgxa ant
+ QZ(WQW;lk _ 3 abcwawbwc)}
Ncs(1) = Nes(0) ANcs(1)

In our calculations, we invoke Gauss’s divergence theorem
and assume that the physical quantities vanish at spatial
infinity, such that the total divergence yields a vanishing
boundary surface integral, ie., limy_, [, 0,J'd’x =
limy_ o, §,, J'dS; = 0. Consequently, the interplay between
the preexisting background helical hypermagnetic field
(HMF) and those generated during the electroweak PT
provides a mechanism for BAU generation. This is charac-
terized by the baryon-to-photon ratio

45N, ANcs(1)
v

ng(t) _
s 2n%g,.sT?

ng(t) = (12)

where ¢.g = 106.75 represents the effective number of
entropic degrees of freedom before the PT.

We note that Sakharov’s conditions require CP breaking
during baryogenesis [59], which need not arise from
intrinsic CP-violating Lagrangian terms and can instead
be provided by a macroscopic parity-odd background
[13,86,87]. In the absence of such a background, sphaleron
transitions changing the Chern-Simons number in either
direction occur equally often, producing no net baryon
asymmetry. A helical hypercharge magnetic field breaks
this degeneracy, creating unequal transition rates that
accumulate a net Chern-Simons number and hence a
baryon asymmetry. The required CP asymmetry therefore
originates from the helical magnetic background rather than
fundamental CP-violating interactions.

In what follows, we quantitatively investigate how the
hyperMF induces changes in the Chern-Simons number via
bubble dynamics during the first-order electroweak PT on a
(3 4+ 1)-dimensional lattice and establish the connection
between the BAU generated during this process and the
helical hyperMF, accounting for its subsequent MHD
evolution.

III. SIMULATION SETUP

We numerically solve the equations of motion for the
Higgs and gauge fields derived from the Lagrangian in (1).
Our simulations are performed on a three-dimensional
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TABLE 1. Parameters setup in the simulations. Ax and At denote the lattice spacing and the time step interval, respectively.
v Ax At I’ A A Ry Ly kuy ko Pbubble
1 0.2 0.04 0.68 2.59 1.60 13Ax 6Ax 2Ak 1 5% 1078

spatial lattice with periodic boundary conditions following
the strategy of Refs. [31,88-90], utilizing initial conditions
based on the thermal fluctuations (refer to Appendixes A
and B for details). The code was developed based on that of
Ref. [31], where the LATfield2 library [91] and Eigen
library [92] are employed. At each time step, every lattice
site in the false vacuum state (® = 0) has a probability
Poubble Of nucleating a vacuum bubble with the profile
of (4).

To investigate the effect of the background hyperMF on
the baryon number, we consider various strengths B{Y,
helicities, and correlation lengths iz = [dkk™'Epy(k)/
J dkEgy(k), where the energy density is defined as
[ dkEgy (k) = [dx%[B$*(x)]?/V. First, we examine a
homogeneous MF with an infinite correlation length,
realized by Y = (0, 0, xBS*, hgyeior LBS*). In this configu-
ration, the field strength is quantized as By =
(4r/g)NgL=? with Nz € Z [93]. We adopt representative
values of Nz = 10, 20, 30, 40 for our simulations; larger
values of N are excluded as they significantly suppress the
electroweak PT and may prevent its completion [94]. To
systematically evaluate the impact of magnetic helicity, we
employ three benchmark values for the helicity factor
htaetor € {0, 1,—1}, representing nonhelical, maximally
positive, and maximally negative helicity configurations,
respectively. Second, we consider a background hyperMF
with a finite correlation length following the formalism in
Ref. [95]:

B%(k) = Bini(5ij - I%ii(j - iGMgijllACl)gj(k),P(k)’ (13)
P(k) = O(kyy — k) (k/ko)". (14)

Here, ©(kyy — k) is the Heaviside step function, kyy is the
ultraviolet cutoff of wave number, k; is a reference wave
number ensuring that k/k is dimensionless, and g (k) is the
Fourier transform of a Gaussian random vector field that is
5-correlated in three dimensions, ie., g;(x)g;(x") =
5,;6°(x —x'). The MF strength scales as B$(x)
(kuy/ko)" 3, where the spectral index ne€{0,1,2,3}
corresponds to different physical sources of the primordial
MF [43]. The helicity is controlled by oy €{0, 1, -1},
representing nonhelical, maximally positive, and maxi-
mally negative helicities, respectively; the relationship
between the helicity factor, and oy 1S Apeor =
20y\/(1 + 6%;). While the correlation length remains nearly
invariant with n in our simulations, it is determined by
the lattice size N, with N = 128 yielding Az ~ R, /4 and

N = 512 yielding 1z ~ R,. Here, R, denotes the mean
bubble separation R, = (V/N,,)'/3, with N, being the total
number of bubbles generated via the bubble nucleation
probability ppuppe- Detailed implementations and deriva-
tions of these hyperMFs on the lattice are provided in
Appendix. C.

To estimate the BAU generated during the first-order
electroweak PT in the presence of a helical hyperMF
background, we perform multiple simulations for each
parameter set and average the results. Specifically, we
conducted 20 simulations for the N = 128 lattice, while for
N = 512, we performed four simulations due to computa-
tional constraints. The parameters used in our simulations
are summarized in Table. 1.

IV. NUMERICAL RESULTS

We first examine the MF generated when bubbles collide
with each other, as proposed in Ref. [31] and discussed
under Eq. (7). As shown in the left panel of Fig. 1, at the
onset of bubble coalescence, the MF exhibits a pronounced
enhancement at the collision interfaces. Conversely, the
right panel illustrates that after the completion of the PT the
MF gradually approaches homogeneity. Figure 2 illustrates
the evolution of the PT-induced MF in the presence of a
homogeneous background MF. The magnitude of the
generated MFs is comparable to that of the background
MEF. This implies that a stronger background HMF yields a
correspondingly stronger generated magnetic field.

We now investigate the Chern-Simons number Ncg
during the PT associated with the evolution of the
PT-induced MF. Figure 3 displays the evolution of ANcg
(solid lines) alongside its U(1)y component (dashed lines),

t/R« =1.01 t/R+ = 1.68

IS

o
(B — Bex)/Be~
3 _aah

o
(B — B€¥)/B®*

% t
“a -1

FIG. 1. 2D slice of the background-subtracted MF
(B — B**)/B®*, corresponding to the specific epoch indicated
by the lightest red curve in the top panel of Fig. 2. The early
configuration at the onset of bubble coalescence and the late-time
snapshot after the completion of the PT are shown in the left and
right panels. The white contours denote the position where
|®| = 0.5, which delineates the locations of the bubble walls.
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FIG. 2. Evolution of the ratio of the PT-generated MF strength
(with the background field subtracted) to the background field
strength, (B — B®*)/B*, for various homogeneous background
MF strengths and helicities.

representing the contribution from the hypermagnetic hel-
icity hy. As can be seen, a stronger background MF results
in a more pronounced variation in N¢g. Crucially, the U(1)y
component provides the dominant contribution to ANcg,
directly arising from the interaction between the helical
background MF and the PT-generated MF, as described by
Egs. (9) and (8). For the background MFs with a finite
correlation length, the evolutions of the MF strength and
ANcg exhibit similar behavior and are provided in the
Appendix. D.

We now investigate the generation of baryon asymmetry
during the first-order PT. Figure 4 illustrates the variation of
ng with respect to the MF strength for a background
hyperMF with infinite correlation length. The results in
Fig. 4 demonstrate two key findings. First, #g increases with
the hyperMF strength, indicating enhanced baryon produc-
tion. Second, the sign of g is determined by the sign
of /hgeor; notably, a nonhelical background hyperMF
(Mgactor = 0) results in no net baryon production. The data

1x1072

—— hractor =1, Ncs
------- === hfactor =1, U(1) part of Ncs
— hractor = = 1, Ncs

=== hractor= — 1, U(1) part of Ncs

ANcs/V
o

______________________________

0 5 10 15 20 25 30 35 40
tiR«
FIG. 3. Time evolution of AN¢g/V (solid lines) and its U(1)y

component (dashed lines). The background MF is homogeneous,
with field strength increasing with darker line shades.

1x1072

11— Afactor =1.0
—— Hhfactor = 0.0
—— htactor =-1.0

000 025 050 075 100 125 150 175
BYX(GeV?) 1x10°

FIG. 4. ng as a function of the homogeneous helical hyperMF
strength for Ay, = £1, 0. The dashed line represents the fitting
formula Eq. (15). The gray region indicates the MF strengths
where Higgs condensation does not occur. Error bars denote the
95% confidence interval of the data.

points in Fig. 4 are fitted by the dashed line, yielding the
following relationship:
BeX 3
r > . (15)

N = 5.5 X 100 hpyqior (104Ge\12
Consequently, to have the observed BAU requires a positive
helicity factor Ao

We then consider the scenario of a hyperMF with a finite
correlation length comparable to the mean bubble separa-
tion. Numerical simulations confirm that as the field energy
increases 7g for oy; = *=1 deviates significantly from zero.
In contrast, for the case of oy = 0, 5 vanishes due to the
absence of helical effects. The results are presented in
Fig. 5, where the dashed lines represent the following
fitting relations:

BCX
ng = 2.5 X 10-50M< Y.rms

Y ) ) ~R, /4. (16
104Gev2> B / (16)

BeX

Y.rms

13/7
ng = 3.0 x 10—50M< ) . Jg~R.. (17)

Here, BY .« = \/2p3y, where pgy is the volume-averaged
hyperMF energy density. Again, generating the observed
BAU requires a positive oy.

Inspecting Egs. (15), (16), and (17), we observe that the
prefactors on the right-hand side are consistently of order
107>, whereas the discrepancies arising from different
background hyperMF correlation lengths predominantly
manifest in the exponents. Specifically, the exponent equals
3 in the limit of an infinite correlation length but reduces to
13/7 when the correlation scale is comparable to R,.. Based
on this observation, we obtain the BAU as a function of the
hyperMF parameters and the phase transition parameter:
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FIG. 5. #g as a function of the hyperMF strength for different

correlation lengths (NN = 128 corresponds to Az ~ R, /4, while
N = 512 corresponds to 4z ~ R.). The dashed lines represent the
fitting formulas of Eqgs. (16) and (17), respectively.

Bex 124p+Rx

_ Y. Tg 3R,

We observe that the correlation length of the hyperMF
significantly influences the power-law dependence of 75 on
BY. Specifically, for hyperMFs with a finite correlation
length, a larger mean bubble separation R, enhances the
generation of baryon asymmetry. This process is funda-
mentally driven by the variation of the Chern-Simons
number Ncg during the PT, the direction of which is
dictated by the sign of oy;. Further analysis regarding these
dynamics and the associated electroweak sphaleron rate is
available in the accompanying article [94].

V. COSMOLOGICAL IMPLICATIONS

To facilitate a direct comparison with observational
constraints, we have converted the magnetic field strength
from GeV? to Gauss (I GeV2~1.95x 10 Gauss).
For a homogeneous MF, independent of its helicity, the
MHD evolution follows the scaling law B,../Bgw =
(Tree/TEW) /7 [96], where 7 denotes conformal time,
and the subscripts “rec” and “EW” correspond to the
recombination and electroweak PT epochs, respectively.
Following recombination, the MF evolves adiabatically,
during which the comoving field strength and correlation
length remain constant. By integrating this scaling
with Eq. (18), we find that a homogeneous helical MF
capable of generating the observed baryon asymmetry
corresponds to a present-day field strength of approxi-
mately 5.2 x 107'% Gauss.

For MFs with finite correlation lengths under fully
helical conditions, the comoving correlation scale evolves
aS Arec/Apw = (Tree/TewW)?>, while the comoving MF
strength scales as Bi../Bpw = (Trec/7ew) "> [96-98].
By applying Eq. (18) and evolving the physical quantities

MF with spectrum distribution, Ag ~ R+«/4

—
9
(==

=
o
U

=

o

BEx. (Gauss)

VERITAS

HESS&MAGIC

Fermi-LAT

FIG. 6. The yellow, purple, and green lines illustrate the MHD
evolution of the MF strength and correlation length required to
yield the observed baryon asymmetry. The blue band denotes the
parameter space for these values based on Eq. (18). The light gray
region on the right indicates the Hubble scale. The gray region is
excluded by MHD turbulent decay and CMB anisotropy mea-
surements [43]. The projected sensitivity of the Cherenkov
Telescope Array (CTA) to intergalactic MF (IGMF) strength is
indicated by the red region [99]. Orange regions are excluded at
the 95% to 99% confidence levels by H. E. S. S. [100], MAGIC
[101], and VERITAS [102] observations. Dark and light blue
regions are excluded by the lower bounds on IGMF strength from
Fermi-LAT [45,103]. All physical quantities have been redshifted
to their present-day values.

to their present-day values (Bf, = ¢'BY,,/e), we deter-
mine the parameter space required to produce the observed
baryon asymmetry. Specifically, for correlation lengths in
the range 1z € [2.4 x 107*,9.6 x 107*] Mpc, the required
MF strength is B, €[1.8 x 1071,5.3 x 107!4] Gauss.
This viable parameter space is represented by the blue
band in Fig. 6. Notably, a significant portion of this region
remains consistent with current observational constraints.
Consequently, a first-order electroweak PT in the presence
of a background hyperMF provides a robust and viable
mechanism for explaining the origin of the matter-anti-
matter asymmetry in the Universe.

VI. CONCLUSIONS

In this work, we numerically investigated the first-order
electroweak PT in the presence of a background hyperMF.
Our results show that a helical hyperMF provides an
efficient mechanism for generating baryon asymmetry.
We established a quantitative relationship between the
resulting asymmetry and the hyperMF properties, demon-
strating that to achieve the observed matter-antimatter
asymmetry a homogeneous background MF would require
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a present-day strength of approximately 4.6 x 10~!® Gauss.
For a spectrum-distributed MF, the required field strength
lies within the range of 107'® to 10~'* Gauss, with a
corresponding correlation length of 107 to 10~ Mpc. Such
values are within a range that can be effectively probed by
Fermi-LAT gamma-ray observations.

A key distinction of our work from the previous studies,
such as Refs. [79,80,104], lies in the underlying mechanism
of baryon asymmetry generation. In our scenario, the MF
generated during the first-order electroweak PT, acting in
concert with the preexisting helical hyperMF, ensures the
time variation of the hypermagnetic helicity and the Chern-
Simons number. This dynamic evolution serves as the
primary driver for baryon asymmetry. In contrast, earlier
studies attributed the asymmetry to the decay of MF helicity
prior to the Standard Model crossover, a mechanism that
necessitates an MF strength of approximately 10~!7 Gauss
at a much smaller correlation length of 1073 pc.

For the case of a homogeneous hyperMF, we further
observed that the Higgs field forms a hexagonally arranged
vortex lattice when ¢/ B /m?, 2 3, independent of whether
the MF is helical. This behavior aligns with the Ambjgrn-
Olesen condensation phenomenon [69-72] predicted
within the Standard Model framework. The absence of
this effect in Ref. [78] regarding the first-order electroweak
PT may be attributed to significant fluctuations in their
specific configurations. Recent numerical confirmation of
this phenomenon in the SM crossover case is provided in
Ref. [74]. In contrast, for hyperMFs with finite correlation
lengths, the inherent randomness of the field configuration
prevents the formation of a coherent Ambjgrn-Olesen
condensate. Further details on the PT dynamics and
Ambjgrn-Olesen condensation in the background of the
hyperMF are available in the accompanying article [94].
Although our lattice resolution is sufficient for the bubble
wall that is comparable with the width of the electroweak
string, we did not observe the formation of them as
proposed in Refs. [105-108]. This discrepancy likely arises
because our simulations did not impose any prior ansatz on
the gauge fields, distinguishing our approach from the
methodologies employed in those studies. Physically, this

is because that the electroweak string is unstable when the
Higgs mass is larger than that of the Z boson [109-111].
Therefore, the link between electroweak strings and baryo-
genesis established through the relationship between the
Chern-Simons number and the MF helicity of the Z field
[105-108] is invalid anymore.

We hope that our study provides valuable insights for
future observations of cosmic MFs and contributes to
uncovering new physics beyond the Standard Model. It
is important to note that our current simulations do not
account for the effect of the expansion of the Universe and
relativistic fluid, both of which could influence the dynam-
ics of the first-order electroweak PT. These factors warrant
further investigation. Additionally, the gravitational waves
generated by PTs in the presence of background MFs may
exhibit distinct signatures compared to those without
preexisting magnetic fields, offering another promising
avenue for future research.

The simulation strategy developed in this work is readily
generalizable to studying the evolution of topological
defects—such as cosmic strings and domain walls—within
a primordial MF background. These defects are considered
as potential cosmic origins of the SGWB recently observed
in the NANOGrav datasets [112,113].

The numerical calculations in this study were carried out
on the ORISE Supercomputer.
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APPENDIX A: EQUATIONS OF MOTION ON LATTICE

Under the temporal gauge W§ = Y =

= Y* = 0, the action on the lattice is

S = ZAtAx { Dy®)' (Dy®) - > (D;®)'(D,@) — V(®) + <g Af Ax)zzl:<1 —;Ton,-)

i

2 2
_— 1 —ReV
+ (g,A[AX) zl:( € 01

42( TrU) ’zAx4z Rev}

2 2
+ <m> Z(Im Vi) (Im Veyo;) — m izj(lm Vij)(Im Vexij)-

(A1)
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The Higgs field @ is defined on the lattice sites, while the gauge fields are defined on the links between two adjacent sites by
link fields:

U,(t,x) = exp {—igAxa2 we(t, x)] ; (A2)
. 1

Vi(t, x) = exp [—1g’Ax§ Yi(t, x)} ; (A3)
. 1

VS (t,x) = exp [—1g’Ax§ Y (1, x)} . (A4)

Higgs field and gauge fields are defined on the exact time step, and their canonical momenta I1, E, and F are defined
halfway between the time steps.

We use x + i to denote a space step forward toward the i direction and x — 7 to denote a space step backward. The link
fields, U,(z,x), V,(t,x), V*(z, x), parallel transport the Higgs field ® that are located at site x + i back to site x, and their

Hermitian conjugate parallel transport the Higgs field ® that are located at site x to site x + i. Therefore, using the leapfrog
algorithm, the covariant derivative of ®(z, x) is

D® = Aix (U6, )V (1, 5) Vs (£, 1) (8, x + 1) — D(1, x)],

Dy® — i [Ug(t, X)Vo (£, X) Vo (£, X)D(1 + At, x) — D, %)]

1
= (@0 + Arx) - @(r.x)).

The plaquette fields with all space indices are

Uy(t.x) = U(t.x)U(t.x + j)U(t.x + i) U] (1. %),
Vii(t.x) = V;(t.x)V (t,x—l—j)VT(t x+ i)Vt x),
Vexij (1, %) = Ve (1, 2) Vi (£, x + Vi (8, x + D) VEG (1, x).

exj

The plaquette fields with one time index are

Uoi(t,x) = U;(t,x)Uy(t + At, x)UL (t + At, x) U (2, x) = Uy (1, x)U] (¢ + At, x),
Voi(t,x) = Vi(t, x)Vo(t + A1, x) VI (t + At, x) V] (1, x) = V;(£,x) V] (t + At, x),
Vein(Lx) Vexz(t x) ex()(t+ At! x) exz( + At x) ex()(t x) Vexi(t’x>lei(t+Atvx)'

Setting the functional derivative of action (Al) to zero yields equations of motion:

I(r 4 At/2,x) = TI(t — At/2,x) + At{ 5 Z 1, X)Veyi(t, x)®(t, x + i),
—20(1,x) + Ul (t.x = )V] (t.x = i)V. (1. x = i)®(t,x — i) —%}, (A5)

Im[E, (14 A1/2,x)] = Im[E,(t — At/2,x)] + At{ Ag;l [@F (1, x + k) UL (£, x)V} (1, x)V] (£, x)®(1, x)]

2
A Z Im[V (2, x)V;(t, x + k)Vi(t,x + i)VI(t, x)

+ Vit x = D)Vil(t,x)Vi(t,x + k= i)Vi(t,x — i)]}, (A6)
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Tr[ic™ F(t + At)2,x)] = Tr[ic" Fy(t — At/2,x)] + Az{AiRe[qﬂ(z, x+ kU (1, x)Vi(t,x)V!
X

(t,x)ic™D(t,x)]

exk

3X:Tr io" U (t, x)U;(t,x + k) UL (t,x + i)U (1, x)

gAx
+ic" Up(t, x)UL (t,x + k= )U}(t,x — i)U;(t, x — i)] } (A7)
The conjugate momenta relate to field updates via
D(t+ A, x) = O(t, x) + AdI(r + At/2,x), (A8)
1
Vi(t+ At,x) = Eg’AxAtE,»(t + At/2,x)V;(t, x), (A9)
U;(t + At,x) = gAxAtF;(t + At/2, x)U;(t, x). (A10)
Note that V,(#, x) is static and thus lacks a conjugate momentum.
Gauss constraints derived similarly are
A il —
AGy AxZIm (1,x) — Ei(t,x — i)] — ¢ Im[IT (£, x)®@(z, x)] = (A11)
AGH, = —TrZw —Ul(t,x = i)F;(t,x = )U;(t, x — i)] = gRe[IT (1, x)ic" ® (£, x)] = 0.  (Al2)
We employ
AGH(0) = S {1Gun (1. + [5Gk (1P + [5G0 (1207 + 3G, (1)) (A13)

to quantify the degree of Gauss constraint violation.
Throughout the simulation, the variation of AG?(#) remains
strictly bounded below 10717,

APPENDIX B: INITIALIZATION

Before the PT occurs, we assume that the Higgs field is in
thermal equilibrium. Therefore, we can use the thermal
spectrum to describe the amplitude and momentum dis-
tribution of each scalar component ®; of the Higgs doublet
® and each scalar component I1; of the conjugate momen-
tum field IT in momentum space

1 1 ()%
Pq}'(k):a)_ke“’k/T_l’ i

1 (D +iD, 1 /I +ill,
O=— . ) M=— . ) (Bz)

V2 \ @, +id, V2 \I1; +iIl,
where (e®/T —1)~!

Einstein distribution, @, =

is the occupation number of the Bose-

Vk? + mZ; is the physical

frequency, and k and my are physical momentum and
effective mass of the Higgs field.
In the continued limit, we have

(®:(k),(K')) = (21 Py, ()6(k — K535, (B3)
(T (K)) = (22) P, (K)5(k —K)5;.  (B4)
(@, ()T, (k) = 0. (85)

Converting it into a discrete form on the lattice, we get

(@,0) = () oo @ k) =0, (B6)
0P = () Pa®. @) =o. ()

where N denotes the number of points per side and Ax is
the physical lattice spacing. ®;(k) and IT;(k) satisfy the
Gaussian distribution in the momentum space that varies
from point to point and contain all modes from the infrared
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truncation kg = Ak = 2z/(NAx) to the ultraviolet cut-
off kUV'

For the gauge fields, we set their initial values to O; then,
the values of the link fields are 1 for U(1) or 1,,, for SU(2).
However, to satisfy the Gaussian constraint

000;Y ; — ¢ Im[®79,®] = 0,

dp0; W5 + ge“"”W?aoWj — gIm[®T690y®] =0, (BS)
we must assign an initial value to the conjugate momentum
field of the gauge field as follows:

A Zlm [E:(t, x) = ¢ Im[IT" (¢, x)®(1, x)],

Ei(t,x = 0)]

(B9)

—Ul(t,x = i)F;(t,x = i)U;(t,x = )]

— TrZw

= gRe[IT' (¢, x)ic*®(t, x)]. (B10)

APPENDIX C: HYPERMF ON LATTICE

The MF is not well defined before the electroweak PT
occurs; we therefore use a background hyperMF BY* =
V x Y** instead of MF B** = V x A% [74], where Y** is
the space part of U(1) gauge field Vi = (Y, Y., ) and A,
is the space part of electromagnetic field AL, = (A(C)X,Ae ).
In the broken phase, the relation between the two fields is
¢ B = eB*, and here e = gsin 6, is the electric charge.

To achieve a helical homogeneous hyperMF along the z
direction, one can easily find that the U(1) field has the
form

YH(t,x,y,z) = (0,0, xBS, hyeor LBS),  (C1)
since
X v 2
VxY*=lo, o, 0, = 0,(xBY*)z = BY'Z,
0 xBY  hgeo LBY
(C2)
where B$* = §2ﬂNBL‘2, Ny €Z [93] is a constant.
For the hyperMF having the form of
BS:(k) = By (8;; — kik; —iowe k) g;(k)P(k).  (C3)
in Fourier space, we can first verify that
Y?x(k) = iBini(‘elmnl’%m - iaMéln)gn (k)P(k)/k (C4)

is its corresponding vector potential. Given that B (x) =
V x Y**(x), doing an inverse Fourier transform gives

/ (;ﬂ’; B (el — V x / (;1”’; P (k)elks  (C3)
- / (;1,5 ik x T () el (C6)

From this, we get BO\(k) = ik x Y*'(k) or B§*(k) =
igijlkj??x (k). Then, using (C4), we have

igijlkj 1~/7x(1‘) = —5ijzk 'Bini(glmnlzm —ioMb1, ) g, (k)P (k) / Kk
= _Binl[(51m5/n 5in5jm)]%m]%j
_loMgl]nkj] (k)P(k)

:Bin1< kk +5ln+10-M€ljnkj) (k>7)(k)
= Bini (6i—

kikj_iGMgijlkl)gj(k)P(k)’ (C7)

which is consistent with (C3).

To obtain the background hyperMF of (C3), one should

follow the steps below:

(i) Step 1 is to generate a J-correlated Gaussian
distributed random vector field g(x) in coordinate
space.

(ii) Step 2 is to perform Fourier transform on g(x) and
get g(k) = [ d3xg(x)e k.

(iii) Step 3 is that, according to (C4), we can get Y°* (k).
(iv) Step 4 is to perform an inverse Fourier transform on
Y (k) to obtain Y (x) = [dk¥Y™(k)e**/(2x)3.

(v) Step 5 is that, using (A4) we can flnally obtain the
distribution of the link field V§* on the lattice.

Next, we evaluate the ratio khy(k)/pgy(k) to establish

the correspondence between the helicity parameter /g,
used in the homogeneous field configuration and oy
employed for fields with a spectral distribution. The
relevant quantities are defined as

iy (k) = kT (k) B (k) = 4VBL0mP2(K).

ini

(C8)

B (k)BY (k) = 2VB2.(1 + 63)P?(k).

ini

pey(k) = (C9)
In the limit where the spectral distribution approaches a delta
function, P(k) = 6(k), the background MF becomes homo-
geneous. While hy (k) « 6*(k)/k appears singular in this
limit, we can robustly define the physical helicity factor by
integrating these spectral densities over momentum space:
hfactor = dekkhy(k)/ fd3kpBy(k) = 20'M/(1 +0'12v[) This
relation ensures a consistent mapping between the two
parameters; specifically, for oy = 0, =1, the helicity factor
simplifies to hp,eor = 0, =1, respectively, maintaining the
physical interpretation of the field’s chirality.
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FIG. 7. Left: time evolution of the ratio between the PT-generated MF strength (with the preexisting background field subtracted) and
the background field strength, (B — B*)/B**, for various background field magnitudes and helicities. Right: time evolution of the
Chern-Simons number density ANcg/V (solid lines) alongside its U(1) component (dashed lines) under the same physical conditions.
In these cases, the background field follows a spectral distribution with a finite correlation length (N = 128, 13 ~ R, /4). The increasing
intensity of the field strength is represented by progressively darker line colors. The red lines denote the positive maximum helicity

(oM = 1), while the green lines correspond to the negative maximum helicity (o = —1).
APPENDIX D: EVOLUTION OF THE MF relatively short correlation length (A3 ~ R, /4), while Fig. 8
STRENGTH AND CHERN-SIMONS NUMBER displays the case with a longer correlation scale (1 ~ R.,).
DURING THE PHASE TRANSITION Compared to the homogeneous background MF configu-

ration, the MF generated during the PT exhibits a slightly
lower magnitude; however, the U(1) component of AN g
remains the dominant contribution to the total change,
consistent with our primary findings.

Analogous to Fig. 1 in the main text, we present the time
evolution of the MF strength and ANg during the phase
transition in the presence of a background MF with a finite
correlation length. Figure 7 illustrates the results for a

-3
0.7 1x10
— oy=1

0.61 — om=-1 1

0.5 51
x
& 0.4 o
5 o
o
203 3
Q

0.2 51
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t/R t/R «

FIG. 8. Left: time evolution of the ratio between the PT-generated MF strength (with the preexisting background field subtracted) and
the background field strength, (B — B*)/B**, for various background field magnitudes and helicities. Right: time evolution of the
Chern-Simons number density ANg/V (solid lines) and its U(1) component (dashed lines) under identical conditions. In this setup, the
background field follows a spectral distribution with a longer correlation length (N = 512,15 ~ R,). The increasing field strength is
indicated by progressively darker line colors. The red lines denote the positive maximum helicity (oy; = 1), while the green lines
correspond to the negative maximum helicity (o = —1).
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