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Recently, a framework for computing the symmetry-resolved entanglement entropy for noninvertible
symmetries in 1 + 1d conformal field theories has been proposed by Saura-Bastida et al. [Phys. Rev. D
109, 105026 (2024)]. We revisit their theoretical setup, paying particular attention to possible contributions
from the conformal boundary conditions imposed at the entangling surface—a potential subtlety that was
not addressed in the original proposal. We find that the presence of boundaries modifies the construction of
projectors onto irreducible sectors, compared to what can be expected from a pure bulk approach. This is a
direct consequence of the fusion algebra of noninvertible symmetries being different in the presence or
absence of boundaries on which defects can end. We apply our formalism to the case of the Fibonacci
category symmetry in the three-state Potts and tricritical Ising model and the Rep(S;) fusion category
symmetry in the SU(2), Wess-Zumino-Witten conformal field theory. We numerically corroborate our
findings by simulating critical anyonic chains with these symmetries. Our predictions for the symmetry-
resolved entanglement for noninvertible symmetries seem to disagree with the recent work by Saura-

Bastida et al.
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I. INTRODUCTION

Entanglement plays a key role in both understanding and
simulating quantum many-body systems [1]. It is used to
identify phenomena such as quantum phase transitions and
critical points [2—-6] and to characterize phases that lack
local order parameters, such as topological phases [7,8]. In
the context of numerical approaches, the success of tensor
network algorithms [9,10] hinges on the entanglement
structure displayed by ground states [11,12]: understanding
and controlling entanglement allows more efficient simu-
lations of quantum many-body systems [13,14].

Recently, there has been a surge of interest in under-
standing the interplay between entanglement and another
pillar of modern physics: symmetries. Of particular interest
has been the so-called symmetry resolved entanglement
entropy (SREE), which quantifies the entanglement
entropy in the different representations of a symmetry.
The idea of symmetry resolution dates back to Ref. [15],
where the entanglement spectra of critical spin chains was
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resolved with respect to the spin quantum number. More
recently, the SREE has been studied extensively in 1 + 1d
conformal field theories (CFTs) due to the powerful
analytical methods available [16-25] (for a more com-
prehensive review see Ref. [26]). The SREE has also
found applications in studying strongly correlated models
[27,28], where it can provide nontrivial information
concerning the configuration of the ground state or serve
as an order parameter [29]. From the numerous studies of
the SREE in 1 + 1d CFTs, a key result has emerged: the
equipartition of the SREE. At the leading order in the
ultraviolet cutoff, the SREE is equally distributed among
the different representations of the theory. Violations of
the equipartition are observed at the subleading order and
are generally sensitive to the dimension of the represen-
tation in question [16,21,23].

A powerful approach to symmetry resolution in 1 + 1d
CFTs adopts the framework of boundary CFT (BCFT)
[22-24,30]. The BCFT approach to the SREE arises
because the spectra of the entanglement Hamiltonian in
1 4+ 1d CFTs is described by a BCFT [31-33]. A BCFT is
present because computing the entanglement entropy
requires a bipartition of the Hilbert space, which comes
with a choice of boundary conditions at the entangling
surface [33]. The choice of boundary conditions dictates
the energy spectrum of the entanglement Hamiltonian [31]
and which symmetries of the bulk are present in the BCFT
[23,34]. By using the BCFT approach to the SREE, when

Published by the American Physical Society


https://orcid.org/0009-0001-3299-8501
https://orcid.org/0000-0002-5441-4124
https://ror.org/01ej9dk98
https://crossmark.crossref.org/dialog/?doi=10.1103/lr47-yv3j&domain=pdf&date_stamp=2025-07-07
https://doi.org/10.1103/PhysRevD.109.105026
https://doi.org/10.1103/PhysRevD.109.105026
https://doi.org/10.1103/lr47-yv3j
https://doi.org/10.1103/lr47-yv3j
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

JARED HEYMANN and THOMAS QUELLA

PHYS. REV. D 112, 025004 (2025)

the symmetry in the BCFT is a finite group G, Ref. [23]
found'

2

lim(S,(g.) = $,(9)) ~log e, (1

where d, is the dimension of the representation r of G, and
|G| is the cardinality G. Here, S,(q,r) is the nth Rényi
entropy within the irreducible representation r, while
S,(q) is the nth Rényi entropy. The g — 1 limit corre-
sponds to taking the ultraviolet cutoff (lattice spacing) to O
(or the width of the annulus in the BCFT to infinity).
When the symmetry of interest is a finite group G, Eq. (1)
indicates that the equipartition of the SREE is broken by a
term that depends on the dimension of the r representation
of G and the cardinality of G.

In recent years, after the seminal work of Ref. [37], the
notion of a symmetry in quantum field theory and quantum
lattice models has been generalized systematically and now
extends beyond the concept of groups. As part of this
endeavor, there have also been substantial efforts to abstract
the concept of the symmetry (and its representations) from
that of the underlying physical system in terms of what
has become to be known as a “SymTFT” or sandwich
construction. For recent reviews on these very dynamical
areas of research and references to the original literature
see Refs. [38—43]. From the modern perspective that has
emerged, symmetries should be identified with topologi-
cal defects of various dimensions and composition of
symmetries should be realized as defect fusion. In this
framework, it is very natural to allow for symmetries that
are not invertible. Predating the more recent efforts, the
consideration of topological defects and their role in terms
of describing symmetries and dualities has a long history
in the study of 1 + 1d rational CFTs (RCFTs) (see, e.g.,
Refs. [44—46]).

Recently, in Ref. [47], the SREE was analyzed for
noninvertible symmetries, dubbed the Cat-SREE, gener-
ated by Verlinde lines in 1+ 1d RCFTs. The tricritical
Ising model was studied, and the entanglement entropy was
resolved with respect to the Fibonacci category. The
Fibonacci category has two simple objects, C = {1, W}
with nontrivial fusion relation W x W =1 + W, and two
irreducible representations, also labeled by C. Analogous to
the group-like case, Eq. (33) of Ref. [47] implies2

&2
cF” @)

}Iig}[Sn(q, r) = S,(q)] = log

'For a derivation of this result within the framework of
algebraic quantum field theory, see Refs. [35,36].

A similar result has been derived using the framework of
algebraic quantum field theory [48].

where d, is the (quantum) dimension of the representation
reC and |C)2 =3, d2’ However, we find that the
above breaking of equipartition (2) is incorrect. Instead, for
symmetries generated by self-dual, multiplicity- free
Verlinde lines and Cardy boundary conditions a and b
imposed at the entangling surfaces, we find that the
equipartition of the SREE when projecting onto the r
boundary conformal tower is

. d,
y_l;rll[sn(q’ r) - Sn(‘])] = log d,d, . (3)

If we choose both boundaries to be identical, a = b = ac,
with ac being a boundary symmetric under C such that
ac X ac =Y .cc¢, then Eq. (3) implies that the equi-
partition of the SREE is

lim[S,(¢.r) = Su(9)] = log \C/I’E, (4)

where v/C := Y. cd., and r labels an irreducible repre-
sentation of C. When the Verlinde lines form a finite
(Abelian) group, Eq. (4) is in agreement with Eq. (1)
because the quantum dimensions of invertible symmetries
are equal to one. The deviation from Ref. [47] can be
succinctly summarized as follows: the fusion algebra of
noninvertible symmetries is sensitive to the presence of
boundary conditions and is different than the fusion
algebra of the bulk. In this work, we find that if one
wishes to understand the relation between entanglement
measures and noninvertible symmetries, extra care due to
the presence of boundaries is required—an issue that was
not addressed in Ref. [47].

Equation (4) requires that our multiplicity-free fusion
category contains a self-dual object that generates all
simple objects of the fusion category C. These are rather
stringent conditions. Therefore, we emphasize that Eq. (4)
is not a general formula, and we can only show its validity
for fusion categories that satisfy the conditions mentioned
above. To mention a specific example, Eq. (4) is valid for
SU(2), fusion categories restricted to their integer spin
Verlinde lines; the restriction to integer spin Verlinde lines
always results in a symmetric boundary state [34].
Moreover, it is straightforward to show that the symmetric
boundary state(s) also generates all integer spin Verlinde
lines.* Small values of k result in familiar fusion categories:
the Ising category (k = 2), the Fibonacci category (k = 3),
and the Rep(S3) category (k = 4) [34].

*We note that our convention for the total quantum dimension
|C| differs from the one used in [47].

*For even (odd) k, the boundary state(s) with spin label(s)
ac =% (%) satisfies ac X ac = Y.< ¢ ¢, where Cis the SU(2),
fusion category restricted to integer spin labels.
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Before proceeding to more technical considerations, we
note that topological defects in the presence of boundaries
find numerous other applications. In the CFT setting, they
have been used to analyse boundary renormalisation group
flows [49,50] and study open string field theory [51]. The
algebraic structure formed by considering topological
defects terminating on two domain walls (or boundaries)
is known as the “ladder algebra” in the mathematics
literature [52-54]; this has its roots in analyzing gapped
boundaries and domain walls for topological phases [55].
However, the ladder algebra can also be viewed analo-
gously to the tube algebra in the bulk [56], providing the
appropriate mathematical setting to analyze generalized
symmetries in the presence of boundaries. This has
motivated a recent SymTFT perspective of the ladder
algebra to study the representation theory of solitons
[57-59]. We would also like to mention Ref. [60], where
the ladder algebra was discussed in the context of the three-
state Potts model.

The rest of this paper is organized as follows: In Sec. Il
we briefly review the BCFT approach to computing the
SREE. In Sec. III, we provide an explicit counterexample to
the results in Ref. [47] by analyzing the SREE with respect
to the Fibonacci category in the three-state Potts model. In
Sec. IV, we briefly review topological defect networks and
the action of defects on states in the open string Hilbert
space. This allows us to construct projections to individual
symmetry sectors on the open string Hilbert space and
analyze the asymptotic limit of the SREE in Sec. V. A
crucial ingredient is a detailed understanding of the fusion
algebra of defects in the presence of boundaries. We then
proceed to apply our framework to specific examples in
Sec. VI and numerically corroborate our results by simu-
lating anyonic chains.

II. BRIEF REVIEW OF THE BCFT
APPROACH TO THE SREE

This brief review closely follows the formalism estab-
lished in Ref. [23]. Defining the entanglement between
regions A and B for a state described by the density matrix p
requires a bipartition of the Hilbert space,

H="H, @ Hp. (5)

The reduced density matrix p, = trgp corresponding to
region A is obtained by tracing out the degrees of freedom
in B, and the entanglement entropy can be computed.
However, as explained in Ref. [33], a well defined
bipartition of the total Hilbert space (5) requires a choice
of boundary conditions at the entangling surface (the
regions separating A and B). The need for boundary
conditions at the entangling surface is most explicit in
theories whose Hilbert space does not admit a simple tensor
product decomposition. These include continuum field
theories but also lattice models such as anyonic chains

[61], which in turn represent important examples of
physical systems with noninvertible symmetries. For a
conformal field theory, it is natural to choose boundary
conditions that preserve the (extended) chiral algebra.
Formally, this is achieved by a factorization map 1, ,

la,b: H - HAsz ® HB,llb’ (6)

where H, ., (Hp.5) is the Hilbert space in region A (B)
with boundary conditions a and b at the entangling surface.
In the path integral, the factorization map is implemented
by inserting two disks of radius € < 1 that serve as an
ultraviolet (UV) cutoff. The region A of length # is then
mapped to an annulus of width w by a conformal trans-
formation [31,33] (see Fig. 1). The dependence of w on ¢
depends on the initial geometry of the problem. For
instance, whether the Hilbert space is defined on an infinite
line or finite periodic chain. For a comprehensive list of
different geometries see Ref. [31]. For our purposes, we are
interested in the BCFT defined on an annulus of width w,
and it is not important what the initial geometry of the
problem was.

The reduced density matrix p, ,, = trg ,,p is obtained
by tracing out the degrees of freedom in Hy ,;,, Where p is
the density matrix corresponding to the ground state. It was
argued in [31] that the reduced density matrix can be
written as the annulus partition function of an appropriate
boundary CFT. More specifically,

qL”—c/24
PAab = 7

, (7)

ab(Q>

2
where g = e=27 /%

charge,

is the modular parameter, c is the central

Zab(‘]) = traquO_C/24 (8)

is the open string partition function with boundaries a and
b, and tr,, denotes the trace over the open string Hilbert
space with boundaries a and b. The normalization factor of
1/Z,,(q) in Eq. (7) ensures tr,,pq . = 1.

B Re > A Re ~‘I B
. ’ . U
s._" g s._‘t
(al 1b)
w
s \‘ “
{aly 3 (D)
‘~ . 'l

FIG. 1. Two slits of radius ¢ are inserted at the entangling
surface, and boundary conditions a and b are imposed. By a
conformal transformation, the region A is mapped to an annulus
of width w with boundary states |a) and |b).
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By a modular transformation, the open string partition
function is written in the closed string channel as

Zap(q) = (algho=</**|b), ©)

where § = 72" is the dual modular parameter and |a) and

|b) are conformal boundary states imposed at the entan-

gling surface by the factorization map 1,,. The Rényi
entropies are

Z(q")
1
T=nC2(q)’

S.(4) = 1 (10)

n 1Og trabpz =

with the entanglement entropy being given by lim,,_,; S,,(¢).
The framework just described was used and extended
systematically in Ref. [23] to allow for the consideration of
symmetry resolution of these entropies. While the previous
paper was concerned with continuous or finite group
symmetries, we will suppose now that we have some
symmetry category C acting on the open string Hilbert
space, and, just as in Ref. [23], we assume that this action
corresponds to the one inherited from the reduction of the
action of C on the total Hilbert space (5) to that on the
reduced space Hy ,,. The SREE is then computed by
introducing
Za(q" 1) = (11)
where II, projects onto the representation r of C. The
symmetry resolved Rényi entropy (SRRE) is given analo-
gously to the Rényi entropies

tI'abHr/)Z )

1 Zab(qn r)
log ,
l—n Z5,(q.7)

with the SREE being obtained in the limit n — 1. It is
useful to define the charged moments of the reduced
density matrix

Su(g.7) = (12)

Zab(qn’ C) = trabﬁcqn(LO_C/ZA‘)7 (13)
where L, is the operator corresponding to the object c € C
acting on states in the open string Hilbert space. In the
closed string channel the charged moments read
zan(q".€) = {alg o= /D|b),. (14)
where |a),. and |b), are boundary states in the Hilbert space
of the c-twisted sector. The charged moments (13) corre-
spond to computing the open string partition function with
an insertion of the defect £ terminating on the boundaries
a and b. We require that £, can topologically end on both
|a) and |b). This requires that the fusion ¢ X a contains a
and, likewise, the fusion ¢ x b contains b. Using the
terminology of Ref. [34], the boundaries a and b must

be weakly symmetric under L. for Eq. (13) to be nonzero.
Moreover, we will assume that a and b are simple
boundaries; they are not written as a superposition of
elementary boundary states.

The charged moments in the closed string channel make
it quite simple to derive the asymptotic behavior of the
SREE. Generally, a projector onto the irreducible repre-
sentation r of C is written as a linear combination of
operators in C,

HLa,b] _

Soae,,

ceC

(15)

for constants A[r‘;’h] that ensure the projectors are orthogonal.
The superscripts [a, b] make it explicit that such projectors
are defined in the presence of boundaries a and b. If the
boundaries are equal, a = b, we will only include one
boundary in the superscript, [a] = [a, a]. For the symmetry
C to be present in the open string Hilbert space, all defects L.
for ¢ € C must be able to topologically terminate on the
boundaries a and b, and the boundaries a and b must be
weakly symmetric under C. As a consequence, C is non-
anomalous and can be “gauged” in a generalized sense [34].

Using the general form of a projector (15) in the closed
string channel, Eq. (11) reads

ZArc . |~ (Lo—c/24) |b),.

ceC

abqr

q—)l

b] ~ =

~ A" (al0)(0]b). (16)
where we have assumed that there is a unique vacuum |0) in
the bulk CFT. Therefore, in the asymptotic limit ¢ — 1, the
vacuum sector dominates in the closed string channel,
leading to Eq. (16). It will be useful to define the difference
between the symmetry resolved Rényi entropies and the
Rényi entropies

ASn(q’ 7") = Sn(q’ 7’) - Sn(q) (17)
Plugging in the symmetry resolved Rényi entropies (12)
and utilizing the asymptotic limit (16), one finds that the
equipartition of the SREE is broken by the term

limAS, (¢. r) = log Al (18)
q—)

For a finite group G, the projectors onto the r irrep are

PO = |G| Zm(g U(g), (19)

geG

where U(g) is the representation of the element g € G, and
x-(g) is the group character. From the above projector, one

has A" = y,(1)2/|G], recovering Eq. (1).
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III. SYMMETRY RESOLUTION FOR THE
FIBONACCI CATEGORY

In this section we will revisit the Cat-SREE framework
proposed in Ref. [47] and show it is insufficient to produce
the correct SREE with respect to the Fibonacci category in
the three-state Potts model. Using the extended W algebra,
the three-state Potts model has a diagonal modular invari-
ant. There are six primary fields, 1,y,y", €, 6, and 6" with
scaling dimension 0,2/3,2/3,2/5,1/15, and 1/15,
respectively. In the basis (1,&,y,0,y",6"), the modular
S matrix reads [62]

with
Ey s 2
P 2 (sm5 sin <

% sin 22

>, w =3 (21)
5

—gqinZ
SlIl5

The fusion rule
exe=1+e¢ (22)

indicates that the Verlinde lines £. for ceC = {1,¢}
generate a Fibonacci symmetry. For the case of diagonal
RCFTs, the primary operators, Verlinde lines, and boun-
dary states are in one-to-one correspondence. Therefore,
they can all share labels in some modular fusion category
M. Thus, the Cardy state |¢) is weakly symmetric with
respect to C [34]. The open string partition function with
both boundaries a = b = ¢ is

Ze :Zl(q) +)(s(q) (23)

Next, we require projectors onto the irreducible repre-
sentations of C. As C has two elements, there are two
irreducible representations. In the bulk CFT, the action of
the Verlinde line £, on each conformal family [44] in the
basis (1,&,y,0,y",6") is

S

L, = <S—€’> =(@1-p.p.1—p.0.1-¢), (24
1j

where ¢ = (1 ++/5)/2 is the golden ratio. The action of
the topological defect £. on the vacuum representation is
given by the quantum dimension d,. of c. This means that
the conformal towers 1,y and y' transform trivially under
L., while the conformal towers €, o, and ¢’ transform
nontrivially under L,.

For the bulk CFT with a diagonal modular invariant, the
Hilbert space decomposes as H = PV, ® 1_2,,. In the bulk

"

CFT, the projectors P2k: H — V. ® V, onto the con-
formal tower r are [56]

Pk = z S1,Spr Ly (25)
beM

The primary operators {1,y, "} transform in the trivial
representation of C. Therefore, the projector onto the trivial
irrep of C is the sum of projectors onto the conformal

towers {1,y,y'},

H'f“lk — Ptfu}k + Paulk + P::;/l}]k (26)

Similarly, the primary operators {¢, 6, ¢'} transform in the
nontrivial irrep of C; the projector onto the nontrivial irrep
of C is the sum of projectors onto the conformal towers
{e,0,0"},

nglk — Pgulk 4 Pl;ulk + nglk' (27)

Using the bulk modular fusion category projectors (25) we
find

1
Itk = Tto? (Ly +oL,). (28)
k=Y (o, - L) (29)
€ 1"‘(/72 1 e):

As observed in Ref. [47], these are the projectors one would
obtain when using Eq. (25) with the modular S matrix for
the Fibonacci category,

(30)

1 1 o
SFibziz :
Viter\e -1

We now need to compute the charged moment z,,.(g, €),
which requires computing the overlap of twisted boundary
states. The Hilbert space of the c-twisted sector decom-
poses as [23]

He = DNLY, QV,. (31)
7872

This implies that the diagonal sectors in H, are of the form
V, ® V, with p running over the set {e, 5, 6" }. We denote
the boundary state |&) in the e-twisted sector by

|€>s = al|€»£ + a2|0-»£ + a3|61‘»57 (32)

where |h)), are the Ishibashi states in the e-twisted sector
and a; are undetermined constants. Using a vector notation
for the characters, this implies the charged moment

Zee(q7 8) = treeﬁepA,e,e is

025004-5
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Zee(q. €) = a12:(q) + x5 (q) + a3y, ()
p(ay + ay + az)
v(ia) + ay + a3)

ulay + o’*ay + ooy

ula, + wa, + o’as

(
v(a; + w*ay + way
(
v(a;, + wa, + w*ay

)
)
)
)

where a; = |a;|>, and we use the basis {y;(q),x.(q),

)(l//(q)’)(rr(q)v)(yﬂ(q)v)(zf(q)}’ and
5+V5 5-5
H= 30 v=-— 0 (34)

Note that Z,.(g) only contains the characters y;(g) and
x.(q); therefore, the final four rows in z,.(q, &) must be
zero.” This implies that a; 4+ w?a, + wazy =0, and
a; + wa, + w*az = 0. Together, these constraints imply
that oy = a3 and a, = —w(a; + waz) = —o(1 + w)a;.
Plugging these into the charged moment (33) yields

2e(q.€) = =(1 + w)ai (ur1(q) +12.(9)).  (35)

Finally, we need a constraint to fix @;. This is determined
by the action of £, on the boundary identity or the ¢
conformal tower. At this stage, we do not know what that
action is; for now, we will let £,’s action on the boundary
identity conformal tower be some nonzero scalar A. This
implies

5 5
—(1 + a))(llﬂ =i= ay = A —;O\/” (36)
resulting in
Zee(q.€) = 221(q) + A1 = @)xe(q)- (37)

As the coefficients in front of y(g) and y,(q) are different
in Eq. (37), we conclude that the boundary identity
conformal tower and the boundary e conformal tower
correspond to different irreps of C. As a consequence,
for Eq. (29) to be projectors onto the irreducible repre-
sentations of C in the presence of boundaries, we must have

tr, T, .. =¥(q) or x.(q) and vice versa for T2k,
Using the charged moment z,,.(g, ¢) defined in Eq. (37),
we compute

SThis is because, by construction, the Verlinde lines commute
with the extended chiral algebra and therefore, by Schur’s lemma,
act as scalar multiples of the identity on irreducible representa-
tions of the chiral algebra [44].

(1+ )y + (1 — 20> + A9y

Hbulk

tr,

PAee = . ’ (38)

and assert

trsenll)UIkpA i)(l (Q) . (39)

However, no choice of A satisfies the above, Eq. (39).
Similarly, no choice of 1 can satisfy

!
trsenll)UIkpAVsez)fs(q)' (40)

We conclude that the original bulk projectors (29) are
incorrect in the presence of boundary conditions.

The Fibonacci projectors in the bulk (29) leading to
incorrect results in the presence of boundaries could be
established on different, simpler grounds. Namely, the
fusion algebra of defect lines terminating on a boundary
is generally different than the bulk fusion algebra [51].
Following the prescription in Ref. [51] we find that the
boundary fusion rules for C = {1, ¢} with boundary con-
dition € on both sides is

€ € 1 € -1 €
LL]XLL]:;LEM"’TLL], (41)

where ELg] indicates that the defect £ terminates on the two
boundaries labeled by ¢. From the above boundary fusion
rules (41), it is clear that the bulk projectors (29) do not
satisfy TTUKTTPUk = 5, TT0UI when the defects terminate on
the boundary e.

Before concluding this section, note that if one used the
projectors

le] _

Hl _l+(p(£1+¢££)’

[¢] ¢

e = Ly -L,), 42
o(fi-L) (42)

then for 1 = 1 we would find

tresn[lg]pA =X1 (q) s
e T pa = 1e(q). (43)

We will show how to construct these projectors in Sec. V.

IV. TOPOLOGICAL DEFECT NETWORKS

In Sec. 111, the charged moments (13) were computed by
taking overlaps of twisted boundary states. In Ref. [23] the
authors noted the similarity between computing these
overlaps and orbifold CFTs, developing a method to
compute the SREE by utilizing boundary states in orbifold
CFTs. The orbifold construction of the SREE makes it

025004-6
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explicit why the symmetry of interest, C, needs to be
anomaly free: constructing the orbifold CFT is only
possible if C is free of a 't Hooft anomaly. In contrast
to Refs. [23,47], we wish to compute the SREE strictly
from the open string channel and only use the closed string
channel to compute the breaking of the equipartition in the
asymptotic limit [Eq. (18)]. This requires knowledge of the
action of the defects on states in the open string Hilbert
space without appealing to the closed string channel and
twisted boundary states.

When working in the open string channel, it is natural to
use the graphical calculus afforded by fusion categories;
this requires performing manipulations of topological
defect networks by utilizing the appropriate F-symbols.
In the presence of boundaries, as is the case here, these
manipulations can become difficult because one needs to
keep track of the F-symbols associated with the symmetry
category of interest and the F-symbols associated with the
module category of interest (the boundary states). However,
with simplifying assumptions, only a single set of
F-symbols is required. We will focus on diagonal RCFTs
in which the charge conjugation acts trivially. As the CFT has
a diagonal modular invariant, primary operators, Cardy
boundary states, and Verlinde lines are in one-to-one
correspondence and share the same labels in a modular
fusion category M. Invariance under charge conjugation
means that all Verlinde lines are self-dual, i.e., £, = L; for
c € M. In other words, it is not necessary to specify the
orientation of defects in diagrammatic manipulations. For
simplicity, we also restrict ourselves to situations where the
fusion of Verlinde lines

LoxLy=)Y NL, (44)

is multiplicity free. This means that the fusion coefficients
N¢, are either 0 or 1 for all ¢,d,e€ M. The fusion
coefficients N¢, can be determined from the modular S
matrix with the Verlinde formula [63]. Finally, we assume
parity invariance of our defects and CFTs. With these
assumptions, we review the relevant formalism presented
in Ref. [51] to compute the action of defects on states in the
open string Hilbert space.

A. Defect networks

Manipulations of networks of topological defects is
done by utilizing the F-symbols. Our convention for the
F-symbols are shown in Fig. 2. Moreover, if any of the
incoming defects a, b, ¢, or d are the identity defect,
denoted by 1, then the corresponding F-symbol is trivial.
For consistency of defect network manipulations, the
F-symbols must satisfy the so-called pentagon identity
(see, for instance, Ref. [51]). This requires that the
F-symbols satisfy

a b

c d

(45)

As emphasized in Ref. [51] (see also Ref. [64]), the
pentagon identity has a large symmetry, sometimes referred
to as a gauge symmetry. From a set of F-symbols that
satisfy the pentagon identity, applying an appropriate gauge
transformation to these F-symbols results in another
equivalent solution of the pentagon identity. Of course,
after manipulating the defect networks, the final result
obtained should be independent of the gauge choice
(assuming the result corresponds to a physical observable).
For our purposes, it is useful for our diagrammatic rules to
be fully isotopy invariant; the defects can be freely moved
and bent without incurring additional negative signs or
phase factors. This condition corresponds to a specific
choice of gauge for the F-symbols which we will use in this
work. In this gauge, some of the F-symbols simplify [65]

a b a a d
F =F = <
‘CL b] “{b b} d,d,
Due to the assumption of parity invariance, we have F-
symbol identities such as

N N e I

B. Open topological defects

(40)

As explained in Ref. [51], attaching defects to a
boundary comes with a choice of normalization for the
junction field. A natural choice of normalisation arises from
using the F-symbols to attach a parallel defect to a

boundary and assigning a factor of \/F;[da; da] to each
junction. This junction factor is denoted by a filled circle,
see Fig. 3. These junction factors have some convenient
properties [50,51]. One particularly useful property we will
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d

FIG. 3.

SN
W

Fusing a defect parallel with a boundary naturally results in normalization factors of the junction between the defect and

boundary. These normalisation factors are denoted with a bold circle, as shown in the second line.

ama

FIG. 4. With the normalization factors in Fig. 3, defects can be
shrunk on a boundary with no additional factors incurred.

utilize is the fact that, with these junction factors, we can
shrink a defect on a boundary to the identity (Fig. 4).

Next, we require the action of defects on boundary
condition changing operators. By the operator-state corre-
spondence in CFT, boundary condition changing operators
correspond to states in the open string Hilbert space
[30,66]. Determining the action of a defect on boundary
condition changing operators is then equivalent to deter-
mining the defect’s action on states in the open string
Hilbert space. Following Ref. [51], manipulations of
boundaries with boundary condition changing operators
can be lifted to defect manipulations by representing the
boundary condition by the corresponding defect label. This
assumes that there is some identity boundary that can be
used to generate all other boundaries by fusion with an
appropriate defect. In our case, this assumption is trivially
satisfied by the vacuum Cardy state. Then, the boundary
condition changing operator with representation label i can
be traded for a defect labeled by i and a defect ending field
on the identity boundary (Fig. 5). The constants a¢”
associated with this manipulation were computed in
Ref. [51]. However, the constants alqb will not be needed
for our purposes. This maneuver, Fig. 5, also has an
interpretation in terms of the topological field theory
formulation of CFTs [67,68].

C. Action of defects on boundary fields

To compute the SREE, one needs to compute charged
moments z,,(q,d) = tr,,Lpa ap- The insertion of the
defect L, in this trace corresponds to connecting a defect
to both boundaries, a and b, of the annulus, Fig. 6 (left). By
a conformal transformation, the annulus can be mapped to
the upper-half plane and the defect then traverses a semi-
circle around the origin, where a possible boundary
condition changing operator is located [Fig. 6 (right)].
By the operator-state correspondence, a state |i, M) in the
open string Hilbert space, where i labels a boundary
conformal tower and M enumerates its states, is created
by a local boundary condition changing operator y; 5, [30].
The action of the defect operator £, on states in the open
string Hilbert space is determined by the action of £; on
boundary condition changing operators. With the assump-
tions specified at the start of Sec. [V—primary operators,
boundary states, and defect lines are in one-to-one corre-
spondence—this action has been derived in Ref. [51]. This
action is illustrated in Fig. 7 under the assumption that the
boundaries at the entangling surface are described by simple
boundary conditions. For the generalization to non-simple
boundary conditions see Ref. [51]. If the boundary con-
ditions a and b are not simple, then the action of the defect
operators is more complicated. This is because the defect
operator can now intertwine different boundary condition
changing operators in the same representation.

In the BCFT approach to the SREE, Sec. I, we required
our boundary states to be weakly symmetric under our
fusion category of interest. We now see how this require-
ment manifests itself in the open string Hilbert space. The
requirement of the defect d being able to topologically end
on a and b is encoded in the F-symbol F,[ad;ib],

b a b
M: 1

FIG. 5.

Vi

Oé? 1

Boundary conditions a and b are separated from the reference, identity boundary 1. The boundary condition changing operator

y; is traded for a defect line with the same label i, incurring a factor of a?" .
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d
a d b Conformal Map /_\
—_—
@y b

FIG. 6. Annulus is mapped by a conformal transformation to
the upper-half plane. By the operator-state correspondence, the
action of a defect on the state |i, M) in the open string Hilbert
space, where i labels the boundary conformal tower and M
enumerates the descendants, is equivalent to the action of the
defect line on boundary condition changing operators (right).

see Fig. 7, which specifies the action of £, on states in the
open string Hilbert space. If a and b are not weakly
symmetric under d, then F,,[ad; ib] = O for all i, implying
that £, = 0 in the open string Hilbert space.
The fusion of two defects in the presence of boundaries a
and b is denoted by
Z N [a, b]e

eecxd

£ gla) = (48)

where N [Cii’b]e are generally noninteger coefficients [51]. By
using the F-symbols to fuse two defects in the presence of
boundaries, as in Fig. 8, and utilizing Eq. (46), the
boundary fusion coefficients are given by

~ la.ble d c¢ d c¢
ch _Feb Feu .

49
b b a a (49)

Peculiarly, even if e appears in the bulk fusion ¢ x d, the

la,ble

boundary fusion coefficient N (49) may be zero,

resulting in £, not appearing on the right-hand side of
Eq. (8). We will see an explicit example of this when we
study Rep(S3) in the presence of boundaries in Sec. VID.
With our choice of junction normalization, and specializing
to the case a = b, we note some identities of the boundary
fusion rules [50]:

Srla 1 aje
Nl =7 STNY =1 (50)

eecxd

The last identity arises due to the fact that defects can be
shrunk on a boundary with no additional factors
incurred (Fig. 4).

V. BOUNDARY PROJECTORS

A. Projector construction

We are now in a position to use Verlinde lines to project
onto sectors of the open string Hilbert space. First, we will
construct projectors that project onto the boundary con-
formal towers in the open string Hilbert space. Before we
proceed, recall that all boundary states, Verlinde lines and
primary operators share labels in the modular fusion
category M, and the fusion of the defects is multiplicity
free.

The open string Hilbert

Ha, = ENZ,V,. We want to find operators P that
r

implement the projections P[,a’b]

space decomposes as

Huy = NV, e,

d
d a m b
d a d b )
AR
»; aip;
a d
Vi

FIG. 7. Action of a defect £, on a boundary condition changing operator y;; this utilizes the manipulation shown in Fig. 5.

e

1/)1, e€cexd Z/)z

FIG. 8.

Fusion of defects in the presence of boundaries.
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o1 oy = N7, (). (51)

These projectors were constructed on a formal level in
Ref. [24],

>

M

r,M)(r,M

, (52)

where M is a descendant label. Reference [24] used
Eq. (52) to analyse the SREE with respect to conformal
symmetry.

First, let WS4l C M denote the subset of Verlindes
lines that both boundaries @ and b are weakly symmetric
under.® We propose that the projector onto V), is

[a.b] 1 a a] {a b}
Pr = F s F;‘r ‘CY'
a r] Zﬂ_b] : |:a al] “la bl

sewsl
(53)

By using the following F-symbol identity, which can be
derived from the pentagon identity (see Appendix A 2)

1 a a a b a s
- . a Z F1s|: :|Fsr|: :|Fba|:. i|:5ir’
F, [a r} st a a ab i b

ar

(54)

we have

b ~
try, Pl ]PA,ab = ZN ab

i Flb{ s € WSt
a
F {a b}F {a s} (@)
X
sr a b ba i b Xi\qg
= Noprr(4). (55)

as required. Using Eq. (54), it is easy to show that

{P[ra‘b]},eaxb are orthogonal projectors when acting on
states in the open string Hilbert space,

i, M) = 8,,P" i, M). (56)

Similarly, using Eq. (46) and the pentagon identity (45),
one can show

*For a = b, we have WS4 = ¢ x b. However, if a # b, then
WSI“b] £ g % b. This is easily seen by observing that the identity
label is always in WS[*%!, but only in a x b when a = b (under
the assumption of self-dual defects).

S P =g, (57)

reaxb

showing that the projectors are complete.

B. Asymptotic limit

Utilizing the projectors (53), the asymptotic limit of the
SREE can be computed. In the asymptotic limit, the
untwisted sector in the closed string channel dominates.
Therefore,

b
Zab(q’ I") = trabPE’a ]pA,ab

a a a b
Fy Fy,
g1 a a a b

LD a0y (0lb)ae,
Flb|: ]
a r
d
— r 0MO0lb ~c/24
dadb <Cl| >< | >q 4
= 81,3*, (58)

where we have explicitly expanded the Cardy states in
terms of the modular § matrix to go from the second last to
the final line. Unsurprisingly, the final, simplified result is
identical to the results found in Ref. [24], which utilized the
projectors in Eq. (52). This serves as a useful check of the
validity of the BCFT projectors in Eq. (53). Using Eq. (18),
we find that the equipartition of the SREE is broken by the
term logd,/d,d;, when projecting onto the conformal
family r.

Currently, the projectors in Eq. (53) do not provide any
insight on the asymptotic limit of the SREE for a fusion
category symmetry because it is not obvious how the
coefficients d,/d,d, in Eq. (58) relate to the symmetry
defects WS!“?l, More insight can be gained with some
additional assumptions. Namely, we fix both boundaries to
be identical, a = b = a., where a is chosen such that it is
symmetric under a symmetry category C, and
ac X ac =Y .ec c.” In this setup, the set of Verlinde lines
that ac is weakly symmetric under is WSl%! = C. As the
quantum dimensions furnish a representation of the fusion
ring, it follows that

VC=d&, =) d,. (60)

ceC

Using Eq. (53), we construct the projectors onto the irreps
of C

"The open string partition function will be
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1 ZFM[“C aC}Fdr[aC “C}ﬁd,

F ac decC ac dc ac dc
lac a

(61)

which can be written in the nicer form

acac |: e i| Ld' (62)
de C ac r

The boundary fusion rules (49) can be used to explicitly
show that {P[,ad},ec are orthogonal projectors,

placlplecl — 5, ploc], (63)

This is a tedious calculation, so we defer it to Appendix A 3.
Additionally, from Eq. (57) we have

S Pl =z, (64)

reC

Using Eq. (18), we see that the equipartition of the SREE
is broken by the term

d,
AS,(gq,r) =log Nk
This is in contrast with the results obtained in Ref. [47],
Eq. (2), which suggest that the equipartition should be
broken by logd?/|C|*> where |C]*>=>..cd? and
Eq. (65) is in agreement with Ref. [23], Eq. (1), when C
is a finite Abelian group because irreducible representa-
tions of finite Abelian groups are one dimensional. Strictly
speaking, due to the assumption of self-duality of repre-
sentations, C must be a product of Z,-factors. However, we
believe this assumption can easily by relaxed without
changing the outcome [Eq. (65)]. While Eq. (65) disagrees
with the results of Ref. [23], Eq. (1), for non-abelian finite
groups, this disagreement is superficial: C can never be a
nonAbelian group because the fusion of the Verlinde lines
is commutative.

A natural concern one may have is the generality of the
projectors [Eq. (62)]. Indeed, the construction of Eq. (62)
required a careful choice of boundary conditions. The
boundary conditions are referenced explicitly in the boun-
dary fusion rules (49), so it would appear that the projectors
constructed in Eq. (62) and all computations based on them
are true specifically for the chosen boundary condition a.
This is a valid concern, and we cannot definitively establish
at the time being that Eq. (62) are the general projectors that
project onto irreducible representations of C in the presence
of more general boundary conditions. Currently, Eq. (62)
can be used on a case-by-case basis. Suppose that one is
studying a theory with boundary conditions @’ and b’ that

(65)

are weakly symmetric under C. Due to the orthogonality
condition (63), a sufficient condition for the projectors with
boundaries a- (62) to be projectors in the presence of
boundaries @’ and b’ is requiring that the fusion of defects
in C does not depend on whether the boundaries are labeled
by ac or @’ and b/,

Nglcc]e — N[a blle , (66)

for all d,c,eeC. If Eq. (60) is true, then Eq. (62) will
project onto the irreps of C in the theory with boundaries a’
and b/, even though they were constructed with the
boundary a.. We will show an example of this when we
study the tricritical Ising model in Sec. VIC.

Given the explicit dependence of the boundary fusion
rules on the choice of boundary conditions [Eq. (49)], it
would be quite surprising if Eq. (66) turned out to be true in
full generality. In the next section, after studying explicit
examples of the boundary projectors (62), we will briefly
discuss the validity of Eq. (66) in the context of C = Fib
and C = Rep(S;) from the perspective of anyonic chains.

Before we study examples of the BCFT projectors,
Egs. (53) and (62), we note that it is impossible to construct
the projectors onto the irreducible representations of C (62)
by only using the F-symbols of C and making no reference
to a boundary condition.® We will comment on this further
when we study the Ising model in Sec. VIB. It may be
possible to write the projectors (62) in terms of other data of

C, such as the characters of C in the presence of boundaries.

la.b

The boundary characters j; ](c) should form a one-

dimensional representation of the boundary fusion algebra

)(Ea ,b] .a b] Z N[a b] k~ [a h] (67)

keixj

where ¢ € C and irreps of C are labeled by i, j,keC.
Moreover, they should obey relevant orthogonality rela-
tions and reduce to suitable (quantum) dimensions under
appropriate circumstances, analogous to the finite group
characters, to befit being called a character.” Again, it seems
likely that one would also have to make an explicit
reference to boundary conditions to define the characters
)?Ea'b](c) because defining the boundary fusion rules
requires a choice of boundaries. Therefore, from a math-
ematical perspective, it is unclear whether formulas for
fusion category projectors in the presence of boundaries
can be constructed without explicit reference to the
boundaries. Despite this, in Sec. VI F, we appeal to physical
arguments to suggest that such projectors are independent
of the choice of boundary conditions.

*We restrict the data to only the F-symbols of C because C
need not be a modular fusion category.

°In the bulk, the natural characters 2;(i) = S;;/S; would be
quotients of modular S-matrix entries.
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VI. EXAMPLES

After our general discussion of the theoretical under-
pinnings, we now apply the above framework to concrete
examples. The F-symbols used in this section have been
obtained utilizing Refs. [69,70].

A. Revisiting the three-state Potts model

Our goal is to find the projectors (42) using Eq. (53). The
action of £; on the boundary conformal towers 1 and ¢ is
trivial. The action of L, is trivial on the boundary
conformal tower 1, while the action of £, on the boundary
conformal tower ¢ is given by

F%r ‘1 —1-0 (68)

e €

This is in agreement with taking 4 = 1 in Eq. (37). Finally,
using the boundary fusion rules (49), the nontrivial fusion
rules are'”

1

€ £ 1 £ - £
LL]xcL]:;ng”—ﬁL]. (69)
@

Using these fusion relations, it can be checked that the
Fibonacci projectors in the three-state Potts model (42) are
orthogonal.

B. Z,: Ising model

The Ising model has a Z, symmetry generated by &; this
Z, fusion category is a subcategory of the Ising modular
fusion category and can thus be used within our formalism.
The Cardy state |6), corresponding to the primary spin
operator, is weakly symmetric with respect to the Z,
symmetry. The open string partition function with boun-
daries o is

Zss(q) = Uoupaoe = x1(q) + xe(q)- (70)

From Ref. [23], we know that y,(q) is the Z, even sector,
and y,(q) is the Z, odd sector. Using Eq. (53), we find the
following projectors

P = (L, +L,),

PLG] = (‘Cl - £s>v (71)

N = N~

which are nothing other than Z, projectors! The action of
L, on the ¢ boundary conformal tower is given by the F-
symbol

""We note that boundary fusion rules for the Fibonacci
category appear in Refs. [34,71]. However, their choice of
junction normalization differs from ours.

c &
F w[ ] =—1. (72)
From this, it follows that

traaP[lﬂ]pA,oa =X1 (q)?
oo PP 0o = 26(q), (73)

in agreement with [23].

Finally, note that the Z, projectors (71) cannot be
constructed in terms of the F-symbols of the (nonanom-
alous)'' Z, fusion category. All the F-symbols in Z, are
trivial, so the coefficient of —1/2 in Eq. (71) could not
possibly be expressed in terms of these F-symbols. To
obtain this negative sign with the F-symbols, we need to
make reference to a boundary condition, in this case o.

C. Tricritical Ising model

To make contact with the original Cat-SREE paper [47],
we will analyze the tricritical Ising model in greater depth.
Following conventions in the literature [34], the primary
operators are labeled as

Ly N, W, qgW,NW. (74)

The tricritical Ising model is a diagonal RCFT. There is a
one-to-one correspondence between boundary states and
Verlinde lines. One finds that the three (Cardy) boundary
states |W), [#W) and [N'W) are weakly symmetric under
the Fibonacci category C= {1, W}:

WxW=W-+1, W xyW =nW +n,
WX NW=NW+N. (75)

In the basis {1,nW, W,n, NW, N}, the modular S matrix
is given by [62]

$2 S1 S1 $2 ﬂﬁ \ﬁs2

S -8 -8 S \/§S2 —\/Esl
§— S -8 - 81 - 2S2 \/§S1

o) S S ) - 2Sl —\/§S2 '

\/ESI \/§S2 —\/ESZ —\/ESI 0 0

\/isz —\/551 \@ﬁ —\/552 0 0

(76)

with

"For a category C to kinematically allow a (weakly) sym-
metric boundary state, it needs to be anomaly free [34].
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s1 = sin(27/5) sy = sin(4x/5). (77)
The Verlinde lines labeled by C = {1, W} form a Fibonacci
subcategory; we resolve the entanglement entropy with
respect to C. To compute the SREE, Ref. [47] considered
the case when the boundaries at the entangling surface were
a=>b=NW. With these boundaries, the open string
partition function is

Zywinw (@) = x1(q) +xw(@) +xw(q) +x,(q).  (78)

To construct projectors onto the irreps of C, we first need to
determine how C acts on each boundary conformal tower
(Fig. 7); we require the F-symbols

(79)

NW d
FJ\/W|NW{ ] .

NWwW

with de€ C and i € {1,nW,W,n}. If d or i is 1, then this
action is simply the identity. Therefore, the relevant
F-symbols are

NW W ]
Fywinvw W ONW =1-g9,
(NW gW ]
Fywinvw w o awlT 1 —o,
AW g
Faxwinw N L. (80)

We conclude that the 1 and # boundary conformal towers
transform trivially under C, while the #W and W boundary
conformal towers transform nontrivial under C. The pro-
jectors onto the trivial, 1, and non-trivial, W, irreducible
representation of C are then given by

H[]/\/W] _ PENW] + P’[vf\/W]’
™" = Py ™ PN (81)

Using Eq. (53) we find

VW] 1
IT =— (L) +oLy),
1 1 go( 1T W)
ww @ _
Iy, ™ = I+ (L1 = Lw). (82)

Using the action of C on each boundary conformal tower
(80), one can verify that the above projectors (82) implement

NW
terwwH[l ]/)A,NW|NW =x1(q) +x,(q).

N
trNW\NWH%V W]pA,NWL/\/W = xow (@) +xw(q)- (83)

Note that the projectors we found, Eq. (82), are identical to
those found in the three-state Potts model [Eq. (42)]. Indeed,
as both boundaries are identical, a = b = N'W, the boun-
dary fusion rule identities (50) can be used to show the
nontrivial boundary fusion rules of C are identical to those of
the three-state Potts model,

1 -1
LIV s £ — ;ﬁ[INW] +—"’(p ch™. (34)

The breaking of the equipartition of the SREE (18) is then

@

AS,(g,1)=log o

, AS, (g, W) =log

1+¢ (85)

This is in contradiction with Ref. [47], which suggest
that AS,(g,1) and AS,(q,W) are log1/(1+ ¢?) and
log /(1 + ¢?), respectively.

Next, let us consider the case of two different boundaries,
a =nW and b = N'W. The open string partition function is

Zywinw(q) = xn(q) + xaw(q). (86)

Before we appeal to the projector formula (53), let us
illustrate the logic surrounding Eq. (66). In the previous
example, we have constructed the projectors onto the irreps
of C when both boundaries are N'W. These projectors can
be used with the new boundary conditions, a = nW and
b = N'W, if the boundary fusion rules of C are unchanged
with these new boundaries. Using Eq. (49) we find

NE.i/Z/W]e _ N[;]W.NW]@ (87)

dc ’

for d, c, e € C. Therefore, the projectors onto the irreps of C
with boundaries @ = nW and b = N'W are also given
by Eq. (82).

To know which boundary conformal towers transform in
the trivial and nontrivial irreps of C, we can: appeal to explicit
F-symbols, as we did in Eq. (80), construct the projectors
onto each conformal tower with Eq. (53), or analyze the
asymptotic SREE by computing (58) d,/d,wdyw for
renW x NW. Using the latter option, we find
dN/andNW = 1/(1 + (P), and dr/and/\/W :¢/(1 +(,0),
indicating that the A" and /W boundary conformal towers
transform in the trivial and nontrivial irrep of C, respectively.

1. Numerical check: General remarks

In this and the following subsection, we simulate two
critical anyonic chains, the golden chain [61] with a
Fibonacci category symmetry and a system with Rep(S3)
symmetry [72]. In both cases, we will assume open boundary
conditions so that the lattice systems are described by a
BCFTin the thermodynamic limit. The numerics will be used
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FIG. 9. Golden chain with L = 6 links and L, = 7 external W
anyons. The boundary anyons are fixed, xo = x; | = W.

to verify our projectors (25) and symmetry resolve the
spectrum in the presence of boundaries.

As wasreviewed in Sec. I, the entanglement spectrum of a
CFT coincides with the spectrum of an associated BCFT
[31]. In this spirit, we will identify the Hamiltonian Hqpc of
our open anyonic chains with the Hamiltonian of a BCFTand
interpret it as describing the entanglement properties of
another CFT. Moreover, we interpret the symmetry reso-
lution of the energy spectrum of Hgpc as symmetry resolving
the entanglement spectrum of that CFT.

To be specific, we can construct the “reduced density
matrix” (7) associated with the BCFT as p, o e~fosc_ This
is an abuse of notation, as Hggc is not a genuine
entanglement Hamiltonian but rather a local BCFT
Hamiltonian. We use this notation to bypass the need for
additional notation in our numerical analysis, where we
work with local BCFT Hamiltonians, rather than the
nonlocal entanglement Hamiltonians. Therefore, through-
out this section on numerics, we will still refer to p4 as the
reduced density matrix, with the understanding that it is the
local BCFT Hamiltonian which is exponentiated, rather
than a genuine entanglement Hamiltonian.

2. Numerical check: Golden chain

First, we study the golden chain. This is an anyonic
lattice model describing the tricritical Ising CFT [61] (see

w w w w W W

W ‘ ‘ ‘ ‘ ‘ ‘ w
X1 Z2 T Xp—-1 TL

also [73,74]). We consider an open golden chain with L,
external anyons or L = L, — 1 links, as illustrated in Fig. 9.
The local link variables take values in the Fibonacci
category, x; € {1,W} for i = 1,..., L. The neighbouring
links are subject to the constraints of the Fibonacci fusion
rules, and we fix the boundary anyons to be
Xg =x7.; = W. The Hamiltonian of the golden chain
projects neighboring anyons to fuse into the trivial channel.
Using the local basis {1, W} for the link variables, the
Hamiltonian is [61]

Holden = _Zhi with ;= n;_y +ngy
i

=i (97 +of + 970+ 1+ 972),
(88)

where n; counts the number of W particles at link i, and o7
is the Pauli x matrix. The spectrum of the open golden
chain is described by the tricritical Ising model BCFT. For
an even (odd) number of anyons, the spectrum is described
by a BCFT with boundary conditions a = W and b = W
(W) [61].

We determined the spectrum of Hgggen USINg exact
diagonalization for chain lengths L ranging from 3 to L =
19 and organized it in irreducible representations with
respect to the Fibonacci symmetry.

To achieve this, we constructed the Fibonacci projectors
(82) on the lattice. This requires the lattice analogs of the
Verlinde lines £; and Ly,. The defects on the lattice, known
as the topological symmetry [61], can be described picto-
rially, as illustrated in Fig. 10. The general action of the
topological symmetry £; for boundary anyons x, =
Xy .1 = B and external anyons j is

w w w w W W

y1 &1 T2

W ‘ W

Tr-1 ZL

FIG. 10. Schematics of the action of the topological symmetry on the anyonic chain. The filled circles denote the junction
normalization (see Fig. 3). By performing a sequence of F-moves, the defect can be transported across the anyonic chain and then

shrunk at the boundary.
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Legend labeling the irreps of the Fibonacci category is shown in the left panel. For both plots, AS,(q, r), for re {1, W}, is
shown for the number of links being (left) odd and (right) even. The red dashes show the values predicted by [47]: log d2/|C

2 where

C = {1, W}; explicitly, the dashes correspond to log 1/(1 + ¢?) ~ —1.286 and log ¢?/(1 + ¢*) ~ —0.326.

£i|x1’ ..-,XL>
L

i J
F
Z 5 XnYig1 |: l' X

- [ 69

VisewoYL 1 n+l
Here, xo = x; .1 = Yo = y..1 = B and i labels the defect
L;. For the golden chain, the boundary anyons and external
anyons are 5 = j = W. Note that Eq. (89) differs from the
topological symmetry in Ref. [34] by a factor of 1/d; due to
the presence of junction factors in Fig. 10.

Both boundaries in the golden chain are labeled by W and
therefore the nontrivial boundary fusion rule is given by
Eq. (69) no matter the chain length. However, the above
statement is not obvious from the BCFT perspective. This is
because the boundary conditions in the BCFT describing the
open golden chain differs depending on whether the number
of external anyons is odd or even [61]. It is not obvious that
the boundary fusion rules in Eq. (49) should be identical
when there is an even number of external anyons, a = b =
W and when there is an odd number of external anyons,
a = W and b = nW. For this to happen we must have

N = R e, (90)

forc,d, e € C = {1, W}. This example is a lattice realization
showing that the boundary fusion rules of C can be identical
for different boundary conditions in the BCFT.

The projectors onto the two irreps of the Fibonacci
category are given by Eq. (82). Using the asymptotic
equipartition of the SREE [Eq. (18)], we expect

@
1+¢’

AS,(g,1) =log AS,(q, W) =log (91)

1+¢’

where 1 is the trivial irrep, and W is the nontrivial irrep. We
compute Eq. (91) by using p, « e oo Qur numeric
results plotting AS,(q, r), r € {1, W}, are shown in Fig. 11.

We find that both the 1 and W irreducible representation are
approaching their predicted asymptotic value. This pro-
vides compelling evidence that the appropriate asymptotic
values of the SREE for the Fibonacci category are given by
Eq. (91). However, the anyonic chains we could simulate
were not long enough to observe saturation of the asymp-
totic value.

D. Rep(S3)

When constructing the BCFT projectors (62), we did not
need to assume that the symmetry category of interest, C,
was modular. If one can find an appropriate embedding
C C M of the symmetry category C into a modular fusion
category M, then projectors for the fusion category C can
also be constructed. We will illustrate this procedure by
constructing projectors for the Rep(S3) fusion category in
the presence of boundaries.

To construct these in the context of a CFT, we consider
the diagonal, A-type modular invariant for the SU(2),
Wess-Zumino-Witten model. This theory contains fields
with spin 0, 1/2, 1, 3/2, and 2. As mentioned in [34], the
boundary state |k/4 = 1) is weakly symmetric undera C =
Rep(S;) category that is generated by three simple lines:
L, for j =0, 1,and 2. L, is the identity line, and £, and £,
satisfy the fusion rules,

2x2=0
Ix1=0+1+2
1x2=2x1=1. (92)

As expected, the above fusion rules show that the Cardy
state |1) is weakly symmetric with respect to C. The open
string partition function with both boundaries fixed as |1) is

Z11(q) = xo(q) +x1(q) + x2(q). (93)
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The action of C on the boundary operators is described by

the F-symbol
1 d
Faly (94)
i1

for d,i € C. The relevant, nontrivial F-symbols are

1 1 1 2
Fyy =-1 Fyy =-L

2 1 1 1

1 1
F =0. 95
u[l J (95)

Using Eq. (53), we find the three projectors

1
My = Pyl = 2 (Lo +2£1 + L),
1
H[ll] — P[ll] P Z(2£O —_ 2£2),
n =P =Y —or a g 96
2 2 4( 0 1+ Ls). (96)

These projectors imply that for a Rep(S3) symmetry the
equipartition of the SREE is broken by [Eq. (18)],

1 1
AS,(q,0) = AS,(q,2) = logZ, AS,(g,1) = logi.

(97)

Using the projectors (96) along with the nontrivial F-
symbols (95), a quick calculation shows

tfzzng]ﬂ,q.n = x0(q).
tfzzn[ll]/’A,n =11(q).
tfzzn[zl]ﬂA,n = 12(q). (98)

The boundary fusion rules of Rep(S3) are identical to the
bulk fusion rules, with the peculiar exception,

1 1 L.y 1.
o<y =20y 45 0y (99)

Note that no noninvertible symmetry appears on the right
hand side of Eq. (99); this is to be contrasted with the bulk
fusion rule 1 x 1 =0+ 1+ 2. Using these fusion rules,
one can show that the projectors (96) are orthogonal
projectors.

1. Numerical check: SU(2), spin-1/2 anyon chain

To study the Rep(S3) projectors (96), we numerically
simulate the SU(2), spin-1/2 antiferromagnetic anyonic
chain. Our methodology is identical to our study of the
golden chain and is described in Sec. VIC 1. This chain

12 1/2 1/2 1/2 1/2 1/2 1/2

Z1 €2 €3 Ty Ts5 Te

FIG. 12. SU(2), anyon chain with external spin-1/2 anyons
and fixed spin-1 anyons at the boundary.

describes the tetracritical Ising model [61,72], which has a
Rep(S3) symmetry. We study an open chain with spin-1/2
external anyons and spin-1 anyons as boundaries (see
Fig. 12 for an illustration). The Hamiltonian favors neigh-
boring spin-1/2 anyons to fuse into the trivial channel. Due
to the fusion rules, the local basis alternates between integer
labels and half-integer labels. Therefore, the number of
links L on the anyon chain must be odd because we have
fixed spin-1 anyons on the boundary. In the local basis
x;€{1/2,3/2},and x;,; €{0, 1,2}, where i (i + 1) is odd
(even), the Hamiltonian is

Hgy), ==Y h; with

1 -1
_ 0 0 11
hi = mi_yniy +ni_yng [
i

-1 1
1 _
+—n}/2n}/2[ ! \/z}
3 _\/i 2 i+2
1 _
+ -0} [ 2 ﬂ} : (100)
3 _\/E 1 i+2

A lattice realization of the topological symmetry is
analogous to the case of the golden chain in Eq. (89).
The lattice realization of the defects is given by Eq. (89)
with the boundaries xg = x; ., = yo =y;4 =B =1and
external anyons j = 1/2. Via arguments similar to the case
of the golden chain, it is clear that the fusion rules of the £,
are identical to those in (and above) Eq. (99). Therefore, we
can expect the following equipartition of the SREE:

1 1
AS,(q,0) = AS,(¢q,2) = logZ, AS,(g,1) = logi.

(101)

Similar to the golden chain, we define the reduced density
matrix as p, o« e 75ve.. We then compute AS,(q,r) for
various chain lengths via exact diagonalization and the
Rep(Ss3) projectors (96), and Fig. 13 (left) shows AS,(q, r)
for r€ {0, 1,2} for various chain lengths. While the spin-2
representation appears to be converging to log1/2, the
spin-0 and spin-1 representations are far from the expected
value of log 1/4. We suspect that the difference in the rate
of convergence between the spin-2 representation and the
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Legend for both plots, denoting the irreps of Rep(S;3), is shown in the top right corner of the right panel. Left: AS,(q, r)

shown for r€ {0, 1,2}. Right: AS,(g,0 @ 2) and AS,(g, 1) are shown.

spin-0 and spin-1 representation is due to the number of
states in each representation. In the anyonic chain Hilbert
space, approximately half of the states transform in the 1
representation, while only one quarter of the states trans-
form in the O or 2 representation. This follows from
investigating the rank of the respective projection operators,
but it also matches the corresponding ratios of quantum
dimensions d/d; = 2 for i = 0 and 2. Thus, one would
expect AS, (g,2) to converge faster on the lattice as it is, in
a sense, closer to the thermodynamic limit.

With this in mind, observe that the number of states in the
combined 0 @ 2 representation is equal to the number of
states in the 1 representation. We then expect that AS, (g, 0 @
2) will converge at approximately the same rate as AS, (g, 1)
and the expected limit will be AS,(g,0 ® 2) =log1/2.
Indeed, as shown in Fig. 13 (right), AS,(¢,0 & 2) and
AS, (g, 1) approach the expected value of log 1/2 at similar
rates as the chain length is increased. However, similar to the
case of the golden chain, the length of the chain L is not long
enough for this asymptotic value to be saturated.

E. Additional observations

After studying numerous examples in the previous
sections, we have arrived at the following observation
concerning the asymptotic limit of the SREE [Eq. (58)].
First, when we used the BCFT projectors Pr“’h (53), recall
that the asymptotic symmetry-resolved partition function
(58) contained the prefactor d,/d,d,, where a and b are the
(simple) boundaries at the entangling surface, and r€a x b
labels a boundary conformal tower. At first glance, this
factor appears to have no relation to the set of Verlinde lines
that the boundaries a and b are weakly symmetric under

WSletl However, we believe that

d,
dydy, WSk

(102)

for some ce WSl and VWSl =3 s d.. In
other words, the projectors onto the conformal families,

P*! project onto the irreps of WS, This provides an
interpretation of the asymptotic limit (58) in terms of the
Verlinde lines present in the open string Hilbert space. For
the case where a = b, Eq. (102) is easily seen to be true,

with ¢ = rand d2 = VWS%?. More generally, for a # b it
is not obvious that Eq. (102) is true, although we have
checked it for some specific minimal models, such as the
tricritical and tetracritical Ising model.

Let us briefly discuss the reasoning behind Eq. (102) in
the general case, a # b. First, by using the Verlinde
formula, one can show that

ZNZdNZd = ZNva
d r

which implies that the number of boundary conformal
towers in the partition function Z,,(g) is equal to the
number of simple objects in WS[*%], Then, if the irreducible
representations of WS[#] are in one-to-one correspondence
with the boundary conformal towers, i.e., for every r € a x

b there is a corresponding irrep ¢ € WSI*?], the projector

onto the boundary conformal tower r, P[ra'b], then projects

onto the irreducible representation ¢ € WSI*%/. Appealing
to the specific case of both boundaries being equal (65), we
then suggest the relation in Eq. (102).

(103)

F. Boundary conditions and projectors

It is worth noting that the projectors we found for the
Fibonacci symmetry in the three-state Potts model,
Eq. (42), are identical to the Fibonacci projectors for the
tricritical Ising model [Eq. (82)]. Naturally, this leads one to
ask: do the projectors defined in Eq. (53) actually depend
on the choice of boundary conditions? For the case of the
Fibonacci category, one can show that the BCFT projectors
do not depend on the choice of the boundary condition
when they are equal on both sides. Suppose we choose both
boundary conditions to be labeled by a; the boundary
fusion algebra is
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£l x £ = (104)

> N
eecxd
where N[che need not be integers [see Eq. (49)]. The
boundary fusion algebra identities (50) completely deter-
mine the boundary fusion rules for the Fibonacci category,

clxcld = Lo o= (105)
4 4
The orthogonal projectors that are compatible with these
fusion rules are

lal 1
MY =—— (£, + oLy).
1 +(p(1(pW)

H[a] @

w :—(51 —Ly).

106
1+¢ ( )

Finally, from the perspective of critical anyonic chains, it
is somewhat natural to conclude that the boundary fusion
rules are independent of the specific choice of boundaries.
We briefly discuss this for the case of Rep(S;) symmetry.

There are numerous anyonic chains with Rep(S3)
symmetry with open boundary conditions. For instance,
the (anti) ferromagnetic SU(2), spin-1/2 chain describes
the (tetracritical Ising) Z, parafermion CFT [72]. Similarly,
the SU(2), spin-1 anyon chains can describe ¢ =1
compact boson CFTs at various compactification radii
[72] (including nonrational points). In the above cases, fixing
aspin-1 anyon on the boundaries of the open chain will result
in the Rep(S3) symmetry being present. The boundary fusion
rules for Rep(S3) will be those stated in Eq. (99). Therefore,
from the lattice perspective, it is obvious that with spin-1
anyons at the boundaries the Rep(S3) projectors (96) will
project onto the irreps of Rep(S;).

In contrast, from the continuum BCFT perspective, it is
nontrivial to determine whether these projectors are also the
appropriate projectors for Rep(S3). First, this is because the
BCFTs associated with the anyonic chains will generally
admit non-Cardy boundary states. Second, as shown for the
golden chain, even if both boundary anyons are identical,
the corresponding boundary states in the BCFT can be
different. For these reasons, it is not obvious that the
boundary fusion rules in the presence of these boundaries
are given by Eq. (99) in the BCFT describing the con-
tinuum limit. However, viewing these BCFTs as the
continuum limit of the associated anyonic chains, the
boundary fusion rules of the Rep(S;) symmetry in
the continuum must also satisfy Eq. (99). This would suggest
that as long as the boundary conditions in the CFT are weakly
symmetric under Rep(S;), then fusion of Rep(S;) in the
presence of these boundaries is identical to Eq. (99).
Therefore, we tentatively suggest the following picture:
suppose that the simple boundary conditions a and b are
weakly symmetric under a symmetry category C that acts

faithfully (see [56]) on the Hilbert space of interest. Then, the
fusion of objects in C in the presence of the boundaries a and
b are independent of the specific choice of a and b.

VII. CONCLUSIONS

In this work, we have analyzed the symmetry-resolved
entanglement entropy for noninvertible symmetries.
Specifically, we focused on noninvertible symmetries
generated by Verlinde lines in 1+ 1d conformal field
theories with diagonal partition function. We constructed
projectors onto irreducible sectors for these noninvertible
symmetries in the presence of boundaries and utilized them
to study the equipartition of the symmetry-resolved entan-
glement entropy. A key element was the study of the defect
fusion algebra in the presence of boundaries which permits
noninteger coefficients. Explicit examples of orthogonal
projectors for the cases of the Fibonacci category and Rep
(S3) were provided. Importantly, the Fibonacci projectors
and the associated expressions for the symmetry-resolved
entanglement entropy differ from those in the recent
literature [47].

An obvious direction for future work is extending the
analysis to general fusion categories whose fusion rules
may be noncommutative. This is likely best achieved by
utilizing the SymTFT formalism [75-77]. Indeed, the
SymTFT proved to be a powerful tool when studying
the symmetry resolution of the torus partition function [56].
This is because the SymTFT can be used to construct the
generalized charges associated with a symmetry [78,79].
Work in this direction requires further understanding of the
representation theory of non-invertible symmetries on
manifolds with boundaries, which has been recently stud-
ied in the context of the representation theory of solitons
[57-59].

Throughout this work we have emphasized that the
fusion algebra of noninvertible symmetries in the presence
of boundaries is different than the bulk fusion algebra. This
leads to a natural question: does the fusion algebra
explicitly depend on the choice of the boundary conditions?
We commented on this briefly in Sec. VIF and tentatively
suggest that the boundary fusion relations are independent
of the choice of boundary conditions, as long as the
boundaries are weakly symmetric under the fusion category
of interest. While one may have physical reasons to believe
this picture to be true, a mathematical proof is far from
obvious as the boundary fusion algebra makes explicit
reference to the choice of boundary conditions.

Additionally, it would be beneficial to further analyze the
interplay between entanglement measures and noninver-
tible symmetries. Entanglement measures require some
choice of bipartition and consequently a choice of boun-
dary conditions at the entangling surface. Therefore, we
believe our results will prove useful in analyzing the
relation between other entanglement measures and non-
invertible symmetries, such as the entanglement asymmetry
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[80—-84]. On a similar note, to study these entanglement
measures numerically requires realizing the noninvertible
symmetries on a lattice with open boundary conditions.
While recent works have constructed Rep(S3) symmetries
for periodic chains [85,86], they have, to our knowledge,
not yet been constructed on spin chains with open boundary
conditions. We leave the discussion of spin chain realiza-
tions of noninvertible symmetries in the presence of
boundaries to future work.

Note added. While in the process of completing this work
we became aware of related work on symmetry-resolved
entanglement measures for noninvertible symmetries by
Choi et al. [87], as well as Das et al. [88]. We also expect
parts of other upcoming work on the SymTFT picture for
physical theories with boundaries by Choi et al. [89],
Bhardwaj et al. [90], as well as Garcia Etxebarria et al. [91]
to be relevant in our context.
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APPENDIX: PROJECTOR CALCULATIONS

1. Tetrahedron symbols

The tetrahedron symbols are obtained by considering a
defect network in the shape of a tetrahedron. Following the
conventions in Ref. [51] and using Eq. (46), they are related
to the F-symbols by

b c

(A1)

= /dadyd;d; Fop [gl Z] .

There are numerous ways to shrink this tetrahedron to a
point, which generates numerous identities between the F-
symbols, and Eq. (46) becomes more useful when used in
conjunction with the tetrahedron symbols. Due to the

numerous way to shrink a tetrahedron to a point,
Eq. (A1) has many symmetries. For instance, Eq. (Al)
is invariant under the cyclic permutation of its columns

i j k]TET k i j]TET j ok i7TET
{a b c} - [c a b] - {b c a] '
(A2)

or switching the upper and lower labels of two different
columns simultaneously.

2. Pentagon identity
The pentagon identity (45) reads

(A3)

If p =1, then we require a = b, ¢ = ¢, and e = r. Then,
by the assumption of parity invariance of defects,
F,,lik:il] = F,,il; jk]," we find

b ¢ b e c d b r
ZFIS Fct Fsr :Flt 5er‘
v b ¢ s d b t b r

(A4)
Now,wesetb=c=Xandr=d=Y
X X X e X Y
ZF15|: :|FXY|: :|Fsr|: :|
— Mx x s Y X v
—F [X r]a (A5)
- 1Y X r er
1 X X XY X e
ﬁzs:F“ {x X]F” {X Y} FXYL Y] =Ore-
Fiy
X r
(A6)

We identify the final term on the left side as the action of L;
on the irreducible representation e with boundaries X and
Y; this is only nonzero if the boundaries X and Y are weakly
symmetric with respect to £,. Thus, we arrive at

"This is obtained by reflecting Fig. 2 about the horizontal.
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1 a a a b
:T Z Fls[ :|Fsr|: b:|£s’
F]b|: :| SEWS[aAh] a a a
a r

as required.

3. Orthogonal projectors

Let C C M, where M is a modular fusion category.
Consider a € M such that a x a = ). o C. Then, using
Eq. (53) we obtain the projector onto each representation

14 EC,
F1a|: :|
a 7

Yy Vi,

“ seC

Srul

seC

Next, using the F-symbol identity (which is easily seen
from the tetrahedron symbols)

a a
danr|: :| =
a a

we then have

a r
dsdrFW{ } (A9)
S a

r
aa |: :|‘Cs’
a

where we have used d? = +/M. This recovers Eq. (62).
Next, we show that these are orthogonal projectors. We
then compute

(A10)

YEC

a d a
Fls|: :|Fsr|:
a da a
ZNstd a
s,d.A Fla|:
a
_Vdd
= hZ\/d dyN* F {
a s,d,A

From the above, by continually utilizing the tetrahedron symbols and pentagon identity, one can show P[ra]ng] = 5,,1P£f].

[1] N. Laflorencie, Phys. Rep. 646, 1 (2016).
[2] G. Vidal, J. 1. Latorre, E. Rico, and A. Kitaev, Phys. Rev.
Lett. 90, 227902 (2003).
[3] A. Osterloh, L. Amico, G. Falci, and R. Fazio, Nature
(London) 416, 608 (2002).
[4] V.E. Korepin, Phys. Rev. Lett. 92, 096402 (2004).
[5] P. Calabrese and J. Cardy, J. Phys. A 42, 504005 (2009).
[6] H.-H. Tu, Phys. Rev. Lett. 119, 261603 (2017).
[71 M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405
(20006).
[8] A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404
(2006).
[9] S.R. White, Phys. Rev. Lett. 69, 2863 (1992).
[10] G. Sierra, T. Nishino, M.A. Martin-Delgado, and J.
Dukelsky, Europhys. Lett. 43, 457 (1998).
[11] M. B. Hastings, Phys. Rev. B 76, 035114 (2007).

[12] J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys. 82,
277 (2010).

[13] U. Schollwock, Ann. Phys. (Amsterdam) 326, 96 (2011).

[14] M. C. Baiiuls, Annu. Rev. Condens. Matter Phys. 14, 173
(2023).

[15] N. Laflorencie and S. Rachel, J. Stat. Mech. (2014) P11013.

[16] M. Goldstein and E. Sela, Phys. Rev. Lett. 120, 200602
(2018).

[17] J. C. Xavier, F. C. Alcaraz, and G. Sierra, Phys. Rev. B 98,
041106 (2018).

[18] R. Bonsignori, P. Ruggiero, and P. Calabrese, J. Phys. A 52,
475302 (2019).

[19] L. Capizzi, P. Ruggiero, and P. Calabrese, J. Stat. Mech.
(2020) 073101.

[20] R. Bonsignori and P. Calabrese, J. Phys. A 54, 015005
(2021).

025004-20


https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1038/416608a
https://doi.org/10.1038/416608a
https://doi.org/10.1103/PhysRevLett.92.096402
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1103/PhysRevLett.119.261603
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1209/epl/i1998-00381-x
https://doi.org/10.1103/PhysRevB.76.035114
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1146/annurev-conmatphys-040721-022705
https://doi.org/10.1146/annurev-conmatphys-040721-022705
https://doi.org/10.1088/1742-5468/2014/11/P11013
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevB.98.041106
https://doi.org/10.1103/PhysRevB.98.041106
https://doi.org/10.1088/1751-8121/ab4b77
https://doi.org/10.1088/1751-8121/ab4b77
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.1088/1751-8121/abcc3a
https://doi.org/10.1088/1751-8121/abcc3a

REVISITING THE SYMMETRY-RESOLVED ENTANGLEMENT FOR ...

PHYS. REV. D 112, 025004 (2025)

[21] P. Calabrese, J. Dubail, and S. Murciano, J. High Energy
Phys. 10 (2021) 067.

[22] G. Di Giulio, R. Meyer, C. Northe, H. Scheppach, and S.
Zhao, SciPost Phys. Core 6, 049 (2023).

[23] Y. Kusuki, S. Murciano, H. Ooguri, and S. Pal, J. High
Energy Phys. 11 (2023) 216.

[24] C. Northe, Phys. Rev. Lett. 131, 151601 (2023).

[25] A. Banerjee, R. Basu, A. Bhattacharyya,
Chakrabarti, J. High Energy Phys. 06 (2024) 121.

[26] O. A. Castro-Alvaredo and L. Santamaria-Sanz, Mod. Phys.
Lett. B 39, 2430002 (2025).

[27] A. Lukin, M. Rispoli, R. Schittko, M.E. Tai, A.M.
Kaufman, S. Choi, V. Khemani, J. Léonard, and M.
Greiner, Science 364, 256 (2019).

[28] T. Shen, H. Barghathi, A. Del Maestro, and B.M.
Rubenstein, Phys. Rev. B 109, 195119 (2024).

[29] N. Ara, R. Basu, E. Mathew, and 1. Raychowdhury, J. Phys.
Condens. Matter 36, 295601 (2024).

[30] J. L. Cardy, Nucl. Phys. B324, 581 (1989).

[31] J. Cardy and E. Tonni, J. Stat. Mech. (2016) 123103.

[32] A.M. Liauchli, arXiv:1303.0741.

[33] K. Ohmori and Y. Tachikawa, J. Stat. Mech. (2015) P04010.

[34] Y. Choi, B. C. Rayhaun, Y. Sanghavi, and S.-H. Shao, Phys.
Rev. D 108, 125005 (2023).

[35] H. Casini, M. Huerta, J. M. Magan, and D. Pontello, J. High
Energy Phys. 02 (2020) 014.

[36] J.M. Magan, J. High Energy Phys. 12 (2021) 100.

[37] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, J. High
Energy Phys. 02 (2015) 172.

[38] L. Bhardwaj and Y. Tachikawa, J. High Energy Phys. 03
(2018) 189.

[39] J. McGreevy, Annu. Rev. Condens. Matter Phys. 14, 57
(2023).

[40] S. Schifer-Nameki, Phys. Rep. 1063, 1 (2024).

[41] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden,
D.S. W. Gould, A. Platschorre, and H. Tillim, Phys. Rep.
1051, 1 (2024).

[42] S.-H. Shao, arXiv:2308.00747.

[43] N. Carqueville, M. Del Zotto, and 1. Runkel, Encycl. Math.
Phys. 5, 621 (2025).

[44] V. B. Petkova and J. B. Zuber, Phys. Lett. B 504, 157 (2001).

[45] J. Frohlich, J. Fuchs, 1. Runkel, and C. Schweigert, Phys.
Rev. Lett. 93, 070601 (2004).

[46] J. Frohlich, J. Fuchs, I. Runkel, and C. Schweigert, Nucl.
Phys. B763, 354 (2007).

[47] P. Saura-Bastida, A. Das, G. Sierra, and J. Molina-
Vilaplana, Phys. Rev. D 109, 105026 (2024).

[48] V. Benedetti, H. Casini, Y. Kawahigashi, R. Longo, and
J. M. Magan, Phys. Rev. D 110, 125004 (2024).

[49] K. Graham and G.M. T. Watts, J. High Energy Phys. 04
(2004) 019.

[50] A. Konechny, J. Phys. A 53, 155401 (2020).

[51] T. Kojita, C. Maccaferri, T. Masuda, and M. Schnabl, J.
High Energy Phys. 04 (2018) 057.

[52] D. Barter, J. C. Bridgeman, and C. Jones, Commun. Math.
Phys. 369, 1167 (2019).

[53] M. Rowett, Monoidal ladder categories, Bachelor’s thesis,
Australian National University (2019), available at https:/
tqft.net/web/research/students/MitchellRowett/thesis.pdf.

and N.

[54] A. Henriques, D. Penneys, and J. Tener, arXiv:2307.13822.

[55] A. Kitaev and L. Kong, Commun. Math. Phys. 313, 351
(2012).

[56] Y.-H. Lin, M. Okada, S. Seifnashri, and Y. Tachikawa, J.
High Energy Phys. 03 (2023) 094.

[57] C. Copetti, L. Cordova, and S. Komatsu, J. High Energy
Phys. 03 (2024) 204.

[58] C. Copetti, arXiv:2408.01490.

[59] C. Cordova, N. Holfester, and K. Ohmori, J. High Energy
Phys. 06 (2024) 001.

[60] R. Vanhove, L. Lootens, H.-H. Tu, and F. Verstraete, J.
Phys. A 55, 235002 (2022).

[61] A. Feiguin, S. Trebst, A. W. W. Ludwig, M. Troyer, A.
Kitaev, Z. Wang, and M. H. Freedman, Phys. Rev. Lett. 98,
160409 (2007).

[62] P. Di Francesco, P. Mathieu, and D. Senechal, Conformal
Field Theory, Graduate Texts in Contemporary Physics
(Springer-Verlag, New York, 1997).

[63] E. Verlinde, Nucl. Phys. B300, 360 (1988).

[64] G. W. Moore and N. Seiberg, “Lectures on RCFT,” 1989
Banff NATO ASI: Physics, geometry and topology, Report
No. RU-89-32, YCTP-P13-89, 1989.

[65] S.H. Simon, Topological Quantum (Oxford University
Press, New York, 2023).

[66] J.L. Cardy, Boundary conformal field theory, in Encyclo-
pedia of Mathematical Physics (Academic Press, 2006),
arXiv:hep-th/0411189.

[67] J. Fuchs, I. Runkel, and C. Schweigert, Nucl. Phys. B646,
353 (2002).

[68] G. Felder, J. Frohlich, J. Fuchs, and C. Schweigert, Compos.
Math. 131, 189 (2002).

[69] G. Vercleyen and J. K. Slingerland, J. Math. Phys. (N.Y.) 64,
091703 (2023).

[70] E. Ardonne and J. K. Slingerland, J. Phys. A 43, 395205
(2010).

[71] N. Kirchner, W. Choi, and F. Pollmann, Phys. Rev. B 110,
085143 (2024).

[72] C. Gils, E. Ardonne, S. Trebst, D. A. Huse, A. W.W.
Ludwig, M. Troyer, and Z. Wang, Phys. Rev. B 87,
235120 (2013).

[73] G.E. Andrews, R. J. Baxter, and P. J. Forrester, J. Stat. Phys.
35, 193 (1984).

[74] A. Kliimper and P. A. Pearce, Physica (Amsterdam) 183A,
304 (1992).

[75] D. Gaiotto and J. Kulp, J. High Energy Phys. 02 (2021) 132.

[76] F. Apruzzi, F. Bonetti, I. G. Etxebarria, S.S. Hosseini,
and S. Schifer-Nameki, Commun. Math. Phys. 402, 895
(2023).

[77] D.S. Freed, G. W. Moore, and C. Teleman, Quantum Topol.
15, 779 (2024).

[78] L. Bhardwaj and S. Schifer-Nameki, SciPost Phys. 16, 093
(2024).

[79] L. Bhardwaj and S. Schéfer-Nameki, arXiv:2305.17159.

[80] F. Ares, S. Murciano, and P. Calabrese, Nat. Commun. 14,
2036 (2023).

[81] L. Capizzi and M. Mazzoni, J. High Energy Phys. 12 (2023)
144.

[82] L. Capizzi and V. Vitale, J. Phys. A 57, 45LTO1 (2024).

[83] M. Chen and H.-H. Chen, Phys. Rev. D 109, 065009 (2024).

025004-21


https://doi.org/10.1007/JHEP10(2021)067
https://doi.org/10.1007/JHEP10(2021)067
https://doi.org/10.21468/SciPostPhysCore.6.3.049
https://doi.org/10.1007/JHEP11(2023)216
https://doi.org/10.1007/JHEP11(2023)216
https://doi.org/10.1103/PhysRevLett.131.151601
https://doi.org/10.1007/JHEP06(2024)121
https://doi.org/10.1142/S0217984924300023
https://doi.org/10.1142/S0217984924300023
https://doi.org/10.1126/science.aau0818
https://doi.org/10.1103/PhysRevB.109.195119
https://doi.org/10.1088/1361-648X/ad3c88
https://doi.org/10.1088/1361-648X/ad3c88
https://doi.org/10.1016/0550-3213(89)90521-X
https://doi.org/10.1088/1742-5468/2016/12/123103
https://arXiv.org/abs/1303.0741
https://doi.org/10.1088/1742-5468/2015/04/P04010
https://doi.org/10.1103/PhysRevD.108.125005
https://doi.org/10.1103/PhysRevD.108.125005
https://doi.org/10.1007/JHEP02(2020)014
https://doi.org/10.1007/JHEP02(2020)014
https://doi.org/10.1007/JHEP12(2021)100
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP03(2018)189
https://doi.org/10.1007/JHEP03(2018)189
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.1016/j.physrep.2024.01.007
https://doi.org/10.1016/j.physrep.2023.11.002
https://doi.org/10.1016/j.physrep.2023.11.002
https://arXiv.org/abs/2308.00747
https://doi.org/10.1016/B978-0-323-95703-8.00098-7
https://doi.org/10.1016/B978-0-323-95703-8.00098-7
https://doi.org/10.1016/S0370-2693(01)00276-3
https://doi.org/10.1103/PhysRevLett.93.070601
https://doi.org/10.1103/PhysRevLett.93.070601
https://doi.org/10.1016/j.nuclphysb.2006.11.017
https://doi.org/10.1016/j.nuclphysb.2006.11.017
https://doi.org/10.1103/PhysRevD.109.105026
https://doi.org/10.1103/PhysRevD.110.125004
https://doi.org/10.1088/1126-6708/2004/04/019
https://doi.org/10.1088/1126-6708/2004/04/019
https://doi.org/10.1088/1751-8121/ab7c8b
https://doi.org/10.1007/JHEP04(2018)057
https://doi.org/10.1007/JHEP04(2018)057
https://doi.org/10.1007/s00220-019-03338-2
https://doi.org/10.1007/s00220-019-03338-2
https://tqft.net/web/research/students/MitchellRowett/thesis.pdf
https://tqft.net/web/research/students/MitchellRowett/thesis.pdf
https://tqft.net/web/research/students/MitchellRowett/thesis.pdf
https://tqft.net/web/research/students/MitchellRowett/thesis.pdf
https://arXiv.org/abs/2307.13822
https://doi.org/10.1007/s00220-012-1500-5
https://doi.org/10.1007/s00220-012-1500-5
https://doi.org/10.1007/JHEP03(2023)094
https://doi.org/10.1007/JHEP03(2023)094
https://doi.org/10.1007/JHEP03(2025)204
https://doi.org/10.1007/JHEP03(2025)204
https://arXiv.org/abs/2408.01490
https://doi.org/10.1007/JHEP06(2024)001
https://doi.org/10.1007/JHEP06(2024)001
https://doi.org/10.1088/1751-8121/ac68b1
https://doi.org/10.1088/1751-8121/ac68b1
https://doi.org/10.1103/PhysRevLett.98.160409
https://doi.org/10.1103/PhysRevLett.98.160409
https://doi.org/10.1016/0550-3213(88)90603-7
https://arXiv.org/abs/hep-th/0411189
https://doi.org/10.1016/S0550-3213(02)00744-7
https://doi.org/10.1016/S0550-3213(02)00744-7
https://doi.org/10.1023/A:1014903315415
https://doi.org/10.1023/A:1014903315415
https://doi.org/10.1063/5.0148848
https://doi.org/10.1063/5.0148848
https://doi.org/10.1088/1751-8113/43/39/395205
https://doi.org/10.1088/1751-8113/43/39/395205
https://doi.org/10.1103/PhysRevB.110.085143
https://doi.org/10.1103/PhysRevB.110.085143
https://doi.org/10.1103/PhysRevB.87.235120
https://doi.org/10.1103/PhysRevB.87.235120
https://doi.org/10.1007/BF01014383
https://doi.org/10.1007/BF01014383
https://doi.org/10.1016/0378-4371(92)90149-K
https://doi.org/10.1016/0378-4371(92)90149-K
https://doi.org/10.1007/JHEP02(2021)132
https://doi.org/10.1007/s00220-023-04737-2
https://doi.org/10.1007/s00220-023-04737-2
https://doi.org/10.4171/qt/223
https://doi.org/10.4171/qt/223
https://doi.org/10.21468/SciPostPhys.16.4.093
https://doi.org/10.21468/SciPostPhys.16.4.093
https://arXiv.org/abs/2305.17159
https://doi.org/10.1038/s41467-023-37747-8
https://doi.org/10.1038/s41467-023-37747-8
https://doi.org/10.1007/JHEP12(2023)144
https://doi.org/10.1007/JHEP12(2023)144
https://doi.org/10.1088/1751-8121/ad8796
https://doi.org/10.1103/PhysRevD.109.065009

JARED HEYMANN and THOMAS QUELLA

PHYS. REV. D 112, 025004 (2025)

[84] M. Fossati, F. Ares, J. Dubail, and P. Calabrese, J. High
Energy Phys. 05 (2024) 059.

[85] A. Chatterjee, O.M. Aksoy, and X.-G. Wen, SciPost Phys.
17, 115 (2024).

[86] L. Bhardwaj, L.E. Bottini, S. Schafer-Nameki, and A.
Tiwari, Phys. Rev. B 111, 054432 (2025).

[87] Y. Choi, B. C. Rayhaun, and Y. Zheng, Phys. Rev. Lett. 133,
251602 (2024).

[88] A. Das, J. Molina-Vilaplana, and P. Saura-Bastida, Phys.
Rev. D 110, 125005 (2024).

[89] Y. Choi, B. Rayhaun, and Y. Zheng, arXiv:2409.02159.

[90] L. Bhardwaj, C. Copetti, D. Pajer, and S. Schéfer-Nameki,
arXiv:2409.02166.

[91] L. Garcia Etxebarria, J. Huertas, and A. M. Uranga, J. High
Energy Phys. 03 (2024) 179.

025004-22


https://doi.org/10.1007/JHEP05(2024)059
https://doi.org/10.1007/JHEP05(2024)059
https://doi.org/10.21468/SciPostPhys.17.4.115
https://doi.org/10.21468/SciPostPhys.17.4.115
https://doi.org/10.1103/PhysRevB.111.054432
https://doi.org/10.1103/PhysRevLett.133.251602
https://doi.org/10.1103/PhysRevLett.133.251602
https://doi.org/10.1103/PhysRevD.110.125005
https://doi.org/10.1103/PhysRevD.110.125005
https://arXiv.org/abs/2409.02159
https://arXiv.org/abs/2409.02166
https://doi.org/10.1007/JHEP03(2024)179
https://doi.org/10.1007/JHEP03(2024)179

	Revisiting the symmetry-resolved entanglement for noninvertible symmetries in 1+1d conformal field theories
	I. INTRODUCTION
	II. BRIEF REVIEW OF THE BCFT APPROACH TO THE SREE
	III. SYMMETRY RESOLUTION FOR THE FIBONACCI CATEGORY
	IV. TOPOLOGICAL DEFECT NETWORKS
	A. Defect networks
	B. Open topological defects
	C. Action of defects on boundary fields

	V. BOUNDARY PROJECTORS
	A. Projector construction
	B. Asymptotic limit

	VI. EXAMPLES
	A. Revisiting the three-state Potts model
	B. Z2: Ising model
	C. Tricritical Ising model
	1. Numerical check: General remarks
	2. Numerical check: Golden chain

	D. Rep(S3)
	1. Numerical check: SU(2)4 spin-1/2 anyon chain

	E. Additional observations
	F. Boundary conditions and projectors

	VII. CONCLUSIONS
	Note added. 
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: PROJECTOR CALCULATIONS
	1. Tetrahedron symbols
	2. Pentagon identity
	3. Orthogonal projectors

	References


