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When does entanglement through gravity imply gravitons?
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Detection of entanglement through the Newtonian potential has been claimed to support the existence of
gravitons, by extrapolating to a thought experiment which demonstrates that complementarity and causality
would be in conflict unless quantum fluctuations exist. We critically assess this consistency argument using
scalar field models. We show that whether complementarity or no-signaling is violated when quantum
fluctuations are neglected, depends on how this approximation is taken, while in both cases entanglement is
generated locally in spacetime. We clarify that the correct reading of the paradox requires making a clear
distinction between two notions of causality violation: Newtonian action-at-a-distance and quantum
mechanical signaling at spacelike separation; the latter is pertinent while the former is not. We conclude
that the thought experiment (a) does not add to the epistemological relevance of entanglement through
Newtonian potentials (b) lends support for the existence of gravitons, if retardation effects are detected in

entanglement through gravity.
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I. INTRODUCTION

Detecting entanglement generation through the gravita-
tional interaction is believed to provide some evidence for
quantum aspects of the gravitational interaction e.g. [1,2].
Intuitively, for the effect to arise, the gravitational field gets
entangled with quantum matter, which implies it can exist
in a quantum superposition [3,4]. This cannot happen in a
classical field theory like general relativity, thereby falsify-
ing the theory—a result of extraordinary importance.
Whether this conclusion is compelling remains debatable.

A line of argument that has received attention employs a
consistency argument presented through a thought experi-
ment, which involves entanglement-through-gravity of two
distant parties. It exemplifies an apparent tension between
causality and complementarity, resolved when quantum
fluctuations are taken into account [5—-8]. Then, the argu-
ment goes, if entanglement-through-gravity is detected, it
must be that quantum field excitations—gravitons—exist.

In this work, we critically assess the relevance of this
thought experiment for the epistemological importance of
detecting entanglement-through-gravity using scalar field
models. We build on the demonstration that in a relativistic
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setting entanglement in table-top quantum gravity proto-
cols is generated with retardation according to the light-
cone structure [9], and the in-depth examination of quan-
tum field—theoretic models applicable to the thought
experiment carried out in [10-14].

Our main result (Secs. V and VI) is to demonstrate that,
when quantum fluctuations are neglected in a quantum field
theory, whether complementarity or no-signaling is vio-
lated depends on how this approximation is implemented.
We distinguish two cases (i) forcing the field anticommu-
tator (the Hadamard function) to be zero, which breaks
complementarity while no-signaling holds (ii) taking a
stationary phase approximation, which implies that both the
Hadamard function and the so-called causal propagator are
neglected, which allows for signaling at spacelike separa-
tion while complementarity holds. In both approximations
entanglement is generated locally in spacetime, through
phases that correspond to retarded propagators.

We clarify misconceptions in readings of this paradox
that stem from assuming Newtonian action at a distance,
i.e. instantaneous generation of entanglement (Secs. VII
and VIII). We conclude that if retardation in the generation
of entanglement is detected (protocols to this effect have
been discussed in [4,9]), such experimental data, in con-
junction with the consistency argument arising from the
thought experiment, would support the existence of
gravitons.

The discussion will focus on the form of the final
reduced density matrices of the two parties. To introduce
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gradually the formalism, we first treat a toy-model (Secs. II
and III), and then discuss how the analysis extends to a
more realistic description (Sec. IV).

II. TOY MODEL FOR ENTANGLEMENT
THROUGH A SCALAR FIELD

The main features of quantum field theory needed for the
discussion are now introduced using a toy-model descrip-
tion of entanglement through a quantum field, proposed
and studied in detail in [15]. The original derivation used
here is given in the Appendix A, only main steps are
sketched below.

Consider two masses A and B, and a scalar quantum
field. The masses are static, their positions are fixed once
and for all at x, and x, and they possess ‘internal” spin-1/2
degrees of freedom s, and s,. The combined system of the
two “spins with mass” and the quantum field ¢, lives in a
Hilbert space H = C? ® C* ® F,, with F, the Fock
space of ¢. Initially, the masses and field are in a product
state, and the spins are assumed in superposition

W(t)) =5 Y lo) ® o). (1

where |@) is the vacuum state of the scalar field, and |6) =
|sysp) are the spin configurations, with ¢ = {s,s5} €
{00, 10,01, 11}.

The interaction Hamiltonian (in the interaction picture) is

Hint(t) = _AA(t)‘A’fAd;(XA) - /IB(t)é\IZB A(XB)' (2)

where 6% =1(0)(0|, —[1)(1|, is the third Pauli matrix
acting on the spin @ = A, B and X, = (#,x,). The “switch-
ing” functions A, (#) encapsulate both the coupling strength
and the duration of the interaction. They are nonzero only
in a time interval (which can be different for each mass),
effectively “switching on” the mass-field interaction during
that time.

The physics of (2) are made more transparent by viewing
it as the spatial integral of the Hamiltonian density

A

ilint,a (X) == Zla,sa(t)53 (x _x?a([)) |sa> <sa| ® ;b(x) (3)
5,=0

where x{ () is the classical trajectory that each mass
follows for a specific value of its spin state s, € {0, 1}

Then, (2) corresponds to setting that: (a) x§ () =x{ (1) =x,
in (3), i.e. the field is coupled locally to each mass, and
(b) the couplings for s, =0 and s, = 1 only differ by a
sign A, 1(1) = —A,0(t) = 4,(t). Since the spin states are
initially in superposition, see (1), evolution yields a

Tt is implied that the coupling between mass A and the field
acts trivially on mass B, |s,)(s,| ® T; ® ¢(X), and vice versa.

superposition of coherent states (which will only differ
by overall signs of the displacement operators).

In the interaction picture, the evolutlon of the total state
of the system is given by [¥(t/)) = U(t;.1,)|¥(t;)), where
U (t/.1;) is the time-ordered exponential of (2). The
evolution operator takes the form

Ut ;) Z|o (o] ® UG(17.1,), (4)
with the per-branch field evolution operators

Te_l‘];/ a(O)p(tx,)de ] (5)

Us(tp.1;) =

To find the final state of the two masses, we trace out the
field to get

. 1 ,
Phs :1§<wﬁrlw§>la><6 - (6)

with |w}) = U5 (ty.1;)|w) the evolved field vacuum, a

coherent state that depends on o. ? The (nonperturbative)
calculation of the overlaps

(@] |f) = (@|(UF (7. 1:) U5 (17, t)|w).  (7)

is done through the Magnus expansion, a technique
convenient for dealing with the time-ordered unitaries

Ug(ts, ;).
The evolved joint state of the two masses is

1 e 78 elivk e~ r2ivs e~ ratrst2rap)
1 e~ (ratrs—27a8) e Tae=2ivn
4Pk = 1 e~ Ts o~ 2i0%
1
(8)

where we defined

ot = [ ar (G (txi 5y ()
N KRR RCINCE NN
o =[] et i xi )i 2)
o= [[ @e i x A O

*Using (5) and the standard mode decomposmon d(x) =
[ ki (X)éy+ Hee., |wh) = A[ J|w), with D[A ] a'li=alll and
A = [ dkA(k)ay, with A(k) =i, s, [dtd,(t uk (t,x,).
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for a = A, B. Here, Gy(t,x;7,x,) is the field’s retarded
propagator, and H(z,x,;¢,x,) the field’s Hadamard func-
tion, evaluated on the locations of the two masses. The roles
of Gy and H are discussed in a moment, in Sec. II1I. We have
introduced the convention that lower indices on phases ¢
denote source and upper indices denote recipient.

The reduced density matrix for A when tracing out B
reads

. 1 e~ cos (2¢5) )
o 10
Palty) ) (e—%\ cos (2¢3) I v

Similarly, the reduced density matrix for mass B is given by
A <> B. We see that: (a) the pure phases ¢§ will create
entanglement between A and B, (b) the exponents y,, vz
cause local decoherence, due to the local to A or B
coupling to the field, (3) the exponents y,; are not locally
accessible to A and B.

III. CAUSAL INFLUENCES AND QUANTUM
FLUCTUATIONS

We now discuss the meaning of the phases ¢*, ¢® and the
exponentially suppressing exponents y,, y and y,p, that
appear in the final state (8).

A. Retarded propagation of which
path information

The retarded propagator Gyr(X;X') = Gg(t,x;1,x)
is given by the time-ordered commutator Gg(X;X') =

A A

—i{[¢p(x), p(X')])0(¢ — '). Tt describes causal propagation
from the spacetime point X’ to a point X inside the future
lightcone of X'. It solves the classical equations of motion:
it does not encode quantum fluctuations.

For example, the phase ¢j, see (9), describes the causal
influence of B on A. The interaction of B with the field is
encoded in the switching function A;(¢'). The convolution
of A,(#') with the retarded propagator sourced by B is
supported in the causal future of B. If A intersects the
causal future of B, their joint state (8), and the reduced state
of A (10), accumulate a phase ¢5. These phases create the
entanglement-through-gravity between A and B discussed
in table-top quantum gravity. It is generated locally in
spacetime, with retardation [9,16].

A different way to see that the retarded and advanced
propagators do not encode quantum fluctuations is through

[B(x). $(x)] = iE(x:X)1 (11)

where E(X;X') = Gg(X;X') — G,(x;X") and 1 the identity
operator on the field. Here, G, is the advanced propagator
and E is known as the causal propagator. The causal,
retarded and advanced propagators are numbers; they are
trivial operators on the state of the quantum field. Although
E and G, do not appear in the final state (8), they are

needed for deriving it, they play a role in the evolution. We
will see in Sec. V that the stationary phase approximation,
in addition to neglecting the Hadamard function H, also
forces E to zero.

B. Quantum fluctuations

The Hadamard function is the expectation value of the
field anticommutator, H(x;X') = ({¢)(x).$(x')}). Unlike
the commutator, the anticommutator is a nontrivial func-
tional of the quantum field: it is not proportional to the
identity operator. It encodes the effects of quantum
fluctuations.

The exponents y,, vy and yp, describe (scalar) quan-
tized radiation production [17-21]. When only A or B is
coupled to the field, the expected number of produced
(scalar) particles is (N) =y, or (N) = y,, respectively,
where N is the total particle number operator for the scalar
field [15]. When both masses are coupled to the field, we
simply have (N) =y, + 5 (the yo5 do not contribute).

The exponents y, and y, cause decoherence local to A or
B, due to radiation that arises from switching “on and off”
the local coupling to the quantum field. The exponent
yap = rpg encodes correlations between the masses that
are present even when the masses are spacelike separated,
since the Hadamard function does not vanish when
evaluated at spacelike separated points [22]. They corre-
spond to correlations already present between pairs of
points in the vacuum state, which get picked up by the
masses through their coupling to the field, see e.g. [23].
There are scenarios in which these correlations lead to
entanglement between the masses. This phenomenon,
known as “entanglement harvesting” [23-29], is far
removed from the regime of table-top entanglement-
through-gravity. Since y o5 only appears on the antidiagonal
of the final state (8), it and drops out from the reduced state
(10). Therefore, these correlations are not accessible locally
by A or B. The decoherence relevant for the resolution of
the paradox discussed in Sec. VI is caused by y, and yg;
7ap play no role.

IV. INCLUDING PATH SUPERPOSITION

The toy-model of the preceding sections can be gener-
alized so that each mass is in a path superposition. Similar
models have been studied in [13,14,30,31]. The derivation
used here is given in the Appendix A. Consider two masses,
A and B, each with a spin-1/2 degree of freedom.
Assuming a superposition of spin states at initial time ¢;,

1
V2
and imagining this state traversing a region with an

inhomogeneous external magnetic field, each mass will
follow a superposition of paths. Without specifying details,

[s(1:))a = [s(t:))s = —=(10) +[1)) (12)
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we model this formally by a superposition of arbitrary
classical trajectories x?(), a = A, B, one for each spin
value s =0 and s = 1. The trajectory of each mass is
determined by its spin, it is in the left position |L) when its
spin is |0) and in the right position |R) for spin |1). For
brevity, we identify the spin degree of freedom with the
corresponding path and write s = L, R.

The particles couple to the field through the interaction
Hamiltonians

ML) (LAl(1, %0 (1)) + R (R (1, x2(1)))
ﬁB(t) = /13<|LB><LB‘<;5(t’xE(I)) + |RB><RB|¢(t’xE(t))>‘
(13)

The relevant period of the interaction is in a time interval
te{t,.ty}, when the trajectories x{(z) and xg(r) are
assumed distinct. The interaction Hamiltonians H,(7)
trivialize to A,1,¢(¢,x()) when x2(1) = x4(1).

The derivation proceeds similarly to Sec. II, the resulting
expressions are more involved because each mass couples
to the field along two different trajectories. The state of the
two masses at the final time 7, is

1 eToeih e Taeivn Y
1 X PRy
A
4k - N It
1
with

i
X = exp( (0, + = 20) + 550k =) )
i A B
= exp(~(y + T4+ 2000) 4 (0 + o)) (19

where we have defined

Phs = Phy — P}
iy = Phy — pat (16)

with s, € {L,R} for a = A, B, and

40, = 7" + iR = 2R

ATy =75~ + 75" = 2%
4Tap = 755 + VA8 — 758 — 755- (17)
The structure is similar to the final state (8) for the toy
model of Sec. II, and the morals discussed in Sec. III carry
through. There are now four retarded propagation phases
@py., one per spin branch ¢ = {s,s,} €{00,10,01,11}
when A is the source and another four when B is the source.

Recall that a lower subscript » = A, B denotes the source of
the causal influence on @ = B, A respectively. For example,
if A is in the left path |L) and mass B is in the right path |R),
we get the phase @5t given by

B — // dr de A G (1,28 (1); £, x2 (1) Ay, (18)

If both masses were in a definite path this would be a global
phase. Since only relative phases are observable, the
eight phases ¢, appear in Eq. (14) only in the four
linearly independent combinations defined in (16); these
are the phase differences that are observable. For example,
% = @BE — B! is the measurable causal influence that
mass A in path |L) has on mass B.

The eight exponents yJ are integrals of the Hadamard
function. Only six are distinct because yiR = yRl. They
appear in the final state only in the two combinations I',
and I'; defined in (17). I, and I’y encode decoherence due
to quantized radiation arising from the spacetime local
coupling of each mass to the field. This is shown in the
Appendix B. The exponents I',g include spacelike corre-
lations present in the vacuum state of the field and obtained
by the masses, but will not appear in the reduced density
matrices of each mass. The 'y play no role in the thought
experiment discussed in what follows.

The above remarks can be confirmed by inspection of the
reduced density matrix for A, which reads

palt) = ! pe (e evi)
Pally ) %e_rA(e—i(ng_l_e—ing) 1 '
(19)

compare with (10). It includes quantum fluctuations created
locally at A, encoded by I',,, and causal influences from B
encoded in ¢g, . An analogous discussion applies to the
reduced density matrix of B, upon swapping A <> B.

V. WHAT BREAKS WHEN NEGLECTING
QUANTUM FLUCTUATIONS

We now ask what fails when quantum fluctuations are
neglected. There are two obvious implementations of this
approximation: (i) setting them to zero directly, and
(ii) taking a stationary-phase approximation. These give
rise to distinct problems.

(i) Negative probabilities when forcing coherence ad
hoc. Quantum fluctuations can be neglected by setting
I'y =Ty = 0 in the final state (14) [32], which implies also
Iap =0 since Ty <3(Iy +T), see Appendix B. It
corresponds to forcing to zero the Hadamard function
H(x;X) = ({$(X), p(X)}), see (9), (17) and (A13). The
final state (14) becomes
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1 e et 3D Pt Rs)
o f 1 2. ok it
4pap = . (20)
1 e'Par
1

Inspection of the above density matrix, immediately
suggests something is off. Since we have removed the
exponents causing decoherence, we naively expect the
result to be a pure state, a vector that is a superposition
of the four path branches. But, in such a vector there can
only be three observable phases, while, in (20) we have four
such phases (global phases cancel in density matrices). The
issue is that (20) is not a quantum mechanical state: it is
easy to verify numerically for random values of the phases
that it is not a positive matrix; it yields negative proba-
bilities. To give an example, for the following set of values
(PRL: Pars @B PBr) = (§.5.0,0), (20) has one negative
eigenvalue —0.0653. In the next section, we will see
that this nonphysicality is manifested as a violation of
complementarity.

(ii) Retrocausation in stationary phase approximation.
A different way of neglecting quantum fluctuations is to
take a stationary phase approximation, which yields a
proper density matrix. But, there is a subtler issue.
This approximation of a quantum field theory introduces
retrocausation [10]. To see how this pathology is man-
ifested in our context, we calculate again the final state of
the masses using the closed time path (CTP) formalism, a
path-integral technique in which the field degrees of
freedom are fiducially doubled [33]. The CTP formalism
allows to calculate expectation values of the form
(@ |wh) = (ol (UF (t;.1;)) U (t7.1;)|w), whereas the
usual path integral only calculates scattering amplitudes.

The overlap of two evolved field states reads

(ol ook = / DIp(x)| Dl () eSerrlb 9ol (21)

with the action Scrp(h, @5 J,, J ] given by
a Lo por ot rodod — p 22
X\ — E y¢ ¢ + ¢ o + 5 ;4¢ ¢ - ¢ d |- ( )

The two scalar field variables ¢(x) and ¢'(X) satisfy
vacuum boundary conditions for ¢ = #;, and also coincide
att = t7, ¢(t;.x) = ¢'(t7,x). The external current for the
interaction (13) is?

Jo(x) = =3 72,68 (x = x2(1)). (23)

*For the toy model (2), J,,(X) = 32, (=1)%A,(1)8* (x — x,).

The path integral (21) is in Gaussian form. Defining the
currents J,(X) = J,(X) = /7 (x) and J (x) = =LH2 the

integration can be performed to get
il = exp( ] axaylis, (6, ).3)
1
- L HOY), )] ). 24)

The stationary phase approximation amounts to com-
puting the path integral (21) on the classical field con-
figurations ¢ (x), for which ‘SSEﬂ = 5:93# = 0. Replacing
the classical solutions ¢ (X) = [d*yGg(x;y)J,(y) and

L(X) = [d*YGy(x;y)Jp(y) into (22), the overlaps of
the evolved field states in (21) are approximated as

whiohy ~en! ] [ axey 6,70
T (X)Ge(x ywy))}, (25)

see Appendix C for details. This is a pure phase: there is no
exponential suppression as H does not appear. Explicitly,
the final state (14) is now approximated by

1 A @R 08" gl +A%) o
N 1 A el 2
pAB_4 1 e%(wiR+A§R> ( )
1

where we defined

AL = 00 — WAk (27)
A" = gt — opR (28)
@) = g + @pg + AR+ AR (29)
D, = —@Rg + @pr + AX — AF® (30)

Contrary to the state (20), found in the first half of this
section by imposing that I'y =Ty =145 =0, (26) is a
proper quantum mechanical state. Despite appearances,
only three linearly independent phases enter (26), and itis a
pure state. Up to a global phase,” the corresponding state
vector is

1 i, ASA Bsp
W) =5 D et s,sp). (31)

SasSp

“Due to diverging self-interactions this global phase is for-
mally infinite. It cancels out at the level of the density matrices.
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The stationary phase approximation allows to neglect
quantum fluctuations without breaking quantum mechan-
ics. However, by inspection of (26), something is wrong:
we saw in Sec. IV that the phase combinations A;* are not
observable, the observable phases differences are the ¢g;,
and @3, defined in (16).

To see the issue more clearly, we examine the reduced
density matrix of A

A 1/1 L (H0n+AY) 4 oHohetA)
o) =5 (" 2 1 )@

It includes the phases AS- and AZR: these are sourced by A,
they depend on B’s trajectories at later times. The origin
of this retrocausal behavior is that in (24), when
J,(X)Gg(x;y)J.(y) is expanded it include the term
J-(X)E(X;¥)J»(Y), where E is the so-called causal propa-
gator, defined by E(x;y) = i([¢(X).$(y)])). In detail,

2J,(X)Gr (%) (Y) = J5(X)Gr (X ¥)J5(Y)
—Jy (X)Gr(X;¥)J 2 (Y)
+ I (X)EXY) 5 (Y)-

When we take the stationary approximation, we effectively
keep only the first two lines of the above expression. That
is, in this case (ii) we force E(X;y) = H(X;y) = 0, while in
case (i) we were only setting H(X;y) = 0. The causal
propagator allows for quantum superpositions of past and
future propagation, which is a quantum-field-theoretic
feature not present in the classical theory and is hence
neglected in the stationary phase approximation (recall that
E = Gy — G,). As we see in a moment, the approximate
state (26) describes spacetime local generation of entan-
glement, allowing for signaling at spacelike separa-
tion [10].

VI. THE PARADOX

We now turn to a thought-experiment presented in [6—8],
in which the pathologies discussed above can be given a
clearer physical interpretation. It goes briefly as follows.
Two particles A and B can be manipulated by agents, which
we also call A and B. A acts as a source and B as a test
particle living in the gravitational field of A. Mass A is
path-split in the far past, and B lives in its gravitational
field. Until some time 7,, the interaction of particle B with
the field is always turned off (the initial time ¢; is formally
in the far past). This can be imagined to happen, for
instance, because of particle B being placed in a strong trap
(a box), that overwhelms the gravitational interaction.

Between times 7, and 77, agent A begins recombining her
particle and subsequently does interferometric measure-
ments (e.g. measuring on the complementary basis of the
paths), with the aim to check the coherence of her particle

(the protocol is repeated many times, in order to gather
statistics). Between times 7, and 7y, B has two options: to
release the particle from the trap, or not. If he does, the
particle starts feeling the gravitational field of A. During
times ¢, and ts, A and B are in spacelike separation. If one
imagines that particle B lives in a superposition of fields
sourced by A, then B will get entangled with the field, by
falling in a superposition of paths. Therefore, the argument
goes, since B can acquire which-path information by
measuring the path, and B is being traced out when A
locally checks for coherence, A should decohere. This is a
paradoxical situation, since it clearly allows for instanta-
neous signaling between A and B, assuming both have
been made aware of the aforementioned protocol: B can
choose to open the box or not, therefore, A can know what
B chose to do by checking if her particle has decohered
(possibly partly, and assuming no other sources of
decoherence).

We now discuss a subtlety: our analysis considers a
variation of the above paradox. In the models we have
studied, B is not a test particle falling in a gravitational field
in superposition sourced by A. Instead, we are taking
(1) both particle A and B to be massive (2) both set in
superposition by some external means, see Fig. 1.
Therefore, the phases being created between them are of
Aharonov-Bohm type, in the approximate sense that the
force is negligible (the particles are not falling towards each
other, the phases are solely due to potentials). This is the
main insight exploited in table-top entanglement-through-
gravity protocols. In order to judge the relevance of the

t

A

FIG. 1. The set—up of the paradox [5—8]. Mass A is in a path-
superposition in the distant past #;. Then, it undergoes a
recombination process at f,.. The recombination of mass A is
spatially separated from the splitting and recombination of mass
B. The dashed lines indicate null rays. X is a hypersurface for
which A has recombined but B has not started the protocol.
Which path information propagates causally according to the
arrows, and is encoded in the pure phases @3, . Radiation that
causes decoherence also propagates causally (wriggly lines) and
is produced locally to A and B. The amount of this radiation is
encoded in the exponentially suppressing exponents I', and I';.
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paradox for said proposals—the task we have set ourselves
here—it is necessary to study it within this regime. The
analog of B “opening the box” is to allow B to choose
whether to make his particle couple to the field or not. This
is similar to the toy model of Sec. II, where had an artificial
time dependence in the coupling constant, see (2).
Analogously, for the model with the path superposition
of Sec. IV, we can consider a time dependent coupling
constant for B in (13), taking it zero (switched off) until
time #,. At that time, B can choose to couple to the field
with a constant coupling 4, (to open the box) or keep the
coupling to zero.

Since A is in spacelike separation with B when the latter
will begin the protocol, no quantum phases are sourced
by B. That is,

@35, = 0. (33)

Next, we introduce the visibility V, of A and the distin-
guishability Dy of (A’s state as seen by) B. Quantum theory
demands that [11,13-15]

VI+Di<1 (34)

This is the definition of complementarity in this context.
The visibility of A is given by V, = 2[(L|p,(t/)|R),], it
encodes the coherence of its reduced state. The distinguish-
ability of B is given by Dy = 1|95 — p§||,. It encodes how
much B can tell apart the two paths of A, where || - ||, is the
trace norm. The matrix elements ﬁé/ * are the state of B
when A follows the left/right path and can be directly read
from the final state pag(t/), they are its upper left/lower

right components. They are given by

Py = 2<L|ﬁAB(ff)|L>A
P = 2(R|pas(tf)|R) 5. (35)

We have that 0 <V, < 1and 0 < D; < 1. The expressions
for V, and D, given in the rest of this section are derived in
the Appendix E. We are now ready to see how the paradox
arises.

(i) Complementarity violation when neglecting quantum
fluctuations by hand. If we neglect quantum fluctuations by
setting to zero the Hadamard function, which amounts to
imposing

r,=T,=0, (36)

the reduced state of A becomes the constant matrix

=35, 1) (7)

Clearly, no-signaling is not violated: what takes place
locally to A is independent of any choices of B.

However, complementarity is violated. The distinguish-
ability of B is
[ PAL — PAr
sin ( 5

and from (37) we have V, = 1. Thus, we get VZ + D2 > 1
whenever Dy # 0, which will necessarily happen for some
values of the phases. Intuitively, this violation of comple-
mentarity (34) means that while B acquires which-path
information about A—which should have collapsed her—
she has remained coherent.

(ii) Violation of no-signaling in stationary phase
approximation. If the final state of A depends on the
choice of B to couple to the field (4; # 0) or not (4; = 0) at
time #,, A and B can signal at spacelike separation. We may
write this as occurring when it is true that

D, = >0 (38)

ﬁA(tf)[/lB = 0} #* ﬁA(tf)[/lB * 0]- (39)

In the stationary phase approximation, the reduced state of
A for the set-up of Fig. 1 is

1

Palty) = 2 (1 2 (40)

(e%AE'L + e%AER) )
. .

Sy ___ BSy

where recall that A} = @® — a3, defined in (30), are
unobservable phases that appear when taking the stationary
phase approximation, see (32) and the discussion following
it. Had agent B chosen not to release his particle, i.e.
Ag = 0, the state of A would instead be

Palty) =%<i i) (41)

This allows for superluminal signaling, since (39) holds.
On the other hand, complementarity is satisfied. The
visibility of A and distinguishability of B are given by

B _ B
cos <(PAL ; €0AR)

B _ B
sin <§0AL ; €0AR>

which implies V3 + D% = 1.

V, =

D, =

(42)

VII. ENTANGLEMENT THROUGH NEWTONIAN
INTERACTION DOES NOT IMPLY GRAVITONS

The violation of no-signaling analyzed in the previous
two sections arises in a relativistic setting, where phases are
created with retardation: it should not be confused with the
trivial violation of no-signaling which arises when assum-
ing a Newtonian action-at-a-distance.
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In the Newtonian regime5 there are no light-cones, and
therefore no distinction between phases sourced by A or
phases sourced by B. This approximation corresponds to
demanding

Pyt ~ Pas = @, (43)

where we have introduced the notation ¢, , = @,
temporarily, to emphasize that there is no longer a dis-
tinction between lower (source) and upper (recipient)
indices. If B has coupled to the field, the reduced density
matrix of A is

% (ei((IJLL—(I’RL) + ei((/’LR—(PRR)) )

2pa(1y) = (1 L

While, if B did not couple to the field, A’s state is

2= ()

This allows for superluminal signaling, as (39) holds.
Agent A can check with local to her interferometric
experiments which of the above states she has (the latter
is fully coherent and the former is not). So, B can
communicate to A whether he has chosen to open the
box or not.

It is tempting to think of this as the ‘other side’ of the
paradox, in place of the case (ii). Recall that case (i) is when
complementarity fails while no-signaling holds. In a sense,
it seems that by introducing direct action-at-a-distance
complementarity has been salvaged. Indeed, it is easy to
check that V2 +D3 =1 when (43) holds. But this is
unsurprising: this regime corresponds to standard non-
relativistic quantum mechanics for two particles in a
potential; there is no light-cone structure.

A more abstract way to see that quantum fluctuations are
not relevant if entanglement is assumed to be created by a
Newtonian interaction, is through the Robertson-
Schrodinger inequality [13]. For the model studied in
Sec. 1V, it reads

Ty > ((9hs — @8r) — (@30 — @81)) (44)

see Appendix D for the derivation. This is an uncertainty
relation between the exponents encoding quantum fluctua-
tions and the phases encoding causal propagation of which-
path information. For the setup of the thought experiment,
since g, = 0, it comes down to

Iy > ((PBAR - (ng)z (45)

The final state in the Newtonian limit is given in the
Appendix G.

When this inequality holds, it guarantees complementarity,
in the sense of (34). When it is violated, complementarity
may or not hold. Independently on whether we neglect
quantum fluctuations ad hoc or through a stationary
approximation, the inequality becomes

0> (pRr — ¥AL)° (46)

It is agnostic on what has been broken, it is violated both
for case (i) and for case (ii), by the same amount.’

On the other hand, it is easy to be convinced that
demanding that complementarity holds, while neglecting
quantum fluctuations, implies that signaling has been
introduced. Neglecting quantum fluctuations while com-
plementarity holds, implies that A is not fully coherent
(since the state of B has which path information). But, since
there are no quantum fluctuations, the only way that A
could have decohered is through a dependence to the
coupling of B, which the agents can exploit to signal at
spacelike separation. The paradoxical situation of the
thought experiment exemplifies that either complementar-
ity or no-signaling must break when the Robertson inequal-
ity is violated.

On the contrary, if we assume an instantaneous gen-
eration of entanglement the Robertson inequality always
holds. The right hand side of (44) collapses to zero due to
(43): any value of quantum fluctuations is compatible with
it, including zero. This simply confirms that there is
nothing contradictory about neglecting quantum fluctua-
tions of the field in the Newtonian limit.

VIII. NO SPACELIKE INFLUENCES,
NO DUALITY BETWEEN GRAVITONS
AND NEWTONIAN FIELD

A question that seems to have caused confusion in the
literature, is whether spacelike influences between A and B
play a role in the interpretation of the paradox, a point
discussed, e.g., in [8]. Spacelike correlations, generically
present in the state of the field, are encoded by the nonlocal
Hadamard terms I',g, which do not enter the thought
experiment, see Sec. III and the discussion above (19).
There are two distinct mechanisms of entanglement gen-
eration. The first is due to the causal interaction of the
masses through the retarded propagators. This is the
mechanism of entanglement generation relevant for table
top protocols for quantum gravity—including in the rela-
tivistic regime where entanglement is generated with
retardation. This type of entanglement does not depend
on the quantum fluctuations of the field.

The second mechanism for entanglement generation is
entanglement harvesting, a phenomenon fully due to
correlations at spacelike separation that correspond to

®Note also that ABR — ABL = g8 — @8, .
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preexisting entanglement in the field vacuum. These
quantum fluctuations are encoded in the exponents ',
which do not enter the reduced density matrices of A and B.
Entanglement harvesting is a fundamentally different
mechanism for entanglement generation than the entangle-
ment discussed in the context of table-top quantum gravity.
The quantum fluctuations that do enter the discussion of the
paradox are the I', and I';: these cause local decoherence
and do not create any sort of entanglement.

A related point raised in [8] is that the thought-experi-
ment implies a duality between the radiation emitted due to
decoherence and the entangling phases, depending on what
foliation is chosen. We have not seen any evidence for this,
in the models that we have studied here and solved for the
final state of the probes, the two effects are distinct.

This can be seen also more generally: with minimal
assumptions for the probe-field interactions (a) the reduced
state of A cannot be affected by whether B decides to
couple to the field or not (b) the reduced state of B cannot
be affected by A’s recombination process.

Let us see this in more detail (a similar argument has
been presented in [34]). Let U, denote the joint inter-
action of A and B with the field. If B does not intersect the
causal past of A’s interaction with the field (while B is
coupled to the field), we expect that the joint interaction
factorizesas U, 5 = UgU A.7 This has the consequence that

Pa = trBF(UA+Bp0UI,+B) = trF(UApAFUD (47)

where py = pagpy 1s the total initial state of field (F), A and
B (assuming that B is initially uncorrelated with A and the
field). This implies (a), the amount of coherence encoded in
A’s state after she begins the recombination process at ¢,,
does not depend on whether B has interacted with the field
or not.

Regarding point (b), we can assume that A’s total
interaction with the field can be decomposed with respect
to a spatial hypersurface that passes through her interaction
region and separates the recombination process (rec) from
what comes before (split), namely U, = U,..U Spm.g Given
that B is in a path superposition while spacelike separated
from A’s recombination process, this implies that

pp = tre(Uy UspiitPo U:plit UIZ) . (48)
Then, B’s correlations with A through the field can only
depend on the part of A’s splitting process (that intersects
B’s causal past) and not by radiation that she will emit
during the recombination process. A more detailed

" Assuming that the local S-matrices are well defined and that
they satisfy causal factorization. For a proof of causal factori-
zation for Unruh-DeWitt-type detector-field interactions see [35].

A proof that this holds in a similar setup to ours (quantum-
controlled linear interactions between a scalar field and probes
that have no internal dynamics) is given in [36].

derivation of this argument can be found in the
Appendix F. If spacelike influences were to play any role
in the experiment, at least one of the above assumptions,
must be lifted: for instance, by introducing an action-a-
distance.

We can now summarize how the conclusions arising
from our analysis differ from that of [8]. If a spacelike
hypersurface X is drawn such that it is in the past of B
opening the box, and in the future of A after having
recombined, at first it might appear that there is no
explanation why later on B will receive which-path
information, see Fig. 1. Then, taking the point of view
of the evolution with respect to a foliation that includes X, it
may seem that B must somehow be interacting at spacelike
separation with entangling radiation emitted by A.
However, the premise is false. B will receive the which
path information causally in such a foliation: the field on
the hypersurface X is in a quantum superposition, and
encodes two phases @ and @}, . These are stuck on that
hypersurface at the moment in time defined by it. However
that foliation is continued in the future, these phases will
reach B, thereby B will acquire which-path information by
the same mechanism as in any other foliation.

IX. CONCLUSIONS

We studied a paradox in quantum field theory coupled to
two distant quantum masses that arises when quantum
fluctuations are neglected and has drawn interest for its
potential to support a major epistemological significance
for entanglement-through-gravity experiments. We criti-
cally assessed the degree to which this is the case. Our main
result is to show that the tension between complementarity
and no-signaling concerns two distinct ways of taking the
approximation of negligible quantum fluctuations:
(1) directly setting the exponentially suppressing exponents
in the final state to zero, which breaks complementarity,
and (ii) taking a stationary phase approximation, which
breaks no-signaling. In both cases, entanglement arises
locally in spacetime, due to phases that are created with
retardation. We discussed that case (ii) should not be
conflated with the trivial violation of causality that arises
in the Newtonian limit, where no light-cone structure is
present: the paradox is firmly placed in a setting where
spacetime locality holds.

We commented on the idea that the effect might be
viewed from different perspectives, via different foliations
of the relevant spacetime region, so that a party acquires
information on the state of another either from the
Newtonian part or the radiative part of the field [6,8]. In
our analysis, there is no duality between the quantum
fluctuations that cause the decoherence and the retarded
propagators that cause the entanglement between A and B.
The quantum fluctuations that give rise to this radiation
are produced locally to A or to B and introduce
local decoherence: they do not generate entanglement.

025019-9



NIKOLAOS MITRAKOS et al.

PHYS. REV. D 114, 025019 (2026)

This decohering radiation produced by the particles would
propagate causally, and would only reach the parties well
after the completion of the protocol, see Fig. 1.

Relatedly, it appears to be a received view that
decoherence between the parties takes place noncausally,
via spacelike fluctuations. We clarified that nothing of the
sort takes place in the thought-experiment. Spacelike
quantum fluctuations, while present in the full state, do
not appear in the reduced density matrices of the parties.
They also do not relate to the kind of entanglement that
would be seen in table-top experiments—even if retarded
generation of entanglement was observed. Rather, space-
like quantum fluctuations are the kind of correlations
that are studied in the context of entanglement harvesting,
a phenomenon which plays no role in the thought
experiment.

The epistemological relevance of entanglement-through-
gravity in the Newtonian regime has been much discussed.
One common line of argument is to assume that the
interaction is in some sense mediated by gravity, and
conclude that the gravitational field must be able to carry
quantum information, [37-40]. This has been criticized, as
it is far from clear in what sense there are mediating degrees
of freedom—even when assuming spacetime local inter-
actions [10,41-43]. As a result, a lively debate on the
importance of detecting entanglement-through-gravity in
the Newtonian regime is taking place, e.g., [44-47].

An intuitive interpretation of the effect in the Newtonian
regime is as spacetime being set in superposition [3,4]. In
the language of this work, this can be seen from the fact that
the entangling phases are the Newtonian limit of retarded
Green'’s functions. The latter appear in the final state as pure
phases, they correspond to a quantum superposition of the
macroscopically distinct field configurations sourced by the
alternative paths of the masses. Therefore, the entangling
phases in entanglement-through-gravity protocols—includ-
ing when entanglement is created with retardation—depend
only on the classical equations of motion: they are not
quantum fluctuations. In other words, coherent information
can be exchanged in a relativistic setting without exchang-
ing quanta.

The thought experiment adds to the epistemological
importance of entanglement-through gravity, but only in a
context where entanglement is created with retardation.
Therefore, in order to employ the paradox as a consistency
argument, it seems necessary that retardation effects in
entanglement-through-gravity are detected, not assumed,
for the following reasons: (a) There is nothing contra-
dictory if Newtonian entanglement is detected and grav-
itons do not exist. (b) To assume spacetime-local generation
of entanglement is a different causality assumption than to
request that no-signaling holds: one side of the paradox is
precisely that while entanglement is created with retarda-
tion, no-signaling is violated. (c) While experiments that
could detect relativistic corrections due to retardation in

entanglement-through-gravity [4,9] are significantly more
difficult than detecting Newtonian entanglement, they
should be far easier than a direct detection of gravitons
(which may be impossible [48,49]).

In summary, the crucial input for the paradox is retarded
generation of entanglement, according to the light-cone
structure. This notion of causality is distinct from the
principle of no-signaling and should be demonstrated by
experiment. Detection of spacetime local generation of
entanglement-through-gravity between two spacelike sep-
arated parties, in conjuction with the demand that com-
plementarity and no-signaling holds, provides evidence for
the existence of gravitons.
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APPENDIX A: NONPERTURBATIVE
CALCULATION OF THE JOINT STATE AFTER
THE INTERACTION WITH THE FIELD

In this Appendix we solve the dynamics of the field-
masses system nonperturbatively, using the Magnus expan-
sion. We derive the reduced density matrix of the two
masses for the toy model of Sec. II and the path-super-
position model of Sec. IV, corresponding to Eqgs. (8) and
(14) of the main text respectively. The main steps proceed
as follows. The Magnus expansion yields phases that
correspond to self-interacting terms, these drop out of
the final state of the masses. Then, using the Weyl relations
we get combinations of phases that depend on the field’s
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causal propagator. When evaluating over the state @ we get
phases that depend on the field’s two-point function, whose
imaginary part (the Hadamard function H) encodes the
quantum fluctuations and leads to decoherence.

1. Toy model

We start with the interaction Hamiltonian density of the
toy-model (2), which can be written as

hin(X) = =Ax(X)62p(X) = Ag(X)Ep0p(x).  (Al)
where 6, =(0)(0|, —|1)(1|, is the third Pauli matrix
acting on the spin @ = A,B and A,(X) = 1,(1)5 (x —x%)
is a smearing function that includes the switching 4,() and
enforces the interaction to be local at the position of each
mass. In what follows we define the smeared field operator
s () = A ()P(X).

In order to solve the dynamics of states evolving
under the Hamiltonian above, we can use the Magnus
expansion. Notice that due to the canonical commuta-
tion relations satisfied by the scalar field, we have
[[2(X), R(X)], A(x")] = 0. In this case, the Magnus expan-
sion allows us to write the time evolution operator as

U = e®rt02, (A2)

where

A

6, ——i / AV (x) = / V(B (X5 + Bo(X)35)  (A3)

&2 == [ AVAVO(t = ) (0. ()]

A A

= ‘%/ AVAV'O(1 = 1) (X5, + o (X)5. o (X,

+ Py(X)5]
= S+ iGy + BB, (Ad)
The terms
G, = [ avav'o(s = )i dx)] (a9
are pure phases that, while formally infinite,

will drop out from the expression of the reduced
states. Performing the spatial integration we get
G, = [drdf'2,(1)G(1.x%; 7, x%)A,(¢). The term A,y is
an integral of the symmetric propagator

Ay — / A1, (1) (G (1,57, 55) + G, (1,64 £, x) )2y (1)

=GP +GP. (A6)
We can now rewrite our time evolution operator as a
product of exponentials of different kinds of operators

Uy = eirda+idnds gi:tiGs pBastiaby (A7)
where ¢, = i [ dV¢,(x) for a = A, B. Notice that the first
exponential above contains a direct interaction of each of
the masses with the field, the second term only contains
local interactions experienced by mass A and B individu-
ally corresponding to global phases that do not affect the
overall dynamics, and the last term contains symmetric
exchange of information between masses A and B through
the scalar field. We decompose the unitary time evolution
operator Ulm as a product of commuting unitaries,
Ui = UCU¢, where

[AJ¢ — ei$A6A+i$B6B’ (AS)

which contains all of the dependence in the scalar field, and

U = 1931195 gz8rmb25s (A9)
which does not directly depend on the degrees of freedom
of the scalar field.

In order to resolve the dynamics of the masses, we
must trace over the state of the field. To do so, we focus
first on the unitary 04,. Let us fix an initial state

P0 = Pa0  Pso ® P, We then have

[qug//\)oU; — ei$A8A+i$B8‘BlA)Oe_i$A&A_i$B&B

1 s A s
— Z Z eISA¢A+ISB¢Bﬁwe_lSA¢A_ISB¢B|SA7 SB><S$\7 U
SaSp
SaSh
(A10)

alPaolsy) = % fora = A, B. Define the
reduced density operator 6,5 = tr¢(fj 1o lA]}l) which cor-
responds to the partial trace over the field. The remaining
terms in the full unitary evolution are independent of the
trace over ¢. We find

where we have set (s

8AB = iZa)(e_iS;&A_iS;‘}B eiSA$A+iSB$B) |SA7 SB><S.€\’ Sg‘
.‘ﬁ.‘?
.‘A.‘B

(Al1)

Using the Weyl relations and that e(e#()) = e~ EWU)
for Gaussian states,

025019-11



NIKOLAOS MITRAKOS et al.

PHYS. REV. D 114, 025019 (2026)

w (e idd(9)) = e SE.9-5W(f+9.f+9) (A12)
where E(f, g) [g?)( f).¢(g)] the commutator and

W(f.g) = o(¢(f)d(g)) the two-point function. Define
the Hadamard distribution

$(9)}), (A13)

so that the decomposition ¢(f)p(g) = 2{45( ).dlg)}+

%[&’7( £).9(g)] allows us to decompose the Wightman as

H(f.9) = o({d(f).

W(f.g) = (A14)

i
SH(f.9) +5E(f.9),
where E(f,g) is the causal propagator. We note that

the commutator [p(f),d(g)] = E(f.g)1 is proportional
|

pj/:B :4§ 0) —ISA¢A ISB¢BelSA¢A+lSB¢B)e ZAAB<SASB SASh |SA,SB><SA,

sAs’g
“a%B

to the identity operator, so that it is state independent, as
(1) =1 for any state. Thus, the Hadamard function
contains all the state dependence of the field’s correlations.
Further, note that in (A12) the Wightman function reduces
to the Hadamard function, which is symmetric in its
arguments, since the antisymmetric component, the causal
propagator, is zero when evaluated on (f + g, f + g).

The final step is to include the effect of (A9) on the
reduced state of the masses. The full reduced density matrix
of A and B is then given by

ﬁJ/;B = Uca’ABﬁZ- (A15)

Notice that the operator U, is diagonal in the basis spanned
by |s4,sp). Using (Al1) and (A15)

(A16)

where the self interaction terms have canceled out. We can then write the explicit form of the time evolved density operator

Dap» by evaluating the coefficients w(...

) using (A12). It reads

1 e Vs i(Eap=Ass) o 7ati(Eap+Aap) o= (ratret2ras)
o 1| e rsti(Eas—Aas) 1 e~ atrs=2ra8) o= 7a—i(Enpt+Aas) |
PAB = 4 eI iEasTAs8) o= (rat7s—27aB) 1 e~ o ti(Eap—Dap) (A7)
e~ t7st2ra) o rati(EaptAns)  o—7s—i(Eap—AsB) 1

where the y terms are given by convolutions of the
Hadamard function

yAB ://dtdt,/,{A(t)H(tyxa;tlaxb)/lB(t,>’

Yo = //dtdt’/lu (VH(t, X431, x,)A,(1), (A18)

for a = A,B. Using that the symmetric and the causal
propagators are combined as follows

Ap—Ey= 2GRBA =203, (A19)

Ay +Eyp = 2GRAB =203, (AZO)

then one gets the reduced density matrix (8).

2. Path superposition model

The solution of the path-superposition model dynamics
proceeds analogously. The interaction Hamiltonian (13)
corresponds to the density

[
him (%) = PEQE(X) + PRgR(x)
(A21)

PR (x) + PRgR(x) +

where P?¢ = |[s)(s|,, s=L,R, a=A,B and ¢%(x) =
2a(1)8 (x —x4(1))(x) the field operator evaluated over
the s = L, R trajectory of mass a = A, B. We can define
Ags(X) = 2,(1)8° (x —x%(t)) the smearing of the field
operator. Note that, compared to the toy model, we now
explicitly model the path superposition through x%(z).

Since it holds that [[2(x), 2(X)], A(x")] = 0 we again use
the Magnus expansion (A2), where

N

0, = / AV iy (x :—lZPa(pS, (A22)

6, = —% [ avavots = ). ()

= apd P (A23)

- h\;, Sa ‘b’
a.b=AB
Sa.Sp=L.R

025019-12



WHEN DOES ENTANGLEMENT THROUGH GRAVITY IMPLY ... PHYS. REV. D 114, 025019 (2026)

where ¢ =i S/ dV¢(x) for a=A,B, s=L,R. The IA’?Af, = 8,y P¢. Self-interaction terms ¢% will also drop
phases ¢, are convolutions of the retarded Green’s — Out from the expression of the reduced states.

Due to [®;,0,] =0 we decompose the unitary time
evolution operator

o = // 411 Ay (1) G (1.9 (1)1, x2 ()2 (7). (A24) )

U = €169 = 0,0, (A25)

function, as defined in Sec. IV

Note that terms corresponding to the same mass but
different paths drop out due to the projectors and proceed as we did for the toy model to find
|

! J
1 i idE, o _an\ Hehm el =g )
A — — 2\VB. As ! !
Pho =3 D (e et ) AT s s (A26)
.Y/AS;;
SAJB

Using the Weyl relation (A12) we expand the coefficients

BN HAT A D =BV (AL S, =) =N AL AT, =AY =)
TA °B “A °B “A ;

B

A -9B n n
e ¥, i it )

/ /
i(, Asa  Bsg_ BSp  AS, A B A B AA B A B
§<(/’m/ ‘H/}M/ _‘pAsA _(ﬂBxE )_ZH(ASA +A53 _A‘/ _AY/ -A.VA +Axg _A&/ _A‘/ )
°B A “A °B A °B

(A27)

Evaluating the coefficients and phases for all path configurations we derive the final density matrix (14). In the case of path
superposition the fluctuation terms, which are the convolutions of the Hadamard function in (A27), sample both trajectories
followed by each mass. Specifically

4r, = // dede A, ()4, (¢)(H(t,x2(0); 0, x2 (1) + H(t,x (1) £, x4(2)) = 2H (6,32 (1); ¢, x4(1))).
4Ty ://dtdt’ﬂg(t)ﬂg(t’)(H(t,xE(t);t’,xE(t’))+H(t,x§(t);t’,xi3(t’))—2H(t,xE(t);t’,xE(t’))),

AT\ = //dtdt’/lA(t)/lB(t')(H(t,xLA(t);t’,xf(t’)) + H(t,xx(2); 7, x8(7))

— H(t.x((1): 1", xx(1') — H(t.x3 (1); 1, %0 (1)) (A28)
In terms of the toy-model definitions (9) r,>0,
AT, =75 +rRR - 275K fo=0
I+ 15200 >0. Bl
ATy =75~ + 75 = 2% P ES a2 (B1)
AT g = ik + yRR — yLR — ) RE (A29) We extend the proof for the positivity of y, terms of the

toy-model of Sec. I found in [15]. In short, we express the
I, terms as norms of quantum states, which are by

definition positive. Indeed, if we define the states
APPENDIX B: FLUCTUATION TERMS IN THE

PATH SUPERPOSITION MODEL

In this Appendix, we prove that the quantum fluctuation
terms in the path-superposition model of Sec. IV lead to . oA B N (B
decoherence. These terms appear in negative exponentials [B) = 4 . di(p(xi, 1) = p(xi 1)) |@) . (B2)
in the off-diagonal elements of the final state (14), so it
suffices to show that we find

4) = A, / Y a@t 1) - Pl )]y,

i

025019-13



NIKOLAOS MITRAKOS et al.

PHYS. REV. D 114, 025019 (2026)

Iy, =2(A)A >0,

Iy =2(B)B>0 (B3)
For the sum/difference terms we define the states

A£B) = |A) % |B) (B4)

to find Ty + Iy + 25 = 2(A + BYA£ B > 0.

APPENDIX C: STATIONARY PHASE
APPROXIMATION IN THE PATH
SUPERPOSITION MODEL

In this Appendix, we solve the path integral for the scalar
field under a stationary phase approximation and derive
equation (25). We follow the steps in the supplementary
material of [9], that is we start from a path integral
expression of the dynamics and then insert the solution
to the classical equations of motion for the field, ignoring
all other contributions to the path integral.

We start with the path-integral expression we want to
approximate, corresponding to Eq. (21) of the main text

Whlal) = [ DDt (c)

where the action in the CTP formalism (22)
|

1 1
Scrrldh ¢/ 00 = [ @ (5 D0+ Jop =540 — J,m/) .

Scrpld. #'sJ 5. J ]
1 1
= / d*x <—§ PP+ dJ s + Eaﬂ¢’a/4¢/ - gb’J(,/) .
(€2)
We remind that the field satisfies vacuum boundary con-
ditions for t = 1;, whilefort = ¢, (17, x) = ¢'(t;,x). Next,
we calculate the classical field configurations by solving the

classical equations of motion. For the scalar field, these take
the form of a Klein-Gordon equation

|:|¢cl (x) = _J(}'(x)

Oy (x) = —J 7 (x) (C3)

where L] = d,0" and our convention for the metric signature
is (—,+, 4+, +). Due to the vacuum initial conditions, the
solution is given in terms of the retarded Green’s function

Palx) = / &y Gy (x:y)7,(Y)

Then, the action calculated on the classical field configurations (C4) is

1
SCTP[¢C19 ¢/51;J67Jo"] = E//d4Xd4y(‘]6(

400 = [ EYGulxiyay (c4)

We integrate the action by parts
(C5)
X)Gr (G Y) oY) = T (X)Gr(X:Y) T (Y)) (Co)

This quantity has been previously called the on-shell action [9].
Finally, the stationary phase approximation of the path integral amounts to inserting the on-shell action in (C1) and

ignoring all other contributions to the path integral

; . i
(ol x eservatinnrd —exp (3 [ #xaty 1,006, 069)13) = 1 Gy ) 1,))
I

This is Eq. (25) of the main text, from which one can
calculate the reduced state of the masses under the sta-
tionary phase approximation.

APPENDIX D: ROBERTSON-SCHRODINGER
INEQUALITY IN THE PATH
SUPERPOSITION MODEL

In this Appendix, we derive the Robertson-Schrodinger
inequality, which is Eq. (44) of Sec. VIIL. In short, we use
the uncertainty principle for field operators, generalizing to
the path-superposition model the proof found in [15].

(C7)
Consider the field operators
Oy =y [ at(diat. 1) = bt ),
t;
O, =2 " wdr.-dek). oD
1

These operators are Hermitian and have vanishing expect-
ation values. The Robertson-Schrodinger inequality for two
such operators is [15]
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~ ~ 1 P PN
(O0(05) 2 2 ([Ow O + {0, O 1) (D2)
For the specific operators (D1) we find
a0 1
(Oa>:§l“a, a=A,B
<{©A’ @B}> =T'ap
([0 Os]) = (9r — #ir) = (@i —wi)  (D3)
and the Robertson-Schrodinger inequality becomes
T\ = T3 > ((9hr — #8r) — (WAL —@5L)°  (D4)

In Sec. VI of the main text, we make use of the weaker
inequality (44)

DTy > (9% — 98r) — (@h —o8))?. (D5)

which is implied by (D4).

APPENDIX E: VISIBILITY/
DISTINGUISHABILITY CALCULATIONS

In this Appendix, we calculate the visibility of A and the
distinguishability of B, for the approximations relevant to
the discussion of the paradox in Sec. VI. We fix the set-up
depicted in Figure 1, for which ¢g, = 0.

1. Visibility of A

The definition of the \visibility of A s
Vi = 2[(L|pA(27)|R),|, which is calculated directly from
the off-diagonal element of the state of A. We consider the
following cases.

(i) No approximation

Before ignoring the quantum fluctuations, the reduced
state of A is given in the main text as (19)

. 1/ 1 et
Palty) = 2l

from which V, = e~T+. That is, the visibility only contains
the local fluctuation term T,.

(ii) Setting T' =0

The reduced state of A when setting I' =0 is the
coherent superposition

=35, )

so V, = 1. In this case, A does not decohere.
(iii) Stationary phase approximation

(E1)

(E2)

The state of A after a stationary phase approximation (32)

X 1/1 L(e 4 %)
o =5 (" )@
1
from which
v, =1 |38 4 e
f2

1 ABL ABRY 2 ABL ABRY 2
= 3 <cos TA + cos TA) + <sin TA -+ sin TA>
1 ABL _ ABR
=_ \/2 +2cos %

2
(PiL - (PBAR
cos <74

which is Eq. (42) of the main text.

2. Distinguishability of B

The definition of the distinguishability of B was given in
Sec. VI as Dy = 1|0k — P&, where |||, is the trace

norm, and /3],;/ ¥ is the state of B when A follows the left/
right path

Ps = 2(L|pas|L)A
Pi = 2(RIpas|R) 5

A simple method to calculate the distinguishability is to
express pg and p§ as vectors in the Bloch representation.
Then, the trace distance is given by half the Euclidean
distance of the two vectors in the Bloch representation. [12]
(i) No approximation
Including quantum fluctuations, we read py and p§ from
the total state (14)

1 1 e s ei(/)iL
AL ¢ __
pB( f) 2 (e_FB e—i‘PiL 1 )

1 4 . n
= 5(1] + e "o cos(ph )8x — e e sin(p} | )6,), (E5)

1 1 e s ei‘/’f\R
2\ e Tremihr 1

1 . r. . N
=5 (14 e cos(ph)d — T singh)3,). (E6)

Then, the distinguishability is

_FB
Dy ==\ (cos . — cos gl)? + (sin @Ry = sin pRe)?
r| i (PAL ~ Piw)

(E7)

= e
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From this we also see that the “decoherence-inducing
radiation” produced by A (T',) does not enter into the
which path information available to B.

(ii) Setting T' =0

We directly compute this case by setting I'; = 0 in (E7)

B _ B
DB — |sin ((pAL 5 (pAR) (ES)

which is Eq. (38) of the main text.
(iii) Stationary phase approximation
For the stationary phase approximation (26)

1 1 ePAL
pp(ty) == :
pB( f) 2 (e_%(ﬂ?\L 1 >
1/ AV AW
=3 (1] + cos <%> 6, — sin (%) ay>, (E9)
1 1 e3ar
PR(ts) == .
pB( f) 2 <e_%(p18\]{ ] )

1 R B B
-3 (11 + cos <¢§R) &, — sin <¢§R) f;y) . (E10)

By inspection, these are the states (E5) and (E6) after
setting I'; = 0 and dividing all the phases by 2. So, for the
stationary phase approximation

. (CI’iL - fPBAR)

Ell
sin ) (E11)

which is Eq. (42) of the main text.

APPENDIX F: NO SPACELIKE INFLUENCES

In this Appendix, we prove that under two assumptions
for the dynamics of A, B and the field, there can be no
spacelike influences between A and B for the paradox setup
discussed in Sec. VI. This compels two conclusions: (a) the
state of A does not depend on the choice of agent B to
couple, or not, to the field, and (b) the state of B cannot be
affected by the recombination process of A, so agent B
is not measuring radiation produced by A during
recombination.

We start by assuming that the interactions of A and B
with the field can be described by local unitaries that
transform covariantly and satisfy certain factorization
properties:

(1) If BeM/J~(A), i.e. B does not intersect the causal
past of A (as in the thought experiment) then the
interactions are causally orderable, i.e. there is a
foliation such that B is after A, and it holds that

Upip = UgUs,. (Fl)

(2) We can decompose A’s interaction with respect to
any hypersurface X (X, in the thought experiment)
that passes through her interaction region as

U, =ULU; (F2)

where U~ corresponds to the splitting process (in the
causal past of X) and U™T corresponds to the
recombination process (in the causal future of X)
Then the total interaction of A and B with the field can be
decomposed as

Upip = U, Ul U5. (F3)
It also holds that
[UX.Ug] =0 (F4)

since in the thought experiment the recombination process
of Alice happens in spacelike separation from Bob. Now
taking partial traces of the total state after the evolution and
using (F3) and (F4) we can see that:
(1) The reduced state of A cannot be affected by the
existence of B: if p, the initial (uncorrelated) state of
A, B and the field, then

Pa = trBF(UB UAPOUI\UIZ)
= trBF(U]i UpgU,po U/D
= trF(UApAFUD, (FS)

using the cyclic property of the partial trace and the
fact that U} U, = 1;. Note that we have also used
that B should be initially uncorrelated with A and the
field, i.e. pg = papps, and that tryp, = 1.

We see that the state of B and its interaction with
the field drops out of the expression of the A’s
reduced state, so B can be viewed as an “innocent
bystander” (to use the terminology of [6,8]). Of
course, this is as long as Be M/J~(A), which will
not hold if A does not follow the protocol and
recombines slowly.

(2) The reduced state of B cannot be affected by A’s
recombination process

Py = e (Us UL Urpo U UL UR)
= (U UL UL UR po U UL UY)
=t (Us Uxpo U3 UR). (F6)
We see that the part of the evolution that corresponds
to the recombination process U, drops out of the
expression of B’s reduced state. Note that this holds

independently from the shape of the total initial state
Po, €.g. if it encodes prior correlations between the
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two parties and the field (or in refined descriptions of
the gravitational setup, initial correlations between
the field and B’s trap, see also [34]).

1. No superluminal signaling for the toy model

Note that the assumption that (F1) and (F2) hold for the
quantum gravitational field (treated as a spin-2 quantum
field) is nontrivial. Overall, the derivations above rely on
general properties of the local scattering maps that are
expected to hold for reasonable interactions/setups. The
setup and interactions that are involved in our analysis are
simple enough to see explicitly how (F5) holds. To see this
(first for the toy model of Sec. II) using the Magnus
expansion (Appendix A), the total unitary decomposes as

U gy = €191 ¢~Hw8:8s o= idhr6r=ihus (F7)
where ¢, = i dea, (1), (1, x,) (where we could also intro-
duce a spatial smearing of the field operator), withv = A, B
and G, are the self-interaction terms, e.g.

G, = /dtdt’ﬂy(t)GR(t,xA;t’,xA)/L/(t'). (F8)

Note that the term A 36,65 in F 1, is the term that survives
the stationary phase approximation. A, is given by the
symmetrized propagator

AAB_/dtdt’lA(t)(GR(t,xA;t’,xB)+GA(t,xA;t’,xB))/IB(t’)
(F9)

Once we fix the set-up of the thought experiment, see
Sec. VI, in which the retarded phases from Bob to Alice
disappear

GBB — /dtdt’/lA(t)GR(t,xA;t’,xB)iB(l’) =0 (F10)

and only the contribution that depends on the advanced
propagator survives in (F9). Since GEB =0 then (F9)
is equivalent with the antisymmetrized propagator
Enp = GEB — GBB (which is proportional to the commu-
tator). Then, using the Weyl relations, the total unitary F 1
(without any approximations) becomes

UABF = e_igA_igB e_iqAﬁAgA e_i(;aBa‘B (Fll)
Then, it is straightforward to check that
Pa = trpp(UaprpoU LBF) = trp(e”Pupapeindn), (F12)

where the quantities that depend on Bob have dropped out,
so there is no superluminal signaling.

APPENDIX G: NEWTONIAN LIMIT

For completeness, we briefly discuss here the Newtonian
limit. Physically, this corresponds to the limit of large
interactions times 7 > D/c¢ and small coupling 1 < 1. In
this limit, we have that gy, = @y", that is, phases are no
longer created with retardation but through “action at a
distance.” In this limit, we also have that ', — 0, and due
to the inequality I'y; < 3 (I 4+ I'y) (see Appendix B for a
derivation), we also have I',; — 0. As remarked just above,
there is no violation of quantum theory in this case, it
essentially corresponds to the quantum mechanics of two
particles coupled directly by a potential.

The Newtonian limit of the final state (14) is

1 ei((ﬂLL_(FLR) ei((PLL_‘PRL) ei((ﬂLL_(PRR)
. 1 1 ei(wLR_(pRL) e_i((PRR_(PLR)
pAB(tf) _Z 1 e_i((/’RR—(PRL) (Gl)
1

There is no decoherence and the final state of the two
masses is pure. We expect a pure state of two qubits to
have three independent phase factors (four components
minus a total phase). Indeed, even though we have four
different phases in (G1), they only appear in three linearly
independent combinations. For example, taking the sum/
difference of the combinations @p; — @R, @LL — @RL
@rr — @1r We can recover all other phase factors that
appear in (G1). To leading order in 7 we have

B AT
PLL = PRR = 4 o +O(D/T),
B AT
PR = 47rfl(D T Ax) + 0((1) + Ax)/T),
AT
Pr1 - + O((D - Ax)/T) (G2)

" 4zh(D - Ax)

To make the analogy with the gravitational force, we may

set the coupling constants to 4, = m,v4xG. Then, (G2)
correspond to the phases that appear in the Newtonian
descriptions of the entanglement-through-gravity propos-
als. Note that in the entanglement-through-gravity proto-
cols, typically there is an extra symmetry due to A and B
having the same splitting distance Ax. This leads to a
further condition ¢;; = @ggr and two linearly independent
combinations of phases in the final state.
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