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Two variants of N =7 superconformal mechanics with manifest 8o0(7) and 38u(2) x 8u(2)
R-symmetries possessing exceptional G(3) dynamical symmetry are presented. To construct these
G(3) theories, we developed two new versions of covariant embedding of the exceptional g, algebra
into the 80(7) algebra and then the embedding of 80(7) into 80(8). As a result, two N = 8 superconformal
mechanics with the OSp(8|2) and F(4) superconformal algebras and A =7,G(3) superconformal
mechanics were constructed in a uniform way. The constants of the octonion multiplication play a key role
in the construction of superconformal mechanics with manifest 80(7) symmetry.
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I. INTRODUCTION

Superconformal mechanics with an 80(1,2) conformal
symmetry are potentially of great interest due to their
possible relation to AdS, holography. In virtue of the AdS/
CFT correspondence, there is by now a large amount of
works on anti—de Sitter solutions of string/M-theory in
diverse dimensions. The high dimensionality of the internal
space of AdS, solutions of string/M-theory is related via
duality with R-symmetry of the corresponding supercon-
formal mechanics. However, all variants of N' = 4 super-
conformal mechanics possess the exceptional superalgebra
D(1,2;a) as dynamical symmetry. Therefore, the maximal
R-symmetry for A" = 4 cases is 80(1,2) x 80(4).

Passing to A/ = 8 superconformal mechanics makes the
situation more interesting because in contrast with the
N =4 case in the N' = 8 supersymmetric case we have
four different superconformal algebras OSp(8|2), F(4),
OSp(4*|4), and SU(1,1]|4) (see, e.g., [1]). Thus, the
R-symmetries are extended to 80(8),30(7),30(5) x 8u(2),
and 3u(4) x u(1), respectively. Many variants of N = 8
superconformal mechanics were constructed, mainly in the
superfield Lagrangian formalism [2-9] and within the
Hamiltonian approach as well [10-16]. In the case of
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N = 8 superconformal models, the Hamiltonian approach
has several preferences, such as
(1) In all variants of superconformal mechanics with a
different number of supersymmetries the supercon-
formal symmetry is spontaneously broken, as the
result of which the dilaton u plays a master role in
the form of supercharges and Hamiltonian. Roughly
speaking, the supercharges have the form (cf,,
[11,15-18])

1
O~ p,y +—|[R — symmetry generators]y.  (1.1)
r

Here r = /2

mentum.

(i) The explanation of this form (1.1) is quite simple:
due to the presence of the dilaton fields, one can
always realize the dilaton D, conformal boost K, and
the conformal supersymmetry S generators as

and p, is the corresponding mo-

1 1
D=—rp,, Kzirz,

: (1.2)

S=ry.

(iii) Thus, the form of the supercharges (1.1) is unique to
produce the main relations of any superconformal
algebra

{0,8} ~D + [R — symmetry generators|.  (1.3)

As a result, all peculiarities of different variants of super-
conformal mechanics are hidden in the realization of
R-symmetry generators, mainly in the bosonic but partially
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in the fermionic realizations too. Specializing on the first two
superconformal mechanics with OSp(8|2) and & (4) super-
algebras, we have to deal with (at least) two realizations of
30(8) and 80(7) algebras with manifest 80(7) and 3u(2)*
and 8u(2)? symmetries. Moreover, this line can be continued
as follows:

OSp(8|2) = F(4) = G(3) <> 80(8) — 80(7) — g>.

The last case in this series is the A/ = 7 superconformal
mechanics which is based, as it was stated in [13],on (1,7, 7, 1)
supermultiplet.1 In the present paper we provide a detailed
uniform description of these superconformal mechanics using
the properly defined line of embeddings 80(8) — 80(7) —
g,. The manifest 80(7) covariant description developed in this
paper reveals the tight relations of the A/ = 8 superconformal
algebras with the algebra of octonions. Indeed, the super-
charges we constructed contain the constants of the octonion
multiplication c; . Of course, the relation of the exceptional
algebras with the octonions has been known for a long time?
However, explicit appearance of constants of the octonion
multiplication c¢;j and their dual cousins f;;; (2.7) in the
supercharges and Hamiltonian has not been noted yet, to the

which obey the following nonzero Poisson brackets:

{Po:yo} =1, {pi’yj} = bij,

best of our knowledge, as well as explicit expressions of
embedding of g, into 80(7) (2.8).

The plan of our paper is as follows. In Sec. II we describe
two realizations of the algebra 80(8) and its 80(7) and g,
subalgebras paying much attention to the explicit embed-
dings g, — 80(7) — 80(8). In Sec. III we explicitly con-
struct supercharges and Hamiltonians for OSp(8|2),
& (4), G(3) superconformal mechanics within the 3o(7)
manifestly covariant formalism. In Sec. IV we repeat the
construction of superconformal mechanics within the 81(2)
invariant description. In the Conclusion we review the
obtained results and mention possible future developments.
In the Appendix, we present the explicit variant of changing
variables from the 81(2) invariant formalism to the com-
monly adopted one.

II. TWO FACES OF 30(8) AND ITS SUBALGEBRAS

A. Standard realization

The standard realization of the algebra 80(8) means its
realization in the sixteen-dimensional bosonic phase
spaces, and eight-dimensions fermionic one. Thus, let us
introduce the following set of bosonic and fermionic fields

(i) sixteen bosonic fields: y, ppand y;, p;i,j=1,....,7

(ii) eight fermionic fields: ), y;

{wo.wo} =1, {wi. ll/j} = i5ij- (2.1)

1. 30(7) and 30(8) algebras

From our fields one can construct currents spanning two different 30(7) algebras: bosonic and fermionic

Wii=pyj=pjyi = AWij. Wt = 6uWj = 6, Wy — 6, W e + 8, Wy,

A

Wi =y, — {Wij, sz} = 51‘ij1 - 5‘kWil - 51‘1ij + 5_/‘1Wik-

J

} (2.2)

To construct the generators of 80(8) algebras one has to add to the generators W;; and W, ; seven bosonic V; and seven

fermionic generators V;, respectively, transforming under 7-dimensional representations of 8o(7)

Vi=Dpoyi—piyo {Wijs Vk} = 51‘ij - 5jkVi,
‘71' = iyoy; — {Wij, Vk} = 5:’1{‘7; - 5jk‘7n

{Vi.V;} =Wy,

{Viv Vj} = Wij- (2.3)

2. ©, algebra

The embedding of g, algebra into 80(7) can be achieved by the rank 2 totally antisymmetric tensor WV;; constructed from

the 80(7) generators (2.2) and obeying the constraints [13]

'In [13], the quantum version of G(3) superconformal mechanics was considered.
’In the present context such relations were discussed in [12,13,17].
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cijijk == 0 (24)

Here the rank-3 totally antisymmetric tensor c;j is the
structure constant of the octonionic multiplication. Namely,
ifthe ¢;,i = 1, ..., 7 are seven octonions with the following
multiplication:

eie]' = _5ij+cijkek’ (25)

: 3
the tensor c¢;j; has the following nonzero components
C123 = Cl47 = C165 = Coa6 = C257 = C354 = C367 = 1.

(2.6)

We will also need the dual, rank-4 totally antisymmetric
tensor f;;; defined as follows

1

fijkl = Eeijklmnpcmnpv (27)

€1234567 = 1.

Itis rather easy to check that the solution of Eq. (2.4) W;;
can be constructed as follows [14]:

1
Wi =W, +Zfijlekl- (2.8)

The tensor W;; obeys the following Poisson brackets:

3
{Wij9 Wkl} = _5 (fijkalm _fijlmwkm) + cijmckanmn
(2.9)

Thus, fourteen currents VV;; span g, algebra.

such that satisfy the following conjugation rule:

(ZiAm>T = ZiAm7

and for which the Poisson brackets hold

{B, B} = 2ebebe,

(Btmm)T = Baamv

3. Nonstandard embedding of 30(7) into 30(8)

With the help of the constants ¢;;; and f;j; one can
define two different embeddings of 80(7) into 30(8)

1 1
Wij:E(Wij+aCijka +§fijlekl)s at=1

(Wi, Wit =6uW; =64 Wy =8, Wi +6;,Wy.  (2.10)
The additional generator

- 1 a

Vi :E Vi_’_acijkwjk (211)

with the new defined generators W, ; form the 80(8) algebra

{WU, Vk} = 51’ij - 5jk‘7ia {Vi’ ‘7/} =W,

i (212)

B. Realization with manifest 31:(2) symmetries

Such realization was used in the papers [10,15,16]. To
construct the generators of the 80(8) algebra, we again
need sixteen bosonic and eight fermionic fields but now
with different symmetry properties—all fields are supposed
to transform under fundamental representations of different
3u(2) algebras. Thus, we will consider the following set of
bosonic and fermionic fields:

(i) sixteen bosonic fields: B, and Z",, {a,a,i,

Am}=1,2
(ii) eight fermionic fields ¢™, y“*

(¢iA)T = ¢iA’ ()(aa)T = Xaa (213)
(@4, 7B} = 2ieli B,
{r. ("} = 2ie et (2.14)

Note, the indices m, n are not the indices of any 81(2) algebras, instead these indices just count the fields involved.
However, the corresponding metric is ", i.e., A"B, means ¢""A,,B,.

3Here we followed the notation adopted in [13].
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1. 30(8) algebra

From our fields one can construct bosonic and fermionic currents spanning four different 81(2) algebras: four bosonic

]ij — %Ziamzjam - {Jij’Jkl} — —Gik.lﬂ _ eleik’

WAB — %BaAmBaBm

N {WAB, WCD} — _€AC‘,VBD _ €BDAAC’

Xab — lBaAmeAm - {Xab’ Xcd} _ _€acxbd _ €bdxac’

4

Ya[f — %Ziamzlﬁm N {Ya/i’ Yy&} — _eayy/}é _ eﬁﬁym}/7

and four fermionic ones

jij — %¢iA¢jA = {jij’jkl} — _eikjjl _ €jljik’

WAB — %(ﬁiAgbiB = {WAB, WCD} — _€ACWBD _ €BDWAC,

Xab — %){aaxba = {Xab,)"(cd} — _echbd _ ebanc,

?aﬂ — i){aa)(a/)’ = {fza/i’ )’)7/6} _ —GW?ﬁa _ eﬁéyay.

Let us define sixteen bosonic currents Vi49¢ and sixteen fermionic currents V*A49%

jAaoe __ 771 A
yidaa — ziam pa e

These fields transform under four 311(2) generators (2.15) as follows

- 1 . . .
{Jlj’ VkAaa} — _E(ethjAaa + €/leAaa),

{Xab ViAca} — 1 (eac ViAba + €bc ViAaa)
9 2 9

(2.15)
(2.16)
"‘/iAaa — i¢iA)(aa. (217)
) 1 . .
{WAB, VzCaa} — _E <€ACVlBaa + €BCV'tAaoz)7
. 1 . )
{Yod, yiter} = —= (e Vidab 4 chryidam), (2.18)

These sixteen generators, V44 form the 80(8) algebra together with four 811(2) algebras (2.15). The main Poisson brackets

read

{ViAua’ Vth[)’} — _4(€AB€ah€a/}Jij + eijeaheaﬂwAB + eijeABeaﬁthb + Eij(:’ABé‘ah Ya/i)_

(2.19)

The hatted pure fermionic generators obey the same Poisson brackets.

2. 30(7) algebra

Now the situation with embedding of the algebra 80(7)
into the algebra 80(8) is more subtle than it was in the
previous case in Sec. Il 1 1. To provide such embedding,
one has

(i) to identify two 8u(2) subalgebras, for example

WAB D Xab N Zgb = Wab + Xab

2o (2.20)

(i) to symmetrize the generators V4% over the corre-
sponding indices

Viuba — Viuba + Vihaa
2 .

e (2.21)

Thus, we have nine generators in three 811(2) subalgebras

Ji, ngm, Y% and twelve generators V’g‘;’z which together

)
give a full 21-dimensional set of 80(7) generators.
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The new Poisson brackets read

b icda | __ ibda bdyjicaa
{Zeoiy Vaain)} = =€“Vagn) =€ Ves(ay»

i jcd ij c c d obe ( pij ij
{Vigha Vil y = —8lellem (ere 20l + e255) + (et 4 ente) (elTy ! + el i) (2.22)
The hatted pure fermionic generators have the same structure and obey the same Poisson brackets.

3. &, algebra

To extract the generators of the g, algebra from the generators of 80(7), one can do the following:
(i) The rank of the g, algebra is equal to 2. Thus, one has to pick up two 8u(2) subalgebras the from 80(7) algebra. So
let us identify the indices a, b, a. Therefore, instead of three 311(2) algebras with the generators J i ng(7), Y we

have two 81t(2) algebras with the generators

JU and  Zgh = zgb 4 yeb = X0 4 Web 4 yob (2.23)

(i) In the generators V;“DIZ% one has to identify and then symmetrize the indices a, b, a

Viabe — yiabe 4 yibea | yicab | yibac y yiach 4 yicha (2.24)
(iii) The generators J¥, Z4> and Vi# form the g, algebra.
The main Poisson brackets read
{zah Vicdey _%(eacvggde + ebeyiade | gadyiche | ghdyicae | cacysicds y cheyicda)
{viabe, Vé‘;ef} = —8e[(ebeel + €Pfe®) 24l + (ePdel + eble?)Za¢ + (ebdee + 6"‘16"6)23{

+ (€€ + e e®)Zb? + (el + e ) Zb¢ + (e“e + e"de“e)ng
+ (ePee™ + €PTe1€) Z5? 4 (ePe) + Pl ) Ze¢ + (ePde + e“debe)Zg{]
— 8Ji[(ebeeel  ebfece)ead  (ebdeel | b ged)gae | (ehdgee 4 gedgbe)gaf
+ (e%etf 4 eafece)ehd 4 (eadeel | gaf ged)gbe | (gadgee 4 cedgac)ehf
F (eheet 1 bfeae)eed | (ebdeaf | gbfgad)ece | (ghdgae y cadgbe)gef). (2.25)

The hatted pure fermionic generators have the same structure and obey the same Poisson brackets.

III. SUPERCONFORMAL MECHANICS WITH MANIFEST 380(7) SYMMETRY

With our choice of the fermions yq,y;, the basic Poisson brackets between the generators of N = 8 Poincaré
supersymmetry read

{Q0. 0o} = 2iH, {00.0;} =0, {0, 0;} = 2i6;;H, (3.1)

To extend this algebra to the to superconformal one, we need the generators of dilatation D, conformal boost K, and
superconformal transformations S;, S, defined now as follows:

1 1
D=3rpp K=3r%  Si=mi So=rmp, (3.2)

where the new bosonic field » and its momentum p, obey the standard brackets

{prr}=1. (3.3)

The basic Poisson brackets have the form

125025-5
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{Si, S/} - 21511K, {So, So} - 21K, {Si, S()} - O (34)

Depending on the structure of superconformal symmetry, the generators of R-symmetry include the bosonic {V;, W,;} and/

or fermionic 80(8) generators {V;, W; ;} or some subset of these generators.
In full correspondence with our ansatz for the A = 8 supercharges® [15,16], the supercharges must have the form

®; ©
Qi=pwit—.  Qo=pyot—

The composites @4 and YT* have the structure “(R — symmetry generators) x fermions.” Thus, the terms cubic in fermions
in the supercharges correspond to fermionic realizations of the R-symmetry generators while the terms linear in fermions in
the supercharges correspond to the bosonic R-symmetry generators.

A. OSp(8|2) superconformal mechanics

The supercharges generating the OSp(8|2) superconformal mechanics read

1
Qo = pryo — 1 (ciWiw + 2V,

1
Qi =pwi+ P (2Viwo = 2Wip; + 2¢ii Vi + cipWiwo = fijuW i) - (3.5)

The supercharges form the N = 8 super Poincaré algebra

{QOv QO} = 21H7 {QOv Ql} = 07 {Qi? Qt} = 215le7 (36)
with the Hamiltonian
1 1|1 N 1 - 1 - N 1 A
H = S Pr +ﬁ gVi(Vi —4V;) + EWU(WU —4W;;) - Zcijk(Vink +ViWy) - gfijleijWkl (3.7)

The bosonic part of the Hamiltonian (3.7) reads

1 1 <
Hyos = = p? W, W,,. 3.8
bos 2pr+]67‘2ﬂ;0 1117240717 ( )

It describes the particle on the eight-dimensional Euclidean cone, since the angular part of this Hamiltonian is the seven-
dimensional sphere [16].

To understand the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (3.5)
and conformal supersymmetry generators (3.2)

{QO’ SO} = 21D’
A~ 1 1 . .
{00.8:} = _1<Vi + Evi + Zcijijk> =-iV,, {0, 8o} =1V,
. (1 1 1 o . .
{Qi, S]} = 21(3”D —1 E W” + ECijka + Zfl'jlek[ + W” = = 215ijD - 1Wl-j. (39)

Thus we see that we have 80(8) R-symmetry spanned by the generators

1

N 1 A 1
Vi_Vi+_<Vi+_Cijijk>? le:le+

2

1
> > <Wij +ciiiVi +§fijlekl)v (3.10)

4Compare with those for the N' = 4 case [17,18].
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{W Wkl} = 51‘ij1 - 5jkWi1 - 51’1ij + 5jlwikv {Wij’ Vk} = 51‘ij - 5jkVis {Viv Vj} = Wij- (3-1 1)

ijo

The generators V;, W;; are conserved and they have the following Poisson brackets with the Hamiltonian (3.7) and
supercharges (3.5)

{Hv Vi} - {H7 Wij} =0, {Viv QO} =0 {Vi, Qj} = —51jQ0,
{Wij’ O} = 0 Q) — 6,0, {Wip Qo} = 0. (3.12)

B. & (4) superconformal mechanics

The supercharges generating the & (4) superconformal mechanics can be constructed with the help of 80(7) generators
W, and W;; (2.2) as follows

1 1.
Qo = Pyo— gcijk (Wij - 6W5j> Vi
1 1. 1.
Qi=pyi— 3, Wiy —cip| Wik — §ij wo + fiju | Wi + Eij v (3.13)

The supercharges form the N = 8 super Poincaré algebra

{QO’ QO} = 21H7 {QO’ Ql} = 07 {Qi? Ql} = 21511H’ (314)
with the Hamiltonian
1 111 1 . A 1 1. N
H:EP%+ﬁ §Wij(Wij ) f:/kl( 12Wij)Wkl_§cijk<Wij_EWU)V/]- (3.15)

The bosonic part of the Hamiltonian (3.15) reads
HbOS = pr+ ZWUWU’ (316)

In contrast with (3.8), it describes the particle on the seven-dimensional Euclidean cone, since the angular part of this
Hamiltonian is the six-dimensional sphere [16].

To understand the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (4.12)
and conformal supersymmetry generators (3.2)

{QOa SO} = 21D
{QO’S } - _Cljkw {QI’SO} UkW
. 21 o
{0:.8;} = 2i6;;D - fuklwkl 3 WU, (3.17)
where
W le + = <Wz] + c,]ka + fl]lekl> (318)

Thus we see that we have 80(7) R-symmetry spanned by the generators W;;. These generators obey the following brackets:

1 1
(01 Q;j — 610;) _iciijO +§fijlel' (3.19)

N[ =

{H’ Wij} =0, {leﬁ QO} lijk’ {Wija Qk} =

125025-7
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C. G(3) superconformal mechanics with A/ =7 supersymmetry

To construct G(3) superconformal mechanics, one has to explore the fermionic version of the g, generators (2.8)
R n 1 A
Wi =W;; +Zfijlekl' (3.20)
With their help the unique solution for supercharges spanning N = 7 super-Poincaré algebra reads

1 N i
Qi =pw:— afijklek‘//l =PVi— Efijkll//jl//kl//l- (3-21)
The supercharges (3.21) form the A/ = 7 super Poincaré algebra

{0i.0;} = 2i5;;H, (3.22)
with the Hamiltonian

1 1
H=pt-—y

277 g Vi =

1
Epz T2 Fijay i Wi (3.23)

Again, to clarify the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (3.21)
and conformal supersymmetry generators S; (3.2)

{0:.8;} =2i8;;D — W (3.24)

Thus we see that we have g, R-symmetry spanned by the generators W, ;- These generators obey the following brackets
R R 1
{H.W,;;} =0, Wi, Ok} = 6y Q; — 6, 0; + zfijlez, (3.25)

A 1
Wi, S} = 6uS; — 64S; +Efijlel»

A

A A 3 A A
{Wij’ Wkl} = _5 (fijkalm - fijlkam) + cijmckanmn' (326)

Alas, we did not find any possibility to include in the game more bosonic fields. So, for the time being, we have N = 7
superconformal mechanics with G(3) superconformal dynamical symmetry with one bosonic and seven fermionic
components.

IV. SUPERCONFORMAL MECHANICS WITH MANIFEST 8u(2) SYMMETRY

With our choice of the fermions (2.13), the basic Poisson brackets between the generators of N = 8 Poincaré
supersymmetry read

{QiA’ QjB} — 4l€ij€ABH, {qaa’qb[i} — 4l€ab€aﬁfH’ {QiA’qaa} =0. (41)

To extend this algebra to the superconformal ones, we need the generators of dilatation D, conformal boost K, and
superconformal transformations S$™, 5% defined as follows:

1 1 . .
D= 57Pr K= 5 r, SA = repA, §90 = pya, (4.2)

The basic Poisson brackets have the form [15,16]

{SA, S/B} = dicl ABIC, {599 sPP} = die? e IC, {SA, 597} = 0. (4.3)

125025-8
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Depending on the structure of superconformal symmetry, the generators of R-symmetry include the bosonic
{Jii WAB xab yap yidaa} (2 15) and/or fermionic 80(8) generators {J, WAB Xab Y YiAaay (316), (2.17) or some
subset of these generators.

In full correspondence with our ansatz for the N = 8 supercharges [15,16] (see [17,18] for the N' = 4 case), the
supercharges have the form

iA aa

. @
Q" =pp" +—. @ =Pt —

The composites @4 and T have the structure “(R — symmetry generators) X fermions.”

A. OSp(8|2) superconformal mechanics

This superconformal mechanics was constructed in [10] at the level of superfields and components. The corresponding
supercharges and Hamiltonian for this case were constructed in [15,16]. Their have the form

. . 1/ .. . 1.
QlA — pr¢lA + <Jl]¢jA + WAB¢IB _ E VtAaa s ) ,

r
aa aa 1 ab,, a af,,a 1 iAaa
q“ =px +; Xp® +Y )(ﬂ‘f'EV Dia |- (4.4)
The corresponding Hamiltonian reads

1 1

1 5
Hospsp) = 5]’3 + ) <_§C§o(8) + 3 (Cgo(s)‘fermionwo)) (4.5)

The 80(8) Casimir operator Cso(s) is defined in a standard way as
Cao(s) = (J + T (T + Tij) + (WAE + WABY (W + Wap) + (X% + X)) (X + Xap)
A N 1 . A N
(V4 T) (Vo + Fap) + 3 (VA P (Vi + Vi) (46)

The generators of dynamical 30(8) R-symmetry of the system appear in the brackets between the Poincaré (4.4) and
conformal supersymmetry generators (4.2)

{0, S/B} = 2iell (WAB 4 WAB) + 2ieB(JU 4 JU) 4 4ie'/erB D,
{QiA Saa} _ _i(viAaa + "}iAaa) {qaa SiA} _ i(viAaa + ‘A/iAaa)
{g°, 5"} = 2ie®t (Y + Y%) 4 2ie®P (X + X) + i€’ e D. (4.7)

The supercharges Q™4 and ¢* form the fundamental representations with respect to the corresponding 811(2) algebras,
1.e.,

{JiI 4 Jii, QMY = _%(eiijA + ek Qiry, {WAB 4 WAB i€} — _%(eACQiB +€BCQINY,
(X 4 X Qi) = (Y& 4§ Qi) =, {J 4 JU oo} = {WAB 4 WAB gaa} — 0,
(X 4 Kb geay = _%(eacqba + ebegaay, (Y 4 Y qory = _%(eayqaﬂ + ePrgaa). (4.8)
In addition, these currents commute with the Hamiltonian (4.5)

{HOA‘p(S\Z)’ Ji + ‘7[/} = {HOS]?(S\Z)’ wAB + WAB} = {H0S17(8|2)7Xah + )A(ab} = {HO.Yp(8\2)9 Y/ + f/a/i} =0. (49)

Finally, we have
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{ViAaa + "}'iAua’ QjB} — 2€ij€ABqaa’ {ViAaa -+ "}'iAaa’ qbﬂ} _ _2€ab€aﬂQiA’
{HOsp(8|2)v ViAaa 4 ‘A/iAaa} —0. (410)

The bosonic part of the Hamiltonian (4.5) then coincides with (3.8)5

1 1 1 1<
Hbos = Ep% + gcéo(S)lfermions—%) = §p2 + Wﬂ;} fﬂ,l/fﬂ.l/' (4'11)

B. §(4) supersymmetric mechanics

Now to construct the supercharges we have to use the generators spanning 3o0(7) algebra, i.e.,

ij p b jab
JIY 28, Vit

with ng(7) and V;‘;’fg‘) defined in (2.20), (2.21). In addition, the fermions ¢* carrying out now the indices {i,a},

ie., ¢ — ¢
The & (4) supersymmetric mechanics is described by the following supercharges:

i j 1 2 Za i 4 ij Jij a 1 iaba (7iaba
Qi = p,¢ia — - K_ zgg(7) + 2235(7)>¢ vy (379 4 5717)¢p; + 3 (Véjgn + V%’gﬂ) aa] \

3
ao __ ao 1 2 ab ZAab a 4 af apy . a 1 Jjaba (rjaba 4.12
C] - pr)( +; §Z§0(7) + Z§0(7) ){b +§(3Y +5Y )Xﬂ—g(vgo(7) + V50(7>)¢1b B ( . )

and by the Hamiltonian

1 1 2 8 4
H%(4) = Ep% + ﬁ [_ gcso(7) + § (650(7) |fermions—>0) + § (Cso(7) |bosons—>0>] . (4' 13)

Here Cyy(7) is the Casimir operator commuting with the generators {J7 + J¥, Z’gf(7> + 235(7), Y 4 yP, V;‘;}g% - \A/g‘fff%}

. e n 1 ~ ~ ~ ~
Coo(r) = (JY +JV) (T3 + J3j) + 3 (ngg) + 235(7))((2%(7))@ + (Zsoz))ap) + (Y + Yaﬂ)(Yaﬁ + Yop)

1, . . .
+ 1_6 (Vlga.,lz?) - V;o[z7))((vﬁo(7))iaba - (Véo(7))iaba)' (4-14)

To understand the full dynamical symmetry of the system, one has to calculate the Poisson brackets between the Poincaré
(4.12) and conformal supersymmetry generators (4.2) (with the indices A, B replaced by the indices a, b):

. ) 4 . N 8 A .
{0, S7) =6 (24l + Ziky) + e (77 4 1Y) + dietle’ D,

1 2. iaba (riaba a Qia 2. iaba (7iaba
{Q. 5"} = §1(V§0Zf7> - V@ol(7)>’ {q". 5%} = _§I(Vsob(7) - V§o?7))’
4. a 8. a Q v s ija
{q, s} = g1evfﬁ(zgf(7> +2Z300) + Sl b(YP + Y) + diee? D. (4.15)

Thus, we see that instead of 80(8) symmetry we indeed have its subalgebra spanned by the generators

(JT 4+ JU, 288 ) + 20y Y+ YP Vighe — Vila ). (4.16)

These 21 generators span 8o0(7) subalgebra in 30(8).

>The 0(8) operators 7, , are defined in (A4). Note, the term Zz_y:] €y €,, does not fix the norm y,y,, which therefore can be

identified with r> reducing “evident” nine bosonic coordinates to eight.
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Thus, we deal with &(4) superconformal symmetry. Note, the pure fermionic parts of the supercharges in (4.12) coincide
with those obtained in [8].

The generators (4.16) are the conserved quantities
{H%(4), {Jij + jij’zggw) + Zah( 7 Yaﬂ + Yaﬂ Vzaba Vtuba }} =0 (417)

and they rotate the supercharges as follows:

{Ji 4 Jii, Qka} = _%(eiija + elkQiay, {Ji 4 Jii, gaa} =0,

{Z  + Zab ch} _ ( acQib 4 ebeia), {Z -+ Zab g = (eacqba + ebegaay,
{Y? 4 ¥ Qia} =0, (Y 4 Y qor} = —%(e“yq“ﬂ + €7 q),

{V;aolza> Vlalm QJc} = —2¢i (e9¢ gba + ¢begaa), {Vé‘f,lfa) Vmba G} = 2% (4 QP + ebe Qi) (4.18)

The bosonic part of the Hamiltonian (4.13) then coincides with (3.16)
Hyp = p2 + 2.0 12+1Z7:ff (4.19)
bos — 5 Pr T 5.3 Lso(7) lfermions—0 — 73 Pr T 5 2 url . .
2 Or ! 2 Or =

C. G(3) superconformal algebra
Now to construct the supercharges spanning the G(3) superconformal algebra, we have to use the generators spanning g,
algebra, i.e.,

ij 7ab iabca
J ’ ZQz ’ ng

with Z&” and Vi#>¢ defined in (2.23), (2.24). In addition, the fermions ¢ carrying now the indices {i, a}, i.e., p"* — ¢',
and the fermions y“* carrying the indices {a, b} are symmetric over these indices, i.e.,

JYLINN )(Zf = 4 4 yba, (4.20)
Correspondingly, we have the supercharges 0™, g¢*” = g”* with the following Poisson brackets
{Qia7 ij} = dielie? H, {qab7 ch} — Si(eacebd + (;‘“de"b)H, {Qia7 th} —0. (4.21)
The conformal supercharges (3.2) can also be redefined as
Sia = e, s = r)(g,f;, (4.22)
{Sie, $1P} = dielie*? K, {5, 57} = Bi(e“e" + e“eP)K, {5 5P} =0. (4.23)
The supercharges spanning A = 7 super Poincaré algebra have the form
0" = pp 4 |09~ T (1 ).
9 = pag + V’ C”bfﬁ,c (4.24)

while the Hamiltonian H reads
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Lo 115 505 4 Lowgs

1

[ ¢1a¢b()(g2) C()(gz)bc + 2¢m¢tb¢]a¢jb] (425)

192 2

To understand the full dynamical symmetry of the system, one has to calculate the Poisson brackets between the Poincaré

(4.24) and conformal supersymmetry generators (4.22)
{Q. 5"} = —ieifng

{qab Stc} Vzabc’

Thus we see that we have R-symmetry spanned by 81(2) @ 3u(2) algebras with the generators ng

— 3ieebJi 4 4ieije“bD
{Qla bc} —
{q, s¢d} = 41(6“ng + €PZ8%) + 81(6“Cebd + eeb)D.

iabc
V ;

(4.26)

_ )’\(ab + Wab + ?ab

and J% and the generators \7;‘;”" from the coset g,/811(2) x 31(2). Therefore, we are dealing with G(3) superconformal

symmetry.

The generators Ju, ng are the conserved quantities, i.e., they commute with the Hamiltonian (4.25)

{H&<3),jij} = {H®(3),Z§f =0. (4.27)
The Poisson brackets between the generators J¥, Z‘gz” and the supercharges (4.24) read
{"]ij’ Qka} _ _l(eiija + €ijia)’ {jij’ qab} =0,
1
{ng’ Qlc} — ( ac sz + ehc Qza) {Zab’ ch} — 2( acqhd + eudqbc + ebcqad + ehdquc)’
{Vlabc de} — 261./(€ud be + ebdqac + €cdqab)
{Vtabc’qde} — { ad( bech +€ceQ1b) _|_€bd( atec _|_€ctha) +€cd(€ateb +€beQ1a)] (428)

V. CONCLUSION

In the present paper we have constructed the super-
charges and Hamiltonians for two variants of supercon-
formal mechanics associated with the superalgebras
OSp(812),F(4) and G(3). The fermionic and bosonic
fields involved were arranged into the generators spanning
30(8),80(7) and g, R-symmetries of the corresponding
superconformal algebras. The bosonic and fermionic parts
of these R-symmetry generators define the constants of
motion and form the same algebras. We have also presented
the explicit embedding of g, into 80(7) for both realiza-
tions, with manifest 80(7) and 81(2) symmetries. These
embeddings have never been presented in such form to the
best of our knowledge.

Similarly to the results of our previous papers [15-17],
the angular parts of supercharges defining the system have
the structure “(R — symmetry generators) x fermions,”
while the angular part of the Hamiltonian is just a sum
of full Casimir operators and its purely bosonic and/or
fermionic parts. We explicitly demonstrated that the con-
structed system describes the specific N = 7, 8 supersym-
metric extension of free particles on some cone embedded in
(pseudo-)Euclidean space with the fermionic part that can be

interpreted as the spin-orbit coupling terms. The N =7
superconformal mechanics with dynamical G(3) symmetry
describe the first example of the classical system con-
structed on the nonminimal supermultiplet (1, 7, 7, 1). It is
very interesting to construct a superspace description of this
system. All our mechanics admit the reduction: bosonic
R symmetry generators — 0. Probably, these cases are the
simplest ones for the search of superfield description.
Finally, we would like to stress that the explicit form of the
supercharges and Hamiltonians contains the generators of the
bosonic parts of R-symmetry. The structure of these bosonic
generators is more or less arbitrary. Thus, similarly to the
N = 4 supersymmetric case [11] we have the possibility to
describe a different bosonic system simply by choosing
different realizations of these symmetries. Clearly, our
supercharges in this case will provide the N' = 8 super-
extension for these systems. We are planning to consider this
situation in more detail in forthcoming publications.
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B121 _ ya +iy4,
3122 = —p3 —1ipa,

B111 :yl +iy2,
an =—p —ipy,
Z'%) = —pg—ips,

lel — yS _’_1y6’
Z'y = —ps —ips,
One can check that with the standard brackets
{p/n yv} - 6;41/’

the brackets (2.14) are correctly reproduced.

APPENDIX

To treat the bosonic variables { B4, Z, 1 as additional
coordinates and momenta in the first order Lagrangians,
one has to introduce these new coordinates and momenta in
the supersymmetric mechanics we are dealt with. The
simplest way is to associate the fields {B*,, Z%,} with
lower index m = 2 with the momenta and the fields with
lower index m = 1, i.e., {B*, Z1 }, with the coordinates.
One of the possible associations read

In terms of the coordinates y* and momenta p,, the 80(8) generators have the standard form

fﬂ,l/ = PuYv — Pv¥u-

B2, = —® +iy*, B2, =y _iy?,
By = py —ipy, By = —p; +1ipa, (A1)
2211 — _y8 + iy7’ 2221 — y5 _ iy6’
72y = pg—ips, 7%, = —ps +ips. (A2)
pv=1,..8 (A3)
(A4)
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