
Two faces of N = 7, 8 superconformal mechanics

Sergey Krivonos 1,2,* and Armen Nersessian 1,3,4,†

1Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia
2Laboratory of Applied Mathematics and Theoretical Physics, TUSUR,

Lenina Avenue 40, 634050 Tomsk, Russia
3Yerevan Physics Institute, 2 Alikhanyan Brothers Street, Yerevan, 0036, Armenia

4Institute of Radiophysics and Electronics, Ashtarak-2, 0203, Armenia

(Received 5 May 2025; accepted 10 June 2025; published 27 June 2025)

Two variants of N ¼ 7 superconformal mechanics with manifest soð7Þ and suð2Þ × suð2Þ
R-symmetries possessing exceptional Gð3Þ dynamical symmetry are presented. To construct these
Gð3Þ theories, we developed two new versions of covariant embedding of the exceptional g2 algebra
into the soð7Þ algebra and then the embedding of soð7Þ into soð8Þ. As a result, twoN ¼ 8 superconformal
mechanics with the OSpð8j2Þ and Fð4Þ superconformal algebras and N ¼ 7; Gð3Þ superconformal
mechanics were constructed in a uniform way. The constants of the octonion multiplication play a key role
in the construction of superconformal mechanics with manifest soð7Þ symmetry.
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I. INTRODUCTION

Superconformal mechanics with an soð1; 2Þ conformal
symmetry are potentially of great interest due to their
possible relation to AdS2 holography. In virtue of the AdS/
CFT correspondence, there is by now a large amount of
works on anti–de Sitter solutions of string/M-theory in
diverse dimensions. The high dimensionality of the internal
space of AdS2 solutions of string/M-theory is related via
duality with R-symmetry of the corresponding supercon-
formal mechanics. However, all variants of N ¼ 4 super-
conformal mechanics possess the exceptional superalgebra
Dð1; 2; αÞ as dynamical symmetry. Therefore, the maximal
R-symmetry for N ¼ 4 cases is soð1; 2Þ × soð4Þ.
Passing to N ¼ 8 superconformal mechanics makes the

situation more interesting because in contrast with the
N ¼ 4 case in the N ¼ 8 supersymmetric case we have
four different superconformal algebras OSpð8j2Þ;Fð4Þ,
OSpð4⋆j4Þ, and SUð1; 1j4Þ (see, e.g., [1]). Thus, the
R-symmetries are extended to soð8Þ;soð7Þ;soð5Þ× suð2Þ,
and suð4Þ × uð1Þ, respectively. Many variants of N ¼ 8
superconformal mechanics were constructed, mainly in the
superfield Lagrangian formalism [2–9] and within the
Hamiltonian approach as well [10–16]. In the case of

N ¼ 8 superconformal models, the Hamiltonian approach
has several preferences, such as

(i) In all variants of superconformal mechanics with a
different number of supersymmetries the supercon-
formal symmetry is spontaneously broken, as the
result of which the dilaton u plays a master role in
the form of supercharges and Hamiltonian. Roughly
speaking, the supercharges have the form (cf.,
[11,15–18])

Q ∼ prψ þ 1

r
½R − symmetry generators�ψ : ð1:1Þ

Here r ¼ eu=2 and pr is the corresponding mo-
mentum.

(ii) The explanation of this form (1.1) is quite simple:
due to the presence of the dilaton fields, one can
always realize the dilatonD, conformal boostK, and
the conformal supersymmetry S generators as

D ¼ 1

2
rpr; K ¼ 1

2
r2; S ¼ rψ : ð1:2Þ

(iii) Thus, the form of the supercharges (1.1) is unique to
produce the main relations of any superconformal
algebra

fQ;Sg ∼Dþ ½R − symmetry generators�: ð1:3Þ

As a result, all peculiarities of different variants of super-
conformal mechanics are hidden in the realization of
R-symmetry generators, mainly in the bosonic but partially
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in the fermionic realizations too. Specializing on the first two
superconformal mechanics with OSpð8j2Þ and Fð4Þ super-
algebras, we have to deal with (at least) two realizations of
soð8Þ and soð7Þ algebras with manifest soð7Þ and suð2Þ4
and suð2Þ3 symmetries.Moreover, this line can be continued
as follows:

OSpð8j2Þ → Fð4Þ → Gð3Þ ↔ soð8Þ → soð7Þ → g2:

The last case in this series is the N ¼ 7 superconformal
mechanicswhich is based, as itwas stated in [13], on (1, 7, 7, 1)
supermultiplet.1 In the present paper we provide a detailed
uniform description of these superconformal mechanics using
the properly defined line of embeddings soð8Þ → soð7Þ →
g2. Themanifest soð7Þ covariant description developed in this
paper reveals the tight relations of theN ¼ 8 superconformal
algebras with the algebra of octonions. Indeed, the super-
charges we constructed contain the constants of the octonion
multiplication cijk. Of course, the relation of the exceptional
algebras with the octonions has been known for a long time2

However, explicit appearance of constants of the octonion
multiplication cijk and their dual cousins fijkl (2.7) in the
supercharges and Hamiltonian has not been noted yet, to the

best of our knowledge, as well as explicit expressions of
embedding of g2 into soð7Þ (2.8).
The plan of our paper is as follows. In Sec. II we describe

two realizations of the algebra soð8Þ and its soð7Þ and g2
subalgebras paying much attention to the explicit embed-
dings g2 → soð7Þ → soð8Þ. In Sec. III we explicitly con-
struct supercharges and Hamiltonians for OSpð8j2Þ;
Fð4Þ; Gð3Þ superconformal mechanics within the soð7Þ
manifestly covariant formalism. In Sec. IV we repeat the
construction of superconformal mechanics within the suð2Þ
invariant description. In the Conclusion we review the
obtained results and mention possible future developments.
In the Appendix, we present the explicit variant of changing
variables from the suð2Þ invariant formalism to the com-
monly adopted one.

II. TWO FACES OF soð8Þ AND ITS SUBALGEBRAS

A. Standard realization

The standard realization of the algebra soð8Þ means its
realization in the sixteen-dimensional bosonic phase
spaces, and eight-dimensions fermionic one. Thus, let us
introduce the following set of bosonic and fermionic fields

(i) sixteen bosonic fields: y0,p0 and yi,pj i; j ¼ 1;…; 7
(ii) eight fermionic fields: ψ0;ψ i

which obey the following nonzero Poisson brackets:

fp0; y0g ¼ 1; fpi; yjg ¼ δij; fψ0;ψ0g ¼ i; fψ i;ψ jg ¼ iδij: ð2:1Þ

1. soð7Þ and soð8Þ algebras
From our fields one can construct currents spanning two different soð7Þ algebras: bosonic and fermionic

Wij ¼ piyj − pjyi → fWij;Wklg ¼ δikWjl − δjkWil − δilWjk þ δjlWik;

Ŵij ¼ iψ iψ j → fŴij; Ŵklg ¼ δikŴjl − δjkŴil − δilŴjk þ δjlŴik: ð2:2Þ

To construct the generators of soð8Þ algebras one has to add to the generators Wij and Ŵij seven bosonic Vi and seven
fermionic generators V̂i, respectively, transforming under 7-dimensional representations of soð7Þ

Vi ¼ p0yi − piy0 → fWij; Vkg ¼ δikVj − δjkVi; fVi; Vjg ¼ Wij;

V̂i ¼ iψ0ψ i → fŴij; V̂kg ¼ δikV̂j − δjkV̂i; fV̂i; V̂jg ¼ Ŵij: ð2:3Þ

2. G2 algebra

The embedding of g2 algebra into soð7Þ can be achieved by the rank 2 totally antisymmetric tensorWij constructed from
the soð7Þ generators (2.2) and obeying the constraints [13]

1In [13], the quantum version of Gð3Þ superconformal mechanics was considered.
2In the present context such relations were discussed in [12,13,17].
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cijkWjk ¼ 0: ð2:4Þ

Here the rank-3 totally antisymmetric tensor cijk is the
structure constant of the octonionic multiplication. Namely,
if the ei; i ¼ 1;…; 7 are seven octonions with the following
multiplication:

eiej ¼ −δij þ cijkek; ð2:5Þ

the tensor cijk has the following nonzero components3

c123 ¼ c147 ¼ c165 ¼ c246 ¼ c257 ¼ c354 ¼ c367 ¼ 1: ð2:6Þ

We will also need the dual, rank-4 totally antisymmetric
tensor fijkl defined as follows

fijkl ¼
1

6
ϵijklmnpcmnp; ϵ1234567 ¼ 1: ð2:7Þ

It is rather easy to check that the solution of Eq. (2.4)Wij
can be constructed as follows [14]:

Wij ¼ Wij þ
1

4
fijklWkl: ð2:8Þ

The tensor Wij obeys the following Poisson brackets:

fWij;Wklg ¼ −
3

2
ðfijkmWlm − fijlmWkmÞ þ cijmcklnWmn:

ð2:9Þ

Thus, fourteen currents Wij span g2 algebra.

3. Nonstandard embedding of soð7Þ into soð8Þ
With the help of the constants cijk and fijkl one can

define two different embeddings of soð7Þ into soð8Þ

W̃ij ¼
1

2

�
Wij þ αcijkVk þ

1

2
fijklWkl

�
; α2 ¼ 1

fW̃ij; W̃klg ¼ δikW̃jl − δjkW̃il − δilW̃jk þ δjlW̃ik: ð2:10Þ

The additional generator

Ṽi ¼
1

2

�
Vi þ

α

2
cijkWjk

�
ð2:11Þ

with the new defined generators W̃ij form the soð8Þ algebra

fW̃ij; Ṽkg ¼ δikṼj − δjkṼi; fṼi; Ṽjg ¼ W̃ij: ð2:12Þ

B. Realization with manifest suð2Þ symmetries

Such realization was used in the papers [10,15,16]. To
construct the generators of the soð8Þ algebra, we again
need sixteen bosonic and eight fermionic fields but now
with different symmetry properties—all fields are supposed
to transform under fundamental representations of different
suð2Þ algebras. Thus, we will consider the following set of
bosonic and fermionic fields:

(i) sixteen bosonic fields: Baα
m and ZiA

m; fa; α; i;
A;mg ¼ 1, 2

(ii) eight fermionic fields ϕiA; χaα

such that satisfy the following conjugation rule:

ðZiA
mÞ† ¼ ZiAm; ðBaα

mÞ† ¼ Baαm; ðϕiAÞ† ¼ ϕiA; ðχaαÞ† ¼ χaα ð2:13Þ

and for which the Poisson brackets hold

fZiA
m; ZjB

ng ¼ 2εijεABεmn; fϕiA;ϕjBg ¼ 2iεijεAB:

fBaα
m; Bbβ

ng ¼ 2εabεαβεmn; fχaα; χbβg ¼ 2iεijεAB: ð2:14Þ

Note, the indices m, n are not the indices of any suð2Þ algebras, instead these indices just count the fields involved.
However, the corresponding metric is ϵnm, i.e., AnBn means ϵnmAmBn.

3Here we followed the notation adopted in [13].
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1. soð8Þ algebra
From our fields one can construct bosonic and fermionic currents spanning four different suð2Þ algebras: four bosonic

Jij ¼ 1

4
ZiαmZj

αm → fJij; Jklg ¼ −ϵikJjl − ϵjlJik;

WAB ¼ 1

4
BaAmBa

B
m → fWAB;WCDg ¼ −ϵACWBD − ϵBDAAC;

Xab ¼ 1

4
BaAmBb

Am → fXab; Xcdg ¼ −ϵacXbd − ϵbdXac;

Yαβ ¼ 1

4
ZiαmZi

β
m → fYαβ; Yγδg ¼ −ϵαγYβδ − ϵβδYαγ; ð2:15Þ

and four fermionic ones

Ĵij ¼ i
4
ϕiAϕj

A ⇒ fĴij; Ĵklg ¼ −ϵikĴjl − ϵjlĴik;

ŴAB ¼ i
4
ϕiAϕi

B ⇒ fŴAB; ŴCDg ¼ −ϵACŴBD − ϵBDŴAC;

X̂ab ¼ i
4
χaαχbα ⇒ fX̂ab; X̂cdg ¼ −ϵacX̂bd − ϵbdX̂ac;

Ŷαβ ¼ i
4
χaαχa

β ⇒ fŶαβ; Ŷγδg ¼ −ϵαγŶβδ − ϵβδŶαγ: ð2:16Þ

Let us define sixteen bosonic currents ViAaα and sixteen fermionic currents V̂iAaα

ViAaα ¼ ZiαmBaA
m; V̂iAaα ¼ iϕiAχaα: ð2:17Þ

These fields transform under four suð2Þ generators (2.15) as follows

fJij; VkAaαg ¼ −
1

2
ðϵikVjAaα þ ϵjkViAaαÞ; fWAB; ViCaαg ¼ −

1

2
ðϵACViBaα þ ϵBCViAaαÞ;

fXab; ViAcαg ¼ −
1

2
ðϵacViAbα þ ϵbcViAaαÞ; fYαβ; ViAaγg ¼ −

1

2
ðϵαγViAaβ þ ϵβγViAaαÞ: ð2:18Þ

These sixteen generators, VkAaα form the soð8Þ algebra together with four suð2Þ algebras (2.15). The main Poisson brackets
read

fViAaα; VjBbβg ¼ −4ðϵABϵabϵαβJij þ ϵijϵabϵαβWAB þ ϵijϵABϵαβXab þ ϵijϵABϵabYαβÞ: ð2:19Þ

The hatted pure fermionic generators obey the same Poisson brackets.

2. soð7Þ algebra
Now the situation with embedding of the algebra soð7Þ

into the algebra soð8Þ is more subtle than it was in the
previous case in Sec. II 1 1. To provide such embedding,
one has

(i) to identify two suð2Þ subalgebras, for example

WAB ⊕ Xab → Zab
soð7Þ ¼ Wab þ Xab ð2:20Þ

(ii) to symmetrize the generators ViAaα over the corre-
sponding indices

Viabα
soð7Þ ¼ Viabα þ Vibaα: ð2:21Þ

Thus, we have nine generators in three suð2Þ subalgebras
Jij; Zab

soð7Þ; Y
αβ and twelve generators Viabα

soð7Þ which together

give a full 21-dimensional set of soð7Þ generators.
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The new Poisson brackets read

fZab
soð7Þ; V

icdα
soð7Þg ¼ −ϵacVibdα

soð7Þ − ϵbdVicaα
soð7Þ;

fViabα
soð7Þ; V

jcdβ
soð7Þg ¼ −8½ϵijϵαβðϵacZbd

soð7Þ þ ϵbdZac
soð7ÞÞ þ ðϵacϵbd þ ϵadϵbcÞðϵijYαβ þ ϵαβJijÞ�: ð2:22Þ

The hatted pure fermionic generators have the same structure and obey the same Poisson brackets.

3. G2 algebra

To extract the generators of the g2 algebra from the generators of soð7Þ, one can do the following:
(i) The rank of the g2 algebra is equal to 2. Thus, one has to pick up two suð2Þ subalgebras the from soð7Þ algebra. So

let us identify the indices a, b, α. Therefore, instead of three suð2Þ algebras with the generators Jij; Zab
soð7Þ; Y

αβ we
have two suð2Þ algebras with the generators

Jij and Zab
g2 ¼ Zab

soð7Þ þ Yab ¼ Xab þWab þ Yab ð2:23Þ

(ii) In the generators Viabα
soð7Þ one has to identify and then symmetrize the indices a, b, α

Viabc
g2 ¼ Viabc þ Vibca þ Vicab þ Vibac þ Viacb þ Vicba ð2:24Þ

(iii) The generators Jij; Zab
g2 , and Viabc

g2 form the g2 algebra.
The main Poisson brackets read

fZab
g2 ; V

icde
g2 g ¼ −

1

2
ðϵacVibde

g2 þ ϵbcViade
g2 þ ϵadVicbe

g2 þ ϵbdVicae
g2 þ ϵaeVicdb

g2 þ ϵbeVicda
g2 Þ;

fViabc
g2 ; Vjdef

g2 g ¼ −8ϵij½ðϵbeϵcf þ ϵbfϵceÞZad
g2 þ ðϵbdϵcf þ ϵbfϵcdÞZae

g2 þ ðϵbdϵce þ ϵcdϵbeÞZaf
g2

þ ðϵaeϵcf þ ϵafϵceÞZbd
g2 þ ðϵadϵcf þ ϵafϵcdÞZbe

g2 þ ðϵadϵce þ ϵcdϵaeÞZbf
g2

þ ðϵbeϵaf þ ϵbfϵaeÞZcd
g2 þ ðϵbdϵaf þ ϵbfϵadÞZce

g2 þ ðϵbdϵae þ ϵadϵbeÞZcf
g2 �

− 8Jij½ðϵbeϵcf þ ϵbfϵceÞϵad þ ðϵbdϵcf þ ϵbfϵcdÞϵae þ ðϵbdϵce þ ϵcdϵbeÞϵaf
þ ðϵaeϵcf þ ϵafϵceÞϵbd þ ðϵadϵcf þ ϵafϵcdÞϵbe þ ðϵadϵce þ ϵcdϵaeÞϵbf
þ ðϵbeϵaf þ ϵbfϵaeÞϵcd þ ðϵbdϵaf þ ϵbfϵadÞϵce þ ðϵbdϵae þ ϵadϵbeÞϵcf�: ð2:25Þ

The hatted pure fermionic generators have the same structure and obey the same Poisson brackets.

III. SUPERCONFORMAL MECHANICS WITH MANIFEST soð7Þ SYMMETRY

With our choice of the fermions ψ0;ψ i, the basic Poisson brackets between the generators of N ¼ 8 Poincaré
supersymmetry read

fQ0; Q0g ¼ 2iH; fQ0; Qig ¼ 0; fQi;Qig ¼ 2iδijH; ð3:1Þ

To extend this algebra to the to superconformal one, we need the generators of dilatation D, conformal boost K, and
superconformal transformations Si; S0 defined now as follows:

D ¼ 1

2
rpr; K ¼ 1

2
r2; Si ¼ rψ i; S0 ¼ rψ0; ð3:2Þ

where the new bosonic field r and its momentum pr obey the standard brackets

fpr; rg ¼ 1: ð3:3Þ

The basic Poisson brackets have the form
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fSi; Sjg ¼ 2iδijK; fS0; S0g ¼ 2iK; fSi; S0g ¼ 0: ð3:4Þ

Depending on the structure of superconformal symmetry, the generators of R-symmetry include the bosonic fVi;Wijg and/
or fermionic soð8Þ generators fV̂i; Ŵijg or some subset of these generators.
In full correspondence with our ansatz for the N ¼ 8 supercharges4 [15,16], the supercharges must have the form

Qi ¼ prψ i þ
Θi

r
; Q0 ¼ prψ0 þ

Θ0

r
;

The compositesΘiA andϒaα have the structure “ðR − symmetry generatorsÞ × fermions.” Thus, the terms cubic in fermions
in the supercharges correspond to fermionic realizations of the R-symmetry generators while the terms linear in fermions in
the supercharges correspond to the bosonic R-symmetry generators.

A. OSpð8j2Þ superconformal mechanics

The supercharges generating the OSpð8j2Þ superconformal mechanics read

Q0 ¼ prψ0 −
1

4r
ðcijkWijψk þ 2Viψ iÞ;

Qi ¼ prψ i þ
1

4r
ð2Viψ0 − 2Wijψ j þ 2cijkVjψk þ cijkWjkψ0 − fijklWjkψ lÞ: ð3:5Þ

The supercharges form the N ¼ 8 super Poincaré algebra

fQ0; Q0g ¼ 2iH; fQ0; Qig ¼ 0; fQi;Qig ¼ 2iδijH; ð3:6Þ

with the Hamiltonian

H ¼ 1

2
p2
r þ

1

r2

�
1

8
ViðVi − 4V̂iÞ þ

1

16
WijðWij − 4ŴijÞ −

1

4
cijkðViŴjk þ V̂iWjkÞ −

1

8
fijklWijŴkl

�
ð3:7Þ

The bosonic part of the Hamiltonian (3.7) reads

Hbos ¼
1

2
p2
r þ

1

16r2
X7
μ;ν¼0

WμνWμν: ð3:8Þ

It describes the particle on the eight-dimensional Euclidean cone, since the angular part of this Hamiltonian is the seven-
dimensional sphere [16].
To understand the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (3.5)

and conformal supersymmetry generators (3.2)

fQ0; S0g ¼ 2iD;

fQ0; Sig ¼ −i
�
V̂i þ

1

2
Vi þ

1

4
cijkWjk

�
≡ −iVi; fQi; S0g ¼ iVi;

fQi; Sjg ¼ 2iδijD − i
�
1

2
Wij þ

1

2
cijkVk þ

1

4
fijklWkl þ Ŵij

�
≡ ¼ 2iδijD − iWij: ð3:9Þ

Thus we see that we have soð8Þ R-symmetry spanned by the generators

Vi ¼ V̂i þ
1

2

�
Vi þ

1

2
cijkWjk

�
; Wij ¼ Ŵij þ

1

2

�
Wij þ cijkVk þ

1

2
fijklWkl

�
; ð3:10Þ

4Compare with those for the N ¼ 4 case [17,18].
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fWij;Wklg ¼ δikWjl − δjkWil − δilWjk þ δjlWik; fWij;Vkg ¼ δikVj − δjkVi; fVi;Vjg ¼ Wij: ð3:11Þ

The generators Vi;Wij are conserved and they have the following Poisson brackets with the Hamiltonian (3.7) and
supercharges (3.5)

fH;Vig ¼ fH;Wijg ¼ 0; fVi; Q0g ¼ Qi; fVi; Qjg ¼ −δijQ0;

fWij; Qkg ¼ δikQj − δjkQi; fWij; Q0g ¼ 0: ð3:12Þ

B. Fð4Þ superconformal mechanics

The supercharges generating the Fð4Þ superconformal mechanics can be constructed with the help of soð7Þ generators
Wij and Ŵij (2.2) as follows

Q0 ¼ prψ0 −
1

3r
cijk

�
Wij −

1

6
Ŵij

�
ψk;

Qi ¼ prψ i −
1

3r

�
2Wijψ j − cijk

�
Wjk −

1

2
Ŵjk

�
ψ0 þ fijkl

�
Wjk þ

1

6
Ŵjk

�
ψ l

�
: ð3:13Þ

The supercharges form the N ¼ 8 super Poincaré algebra

fQ0; Q0g ¼ 2iH; fQ0; Qig ¼ 0; fQi;Qig ¼ 2iδijH; ð3:14Þ

with the Hamiltonian

H ¼ 1

2
p2
r þ

1

r2

�
1

9
WijðWij − 3ŴijÞ −

1

6
fijkl

�
Wij þ

1

12
Ŵij

�
Ŵkl −

1

3
cijk

�
Wij −

1

6
Ŵij

�
V̂j

�
: ð3:15Þ

The bosonic part of the Hamiltonian (3.15) reads

Hbos ¼
1

2
p2
r þ

1

9r2
X7
i;j¼1

WijWij; ð3:16Þ

In contrast with (3.8), it describes the particle on the seven-dimensional Euclidean cone, since the angular part of this
Hamiltonian is the six-dimensional sphere [16].
To understand the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (4.12)

and conformal supersymmetry generators (3.2)

fQ0; S0g ¼ 2iD;

fQ0; Sig ¼ −
i
3
cijkŴjk; fQi; S0g ¼ i

3
cijkŴjk;

fQi; Sjg ¼ 2iδijD −
i
3
fijklŴkl −

2i
3
Ŵij; ð3:17Þ

where

Ŵij ¼ Wij þ
1

2

�
Ŵij þ cijkV̂k þ

1

2
fijklŴkl

�
: ð3:18Þ

Thus we see that we have soð7Þ R-symmetry spanned by the generatorsWij. These generators obey the following brackets:

fH; Ŵijg ¼ 0; fŴij; Q0g ¼ 1

2
cijkQk; fŴij; Qkg ¼ 1

2
ðδikQj − δjkQiÞ −

1

2
cijkQ0 þ

1

2
fijklQl: ð3:19Þ
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C. Gð3Þ superconformal mechanics with N = 7 supersymmetry

To construct Gð3Þ superconformal mechanics, one has to explore the fermionic version of the g2 generators (2.8)

Ŵij ¼ Ŵij þ
1

4
fijklŴkl: ð3:20Þ

With their help the unique solution for supercharges spanning N ¼ 7 super-Poincaré algebra reads

Qi ¼ prψ i −
1

6r
fijklŴjkψ l ¼ prψ i −

i
12r

fijklψ jψkψ l: ð3:21Þ

The supercharges (3.21) form the N ¼ 7 super Poincaré algebra

fQi;Qig ¼ 2iδijH; ð3:22Þ

with the Hamiltonian

H ¼ 1

2
p2
r −

1

18r2
ŴijŴij ¼

1

2
p2 þ 1

48x2
fijklψ iψ jψkψ l: ð3:23Þ

Again, to clarify the full dynamical symmetry of the system, one has to calculate the brackets between the Poincaré (3.21)
and conformal supersymmetry generators Si (3.2)

fQi; Sjg ¼ 2iδijD − iŴij: ð3:24Þ

Thus we see that we have g2 R-symmetry spanned by the generators Ŵij. These generators obey the following brackets

fH; Ŵijg ¼ 0; fŴij; Qkg ¼ δikQj − δjkQi þ
1

2
fijklQl; ð3:25Þ

fŴij; Skg ¼ δikSj − δjkSi þ
1

2
fijklSl;

fŴij; Ŵklg ¼ −
3

2
ðfijkmŴlm − fijlmŴkmÞ þ cijmcklnŴmn: ð3:26Þ

Alas, we did not find any possibility to include in the game more bosonic fields. So, for the time being, we have N ¼ 7
superconformal mechanics with Gð3Þ superconformal dynamical symmetry with one bosonic and seven fermionic
components.

IV. SUPERCONFORMAL MECHANICS WITH MANIFEST suð2Þ SYMMETRY

With our choice of the fermions (2.13), the basic Poisson brackets between the generators of N ¼ 8 Poincaré
supersymmetry read

fQiA;QjBg ¼ 4{ϵijϵABH; fqaα; qbβg ¼ 4{ϵabϵαβH; fQiA; qaαg ¼ 0: ð4:1Þ

To extend this algebra to the superconformal ones, we need the generators of dilatation D, conformal boost K, and
superconformal transformations SiA; saα defined as follows:

D ¼ 1

2
rpr; K ¼ 1

2
r2; SiA ¼ rϕiA; saα ¼ rχaα: ð4:2Þ

The basic Poisson brackets have the form [15,16]

fSiA; SjBg ¼ 4{ϵijϵABK; fsaα; sbβg ¼ 4{ϵabϵαβK; fSiA; saαg ¼ 0: ð4:3Þ
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Depending on the structure of superconformal symmetry, the generators of R-symmetry include the bosonic
fJij;WAB; Xab; Yαβ; ViAaαg (2.15), and/or fermionic soð8Þ generators fĴij; ŴAB; X̂ab; Ŷαβ; V̂iAaαg (2.16), (2.17) or some
subset of these generators.
In full correspondence with our ansatz for the N ¼ 8 supercharges [15,16] (see [17,18] for the N ¼ 4 case), the

supercharges have the form

QiA ¼ prϕ
iA þ ΘiA

r
; qaα ¼ prχ

aα þϒaα

r
:

The composites ΘiA and ϒaα have the structure “ðR − symmetry generatorsÞ × fermions.”

A. OSpð8j2Þ superconformal mechanics

This superconformal mechanics was constructed in [10] at the level of superfields and components. The corresponding
supercharges and Hamiltonian for this case were constructed in [15,16]. Their have the form

QiA ¼ prϕ
iA þ 1

r

�
Jijϕj

A þWABϕi
B −

1

2
ViAaαχaα;

�
;

qaα ¼ prχ
aα þ 1

r

�
Xabχb

α þ Yαβχaβ þ
1

2
ViAaαϕiA

�
: ð4:4Þ

The corresponding Hamiltonian reads

HOspð8j2Þ ¼
1

2
p2
r þ

1

r2

�
−
1

2
Csoð8Þ þ

5

8
ðCsoð8Þjfermions→0Þ

�
: ð4:5Þ

The soð8Þ Casimir operator Csoð8Þ is defined in a standard way as

Csoð8Þ ≡ ðJij þ ĴijÞðJij þ ĴijÞ þ ðWAB þ ŴABÞðWAB þ ŴABÞ þ ðXab þ X̂abjÞðXab þ X̂abÞ

þ ðYαβ þ ŶαβÞðYαβ þ ŶαβÞ þ
1

4
ðViAaα þ V̂iAaαÞðViAaα þ V̂iAaαÞ: ð4:6Þ

The generators of dynamical soð8Þ R-symmetry of the system appear in the brackets between the Poincaré (4.4) and
conformal supersymmetry generators (4.2)

fQiA; SjBg ¼ 2iϵijðWAB þ ŴABÞ þ 2iϵABðJij þ ĴijÞ þ 4iϵijϵABD;

fQiA; saαg ¼ −iðViAaα þ V̂iAaαÞ; fqaα; SiAg ¼ iðViAaα þ V̂iAaαÞ;
fqaα; sbβg ¼ 2iϵabðYαβ þ ŶαβÞ þ 2iϵαβðXab þ X̂abÞ þ 4iϵijϵαβD: ð4:7Þ

The supercharges QiA and qaα form the fundamental representations with respect to the corresponding suð2Þ algebras,
i.e.,

fJij þ Ĵij; QkAg ¼ −
1

2
ðϵikQjA þ ϵjkQiAÞ; fWAB þ ŴAB;QiCg ¼ −

1

2
ðϵACQiB þ ϵBCQiAÞ;

fXab þ X̂ab; QiAg ¼ fYαβ þ Ŷαβ; QiAg ¼ 0; fJij þ Ĵij; qaαg ¼ fWAB þ ŴAB; qaαg ¼ 0;

fXab þ X̂ab; qcαg ¼ −
1

2
ðϵacqbα þ ϵbcqaαÞ; fYαβ þ Ŷαβ; qaγg ¼ −

1

2
ðϵαγqaβ þ ϵβγqaαÞ: ð4:8Þ

In addition, these currents commute with the Hamiltonian (4.5)

fHOspð8j2Þ; Jij þ Ĵijg ¼ fHOspð8j2Þ;WAB þ ŴABg ¼ fHOspð8j2Þ; Xab þ X̂abg ¼ fHOspð8j2Þ; Yαβ þ Ŷαβg ¼ 0: ð4:9Þ

Finally, we have
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fViAaα þ V̂iAaα; QjBg ¼ 2ϵijϵABqaα; fViAaα þ V̂iAaα; qbβg ¼ −2ϵabϵαβQiA;

fHOspð8j2Þ; ViAaα þ V̂iAaαg ¼ 0: ð4:10Þ

The bosonic part of the Hamiltonian (4.5) then coincides with (3.8)5

Hbos ¼
1

2
p2
r þ

1

8r2
Csoð8Þjfermions→0 ¼

1

2
p2 þ 1

16r2
X8
μ;ν¼1

lμ;νlμ;ν: ð4:11Þ

B. Fð4Þ supersymmetric mechanics

Now to construct the supercharges we have to use the generators spanning soð7Þ algebra, i.e.,

Jij; Yαβ; Zab
soð7Þ; V

iabα
soð7Þ

with Zab
soð7Þ and Viabα

soð7Þ defined in (2.20), (2.21). In addition, the fermions ϕiA carrying out now the indices fi; ag,
i.e., ϕiA → ϕia.
The Fð4Þ supersymmetric mechanics is described by the following supercharges:

Qia ¼ prϕ
ia −

1

r

��
2

3
Zab
soð7Þ þ 2Ẑab

soð7Þ

�
ϕi

b þ
4

9
ð3Jij þ 5ĴijÞϕj

a þ 1

3
ðViabα

soð7Þ þ V̂iabα
soð7ÞÞχaα

�
;

qaα ¼ prχ
aα þ 1

r

��
2

3
Zab
soð7Þ þ 2Ẑab

soð7Þ

�
χb

α þ 4

9
ð3Yαβ þ 5ŶαβÞχaβ −

1

3
ðVjabα

soð7Þ þ V̂jabα
soð7ÞÞϕjb

�
; ð4:12Þ

and by the Hamiltonian

HFð4Þ ¼
1

2
p2
r þ

1

r2

�
−
2

3
Csoð7Þ þ

8

9
ðCsoð7Þjfermions→0Þ þ

4

9
ðCsoð7Þjbosons→0Þ

�
: ð4:13Þ

Here Csoð7Þ is the Casimir operator commuting with the generators fJij þ Ĵij; Zab
soð7Þ þ Ẑab

soð7Þ; Y
αβ þ Ŷαβ; Viabα

soð7Þ − V̂iabα
soð7Þg

Csoð7Þ ¼ ðJij þ ĴijÞðJij þ ĴijÞ þ
1

2
ðZab

soð7Þ þ Ẑab
soð7ÞÞððZsoð7ÞÞab þ ðẐsoð7ÞÞabÞ þ ðYαβ þ ŶαβÞðYαβ þ ŶαβÞ

þ 1

16
ðViabα

soð7Þ − V̂iabα
soð7ÞÞððVsoð7ÞÞiabα − ðV̂soð7ÞÞiabαÞ: ð4:14Þ

To understand the full dynamical symmetry of the system, one has to calculate the Poisson brackets between the Poincaré
(4.12) and conformal supersymmetry generators (4.2) (with the indices A, B replaced by the indices a, b):

fQia; Sjbg ¼ 4

3
iϵijðZab

soð7Þ þ Ẑab
soð7ÞÞ þ

8

3
iϵabðJij þ ĴijÞ þ 4iϵijϵabD;

fQia; sbαg ¼ 2

3
iðViabα

soð7Þ − V̂iabα
soð7ÞÞ; fqbα; Siag ¼ −

2

3
iðViabα

soð7Þ − V̂iabα
soð7ÞÞ;

fqaα; sbβg ¼ 4

3
iϵαβðZab

soð7Þ þ Ẑab
soð7ÞÞ þ

8

3
iϵabðYαβ þ ŶαβÞ þ 4iϵijϵabD: ð4:15Þ

Thus, we see that instead of soð8Þ symmetry we indeed have its subalgebra spanned by the generators

fJij þ Ĵij; Zab
soð7Þ þ Ẑab

soð7Þ; Y
αβ þ Ŷαβ; Viabα

soð7Þ − V̂iabα
soð7Þg: ð4:16Þ

These 21 generators span soð7Þ subalgebra in soð8Þ.

5The soð8Þ operators lμ;ν are defined in (A4). Note, the term
P

8
μ;ν¼1 lμ;νlμ;ν does not fix the norm yμyμ, which therefore can be

identified with r2 reducing “evident” nine bosonic coordinates to eight.
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Thus, we deal withFð4Þ superconformal symmetry. Note, the pure fermionic parts of the supercharges in (4.12) coincide
with those obtained in [8].
The generators (4.16) are the conserved quantities

fHFð4Þ; fJij þ Ĵij; Zab
soð7Þ þ Ẑab

soð7Þ; Y
αβ þ Ŷαβ; Viabα

soð7Þ − V̂iabα
soð7Þgg ¼ 0 ð4:17Þ

and they rotate the supercharges as follows:

fJij þ Ĵij; Qk;ag ¼ −
1

2
ðϵikQja þ ϵjkQiaÞ; fJij þ Ĵij; qaαg ¼ 0;

fZab
soð7Þ þ Ẑab

soð7Þ; Q
icg ¼ −

1

2
ðϵacQib þ ϵbcQiaÞ; fZab

soð7Þ þ Ẑab
soð7Þ; q

cαg ¼ −
1

2
ðϵacqbα þ ϵbcqaαÞ;

fYαβ þ Ŷαβ; Qiag ¼ 0; fYαβ þ Ŷαβ; qaγg ¼ −
1

2
ðϵαγqaβ þ ϵβγqaαÞ;

fViabα
soð7Þ − V̂iabα

soð7Þ; Q
jcg ¼ −2ϵijðϵacqbα þ ϵbcqaαÞ; fViabα

soð7Þ − V̂iabα
soð7Þ; q

cβg ¼ 2ϵαβðϵacQib þ ϵbcQiaÞ: ð4:18Þ

The bosonic part of the Hamiltonian (4.13) then coincides with (3.16)

Hbos ¼
1

2
p2
r þ

2

9r2
Csoð7Þjfermions→0 ¼

1

2
p2
r þ

1

9r2
X7
μ;ν¼1

lμ;νlμ;ν: ð4:19Þ

C. Gð3Þ superconformal algebra

Now to construct the supercharges spanning theGð3Þ superconformal algebra, we have to use the generators spanning g2
algebra, i.e.,

Jij; Zab
g2 ; V

iabca
g2

with Zab
g2 and Viabc

g2 defined in (2.23), (2.24). In addition, the fermions ϕiA carrying now the indices fi; ag, i.e., ϕiA → ϕia,
and the fermions χaα carrying the indices fa; bg are symmetric over these indices, i.e.,

χiA → χabg2 ¼ χab þ χba: ð4:20Þ

Correspondingly, we have the supercharges Qia; qab ¼ qba with the following Poisson brackets

fQia;Qjbg ¼ 4iϵijϵabH; fqab; qcdg ¼ 8iðϵacϵbd þ ϵadϵcbÞH; fQia; qbcg ¼ 0: ð4:21Þ

The conformal supercharges (3.2) can also be redefined as

Sia ¼ rϕia; sab ¼ rχabG2
; ð4:22Þ

fSia; Sjbg ¼ 4iϵijϵabK; fsab; scdg ¼ 8iðϵacϵbd þ ϵadϵcbÞK; fSia; sbcg ¼ 0: ð4:23Þ

The supercharges spanning N ¼ 7 super Poincaré algebra have the form

Qia ¼ prϕ
ia þ 1

r

�
1

3
Ĵijϕj

a −
1

32
V̂iabc
g2 ðχg2Þbc

�
;

qab ¼ prχ
ab
g2 þ

1

8r
V̂jcab
g2 ϕjc: ð4:24Þ

while the Hamiltonian H reads
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HGð3Þ ¼
1

2
p2
r −

1

r2

�
5

12
ĴijĴij þ

1

4
Ẑab
g2 ðẐg2Þab

�
¼ 1

2
p2
r þ

1

192r2
½3ϕiaϕb

i ðχg2Þacðχg2Þbc þ 2ϕiaϕi
bϕj

aϕjb� ð4:25Þ

To understand the full dynamical symmetry of the system, one has to calculate the Poisson brackets between the Poincaré
(4.24) and conformal supersymmetry generators (4.22)

fQia; Sjbg ¼ −iϵijẐab
g2 − 3iϵabĴij þ 4iϵijϵabD;

fqab; Sicg ¼ 1

2
iV̂iabc

g2 ; fQia; sbcg ¼ −
1

2
iV̂iabc

g2 ;

fqab; scdg ¼ 4iðϵacẐbd
g2 þ ϵbdẐac

g2 Þ þ 8iðϵacϵbd þ ϵadϵbcÞD: ð4:26Þ

Thus we see that we have R-symmetry spanned by suð2Þ ⊕ suð2Þ algebras with the generators Ẑab
g2 ¼ X̂ab þ Ŵab þ Ŷab

and Ĵij and the generators V̂iabc
g2 from the coset g2=suð2Þ × suð2Þ. Therefore, we are dealing with Gð3Þ superconformal

symmetry.
The generators Ĵij; Ẑab

g2 are the conserved quantities, i.e., they commute with the Hamiltonian (4.25)

fHGð3Þ; Ĵijg ¼ fHGð3Þ; Ẑab
g2 g ¼ 0: ð4:27Þ

The Poisson brackets between the generators Ĵij; Ẑab
g2 and the supercharges (4.24) read

fĴij; Qkag ¼ −
1

2
ðϵikQja þ ϵjkQiaÞ; fĴij; qabg ¼ 0;

fẐab
g2 ; Q

icg ¼ −
1

2
ðϵacQib þ ϵbcQiaÞ; fẐab

g2 ; q
cdg ¼ −

1

2
ðϵacqbd þ ϵadqbc þ ϵbcqad þ ϵbdqacÞ;

fV̂iabc
g2 ; Qjdg ¼ 2ϵijðϵadqbc þ ϵbdqac þ ϵcdqabÞ;

fV̂iabc
g2 ; qdeg ¼ −4½ϵadðϵbeQic þ ϵceQibÞ þ ϵbdðϵaeQic þ ϵceQiaÞ þ ϵcdðϵaeQib þ ϵbeQiaÞ�: ð4:28Þ

V. CONCLUSION

In the present paper we have constructed the super-
charges and Hamiltonians for two variants of supercon-
formal mechanics associated with the superalgebras
OSpð8j2Þ;Fð4Þ and Gð3Þ. The fermionic and bosonic
fields involved were arranged into the generators spanning
soð8Þ; soð7Þ and g2 R-symmetries of the corresponding
superconformal algebras. The bosonic and fermionic parts
of these R-symmetry generators define the constants of
motion and form the same algebras. We have also presented
the explicit embedding of g2 into soð7Þ for both realiza-
tions, with manifest soð7Þ and suð2Þ symmetries. These
embeddings have never been presented in such form to the
best of our knowledge.
Similarly to the results of our previous papers [15–17],

the angular parts of supercharges defining the system have
the structure “ðR − symmetry generatorsÞ × fermions,”
while the angular part of the Hamiltonian is just a sum
of full Casimir operators and its purely bosonic and/or
fermionic parts. We explicitly demonstrated that the con-
structed system describes the specific N ¼ 7, 8 supersym-
metric extension of free particles on some cone embedded in
(pseudo-)Euclidean spacewith the fermionic part that can be

interpreted as the spin-orbit coupling terms. The N ¼ 7
superconformal mechanics with dynamical Gð3Þ symmetry
describe the first example of the classical system con-
structed on the nonminimal supermultiplet (1, 7, 7, 1). It is
very interesting to construct a superspace description of this
system. All our mechanics admit the reduction: bosonic
R symmetry generators → 0. Probably, these cases are the
simplest ones for the search of superfield description.
Finally, wewould like to stress that the explicit form of the

supercharges andHamiltonians contains thegenerators of the
bosonic parts of R-symmetry. The structure of these bosonic
generators is more or less arbitrary. Thus, similarly to the
N ¼ 4 supersymmetric case [11] we have the possibility to
describe a different bosonic system simply by choosing
different realizations of these symmetries. Clearly, our
supercharges in this case will provide the N ¼ 8 super-
extension for these systems.We are planning to consider this
situation in more detail in forthcoming publications.
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APPENDIX

To treat the bosonic variables fBaA
m; Ziα

mg as additional
coordinates and momenta in the first order Lagrangians,
one has to introduce these new coordinates and momenta in
the supersymmetric mechanics we are dealt with. The
simplest way is to associate the fields fBaA

2; Ziα
2g with

lower index m ¼ 2 with the momenta and the fields with
lower indexm ¼ 1, i.e., fBaA

1; Ziα
1g, with the coordinates.

One of the possible associations read

B11
1 ¼ y1 þ iy2; B12

1 ¼ y3 þ iy4; B21
1 ¼ −y3 þ iy4; B22

1 ¼ y1 − iy2;

B11
2 ¼ −p1 − ip2; B12

2 ¼ −p3 − ip4; B21
2 ¼ p3 − ip4; B22

2 ¼ −p1 þ ip2; ðA1Þ

Z11
1 ¼ y5 þ iy6; Z12

1 ¼ y8 þ iy7; Z21
1 ¼ −y8 þ iy7; Z22

1 ¼ y5 − iy6;

Z11
2 ¼ −p5 − ip6; Z12

2 ¼ −p8 − ip7; Z21
2 ¼ p8 − ip7; Z22

2 ¼ −p5 þ ip6: ðA2Þ

One can check that with the standard brackets

fpμ; yνg ¼ δμν; μ; ν ¼ 1;…; 8 ðA3Þ

the brackets (2.14) are correctly reproduced.
In terms of the coordinates yμ and momenta pμ, the soð8Þ generators have the standard form

lμ;ν ¼ pμyν − pνyμ: ðA4Þ
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