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Bootstrapping mirror pairs: The beginning of the end
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Three-dimensional supersymmetric gauge theories with eight supercharges possess a unique
duality known as 3D mirror symmetry. Under this correspondence, the Coulomb branch of one
theory is equivalent to the Higgs branch of its mirror dual, and vice versa. Over the past decades,
extensive effort has been devoted to charting the landscape of 3D mirror pairs, though progress has
often been constrained by the need to identify suitable brane configurations. In this first installment,
we introduce a new quiver-based algorithm, termed growth and fusion, which completes a quartet of
Higgsing algorithms alongside decay and fission, quiver subtraction, and quiver addition. Together,
these four algorithms provide a systematic framework that circumvents the limitations of brane
constructions, enabling us to determine the mirror dual of a given quiver and to systematically
bootstrap new 3D mirror pairs. We demonstrate the power of this approach on a new class of circular

3D mirror pairs.

DOI: 10.1103/1p73-h6j4

I. INTRODUCTION

In quantum field theories, a theory that is difficult to
study can often be approached by studying its dual theory.
For example, in string theory, a strongly coupled theory is
often impervious to many field theoretic techniques, but by
taking the S-dual, one obtains a weakly coupled dual theory
that is much more approachable. In three-dimensional
supersymmetric field theories with eight supercharges
(3D N = 4), this S-duality manifests as 3D mirror sym-
metry, first introduced in Ref. [1].
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A pair of theories is related by 3D mirror symmetry when
the Coulomb branch of theory X coincides with the Higgs
branch of theory Y, and vice versa. Historically, Higgs
branches have been relatively easy to study as they are
classical objects, while Coulomb branches are notoriously
difficult as they receive quantum corrections, parametrized
by disorder operators (monopoles) rather than composites of
elementary fields. As a result, researchers often turned to the
Higgs branch of a mirror theory instead of directly tackling
the Coulomb branch. However, in the pastdecade, significant
progress has been made in understanding Coulomb
branches, which are now often more computationally effi-
cient to analyze. Ever since the invention of the closely
related but slightly different electric/magnetic quiver dual-
ity,1 interest in 3D mirror symmetry has once again soared.

In Ref. [3], a question was set out regarding how far
one can extend the landscape of 3D mirror pairs that
both have Lagrangian descriptions. The paper mainly
takes Dynkin quivers of classical algebras (i.e., quivers
shaped like ABCD Dynkin diagrams), putting bouquets
of U(1)s extending from them, and identifying the 3D
mirror. The construction relies on an extension [4] of
the Hanany-Witten brane system of D3-D5-NSS branes
[5], which allowed the identification of additional U(1)
nodes, as well as special unitary gauge groups. This
method successfully generated a large number of new

'A duality that relates the Higgs branch of 3D, 4D, 5D, and 6D
theories (electric quivers) with eight supercharges to the Cou-
lomb branch of 3D N = 4 magnetic quivers [2].
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TABLE 1.  Quiver algorithms.

Higgs branch Coulomb branch

Higgsing
UnHiggsing

Quiver subtraction
Quiver addition

Decay and fission
Growth and fusion

3D mirror pairs, verified by computing Coulomb/Higgs
branch Hilbert series (see Appendix A 2 for an introduc-
tion to the concept). However, it remains constrained by
its dependence on brane configurations, which are difficult
to generalize to highly nonlinear” quivers (beyond the
classical Dynkin diagrams) in 3D N =4 theories.

In this paper, we introduce a new method for boot-
strapping 3D mirror pairs. The output is quiver gauge
theory pairs made of unitary gauge nodes. Our approach
combines a known algorithm, quiver addition, with a new
one, growth and fusion. A key advantage of this algorithm
is that it does not rely on brane constructions.

Table I shows the four quiver algorithms which are used
to generate phase diagrams of the vacua. Quiver sub-
traction is described in Ref. [2], decay and fission in
Refs. [6,7], and quiver addition in Ref. [8]. Our intro-
duction of the growth and fusion algorithm here will
complete this quartet.

In Sec. II, we introduce the new growth and fusion
algorithm and explain why it provides a framework for
bootstrapping new 3D mirror pairs. Section III explores a
novel class of circular nonlinear quivers that extend beyond
the Dynkin quivers. In Sec. IV, we demonstrate how the
mirrors of these nonlinear quivers can be systematically
obtained by utilizing the quartet of quiver algorithms and
use them as a basis to bootstrap new mirrors.

This paper acts as a first installment and sets the stage by
introducing the bootstrapping algorithm. In the next install-
ment, we will fully explore its reaches with a myriad of
examples.

II. GROWTH AND FUSION ALGORITHM

A. The four quiver algorithms

The Higgs mechanism is a foundational concept in
quantum field theory. In supersymmetric theories, there
exist many scalar fields that can acquire vacuum
expectation values and thereby trigger Higgsing. For
supersymmetric theories with eight supercharges, one
can distinguish between Coulomb branch Higgsing and
Higgs branch Higgsing, depending on which scalar
fields acquire the expectation values.

In electroweak theory, for example, the gauge group
SU(2) x U(1) is Higgsed down to U(1) once the Higgs
boson acquires a vacuum expectation value. In supersym-
metric theories, however, Higgsing is far richer. It becomes

2y . .
Quivers whose gauge groups form a nonlinear diagram.

important to identify not only the immediate daughter
theories obtained after Higgsing, but also successive
descendants—granddaughter theories and so on—that arise
as gauge symmetries are broken by massive scalars through
the Higgs mechanism. To systematically encode these
relations, one employs a Hasse diagram, which organizes
the resulting theories into a partially ordered structure.

The quiver algorithms, as summarized in Table I, are
used to implement the Higgs mechanism in supersymmet-
ric theories and to generate the associated Hasse diagrams.
The relevant functions are:

(1) Quiver subtraction: Higgsing algorithm on the Higgs

branch.
(i) Quiver addition: UnHiggsing algorithm on the
Higgs branch.

(iii) Decay and fission: Higgsing algorithm on the
Coulomb branch.

(iv) Growth and fusion: UnHiggsing algorithm on the
Coulomb branch.

We consider these algorithms only in the context of
3D N =4 supersymmetric theories. It is worth noting
that the decay and fission algorithm, when applied to
magnetic quivers, acts as a Higgsing algorithm on the
Higgs branch of the corresponding electric quivers (which
may be 3D, 4D, 5D, or 6D theories). For this reason,
decay and fission has often been described as a Higgs
branch Higgsing algorithm in the literature. In our case,
since we are not dealing with electric and magnetic
quivers, and stay within the restricted setting of 3D
N =4 theories, it should be more precisely regarded
as a Coulomb branch Higgsing algorithm.

The unHiggsing algorithms are central to this work.
Their purpose is to generate parent and grandparent
theories—that is, possible theories from which a given
theory can be obtained through successive Higgsings.
These two algorithms provide the framework we use to
bootstrap new 3D mirror pairs. See Appendix A 3 for more
details on the quiver algorithms.

B. Quiver subtraction and decay
and fission

Let us consider the first pair of algorithms. Consider the
following 3D mirror pair:

3 2 1 2
@_@ 3D mirror
Q—@—E—Q (1)
2 2 1 2 2 1

(X) Y)

As with all the quivers in this paper, the gauge nodes
and flavor nodes represent unitary gauge groups with the
ranks specified next to them. By performing the algo-
rithms decay and fission on quiver X and quiver
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subtraction on quiver Y, we can construct a Hasse diagram where the resulting quivers on the two sides are 3D mirrors of

each other:

Decay and fission

Quiver subtraction

3 2 1 2
3D mirror
2 2 1 2 2 1
(X) (Y)
3 2 2 1
3D mirror
2 1 1 2 1 1
| | o
3 2 1 1 1
3D mirror

N

—_

/\

3 2

1 1
3D mirror
—
1 1 1 1 1

(%) ()
@

The symbols help identify the mirror pairs. The 3D
mirror relation generated by these two algorithms was
already introduced in Refs. [7,9]. In this paper, we extend
this relation to the quiver addition and the new growth and
fusion algorithm as well.

C. Growth and fusion

The growth and fusion algorithm is the antithesis of the
decay and fission algorithm. Whereas the latter algorithm is
one of Higgsing, the former algorithm is one of unHiggsing.
This means that given a quiver Q, we are looking at possible

A 4

/A

*) ()

/

%)

quivers that Higgs into quiver Q. The rules for the growth
algorithm are as follows:
(1) Adding a single U(1): there are two choices; either
(a) increase the rank of a unitary node by 1, or
(b) add a new U(1) node that is connected to the rest
of the quiver.

This growth process is allowed as long as the
resulting quiver has good gauge nodes (in the sense
of Ref. [10]). This means that for each gauge
group U(k;) in the quiver, the total number of
hypers connected to it must be greater than or equal
to 2k;.
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Using our previous example, we can apply growth to
obtain the following quiver:

3 2 3 2

Growth
E— (3)

2 2 2 2 1

where choice (b) was utilized as a new U(1) gauge group
connected to the rest of the quiver. This is, of course, just
one of many possible choices.

(2) Adding multiple nodes: this possibility is allowed by
adding one of the diagrams in Table I of Ref. [7].
These are mostly finite Dynkin diagrams of Lie
algebra 9.3 The addition of these diagrams is allowed
only if the resulting gauge groups remain good.

Continue growing the previous quiver, and we obtain the

following:

3 2 3 2
Growth
b Lo =1L
2 2 1 3 3 1

Growth and fusion

3 2
3 3 1

i o

where we also labeled the transverse space a,, which takes
the shape of the a, finite Dynkin diagram and hence the two
U(2)s on the left each have their ranks increased by 1 to
U(3)s. Similar to the (b) case, this extension can also result
in more gauge nodes than before.

The rules for fusion are the following:

(1) Fusing two diagrams: given a quiver Q, one can add
any quiver Q' as long as all the gauge groups of Q" are
good and the resulting quiver Q" = Q + Q' has only
good gauge groups. If Q' is not a quiver associated
with an isolated symplectic singularity (see Ref. [11]
for the most up-to-date list) then this step is not
elementary. One can perform decay and fission to
easily find all the elementary steps in between.

These rules are made to be the antithesis of the decay and
fission rules.

Now, we combine this with quiver addition, which was
already givenin Sec. 5.1 of Ref. [8]. While the original quiver
addition algorithm was developed within the context of affine
Grassmannians, which fixed the number of gauge groups, we
must relax this constraint to achieve the general version of the
algorithm, allowing the quiver to possess more gauge groups
after performing quiver addition. Utilizing both algorithms on
the 3D mirror pair (1) gives us the following result:

Quiver addition

N

\ A

3D mirror

\ /xl

3Strictly speaking, in both cases (a) and (b) previously, where a single U(1) is added, if the resulting gauge nodes are balanced, it is a

special case of this with ¢ = 8u(2).
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Where, once again, every quiver on the left has its 3D
mirror on the right (the symbols help distinguish the
pairs). This is a subset of all possible mirror pairs that can
be generated in two unHiggsing steps, which showcases
the power of this bootstrapping method in generating new
mirror pairs. A key practical question is that if we
perform growth and fusion to obtain a quiver, how do
we know which of the myriad quiver additions to perform
on quiver Y to obtain the 3D mirror? At first sight, quiver
addition for any quiver may look like it has infinite
possibilities. However, this is significantly constrained by
eliminating additions that lead to two decoupled theories;
for instance, connecting any quiver Q only to a U(1)
node in quiver Y results in the decoupled theory quiver
Y x Q' after decoupling that U(1). Furthermore, if we
constrain ourselves to A, and a; type transverse spaces in
the growth and fusion algorithm,4 under 3D mirror
symmetry, they translate to a, and A transverse spaces
in the mirror, respectively. With this, the possible results
become much more finite, and in most cases we have
seen, we are able to precisely identify the exact 3D mirror
pair. Any remaining ambiguity can be resolved by
matching decay and fission on one side with quiver
subtractions on the other side to make sure daughter
theories match. This way, we can remove degeneracies
without performing Hilbert series computations (which is
the last resort).

III. BEYOND DYNKIN MIRROR PAIRS:
SUNSHINE QUIVERS

This section aims to significantly extend the landscape
of 3D mirror pairs beyond the well-known Dynkin
quivers. We introduce a novel class of nonlinear quivers,
which we term sunshine quivers, due to their distinctive
diagrammatic shape. The theories discussed here are
composed of only unitary gauge and flavor nodes unless
explicitly stated otherwise, and all possess Lagrangian
descriptions.

We systematically explore families of these sunshine
quiver mirror pairs. This section starts with introducing
the gluing method as an alternative way to construct quivers
and their 3D mirrors. This method establishes dualities on
the Abelian case, which serves as a foundation for extending
our analysis to more complex, non-Abelian theories, and
even structures beyond sunshine quivers, such as forked rays
and higher genus quivers. Each proposed mirror pair is
supported by explicit examples and verified through Hilbert
series computations. These quivers can be generated sys-
tematically using the algorithms introduced in Sec. II.

“This is important to make sure we are only dealing with
quivers made of unitary gauge groups.

A. Sunshine quiver structure and terminology

Sunshine quivers are characterized by two distinct
components: a central loop of unitary gauge nodes and
linear rays that extend from this loop.

(i) Central loop: the loop is a closed cycle of unitary
gauge nodes, which we call loop nodes, connected
sequentially by bifundamental hypermultiplets, also
referred to as bonds. We require that no other closed
cycles exist within the quiver. The bond connecting
two consecutive loop nodes is a loop edge, and its
multiplicity is defined as the number of bonds on
that edge.

(i) Rays: a ray is a linear chain of gauge nodes that
extends from a single loop node and terminates at a
flavor node. The length of a ray is the number of
nodes it contains, excluding the loop node from
which it originates, but including the final flavor
node. A single loop node can have multiple rays
emanating from it.

To uniquely identify a sunshine quiver, we propose a
representation based on the following ordered list of
parameters:

[n’{kla-'-vkn}v{mlv“wmn}’{rj,l}je{l ,,,,, n}.zez@-

(1) n: the number of gauge nodes in the central loop.

(2) k;: the rank of the ith loop node (i.e., U(k;)),
with ie{1,...,n}.

(3) m;: the multiplicity of the loop edge between the ith
and (i + 1)th loop node, with ie{l,...,n}. The
indices are taken modulo n to account for the
closed loop.

(4) r;;: the set of rays, where:

(a) je{1,...,n} represents the position of the loop
node from which the ray emerges.
(b) l€Z™ is the length of the ray.

For a sunshine quiver to be specified using this notation,
we require that the flavor node at the end of each ray is rank
1. To satisfy this rule, it is useful to note that we can
“explode” a U(k) flavor node into k U(1) flavor nodes, as
follows:

(k rank 1 flavor nodes)

1 1

1 1

1

[5,{1,2,2,1,1},{1,1,1,2,3}, {r2, 113, r%_yl, r%l}] as an
example, defines the quiver (7), where we write r%il to
represent {r, 1, 21,5} for brevity. The gray numbers on
each node in this diagram denote the counting index of loop
nodes, and the black text denotes rank as usual:
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We make the simplifying assumption that the central loop
consists of at least three nodes (n > 3), and that sunshine
quivers have at least three loop nodes emitting rays. With
this assumption in the definition of sunshine quivers, all
sunshine quivers are dual to another sunshine quiver.’

B. The gluing method

This section introduces a method of building cyclical
sunshine quivers by gluing together smaller quivers. This
provides an alternate and, in some cases, faster method to
find 3D mirror pairs, as compared with the algorithms
developed in Sec. II.

The setup is as follows: consider two good linear unitary
quivers A and A’, which both have at least two flavors in
total. Their mirror quivers, denoted B and B’, respectively,
can be identified by applying Hanany-Witten transitions to
the D3-D5-NS5 brane system of the quiver. Then, it is
possible to glue together a rank 1 flavor node from A and A’
into a U(1) gauge node. These flavors can be exploded from
a U(k) flavor node, as stated in Eq. (6). For example, we
can glue together the flavor nodes of [1] — (1) — (1) —
(1) =[1] and [1] = (1) = (1) = [1] as follows:

11 1 1 1
- 1 1
) glue
- 1 1
11 1 1 1 /U(1)
) IR (8)
(4) (A7)

*For 3D mirror pairs when there are fewer than three loop
nodes or fewer than three rays, refer to Appendix C.

X is the sunshine quiver, [7,{17}, {17}], with no rays.
Given A and A’ in the above gluing, we know what B and B/
are—[4] — (1) and [3] — (1), respectively—but how do we
glue these together? It is worth noting that gluing together
the flavor nodes decreased the dimension of the Higgs
branch symmetry, and so, in the mirror theory, the
dimension of the Coulomb branch symmetry must
decrease. Therefore, we must glue together two U(1) gauge
nodes in B and B’. Flavors joined to each U(1) gauge node
at the point of gluing are all attached to the new U(1) in the
resulting quiver. This gives

LRSS N R NS .
[(FO--O14] — O] )

(B) (B') L7

I
—~

O
~—

The quivers resulting from the gluings (8) and (9), X and
Y, respectively, are a 3D mirror pair. This simple example
shows that the gluing method is a potential way to combine
smaller 3D mirror quivers into a larger 3D mirror. In this
case, there was only one choice of gluing due to the
simplicity of the quivers, but for quivers with more flavor
and gauge nodes, there can be multiple choices. Looking at
the Coulomb and Higgs branch symmetries of the quivers
may enlighten us as to which gluing is the correct choice,
which can be further verified and confirmed with explicit
Hilbert series. We will develop this idea further throughout
this section for Abelian and non-Abelian sunshine quivers.

C. Abelian sunshine mirror pairs

In Abelian quivers, all gauge nodes are U(1) and most
flavor nodes are rank 1. Hence, for brevity and clarity in
quiver diagrams, we omit all gauge node labels and only
retain flavor node labels for rank > 1.

We propose a correspondence between the properties of
an Abelian sunshine quiver and its mirror. The number of
consecutive balanced U(l) gauge nodes (a ‘“balanced

126013-6
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chain” of U(1)s) is a mirror to bond multiplicity or number
of flavors® in its dual quiver.

The mathematical basis behind this duality is straight-
forward: a chain of k — 1 balanced U(1) gauge nodes (i.e., k
edges) contributes SU(k) to the Coulomb branch G,
whereas k flavors (by definition) or a bond of multiplicity
k contributes SU(k) to the Higgs branch G,,. This stems
from the relation between the transverse space A, and a;
that appears in the growth and fusion algorithm.

More specifically, a balanced U(1) chain on a ray is dual
to loop bond multiplicity, and a balanced U(1) chain in the
loop (separating two overbalanced loop nodes) corresponds
to the number of flavors.

We can use these dualities to build arbitrarily large
Abelian sunshine quivers. Starting with the simplest such
theory, consider a loop of U(1) gauge nodes connected by
single bonds, which all have a rank 1 flavor node attached
(rays of length 1). These are all self-dual. In the notation we
introduced, this is [n, {1"},{1"},{ri 1. ra1, 300 s 1}

for a size-n loop. For example, such quivers corresponding
to loops of size 3 and 4 are as follows [note HS,(7) =
HSy(#) indicates self-duality]:

[37 {17 17 1}7 {17 1a 1}a {rl,laTQ,la T3,1H

HS (1) = HSy(1)
= 1432+ 88 + 12¢* + 24 + 4815 + 7217
+ 11768 + 1841° + 26710 + O(¢11).

4,{1,1,1,1},{1,1,1,1},{ri.1,721,73,1, 74,1 }]

HS¢(1) = HSy(1)

=1+ 422 + 83 +20r* + 408 + 8410 + 15217 + 28568 4 4721° + 76910 + O(¢').

1. Adding loop nodes and flavors

One modification to the simplest sunshine quivers to obtain new 3D mirror pairs is to add flavors to one quiver and
loop nodes to its mirror. For instance, starting from the simple four-loop sunshine quiver in Eq. (11),
4. {1, 1,1, 1}, {1, 1,1, 1}, {r1 1. 721. 731, 741 }], We can obtain the following mirror pair:

3D mirror
—>

[5? {17 17 17 1? 1}? {1? 1? 1) 17 1}7
{T1,1, 721,731, 7“4,1}]

(X)

2

12

(12)

[4’ {1’ 17 17 1}) {1) 17 17 1}7
{r? 1 r20,730,741}]

(Y)

SRecall that gauging a U(1) combines all flavor nodes, and number of flavors translates to bond multiplicity of the edge between the

original gauge node endpoint and the new U(1) node.
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HSY (1) = 14+ 762 + 1263 + 411* + 881° + 21515 + 4287 4 90218 + 16561° 4+ 3114110+ O(¢'") = HSY (1),
HSY (1) = 1442 + 61 + 161* 4+ 3217 + 641° + 11217 + 20978 + 34217 4+ 570110 + O(¢') = HS. (7).

We can do this for arbitrarily many nodes k€ Z:

k — 1 nodes k U(1) flavour nodes

3D mirror
— =
(13)
[4+k{1,1,1,1,.. 1, {1,1,1,1,..}, [4,{1,1,1,1},{1,1,1,1},
{ri1,m2,0,m3,0, 74,1} {rf 1m0, 730, ma )]

This pair can be produced by gluing together the following two linear quiver 3D mirror pairs:

1%
k — 3 nodes

o 3D mirror
—>

k—2
3D mirror
— (14)

gluel l glue

k — 1 nodes

— k
3D mirror
—

126013-8
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2. Adding ray nodes and bond multiplicity

Another modification we can consider towards generating new 3D mirror pairs is introducing higher multiplicity (>1) to
loop bonds and extending ray length (adding ray nodes) to its mirror. Again, starting from the basic four-loop quiver (11),
we can obtain the following pair:

3D mirror
—>

[4, {1, 1,1, 1}, {2, 1,1, 1}, [47 {1, 1,1, 1}, {1, 1,1, 1},
{7”1,17 72,1,73,1, 7“4,1}] {T1,2, 72,1,73,1, 7"4,1}]

(X) (Y)

HS (1) = HS, (1)

= 1 +47 + 4 4 20¢* 4 241 4 701° 4 9617 4 22113 + 300¢° + 598110 + O(¢'!),
HS}, (1) = HSL (1)

= 1+72 + 108 + 43¢* + 807 + 2131° 4 40617 + 88418 + 1584° + 304211 + O(s'1).

Ray length/bond multiplicity can be arbitrarily large k€ Z™:

k — 1 nodes

3D mirror

‘ ’ (16)

[47 {17 17 17 1}7 {k7 ]" ]" ]'}’ [47 {1’ 1’ ]-a 1}7 {]‘7 ]'7 ]-7 ]-}7

{7‘1,1, 72,1,73,1, 7‘4,1}] {7‘1,197 72,1, 7‘3,1,7‘4,1}]

We can obtain this result by gluing together two smaller linear quiver 3D mirror pairs, or by gluing linear quivers to the
simple four-loop sunshine quiver, as follows:

126013-9
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/—/\ﬁ 3D mirror :

3D mirror
2 1 2 —

1 1 1
glue
glue

k
3D mirror ( 1 7)

3D mirror @)

k — 2 nodes 3 l
3D mirror
(self-dual)

3. Multiple Abelian modifications

:
y:
|

12

glue

—_—
e
Ui
=i
]

:
|

|

The two aforementioned Abelian modifications can be summarized by the conjecture as in Fig. 1.

Finally, note that these two modifications can be implemented sequentially. Introducing loop nodes with multiple higher
multiplicity bonds—i.e., introducing overbalanced U(1) chains, composed of U(l) gauge nodes connected by higher
multiplicity bonds—generalizes Eq. (6), which corresponds to multiple rays (possibly of different length) attached to the

same loop node. For instance:
m—1 %
%nodes{A ﬁj

¢ — 1 nodes n — 1 nodes

3D mirror

(18)

R 4

|:67 {17 17 1’ 17 1’ 1}7 {17 17 17 ]‘767 TrL? TL}? [47 {1’ 17 1’ 1}7 {17 ]", 17 ]‘}’

{T1,17 721,73,1, T4,1H {T1,£7 T1,m>"1,n,72,1,73,1, 7‘4,1}]
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We can iterate these two Abelian modifications arbitrarily many times to obtain infinitely many Abelian sunshine quiver
pairs. Self-dual quivers can be found by applying these two operations to the same quiver. For example,
6. {L 1,1, 1,1, 1}, {1, 1, 1,2, m,n}, {ry s, rim "1n P21, T30, 741 ) 18 self-dual.

We end this section with an illustration of how one can apply modifications sequentially to obtain a complicated Abelian
sunshine quiver pair:

3D mirror

(self-dual)

'
+

1+ loop nodes 1+ flavours

3D mirror 2

|

3
1 + bond multiplicity 1+ ray length/
nodes

(19)

3D mirror

|

3D mirror

%%SM ?ﬁ

7,{1,1,1,1,1,1,1},{1,1,2,3,1,2,1},  [7,{1,1,1,1,1,1,1},{2,1,1,1,1, 1,1},
{rin i, ms1,78 130,70 )] {ri1,73 1, 7a.2,78 1,73.0, 77,0, 77,2, 77,3}
(X) (Y)

HS (1) = 14122 44 4+ 921* + 601> 4 5361° 4 50817 4259878 +3070¢° + 10978110 + O(s'') =HSY, (1),
HSY (1) = 142712+ 161° +3621* +4361° 4 34281° + 584417 + 2652118 + 532081° + 177029¢'0 + O(#'1) =HSL (7).

See Appendix B for more examples of sunshine quivers, and a consistency check with Ref. [12].
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o 80 oF

! 3D mirror

,,,,,, v : — !

O “0
5
]

FIG. 1. Conjecture summarizing Abelian modifications (13) and (16). Corresponding values are indicated by color-ray length
and number of loop edges on the left quiver correspond to loop bond multiplicity and number of flavors on the right quiver,

respectively.

4. Forked rays and higher genus

A natural extension to the previous 3D mirror pairs found is to “extend” the rays. More precisely, this could be adding
more flavors to the end of a ray of length greater than 1, or more generally, introducing forked tails off of already existing
rays. This extends beyond the sunshine quiver definition we have given, and so these quivers do not fit with the
previous notation. Again, the gluing method will enlighten us to how this can be done while preserving mirror
symmetry. Suppose we start with the mirror pair X = [5,{1,1,1, 1,1}, {1,2,1, 1,1}, {r11, 731,741,751} and
Y =4, {1*} {1*}, {ri1.ri0.r21, 130 741 ). If we add a flavor to quiver Y on the ry, ray, there is now an SU(2)
Higgs symmetry and hence quiver X must pick up an SU(2) Coulomb symmetry, in the form of a single balanced node.
Additionally, the SU(2) Coulomb symmetry in Y is broken to a U(1). The double bond in X must reduce to a single bond.
This gives the following 3D mirror pair:

3D mirror

—
(20)

(X) (Y)
GE¥ o> SU(2) xU(1)* c G,
G¥ O U)* cGY
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HSY(1) = HSL(1)
=145+ 8 +211* + 50 + 105¢° + 2061 + 41413 + 7507 + 134810 + O(111).

Any extensions made to a ray must affect the corresponding part of the mirror, which can be seen via gluing as before. For
example:

3D mirror

l glue l glue (21)

3D mirror

«—>

G¥F > U(1)* xSU(2) C G,
GX O U(1)* x SU(2) Cc G¥
HS}, (1) = HSL (1)
=1+ 82 + 103 + 431* + 921 + 23415 4 49417 + 109618 + 2150¢° + 4282¢'0 + o).

Similar extensions are shown below:

3D mirror

—>

(X) (Y)
G D SU(2) x U(1)° C G,

U
Gf DSU(2) x U(1)* c GY

HS, (1) = HSY (1)
= 1+922 + 1283 4+ 50¢* + 11815 + 30415 + 69817 + 162018 + 34241° + 719210 + O(¢'!),
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3D mirror (23)

(X) (Y)
G¥ D SU(2) x U(1) c GY,

GE OSU@2)* xU)* c GY

HS} (1) = HSL (1)
=14 1972 4+ 2613 +202¢* + 4908 + 18921° + 517617 + 1573113 + 416207° + 1116070 + (9(1‘“).

Another change could be adding a flavor to quiver X of Eq. (20), on the top right gauge node of the blue
section. This breaks the SU(2) Coulomb symmetry, and so in quiver Y, the SU(2) Higgs symmetry is broken. In
fact, this becomes a self-dual quiver, as follows:’

(24)

Ge D U(1)5 C Gy

HS¢ () = HSy(2)
=1+ 612 + 107 + 33t* + 78+ + 190¢° + 4087 + 89218 + 1774+ + 350410 + O(¢'1).

It is plausible that there are many other self-dual quivers that can be obtained with this approach of adding
hypermultiplets between nodes in the central loop, to break certain symmetry groups.

"This almost looks like the quiver [6,{1°},{19},{r 1,751,731, 741,75}, which has the mirror quiver [5,{1°},{1%},
{”%,1’ ra1,r3.1. 741, 5.1 }], but now with an extra hypermultiplet/edge between nodes 2 and 6. Breaking the SU(2) symmetry in
respective branches produced a self-dual quiver, which is not as geometrically clear as the previous self-dual quivers found in Sec. III C,
but is confirmed by computation of Hilbert series.
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D. Abelian and non-Abelian interactions

We can also use gluing to produce non-Abelian sunshine quiver mirror pairs. For example:

2
3D mirror
2 —
1
1 1

3D mirror
—>

1 1
glue l glue

3D mirror

G¥ > U(1)? xSU(2) C G,
G£ D U(1) x SU(2) C G¥

HSZ(¢r) = HS}, (1)

= 14612+ 128 + 34r* + 787 + 18115 + 36417 4 7403 + 138277 + 252411 + O(¢'1).

(25)

Abelian and non-Abelian extensions of sunshine quivers can interact and be combined. This demonstrates the power of
our systematic approach, allowing us to generate highly complex sunshine quivers. Consider the sunshine quiver

3. {2, 1, 1}, {1, 1, 1},{ri"1,r2,4,r3,1}}:

(26)

This quiver can be systematically constructed beginning with the simplest three-loop sunshine quiver, the self-dual loop
3. {1, 1,1}, {1, 1,1}, {ry 1, r21. 731 }]. We then introduce a modification by adding ray nodes, as in Eq. (16). This process
corresponds to introducing a higher-multiplicity edge in the mirror quiver. Following this, we can apply the gluing method

to introduce a non-Abelian gauge node, such as U(2), into the quiver’s loop, as follows:
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1 1 L 1 1
3D mirror
¢ ) 1
1 l 1 1
1 1 1
1 1 1
3D mirror
—>
1
! (27)
1 2 2
1 1
3D mirror
—> 1 1
1
1

[3,{2,1,1},{1,1,1},
‘V‘?,p 72,4,73,1}] {r2,1,73.1,75.1}]

(X) (Y)

[5,{1,2,2,1,1},{1,1,1,4,1},

This systematic construction process, which builds a complex theory from simpler, well-understood components, allows
us to propose and verify new 3D mirror pairs that would otherwise be difficult to discover or analyze.

E. Beyond unitary quivers and the breakdown
of the gluing method

Our findings on gluing together linear unitary quivers to create nonlinear sunshine quivers beg the question: is it possible
to start with a nonlinear unitary quiver with a nonunitary (orthosymplectic or special unitary) 3D mitror, and use the gluing
method to build a larger quiver? It turns out that this is not always true.

A counterexample, involving a special unitary gauge node, is as follows. Consider U(2) and SU(2) theories, each with
five flavors. Their mirror theories are:

3
5 1 1
3D mirror
= 2 —— (28)
2 2
2 1 1
1 1
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1 1
3D mirror
(—) (29)
3

HSc(1) = 1432 + 26 + 126 + 1265 4 3216 + 441
+ 9818 + 13617 + 256110 + O(¢!1).

There are two ways to glue their mirror theories together:

1 1

HSy (1) = 143/ 4 28 4 101* + 126 4 3015 + 421
+ 9268 + 1307 + 24010 + O(1'),

HSy(1) = 1+ 38 + 26 + 81* + 1475 + 265 + 461
+ 8218 + 13247 4 228110 4+ O().

Neither Higgs branch Hilbert series matches the
Coulomb branch Hilbert series of the quiver in Eq. (30),
and hence, neither of them is its 3D mirror. The breakdown
is likely due to the presence of special unitary gauge groups
in the proposed mirror, which is to be expected due to the
global symmetries. This ties in to the observation in Ref. [3]
that we are unable to consistently find 3D mirrors of
nonlinear quivers involving special unitary gauge groups.
One possibility is that the decoupling of a U(1l), which
turns a unitary into a special unitary gauge group, may
act nontrivially and on several gauge groups simultane-
ously. Further experimentations using methods from
Refs. [3,12,13] may shed light on any extensions to these
gluings.

In the next section, we will use the quartet of quiver
algorithms to see how even a slight perturbation of the
structure of our non-Abelian quivers can result in a non-
Lagrangian mirror.

IV. FINDING AND BOOTSTRAPPING 3D
MIRRORS

In this section, the four algorithms presented in Sec. 11
are put into practical use. While they were originally
introduced as part of the bootstrapping procedure for
generating 3D mirrors, they can equally serve as direct
tools for constructing the 3D mirror of a specified quiver.
To illustrate this, we analyze the quiver depicted at the
bottom right of Eq. (27) and explicitly derive its 3D mirror
step by step.

A. Step 1: Perform quiver subtraction or
decay and fission

We begin by performing a single operation—either
quiver subtraction or decay and fission. The goal of this
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step is to identify which of the resulting daughter theories possesses a known 3D mirror. In our example, we find that there
are three possible subtractions:

Subtraction #1 Subtraction #3
1 1 a2 A4 (33)

2 2 2

as Subtraction 1
#2
1
1 2
1
2
4
1

and two decays:

(34)

1 1 1

Out of these possibilities, Decay #2 and Subtraction #2 and #3 yield linear quivers, for which the corresponding
3D mirrors can be readily obtained—either through the standard Hanany-Witten D3-D5-NS5 constructions or
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by using the computational approach described in
Ref. [4]. In contrast, Subtraction #1 and Decay #1
produce sunshine quivers, whose 3D mirrors can also
be identified (see the discussion in the previous
section). For clarity and brevity, we proceed with
Subtraction #2, which results in a linear quiver. The
3D mirror of this daughter theory is given by

Subtraction | a4
#2
1 3 1 2 2
3D mirror
—>
11 1 1 2 1 2

B. Step 2: Perform quiver addition or
growth and fusion

Since we applied quiver subtraction in the previous
step, to complete the circle of dualities, we now
perform growth and fusion on the mirror linear quiver.
As mentioned earlier, growth and fusion offers infi-
nitely many possibilities, so additional information is
required to narrow them down. The first observation is
that the transverse space after subtraction is aj.
Consequently, in the 3D mirror, the transverse space
after growth and fusion must be the mirror slice As.
This constraint significantly reduces the possible con-
figurations: if we perform growth on any one of the
gauge groups by increasing its rank by one, the
resulting slice will not correspond to A;. Therefore,
the only consistent possibility is that the growth
introduces an additional U(1) gauge node connected
to the rest of the quiver.

The second clue arises from the global symmetries.
Determining the exact global symmetry—whether Higgs
or Coulomb—is often difficult due to hidden U(1) factors
that frequently appear. However, the non-Abelian sub-
groups of these symmetries are much easier to identify.
From the original quiver, we observe that there exists an
SU(4) ¢ G3; subgroup on the Higgs branch and an
SU(3) ¢ G¢ subgroup on the Coulomb branch. This

implies that in the mirror theory on the bottom left of
Eq. (35), the Higgs and Coulomb symmetry must contain
an SU(3) and SU(4) factor, respectively. These non-
Abelian symmetries place strong constraints on the
possible implementations of the growth algorithm. In
particular, to ensure that the additional growth step does
not spoil the three balanced nodes responsible for the
SU@4) Coulomb-branch symmetry, we impose the fol-
lowing condition:

where we first perform gauging (unframing) to get a
flavorless quiver so we can see all choices to which the
“grown U(1)” can connect. Next, we examine the
expected Higgs branch symmetry of the mirror we are
seeking. We expect the only non-Abelian Higgs branch
symmetry to be SU(3), which already arises from the
presence of the triple bond. From the growth algorithm,
we know that this triple bond will remain intact regard-
less of the subsequent operations. This implies that the
additional bonds, denoted a, b, and ¢, must each be
single bonds.

To reproduce the correct A; symmetry, these bonds
must satisfy the condition a 4+ 2b + ¢ = 4. This follows
from the fact that the slice A, associated with a U(1)
node, is determined by balance + 1, where the balance
of a node is given by the number of hypers minus twice
the gauge group rank [10]. Consequently, the only
consistent choice is a=b=c=1. The resulting
quiver is
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1

1 9 3D mirror

1 1
1

As IGrowth as l Subtract'%cé)g
1 3 ‘

1 2

3D mirror 2

—

1 1 1 1 2 4

1
(37)

which is the same quiver as in Eq. (27).

C. Step 3: A consistency check

Once a mirror pair is constructed, one can perform a
quick consistency check by computing all quivers that can
be subtracted from the original quiver and comparing these
to all possible decays of the corresponding newly obtained
mirror quiver. The latter can be efficiently obtained using
the Mathematica code described in Ref. [6]. The reverse
can also be done: we compute all quivers that can be
subtracted from the mirror quiver and compare them to the
decays of the original quiver. In all cases, the results must
match. This provides a rapid and reliable method for
verifying 3D mirror pairs without the need to explicitly
compute Hilbert series.

D. Bootstrapping mirror pairs

In Sec. IIIC, we provided a general prescription for
Abelian sunshine quivers and their 3D mirrors. Observing
the emerging pattern, we attempted to apply the same
reasoning in Sec. III D to non-Abelian sunshine quivers,
but we were unable to obtain a general formula. Using the
bootstrapping mirror-pair method introduced earlier, we
make it easier to move forward.

Starting again from our original quiver, we start boot-
strapping by choosing the following quiver addition:

2 2 1
1
2

1

1 Addition | Ay
1 2 2 1

1
1 3D mirror

2 —
1

(38)

To find its 3D mirror, we repeat our algorithm by
performing a decay or quiver subtraction that reduces it
to a linear quiver. The simplest thing is to do a decay on the
U(1) node at the bottom. This is an A5 decay and leads to a
linear quiver, as follows:

2 2 1
2
1

1

Decay | As
5 2 2 1
3D mirror
—
1 2 2 2 1
(39)

Once we obtained the linear quiver, we easily derived its
3D mirror, shown on the bottom left. The resulting mirror is
the linear (1) — (2) — [5] theory. Having only two gauge
nodes already imposes strong constraints on the possible
quiver additions. From the A5 slice that we decayed, we are
now seeking an as-type quiver addition of the bottom left
quiver. Although several such additions appear possible at
first, the global symmetry restrictions quickly narrow the
viable options.
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The quiver of interest on the top right exhibits an
SU(4) x SU(2) € Gy subgroup on the Higgs branch and
an SU(3) C G¢ subgroup on the Coulomb branch. This
implies that the as addition on the (1) — (2) — [5] quiver
must reduce the flavor symmetry from SU(5) — SU(3)
without introducing any additional non-Abelian Higgs
branch flavor symmetry. After narrowing down the pos-
sibilities, we quickly find the correct a5 to add is

2 2 1
1
1
(Y)
1
as | Addition As | Decay
5 2 2 1
3D mirror
—>
1 2 2 2 1
(40)

HSJ () = HSY (1)
= 1+20 + 1821 + 2415 + 114315 + 368¢’
+ 566318 +3000¢° + 23769110 + O(1'1),
HS¥, (1) = HS. (1)
=1+ 1122 + 88 + 814 + 112 + 490
1 4822¢° + 12124110 + O(¢').

This demonstrates the power of the bootstrapping
algorithm in generating new mirror pairs on top of old
mirror pairs. It does not rely on brane configurations and
can operate on any quiver gauge theory.

This is a quick proof-of-concept exercise, and we leave
the large systematic production of new mirror pairs for the
next installment.

V. CONCLUSION AND OUTLOOK

In this paper, we developed an algorithm capable of
bootstrapping new 3D mirror pairs. To achieve this, we
completed the set of four quiver Higgsing algorithms by
introducing the growth and fusion algorithm. The strength
of the four quiver algorithms lies in their ability to
determine 3D mirror pairs without relying on brane
constructions, which are rarely applicable beyond linear
quivers. Prior to this framework, the standard approach was
to conjecture the 3D mirror based solely on the global

symmetry structure—a method that is both inefficient and
almost impossible in practice. The new bootstrapping
framework overcomes this limitation and can be applied
to any quiver gauge theory composed of unitary gauge
groups, enabling one to (a) determine the 3D mirror of a
given unitary quiver, or (b) construct new mirror pairs from
a known 3D mirror pair. To demonstrate the utility of this
approach, we examined a new class of 3D mirror pairs
associated with circular quivers. We began by taking
inspiration from Abelian 3D mirror pairs involving circular
quivers—dubbed as sunshine quivers—and used these as
motivation to construct non-Abelian 3D mirror pairs. We
then used our quartet of quiver algorithms to verify these
results as well as use them as a basis to generate new
mirror pairs.

A. Outlook

This paper is intended as a first step toward discovering
all of the landscape of 3D mirror pairs in which both
theories are Lagrangian/quiver gauge theories.

(i) Computer code: thus far, the bootstrapping tech-
nique has been carried out with pen and paper, but it
can be implemented on a computer in a straightfor-
ward manner. One simply needs to encode quivers as
adjacency matrices and generate all possible growths
and quiver additions. For quiver addition, the only
requirement is that the resulting quiver must have
nodes with the same balances, which reduces the
number of outputs to a finite set. Coding the growth
algorithm is slightly more involved, as it requires
imposing additional constraints—such as insisting
on the correct non-Abelian global symmetries—to
similarly restrict the space of solutions. Doable but
requires a bit more coding finesse.

(i) Orthosymplectic quivers: to complete the frame-
work, it is necessary to extend the algorithm to
include SU, SO, and Sp gauge groups within all four
quiver operations. For SU nodes, such an extension
appears to be within reach. For orthosymplectic
gauge groups (SO and Sp), the situation is consid-
erably more challenging. Partial progress has been
made for the orthosymplectic decay and fission
algorithm in Ref. [14], but the remaining algorithms
will require deeper investigation.

(iii) Other considerations: when quivers involve features
such as adjoint hypermultiplets, additional subtleties
arise in the quiver subtraction algorithm in relation
to Higgs branch Higgsings, as discussed in Ref. [15].
Fortunately, it is not necessary to touch the gauge
nodes with adjoint hypers when performing our
algorithm. As demonstrated in the previous section,
identifying a suitable subset of possible subtractions
or decays already provides sufficient information to
construct the mirror. Hence, in practice, such com-
plications may be circumvented. Furthermore, more
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obscure kinds of matter content (beyond bifun-
damental hypers) were encountered in places like
Refs. [16-21] as well as discrete factors of gauge
groups such as Refs. [22,23]. The presence of
these objects can allow for more possibilities, but
really strains the definition of what we call a
Lagrangian/quiver gauge theory. For instance,
many of these theories have nonsimply laced
edges, which we do not know how to interpret as
a Lagrangian theory, nor can we study their
Higgs branch.

(iv) Other mirror programs: in this paper, we looked at
the quiver algorithm in generating new 3D mirror
pairs. But we also used a gluing technique for
circular quivers. There are other techniques in the
literature, such as the program in Refs. [12,24-26]. It
will be interesting to compare our results and see if
we can use mirror pairs in those papers as a starting
point for generating new mirror pairs as well.
Furthermore, there is a program for a 4D analog
of 3D mirror symmetry [27,28], and it will be
interesting if any of our results may have implica-
tions for understanding 4D theories.

ACKNOWLEDGMENTS

Parts of this work first appeared in the master’s
dissertations of L.J., J.E.Z.O., and R.S. at the
University of Oxford. Z.Z. was supported by the ERC
Consolidator Grant No. 864828 “Algebraic Foundations of
Supersymmetric Quantum Field Theory” (SCFTAIg) and
SIMIS starting grant.

All authors contributed equally to this work.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: ADDITIONAL BACKGROUND

1. Coulomb branch global symmetry

The global symmetry of the Coulomb branch (denoted
G.) can be deduced from the quiver’s structure, through the
concept of gauge node balance.

The balance b € Z of a U(k) gauge node is defined as the
total number of hypermultiplets connected to it minus twice
its rank k [10]. The node is classified as balanced if b = 0;
overbalanced if b > 0; and underbalanced if b < 0. Each
overbalanced node contributes a factor of U(1), and each
connected component of balanced nodes contributes a
group corresponding to the Dynkin diagram formed.
Flavor nodes do not have a balance value as they do not
directly contribute to the global symmetry of the Coulomb
branch.

As an example, consider the following quiver:

Oo—0O—1
1 2 3 (A1)
in which both gauge nodes are balanced (b = 0): the U(1)
node has two edges, and the U(2) node has four edges (one
from U(1) and three from the rank-3 flavor node). Two
connected nodes correspond to the A, Dynkin diagram, and
hence the theory has Coulomb branch global sym-
metry G, = SU(3).
Now, consider the following two quivers:

2
(A2)

(A3)

In both Egs. (A2) and (A3), all gauge nodes are balanced
(b = 0). A linear chain of three nodes corresponds to the
Dynkin diagram A, and thus they share the Coulomb
branch global symmetry G = SU(4).

Now, consider the quiver corresponding to supersym-
metric QED with three massless electrons:

O—L (A4)
1 3
The U(1) gauge node in (A4) is overbalanced (b = 1),
corresponding to Coulomb branch global sym-
metry Ge = U(1).

2. Hilbert series

The Hilbert series is a generating function that counts
gauge-invariant chiral operators according to their con-
formal dimension. For a theory with moduli space M
(associated with either the Higgs branch H or the Coulomb
branch C), the Hilbert series is defined as

0

HS() = cqtd,

d=0

(AS)

where ¢, is the number of independent chiral operators with
dimension d, and t is a counting variable or fugacity8
associated with the R symmetry.

¥This terminology originates from statistical mechanics, where
log(#) can be identified as the chemical potential to conserved
charge.
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The Higgs branch Hilbert series is typically computed
using the Molien-Weyl formula [29], while the Monopole
formula [30] is used for the Coulomb branch.

3. Quiver algorithms

Here, we give a quick summary of the other three quiver
algorithms: quiver subtraction, quiver addition, and decay
and fission.

(i) Quiver subtraction, introduced and detailed in
Ref. [2], involves taking a quiver and subtracting
an elementary slice. The elementary slice is
another 3D N =4 quiver gauge theory whose
Coulomb branch is an isolated symplectic singu-
larity (the singular locus is a point). A list of such
singularities is known to be incomplete in the
mathematics literature, and the most up-to-date list
of singularities that are Coulomb branches of
quivers made of only unitary gauge groups is
given in Ref. [11]. The algorithm simply subtracts
the elementary slice quiver from the original
quiver, node by node, and then adds flavors to
the remaining gauge groups to ensure balance per
node remains unchanged.

(i) The quiver addition algorithm, introduced in
Ref. [8], is the reversal of the subtraction algo-
rithm. Starting with a quiver, the algorithm adds
elementary slice quivers to it, node by node. Such
a process is allowed as long as all gauge groups
before and after such an addition have the same
balance. Note that rebalancing using flavors is not
part of quiver addition, and hence not all quivers
can be added.

(iii) Decay and fission [6,7] is a much simpler algo-
rithm, and does not involve subtracting or adding
elementary slice quivers. Instead, one takes a
quiver, reducing ranks of gauge groups one by
one, until one arrives at a quiver where all gauge
groups are once again good. Each such process
that can be found is a valid decay. A fission is
where one can split a quiver into two quivers in a
way that all the gauge groups in the fission
product are good.

X
L 1 1)

APPENDIX B: A CONSISTENCY CHECK
1. Abelian: Families I, II, and Ila

In this appendix, we demonstrate that three Abelian
families discussed in Ref. [12] are simply specific cases
of our aforementioned sunshine quivers, and the 3D
mirror pairs found align with our findings. Colored
numbers denote the number of edges or the number
of flavors of a colored square node (uncolored implies
one flavor). All indices from Ref. [12] are primed to
avoid confusion.

a. Family I
Horp
length p’ — 1 and 1, respectively, separated by I’ — 1 edges,
as seen in Fig. 2.
This is an exceptional case, since there are only two rays
(see Appendix C). Hence, I’ . theory only has one bond,
of multiplicity p’ = p' =1+ 1.

is equivalent to an n’-sized loop with two rays of

b. Family II

X quivers of Family II are described in Ref. [12]
as “two closed loops attached to a linear quiver
tail.” By alternate choice of ungauging scheme,

equivalent to a loop of size

H[n’.l’.l’l,l'z,p’],p’z] is
n'+ 1, =1, + p,, with three rays of lengths [, -7,
I'=1, and p|, respectively, separated by p) and I}
edges, as seen in Fig. 3. The node of II*¥ ungauged
to obtain sunshine form from the two-loop form (as

seen in Ref. [12]) is denoted with “x.”

c. Family Ila

This family, which we call Ila, is not formally defined in
Ref. [12], appearing only during construction of Family II;
simply denoted by X(71=1-72=2) and Y("1=1-2=2) in Fig. 22 of
Ref. [12]. Haffl ) is equivalent to a loop of size 7/,

ot PPy
with four rays of lengths p| — 1, p5 — 1, 1, and 1, separated
by I{, I’ =1}, and I, — I’ edges, as seen in Fig. 4.

Y
T 17 1]

3D mirror —

= gy e

n—1U+1 '—1 p'—1 1

FIG. 2. The family of 3D mirror pairs denoted as Family I in [12].
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jird

[n/,17,17,15,p7 ,ph)

]

%%2% \\Qgg/ Q%\qggjg

-0 "
(choice of ungauging [

as seen in [12] ) 3D
mirror

ny

[n/,1,1%,1%,p} ,ph]

FIG. 3. The family of 3D mirror pairs denoted as Family II in [12].
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FIG. 4. The family of 3D mirror pairs, which we denote as Family Ila, appearing during construction of Family II in [12].
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2. Non-Abelian: Family III and beyond

Here we present explicit examples of non-Abelian mirror pairs from Sec. III D, which extend Family IIIj, ,, .., from
Ref. [12]. The simplest example is the pair IIIﬁ!L 1 and III[YL ,1]> A seen below:
I ) ) Iy g
1
B1
1 (B1)
[4’{27]‘7171}7 [4’ {272717]‘}7{1’171’1}7

{1,111}, {r} | rs1}] {r1,1,72,1,73,1,741}]
GEOU)* Gy,

G5 D U(1) x SU(3) c G¥
HS (1) = HS}(1)
= 14+42 + 86 +211* + 42 +951° + 18247 + 35518 + 636¢° + 1137410 + O(¢'1),
HS, (1) = HS{ (1)
=1+ 102 + 77¢* + 4461° + 20981% + 8268110 + O(1'2).

This family can be extended by different types of gluing. For example, we could glue together three (or
arbitrarily many) quivers to form the following pair:

(B2)

[6,{2,1,2,1,2,1}, 9,{2,2,1,2,2,1,2,2,1},{1°},
{16}7 {7":13,1a 7”%,17 7“:53,1}] {7“1,1, 72,1,74,1,75,1,77,1, 7“8,1}]
(X) (Y)

HS¥ (1) = HSJ (1)

= 1462 + 613 + 301" + 548 + 1371% 4+ 294+ + 63618 + 13064° + 2670¢'° + O(1'1),
HS (1) = HSX()

=1+ 271 + 4561* + 57861° + 5991078 + 526458¢'0 + O(1'?).

Additionally, as a further consistency check, all of these mirror pairs can be generated using the bootstrapping method
developed in Sec. IV.
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APPENDIX C: THE DEGENERATION OF
SUNSHINE QUIVERS

In Sec. IIIC, we established a correspondence where
distance between rays is dual to the number of flavors in the
mirror quiver. We will now examine the systematic degener-
ation of sunshine quivers by subtracting rays, where the mirror
quivers are special cases of the sunshine quiver family.

The equations below illustrate the degeneration process,
showing how the mirror quiver transitions from a loop-
based structure to a star-based structure as the number of
rays is reduced.

(i) Two rays on a loop: the quiver on the left features

a four-node loop with two rays of flavor ranks «a
and p, respectively. The two rays in the original
quiver are mirrored to two linear chains of a — 1
and f—1 U(l) gauge nodes, respectively, con-
nected between the same two ray-emitting loop
nodes, as follows:

o — 1 nodes
3D mirror o
—>
B

«
£ — 1 nodes

(C1)

When the four-node loop has two rays of length a
and p, the two rays are mirrored to edges with
multiplicity a« and f. However, since they connect
the same two gauge nodes here, the two edges merge
to form one edge of multiplicity a4+ f in the mirror
theory, as follows:

« — 1 nodes

8 — 1 nodes

% a+f

1%

(€2)

(i) One ray on a loop: reducing the quiver further
leaves only a single ray with a flavors. The
mirror theory now degenerates into a starlike
quiver. The ray manifests in the mirror as a loop
of size a from the ray-emitting gauge node, as
follows:

a o — 1 nodes

3D mirror

—
(C3)

When there is one ray of length a, the mirror is again
a star-shaped quiver, but this time with a self-loop (a
bifundamental hypermultiplet connecting a gauge node
back to itself) of multiplicity a on the central gauge
node of the mirror. The presence of the self-loop
ensures that the twisted free hypers match the hypers
in the mirror, as follows:

o — 1 nodes o

(C4)
3D mirror

V) (N
S 7

(iii) Ray-free loop: the final stage of degeneration is the
ray-free sunshine quiver, which is simply a loop of
U(1) gauge nodes (with possible multiple bonds,
here shown with a double bond). The mirror quiver
is a simple star of linear chains, where rays are
attached from a central node. The number of rays is
equal to the number of loop edges in the mirror
theory, while the length of each ray is the corre-
sponding edge multiplicity, as follows:

3D mirror

— (C5)
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