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We present a study using the distillation method to analyze the spectra of nucleon, nucleon-pion,
and nucleon-pion-pion states in the positive-parity sector, as well as nucleon and nucleon-pion states in
the negative-parity sector. The study uses seven domain-wall fermion ensembles with varying pion
masses (mπ ¼ 139–279 MeV), lattice spacings (a−1 ¼ 1.730 GeV and a−1 ¼ 2.359 GeV) and volumes
(mπL ¼ 3.8–7.5). To address the large number of contractions in this project, we implemented an algorithm
to automate the contraction of nucleon-pion correlation functions that contain an arbitrary number of pions.
In the positive-parity sector, we extrapolate the nucleon mass to the physical point. This study demonstrates
the effectiveness of the distillation method for baryonic quantities with a focus on multihadronic states and
establishes a foundation for future work.
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I. INTRODUCTION

Neutrino experiments of the next generation, such as
LBNF/DUNE [1] and HyperK [2], require a precise
prediction of the nucleon-neutrino cross section in the
energy range from fewMeV to GeV [3]. This energy region
overlaps with the resonance region in which incoming
(anti)neutrinos excite the target nucleon to resonance states
such as the Δð1232Þ and the roper resonance Nð1440Þ,
which decay to Nπ and Nππ states. In general, neutrino
experiments do not use single nucleons as targets but large
nuclei in which the individual nucleons are embedded. So
far, a direct lattice quantum chromodynamics (QCD) study
for large nuclei is not feasible; however, they can be treated
using effective field theory, for which lattice QCD can
provide nonperturbative first principle calculations of
nucleon inputs [4–6]. One of the most prominent nucleon
inputs is the nucleon axial-vector form factor and its zero-
momentum limit, the nucleon axial-vector charge.
An important challenge for the nucleon axial-vector form

factor is the substantial systematic error from Nπ states, as
predicted by chiral perturbation theory (ChPT) [7,8]. The
ChPT calculations by Bär cited here are based on leading-
loop order, which is often not a good approximation
for nucleon matrix elements. More recent studies have

extended these calculations for the pion-nucleon sigma
term to next-to-next-to-leading order (NNLO) [9] and have
also explored the effects of the Δ-resonance [10]. Various
studies have addressed the issue of Nπ contamination using
different approaches [11–16], with most relying on three-
quark interpolating operators. However, recent develop-
ments have explored the inclusion of five-quark [17–19]
and seven-quark operators [20], designed to enhance
overlap with multihadronic states such as Nπ and Nππ.
Combining these multihadronic operators with conventional
nucleon operators have proven effective in constructing
nucleon states with minimal Nπ contamination [17,19].
Furthermore, this methodology facilitates the construction
of excited state operators without ground state contributions,
which is crucial for computing matrix elements involving
excited nucleon states and resonances. These developments
hold significant relevance for understanding neutrino-
nucleon interactions in the resonant regime [21], providing
a pathway to more precise theoretical predictions.
This study aims to contribute to this effort by providing a

generalized eigenvalue problem analysis of nucleon, Nπ,
and, for the first time, Nππ states in the positive-parity
channel as well as an analysis in the negative sector using
N− and two different Nπ operators.
Our analysis uses the distillation method [22] to compute

the multihadronic correlation functions effectively. Due to
its high-mode suppression, distillation offers a smearing
procedure that is fitted for creating operators with strong
overlap with the low-mode states of the theory. A dis-
advantage of distillation is its substantial computational
cost of computing the corresponding distillation objects
such as the perambulators. However, once these objects are
computed and stored, it is affordable to compute general
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n-point functions with these objects. This work was only
possible because we have access to a large database
of distillation data generated by the RBC/UKQCD
Collaborations in their effort to measure the hadronic
vacuum polarization of g − 2 [23–25] which, however,
means that the distillation setup was not optimized for
baryon physics.
Throughout this study, we have to compute correlation

functions involving multiple particles. Some of those
exhibit many contractions, which require automatic exe-
cution. We propose a way to automate this process of
contracting correlation function and even generate code to
perform the required tensor projections to calculate corre-
lation functions using the distillation method [26].
This publication should be seen as an exploratory work

to test the effectiveness of the distillation method for
baryonic quantities for which the nucleon spectrum is a
good starting point. We want to emphasize that there
is previous work using distillation of baryonic quantities
[27–30]. However, all previous studies use either large pion
masses, small physical volumes, or fermion discretizations
without good chiral properties.
We apply all mode averaging [31–34] to reduce the

computational cost. A further reduction in computation
costs is achieved by using the Wigner-Eckart theorem
to relate different correlation functions with each
other and by computing only independent correlation
functions [17].
The paper is structured as follows. In the next section,

Sec. II, we describe the methods used in this study,
including the operator basis, the generalized eigenvalue
problem analysis, and the distillation method. In Sec. III,
we present the computational details consisting of a short
description of the RBC/UKQCD Collaborations ensembles
and the AMA method. Furthermore, the section also
includes an explanation of the algorithm to automatically
contract the correlation function used in this study. In
Sec. IV, we present the spectral analysis results for the
nucleon, Nπ, and Nππ states in the positive-parity sector.
In this sector, we also project to the physical world by
identifying the finite volume corrections and project to the
physical pion and kaon masses and the continuum. In
Sec. V, we perform the spectral analysis of the nucleon and
Nπ states in the negative-parity sector. We conclude with a
discussion in Sec. VI.

II. METHODS

This section explains the methods we used throughout
our analysis, starting with our operator choice in the
positive- and negative-parity sectors. We further describe
the generalized eigenvalue problem (GEVP) analysis,
which obtains the nucleon spectrum for the individual
ensembles. At the end of this section, we explain how we
use the distillation method to construct a matrix of
correlation functions used in the GEVP analysis.

A. Interpolating operator

The set of interpolating operators for the positive-parity
channel in this project is the nucleon N and isospin
projected multihadronic p-wave Nπ and s-wave Nππ
operators. For the negative-parity channel, we replace
the s-wave Nππ operator with an s-wave Nπ operator,
which naturally has negative-parity. This paper will only
consider I ¼ 1

2
, Iz ¼ 1

2
isospin states without loss of general-

ity. For the single nucleon operators, we are using the
standard interpolating operator

ONðp; tÞα ¼
X
x

eip·xεabcψa
αðxÞðubðxÞTCγ5dcðxÞÞ; ð1Þ

where x denotes the combination of spatial and time
position x ¼ ðx; tÞ, and ψ is chosen to be u for protons
and d for neutrons. The parity of the operator is fixed by
multiplying it with the corresponding parity projection
P� ¼ 1

2
ð1þ γtÞ to obtain

O�
Nðp; tÞα ¼ P�

αβONðp; tÞβ: ð2Þ

For p ¼ 0, both operators transform in the G1;u=g irreduc-
ible representation of the double cover of the octahedral
group Od

h. For the pion interpolating operators, we use

Oπþðp; tÞ ¼
X
x

eip·xd̄ðxÞγ5uðxÞ; ð3Þ

Oπ0ðp; tÞ ¼
X
x

eip·x
ūðxÞγ5uðxÞ − d̄ðxÞγ5dðxÞffiffiffi

2
p ; ð4Þ

Oπ−ðp; tÞ ¼
X
x

eip·xūðxÞγ5dðxÞ: ð5Þ

In the rest frame, the pion operators transform in the
irreducible representation A1;u of Od

h.
The relevant multihadronic operators are then linear

combinations of products of nucleon and pion interpolating
operators. In this project, we use three different operator
products. The first one is the nucleon-pion operator in the
s-wave, i.e., both particles are at rest [27],

Oð000Þ
Nπ;G1u

ð0; tÞα ¼ γ5αβO
þ
Nð0; tÞβOπð0; tÞ; ð6Þ

where (000) is introduced to label that both particles are at
rest.ON andOπ denote general nucleon and pion operators,
respectively. We further need to project the nucleon-pion
operator to the isospin ðI; IzÞ ¼ ð1

2
; 1
2
Þ state, which is done

by the linear combination

Oð000Þ
Nπ;G1u;

1
2
1
2

¼
ffiffiffi
2

3

r
Oð000Þ

nπþ; G1u
−

ffiffiffi
1

3

r
Oð000Þ

pπ0;G1u
: ð7Þ
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Since the overall parity of this state is negative, this multihadronic state only contributes to the negative-parity channel.
Giving both operators a back-to-back momentum yields the possibility of projecting to a positive-parity operator. In the
following, we consider the smallest possible momenta on the lattice, p̂i ¼ 2π

Ls
êi, where Ls denotes the number of spatial

lattice sites, and êi is the unit vector in ith direction. For these momenta, the projection on G1g is

OP
Nπ;G1g

ð0; tÞ↑ ¼ Oþ
Nðp̂x; tÞ↓Oπð−p̂x; tÞ −Oþ

Nð−p̂x; tÞ↓Oπðp̂x; tÞ
− iOþ

Nðp̂y; tÞ↓Oπð−p̂y; tÞ þ iOþ
Nð−p̂y; tÞ↓Oπðp̂y; tÞ

þOþ
Nðp̂z; tÞ↑Oπð−p̂z; tÞ −Oþ

Nð−p̂z; tÞ↑Oπðp̂z; tÞ; ð8aÞ

OP
Nπ;G1g

ð0; tÞ↓ ¼ Oþ
Nðp̂x; tÞ↑Oπð−p̂x; tÞ −Oþ

Nð−p̂x; tÞ↑Oπðp̂x; tÞ
þ iOþ

Nðp̂y; tÞ↑Oπð−p̂y; tÞ − iOþ
Nð−p̂y; tÞ↑Oπðp̂y; tÞ

−Oþ
Nðp̂z; tÞ↓Oπð−p̂z; tÞ þOþ

Nð−p̂z; tÞ↓Oπðp̂z; tÞ; ð8bÞ

where the ↑ and ↓ symbols represent spin up and down, respectively [17,28,35]. The back-to-back momenta create a vector-
like structure, transforming on the lattice in the irreducible representation T1. Since the SUð2Þ-irrep J ¼ 1 subduces among
others to T1, we call such states p-wave states. This momentum configuration also allows for a projection onto G1u,
contributing to the negative-parity channel. Following [35] we get

Oð001Þ
Nπ;G1u

ð0; tÞ↑=↓ ¼ Oþ
Nðp̂x; tÞ↑=↓Oπð−p̂x; tÞ þOþ

Nð−p̂x; tÞ↑=↓Oπðp̂x; tÞ
þOþ

Nðp̂y; tÞ↑=↓Oπð−p̂y; tÞ þOþ
Nð−p̂y; tÞ↑=↓Oπðp̂y; tÞ

þOþ
Nðp̂z; tÞ↑=↓Oπð−p̂z; tÞ þOþ

Nð−p̂z; tÞ↑=↓Oπðp̂z; tÞ; ð9Þ

where (001) labels the back-to-back momentum configu-
ration with momenta p̂i ¼ 2π

aL êi. A short group theoretical
discussion about the derivation of both back-to-back
operators is given in Appendix A.
The next multihadronic operator we are considering is

the s-wave Nππ operator, defined by

OS
Nππ;G1g

ð0; tÞα ¼ ONð0; tÞαOπð0; tÞOπð0; tÞ: ð10Þ

The isospin projection for the Nππ state without momenta
is given by

OS
Nππ;G1g;

1
2
1
2

¼ 2ffiffiffi
5

p OS
pπþπ−;G1g

−
1ffiffiffi
5

p OS
pπ0π0;G1g

: ð11Þ

This result can be derived explicitly by employing the
SUð2Þ Clebsch-Gordan coefficients and utilizing the fact
that all particles are considered in their rest frame. It should
be noted, however, that for Nππ configurations in which
at least one of the pions acquires a nonzero momentum,
the corresponding isospin decomposition and projection
become substantially more complicated.
To summarize, we use for the GEVP analysis in the

negative-parity channel for the operator basis O−
p;O

ð000Þ
Nπ;G1u

;

Oð001Þ
Nπ;G1u

and Oþ
p ;OP

Nπ;G1g
;OS

Nππ;G1g
for the positive-parity

channel.

B. Generalized eigenvalue problem analysis

In our spectral analysis, we use the Generalized eigen-
value problem (GEVP) analysis [36], where we consider a
matrix of correlation functions with entries

CijðtÞ ¼ hOiðtÞO†
jð0Þi; for i; j ¼ 1;…; N; ð12Þ

using the projected interpolating operators from the pre-
vious section. In Euclidian space-time, the correlation
functions can be expressed as a sum over the decaying
exponentials representing the tower of states with the same
quantum numbers as the interpolating operators and
ascending energies En, yielding the equation

CijðtÞ ¼
X
n

h0jÔijnihnjÔ†
j j0ie−Ent: ð13Þ

The matrix elements h0jÔijni denote the overlap of the
interpolating operator with the physical finite-volume
state jni. By solving the GEVP, i.e.,

CðtÞVnðt; t0Þ ¼ λnðt; t0ÞCðt0ÞVnðt; t0Þ; ð14Þ

we can obtain the first N eigenenergies via the eigenvalues
λnðt; t0Þ. The eigenvalues have the form [36,37]

λnðt; t0Þ ¼ e−Enðt−t0Þ; ð15Þ
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assuming the tower of states consists only of N states. The
eigenenergies of the states are then computed using

ameff;nðtÞ ¼ − log

�
λnðtþ a; t0Þ
λnðt; t0Þ

�
¼ aEn: ð16Þ

In general, more than N states contribute to the correlation
function, and the excited state contributions can be
approximated by

ameff;nðtÞ ¼ aEn þ αne−ðENþ1−EnÞt: ð17Þ

Here, we assume that t0 ≥ t=2, and we neglect higher
excited states [36]. Our analysis chose the distance between
t and t0 as the lattice spacing, i.e., t − t0 ¼ a. The condition
t0 ≥ t=2 is then fulfilled for t ≥ 2a. For t, where the excited
state contributions are negligible, the eigenvectors vnðt; t0Þ
also converge to a constant value independent of t and t0. In
the asymptotic limit, i.e., for large t, we can define new
interpolating operators in the eigenbasis of GEVP, i.e.,

Õn ¼
X
m

Vnmðt; t − ΔÞOm; for t ≫ a; ð18Þ

which have vanishing overlap with all eigenstates m ≠ n
and m ≤ N. This new basis of operators can be used to
compute other quantities, building on the previous oper-
ators, with better control over the excited state systematics.
Prominent examples are the computation of form-factors
[17] and scattering phase shifts [38]. However, in this work,
we only focus on the GEVP analysis itself, and other
quantities like the nucleon axial-vector form factor will be
part of future work.

C. Distillation

The correlation functions of this study have been
constructed using the distillation method [22]. This method
uses the eigenvectors of a smearing operator, typically the
Laplace operator, to construct smeared quark fields that
strongly overlap with the theory’s low-mode states. The
eigenvectors are solutions of the eigenvalue equation

X
y

Lðx; yÞVnðyÞ ¼ VnðxÞλn; ð19Þ

with ascending eigenvalues, i.e., λm ≥ λn for m > n, of the
three-dimensional discrete spatial Laplace operator

Lðx;yÞ ¼−δx;yþ
1

6a2
X
i

ðUiðxÞδx;y−aîþU†
i ðx− aîÞδx;yþaîÞ:

ð20Þ

In our distillation setup, we use a particular gauge-smearing
technique described in more detail in Ref. [24]. These
eigenvectors are then used as sources for solving the Dirac

equation for the quark propagator G,
X
y

=Dðx; yÞGnðty; tx; yÞ ¼ VnðxÞ; ð21Þ

with suppressed spin and color indices. Furthermore, we
collect space and time positions in the nonbold coordinates,
i.e., x ¼ ðx; tÞ. Multiplying the quark propagator with the
Hermitian-conjugate eigenvectors at the sink yields the
so-called perambulator

Gmnðty; txÞ ¼
X
y

Vmðty; yÞ†Gnðty; tx; yÞ; ð22Þ

which is of the size N2
d × 42, where Nd is the number of

eigenmodes of the Laplace operator. The perambulator has
only spin indices since the color indices are contracted with
each of the color indices of the eigenvectors. We can view
these perambulators as propagators in the space of the
eigenmodes of the Laplace operators. This basis trans-
formation comes with the cost of truncating high modes of
the Laplace operator. In our analysis, we observe that we
might have signs of this truncation in the negative-parity
sector. A useful measure to determine the width of the
smearing due to the distillation approach is the profile of
the distillation operator [22],

ΨðrÞ ¼
X
x;t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trc½□ðx; xþ r; tÞ□ðxþ r; x; tÞ�

p
; ð23Þ

where □ denotes the distillation operator □ðx; y; tÞcc0 ¼PNd
k¼1 V

k
cðx; tÞ½Vk

c0 ðy; tÞ�† and trc½A� is the trace over all
color indices of the operator A. The profiles of all
ensembles used in this study are shown in Fig. 1. The
distillation operator applied to point-like quarks yields the
smeared quarks

qsα;cðxÞ ¼
X
y

□ðx; y; tÞcc0qα;c0 ðyÞ: ð24Þ

For the new smeared quarks, the propagator is related to the
perambulator by the basis transformation

Gs
αα0;cc0 ðyjxÞ≡ hqsα;cðy; tyÞq̄sα0;c0 ðx; txÞi

¼
X
n;m

Vn
cðy; tyÞGnm

αα0 ðty; txÞ½Vm
c0 ðx; txÞ�†; ð25Þ

which is obtained by inserting Eq. (24) into the definition of
the smeared propagator. For these smeared propagators, the
two-point pion correlation function can be expressed as

Cππðt;pÞ¼hOπðp;tÞO†
πðp;0Þi ð26Þ

¼−htr½Gmm0 ðt;0ÞPm0n0 ð0;−pÞγ5Gn0nð0;tÞγ5Pnmðt;pÞ�i;
ð27Þ
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where Pðt; pÞ denotes a momentum insertion defined by

Pnmðt; pÞ ¼
X
x

½Vn
cðx; tÞ�†eix·pVm

c ðx; tÞ: ð28Þ

The convenient property of the distillation method is that all
n-point functions, including only mesons, can be expressed
as a tensor contraction over multiple perambulators and
momentum insertions. Typically, the number of Laplace
modes is much smaller than the spatial volume. Hence,
both can be stored on disk for relevant momenta and time
positions. Moreover, contracting the perambulators and
momentum insertions also requires far less computing time,
enabling the computation of more complex n-point func-
tions. The inclusion of baryons requires an additional
building block in the distillation toolbox, which emerges
from the proton two-point function in the contracted form

Cppðt; pÞ ¼ hOpðp; tÞO†
pðp; 0Þi ð29Þ

¼
X
x;y

eip·ðy−xÞhtr½Pþtrc½ftrs½QppðxjyÞ�

þQppðxjyÞgUðxjyÞ��i; ð30Þ

with the quark contraction structure

Qpp
αβ;a0aðxjyÞ
¼ Q½UðxjyÞCγ5; Cγ5DðxjyÞ�αβ;a0a ð31Þ

≡X
γ

εabcεa0b0c0 ðUðxjyÞCγ5Þαγ;bb0 ðCγ5DðxjyÞÞβγ;cc0 ;

ð32Þ

and where UðxjyÞ and DðxjyÞ denote the up and down
quark propagator, respectively. In Eq. (29), both

contractions are of a type that shows up in all correlation
functions with one baryon at source and sink; hence,
translating both contractions in the distillation frameworks
solves a whole class of correlation functions. The first
contraction in Eq. (29) is of the trace-full type
TABC ¼ trc½trs½Q½A; B��C�, where A, B and C can be an
arbitrary product of a quark propagator and different Γ
structures. Analog to trc½A�, trs½A� denotes a trace over all
spin indices of A. In the language of distillation objects,
contractions of this type can be expressed as

TABCðpÞαα0 ¼
X
x;y

eip·ðy−xÞQ½AðxjyÞ;BðxjyÞ�ββ;abCαα0;baðxjyÞ

ð33Þ

¼ Elnmðtx; pÞAnn0
ββ0 ðtx; tyÞBmm0

ββ0 ðtx; tyÞ
× Cll

0
αα0 ðtx; tyÞ½El0n0m0 ðty; pÞ�†; ð34Þ

with an implicit sum over all repeated indices and the
modified elemental given by

Elnmðtx; pÞ ¼
X
x

εabcVl
aðx; txÞVn

bðx; txÞVm
c ðx; txÞe−ip·x;

ð35Þ

which is of a similar form as used in [28,29]; however, we
are not including spin structures. The calligraphic versions
of A, B, and C denote the corresponding perambulators one
obtains through the basis change from Eq. (24) multiplied
with the same Γ-structure as its propagator. To reduce the
cost of computing and storing the modified elementals, we
can use the fact that the Levi-Civita tensor imposes its
permutation behavior to the elementals. It is sufficient to
compute all ordered tuples of ðl; n; mÞ, i.e., l < n < m,

FIG. 1. Profile ΨðrÞ ¼ P
x;t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trc½□ðx; xþ r; tÞ□ðxþ r; x; tÞ�p

of all ensembles used in this study (see Table I). The data points of
Ensemble D and Ensemble 1 lie on each other, indicating that the pion mass does not contribute to the smearing of the distillation
method.
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and the remaining permutations of the tuple σðl; n; mÞ can
be computed by

Eσðl;n;mÞ ¼ sign½σðl; n; mÞ�Elnm: ð36Þ

This reduces the required storage and runtime by the
factor RðNdÞ ¼ NdðNd−1ÞðNd−2Þ

6N3
d

¼ 1
6
− 1

2Nd
þ 1

3N2
d
. The second

contraction in Eq. (29) is of the trace-less type
LABC ¼ trc½Q½A;B�C�, which does not have the spin trace
over the quark contraction structure. For distillation, this
contraction type is translated to

LABCðpÞαα0 ¼
X
x;y

eip·ðy−xÞQ½AðxjyÞ; BðxjyÞ�αβ;abCβα0;baðxjyÞ

ð37Þ

¼ Elnmðtx; pÞAnn0
αβ0 ðtx; tyÞBmm0

ββ0 ðtx; tyÞ
× Cll

0
βα0 ðtx; tyÞ½El0n0m0 ðty; pÞ�†: ð38Þ

In terms of trace-full and trace-less contractions, the
nucleon two-point function reads

Cppðt; pÞ ¼ htr½PðTUCγ5;Cγ5D;UðpÞ þ LUCγ5;Cγ5D;UðpÞÞ�i;
ð39Þ

which only encompasses perambulators and modified
elementals. These two tensors and the momentum inser-
tion are sufficient to construct every n-point correlation
function with at most one baryon. More details about
the construction of n-point correlation functions are
shown in Sec. III C.

III. COMPUTATIONAL DETAILS

A. Lattice details

The ensembles used in this study have Iwasaki gauge
action and Nf ¼ 2þ 1 Möbius domain-wall fermion

sea quarks [39–42] generated by the RBC-UKQCD
Collaborations. Table I shows an overview of all the
ensembles we used in the following section. Ensembles
1, 3, and 4 are also used in [25]. The code for generating all
ensembles is freely available in [43]. All propagators of the
light quarks are generated with the same mass as the light
sea quarks. The autocorrelations between the individual
configurations are small enough to consider them uncorre-
lated. For this reason, we do not perform any binning
analysis. We use the single-elimination jackknife resam-
pling for the statistical error estimate of the correlation
functions and derived quantities. As a basis for our
distillation setup, we use the eigenvectors derived from
the three-dimensional Laplace operator in Eq. (20), which
are then used to compute the modified elementals, the
perambulators, and momentum insertions. To improve the
long-distance behavior of the distillation objects, we use
Gaussian smearing applied to the link Ui of the Laplacian
in both spatial and temporal dimensions with the param-
eters ρ ¼ 0.1 and N ¼ 30. To maintain temporal locality
during smearing, we first keep only a small window of
three time slices t − 1; t; tþ 1 nonzero and then apply the
four-dimensional smearing. Ultimately, we only preserve
the data from the central time slice t. This process is iterated
for each time slice across the entire configuration (see also
Ref. [24]). We fix the lattice spacing of all ensembles to the
values obtained from physical pion mass ensembles with
similar lattice spacing. In our case, Ensembles 4, D, 1, 3,
and C are fixed to the value of 48I, and the remaining are
fixed to the values of 64I [25].

B. All mode averaging (AMA)

Throughout this study, we use all mode averaging
[31–34]. Traditionally, the AMA is performed only on
individual configuration, e.g., by computing the exact and
sloppy propagator for a subset of source positions, and for a
larger amount of source positions, we only compute the
sloppy propagator. The sloppy computations are typically

TABLE I. Overview over all ensembles used in this publication, where Nc denotes the number of used
eigenmodes of the Laplace operator. We use Nconf independent configurations for the individual ensembles. The
lattice spacings a are taken from physical pion mass ensembles generated by the RBC-UKQCD Collaborations,
namely, 48I and 64I [25]. The corresponding ensemble for Ensembles 4, D, 1, 3, and C is 48I and 64I for the
remaining. Also note that we use the same pion and kaon mass for ensembles, which differ only in volume. The pairs
are (4, D), (9, L), and (48I, C), where the values are measured for the first ensemble of the pair.

Ens-Id L3 × T × Ls mπ=MeV mK=MeV a−1=GeV Nconf Nc mπL

4 243 × 48 × 24 274.8(2.5) 530.1(3.1) 1.7312(28) 94 60 3.8
D 323 × 64 × 24 274.8(2.5) 530.1(3.1) 1.7312(28) 60 60 5.1
9 323 × 64 × 12 278.9(4.9) 531.2(4.9) 2.3549(49) 60 60 3.8
L 643 × 128 × 24 278.9(4.9) 531.2(4.9) 2.3549(49) 20 60 7.6
1 323 × 64 × 24 208.1(1.1) 514.0(1.8) 1.7312(28) 34 60 3.8
3 323 × 64 × 24 211.3(2.3) 603.8(6.1) 1.7312(28) 34 60 3.8
C 643 × 128 × 24 139.32(30) 499.44(88) 1.7312(28) 25 120 5.2
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done with single precision and a less strict stopping
condition for the inversion of the Dirac operator. For this
study, we only compute the exact and sloppy propagators
for a subset of configurations. The remaining configura-
tions are only solved sloppily.

C. Automatic contractions

Throughout this study, we analyzed correlation functions
hOAðt; pÞO†

Bð0; qÞi of the five nonprojected operators Op,
Onπþ , Opπ0 , Opπ0π0 , and Opπþπ− . Each projected operator
can be written as a linear combination of these elemental
nonprojected operators with different momenta. This results
in only the 25 elemental two-point correlation functions
having to be properly contracted. However, a view on
Table II suggests that the number of contractions grows
factorially with the number of quarks, resulting in, e.g., 144
nonvanishing diagrams for hOpπþπ−ðt; pÞO†

pπþπ−ð0; qÞi. To
tackle this problem, we have implemented a code to
automate the contraction of general nucleon-pion corre-
lation functions with an arbitrary number of pions at the
source and sink. The main ideas for this automatization
are illustrated in Fig. 2, where one contraction of the
given example is shown. There are two main findings
in the sketch. First, every quark in the baryon at the
sink has to be connected to one antiquark at the source of
the baryon. This connection can be direct via a single
propagator or sequentially over multiple pions (blue
lines). The second finding is that every remaining pion,
which is not part of a sequential propagator connecting
baryonic quarks, must be part of a loop of propagators

containing N pions (red lines), equivalent to a trace of a
sequential propagator.
The sequential propagators have, in general, the form

Sαα0;cc0 ðyjx; p0; p1;…; pnÞ
¼

X
x0;x1;…xn

Gð0Þ
αβ0;cb0

ðyjx0Þe−ip0·x0Γ0G
ð1Þ
β0β1;b0b1

ðx0jx1Þ…

× GðnÞ
βnα

0;bnc0
ðxnjyÞ; ð40Þ

where GðiÞ are the general quark propagator with corre-
sponding flavor, and Γi denotes the Γ-structures of the
included pions with momenta pi. With the use of peram-
bulators G and momentum insertions P, we can translate
these sequential propagators to sequential perambulator by

Sðty; tx; p0; p1;…; pnÞ
¼ Gð0Þðty; tx0ÞPðtx0 ; p0ÞΓ0Gð1Þðtx0 ; tx1Þ…GðnÞðtxn ; txÞ:

ð41Þ

The following algorithm then realizes the automatic con-
traction of the correlation. First, all fermionic fields are
brought in a predefined order, and then Wick’s theorem is
applied to obtain the individual propagator. The next step is
to find all sequential propagators connecting both baryons
or forming a meson loop. After that, the remaining step is to
classify the contraction as trace-full [see Eq. (33)] or trace-
less [Eq. (37)] contraction, which can be translated to terms
containing only distillation objects, i.e., perambulators,
momentum insertions, and modified elementals. We
compute all contractions contributing to the individual
correlation functions using this algorithm. Due to the
large number of different contraction topologies, we do
not show the corresponding contraction diagrams.
Figure 2 serves as an exemplary diagram from a large
set of possible diagrams. The implementation of the
automatic Wick contractions can be found in [26]. In
future work, we will consider methods such as the ones
discussed in Ref. [44].

D. Wigner-Eckart theorem

Prior to the isospin projection, there are, in total,
five positive-parity (Op, OP

nπþ;G1g
, OP

pπ0;G1g
, OS

pπþπ−;G1g
,

OS
pπ0π0;G1g

) and five negative-parity operators (O−
p ,

Oð000Þ
nπþ;G1u

,Oð000Þ
pπ0;G1u

, Oð001Þ
nπþ;G1u

,Oð001Þ
pπ0;G1u

) to consider, resulting

in 25 correlation functions for each parity channel. This
number can be reduced by using the so-called Wigner-
Eckart theorem, which states that for a spherical tensor TðkÞ
of rank k, there exists the relation

hjmjTðkÞ
q jj0m0i ¼ hj0m0kqjjmihjjjTðkÞjjj0i; ð42Þ

FIG. 2. Exemplary diagram illustrating the fact that every
baryon and n meson correlation function can be expressed as
three (sequential) propagators connecting the baryonic fermions
(blue lines), and the remaining mesonic quarks are part of a loop
over multiple mesons (red lines).

TABLE II. Number of nonvanishing diagrams for each corre-
lation function CABðt; p; qÞ ¼ hOAðt; pÞO†

Bð0; qÞi.
OA=OB p nπþ pπ0 pπþπ− pπ0π0

p 2 4 6 12 26
nπþ 4 12 16 36 84
pπ0 6 16 26 60 138
pπþπ− 12 36 60 144 372
pπ0π0 26 84 138 372 882
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where jjmi denotes the isospin eigenstates, hj0m0kqjjmi
the SUð2Þ Clebsch-Gordan coefficients, and hjjjTðkÞjjj0i
the so-called reduced matrix elements. One example of a
spherical tensor is the scattering operator S of rank 0,

hjmjSjj0m0i ¼ δmm0Sj; ð43Þ
with the reduced scattering amplitude Sj. Another useful
tensor for our purpose is the pseudoscalar operator P of
rank 1 with the entries

PþðxÞ ¼ −d̄ðxÞγ5uðxÞ; ð44Þ

P0ðxÞ ¼ 1ffiffiffi
2

p ðūðxÞγ5uðxÞ − d̄ðxÞγ5dðxÞÞ; ð45Þ

P−ðxÞ ¼ ūðxÞγ5dðxÞ: ð46Þ
With these two spherical tensors, one can deduce the
following relations between different two-point correlation
functions:

Cp;pπ0ðtÞ ¼ −
1ffiffiffi
2

p Cp;pπþðtÞ; ð47aÞ

Cpπ0;pπ0ðtÞ ¼
1ffiffiffi
2

p Cnπþ;pπ0ðtÞ þ Cnπþ;nπþðtÞ; ð47bÞ

Cp;pπ0π0ðtÞ ¼ −Cp;pπþπ−ðtÞ; ð47cÞ

Cpπ0π0;pπ0π0ðtÞ¼Cpπ0π0;pπþπ−ðtÞþ2Cpπþπ−;pπþπ−ðtÞ; ð47dÞ

Cpπ0;pπþπ−ðtÞ ¼
ffiffiffi
2

p
Cnπþ;pπ0π0ðtÞ; ð47eÞ

Cpπ0;pπ0π0ðtÞ ¼
1ffiffiffi
2

p Cnπþ;pπ0π0ðtÞ þ
ffiffiffi
2

p
Cnπþ;pπþπ−ðtÞ:

ð47fÞ

Further relations are created with the fact that CABðtÞ ¼
ðCBAðtÞÞ⋆ for general A and B. These relations reduce the
number of correlation functions we need to compute,
especially since correlation functions containing π0 have
significantly more contractions than those without. Besides
the reduced computational cost, this theorem can also be
used to cross-check implementations of the contraction
code as it was introduced in [45].

E. Fitting

To extract the masses from the effective mass curves
obtained using GEVP or single correlation functions, we
make an excited state fit onto the effective mass curve using
the fit form1

fðam;A; aEex; tÞ ¼ amþ Ae−ðEex−mÞt: ð48Þ

The optimal fit ranges τ0 to τ1 are obtained by comparing
the excited state and plateau fit for different fit ranges,
where we fix τ1 for the scanning of τ0. We choose τ1 to be
in a region where the signal-to-noise ratio is still moderate
to ensure the stability of the fit. Furthermore, we check
whether the model f can describe the data at the first time
slice not contained in the fit, τ0 − 1. The measure we are
using to determine the quality of the fit in this matter is the
tension between the data at meffðτ0 − 1Þ and the model
estimate fðam; A; aEex; τ0 − 1Þ defined by

στ0−1 ¼
σ½meffðτ0 − 1Þ − fðam; A; aEex; τ0 − 1Þ�
E½meffðτ0 − 1Þ − fðam;A; aEex; τ0 − 1Þ� ; ð49Þ

where σ½X� and E½X� denote the standard deviation and
expected values of X. We aim our fits to have a tension
of στ0−1 < 2. In the following, we denote στ0−1 as the
extrapolation check. Since we have a small number of
independent configurations for some ensembles, we
perform uncorrelated fits for these ensembles. For gauge
ensembles with a small number of configurations, we
do not perform correlated fits due to a lack of robust
estimate of the covariance matrices. In such cases, we
quote the reduced chi-square values χ2=d.o.f. only as an
additional qualitative measure for the performance of the
fit. We give further details in Appendix B. In summary,
we consider χ2=d.o.f., the tension στ0−1, and the relation to
other excited states and plateau fits as measures for the
quality of the fits. In the end, one of the fits that fulfills
the criteria we choose as our preferred fit for the mass
estimates. The variance estimates are done using fits of
the jackknife samples obtained from the single-elimina-
tion jackknife method.

F. Normalization scheme of GEVP eigenvectors

The square matrix consisting of the eigenvectors of the
GEVP for given t and t0, i.e., V ¼ ðV1;…; VnÞ, can be
normalized in two different ways. First, each eigenvector
Vn can be normalized individually by introducing a
normalization factor αn. The second way stems from the
fact that we can multiply each individual operator Om by a
constant factor βm without changing its physical properties.
This change of βm is equivalent to normalizing the indi-
vidual rows of V. Each normalization in on e direc-
tion destroys the normalization of the perpendicular
direction. However, one can show that a repeated change
of normalization in both directions converges to a trans-
formed matrix satisfying

P
n jVnmðt; t0Þj2 ¼ 1 andP

m jVnmðt; t0Þj2 ¼ 1 for fixed values of t and t0.
Throughout this work, we will use this scheme to normalize
all GEVP eigenvectors.

1We also investigated a logarithmic fit form, fðam;A;aEex;
tÞ¼amþ log ½ð1þ Aexpð−ðEex−mÞtÞ=ð1þ A exp ð−ðEex−mÞ
ðtþaÞÞ�, but found no significant improvement in the fit quality.
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IV. POSITVE PARITY RESULTS

Our spectroscopy analysis contains a GEVP analysis
with each nucleon operator and two multi-hadron operators
for every parity channel and ensemble. In the GEVP, we use
a constant time distance between both correlation matrices
of Δt ¼ a, which enables us to make an excited state fit on
each effective mass curve of the fit form in Eq. (48).

A. Individual ensemble GEVP

In the positive-parity channel, we use the nucleon
[Eq. (1)], the p-wave nucleon-pion [Eq. (8a)], and the
s-wave nucleon-pion-pion [Eq. (10)] interpolating opera-
tors, creating a 3 × 3 generalized eigenvalue problem.
The analysis is done for all ensembles of Table I. In the
following, we will focus on the analysis of Ensemble L
since most of the statements are also true for the remaining
ensembles.
The effective masses ameffðtÞ of all GEVP modes are

shown in Fig. 3. We also show the effective mass curve of
the nucleon two-point function in red for comparison. All
effective mass curves converge to a stable plateau, where
the signal-to-noise ratio is still small, and the eigenmodes
are separated. All curves are fitted against the fit form
introduced in Eq. (48), where the filled data points are
included in the fit. The model estimate obtained from the fit
is shown by the band colored in the color of the corre-
sponding data points, which shows the 1σ confidence
region of the estimate. The criteria used to determine
the fit ranges are discussed in Sec. III E. The dashed
line labeled by N in Fig. 3 denotes the mean nucleon
mass taken from the GEVP mode 0 fit. The remaining lines
show the dimensionless energies we expect from non-
interacting particles. For Nπ, we get the energy

aENπ ¼ að
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ p2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ p2
p

Þ, where mN is the
expectation value for the nucleon mass, the pion mass
mπ and a are taken from Table I and p denotes the
momentum of the particle defined by ap ¼ 2π

L . The non-
interacting Nππ energy is aENππ ¼ mN þ 2mπ . An impor-
tant result shown in Fig. 3 is that there is only a marginal
difference between the effective mass of the GEVP mode 0
and the nucleon two-point function. This difference,

aΔmeffðtÞ ¼ amGEVP0
eff ðtÞ − am2pt

eff ðtÞ; ð50Þ

is plotted in Fig. 4, showing that the relative difference is
on the per mil level. For the nucleon two-point function,
we can approximate the effective mass curve by

am2pt
eff ðtÞ ¼ amN þ ANπe−ðENπ−mNÞt þ ANππe−ðENππ−mNÞt

þ AN⋆e−ðEN⋆−mNÞt; ð51Þ

whereas the effective mass of GEVP mode 0 has no overlap
with Nπ and Nππ since they are basis states of the GEVP,
resulting in an approximate behavior of

amGEVP0
eff ðtÞ ¼ amN þ A0

N⋆e−ðEN⋆−mNÞt: ð52Þ

Combining both approximations yields the fit ansatz

aΔmeffðtÞ ∝ e−ðEX−mNÞt; ð53Þ

with X being Nπ or Nππ and with the assumption that only
Nπ or Nππ is dominant. Fitting this ansatz yields the result
shown by the red band in Fig. 4. The criteria for finding a
valid fit range are the same as in the previous fits of the
effective masses. On the right subplot of Fig. 4, we compare

FIG. 3. Plot of the effective energy of the three GEVP modes compared with the effective mass of the nucleon two-point function of
Ensemble L. The bands depicted in the same color as the data points show the results of an excited state fit according to Eq. (48). The fit
contains all filled data points. The dashed line labeled by N shows the central value of the nucleon mass obtained from the excited state
fit of GEVP mode 0. The remaining lines, labeled by Nπ and Nππ, show the energies of the noninteracting Nπ state in p-wave and Nππ
state in s-wave. The shaded region around the lines represents the 1σ error estimate of the energy.
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the energy gap ΔE ¼ EX −mN we get from the fit with the
energy gaps obtained from the GEVP mass estimates. We
find that the estimate obtained from the single exponential
fit coincides within a 2σ margin with the gap ENππ −MN ,
indicating that Nππ is the dominant multihadronic con-
tribution in the nucleon two-point function of this
ensemble concerning our set of operators. A look at
Fig. 5 confirms this observation. Figure 5 shows the
GEVP eigenvectors at t=a ¼ 8 for Ensemble L, normal-
ized by the normalization scheme introduced in Sec. III F.
The result for GEVP mode 0 shows that the dominant part
of this state is created by the nucleon operator, GEVP
mode 1 is dominated by contributions of the Nπ operator,
and GEVP mode 2 by the ones of the Nππ operator. We
further obtain that GEVP mode 2, corresponding to the
Nππ state, has a larger nucleon operator contribution than

the Nπ (GEVP mode 1) state. This agrees with the result
from the exponential fit of aΔmeff . The still considerable
excited state contamination of GEVP mode 0 shows that
there are additional states to consider. We will study a
larger operator basis in future work.
For the other ensembles, we obtain similar results. We

can generally distinguish between the different eigenmo-
des, and all effective masses converge to the nucleon mass
or close to the energy of the corresponding noninteracting
particles (see Fig. 12). Furthermore, for all ensembles, we
observe only a marginal difference between the zeroth
mode of the GEVP and the nucleon two-point function. The
exponential fit on this difference yields energy gaps
between a 2σ margin to one of the gaps obtained from
GEVP (see Fig. 13). For the eigenvectors of the remaining
ensembles (see Fig. 14), we also obtained that the dominant

FIG. 4. Data points of the left plot show the difference Δmeff of effective masses between GEVP mode 0 and the nucleon two-point
function of Ensemble L defined in Eq. (50). The red band represents the fit result of an exponential fit over all filled data points with the
fit form fðt;A;ΔEÞ ¼ Ae−ΔEt. The estimate for the energy gap aΔE obtained from the fit is plotted in the right plot in comparison with
the energy gaps obtained from the GEVP, namely, ENππ −MN and ENπ −MN .

FIG. 5. GEVP eigenvectors at t=a ¼ 12 for Ensemble L. The values are obtained using the fixed-point normalization scheme shown in
Sec. III F.
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contribution coincides with the state we expect from its
energy. We also find that, in general, the state with the
second largest contribution from the nucleon operator
matches with the state whose energy gap is closest to
the estimate for the energy gap obtained from the single
exponential fit of Δmeff .
In summary, we obtain that the Nπ and Nππ contribu-

tions are negligible for the nucleon two-point function and
subsequently, the nucleon mass estimate as it was already
suggested in [7,8] using chiral perturbation theory. For the
Nπ and Nππ states, we obtain new operators, which have
no overlap with the ground state and the other multi-
hadronic state contained in the GEVP operator set.
Figure 6 gives an overview over the energy of all N, Nπ,

and Nππ states for the different ensembles. For most
ensembles, the energies of the multihadronic states
coincide with the noninteracting energies of the particles.
The only exception is Ensemble 9, where a 2σ tension is
seen. The fit results for all ensembles are summarized in
Table V with a short explanation in Appendix B.

B. Finite volume correction

For the positive-parity sector of this study, we are using
the finite volume correction obtained from relativistic
SUð2Þf baryon chiral perturbation theory (BχPT) [46,47].
The finite volume correction is given by

mNðLÞ −mNð∞Þ ¼ ΔaðLÞ þ ΔbðLÞ; ð54Þ

where ΔaðLÞ and ΔbðLÞ denote contributions of order
sOðp3Þ and Oðp4Þ, respectively. The explicit form of
ΔaðLÞ is

ΔaðLÞ ¼
3g2Am0m2

π

16π2f2π

×
Z

∞

0

dx
X
n≠0

K0

�
Ljnj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0x
2 þm2

πð1 − xÞ
q �

;

ð55Þ

where K0 denotes the modified Bessel function, and n
are integer vectors [cf. Ref. [46], Equation (15)]. The
constants gA, fπ , and the nucleon mass m0 are taken from
the chiral limit. The contribution Δb [cf. Ref. [46],
Equation (23)] is

ΔbðLÞ ¼
3m4

π

4π2f2π

X
n≠0

�
ð2c1 − c3Þ

K1ðLjnjmπÞ
Ljnjmπ

þ c2
K2ðLjnjmπÞ
ðLjnjmπÞ2

�
; ð56Þ

where new coupling constants, c1, c2, and c3, are
introduced.
We take the values gA ¼ 1.2754ð13Þ and fπ ¼

92.07ð84Þ MeV from the PDG [48]. For the nucleon mass
in the chiral limit, we use m0 ¼ 0.8566ð17Þ GeV from
Ref. [49]. The low-energy constants c1, c2, and c3 are taken
from N3LO heavy-baryon chiral perturbation theory in
the Δ-less approach [50]. Specifically, using HB-πN data,
we adopt c1 ¼ −1.11ð3ÞGeV−1, c2 ¼ 3.17ð3ÞGeV−1, and
c3 ¼ −5.67ð6ÞGeV−1. A comparison with HB-NN and
covariant formulations reveals no significant discrepancies
between the different schemes.
Figure 7 illustrates the impact of finite-volume correc-

tions on the nucleon mass estimates for individual

FIG. 6. Overview of the energies of the individual ensembles. The data points describe the states’ energy obtained from the individual
positive-parity GEVP analyses. The colors represent the corresponding states, i.e., blue represents the nucleon, orange is the Nπ state,
and green is the Nππ state. The blue lines correspond to the central value of the nucleon, and the remaining lines represent the
noninteracting energies of the multihadronic states. The shaded regions around the lines represent the 1σ error estimate of the
noninteracting energies.
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ensembles. Ensembles ens4 and ensD differ only in
volume, and after applying the correction, their data points
align as expected, confirming the validity of our approach.
Quantitatively, before correction, the data for ens4 and
ensD exhibit a tension of approximately 2.8σ, which
reduces to 0.7σ postcorrection. A similar trend is observed
for ensL and ens9, which also differ only in volume.
Statistical uncertainties in the parameters are accounted

for by generating synthetic jackknife samples with a
Gaussian distribution matching the desired uncertainties.

C. Continuum extrapolation of the nucleon mass

The extrapolation to the continuum and physical pion
and kaon masses is done by a model averaging using the
Akaike information criterion [51,52] AIC ¼ 2kþ χ2.
Using this criterion, we obtain a model average for the
variable β, which is

β̄ ¼
X
M

PðMÞβM; ð57Þ

where M denotes the specific model, and βM the param-
eter obtained from this model M. PðMÞ indicates the
probability of the model M and reads

PðMÞ ¼ e−AICMP
M0e−AICM0 : ð58Þ

We compute the statistical error using jackknife resampling
and for the systematic error of the model averaging,
we obtain

VarðβÞsys ¼
X
M

PðMÞðβM − β̄Þ2: ð59Þ

We chose our models to obtain the nucleon mass depend-
ency of the lattice spacing a, the pion mass mπ , and the
kaon mass mK . We expect discretization errors of Oða2Þ
for domain-wall fermions. Hence, we describe the lattice
spacing dependency by a quadratic term, c1a2. Since we are
interested in the nucleon mass for physical pion and kaon
mass, m0

π and m0
K , we embed the pion and kaon terms such

that the constant term of our model MN resembles the
nucleon mass at the physical point. We chose the kaon
dependency to be linear, quadratic, or nonexistent. This is
combined with two different types of pion contributions.
One is inspired by chiral perturbation theory [46], which
starts with a quadratic term. For consistency, we also
include the cubic terms in our set of model functions.
Besides the chiral perturbation theory Ansätze, we also use
linear models inspired by [53].
In total, we consider nine models for our model

averaging, all summarized in Table III. The results of
the linear pion-mass model with a quadratic kaon-mass
term are shown in Fig. 8, which consists of three plots, each
illustrating the dependency of the nucleon mass for one of
the three parameters. The two parameters not considered in
the plot are set to the physical point. We also project the
original data point (grey transparent data points) to the
physical point (filled black data points). The red horizontal
lines in the plots show the 1σ confidence interval of the
nucleon mass, whereas the vertical lines show the physical
pion and kaon mass. The plots for the remaining models are
shown in Figs. 17–19. In this project, we have not measured
the individual configuration’s pion and kaon masses or the
lattice spacing. To include the statistical uncertainty of
these quantities, we have created fake data with the same
statistical properties. This fake data is then treated like the
real data, and its uncertainties are propagated using the
single elimination jackknife.

FIG. 7. Finite volume (FV) correction of the nucleon masses for the different ensembles. The empty and filled data points show the
values before and after the finite volume correction.
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The fit results for all models are shown in Table IV, where
we can conclude that we have no kaon dependency, and the
cubic pion term is not constrained enough by our data, which
is not surprising considering that we only have three pion
masses. The slope of the linear model is also consistent with
values obtained by the ruler approximation [53]. Concerning
the probabilities PðMÞ (see Fig. 9), we see a slight
preference for the linear model. From the model averaging,
we obtain the final value for the nucleon mass to be

MN ¼ 0.926ð21Þstatð06ÞsysGeV; ð60Þ

which is within the 1σ margin of the physical nucleon mass.

V. NEGATIVE-PARITY RESULTS

The spectral analysis of the negative-parity sector con-
sists of a GEVP analysis of the nucleon operator

[cf. Eq. (1)] with negative-parity projection, the nucleon-
pion operator, with both particles at rest [cf. Eq. (6)], and
with a back-to-back momentum configuration [cf. Eq. (9)].
Figure 10 shows the effective energies of the GEVP for

Ensemble 9 compared with the negative-parity nucleon
two-point effective mass displayed by the red data points.
Similar to the positive-parity channel, we perform an
excited state fit on all effective energies. The black dashed
lines denote the energies of the noninteracting Nπ states,
where the nucleon mass estimate is obtained from the
positive-parity channel fits. The gray dash dotted lines
show the energies of the two lightest negative-parity
nucleon states, Nð1535Þ and Nð1650Þ, obtained from the
particle data group [48]. The corresponding eigenvectors
at time slice t=a ¼ 8 are shown in Fig. 11, normalized
according to Sec. III F.
The GEVP modes with the most significant overlap to

the multihadronic states have a strong signal. However, the

TABLE III. Overview of all models we use for the continuum extrapolation.

Tag Model function Mða;mπ ; mKÞ
πð1ÞKð0Þ MN þ c0a2 þ c1ðmπ −m0

πÞ
πð1ÞKð1Þ MN þ c0a2 þ c1ðmπ −m0

πÞ þ c2ðmK −m0
KÞ

πð1ÞKð2Þ MN þ c0a2 þ c1ðmπ −m0
πÞ þ c2ðm2

K − ðm0
KÞ2Þ

πð2ÞKð0Þ MN þ c0a2 þ c1ðm2
π − ðm0

πÞ2Þ
πð2ÞKð1Þ MN þ c0a2 þ c1ðm2

π − ðm0
πÞ2Þ þ c2ðmK −m0

KÞ
πð2ÞKð2Þ MN þ c0a2 þ c1ðm2

π − ðm0
πÞ2Þ þ c2ðm2

K − ðm0
KÞ2Þ

πð2; 3ÞKð0Þ MN þ c0a2 þ c1ðm2
π − ðm0

πÞ2Þ þ c2ðm3
π − ðm0

πÞ3Þ
πð2; 3ÞKð1Þ MN þ c0a2 þ c1ðm2

π − ðm0
πÞ2Þ þ c2ðmK −m0

KÞ þ c3ðm3
π − ðm0

πÞ3Þ
πð2; 3ÞKð2Þ MN þ c0a2 þ c1ðm2

π − ðm0
πÞ2Þ þ c2ðm2

K − ðm0
KÞ2Þ þ c3ðm3

π − ðm0
πÞ3Þ

FIG. 8. Plot of the fit results of the physical point extrapolation. Each subplot shows the fitted model’s dependency for one of the
variables a, mπ , or mK. The original data shown by the transparent gray points is projected to the physical values of the perpendicular
parameters shown by the black points. The red horizontal lines denote the upper and lower limit of the 1σ confidence interval of the
nucleon mass, and the vertical lines represent the physical pion and kaon mass.
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TABLE IV. Results of the different physical point extrapolations. The tags are defined in Table III. cð1Þ2 and cð2Þ2 denote the prefactor of
the linear and quadratic kaon-mass term, respectively.

Tag MN=GeV c0=GeV3 c1 cð1Þ2 cð2Þ2 · GeV χ2=d:o:f: p-value

πð1ÞKð0Þ 0.924(21) 0.073(52) 0.987(83) � � � � � � � � � 0.89=4 0.93
πð1ÞKð1Þ 0.923(22) 0.072(52) 0.990(83) 0.02(11) � � � � � � 0.85=3 0.84
πð1ÞKð2Þ 0.910(21) 0.112(49) 0.993(82) � � � 0.011(96) � � � 0.73=3 0.87

Tag MN=GeV c0=GeV3 c1 · GeV cð1Þ2 cð2Þ2 · GeV c3 · GeV2 χ2=d.o.f. p-value

πð2ÞKð0Þ 0.935(21) 0.081(55) 2.14(18) � � � � � � � � � 1.67=4 0.80
πð2ÞKð1Þ 0.931(22) 0.079(55) 2.17(19) 0.07(11) � � � � � � 1.15=3 0.76
πð2ÞKð2Þ 0.931(22) 0.079(55) 2.17(19) � � � 0.065(98) � � � 1.15=3 0.76

πð2; 3ÞKð0Þ 0.926(23) 0.074(52) 4.3(2.3) � � � � � � −6.2ð6.5Þ 0.89=3 0.83
πð2; 3ÞKð1Þ 0.926(23) 0.074(53) 3.9(2.6) 0.04(12) � � � −4.9ð7.5Þ 0.77=2 0.68
πð2; 3ÞKð2Þ 0.926(23) 0.074(53) 3.9(2.7) � � � 0.04(11) −4.9ð7.6Þ 0.77=2 0.68

FIG. 9. On the left are the probabilities of the different models using the Akaike information criterion. On the right, an overview of the
nucleon mass estimates of the different models and the model average computed using Eq. (57). Both vertical lines show the
experimental values of the proton and neutron mass. The tags of the models are defined in Table III.

FIG. 10. Effective mass curves of the GEVP eigenstates (GEVP mode 0, GEVP mode 1, GEVP mode 2) in the negative-parity sector
of Ensemble 9 in comparison with the corresponding nucleon two-point effective mass curve. The black dashed lines represent the
noninteracting energies of the nucleon-pion state with both particles at rest, Nπð000Þ, and with back-to-back momentum of the magnitude
jpj ¼ 2π

aL labeled by Nπð001Þ. The grey regions around the lines represent the 1σ error estimate of the energy. The dash dotted lines
represent the physical masses of Nð1535Þ and Nð1650Þ.
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nucleon two-point correlation function suffers a strong
signal-to-noise degradation. We find a similar behavior
for the remaining ensembles, shown in Fig. 15 with its
eigenvectors in Fig. 16. The nucleon two-point function for
most ensembles is even worse than for Ensemble 9. One
possible explanation is that we do not include sufficiently
many high modes in our distillation smearing. This claim is
supported by the fact that the two ensembles with the
clearest signal, 4 and 9, have the most narrow smearing
profile, as shown in Fig. 1.
However, for all of our ensembles, we find a clear signal

for the multihadronic states. Furthermore, in contrast to
the positive-parity sector, the nucleon two-point function
significantly overlaps with the nucleon-pion states.
Nevertheless, making a more sophisticated analysis in this
sector would require a more considerable amount of
Laplace eigenmodes in the distillation setup or the usage
of a different strategy to include the distillation modes like,
for example, the one introduced in [54]. As for the positive-
parity channel, all fit results of the individual excited state
fits done in the GEVP analysis can be found in Table V
with a further explanation in Appendix B.

VI. DISCUSSION AND CONCLUSIONS

We can draw different conclusions for the different parity
channels considered in this paper. We have obtained clear
and stable results for the GEVP analysis in the positive-
parity sector throughout the ensembles listed in Table I by
using a nucleon, a nucleon-pion, and, for the first time,
a nucleon-pion-pion operator as the operator set. We get a
clear signal for the ground state for most of the ensembles,
enabling a mass extraction with relative errors around 0.3%
to 2%. For the multihadronic excited states, we find
energies in the region of the noninteracting energy
(cf. Fig. 6). The only minor exception is Ensemble 9,
for which both the Nππ and Nπ energy lie approximately
2σ below the noninteracting energy. The global signifi-
cance of this fluctuation is, however, marginal at this point.
We also reproduce the chiral perturbation theory expect-
ation of the negligibility of Nπ and Nππ state contributions

to the nucleon two-point function [7]. We observed this
behavior by finding only a marginal difference between the
nucleon two-point function’s effective mass and the one of
the ground-state GEVP mode. We could even quantify the
extent of the multihadronic contributions by considering
the difference between the nucleon two-point function and
the ground-state GEVP effective mass. Furthermore, the
energy gap estimate obtained from an exponential fit on this
difference coincides within a 2σ margin with the energy
gap obtained from the GEVP between the ground state and
the state with the second largest overlap with the nucleon
operator. This overlap is obtained from the eigenvectors
of the GEVP.
Following the GEVP analysis for the different ensem-

bles, we performed finite volume corrections to the nucleon
masses using the SUð2Þf baryon chiral perturbation theory.
To test the validity of these corrections, we compared the
values of pairs of ensembles that differ only in volume,
namely, Ensemble 4 and D and Ensemble L and 9. We find
both pairs to be in agreement within the error margin.
Furthermore, we performed a physical point extrapola-

tion of the nucleon mass using nine models with linear,
quadratic, and quadraticþ cubic pion mass dependencies.
All models had reasonable χ2=d:o:f: values. Hence, we
performed a model average using the Akaike information
criterion. The final value for the nucleon mass is within the
error margin of the experimental proton and nucleon mass.
We did not consider any isospin breaking and quantum
electrodynamics corrections since our final nucleon mass
estimate has uncertainties too large to be sensitive to these
corrections. The main goal of this study was to explore to
which degree our distillation setup, which was optimized
for our g − 2 program, can be used for baryon physics. We
observe that our setup is also well suited for this task, and
we will build on this setup in future work.
In the negative-parity sector, we performed similar

GEVP analyses with a nucleon operator and two
nucleon-pion operators as the GEVP operator set. The
main conclusion is that the number of distillation modes is
too small for most ensembles to perform sophisticated

FIG. 11. Negative-parity GEVP eigenvectors at t=a ¼ 8 of Ensemble 9 renormalized using the scheme introduced in Sec. III F.
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analyses. We found for all ensembles that the multihadronic
states can be resolved quite as well as for the positive-parity
case. However, the negative-parity nucleon two-point
function suffers a substantial signal-to-noise degradation.
The claim that more distillation modes are needed is
supported by the fact that the ensembles with the sharpest
profiles offer the best results for the negative-parity nucleon
state. We are currently exploring a combination of distil-
lation and all-to-all methods similar to what we have done
for the muon g − 2 [23,25].
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APPENDIX A: INTERPOLATING OPERATOR
CONSTRUCTION

For interpolating operators with back-to-back momen-
tum, the projection to the irreducible representations G1g=u

is not a priori obvious. For a given spin α and momentum p
the nonprojected nucleon-pion operators read

ONπðt; pÞα ¼ ONðpÞαOπð−pÞ: ðA1Þ

In this study, we use only finite momenta of the form
(0, 0, 1), i.e., there is only one nonzero component with
pi ¼ 2π

aL. Hence, for this type of momentum, we have six
different momenta, �p̂x;�p̂y, and �p̂z. Combined with
the spin degrees of freedom, we obtain a 24-dimensional
carrier space with a matrix representation Γ. This repre-
sentation is reducible and consists of the direct sum of the
irreducible representation G1;u=g and Hu=g. The projection
onto the irreducible representation Λ can be realized by the
projection operator defined by

PΛ ¼ dimðVÞ
jGj

X
g∈Od

h

ΓðgÞχΛðgÞ; ðA2Þ

where dimðVÞ denotes the dimension of the carrier space,
jGj the number of elements in the double cover of the full
octahedral group Od

h, and χΛðgÞ represents the character of
the irreducible representation Λ for the group element g.
The eigenvectors VΛ

i of the projection operator with
eigenvalues 1 produce linear combinations of operators
that transform in the irreducible representation Λ. To
further determine the spin direction of the newly formed
operators, we compute directly the eigenvectors of
ΓðRzÞPΛ, where ΓðRzÞ denotes the representation of a
rotation of 90° around the z-axis. The projected operators
are then

OΛ
NπðtÞα ¼

X
β

X
q;jqj¼2π

aL

VΛ;α
β;qONπðt; qÞβ; ðA3Þ

with VΛ;β
α;q being the elements of the eigenvectors. Since

the operators for all up and down spins are identical, we
denote up and down spins by ↑ and ↓, respectively. For the
positive-parity operator, we obtain then
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OP
Nπ;G1g

ð0; tÞ↑ ¼ ONπðt; p̂xÞ↓ −ONπðt;−p̂xÞ↓ − iONπðt; p̂yÞ↓ þ iONπðt;−p̂yÞ↓ þONπðt; p̂zÞ↑ −ONπðt;−p̂zÞ↑;
OP

Nπ;G1g
ð0; tÞ↓ ¼ ONπðt; p̂xÞ↑ −ONπðt;−p̂xÞ↑ þ iONπðt; p̂yÞ↑ − iONπðt;−p̂yÞ↑ −ONπðt; p̂zÞ↓ þONπðt;−p̂zÞ↓; ðA4Þ

which are also the operators used in [17,28,35]. For the negative sector, we obtain

Oð001Þ
Nπ;G1u

ð0; tÞ↑ ¼ ONπðt; p̂xÞ↑ þONπðt;−p̂xÞ↑ þONπðt; p̂yÞ↑ þONπðt;−p̂yÞ↑ þONπðt; p̂zÞ↑ −ONπðt;−p̂zÞ↑;
Oð001Þ

Nπ;G1u
ð0; tÞ↓ ¼ ONπðt; p̂xÞ↓ þONπðt;−p̂xÞ↓ þONπðt; p̂yÞ↓ þONπðt;−p̂yÞ↓ þONπðt; p̂zÞ↓ −ONπðt;−p̂zÞ↓; ðA5Þ

which is the same as described in [35].

APPENDIX B: SUMMARY OF THE FIT RESULTS

All ensembles with at least 60 independent configurations (Ensembles 4, D, 9) are fitted correlated in the positive-parity
channel. We need even larger statistics for the negative-parity channel to obtain stable correlated fits. Therefore, we only fit
Ensemble 4 with correlated fits in this sector. We will explore the thinning of correlation functions to reduce this problem in

TABLE V. Summary over all excited state fits of the GEVP and two-point effective mass curves with the fit form
from Eq. (48) for the different ensembles. The last column denotes whether a fit is correlated (c) or uncorrelated (uc).

Positive-parity

Tag Range aE aEex στ0−1 χ2=d.o.f. Type

Ensemble-4
GEVP0 4–12 0.6358(24) 1.83(23) 2.23 0.93 c
GEVP1 4–10 0.9458(55) 1.86(21) 1.75 1.73 c
GEVP2 4–10 0.9857(80) 1.94(54) 0.61 0.35 c
N2N 5–12 0.6375(32) 1.62(29) 1.40 1.18 c

Ensemble-D
GEVP0 4–12 0.6244(23) 1.48(16) 0.87 0.25 c
GEVP1 4–12 0.9004(29) 1.59(10) 0.30 0.88 c
GEVP2 4–12 0.9362(35) 1.60(10) 0.43 0.52 c
N2N 5–12 0.6248(24) 1.44(15) 0.93 0.24 c

Ensemble-L
GEVP0 6–18 0.4511(42) 1.02(12) 1.17 0.47 uc
GEVP1 6–18 0.6123(52) 1.11(12) 0.73 0.71 uc
GEVP2 6–18 0.6839(53) 1.16(12) 0.46 0.31 uc
N2N 7–18 0.4510(42) 1.02(12) 1.15 0.50 uc

Ensemble-9
GEVP0 5–17 0.4622(26) 0.898(71) −1.11 1.26 c
GEVP1 6–15 0.661(18) 0.877(90) 0.50 0.69 c
GEVP2 5–15 0.7151(65) 1.044(70) −3.28 1.75 c
N2N 6–17 0.4621(32) 0.851(63) −1.81 1.58 c

Ensemble-1
GEVP0 3–14 0.5909(41) 1.51(23) −0.31 0.19 uc
GEVP1 3–10 0.8260(58) 1.61(18) −0.87 0.15 uc
GEVP2 3–10 0.8432(70) 1.51(13) −2.00 0.16 uc
N2N 4–15 0.5918(44) 1.44(21) −0.54 0.13 uc

Ensemble-3
GEVP0 2–10 0.5919(40) 1.433(87) 2.15 0.76 uc
GEVP1 4–10 0.811(31) 1.05(30) −1.87 0.29 uc
GEVP2 3–10 0.8521(68) 1.53(14) −2.00 0.12 uc
N2N 3–11 0.5930(42) 1.406(83) 2.17 0.83 uc

(Table continued)
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future work. Table V shows the fit results for all ensembles
and all effective mass curves. The table consists of two sub-
tables, each consisting of 8 columns, starting with the fit
tag, showing which effective mass curve is fitted, where
N2N denotes the nucleon two-point function, and the tags

starting with GEVP are the individual modes of the GEVP.
The next column displays the fit range of the chosen fit with
the parameters shown in the following two columns. Here,
we do not list the overlap factor A results since we
overestimate the error due to a nonsymmetric distribution

TABLE V. (Continued)

Positive-parity

Tag Range aE aEex στ0−1 χ2=d.o.f. Type

Ensemble-C
GEVP0 4–18 0.5475(88) 1.33(24) 0.80 0.48 uc
GEVP1 4–18 0.6856(86) 1.48(21) 0.87 0.38 uc
GEVP2 4–18 0.7076(93) 1.47(22) 0.76 0.37 uc
N2N 5–18 0.5473(90) 1.31(24) 0.73 0.45 uc

Negative-parity

Tag Range aE aEex στ0−1 χ2=d.o.f. Type

Ensemble-4
GEVP0 4–9 0.7841(35) 1.64(19) 1.44 2.31 c
GEVP1 4–9 0.971(26) 1.59(85) 0.42 0.53 c
GEVP2 3–7 1.0058(82) 3.19(13) 2.96 0.44 c
N2N 4–10 0.928(17) 2.2(1.3) −0.42 0.03 c

Ensemble-D
GEVP0 4–7 0.7782(27) 1.59(17) 0.57 0.00 uc
GEVP1 3–5 0.8958(38) 1.523(51) −8.47 0.00 uc
GEVP2 2–5 0.918(23) 1.81(19) 3.79 0.55 uc
N2N 3–7 0.865(24) 1.58(16) 3.67 0.83 uc

Ensemble-L
GEVP0 4–8 0.5732(80) 1.13(11) 0.38 0.41 uc
GEVP1 4–7 0.6313(87) 1.32(12) 1.38 0.14 uc
GEVP2 2–6 0.690(52) 1.19(16) −1.35 0.03 uc
N2N 4–7 0.679(87) 1.18(40) −0.93 0.04 uc

Ensemble-9
GEVP0 4–10 0.5698(33) 0.983(44) −0.41 0.06 uc
GEVP1 4–10 0.686(50) 1.23(62) 0.63 0.01 uc
GEVP2 4–10 0.7176(52) 1.138(57) −0.19 0.12 uc
N2N 5–11 0.627(42) 1.03(32) 0.75 0.02 uc

Ensemble-1
GEVP0 4–10 0.7064(53) 1.62(52) 0.36 0.08 uc
GEVP1 3–8 0.8399(64) 1.45(10) −3.43 0.04 uc
GEVP2 3–6 0.8(1.4) 1.1(1.9) −1.17 0.06 uc
N2N 4–10 0.802(98) 1.39(77) −0.36 0.18 uc

Ensemble-3
GEVP0 4–8 0.703(11) 1.13(28) −1.05 0.25 uc
GEVP1 2–6 0.837(49) 1.53(36) 0.20 0.26 uc
GEVP2 3–6 0.8661(55) 3.0(1.1) 0.77 0.19 uc
N2N 4–7 0.800(29) 1.85(61) 0.39 0.15 uc

Ensemble-C
GEVP0 3–7 0.621(11) 1.24(11) −1.66 0.48 uc
GEVP1 2–6 0.6825(55) 1.412(40) −1.86 1.06 uc
GEVP2 2–5 0.723(93) 1.35(31) 1.46 0.33 uc
N2N 3–6 0.711(82) 1.35(28) 1.52 0.32 uc
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of the values for individual jackknife samples. The στ−1
shows the value from the extrapolation criterion introduced
in Eq. (49), which measures the tension between the first
data point not included in the fit and the value we expect
from the fitted model. In general, we aim for this value to be
below 2. However, there are some cases for which we found

no fit range fulfilling this criterion, especially in the negative-
parity channel. The reduced χ2 value defined by the χ2 value
over the degrees of freedom is shown in the next column.
We choose the reduced χ2 over the p-value since we use a
mixture of correlated and uncorrelated fits. The last column
shows which fit is correlated (c) or uncorrelated (uc).

FIG. 12. Overview plots of the remaining ensembles showing the same results as depicted in Fig. 3 for all other ensembles of
this study.
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FIG. 13. Overview plots of the remaining ensembles showing the same results as depicted in Fig. 4 for all other ensembles of
this study.
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FIG. 14. Overview plot of all GEVP eigenvectors. The plots depict the same eigenvectors as Fig. 5 for the remaining ensembles of this
study. The reference time slices can vary between the different ensembles and are chosen so that the effective mass is converged to the
state’s mass while still having a moderate signal-to-noise ratio.
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FIG. 15. Overview over the GEVP effective masses of the remaining ensembles in the negative-parity sector. The plots are similar
to Fig. 10.
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FIG. 16. Overview plot of all negative-parity GEVP eigenvectors. The plots depict the same eigenvectors as Fig. 11 for the remaining
ensembles of this study. The reference time slices can vary between the different ensembles and are chosen such that the effective mass is
converged to the state’s mass while still having a moderate signal-to-noise ratio.
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FIG. 17. Overview of the linear models for the continuum and physical point extrapolation. The plots are similar to Fig. 8.
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FIG. 18. Overview of the quadratic models for the continuum and physical point extrapolation. The plots are similar to Fig. 8.
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FIG. 19. Overview of the quadratic models with a cubic term for the continuum and physical point extrapolation. The plots are similar
to Fig. 8.
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