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Holographic timelike entanglement in AdS; Vaidya
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Based on the studies of pseudoentropy in de Sitter, there have been recent proposals for a timelike
entanglement in AdS/CFT. In this work, we explore this proposal in the context of a holographic CFT
undergoing a global quench. We study various cases in which the timelike intervals are anchored at various
boundary times, sometimes straddling the infalling shell. The early and late time behaviors reproduce the
known results coming from the pure AdS and the black hole geometry dual to the thermal CFT state
respectively. However when the infalling shock straddles the timelike interval, the dynamics drastically

differs from how the entanglement entropy evolves.
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I. INTRODUCTION

The study of strongly coupled field theories had
remained a challenging task up until the advent of
gauge/gravity or holographic duality [1-3]. One of the
greatest utilities of the anti-de Sitter (AdS)/ conformal field
theory (CFT) correspondence is that one may translate the
strongly coupled field theory problems entirely into a
weakly coupled gravitational problem. Our current work
will utilize this duality to investigate some recently studied
aspects of the boundary field theory entanglement in a
dynamical setting.

In particular, we will focus on the setup where the
boundary CFT undergoes a global quench. It is well known
that the corresponding bulk geometry can be modeled via
an infalling shock resulting in an AdS-Vaidya spacetime.
To begin with, the system is described by the vacuum state
of the CFT, which is subsequently kicked into an excited
state following some sudden perturbation. The excited,
thermal state of the field theory admits black hole (BH)
solutions in asymptotically AdS spacetime as its holo-
graphic dual. A particular manner in which it can be
obtained is by turning on some uniform density operators in
the boundary CFT for a very short time and is encoded via a
null shell collapsing to form a black hole in the dual
holographic picture. On the gravitational side, this Vaidya
spacetime dynamically interpolates between pure AdS in
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the earlier times to a Banados-Teitelboim-Zanelli (BTZ)
BH in the far future [4]. Such dynamical processes have
been exhaustively studied, and they provide us with a
holographic prescription of how the field theory approaches
thermal equilibrium at a temperature set by the BH
temperature. An incomplete list of literature is [5—14].

In a parallel development, AdS/CFT has provided us
with a productive framework to study several aspects of
nongravitational field theory entanglement in terms of
gravitational dynamics. The celebrated Ryu-Takayanagi
(RT) conjecture [15,16] allows us to compute highly
nontrivial quantum entanglement entropies (EE) in terms
of far simpler geometric means, where one needs to
essentially compute areas of some codimension-two space-
like extremal surfaces (we will generically call them RT
surfaces) within the corresponding bulk spacetime. The
applications of such a simple proposal is far reaching and
vast, which we will not even try to enumerate. However, we
will make some comments and observations regarding their
potential application to the thermal dynamics mentioned in
the above paragraph. After the RT proposal, we realized
how boundary entanglement can be an effective probe to
study these questions. In fact, RT surfaces can generically
traverse the interiors of a BH geometry for the time-
dependent cases [17-19], including the Vaidya space-
time [20]."

In a series of even more recent developments, there have
been proposals for a holographic framework to account
for the entanglement entropy of de Sitter (dS) spacetimes
[22—-34]. Although the precise microscopic construction of
dS/CFT duality is still underway, it is a general expectation

'Alternatively, various nonlocal operators such as two-point
correlators of gauge-invariant operators, Wilson loops (see e.g.
[9,10,13,21] and references therein) etc. have also been employed
to investigate how the strongly coupled field theories thermalize.
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that Euclidean, nonunitary CFTs dual to the dS spacetime
now live on spacelike surfaces at temporal infinities [35]. If
we now ask questions about quantum entanglements within
such setups, it results in complex-valued entanglement
entropy. Since the reduced density matrices in the dS/CFT
turn out to be non-Hermitian, this quantity was proposed to
be interpreted as pseudoentropy. It turns out that such
complex-valued measures are also obtained if one analyti-
cally continues the spacelike holographic EE in AdS to
correspond to a timelike subregion at the boundary within
AdS/CFT. In [28-31] this was dubbed timelike entangle-
ment entropy (TEE). In the bulk, the associated quantity
can also be alternatively computed in terms of the minimal
areas of two disconnected codimension-two spacelike
surfaces (being homologous to the timelike region at the
boundary), adjoined by a timelike geodesic connecting the
other endpoints of the above two spacelike segments. Just
like the case for the holographic entanglement entropy
(HEE), the areas of these spacelike surfaces contribute to a
cutoff dependent, universal real part, whereas the timelike
geodesic contributes toward the imaginary part. Together
they provide the complex valued TEE. In what follows,
when we talk about TEE, we will have such a construction
in mind.”

The notion of TEE furnishes an alternate measure along-
side its close cousin, HEE. In some cases, it may even prove
to be a more sensitive upgrade because, unlike the RT
surfaces, the piecewise extremal surfaces corresponding to
TEE are able to cross the horizon of the static BHs and
approach all the way to the singularity. This attractive feature
of TEE enables it to encode exotic features that regular
entanglement entropy is not able to capture so easily (such as
its application in subhorizon bulk reconstruction [36], or
probing the singularity [371).” Therefore, it begs the question
whether a careful study of this quantity can also be a useful
probe for the questions of thermalization. However, we find
the answer to this question to be negative, except for the fact
that at very early and at very late times our results boil down
to what is expected of TEE in the pure AdS and BTZ
geometries. In fact, this question of thermalization for a
timelike interval was already partially addressed in [40],
where a closely related quantity viz. the expectation value of
two timelike separated operators on the boundary dual to
AdS Vaidya has been studied. In this work, the authors
propose a prescription of Wick rotating the Vaidya geometry
(along with two other methods) to obtain a connected
geodesic. They show that their measure of the associated

2Although it was motivated from the notion of pseudoentropy,
it is perhaps a bit confusing to call this complex-valued quantity
timelike entanglement entropy. In particular, its statistical origins
are not yet properly understood. We will have some comments on
this in the Conclusion section.

3This subject is still in its infancy, although a rapidly evolving
one. For a very incomplete list of other ongoing works on this
emerging field, see e.g. [38,39] etc.

quantity is a typical probe of field theory thermalization.”
However, the way the Wick rotation has been carried out in
that work results in a quite different interpretation compared
to the prescription of [28,30] where the Wick rotated spatial
coordinate switches to the temporal coordinate and
vice versa.

For example, in the static case, [28,30] start with a
thermal or vacuum CFT (dual to appropriate AdS space-
times) with a spatial subregion, and Wick rotates it to obtain
a vacuum or thermal (respectively) CFT with timelike
interval (the Wick rotations are given in Sec. 2.2 of [30],
and the results of that section also match with their results
in Sec. 2.1). However, the Wick rotation considered in [40]
is slightly different (page 13 in that paper), which makes the
geometry Euclidean, and hence the timelike interval space-
like. Performing computations in such Euclidean geom-
etries, they Wick rotate back their results to obtain the
required answer.

Our main results are contained in Sec. II. The different
Secs. I A-II D then study the various arrangements of the
boundary intervals with respect to the boundary time and
the location of the shock. We have called them cases 1
through 4. In each of these subsections, among other things,
we have computed the relevant extremal surfaces, along
with their areas and contributions to the TEE. This allows
us to understand the dynamics of TEE in our setup. As a
consistency check, we have first reproduced the known
results for the timelike subregion living in the asymptotic
boundary of pure AdS. A more nontrivial arrangement of
the boundary interval (case 2, where the interval straddles
the shock) reflects a rise in the TEE, hinting that the
quenched CFT is in a nonequilibrium state. At very late
times (case 4), the (real part of) TEE shows another rise,
quickly approaching the asymptotic upper bound set by the
TEE of pure BTZ. This is a clear indication that the CFT
has thermalized. Finally, we have concluded in Sec. III with
a discussion on some possible future directions.

II. EXTREMAL SURFACES FOR TIMELIKE
SUBREGION

The metric we employ is the AdS,,; Vaidya spacetime

L2
ds” = 2 (=f (v, 2)dv* — 2dvdz + dx?). (1)

The Vaidya metric describes a null shell composed of
tensionless dust. The blackening function is given by
f(v,z) =1 —M(v)z?, where we have

*Similar opinions were voiced in [41]. According to their
classifications, the correct measure of timelike entanglement
should be via the connected, type-C geodesics, akin to the work
of [40]. Whereas, here we deal with the disconnected, type-B
geodesics along the lines of [28,30] to make possible connections
with the discussions of pseudoentropy.
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v>0

M(v) = MO(v) = {

v<0

The infalling matter is concentrated with a delta function
spike at » =0, because we are interested in the zero
thickness limit of the collapsing null shell.” Here, we have
defined the ingoing Eddington-Finkelstein coordinate v as

2 d7
o f(Z)

Henceforth, in this and the following analysis, we have set
the scale by plugging AdS radius L to unity. The horizon is
located at z;, = ﬁ and the inverse temperature of the

(2 + 1)-dimensional black hole is given by f = Th1s

metric is an uplift from the AdS Poincaré patch [with
coordinates (7,z,x)] to a dynamical one due to the
perturbation by M. For an illustration of this geometry,
see Fig. 1.

In our work, we will be interested in evaluating the
quantum extremal surfaces corresponding to timelike sub-
regions anchored at different times at the boundary (but
entirely remaining at a constant boundary spatial coordinate
x). As stated in the Introduction, the corresponding surfaces
can be inspired by the Wick rotation picture [28,30] starting
with the usual HEE. However, they can also be alternatively
obtained by solving for codimension-two extremal surfaces
homologous to the boundary time interval. We will take the
latter approach in this work and leave the corresponding
Wick-rotation story for future work.

The pullback of the AdS; Vaidya metric on the codi-
mension-one surface (v(z),x(z)) is given by

V=T —

1
dh?* = ?(—f(z,

0)v'(2)? = 20/ (2) + ¥'(2)?)dz.

where v/(z) = 4¢ and x'(z) =
the following form:

/ V=f(v,2)v

As a preliminary check, we observe that x appears as a
cyclic coordinate in the area functional. Hence, the corre-
sponding conjugate momentum must be conserved,

¥'(z)
2/ =f(0.2)v'(2)? =20/ (z2) + ¥ ()

%’ The area functional takes

211( ) +x%(2)

=J.

°It takes a certain amount of time for the pure AdS state to
settle down to BTZ after a quench. It is a standard result of sudden
approximation of time-dependent perturbation theory, see e.g.
chapter XVII, Sec. 8 of [42]. We will neglect this technicality
throughout our analysis.

FIG. 1. Penrose diagram for AdS Vaidya spacetime due to an
infalling null shell at + =0 at the boundary (equivalently at
v = 0) represented by the dotted blue line. The region below
v =0 is the pure AdS spacetime, and the region above corre-
sponds to a black hole. The thick red line represents the
singularity, and the red dotted line is the horizon of the black
hole. Also, the vertical line on the right represents the boundary
time (boundary spatial direction is suppressed), and the null lines
on the left are Poincaré horizons.

Now, the Neumann boundary condition at the turning point
of the x coordinate (since the extremal surface is homo-
logous to the boundary points having fixed x coordinate)
dictates J = 0. In other words, without the loss of general-
ity, the x dynamics of the extremal surface can be dropped
out from further analysis. Hence, we will rather analyze the
simplified area functional

/ \/fvz

separately in each of the geometric regions of the bulk. The
general Euler-Lagrange equation is

-2v'(2)

(2)

220"(2) = f(v.2)(2f (v. 2) = 2f (0, 2))7/ (2)’?
— (3zf'(v.2) = 6f(v,2))V'(2)* + 40/ (z) = 0. (3)

The integral of motion is given by

f(v,2)v'(z )+1
(2)(f(v,2)v'(z) +2)

= P = constant, (4)

/=0

which can be solved for v/(z) to furnish two roots
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|
—f(v.2) = P22 £ \/P?2(f(v.2) + P?2%)

(5)

V' (z) =

A preliminary investigation of the nature of the roots
suggests that for both of the roots v'(z) < 0, and hence
the associated curves are spacelike in nature.

A note on notation. In the following subsections, we will
investigate the behavior of the solutions, case by case, in
the boundary chronology. We have four distinct cases
(cases 1 through 4) classified according to the geometrical
characteristics of the spacelike extremal surfaces that arise
in chronological order. With this in hindsight, we have
organized the labeling of the further subsections. We have
also uniformly maintained the convention to label the upper
and lower roots (and the corresponding solutions) with
+/—. So, for example, the upper solution pertaining to the
case 3 will be referred by v(,3)(z). Similar notations and
subscripts have also been used to write down area and
entropy functionals, covariant and geodesic distances etc.

A. Case 1: Subregion before quench

The first case deals with a timelike CFT interval located
in the far past of the collapsing shell. The spacelike
geodesics emanating from the endpoints of the timelike
subregion are restricted to lie entirely in the AdS spacetime
at the earliest times. In this case, the area functional takes
the following form:

AAdS =

/dz \/ —v’(z)i —29/(z) ‘ ()

Proceeding along the same arguments made above, we
note that the v coordinate is cyclic and hence the conserved
v-momentum takes the form”

v'(z) + 1
2/~ (2)(V(2) +2)

:p'

The above algebraic equation can be solved for v'(z),
giving us two solutions

1

v_(z) =
20 + p22)

C—1-p2P

and (7)

1
p212(1 I p2Z2) ’

v, (z) = (8)

C—1- 22—
furnishing us with the two roots.

6Throughout the paper, we will label the integral of motion that
appears in (4) as p or P, depending on whether we are in the AdS
or in the BH segment.

1. Lower AdS branch (T, < 0)

We will first discuss the extremal surface anchored to the
lower endpoint of the subregion at boundary time
v =1t =T,. Because in case 1, we expect our results to
boil down to the results of [28,30], we expect the spacelike
surface from 7' to hit the lower Poincaré horizon. It turns
out that for such a demand, in order to find the corre-
sponding v(z), we have to integrate (7). In that case, we
have (using the notations discussed above)

vn(z) =—-z— +c.
(=1 PE
Upon demanding the correct boundary behavior
1)(_1)(0) = Tl’ it fixes p = iﬁ: P+ with c1 > T].

With both choices of p = p,, we find that the spacelike
branch of the extremal surface emanating from the lower
point 7' is given by

v-(z) = —z— (1 =T1)*+ 22 +cy. )
It can be seen that deep in the bulk, this branch indeed hits
the lower edge v = —o0 of the Poincaré horizon, as shown
in Fig. 2 (plotted for the choice of ¢; = %, as moti-
vated below).

On plugging (9) into (6), the extremal area for the lower
branch of the spacelike curve turns out to be

o @R - 200
A(_]) = dZ

z
-T 2(cy =T
= sinh™! <%) ~log <¥>, (10)

where in writing the last equation above, we have neglected
all the O(€?) pieces and higher. The quantity e above denotes
the usual UV cutoff of the boundary theory, which also arises

0

,20,

-40

_60,

Vi-1) _got
-100¢
-120¢
-140¢

z

FIG.2. v, as a function of the bulk radial coordinate z for the
interval size T, — T} = 20 and T = —40. v(_;) reaches negative
infinity as z - oo.

046026-4



HOLOGRAPHIC TIMELIKE ENTANGLEMENT IN AdS; ...

PHYS. REV. D 112, 046026 (2025)

FIG. 3. Schematic diagram of earlier time behavior when the
subregion is in pure AdS.

in the computations of the HEE. Below, we will perform
analogous computations for the upper spacelike branch and
the resulting timelike segment. However, a schematic
diagram of the surfaces is already given in Fig. 3. In this
diagram and in the others to follow, the green curves will
always correspond to the spacelike segments and the orange
curve to the timelike one.

2. Upper AdS branch (T, < 0)

In this case, we consider the other extremal surface
anchored to the other boundary time v = ¢ = T’,. In other
words, our subregion size will always be T =T, — T,
(in our case 1, T}, T, < 0 with T, > T). Now this time,
consistency with [28,30] demands that we need to
integrate (8) to obtain the general solution

4,2 2
VP tp
v (2) = —Z+T

+ Ch.

Once again, requiring the correct boundary behavior
v41(0) = T, fixes p = :I:ﬁ with ¢, < T,. Once again,
for both values of p, we obtain the upper AdS root as

van(@) =—z+ (=T + 2+ (11)
Indeed, this upper AdS root now meets the upper edge of the
Poincaré horizon at some finite value v(o0) = ¢,. The
constraint such as ¢, < T, can be understood physically

0 50 100 150 200
z

FIG.4. (4 as a function of the bulk radial coordinate z for the
interval size T, — T = 20 and T; = —40. The curve goes all the
way to z — oo, with the correct asymptotic values for v(y at
z=0and z = oo.

as the spacelike nature of the corresponding curves. Once
again, a plot for this upper root with the choice ¢, = % is
given in Fig. 4.7

Combining (11) and (6), we obtain the total extremal
area of the spacelike geodesics to be [in future, we will
always omit the O(€?) terms]

-T 2T, —
Ay =— sinh~! (—62 2) = log <7( 2 CZ)) + O(e?).
€

(12)

Since p is the integral of motion (4), common for
both the upper and the lower roots, this facilitates elimi-
nating one integration constant from our equations giving
¢y = —c, + T + T,. Moreover, motivated by the varia-

tional treatment (see Appendix A for further details), we
were ableto fix c = ¢; = ¢, = % for the current case 1.

For this particular choice, the TEE expressions are right-
fully just functions of the subregion length (7, — 7)) =T,
giving a precise agreement with the pre-existing results in
the literature [28,30]. In particular, we have the total length
of the spacelike portions of the extremal curves as [simply
the sum of (12) and (10)]

T, —-T
Ay T Ay = A = 2log (%) (13)

"Note that both our computations for U(g1) Were motivated
from the results of [28,30]. Without this motivation, we can have
extremal surfaces both ending at either the upper or the lower
Poincaré horizon. Such a possibility has recently been discussed
in [37]. Similar ambiguities may also arise when we discuss the
other cases, but we will always be motivated by making contacts
with the known results of [28,30], which is in turn consistent with
the Wick rotation picture as mentioned in the Introduction. It will
be interesting to explore these various possibilities and their
effects on the dynamics of TEE.

046026-5
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In fact it turns out that also for case 4, the natural relation
between the integration constants is given by ¢; = —c, +
T, + T».Hence we will choose the above values of ¢; and ¢,
in all the following cases. This consistent choice keeps the
transitions of extremal surfaces smooth between one case to
the other, and makes the final expression of the timelike
entanglement entropy to depend only on 7.

3. Timelike segment

To account for the imaginary part of the pseudoentropy
coming from the Wick rotation picture [28,30], and to
obtain one connected surface homologous to the boundary
interval, we have to join the nonboundary anchored
(free) endpoints of the spacelike surfaces with a timelike
geodesic. The length of the timelike geodesic A can be
easily evaluated by utilizing the AdS covariant distance ¢
between the two bulk points located at coordinates (z;, ;)
and (zp,v,) [43]. In particular, they are related by
A = cosh™(6(z2, 12|71, v1)). In our case, as obtained in
the previous subsections, the free endpoint corresponding
to the lower root v(_y)(z) is located at the Poincaré horizon
(A, —2A) (A is a large z, IR regulator). Whereas the free
endpoint of the upper root v, ;(z) goes to (A, c,). The
associated AdS covariant distance is therefore given by
(below the subscript in ¢; denotes case 1)

<Z%+Z%—(”2—vl +(Zz—Z1))2> o1

[ llm
22122

A—oo

(14)

Thus, the geodesic length of the timelike curve turns
out to be

A, = cosh™!(-1) = ix. (15)

Note that the timelike geodesic is purely imaginary and has
no dependence upon the boundary time. This is analogous
to what happens for the static cases, as discussed in [28,30].

4. Holographic TEE

Combining (13) and (15) and dividing by the appropriate
factor of the Planck area (length for d = 2), we obtain the
following familiar result for TEE:

] T,—T
3 :flog< = 1) +%m'. (16)

3

This result was derived in [28,30] within pure AdS/CFT.
For our case 1, such a match is expected because the
associated extremal surfaces of the given subregion are not
sensitive to the shock present in the future. The appearance
of the imaginary part can be traced back to the fact that
unlike the usual RT curve (which is a connected spacelike
curve in its entirety), here we get two disconnected
spacelike curves. Therefore, we require a timelike geodesic

Re(S1)

40+

30}

20+

10+

L L L L L T
-200 -180 -160 -140 -120 !
FIG.5. Real part of holographic TEE for case 1. The plot uses a
subregion size T, — T} = 100 and ¢ = 0.001.

to reduce the minimal surface into a connected piece. As
mentioned before, this measure for TEE can also be derived
using the Wick rotation picture.® Finally, we have plotted
the corresponding entropy in Fig. 5, which shows its
dependence as the function of the boundary time T.
Since the holographic TEE only depends on the subregion
size and the UV cutoff ¢ (taken at a fixed value), it remains
constant until 7, < 0.

B. Case 2: Subregion straddling
the shock—early time behavior

The next case we will consider is when the subregion of
size T has evolved upwards and is now located at 7'y < 0,
T,=T,+T>0, such that |T,| <|T;|. In this second
case, the upper spacelike surface begins its journey from
the BTZ region, but later crosses the shock and enters the
AdS side. However, the lower spacelike surface is still
entirely in the AdS region.

1. Lower AdS branch (T; < 0)

In this case, the analysis of the lower root, which lies in
the AdS region, is the same as before and we have rewritten
it below with the appropriate notation

v(-2)(2) = =z =1/ (¢ T+ 22 +c. (17

Once again, this root ends up at the lower Poincare horizon

i.e. at v(_y)(00) = —oo leading to a similar expression for
the extremal length [as in (10)]
I, =T,

8n fact, as illustrated in [36], one can also obtain these results
by defining a timelike modular Hamiltonian by Wick rotating the
usual spacelike modular Hamiltonian.
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2. Upper BTZ branch (T, > 0)

The upper branch however, behaves more nontrivially.
For a certain range of the values of positive 7', it starts from
the BH side but comes out to the AdS side at a value z = z,
(referred to here as the crossing point). A schematic
diagram is given in Fig. 6. Given the crossing, one would
require to compute the corresponding junction conditions.
We have derived the condition in Appendix B (see e.g.
[9,14] for a derivation of the same in the context of RT
surfaces in AdS-Vaidya). The main equation takes the
form

fP (0. 2)v"%(2) = v (), (19)

where the superscripts A and B denote the AdS and BTZ
regions respectively. However, we will notice that for the
upper surface (i.e. the surface attached to 75,), the junction
conditions are not well defined for the entire range where
case 2 is valid (see Appendix C for a brief discussion of this
point). Therefore, we will resort to the gluing condition (28)
for the treatment of this part.

In what follows, we will solve for the behavior of the
upper surface explicitly, and evaluate the crossing point.
Rewriting the area functional (2) explicitly for the BTZ
case, we have

C
/R | K

FIG. 6. Subregion starts to enter the black hole region with
T,>0and T, <0. As T, — |T,|, z» approaches the point C.

dz \/_(1 - MZZ)Z”/(Z>2 - 27)/(Z) ) (20)

ABTZ =

This time, the solution of (3) leads to the following integral
of motion:

(1=Mz>)v'(z) + 1
/=0 (2) (V' (2)(1 = Mz?) +2)

=P.

Once again, this algebraic equation has the following two
roots:

/ B 1
v (z) = (1 —Mzz) — P22 4 pz\/(l — Mzz) + (P2z2)’
(21)
v (2) = 1 '
~(1=M22) - P22 = P2y /(1= M) + (P2)
(22)

Given our setup, we will only be working with (22) which
corresponds to the upper spacelike branch originating in the
BTZ region. We obtain’

1 2(2(p2 _ 1
vy (2) = NI (tanh—l <\/M\/P (z 1<31§ M)+ ))
— tanh™! (\/]l_/lz)> + ¢} (23)

The requirement of obeying the consistent boundary
condition v(;,)(0) = T, forces the integration constant
to be

P = +vVMcoth(VM(T, - ¢)). (24)

Furthermore, at the crossing point, v(,)(z,) = 0, so that

o csch(chv/M)(cosh (vVM(ch, — T,)) — cosh (ch/M))
2 \/]\_/[ )
(25)

It can be seen that the expression for the crossing point z, is a
monotonically increasing function of the boundary time 7',
as shown in Fig. 7, and it approaches the Poincaré horizon
(i.e. zg & o) the moment 7, = |T|. Thereafter, all the

’Note our slightly modified notation of vBH), and later ”f‘+z)~
They denote the upper root of this second case with support
both in the BH (B) and the AdS (A) region. Later on, we will also
use such superscripts in denoting the geodesic lengths A in the

respective parts of the spacetime.
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1.5x10"3}

1.0x10"3 ¢
Z3

5.0x 102}

0 1 1
-100 -90 -80 -70 -60 -50 -40
T

FIG. 7. 7z, increases monotonically as a function of the
boundary time 7', and goes up to oo as |T;| = T,. The above
figure is plotted for M = 0.5, and subregion size T, — T} = 100.

upper spacelike curves fall into the singularity, something
that we will see happen from the next cases onwards.

As the extremal surface crosses over into the pure AdS
region, its continuation is dictated by integrating the root
(8) [we can alternatively derive this by putting M — 0 limit
in (23), which also implies that ¢, = ¢}, below]

4.2 2
VpPZ+p
11‘(:_2) (z) =—z+ T + ¢5. (26)

For consistency, we demand that v(,)(z,) =0 which

1 with ¢, < 0.
(225

forces p = +

Putting all of this together, we can write the pure AdS
continuation of the upper BTZ solution as

Boy@) = s+t 2emtd A @)

Furthermore, it can be checked that this solution ends up at
the upper edge of the Poincaré horizon, i.e. v(,5)(c0) = ¢;.
Combining the two expressions (23) and (27), the spacelike
solution lying partially in both geometries can be concisely
written as

v8 (z) for v>0

(+2) ’
v z7) = 28
<+2)( ) { 1}‘?+2) (Z) for v < 0. ( )

An exact plot is given in Fig. 8 for the choices
of c; =¢}, = —T';Tz.lo

Therefore, the length of the extremal surface is
given by

"It should be noted that for numerical limitations of Math-
ematica, we cannot plot v, (z) for too large subsystem size (i.e.
for a very large T) whenever it is in the BH region.

10
5
Vi+2) 0
N
1% 5 20 o

z

FIG. 8. (4, as a function of the bulk radial coordinate z for the
interval size 7, — T} =20, T{ = —15, and M = 0.5. It can be
seen that v(,,) takes correct boundary and asymptotic values at
z=0and z = 0.

A = A€+2) + A?+2)

b U= M) (0])(2)) =20, (2)
—/ dz

Z

o )~V (2)* =20,
+/ dz \/ Sk * ).
Z

. z

When evaluated separately (keeping track of
which part is the AdS root and which one is for BH),
we obtain

T T,)((T T,)—4
A,(L\Jrz) — sinh_l (\/( 1 + 2)((2 1 + 2) ZZ)) and
22
2 sinh (% \/M(Tl - Tz))
A](g+2) = log

evM

sinh (% VM(T, — T,)>
sz

+ sinh~! (29)

Adding them together, we have
2 sinh (% VM(T, - Tl))
evM

T,-T,
2e

A(42) = log

+ sinh™! ( ) + D, (T, T,. M), (30)

where we have repackaged the cumbersome cutoff inde-
pendent finite expression as
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q)Z(Tl s Tz) = —Sinh_l

1

1 1
+Sinh_1 Z\/[\_/Ismh <§m(T1 + T2)> CSCh(

mTl) csch (mD)

2\/sinh2 (@) sinh? (@) csch? (% VM(T, - Tz)) csch? (%\/M(Tl + T2)>

2

(T, +T>) <\/A_/I(T1 +T,)—4coth (%/M(T1 +T2)> +4cosh (%\/A_/I(Tl —Tz))csch (%\/1\71(T1 +T2)>>

X

3. Timelike segment

In this case, as both the spacelike solutions end up at the
upper and lower edges of the Poincaré horizon, the timelike
geodesic is obtained by joining those endpoints. This
situation is reminiscent of the one already encountered
in the previous section. Therefore, we can follow a similar
route and read off the geodesic length from (15) to
be A, = cosh™!(-1) = ix.

4. Holographic TEE

Holographic TEE for case 2 turns out to be the sum
of (18), (30) and A,, and can be written as

S, = élog <£sinh <%(T2 - T1)>)

c T, —-T c c .
+810g( 2 e 1) +6(D2(T1,T2,ﬂ) +8ﬂ'l. (32)

The expression for S, is separated into the sum of two
universal divergent pieces characteristic of the TEE (and
HEE) and a finite piece independent of the UV cutoff. Its
real part displays a rise in TEE, which is solely attributable
to the finite piece ®,(7,T,,/) in the expression (see
Fig. 9). Here, the appearance of inverse temperature hints at
the fact that f also sets the scale for the rate at which
equilibration happens. If we study the above S, as a
function of the average time T, = T‘;TZ or Ty, then
one can see the rate of this above-mentioned rise to be
linear in the corresponding variable. This linear rise persists
for a time of order 7'/2, after which the case 3 takes over.
This interesting feature is characteristic of the fact that the
extremal surface is in the process of probing the full BTZ
region as it moves from the UV region to the IR region. The
growth sustains as long as the spacelike extremal surface
crosses the null shell before hitting the confluence of the
upper Poincaré horizon and the black hole singularity
denoted by point C in Fig. 6. The dual CFT state, in this

VM
(31)

I

case, is evolving toward the state of thermal equilibrium
from a far-from-equilibrium state. The first and the second
terms above are the expected pieces from the respective
static situations in BH and AdS [28,30].

It will be beneficial in passing to remark that the
analogous studies of thermalization in the past have also
encountered a linear growth associated to entanglement
entropy in the earlier times [13,40]. Since we are dealing
with a timelike subregion, in particular, only with the areas
of the spacelike parts of the extremal surfaces and not with
a spacelike subregion (in other words, the associated
quantities are fundamentally different), we will not delve
into a detailed comparison and contrast with that study.

C. Case 3: Subregion straddling the shock—
intermediate time behavior

In the previous section we noticed that for 7; < 0, T, >
0 and for |T| > |T,|, the upper branch crosses the shell at
7 = 7, and enters the AdS region. Moreover, z, goes to the
confluence point between the horizon and the singularity in
the limit |T,| — |T;|. In this section, we will be analyzing
the case when |T| < |T,|, with the boundary region still

100  -90 -80 -70 ~60 T

FIG. 9. Real part of holographic TEE for case 2. The plot uses a
subregion size T, — T, = 100, M = 0.5, and € = 0.001.
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FIG. 10. The upper RT surface is now completely in the BH
region and goes up to the singularity.

straddling the shock. In this scenario, the lower root
stays purely in the AdS region, ending at the Poincaré
horizon. Whereas the upper branch stays entirely in the BH
regime. The timelike segment however crosses the shell at a
point z = Z.. A schematic diagram is in Fig. 10.

1. Lower AdS branch (T < 0)

The analysis of the lower AdS branch is unaltered from
all the former cases, resulting in the expression similar
to (10) for the length of the lower AdS root

T,—-T
A(_3) = ]0g< 2 l>. (33)

€

2. Upper BTZ branch (T, > 0)

The upper BTZ solution is obtained by integrating
the root (22) subjected to the boundary condition
v(4+3)(0) = T». The spacelike minimal curves are now able
to penetrate the black hole horizon quite generically and
probe the black hole interior. The resulting expression is
given by

v(43)(2) = \;—lﬁtanh" (tanh (VM(c, - T))

X \/Mzzcsch2(\/1\_4(c2 -T,)) + 1>

+tanh™" (VMz) + ¢, (34)

30

25¢
20¢F
V(+3) 15

10¢

z

FIG. 11.  v(;3) as a function of the bulk radial coordinate z for
the interval size 7, — T = 20, T = =5, and M = 0.5. It can be
seen that v, 3) takes correct boundary and asymptotic values for
z=0and z = co.

and has been plotted in Fig. 11 for the choice of ¢, = #

The above equation is similar to (23) where we have
substituted the value of [compare with (24)]

P = +vM coth (\/A_4(T2 - ).

This value for P can be obtained by using the boundary
homology condition v(,3)(0) = T,. For this curve, the
solution can be continued all the way to z = oo where it
reaches the BH singularity for ¢, > 0 at a finite value of v.
When we plug in (34) into (20), we obtain

2 sinh (% VM(T, - Tl))
evM

A(i3) = log (35)

This turns out to be the same as what one obtains for the
pure BTZ case of [28,30].

3. Timelike segment

In this case, the timelike curve emanates from the point
(z,v) = (00, —0c0) on the lower edge of the Poincaré
horizon, crosses the null shell at the point (Z.,0), and
charters off into the BTZ region eventually meeting the
point (oo, ¢,) on the BTZ singularity. Introducing the IR
regulator A, we find that the geodesic length of the part of
the curve that lies in the pure AdS portion of the Vaidya
spacetime [bounded by points (A, —2A) and (Z.,0)] is
given by

A% = lim cosh™!

A—o0

2432 (3 — (=A))>
<A + 2z 2</i; ( A)) > = im. (36)

The other portion of the curve in the BTZ region is bounded
by the endpoints (Z.,0) and (oo, c,). To evaluate this
geodesic distance, we employ the Rindler decomposition of
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the BTZ in the future Rindler wedge, as given in equation
(37) of [43]. Note that the null collapsing shell is now
located at the Rindler horizon r, = VM, and the endpoints
of the timelike curve are labeled by their (r, ) values in the
Rindler coordinates.'! In terms of these, the coordinates of
the lower and the upper endpoints of this portion of the
timelike segment are given by (r,,0) and (0, ?), respec-
tively. Due to the lack of angular dependence, we are left
with the simplified-looking expression for the AdS covar-
iant distance

/ 2\ 1/2
o(0, ¢2|v/M, 0) = lim (% ¥ (1 ——2>
' T T

Py
=0

x <1 —”f>l/2 sinh(i—?’)) —=0. (37)

I+

Recalling the relation between the geodesic distance A with
o, it is easy to see that the geodesic distance turns out to be
in
AB=—.
2
Putting them together, we, therefore, have the total length
of the timelike curve as
dix
Ay =—. 38
== (38)
We note that the timelike segment has purely an imaginary
part and shows no dependence on the crossing point. Even
though it straddles across the null surface and sees both the
geometries, it fails to capture the dynamical content. It
would be interesting to further understand the origin of such
a distinct imaginary piece from the boundary perspective.

4. Holographic TEE

Combining the contributions from all the segments (33),
(35), and (38), we get the following expression for holo-
graphic TEE for case 3:

Sy = glog (%sinh <% (T, - Tl)))

Ty =T
+flog< 2 1) +Sin. (39)
€

6 4

As we can see, its general form is only a function of the
subregion length and hence is independent of the boundary
time 7. This behavior is reminiscent of the static case, and
does not capture the dynamical features of the geometry.

It is interesting to note that even though, in this case, we
are probing a dynamical geometry and the timelike segment
of our extremal curve crosses the shell, the final TEE is

"5 labels some finite value of the ingoing Eddington-Finkel-
stein coordinate for the future Rindler wedge.

Re(S3)
100}
80}

60+

20+

1 1 1 1 1 T
-50 ~40 -30 -20 -10 !
FIG. 12. Real part of holographic TEE for case 3. The plot uses
a subregion size T, — T{ = 100, M = 0.5, and ¢ = 0.001.

static and does not show any time dependence as shown in
Fig. 12. Instead our result contains individual contributions
that one would expect to get separately from the pure black
hole and pure AdS geometry. The existence of static
behavior at the intermediate time is antithetical with how
a CFT is supposed to thermalize [8,13,14,40]. Hence,
existence of the static region indicates that perhaps TEE
is not an optimal quantity to probe thermalization.

D. Case 4: Subregion after quench—late time behavior

The fourth case arises at late times, when both endpoints
are at positive values of ¢ (i.e. 0 < T). Therefore, in this
setup, the subregion is deep into the boundary
region asymptotic to the black hole. In this case, the upper
spacelike extremal surface passes through the horizon and
ultimately meets its fate at the BH singularity. However, the
lower spacelike branch, as well as the timelike segment,
crosses the shell over to the AdS side of the geometry and
ends up at the Poincaré horizon. The resulting spacetime
diagram schematically looks like Fig. 13.

1. Upper BTZ branch

The behavior of the upper solution for the fourth
case remains unaltered from the behavior already encoun-
tered for the case 3. Similar to that case, it is destined to hit
the BTZ singularity at some finite v-value of c¢,. The
expression for the spacelike solution v(,4)(z) is similar in
form to v(,3)(z), and is given by (34). This results in the
minimal area [that can simply be read off from A3
in (35)]

2sinh (vVM(T, — T]))>. (40)

Ag =1o
(+4) g < €\/M

2. Lower BTZ branch

This lower spacelike solution for the fourth case is more
interesting than the upper solution because it is destined
to end up at the lower Poincaré horizon upon crossing the
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FIG. 13. Lower RT surface starts entering into the AdS region.
It intersects the null shell at z = z;. The maximum value that z,
attains is zj,.

z, 08}
06}
04}
02}
0.0 I I I I I
0 20000 40000 60000 80000 100000 120000
Ty
FIG. 14. 7z, grows for small value of 7', eventually saturating to

z = z;. The above figure is plotted for M = 0.5, which translates
to Zp = 1.4.

shell. In hindsight, it is also required to do so in order to
maintain a valid causal character for the adjoining timelike
segment.

The lower spacelike curve starts off at 7y > 0 in the BTZ
region and can be obtained by solving (21). The correct
boundary behavior (v(_4(0) = T,) can be recovered by
taking P = ++v/M coth (vV/M(c| —T,)). We therefore
obtain

tanh—! <tanh (\/A_/I(C’I — Tl))\/MZZc;sch2 (\/]\_/[(c’1 - Tl)) + 1) + tanh™! (\/1\_/1Z)

Uf—4)<z> = Cll - \/M (41)
|
. . . . p
The zero of this solution occurs at the crossing point g=+ (43)

_ csch(c|v/M)(cosh (VM(c| —T,)) — cosh (¢|VM))
= NI .

21

(42)

Since for this case ¢} = @ can be taken to be arbitrarily

large and positive, it can be seen that z; asymptotes to the

value ﬁ for all the later boundary times 7, > 0 (see

Fig. 14). This is nothing but the value of the z coordinate at
the horizon. As a result, unlike the upper surface in the
previous case 2, the lower surface only asymptotically
approaches the black hole horizon but is unable to see
through it. This is in fact a necessity, if we are to obtain a
timelike segment at all. However, this feature is also helpful
for us to implement the junction condition consistently.

After crossing the shell, the lower surface smoothly
transitions over to the pure AdS region by following the
junction conditions

\/1—Mz%’

which can in turn be derived from the original condition
(19) or (B3). This gives the corresponding solution for the
AdS part as

V-Mz+ P2+ 1
P
2(PP-M)+1
5 :

vf‘_4)(z) =—z+4+2z—

(44)

Combining (41) and (44), the resulting spacelike solution
can be concisely written as (see Fig. 15 for a plot of this
surface)

v >0,

{ vf‘_4) (z) for 5)

v'(g_4)(z) for v <0.

The length of the extremal curve can be written as the
separate sum
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20

oL

-60
0
z

FIG. 15.  v(_4) as a function of the bulk radial coordinate z for
the interval size T, — Ty = 20, T; = 10, and M = 0.5. It can be
seen that v(_y) takes correct boundary and asymptotic values for
z=0and z = 0.

__ AB
= Al

0 =MDy ()] = 20y (2)
:/ dz

Z

(40)
Z

o @ -2y
+ dz .
21
Evaluating the corresponding integrals, we get for the BTZ
part
|

DT, T, M)

1 MT
+ sinh™! 3 <coth <\/: 1> + cot

d

2 sinh (% VM(T, - Tl))

B _
A<_4) = log i
. sinh (% \/M(TQ - Tl))
— sinh™ . (47
\/MZl ( )
and for the AdS part of the curve
V1-Mz
A =sinh~! (VS TEL), (48)
(-4) _le

Upon combining these expressions and using the value of
the crossing point z; from (42), we obtain the total lower
contribution as

2 sinh (% VM(T, - Tl))
evM

A(_4) = IOg

+ @y(T,,T,. M),

(49)

where we are calling the cumbersome UV cutoff indepen-
dent part as ®4(T, T,, M) which takes the form

—csch™! (coth G VM(T, + T2)> — coth G VM(T, — T1)> csch G VM(T, + T2)>>

\/gB)) tanh G VM(T, - T1)>

x \/1 - (coth G VM(T, + T2)> — cosh G VM(T, - T1)>csch G VM(T, + T2)>>2 .

This ®4(T,,T,, M(p)) is responsible for generating the
time evolution of the holographic TEE.

3. Timelike segment

Recall the discussion of the timelike curve for case 3,
where the length of the timelike curve was found to be
independent of the crossing point. This suggests that, in a
way, the timelike curve that we obtain in this case is not
distinct from the one obtained earlier in case 3. Therefore,
leveraging this universality of the timelike curve, we can
simply read off its length for case 4 as

(50)

100

90+

80

701

60}

—

50— : ‘ : :
0.00000 0.00002 0.00004 0.00006 0.00008 0.00010
T

FIG. 16. Real part of holographic TEE for case 4. The plot uses
a subregion size T, — T; = 100, M = 0.5, and ¢ = 0.001.
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100
_________________ _ E
80}
_ 60 C D
Re(S)
40}
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20}
O i i i i
150 -100 -50 O 50 100 150
T

FIG. 17. Combined plot for the TEE from all four cases discussed so far. The cases are named differently, and correspond to the
segments AB, BC, CD, and DE respectively. We have plotted it for the subregion size T, — T; = 100, M = 0.5, and € = 0.001. The
dotted black line corresponds to the TEE value for the BTZ case as described in [28,30]. The DE segment asymptoting to the BTZ result

is a clear indication of TEE for a thermalized CFT.

4. Holographic TEE and hints of late time thermalization

Adding up all the individual contributions (40), (49), and
(50), we obtain

Sy zglog <£sinh (%(Tz - Tl))) —%CI)4(T1,T2,ﬁ) +%.
(51)

We have plotted the real part of this in Fig. 16. Here, we
have the leading order contribution coming from the fact
that the spacelike surfaces are now traversing the BTZ
geometry. The fact that the lower surface is able to cross
over to the pure AdS region is contained in the finite part
®,(T,,T,,p). Just as we remarked in case 2, this finite
piece is responsible to capture the entanglement growth as
long as the crossing point is evolving along the null shell.
This entanglement growth, as depicted in Fig. 16, com-
prises of an initial jump from case 3 and then asymptotes
precisely (with a slow growth) to the TEE value of the static
BTZ b[28,30]. This slow growth can be attributed to the
fact that the crossing point itself saturates to z;,.

At late times, once the boundary geometry has settled
into a stationary configuration, the bulk geometry exterior
to the event horizon undergoes dynamical relaxation and
the TEE approaches the value corresponding to the final
equilibrium state dual to the black hole. In this case, the
persisting growth of TEE as depicted by the DE segment in
Fig. 17'* saturates toward the black hole TEE from below.
In this sense, the current measure of TEE can provide a
holographic dual description that the dual field theory has
undergone thermal relaxation at late times. The dotted

In Fig. 17, we have combined the values of the TEE from all
four cases.

black line in Fig. 17 sets the upper bound to TEE, given by
the TEE of the static BTZ case [28,30].

III. CONCLUSIONS AND OUTLOOK

In this paper, we have taken up a holographic study of
the recently developed measure of timelike entanglement
for temporal subregions within the framework of
Lorentzian AdS/CFT. Even though it is not quite clear
to what extent the TEE measures statistical properties of the
states, it has a close connection with the pseudoentropy
developed in the context of non-Hermitian states in the
Euclidean CFT dual to de Sitter. One of the aspects that we
found particularly interesting has to do with the dual
geometries containing a black hole. In that case, the
holographic extremal surfaces measuring the TEE quite
generically see the inside-horizon region. This feature may
then allow us to study BH physics more effectively via
TEE. As mentioned in the Introduction, already a vast
amount of literature exists that models such a process in
terms of a dynamical AdS Vaidya geometry. A study of
spacelike entanglement in those cases indeed shows
expected behavior during thermalization. It was therefore
a natural question for us to investigate to what extent (if at
all) these processes are imprinted in TEE.

And the features that we have uncovered here seem
encouraging and compelling. Modeling the CFT quench in
terms of AdS Vaidya, we investigated if TEE" changes
suggestively as the boundary interval probes various stages
of the CFT’s life. At its infancy (case 1), we recovered the
known AdS results for TEE, as was obtained in [28,30].
However, as the interval started to become aware of the

BOf course, when we say TEE, we have in mind the (real) area
of the spacelike green segments of the extremal surface, as
in Fig. 13.
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shock (particularly in cases 2 and 4), it started behaving
dynamically. In particular, we found that as soon as the
spacelike parts of the extremal hypersurfaces make a
journey from BH to AdS, TEE starts growing linearly
with time. For example, keeping the interval size fixed,
when we varied one of the endpoints of the interval, it
showed a clear growth in cases 2 and 4 (Figs. 9 and 16
respectively). The TEE first shows a linear rise as long as
the upper surface straddles across the shell in case 2. Also
there is a growth for a short time in case 4 when the lower
surface straddles across the shell, before it settles down to
the asymptotic upper bound set by the TEE of the static
BTZ. Growths of different rates is also a property of HEE
[13], which increases rather rapidly (quadratically in time)
in the earlier stages of thermalization and thermalizes at
very late times [9,13,14,44]. However, as remarked earlier,
we will rather not push this analogy too far because the
entanglement measure under consideration is rather differ-
ent. Only after we find a better handle on CFT thermal-
ization in terms of TEE can we meaningfully draw
comparisons between the two cases. In another interesting
note, we found that the spacelike surfaces crossed the shell
in such a clever way, so as to dynamically impose causal
natures of the associated timelike segment. For us this was
manifested by the saturation of z; to a horizon value gz,
(see Fig. 7).

Finally, we are left with more questions than answers.
Here, we have merely supplied some tools to facilitate a
more thorough study of thermalization in the future
investigations, but we have not explored the mechanism
in full detail. This is because dealing with TEE for timelike
intervals comes with its own complications. In particular,
our case 2 is quite unique and does not appear in any prior
scientific studies, in which the entangling region itself
straddles the shell. What we found is that the junctions
conditions shows some inconsistencies in this case
(Appendix C), and we had to resort to the gluing conditions
as mentioned in Sec. II B. This requires further studies. In
addition, most of the studies of TEE seem to be primarily
restricted in (24 1) dimensional bulk, because it is
operationally easier to compute the lengths of the extremal
curves in AdS;/CFT,. We have seen that the equations of
motion only supply us with the solutions for spacelike
geodesics, and the adjoining timelike geodesics remain
elusive. It will be very interesting to see how the con-
tributions from the timelike geodesics, and ultimately the
entire TEE computations, can be obtained in higher
dimensions.
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APPENDIX A: VARIATIONAL TREATMENT FOR
THE PURE ADS CASE

The domains of validity of the integration constants are
¢y >T, and ¢, < T,. In this case the total area of the
spacelike curves is [adding (10) and (12)]

Apgs = A1) T AG

From the conservation of momentum we have

Ty—cy=c =Ty, (A1)

using which we can write

T, —
AAdS = 2Sinh_1 <27€2> .
€

We can then expect to obtain the correct area by demanding
an extremization procedure with respect to c¢,. This gives

2

6C2 =0.
(T2—202)2

Oc,Ands =

€ +1
As we can see, the extremization process does not fix ¢,,
and hence we are free to choose [keeping in mind (Al)]

T, +T,

C|p = Cy = 3

This is indeed the most optimal choice. Not only that it is
symmetric in 7| and T, it also makes the final area to
depend only on the interval size and reproduces the known
results of [28,30]

T,-T
Apgs = 2 sinh™! <¥>
2e

As noted during the main text, we will keep the same
choices for the constants (as long as applicable) for a
smooth transition of extremal area surfaces from one case
to another.

046026-15



KATOCH, SARKAR, and SEN

PHYS. REV. D 112, 046026 (2025)

APPENDIX B: JUNCTION CONDITIONS

The Euler-Lagrange equations
Lagrangian in the action (2) are

coming from the

d (flzo)'(2) +1\ _ v df(z.v)
d_z< /0 )22\/6 o’ (B1)
and
x(z) _
Z\/_Q.—J, (B2)

where we have defined Q = —f(2)v'(z)? — 20'(z) — ¥'(2)*.
Below we will rewrite (B1) as

0 (f(z, v)v'(z) + 1) oy 0 (f(z, v)v'(z) + 1)

a_Z Z\/@ Jv Z\/@
0% 0f(z,v)
220 ov

While integrating along the » direction (across the thin
shell, and holding z fixed), we can drop the first term of the
above. Subsequently, using (B2), we can write

o0v x' 2x" 0w

0 ((f(z, 0)v'(2) + 1>) v of(z)

Since x’ has no dependence upon v, we can safely write
1 o,
—— =0.
2x' o (v'f)

Integrating both sides with respect to v over an infinitesimal
interval across the shell (with fixed z), we get (once again,
superscripts A and B signifying AdS and BH regions)

FP(z)v"B(ze) = fz)v™ (z.) = 0. (B3)
This is the resulting joining condition across the shell,
which we will use when applicable. Below, we also provide
an alternative derivation of the same.

We can also follow the treatment of [9], where we
consider a point on the shell and take the coordinate
differences between this point and the inside and outside
points on either side of the shell to be AX;=
(Az;, Av;, Ax;) and AX, = (Az,, Av,, Ax,) respectively.
Subscripts i and o here stand for inside and outside. If the
coordinate differences between the points themselves are
AX = (Az, Av, Ax), such that AX = AX; + AX,, then the
distance between the points outside and inside via the point
on the shell will be

As = \/As? + 1/ As?

1
= \/—2(—f,-Avl-2 —2Av;Az; + Ax?)
Z.

1

1
+ \/—2 (—f,Av2 —2Av,Az, + Ax2).
Z()

Upon extremizing with respect to Az; and Ax;, and using

9AX, — _1 leads us to

SAX,
A A
vi v, (B4)
AVINT I AVINY
and
Ax; A
o o (B5)
ZiVAs] Z5/Asg
Upon combining them, we get
Ax;  Ax
=2, B6
A’Ul' AUO ( )

Similarly, taking variation with respect to Aw; and then
extremizing leads to

Av;fi + Az, Av,f, + Az,
72\/As? 2y/As2

Combining with (B4) to eliminate extra factors gives

AZ,’ AZO

fi+A’Ui:f0+A’U

o

The above equation can be massaged to rewrite in the
following form:

Az; Av; Az, Av,
—+1 1
Av; (f' Az; + ) Av, (fo Az, + )’
Av Av; Az Av

o 7! 1 o [ 1 ,
Avi <fl AZi * ) AZi <f0 AZ() * )

Av; Av

—L4+1) = 2+1).
(f’ Az ) (f” Az, )

In the limit as AX — 0, we recover (B3).
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APPENDIX C: SUBTLETIES WITH CASE 2

By using the junction conditions (19), we can write down

l—Mz%
B(P2P—M)+\/P3(B(PP-M)+1)+1

= (C1)
%+ VeB(Pn+1) + 1

This relates the first integrals on either side of the shell via

(compare with how it went in case 4, as discussed in

Sec. I D)

P
V1-MZ3

However, because in this case 2, z, goes all the way to
infinity, it turns out that this function is not well behaved
over the entire range of z,. In particular, the above equation
has a solution when 1 — Mz} > 0 but not for 1 — Mz3 < 0.
Therefore, the junction condition does not appear to be
applicable for the case 2. One can in principle go ahead
with a similar computation as in case 4, but it yields
unphysical results such as a decrease in the real part of TEE
with time.

g==+ (C2)
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