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We investigate an Otto thermodynamic cycle with a qubit Unruh-DeWitt detector as the working
medium, coupled to a massless, conformally coupled scalar quantum field in the Hartle-Hawking vacuum
in a (2þ 1)-dimensional BTZ black hole spacetime. We employ the thermal properties of the field to model
heat and cold reservoirs between which the thermal machine operates. Treating the detector as an open
quantum system, we employ a master equation to study its finite-time dynamics during each cycle stroke.
We evaluate the output performance of the Otto heat engine and refrigerator by computing, respectively, the
total work output and the cooling power for each of the Neumann, transparent, and Dirichlet boundary
condition cases satisfied by the field at spatial infinity. Furthermore, we evaluate the optimal performance
of the thermal machine by analyzing its efficiency at maximum power output and ecological impact. Our
study presents a general framework for understanding the finite-time operation of relativistic quantum
thermal machines, focusing on their energy optimization.
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I. INTRODUCTION

The technological advances achieved in the past decade
in the fabrication of miniaturized nanoscale devices, along
with the rapid development of quantum thermodynamics
[1–4], have paved the way for the design of novel thermal
machines that operate in the quantum regime [5]. Among
them, the quantum Otto cycle [6–8]—comprising two
adiabatic and two isochoric processes—is the most widely
studied, because it allows an explicit identification of heat
and work exchanges in each process step. When operating
as a heat engine, the Otto machine converts absorbed heat
from a hot reservoir to work, while as a refrigerator, it
consumes work to extract heat from a cold reservoir.
The second law of thermodynamics imposes a universal

upper bound on the efficiency of heat engines, given by the
Carnot efficiency [9], ηC ¼ ðTh − TcÞ=Th, where Th and
Tc are the temperatures of the hot and cold reservoirs,
respectively. Similarly, the maximum coefficient of perfor-
mance (COP) for refrigerators is εC ¼ Tc=ðTh − TcÞ [9].
However, these Carnot bounds are only obtained in the
limit of infinitely slow strokes. More relevant for real
thermal machines that operate in finite time are the

efficiency at maximum power (EMP) [10,11], η�, for heat
engines, and the COP at maximum figure of merit [7], ε�,
for refrigerators.
In quantum field theory, the notions of a vacuum state

and particle number become observer-dependent in curved
spacetimes or for noninertial observers [12]. This is
exemplified by the Hawking [13] and Unruh [14] effects.
The Unruh effect states that a uniformly accelerating
observer perceives the Minkowski vacuum state of a
quantum field as a thermal state, with a temperature
proportional to their acceleration. Similarly, the Hawking
effect describes how an observer near a black hole horizon
detects a thermal spectrum of particles—the Hawking
radiation—emitted by the black hole due to quantum
vacuum fluctuations. Hawking and Unruh effects reveal
a close connection between quantum physics, relativity,
and thermodynamics.
An operational way to probing the particle content of a

quantum field is through the Unruh-DeWitt (UDW) detec-
tor [14–16], a pointlike two-level quantum system (qubit)
that locally interacts with the field. Excitations of the
detector are interpreted to result from the absorption of field
quanta—i.e., particles. Initially introduced to probe the
particle phenomenology in the Unruh and Hawking effects,
nowadays the UDW detector model is widely employed in
relativistic quantum information [17], having found many
applications in implementing quantum information proto-
cols in relativistic settings.
The thermal response of uniformly accelerated detectors

has been recently used to introduce the concept of an Unruh
quantum Otto heat engine [18–23], where the detector
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serves as the working medium, undergoing an Otto
thermodynamic cycle. During the isochoric stages of the
cycle, the detector maintains constant acceleration while
interacting weakly with a quantum field, which, due to the
Unruh effect, effectively behaves as a thermal reservoir.
Thus, by adjusting the magnitude of acceleration, one can
simulate hot and cold heat reservoirs, allowing the engine
to extract useful work.
Later studies have expanded upon the concept of the

Unruh Otto heat engine by introducing a more general
model of a relativistic quantum Otto engine, which builds
on the effective temperatures observed by detectors follow-
ing stationary trajectories while interacting with quantum
fields in Gaussian states in curved spacetime backgrounds
[24]. In this setup, thework that can be extracted by a detector
following a circular trajectory has been specifically inves-
tigated. Moreover, additional studies explore the effects of
the relativistic motion of detectors through thermal field
baths [25,26], as well as instantaneous detector-field inter-
actions [26,27], on the performance of the Otto engine and
the amount of extracted work.
In this paper, we utilize the thermal response of a UDW

detector to a quantum field in a black hole background, to
model the field as a heat reservoir and introduce a quantum
Otto thermodynamic cycle. In particular, during the iso-
choric strokes of the Otto cycle, the detector interacts with a
massless, conformally coupled scalar quantum field in the
Hartle-Hawking vacuum state in a (2þ 1)-dimensional
Bañados-Teitelboim-Zanelli (BTZ) black hole spacetime
[28,29]. The Wightman two-point corelation function of
the conformally coupled field in this case is analytically
evaluated [30,31], facilitating the investigation of the detec-
tor dynamics. This has been employed, for example, in
studying transition rates [32–34], the response of a detector
to a black hole in a superposition of masses [35], and the
process of extracting correlations from the quantum field
vacuum [36,37]. Related studies have investigated the
performance of quantum batteries—modeled as UDW
detectors—in the BTZ spacetime [38], as well as the
efficiency of a Brayton thermodynamic cycle using the
BTZ black hole as a working medium [39]. Besides, a
mechanism functioning as a black-hole-powered quantum
heat engine has been proposed in Ref. [40], where redirected
Hawking radiation excites atoms falling into a black hole,
enabling coherent light amplification and effectively con-
verting vacuum energy into work.
We treat the UDW detector as an open quantum system,

with the conformally coupled field playing the role of the
environment, and we describe its time evolution using a
master equation of the Gorini- Kossakowski-Sudarshan-
Lindblad (GKSL) form [41]. By employing a finite-time
analysis of the detector’s dynamics, we explicitly inves-
tigate how the thermal machine’s performance depends on
the Neumann, transparent, and Dirichlet boundary con-
ditions satisfied by the field at spatial infinity. This analysis

is not possible in the long-time asymptotic limit, where the
detector’s reduced density matrix reaches a unique thermal
equilibrium state, leading to identical behavior for all three
boundary conditions.
In what follows, we consider the Otto thermal machine to

operate either as a heat engine or as a refrigerator. In the first
scenario, we evaluate the total work output of the engine,
optimizing its performance by analyzing its EMP.When the
machine functions as a refrigerator, we assess its cooling
power and optimize its performance by studying the COP at
the maximum figure of merit [7,8]. Our analysis identifies
the Neumann boundary condition as the optimal choice for
finite-time operations of the machine. In the heat engine
case, it yields the highest work output among the three
boundary conditions, with an efficiency at maximum power
that exceeds the Curzon-Ahlborn efficiency [10]. For the
refrigerator case, it enables the absorption of the maximum
amount of heat from the cold reservoir. Additionally, the
Neumann boundary condition allows the detector to achieve
thermalization with the hot and cold reservoirs at earlier
times than the other two cases. In addition, we study the
optimal performance of the Otto cycle in terms of the
ecological criterion [42], which balances the trade-off
between high power output and low entropy production.
The paper is organized as follows: In Sec. II, we introduce

the UDW particle detector model and then present its time
evolution in the framework of open systems. In Sec. III, we
investigate the dynamics of a detector interacting with a
conformally coupled scalar field in the BTZ black hole
spacetime, analyzing how it is affected by the different
boundary conditions imposed on the quantized field. In
Sec. IV, we introduce a quantum Otto thermal machine in
the BTZ spacetime, where the detector serves as the
working medium, and we evaluate its overall performance
when operating as either a heat engine or a refrigerator.
Finally, in Sec. V, we summarize and discuss our results.
Throughout the paper, we denote spatial vectors with
boldface letters ðxÞ, while spacetime vectors are represented
by sans-serif characters ðxÞ. Unless otherwise specified, we
set ℏ ¼ c ¼ kB ¼ 1.

II. THE UDW DETECTOR MODEL

We consider an Unruh-DeWitt detector [14–16], mod-
eled as a pointlike two-level quantum system (qubit) having
a ground state jgi and an excited state jei, separated by an
energy gap Ω. The Hamiltonian that describes the qubit
detector is

H0 ¼
Ω
2
σ3; ð1Þ

where σ3 is the Pauli-Z matrix. The detector moves along a
worldline xðτÞ parametrized by its proper time τ, and it is
linearly coupled to a quantum field ΦðxÞ. In the interaction
picture, the Hamiltonian that describes the interaction
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between the detector and the field reads

HintðτÞ ¼ λμðτÞΦðxðτÞÞ; ð2Þ

where λ is a small coupling constant,

μðτÞ ¼ eiΩτσþ þ e−iΩτσ− ð3Þ

is the detector’s monopole moment operator expressed in
terms of the ladder operators σþ ¼ jeihgj and σ− ¼ jgihej of
the Pauli algebra, and ΦðxðτÞÞ is the field evaluated along
the detector’s worldline. The interaction Hamiltonian,
Eq. (2), represents a special case of the spin-boson-model
Hamiltonian [41]. This suggests the treatment of a UDW
detector as an open quantum system, with the quantum field
playing the role of the environment, inducing dissipation,
noise, and decoherence (see, e.g., Refs. [43–48]).

A. Open system dynamics

Now, we consider that the quantum field is prepared in
a state jΨi, and we introduce the Wightman two-point
correlation function of the field,

Wðτ; τ0Þ ≔ hΨjΦðxðτÞÞΦðxðτ0ÞÞjΨi; ð4Þ

evaluated along the detector’s worldline. The correlation
function, Eq. (4), incorporates all the information related to
the state of the field, the trajectory of the detector, and the
structure of the background spacetime. We next focus on
detectors that follow stationary trajectories and fields that
are prepared in stationary states. In these cases, the
Wightman function, Eq. (4), depends only on the proper
time deference τ − τ0 between two points on the detectors’
worldline—i.e., Wðτ; τ0Þ ¼ Wðτ − τ0Þ [12,49].
We introduce the Laplace transform at the imaginary

argument iΩ of stationary Wightman functions,

ŴðΩÞ≡
Z

∞

0

dse−iΩsWðsÞ ¼ ΓðΩÞ
2

þ iSðΩÞ; ð5Þ

where it is decomposed into its real, ΓðΩÞ ¼ 2Re½ŴðΩÞ�,
and imaginary, SðΩÞ ¼ Im½ŴðΩÞ�, parts. Employing the
symmetry W̄ðsÞ ¼ Wð−sÞ, where the overline denotes
complex conjugation, it can be shown that

ΓðΩÞ ≔
Z þ∞

−∞
ds e−iΩsWðsÞ: ð6Þ

The above Fourier transform of the Wightman function
defines the transition rate [12] of the detector—i.e., the
detector’s probability to transition between its energy levels
per unit time, due to its interaction with the field.
We assume that initially, the detector and the field are

in an uncorrelated state, ρtotð0Þ ¼ ρð0Þ ⊗ jΨihΨj. In the
Born-Markov approximation, the Schrödinger picture

evolution of the reduced density matrix of the detector is
described by the second-order master equation [44,45]

ρ̇ðτÞ ¼ −i½Heff ; ρðτÞ� þDðρðτÞÞ; ð7Þ

where the dissipator reads

DðρðτÞÞ ¼ λ2Γð−ΩÞ
�
σ−ρσþ −

1

2
fσþσ−; ρg

�

þ λ2ΓðΩÞ
�
σþρσ− −

1

2
fσ−σþ; ρg

�
; ð8Þ

and the effective Hamiltonian isHeff ¼ Ω̃σz=2, where Ω̃ ≔
Ωþ λ2ðSð−ΩÞ − SðΩÞÞ is the Lamb shifted frequency.
For a general density matrix of the detector

ρðτÞ ¼ 1

2
ðI þ rðτÞ · σÞ; ð9Þ

where r is the Bloch vector, we solve the master equation (7)
to obtain

r1ðτÞ ¼ e−λ
2γ
2
τðr1ð0Þ coshðΩ̃τÞ − r2ð0Þ sinhðΩ̃τÞÞ;

r2ðτÞ ¼ e−λ
2γ
2
τðr2ð0Þ coshðΩ̃τÞ − r1ð0Þ sinhðΩ̃τÞÞ;

r3ðτÞ ¼ e−λ
2γτr3ð0Þ þ κð1 − e−λ

2γτÞ; ð10Þ

where we have defined the decay rate

γ ≔ ΓðΩÞ þ Γð−ΩÞ ð11Þ

and, for simplicity, the ratio

κ ≔
ΓðΩÞ − Γð−ΩÞ
ΓðΩÞ þ Γð−ΩÞ : ð12Þ

III. UDW DETECTOR IN BTZ SPACETIME

Here, we consider a UDW detector interacting with a
massless, conformally coupled scalar quantum field φðxÞ in
a (2þ 1)-dimensional BTZ black hole background [28,29].
The (spinless) BTZ black hole is described by the metric

ds2 ¼ −
r2 − r2H

l2
dt2 þ l2

r2 − r2H
dr2 þ r2dϕ2 ð13Þ

in Schwarzchild-like coordinates with t∈ ð−∞;∞Þ,
r∈ ð0;∞Þ, ϕ∈ ½0; 2πÞ. The metric is a vacuum solution
to the Einstein field equations with a negative cosmological
constant, Λ ¼ −1=l2, where l is the anti–de Sitter length.
It is asymptotic to anti–de Sitter (AdS) space and admits a
horizon at rH ¼ ffiffiffiffiffi

M
p

l, whereM represents the mass of the
black hole.
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The Wightman function WBTZðx; x0Þ ¼ h0jφðxÞφðx0Þj0i
for a conformally coupled scalar field in the vacuum state
j0i in the BTZ spacetime is obtained in terms of the
corresponding vacuum two-point correlation function
WAdSðx; x0Þ in anti–de Sitter space by means of the method
of images and is given by [30,31]

WBTZðx; x0Þ ¼
Xþ∞

n¼−∞
WAdSðx; Znx0Þ

¼ 1

4
ffiffiffi
2

p
πl

Xþ∞

n¼−∞

 
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σðx; Znx0Þp
−

ζffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σðx; Znx0Þ þ 2

p
!
; ð14Þ

where Z is the action Z∶ðt; r;ϕÞ ↦ ðt; r;ϕþ 2πÞ; the
parameter ζ∈ f−1; 0; 1g specifies the Neumann ðζ ¼ −1Þ,
transparent (ζ ¼ 0), and Dirichlet (ζ ¼ 1) boundary con-
ditions imposed on the field at spatial infinity; and

σðx;Znx0Þ ¼ rr0

r2H
cosh

�
rH
l
ðΔϕ−2πnÞ

�
−1

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2−r2HÞðr02− r2HÞ

p
r2H

cosh

�
rH
l2

Δt
�
; ð15Þ

with Δϕ ¼ ϕ − ϕ0 and Δt ¼ t − t0. Dirichlet and Neumann
boundary conditions are imposed on the field to address the
lack of global hyperbolicity in AdS spacetime (and con-
sequently, in BTZ spacetime), ensuring a well-defined
quantization scheme. Alternatively, a quantization scheme
can also be defined without imposing boundary conditions
on AdS, known as the transparent boundary condition [50].

A. Response of the detector

Then, we consider that the UDW detector is kept in a
fixed position outside the black hole horizon—that is,
following the worldline xðτÞ ¼ ðð−g00Þ−1=2τ; r;ϕÞ. The
correlation function WBTZðx; x0Þ is shown [30,31] to be
periodic in imaginary time for each of the three boundary
conditions, satisfying the Kubo-Martin-Schwinger (KMS)
condition [51,52]

WBTZðτÞ ¼ WBTZð−τ − iβÞ ð16Þ

in the exterior of the black hole, with a period β given by

β−1 ¼ T ¼ rH
2πl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − r2H

p : ð17Þ

T is interpreted as a local temperature, corresponding to
the Tolman temperature [53], T ¼ ðg00Þ−1=2T0, with T0 ¼
rH=ð2πl2Þ being the Hawking temperature of the black
hole. This suggests that the Wightman function is a thermal

correlation function, indicating that the conformally
coupled quantum field in black hole spacetime behaves
as a heat bath at temperature T, with the corresponding
vacuum state being the Hartle-Hawking vacuum [54].
For the static detector outside the horizon, the transition

rate is given by [30]

ΓðΩÞ ¼ 1

2

�
1

eΩ=T þ 1

� Xþ∞

n¼−∞
ðP−1

2
þi Ω

2πT
ðcosh α−n Þ

− ζP−1
2
þi Ω

2πT
ðcosh αþn ÞÞ; ð18Þ

where PνðxÞ is the associated Legendre function of the first
kind [55], and

cosh α∓n ¼ r2H
r2−r2H

�
r2

r2h
cosh

�
rH
l
2πn

�
∓1

�

¼ð1þ4π2l2T2Þcoshð2πn
ffiffiffiffiffi
M

p
Þ∓4π2l2T2: ð19Þ

The n ¼ 0 term is independent of the mass parameter and
corresponds to the transition rate of a uniformly accelerat-
ing detector in anti–de Sitter space. The n ≠ 0 terms
represent genuine black hole contributions, with their
effects being most significant for small M [56]. Besides,
the Lamb shift of the detector, resulting from its interaction
with the conformal field, has been analyzed in Ref. [57].
The Legendre functions satisfy the relation P−1

2
þiξðxÞ ¼

P−1
2
−iξðxÞ, from which it follows that for all boundary

conditions the transition rate is thermal—i.e., it satisfies the
detailed balance condition

ΓðΩÞ ¼ e−βΩΓð−ΩÞ: ð20Þ

As a result, in the long-time asymptotic limit, the detector
reaches a thermal equilibrium state [45],

ρ∞¼ 1

2

�
1− tanhðβΩ=2Þ 0

0 1þ tanhðβΩ=2Þ

�
; ð21Þ

at the KMS temperature T. Hereafter, we measure temper-
ature T and energy Ω in units of l−1 by setting l ¼ 1. For
convenience, we also rescale the time variable as λ2τ → τ,
meaning that time τ is measured in units of λ−2 [the
coupling strength λ has dimensions of ðenergyÞ1=2]. We
remark that while the detector’s transition rate, given
by Eq. (18), strongly depends on the type of boundary
conditions—Neumann, transparent, or Dirichlet—satisfied
by the field in the BTZ spacetime (see Fig. 1 and the
relevant analysis in Ref. [56]), its asymptotic state remains
unique, regardless of these conditions. This highlights the
importance of considering the finite-time dynamics of a
relativistic quantum Otto thermal machine within the open-
system framework described in Sec. II A, as the choice of
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boundary conditions significantly affects the machine
output power.

IV. QUANTUM OTTO MACHINES
IN BTZ SPACETIME

Now, we utilize the thermal properties of the conformal
field in the BTZ black hole background to model the field
as a heat reservoir, with the UDW detector as the working
medium, and we investigate the performance of a relativ-
istic quantum Otto machine. To investigate the thermody-
namic properties of the Otto cycle, we define the changes in
heat and work as [58]

hQi ¼
Z

τ

0

dt trðρ̇ðtÞHðtÞÞ; ð22Þ

hWi ¼
Z

τ

0

dt trðρðtÞḢðtÞÞ; ð23Þ

respectively, for a quantum system with density matrix ρðtÞ
evolving under a time-dependent Hamiltonian HðtÞ, and
interacting with an external environment. Then, the first
law of thermodynamics reads

ΔU ¼
Z

τ

0

dt
d
dt

trðρðtÞHðtÞÞ ¼ hQi þ hWi; ð24Þ

where ΔU is the change in the internal energy of the
system. We start with the initial state of the working
medium, a qubit detector, prepared with an energy gap
Ωc between its two energy levels as follows:

ρin¼
1

2

�
1− tanhðβcΩc=2Þ 0

0 1þ tanhðβcΩc=2Þ

�
: ð25Þ

The quantum Otto thermodynamic cycle comprises four
consecutive strokes, as described below:
(1) Adiabatic expansion—The working medium under-

goes an adiabatic expansion, during which its energy
gap increases from Ωc to Ωh, with Ωh > Ωc, while it
remains isolated from the field environment. The
qubit remains in the initial state ρin, and there is no
heat exchange during the process. Thus, the change
in the system internal energy is identified as work,
given by

hW1i ¼
Ωh −Ωc

2
trðρinσ3Þ; ð26Þ

where trðρinσ3Þ ¼ − tanhðβcΩc=2Þ.
(2) Hot isochore—The working medium, with free

Hamiltonian H0 ¼ Ωhσ3=2, is coupled to a confor-
mally coupled quantum field in the BTZ black hole
spacetime, at the inverse KMS temperature β−1h ,
as given by Eq. (17), with β−1h > β−1c . Due to the
interaction with the field, the populations of the
energy levels of the system change, and its density
matrix evolves from ρin to ρhðτhÞ. The system
dynamics is described by the second-order master
equation, Eq. (7). The mean heat exchanged with the
field during the process is

hQhi ¼
Ωh

2
tr½ðρhðτhÞ − ρinÞσ3�; ð27Þ

where

trðρhðτhÞσ3Þ ¼ r3;hðτhÞ ¼ −e−γhτh tanhðβcΩc=2Þ
− ð1 − e−γhτhÞ tanhðβhΩh=2Þ: ð28Þ

(3) Adiabatic compression—The working medium is
isolated from the field environment and undergoes
an adiabatic contraction, during which its energy gap
decreases back to its initial valueΩc. The mean work
done during this step is

hW3i ¼
Ωc −Ωh

2
trðρhðτhÞσ3Þ: ð29Þ

(4) Cold isochore—The working medium interacts with
a conformally coupled quantum field in the BTZ
background spacetime at temperature β−1c . The
population of the system energy levels changes as
a result of the interaction, and its state evolves as
ρcðτcÞ. The mean heat transferred during the process
reads

hQci ¼
Ωc

2
tr½ðρcðτcÞ − ρhðτhÞÞσ3�; ð30Þ

ζ 1

ζ 0

ζ 1

0 1 2 3 4 5
0

1

2

3

4

T

FIG. 1. The transition rate, Eq. (18), of a static UDW detector
interacting with a conformally coupled field in a (2þ 1)-BTZ
black hole background, as a function of the KMS temperature T,
for the three boundary conditions satisfied by the field at spatial
infinity. Here, M ¼ 0.01, and Ω ¼ 0.1.
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where

trðρcðτcÞσ3Þ ¼ r3;cðτcÞ ¼ e−γcτc trðρhðτhÞσ3Þ
− ð1 − e−γcτcÞ tanhðβcΩc=2Þ: ð31Þ

At the end of the cycle, the working medium should
be back to its initial state in order to obtain a closed
thermodynamic cycle [that is, ρcðτcÞ ¼ ρin]. This is sat-
isfied in the long-time limits, γhτh ≫ 1 and γcτc ≫ 1,
during steps 2 and 4 of the cycle, when the detector reaches
its asymptotic equilibrium state. In this asymptotic regime,
the heat and work changes read

hQhi ¼
Ωh

2
ðtanhðβcΩc=2Þ − tanhðβhΩh=2ÞÞ;

hW3i ¼
Ωh − Ωc

2
tanhðβhΩh=2Þ;

hQci ¼
Ωc

2
ðtanhðβhΩh=2Þ − tanhðβcΩc=2ÞÞ: ð32Þ

A. Quantum Otto heat engine

In this case, heat is absorbed from the hot environment,
hQhi ≥ 0, and flows into the cold, hQci ≤ 0. The work is
extracted from the working medium for positive total work
W ¼ −ðhW1i þ hW3iÞ > 0. This implies the condition
Ωh=Ωc < Th=Tc. The efficiency η of a quantum Otto heat
engine is defined as the ratio of the total work output to the
absorbed heat, reading

η ¼ −
hW1i þ hW3i

hQhi
¼ 1 −

Ωc

Ωh
; ð33Þ

and defining the power output as the total work for the
duration τcycle of the cycle,

P ¼ −
hWitot
τcycle

: ð34Þ

Without loss of generality, we explicitly account for the
durations of the heating and cooling strokes, writing
τcycle ¼ τh þ τc, while neglecting the duration of the
adiabatic strokes [11].
In Fig. 2, we plot the total work done by the qubit

detector as a function of the evolution time τh for the three
different boundary conditions satisfied by the conformally
coupled scalar field in the BTZ spacetime. We observe that
the total work reaches its maximum output in the long-time
limit, asymptotically approaching the values given in
Eq. (32), which are independent of the boundary condi-
tions. However, for finite engine operation times τh, the
work output strongly depends on the boundary conditions.
At earlier times, the Neumann boundary condition
(ζ ¼ −1) yields the highest work output. This case also

surpasses the other two boundary conditions in reaching the
maximum asymptotic value at earlier times.
The maximum efficiency of a heat engine is determined

by the Carnot efficiency [9], given by ηC ¼ ðTh − TcÞ=Th.
However, reaching Carnot efficiency requires an infinite
slow process to ensure perfect adiabatic evolution and
complete thermalization with the heat reservoirs during
each of the four strokes of the cycle, resulting in zero power
output. A more practical measure for analyzing the per-
formance of a heat engine is the efficiency at maximum
power (EMP), which is determined by first optimizing the
power output with respect to a system parameter and then
calculating the efficiency at that optimized power. Curzon
and Ahlborn [10] derived the efficiency of a Carnot engine
operating at maximum power as ηCA ¼ 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Th

p
. It

balances the trade-off between high power output and low
entropy production, incorporating the environmental
impact of heat engines.
The ecological criterion, introduced by Angulo-Brown

[42], is an alternative optimization criterion for evaluating
the performance of heat engines. It embodies a compromise
between maximizing useful work and minimizing the
environmental cost of waste heat and entropy production.
This criterion is implemented using the ecological function

E ¼ P − TcS; ð35Þ

where S is the total entropy change per unit time of the
cycle, given by S ¼ βchQci − βhhQhi.
We analyze the performance of the relativistic Otto heat

engine, optimizing both the power output, Eq. (34), and the
ecological function, Eq. (35), with respect to the energy gap
Ωh of the qubit detector. The optimization is performed for
fixed values of the parameters M, ζ, Th, Ωc, τh, and τc by

ζ 1

ζ 0

ζ 1

0 1 2 3 4 5
0.00

0.02
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0.08

0.10

τh

W

FIG. 2. Total work output of the heat engine as a function of the
evolution time τh, for the Neumann (ζ ¼ −1), transparent
(ζ ¼ 0), and Dirichlet (ζ ¼ 1) boundary conditions, satisfied
by the conformally coupled field at spatial infinity. The param-
eters used for the plot are M ¼ 0.01, Ωh ¼ 1, Ωc ¼ 0.1, Th ¼ 2,
and Tc ¼ 0.1.
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numerically solving equations ∂P=∂Ωh¼0 and ∂E=∂Ωh¼0.
We then evaluate the efficiency at maximum power η� and at
maximum ecological function ηE. In Fig. 3, we present the
performance of the heat engine as a function of the temper-
ature ratio Tc=Th.
We verify numerically that the efficiency at maximum

power coincides for the three different boundary conditions.
As a result, we conclude that the Neumann boundary
condition represents the optimal case, as it yields the highest
power output for finite-time operation of the heat engine. The
EMP also exceeds the Curzon-Ahlborn ηCA in the inter-
mediate temperature ratio range,which is similar to the result
of theBTZ black hole Brayton engine cycle [39]. In addition,
we observe that in the intermediate temperature ratio range,
the efficiency at the maximum ecological function ηE is
different from the EMP η�.When the ecological function is at
maximum, the heat engine releases a small amount of heat
to the surrounding environment, making its operation more
ecological. We remark that both of the finite-time EMP
values ηE and η� closely resemble the ones analytically
obtained in Ref. [59] for a qubit heat engine in the high-
temperature regime, and converge to the same values in the
long-time asymptotic limit.

B. Quantum Otto refrigerator

The Otto thermodynamic cycle operates as a refrigerator
when heat is absorbed from the cold environment,
hQci ≥ 0, and flows into the hot environment, hQhi ≤ 0.
That is, it satisfies the condition Ωh=Ωc > Th=Tc.
In Fig. 4, we plot the cooling power hQci, as a function

of the evolution time τc for Newmann, transparent, and
Dirichlet boundary conditions, considering (a) a finite
interaction time τh, and (b) the long-time limit during

the hot isochore stroke. In Fig. 4(b), we observe that the
absorbed heat reaches its maximum value in the long-time
limits, asymptotically approaching the value given in
Eq. (32). For the Dirichlet boundary condition, achieving
this asymptotic value requires longer times τc than the other
two cases. This results from the lower transition rates
between the detector’s energy levels in the low-temperature
regime, as shown in Fig. 1. Similarly to the heat engine
scenario, for finite-time operation of the refrigerator, the
Neumann boundary condition again proves to be the
optimal choice, as it yields the highest cooling power. It
also reaches its maximum asymptotic value much faster
than the Dirichlet boundary condition.
The coefficient of performance (COP) ε of an Otto

refrigerator is defined as the ratio of heat absorbed from the
cold environment to the total amount of work:

ε ¼ hQci
hW1i þ hW3i

¼ Ωc

Ωh − Ωc
; ð36Þ
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FIG. 3. The efficiency of the relativistic Otto heat engine as a
function of the temperature ratio Tc=Th. Here, η� is the engine’s
efficiency at maximum power, while ηE denotes the efficiency at
maximum ecological function, both optimized with respect to the
qubit’s energy gap Ωh. Additionally, ηC is Carnot efficiency, and
ηCA is the Curzon-Ahlborn efficiency. The parameters used for the
plots are M ¼ 0.01, ζ ¼ −1, Ωc ¼ 0.1, τh ¼ 0.2, and τc ¼ 0.5.
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FIG. 4. Cooling power of the relativistic Otto refrigerator as a
function of the evolution time τc for the Neumann ζ ¼ −1,
transparent (ζ ¼ 0), and Dirichlet ζ ¼ 1 boundary conditions,
when (a) τh ¼ 0.3 and (b) τh ¼ 10. The other parameters used
for the plots are M ¼ 0.01, Ωh ¼ 0.5, Ωc ¼ 0.1, Th ¼ 0.2,
and Tc ¼ 0.1.
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where the second equality holds for a closed thermody-
namic cycle. The maximum COP of a refrigerator is
εC ¼ Tc=ðTh − TcÞ [9].
To optimize the performance of a refrigerator, we employ

the figure of merit χ [7], defined as the product of the
COP and the cooling power hQci for the duration τcycle of
the cycle:

χ ¼ εhQci
τcycle

: ð37Þ

On the other hand, the ecological criterion for refrigerators
is implemented using the ecological function [59,60]

E0 ¼ Qc − εCThS: ð38Þ

We analyze the performance of the relativistic Otto
refrigerator by optimizing the figure of merit, Eq. (37),
and the ecological function, Eq. (38), with respect to the
energy gap Ωc of the qubit detector. The optimization is
performed for fixed values of the parameters M, ζ, Th, Ωh,
τh, and τc, by numerically solving equations ∂χ=∂Ωc ¼ 0
and ∂E0=∂Ωc ¼ 0. We now evaluate the COP at the
maximum χ figure of merit, ε�, and the maximum eco-
logical function, εE.
In Fig. 5, we present the COP of the refrigerator as a

function of the temperature ratio Tc=Th. We verify that the
COP at maximum figure of merit coincides for the three
different boundary conditions satisfied by the quantum field.
Thus, we again conclude that the Neumann boundary
condition represents the optimal case, and thus absorbs
maximum heat from the cold field bath for finite-time
operations.We observe that theCOPatmaximumecological

function εE is higher than the COP at maximum figure of
merit ε�, with both exceeding the Yan-Chen COP [61],
which is the counterpart of the Curzon-Ahlborn efficiency
for refrigerators, and is given by ϵyan ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵC

p
− 1. We

note that both the finite-time COP values ε� and εE closely
resemble the ones that are analytically obtained in Ref. [59]
for a qubit refrigerator in the high-temperature regime, and
they coincide in the long-time asymptotic limit.

V. CONCLUDING REMARKS

We presented a general framework for studying the
finite-time operation of relativistic quantum thermal
machines, with a focus on their energy optimization. We
applied this framework to study a UDW detector coupled to
a quantum field in the Hartle-Hawking state in a BTZ black
hole background spacetime, implementing an Otto thermo-
dynamic cycle with the detector as the working medium.
By modeling the UDW detector as an open quantum
system, with the field acting as a thermal bath, we described
its finite-time dynamics in each stroke of the cycle. This
approach allowed us to examine how the performance of an
Otto heat engine or refrigerator is explicitly affected by
Neumann, transparent, and Dirichlet boundary conditions
imposed on the field. We identified the Neumann boundary
condition as the optimal choice, yielding the highest work
output and cooling power.
Since achieving Carnot efficiency represents an idealized

case requiring perfect adiabatic evolution and complete
thermalization at each stage of the thermodynamic cycle,
we focused on optimizing the Otto thermal machine’s
performance in terms of power and ecological impact.
This approach can be directly applied to detectors follow-
ing different stationary trajectories in various curved
spacetime backgrounds. Thus, our work provides a com-
prehensive analysis of quantum thermal machines and their
energy optimization in relativistic settings.
Finally, we note that several studies have proposed the

realization of black holes in analog experiments in labo-
ratory settings, employing fluid dynamics, optics, or Bose-
Einstein condensates to simulate event horizons and the
emitting Hawking radiation (see, e,g., Refs. [62–66] and
references therein). In particular, analogue models of
(2þ 1) BTZ black holes have been proposed in curved
graphene sheets [67] and photon fluids [68,69]. This
suggests the possibility of exploring thermal machines in
black hole analog setups.
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