
Toward quantitative precision in functional QCD

Friederike Ihssen ,1,2 Jan M. Pawlowski ,1,3 Franz R. Sattler ,1 and Nicolas Wink4
1Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16,

69120 Heidelberg, Germany
2Institut für Theoretische Physik, ETH Zürich, Wolfgang-Pauli-Strasse 27, 8093 Zürich, Switzerland

3ExtreMe Matter Institute EMMI, GSI, Planckstrasse 1, 64291 Darmstadt, Germany
4Institut für Kernphysik (Theoriezentrum), Technische Universität Darmstadt, 64289 Darmstadt, Germany

(Received 17 December 2024; accepted 24 March 2026; published 29 May 2026)

Functional approaches are the only first principle quantum chromodynamics (QCD) setup to date that
allow for direct computations in the strongly correlated finite density regime of QCD. Predictive power and
quantitative reliability of the respective results can only be obtained within a systematic expansion scheme
with controlled systematic error estimates. Here we set up such a scheme within the functional
renormalization group (fRG) approach to QCD, aiming for full apparent convergence. In the current
work we test this setup, using correlation functions and observables in 2þ 1 flavor vacuum QCD as a
natural benchmark case. While the current work includes many evolutionary improvements collected over
the past two decades, we also report on three novel important developments: (i) comprehensive systematic
error analysis based on the modular nature of the fRG approach. (ii) The introduction of a fully automated
computational framework, allowing for unprecedented access and improvement of the fRG approach to
QCD. (iii) The inclusion of the full effective potential of the chiral order parameter. This also gives access to
all-order scattering events of pions and to the full momentum dependence of correlation functions, which is
a first application of the automated computational framework (ii). The results compare very well to other
state-of-the-art results both from functional approaches and lattice simulations, and provide data on general
multiscattering events of pions and the sigma mode for the first time.
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I. INTRODUCTION

Functional quantum chromodynamics (QCD) encom-
passes versatile diagrammatic approaches such as the
functional renormalization group (fRG) and Dyson-
Schwinger equations (DSEs) for the first principle descrip-
tion of QCD. For recent reviews see Refs. [1–3]. At finite
density or baryon chemical potential μB, and in particular
for μB=T ≳ 3, it is the only first principle QCD approach to
date that allows for direct computations. In this regime,
lattice simulations are obstructed by the sign problem and
perturbative resummation schemes such as hard thermal or
dense loop (HTL/HDL) cannot capture the strongly corre-
lated physics. The latter, however, work if approaching
asymptotically large densities or temperatures.
Still, results from lattice simulations in the vacuum and

at finite temperature and vanishing density as well as
HTL/HDL results at asymptotically large temperatures

and density provide crucial benchmark results for the
functional QCD approach, and vice versa, see, e.g., the
recent large density-low temperature results and discus-
sions in [4,5]. In particular, a necessary condition for
quantitative reliability of functional QCD predictions on
the phase structure of QCD is the fulfilment of all available
lattice and functional QCD benchmarks at vanishing
density, for a recent discussion see Ref. [6].
A significant recent milestone for the prediction of the

QCD phase structure with functional QCD was achieved
in [7]: the results there meet the lattice benchmarks at
vanishing chemical potential, and in particular that of the
curvature of the phase boundary, [6,8]. Its quantitative
reliability regime covers the regime μB=T ≲ 4, and
this fRG study was corroborated by subsequent Dyson-
Schwinger studies, [9–11]. The setup in [7,9–11] also
allowed for an estimate of the location of c ðμ; TÞCEP ≈
ð600 MeV; 115 MeVÞ–ð650 MeV; 105 MeVÞ. While this
agreement across different functional approaches with
different resummation patterns and systematic approxima-
tion schemes is highly nontrivial and promising, a full
quantitative prediction of the phase structure for μB=T ≳ 4

requires a systematic improvement of the current approxi-
mation level.
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The present work is dedicated to the first step in this
endeavor by improving on the approximation scheme and
the truncation level, incorporating more automation, and
providing a conceptual and practical analysis of systematic
error estimates. These advancements pave the way to
significantly push the boundaries of reliable predictions
for the phase structure at higher densities.
The advances presented in the following are deeply

rooted in the diagrammatic, modular structure of functional
approaches. This structure is also at the heart of their
universal applicability, as well as making them tailor-made
for applications to QCD at finite temperature and density as
well as realtime processes as already eluded to above: they
do not suffer from the sign problem which obstructs
respective progress on the lattice.
These advantages are paid for with intricacies within the

systematic error control, which are inherent to all diagram-
matic approaches for strongly correlated systems and orig-
inates in the apparent absence of a small expansion parameter.
However, their highly modular structure allows to easily
combine rapidly converging systematic expansion schemes
of physical subsystems and across different functional
approaches. This rectifies the above-mentioned intricacies:
in the vertex expansion, QCD scattering processes are
expanded in the number of single scatterings, including the
full momentum-dependent distribution functions of the
respective scattering process. In the derivative expansion
part, all scattering orders are taken into account, but their
momentum distribution is expanded in powers of momenta.
In the fRG approach this scheme is sustained by the fact, that
the theory is solved by integrating out scattering events
momentum-shell by momentum-shell, and momenta can
be measured in the respective infrared cutoff k, the expansion
being one inp2=k2. Both expansion schemes comewith their
own systematics, which have been tested in a plethora of
different models with intricate dynamics, encompassing that
present in QCD. Moreover, the combination allows for a
thorough evaluation of the convergence behavior. In sum-
mary, it allows us to not only rely on results and error
estimates from the fRG approach toQCD, [7,12–24]; but also
from the plethora of results and analyses within low energy
effective theories in QCD, see Ref. [1].
For example, we utilize the vertex expansion in the glue

subsystem of QCD, where it has been proven to be highly
efficient and rapidly converging [20]. In the quark-meson
system at hadronic energy scales we use a field gradient
expansion of interactions, while in general retaining the full
propagators. The gradient expansion in both vertices and
propagators, called the derivative expansion, has been
proven to be highly efficient and rapidly converging in
low-energy effective theories, see, e.g., [1,2] and references
therein. Its rapid convergence also allows for the quanti-
tative determination of critical exponents whose accuracy
rivals that of the conformal bootstrap, see Refs. [1,25]. The
present expansion scheme in the quark-meson sector with

the full propagators comprises an improved derivative
expansion scheme with even faster convergence. We coin
this general modular combination of systematic expansions
of subsystems the LEGO®-expansion. A detailed explan-
ation is given in Sec. IV, and particularly Sec. IV F.
The present work makes progress toward the completion

of the low-energy part of this modular scheme, while a
further work, [26], will concentrate on full momentum
dependences and Fierz completeness, building upon
[17,20,21,27,28]. We take the full meson field-dependence
of all considered vertices into account using finite element
methods (FE methods). In contrast, the momentum depend-
ence is limited to that required for semiquantitative accuracy.
This was tested and proven in a comparison of functional
QCD with full momentum dependences, [13,14,17,20–23],
and functional QCD with an emphasis on the dynamics of
mesonic composites [7,12,15,16,18,19,24]. Furthermore,
our fully automated and numerical setup allows us to easily
scan different regulators, providing a systematic estimate of
the associated error.
In summary, we aim at a fully systematic setup for

functional QCD with the functional renormalization group,
including a thorough discussion of systematic error esti-
mates and the extension of the expansion scheme beyond
the level discussed explicitly in the present work. The
combination of these tasks is extensive, and in the present
work we concentrate on vacuum QCD. Further works will
be dedicated to QCD at finite temperature and density. We
close the Introduction with a bird’s eye view on its content
which also aims at facilitating the access to the work:
In Sec. II we introduce the effective action used in this

combined scheme and discuss the relevant approximations
and quantities. We proceed by discussing the generalized
flow equation in a setup with fundamental and composite
fields in Sec. III. Given the scope of the present work we
aim at a self-contained presentation, also briefly recapitu-
lating advances done in other works. Importantly, the
parametrization is designed for the preparation of the
discussion of the expansion scheme and the respective
systematic error estimates in the following sections. The
systematic treatment of QCD within the fRG is detailed in
Sec. IV, considering the convergence of the given expan-
sion, as well as optimization procedures and extensions of
the scheme. In combination, Secs. II to IV constitute
important structural and conceptual process not only for
the fRG approach to QCD, but also beyond. The full
numerical setup is described in Sec. V, which is an
automated process beginning with the generation of flow
equations from a given truncation up to the computation of
final results. The respective code framework is published in
[29], and in combination it provides a comprehensive
computational framework for solving functional QCD
and other systems. The numerical results within the current
approximation are presented in Sec. VI. Here we combine a
discussion of specific benchmark observables such as the

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 113, 094038 (2026)

094038-2



pion decay constant and the mass of the scalar σ-mode with
one of momentum-dependent (gauge-fixed) quark, gluon
and mesonic correlation functions and the effective poten-
tial of the chiral order parameter. A specific novel ingre-
dient is the inclusion of the full chiral order potential that,
among other scatterings, incorporates quark-antiquark-
multipion scattering events in the effective action. In
particular this gives full access to the chiral limit as well
as allowing for a decisive error estimate of the commonly
used Taylor expansion in the literature.
Finally we close in Sec. VII with a brief summary and a

discussion of the next steps toward a fully quantitative
resolution of the QCD phase structure. Many details on the
notation, the derivations as well as results in two-flavor
QCD and further ones in 2þ 1 flavor QCD are deferred to
Appendices.

II. FUNCTIONAL QCD

In this section, we discuss the effective action of QCD and
detail our approximation and expansion scheme. In Sec. II A,
we provide the classical action with gauge-fixing and ghost
terms and establish the general notation. Section II B dis-
cusses the inclusion of composite fields for resonant inter-
action channels. Finally, in Sec. II C, we provide explicit
expressions of our approximation to the effective action for all
subsystems. Furthermore, we discuss the underlying expan-
sion scheme,which is basedon a systematic vertex expansion.
An especially important part of the expansion scheme is its
use of renormalization group invariant building blocks,which
is detailed in Sec. II D. This provides the theoretical founda-
tion for quantitative reliability and convergence of functional
QCD in combination with Sec. V, which delves into system-
atic error control for an fRG setup with emergent composites
and a systematic LEGO®-expansion.

A. Classical action and notation

With only a few exceptions, functional approaches to
QCD are usually formulated in terms of the gauge-fixed
theory: the gauge fixing is mandatory for the existence of
the gluon propagator, a key building block in the dia-
grammatic functional approaches. Here, we will make a
standard choice and use the Landau gauge. The classical
gauge-fixed action reads

SQCD ¼ SA½A� þ Sgf ½A� þ Sgh½A; c; c̄� þ Sq½A; q; q̄�: ð1Þ

The glue dynamics is carried by the classical Yang-Mills
action SA, while the Dirac action Sq contains the quark
dynamics. They are given by

SA½A� ¼
1

4

Z
x
Fa
μνFa

μν;

Sq½A; q; q̄� ¼
Z
x
q̄ðγμDμ þmq − γ0μqÞq: ð2Þ

The quark field q comprises all quarks used in the
computation, in the most general case all three families,
q ¼ u; d; s; c; b; t. In the present work, we concentrate on
the quantitative computation of the off-shell quantum
dynamics in the strongly correlated infrared regime of
QCD below approximately 1 GeV. Thus, we consider the
2þ 1 flavor case q ¼ ðu; d; sÞ with only one heavy quark,
as well as the two-flavor case q ¼ ðu; dÞwith only the light
flavors. We note in passing, that while the heavier quarks
are subleading for the off-shell dynamics, the inclusion of
c, b is interesting for phenomenological purposes, e.g., the
computation of heavy quark transport in heavy-ion colli-
sions. As the c, b off-shell dynamics only gives rise to
subleading effects in the glue, u, d, s and mesonic off-shell
dynamics, their inclusion can be done in a subsequent
(modular) step.
The quark mass term is discussed in detail in Sec. II B.

Here, we only note that we use a flavor diagonal mass
matrix, given in general by

mq ¼ diagðmu;md;ms;mc;mb;mtÞ: ð3Þ

Using the isospin-symmetric approximation, this reduces to

Nf ¼ 2∶ mq ¼ ðml;mlÞ;
Nf ¼ 2þ 1∶ mq ¼ ðml;ml; msÞ: ð4Þ

We have also introduced the quark chemical potential in
(2), which is given by

μq ¼ diagðμl; μlÞ; μq ¼ diagðμl; μl; μsÞ; ð5Þ

in the isospin-symmetric case for two flavors and 2þ 1
flavors, respectively. In the more general case, each heavier
quark has its own chemical potential, simply extending the
flavor-diagonal matrix μq analogously to the mass matrix.
The covariant derivative is given by

Dμ ¼ ∂μ − igsAμ; ð6Þ

and the quarks live in the fundamental representation of the
gauge group. The components of the field-strength tensor
in the Yang-Mills action read

Fμν¼Fa
μνta; Fa

μν¼∂μAa
ν −∂νAa

μþgsfabcAb
μAc

ν; ð7Þ

with the suðNcÞ Lie algebra

½ta; tb� ¼ ifabctc; ð8Þ

where ta are the generators of suðNcÞ in a given repre-
sentation, and fabc are its structure constants. Ghosts and
gluons carry the adjoint representation of the gauge group.
We will use the notation
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ðtaadÞbc ¼ ðtaÞbc; ðtfÞBC ¼ ðTaÞBC; ð9Þ

where lowercase letters b, c label indices in the adjoint
representation and capital letters B, C label indices in the
fundamental representation. Furthermore, the generators in
the fundamental and adjoint representations are normalized
with

tr TaTb ¼ 1

2
δab; tr tatb ¼ Ncδ

ab; ð10Þ

where the traces are taken in the respective representation.
Hence, in component notation, the matter part of the QCD
action reads

Sq½A; q; q̄� ¼
Z
x
q̄BðγμDBC

μ þmq − γ0μqδ
BCÞqC; ð11Þ

with the covariant derivative (6) in the fundamental
representation

DBC
μ ¼ δBC∂μ − igsAa

μðTaÞBC; ð12Þ

where Ta ¼ λa=2 with the Gell-Mann matrices λa.
Finally, the gauge-fixing part of the classical action for a

covariant gauge consists of the gauge-fixing term Sgf and
the corresponding ghost action Sgh,

Sgf ¼
1

2ξ

Z
x
ð∂μAa

μÞ2; Sgh ¼
Z
x
c̄að−∂μDab

μ Þcb; ð13Þ

with the covariant derivative in the adjoint representation,

Dbc
μ ¼ δbc∂μ − gsAa

μfabc; ð14Þ

with ðtaÞbc ¼ −ifabc. We shall take the Landau gauge, i.e.,
ξ → 0, in explicit computations. On the technical side, this
choice comes with a significant reduction of the size of the
flows and the number of dressings that have to be
computed. The latter originates in the fact that the purely
transverse system is closed in the Landau gauge, while for
ξ ≠ 0 the longitudinal system feeds into the transverse one.
For a detailed discussion see Refs. [1,20,30,31], for func-
tional results (DSE) with ξ ≠ 0 see Refs. [32–34].
Therefore, this choice is more than conceptual: it reduces
approximation artefacts in the system and therefore also
minimizes the systematic error. Finally, from now on we
shall only consider the physics case Nc ¼ 3 with
a; b; c;… ¼ 1;…; 8 and A;B; C;… ¼ 1, 2, 3.

B. Emergent composites

At large energy scales QCD, is well-described by the
(perturbative) dynamics of quarks and gluons, the funda-
mental degrees of freedom in QCD. At low energy scales,
the gluonic dynamics decouple. In this regime, the QCD

dynamics is dominated by that of the lightest hadrons. They
emerge from resonant channels of four-quark scatterings
(mesons) or higher-order scatterings of quarks (baryons and
higher-order resonances). In the present functional renorm-
alization group approach with emergent composites (or
dynamical hadronization), this emergence of low-energy
degrees of freedom is captured in a natural way, which we
explain in more detail in Sec. III C.
In the vacuum, the most dominant channel is the

pseudoscalar one which carries the dynamics of the pions
π. It is followed by the scalar channel, which carries the
dynamics of the σ-mode. In [17,21], it has been shown that
the additional fluctuations induced by the other tensor
channels are negligible and can safely be dropped.
Furthermore, this relevance ordering also persists at

finite temperatures and chemical potentials with μB=T ≲ 6.
Beyond this regime, the dominant channel switches rapidly
to the diquark channel, see Ref. [35]. A respective
conservative estimate of the relevance ordering at finite
temperature and density leads us to μB=T ≲ 4 as a bound
for quantitative reliability within the approximation dis-
cussed in the present work. This quantitative reliability
bound is corroborated by further considerations concerning
nontrivial pion and σ dispersions in [7] which hint at a
possible moat regime [36] in QCD.
We conclude that for μB=T ≳ 4 the present approxima-

tion has to be systematically improved. We emphasize that
this poses merely a technical challenge, in contradistinction
to the sign problem for lattice simulations at large chemical
potential. The current work sets the stage for the systematic
resolution of this task, as we outline and set up an easily
extendable framework for functional QCD.
In the fRG approach with emergent composites the

effective action of QCD explicitly contains the fields
arising from the resonant channels. In the present case
these are the pions π and the σ-mode. For Nf flavors, the
scalar mesonic matrix fields in the singlet-octet basis are
given by

Σ ¼ ðσi þ iπiÞTi
f; with ðTi

fÞ ¼ ðT0
f; T

a
fÞ; ð15Þ

where Ta
f with a ¼ 1;…; N2

f − 1 are the generators of
SUðNfÞ with the Lie algebra (8) and the singlet matrix is
given by

T0
f ¼ 1ffiffiffiffiffiffiffiffiffi

2Nf
p 1: ð16Þ

The mesonic fields couple to the quarks in a scalar-
pseudoscalar combination. In the presence of the full
SUðNfÞ flavor symmetry this leads to

Z
x
q̄Σ5q; with Σ5 ¼ ðσi þ iγ5πiÞTi

f; ð17Þ
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with the scalar modes σi and the pseudoscalar Goldstone
modes πi, for more details see, e.g., [7,37–43].
In the following we only consider the part of the

multiplet, that contributes sizably to the off-shell dynamics
of QCD; this choice is informed by the mesonic mass
hierarchy in physical QCD, compared to the chiral sym-
metry breaking scale kχ , below which the mesonic fluctua-
tions contribute to the off-shell dynamics. This scale is
given by kχ ≈ 400 MeV, see Refs. [7,21], and we find the
same scale in the present work, see (155) in Sec. VI A 1 and
the discussion there. We conclude that only the three
physical pions with mπ ≈ 140 MeV contribute sizably to
the off-shell dynamics. All further mesonic excitations
carry masses mmes ≳ 500 MeV, the lightest one being
lightest scalar resonance, the light quark σ mode, and
the kaons. Their off-shell dynamics is already suppressed at
kχ and their contributions to the off-shell dynamics is
subleading. Moreover, for this off-shell analysis one also
has to consider colored composites such as diquarks: while
they are not related to asymptotic states, they may con-
tribute to the off-shell dynamics. However, their effective
mass scales are higher than that of the σ-mode and we can
safely drop them for the computations in the present work.
At sufficiently large chemical potential, though, they have
to be considered. Finally, the off-shell irrelevance argument
applies in particular to quark-composites that contain the
heavier quarks, whose larger current quark mass leads to
comparably large masses of the respective hadronic and
diquark resonances in the loops. This structural argument
has been confirmed in an explicit computation two-flavor
QCD within Fierz-complete computations, where all
mesonic channels are taken into account, [17,21]: dropping
all channels but the scalar-pseudoscalar channels in the off-
shell dynamics carried by the diagrams had a minimal
impact on the results. While being of subleading impor-
tance for the off-shell dynamics modes such as the kaons,
general scalar and vector modes, or diquarks, may be
relevant for on-shell scattering processes, thermodynamic
observables such as the pressure or more generally gain
importance at finite chemical potential.
Indeed, the light and strange chiral condensates are

carried by the diagonal part of σiTi, that couples to the
quark mass operator. They have to be considered at least as
background fields. This leaves us with ðσ; π⃗Þ in two-flavor
QCD and ðσ0; σ8; π⃗Þ in 2þ 1 flavor QCD.
We illustrate this first for Nf ¼ 2, where this combina-

tion comprises the scalar σ-mode σl, that couples to l̄l, and
the pseudoscalar pions,

ϕl ¼ ϕi
lτ
i
2; τ2 ¼

1

2
ð1; iγ5σÞ; ð18aÞ

and σ are the Pauli matrices. The component fields σ0 and
πa are given by

ðϕi
lÞ ¼ ðσl;πÞ; with π ¼ ðπ1; π2; π3Þ: ð18bÞ

The poles masses of these fields are about 140 MeV (pions)
and 500 MeV (σ-mode). As already discussed above, these
masses have to be compared with the chiral symmetry
breaking (cutoff) scale kχ ≈ 400 MeV, below which these
degrees of freedom get dynamical. Accordingly, the pions
by far dominate the mesonic infrared off-shell dynamics of
physical QCD also for Nf > 2. Note also that the choice
(18) implies a maximal breaking of the axial UAð1Þ
symmetry, which will be discussed further in Sec. II C 2.
While this is a subleading effect for the off-shell dynamics
considered here, it is relevant for an access to the full
hadronic mass spectrum, for the intricacies of axial UAð1Þ
restoration in the chiral phase transition at finite temper-
ature, as well as further observables.
We now proceed with the 2þ 1 flavor case. Taking into

account the above arguments, the two-flavor field ϕl carries
the most important part of the off-shell dynamics and we
simply embed it into the three-flavor case. The only
additional degree of freedom considered is the scalar σs
that couples to the strange mass operator s̄s. The two scalar
fields σl, σs can be constructed from the singlet-octet basis
(15) in three-flavor QCD. For details on the relation
between ðσl; σsÞ and the singlet-octet basis see, e.g.,
[7,37–43]. Here, we simply quote the relation

�
σl

σs

�
¼ 1ffiffiffi

3
p

� ffiffiffi
2

p
1

1 −
ffiffiffi
2

p
��

σ0

σ8

�
; ð19Þ

for the two scalar components of the 2þ 1-flavor mesonic
composite, that couple to the mass operators l̄l; s̄s. As
mentioned before, σs is not added for the relevance of its
off-shell contributions but only because its expectation
value drives the strange constituent quark mass. In sum-
mary, we arrive at the 2þ 1 flavor mesonic composite ϕ
with

ϕ ¼ ϕiτi; ðϕiÞ ¼ ððϕi
lÞ; σsÞ: ð20aÞ

In (20a) we have simply embedded the two-flavor mesonic
composite into the three-flavor matrix with

τ ¼ τ2þ1 ¼
��

τ2 0

0 0

�
;

�
0 0

0 1ffiffi
2

p

��
; ð20bÞ

where the vector τ2 of the two-flavor generators is defined
in (18a). It is already worth emphasizing here that the
emergent composites are only introduced as an efficient
book-keeping device of (resonant) four-quark channels and
multiscatterings in these channels. The latter are potentially
important close to the resonance: in the present fRG
approach to QCD, the occurrence of channel fields in
the action does not signal an effective field theory setup, but
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a reparametrization of first-principles QCD. The emergent
composite ϕ is only introduced by means of the emergent
composite approach in QCD (also called dynamical hadro-
nization) and simply absorbs emerging QCD dynamics
from the corresponding quark channel. This is discussed in
Sec. III C, for further details on the emergent composite
approach in QCD, see Refs. [7,17–19,21,44], which are
based on [12,45–47], for reviews see Refs. [1,2].

C. QCD effective action and expansion scheme

In this section we discuss the approximation of the
effective action used in the present work. As already
mentioned previously, this work sets the stage for a
systematic improvement of the fRG approach to QCD
at finite T and μB building on [7,17–19,21,22], in
order to finally allow for quantitative access to QCD
for μB=T ≳ 4.
To begin with, quantitative access to the dynamics in the

vicinity of a potential critical end point—or rather the onset
regime of new phases—requires the inclusion of a full
effective potential of the critical mode. Note, that this is not
relevant for the quantitative prediction of the location of
this regime which is a direct consequence of smallness of
the critical regime. Indeed, the nonuniversal aspects of the
phase structure including the location of the onset regime of
new phases are governed by the dynamics of the soft modes
in QCD, see Ref. [48].
The present approach is readily extended to fully

momentum-dependent correlation functions, either
included directly in the flow, or within the iteration
procedure as set up in [49] and used in [50]. This step
is already prepared in this work, as all threshold functions
are computed numerically. Importantly, this also allows us
to arbitrarily switch regulator functions, which enables us
to study the regulator dependence of the results to obtain a
part of the systematic error estimate.
We defer the full inclusion of momentum-dependent

correlation functions in QCD to future work and use
cutoff-scale-dependent quantities with the exception of
the gluon and ghost two-point functions. For these we use
data from [21] obtained in two-flavor QCD as external
input, following the procedure put forward in [18]. Still,
already here we make use of the full momentum-depen-
dent setup and read out the full momentum structure of the
quark mass and wave function, as well as the full meson
propagator. This gives direct access to the pion decay
constant fπ and the pion pole mass, and latter allows us to
directly adjust the physical current quark masses in our
system.
The full scale-dependent effective action is split into a

pure glue part and a matter part,

Γk½Φ� ¼ Γglue;k½A; c; c̄� þ Γmat;k½Φ�; ð21Þ

where the explicit expressions for the pure glue and matter

part are provided in (26) and (34). The superfield Φ is
defined as the combination of the superfield of the
fundamental fields Φf and the emergent composites ϕ
in (15),

Φ ¼ ðΦf;ϕÞ; Φf ¼ ðA; c; c̄; q; q̄Þ: ð22Þ

The effective action is expanded in n-point scattering
vertices,

Γ½Φ� ¼
X
n

Z
p

1

n!
ΓðnÞ
Φi1

���Φin
ðpÞΦinðpnÞ � � �Φi1ðp1Þ; ð23aÞ

with

p ¼ ðp1;…; pnÞ; n! ¼ nA! � � � nϕ!; ð23bÞ

with nΦi
being the number of derivatives with respect

to the field Φi in the n-point correlation function.
For an explanation of the notation and rules for field
derivatives, see Appendix C. The n-point scattering vertices
carry the one-particle irreducible part of the interaction with
the full momentum dependence, including all tensor
channels.
The S-matrix of QCD can be directly constructed from

tree-level diagrams of these correlation functions. In gen-
eral they read,

ΓðnÞ
Φn ðpÞ ¼

XNΦn

i¼1

λðiÞΦnðpÞT ðiÞ
ΦnðpÞ; ð23cÞ

with p defined in (23b). The subscript Φn denotes some

combination ofΦi1 � � �Φin . The scalar functions λ
ðmÞ
Φn are the

dressings of a complete tensor basis fT ðiÞ
Φng of ΓΦn , where

m ¼ 1;…; NΦn . While (23) represents Γ½Φ� in terms of a
vertex expansion about Φ ¼ 0, we generally consider
vertex expansions about a solution of the equations of
motion (EoM) forΦ. Note thatΦ ¼ 0 is such a solution but
it may not minimize the effective action.
The modular form of functional approaches also sug-

gests to combine the vertex expansion in the fundamental
QCD degrees of freedom, Φf in (22), with a momentum
(derivative) expansion in the emergent dynamical low-
energy degrees of freedom. In vacuum, this only concerns
the scalar-pseudoscalar modes in ϕ. Then, the full
ϕ-dependence of all n-point correlation functions of Φf

is taken into account and expanded about constant back-
grounds in powers of p2=Λ2

QCD, i.e., in powers of deriv-
atives ∂

nϕðxÞ. The systematics of such an expansion and
the respective systematic error estimates are discussed
in Sec. IV.
The following three sections discuss general properties

of the present expansion scheme. We introduce the
approximation used for the pure glue part in Sec. II C 1,
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the matter part in Sec. II C 2 and its underlying full
momentum dependence in Sec. II C 3. The details of the
renormalization group (RG) invariant expansion scheme in
are discussed in Sec. II D.
For a diagrammatic overview we depict the n-point

functions, propagators and vertices considered in the
present work in Fig. 1: The vertices and propagators in
the pure glue sector are contained in the orange frame,
whereas the matter sector is split into the quark-gluon
sector, in the black frame, and the quark-meson sector, in
the blue frame. If evaluated on the EoM for ϕ, the latter
sector is converted into multiscattering vertices of quarks
and antiquarks, as also indicated in Fig. 1. This is the
diagrammatic depiction of the property that the QCD
effective action with emergent composite fields reduces
to the standard QCD effective action on the Φf-dependent
solution of the EoM for ϕ,

ΓQCD½Φf� ¼ Γ½Φf;ϕ0½Φf��; ð24Þ

for a more detailed discussion see Ref. [7]. Here, we only

note that (24) entails that the correlation functions ΓðnÞ
QCD;Φn

f

are sums of correlation functions of ΓðmÞ
Φn ½Φ� with m ≤ n,

the prefactors being Φf-derivatives of ϕ0½Φf�. Explicit
examples are discussed in [7].
All propagators and vertices, which involve the funda-

mental QCD fields A; c; c̄; q; q̄, are computed on the
solution

ϕ0 ¼ ðσl;0;π ¼ 0; σs;0Þ; ð25Þ

of the equation of motion for ϕ. This solution carries the
information about chiral symmetry breaking and is directly
proportional to the light quark condensate. In turn, the
propagators and vertices of the mesonic emergent field ϕ
are evaluated for all constant mesonic backgrounds. This
incorporates all order mesonic scatterings which is espe-
cially important in the chiral limit and the scaling regime of
phase transitions.

1. Pure glue part

For the discussion of our approximation of the full
momentum dependence, we first retain the full momentum
dependence of the dressings of the tensor structures taken
into account. We restrict ourselves to an approximation
which only includes the leading (classical) tensor structures
of all vertices and allow for general dressings or form
factors for these tensor structures. Then, the approximation
of the pure glue action contains the kinetic term of the
gluon as well as three- and four-gluon vertices with running
vertex factors for the classical tensor structure.
Furthermore, we have the kinetic term of the ghost and
the classical ghost-gluon vertex. For more details, see the
full setup in terms of diagrammatic rules in Appendix C.
All computations are performed in momentum space,

and hence we parametrize the interacting part in momen-
tum space as,

FIG. 1. Diagrammatic depiction of the truncation used in the present work. The arrows indicate the flow of the fermion charge, not the
momentum. The vertices and propagators in the pure glue sector are contained in the orange frame, and the matter sector is split into the
quark-gluon sector, contained in the black frame and the quark-meson sector, contained in the blue frame. All propagators and vertices
involving Φf , are evaluated on the EoM of ϕ, and the purely mesonic correlation functions are computed for all constant fields ϕ. The
diagrammatic rules are provided in Fig. 17 in Appendix A. Note that the mesonic composites ϕ are shown as double lines, i.e., two-
quark composites with opposite arrows. On the equations of motion of ϕ they are related to a series in powers of quark-bilinears. Hence,
two- and higher point functions of the composites ϕ translate to four- and higher-order multiquark scatterings, as indicated in the quark-
meson sector depiction.
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Γglue;k½A;c; c̄� ¼
1

2

XZ
p

Aa
μðpÞp2

�
ZAðpÞΠ⊥

μνðpÞþ
1

ξ
Zk
AðpÞΠk

μνðpÞ
�
Aa
νð−pÞþ

1

3!

XZ
p1;p2

λA3ðp1;p2Þ½T ð1Þ
A3 ðp1;p2Þ�a1a2a3μ1μ2μ3

Y3
i¼1

Aai
μiðpiÞ

þ 1

4!

XZ
p1;p2;p3

λA4ðp1;p2;p3Þ½T ð1Þ
A4 ðp1;p2;p3Þ�a1a2a3a4μ1μ2μ3μ4

Y4
i¼1

Aai
μiðpiÞþ

XZ
p

ZcðpÞc̄aðpÞp2δabcbð−pÞ

þ
XZ
p1;p2

λcc̄Aðp1;p2Þ½T ð1Þ
cc̄Aðp1;p2Þ�a1a2a3μ c̄a2ðp2Þca1ðp1ÞAa3

μ ð−ðp1þp2ÞÞ; ð26Þ

with the transversal and longitudinal projection operators
Π⊥ðpÞ;ΠkðpÞ, defined in (C13), as well as the respective
dressings ZAðpÞ of the transverse gluon two point function

and Zk
AðpÞ of the longitudinal one.

At finite temperature T, the temporal integration is
running from 0 to 1=T. In momentum space this leads
to sums over Matsubara frequencies,

Z
x
¼

Z
1=T

0

dx0

Z
d3x;

XZ
p

¼ T
X
n

Z
d3p
ð2πÞ3 ; ð27Þ

with p0 ¼ 2πTn for gauge fields and ghosts. However, in
this work we consider QCD only in the vacuum and thus all
Matsubara sums reduce to integrals of p0 from −∞ to ∞.
The tensor structures T ð1Þ

An in (26) are the classical tensor
structures of the Yang-Mills action in

T ð1Þ
An ¼ ½SA þ Sgf �ðnÞAn ; T ð1Þ

cc̄An ¼ ½Sgh�ðnþ2Þ
cc̄An ; ð28Þ

evaluated at g ¼ 1 and A; c; c̄ ¼ 0.
Equation (26) is a rather sophisticated approximation to

the glue sector of QCD. However, while it carries the full
momentum dependences of dressings of the classical,
primitively divergent tensor structures, it misses the non-
classical ones: A basis of tensor structures for the three-
gluon vertex contains eight transverse tensors, for the four-
gluon vertex a basis contains 41 transverse tensors, see,
e.g., [51].
Finally, the ghost-gluon vertex accommodates a further

longitudinal tensor structure. Note that longitudinal tensor
structures do not contribute to the closed dynamical system
of transverse propagators and vertices in the Landau gauge,
but are potentially relevant for the dynamical generation of
the mass gap. This has been discussed thoroughly in the
literature, see in particular [20,52–58]. For a detailed
discussion of the momentum dependences and computa-
tions in pure glue and Nf ¼ 2 flavor QCD, including also
further tensor structures, see Refs. [20,21].
The dressings Z, λ in (26) are related by Slavnov-Taylor

identities (STIs) and allow also for the definition of
different avatars of the momentum-dependent running
coupling. To that end, we evaluate the dressings at the

symmetric point and divide by the appropriate powers of
the wave functions,

gA3ðp̄Þ ¼ λA3ðp̄Þ
Z3=2
A ðp̄Þ

; gA4ðp̄Þ ¼ λA4ðp̄Þ
Z2
Aðp̄Þ

; ð29aÞ

where p̄ is a symmetric point configuration for the three-
point vertex and the four-point vertex [for a definition,
see (D2)]. The avatar of the strong running coupling from
the ghost-gluon vertex follows as

gcc̄Aðp̄Þ ¼
λcc̄Aðp̄Þ

Z1=2
A ðp̄ÞZcðp̄Þ

: ð29bÞ

The running couplings in (29) are renormalization group
invariant, while the vertex dressings are not. Both dressings
and couplings are k-dependent and the k-dependence of the
running couplings is related, but not identical, to their
p̄-dependence. The conversion of the RG-variant dressings
and wave functions into RG-invariant running couplings is
an example of a more general structure, which allows us to
define RG-invariant vertex dressings. This will be dis-
cussed and utilized for a manifestly RG-invariant expansion
scheme in Sec. II D.
Here, we proceed with a discussion of the asymptotic

behavior of the couplings. For asymptotically large
momenta and a vanishing cutoff scale, the pure glue
couplings agree,

giðpÞ ¼ gsðpÞ þOiðg3sÞ; for
p2

Λ2
QCD

≫ 1; ð30Þ

with i ¼ A3; A4; cc̄A. Here, Oi captures higher order terms
that vanish with gi → 0 and gsðpÞ is the unique renormal-
ized coupling at large p. Equation (30) follows from
quantum gauge invariance, as comprised by the Slavnov-
Taylor identities. It also reflects the two-loop universality of
the running coupling. Note that the latter only applies
to the RG-running of the coupling in mass-independent
RG-schemes and does not extend to the full momentum
dependence. An example for the latter statement is the
Taylor coupling, which can be constructed from the
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dressings of ghost and gluon propagators in the Landau
gauge,

gTðpÞ ¼
gs

Z1=2
A ðpÞZcðpÞ

; ð31Þ

where gs is the renormalized coupling at some large,
perturbative momentum scale, see, e.g., [59,60]. It has
the same perturbative RG-running as the other avatars gi in
(30) and differs from the ghost-gluon coupling only by the
dressing of the ghost-gluon vertex,

gcc̄AðpÞ ¼ gTðpÞλcc̄AðpÞ: ð32Þ

The identical RG-running of the left and right hand side
originates in the nonrenormalization theorem for the ghost-
gluon vertex in the Landau gauge, μ∂μλcc̄AðpÞ ¼ 0.
Evidently, the momentum dependence differs by that of
the vertex dressing, λcc̄AðpÞ. It is also worth noting that the
RG-running of all avatars of the strong coupling in (30)
agrees in all renormalization group (RG) schemes at one
loop, while it only persists at two-loop for mass-indepen-
dent RG-schemes. With the infrared momentum cutoffs
used in the present fRG approach, the underlying RG-
scheme is mass-dependent and thus leads to modified
Slavnov-Taylor identities at finite k.
In turn, for small momenta, p=ΛQCD ≲ 1, the

couplings do not agree anymore. Indeed, they differ
significantly: the respective Slavnov-Taylor identities
(STIs) depend on scattering kernels which are trivial in
the perturbative regime, but grow large in the infrared. For
an overview of the resulting vertex expansion, see, e.g.,
Appendix C, for related literature in functional approaches
to Yang-Mills theory and QCD (fRG and DSE) see
Refs. [17,20,21,30,61–64]. For further discussions of
gauge consistency as carried by the STIs in the present
approach see Secs. III B and III D 3.
In the approximation used in the current work, we shall

use the relation between the k-running and the p̄-running
to approximate the couplings (29) by their counterparts at
p̄ ¼ 0 in the loop diagrams: this approximation is based on
the fact that the loop momenta q in the fRG approach are
restricted to q2 ≲ k2 and the p̄ dependence of the couplings
for these loop momenta is subleading. This approximation
is well-tested in comparison to full results, see in particular
[17,20,21]. Hence, we use the approximation

gi;kðp2 ≲ k2Þ ≈ gi;kð0Þ; with i ¼ A3; A4; cc̄A: ð33Þ

see also Sec. III B. This concludes our discussion of the
approximation in the pure glue sector.

2. Matter part

The discussion of the pure glue part in the last section
already illustrated the occurrence of RG-invariant building

blocks in the effective action. We use this pattern again for
the expansion of the matter part of the effective action. As
in pure glue part, we restrict ourselves to couplings in the
limit of a vanishing symmetric point configuration p̄ → 0
as used for the couplings in (33). This leads us to

Γmat;k½Φ� ¼
Z
x

�
q̄ZqðγμDμ − γ0μqÞq

− λqðρÞ½ðq̄Zqτ
0qÞ2 þ ðq̄ZqτqÞ2�

þ q̄½ZqZ
1=2
ϕ hϕðρÞϕiτi�q

þ 1

2
ðZ1=2

ϕ ∂μϕÞ2 þ VðρÞ

−
1

4
trcϕ · ðZ1=2

ϕ ϕÞ
�
; ð34Þ

with the superfield (22), the mesonic composites (18)
(Nf ¼ 2) or (20) (Nf ¼ 2þ 1), the quark chemical poten-
tial μq. In our present approximation, σs is the only mesonic
composite with strangeness, and ρ contains the two chiral
invariants

ρ ¼ ðρl; ρsÞ; with ρl ¼
σ2l þ π2

2
; ρs ¼

σ2s
2
: ð35Þ

The four-quark terms in the second line of (34) include the
two-flavor scalar and pseudoscalar channels as well as the
scalar strange channel, see (20b), and we use a uniform
coupling λq for u, d, s. The quark flavors are split into the
two light flavors l and the heavy ones,

q ¼ ðl; s; c; b; tÞ; with l ¼ ðu; dÞ; ð36Þ

using a isospin-symmetric approximation. Furthermore, we
restrict ourselves to a flavor diagonal matrix of Yukawa
couplings hϕðρÞ,

hϕ ¼ diagðhqiÞ; hu ¼ hd ¼ hl; ð37Þ

with isospin symmetry. The matrices of the quark and
meson wave functions Zq and Zϕ are diagonal,

Zq ¼ diagðZqiÞ; Zϕ ¼ diagðZϕl
; Zϕl

; Zϕs
Þ; ð38Þ

with the isospin-symmetric choice Zu ¼ Zd ¼ Zl and a
separate Zs for the strange quark. From now on we restrict
ourselves to the 2þ 1 flavor case, dropping the heavy
quarks ðc; b; tÞ. We have also computed results in two-
flavor QCD, and the respective results Appendix I. In our
current approximation to 2þ 1 flavor QCD, the Yukawa
term in the third line of (34) reads�

Zlhll̄Z
1=2
ϕl

½τ02σl þ τ · π�lþ 1ffiffiffi
2

p Zshss̄Z
1=2
ϕs

σss

�
: ð39Þ
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The different normalizations of the light and strange quark
term arise from the rotation (19) between the octet basis and
the σl, σs basis, and the wave functions and Yukawa
couplings depend on ρ. The constituent quark masses
follow from (39) in terms of the light and strange quark
condensates,

ml ¼
1

2
hlðZ1=2

ϕl
σlÞ; ms ¼

1ffiffiffi
2

p hsðZ1=2
ϕs

σsÞ: ð40Þ

As mentioned above, in the present work we do not include
the full infrared dynamics of the strange sector: the infrared
dynamics of QCD is dominated by the pions, and strange
composites are too heavy to contribute below the chiral
symmetry breaking cutoff scale kχ ≈ 400 MeV, see (155)
and the discussion in Sec. IV C.
The expectation values of σl, σs are computed from the

cutoff-dependent full mesonic effective potential VðρÞ in
(34), which depends on the two chiral invariants ρl, ρs, see
(25). The respective equations of motion are given by

∂VðρÞ
∂σl

¼ Z1=2
ϕl

cσl ;
∂VðρÞ
∂σs

¼ Z1=2
ϕs

cσs ; ð41Þ

where we have used that the explicit breaking term in the
last line of (34) reads explicitly

1

4
tr cϕ · ðZ1=2

ϕ ϕÞ ¼ cσlZ
1=2
ϕl

σl þ
1ffiffiffi
2

p cσsZ
1=2
ϕs

σs; ð42Þ

where the trace tr is the flavor and Dirac trace and the
prefactor factor 1=4 normalizes the Dirac part of the trace.
The matrix cϕ in the breaking term is given by

cϕ ¼ diagðcσl ; cσl ; cσsÞ: ð43Þ

The invariants ρl, ρs can be constructed from the natural
singlet-octet basis in three-flavor QCD discussed in
Sec. II B, see also [7,38–43]. Equation (19) and full flavor
symmetry in the UV imply a symmetric mass term and
identical wave functions Zϕl

¼ Zϕs
¼ Zϕ. Hence, in the

ultraviolet we obtain for the mesonic mass term contained
in VðρÞ,

1

2
Zϕm2

ϕðσ20 þ σ28Þ ¼ Zϕm2
ϕðρl þ ρsÞ: ð44Þ

with the RG-invariant mass function m2
ϕ. We emphasize

that the full mesonic effective potential VðϕÞ depends on
the three SU(3) flavor invariants

ðρl þ ρsÞ;
1

24
ðρl − 2ρsÞ; ρl

ffiffiffiffiffi
ρs

p
; ð45Þ

represented in (45) as functions of the scalar condensate ρl
and the strange condensate ρs, for a thorough discussion

see Ref. [37]. However, the by far dominant ultraviolet
contributions to the full effective potential VðρÞ stem from
the quark loop. With the Yukawa term (39), the quark loop
contribution is a sum of contributions from the different
quark flavors and the effective potential reduces to a sum of
a potential for the light quark condensate and the same
potential for the strange quark condensate. Moreover, the
quantum corrections to the Yukawa couplings hl, hs are
only functions of the light condensate ρl and the strange
condensate ρs respectively, which sustains the sum property
of the potential.
The lowest order term in the effective potential is given

by (44). In turn, in the infrared regimewith chiral symmetry
breaking the strange dynamics is decoupled due to the large
strange current quark mass: the strange part of the effective
potential stops running and the light meson part is only fed
by its own fluctuations. In conclusion, for the chiral
dynamics in the scalar-pseudoscalar sector the potential
VðρÞ is well approximated by a sum of potentials for ρl and
ρs respectively,

VðρÞ ≈ VlðρlÞ þ VsðρsÞ: ð46Þ

The strange part Vs simply lacks the nontrivial chiral
dynamics of the scalar-pseudoscalar sector in the infrared,
and only drives the strange condensate from its small value
in the ultraviolet to its infrared value. This suffices for the
quantitative access to the scalar-pseudoscalar dynamics, but
does not allow us to evaluate the dynamics of anomalous
axial symmetry breaking. The present approximation sim-
ply implements maximal UAð1Þ breaking and neglects the
topological instanton-induced contributions to the flow, see
Ref. [65]. The inclusion of the latter is important for a
description of the restoration of chiral symmetry within the
thermal phase transition, see Ref. [66], and will be studied
in the forthcoming work.
In practice, the above discussion entails that we only

need the relation between the physical expectation values
(at k ¼ 0) of the sigma mode σl;0 and the strange scalar
σs;0ðσl;0Þ. This relation involves the physical Yukawa
coupling at vanishing momentum and the difference of
the light and strange constituent quark masses,

Δmsl ¼ ms −ml: ð47Þ

Using the definition (40), we obtain the relation

Z1=2
ϕs

σs;0 ¼
1ffiffiffi
2

p Z1=2
ϕ σl;0 þ

ffiffiffi
2

p

hϕ
Δmsl: ð48Þ

In the infrared, the mass difference Δmsl is determined by
the ratio of kaon and pion decay constants and can be used
to determine cσs . This is tantamount to fixing the strange
current quark mass. This will be explained in Sec. III C 4,
see in particular (115). In the ultraviolet the mass difference
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is significantly reduced. However, its running is irrelevant
due to the large (chiral) cutoff mass and we will simply
keep the infrared value for all cutoff scales. We have
checked its irrelevance explicitly, see Sec. III C 4.
Finally, we note that at finite temperature, the integral in

(34) is given in (27), and the Matsubara frequencies for the
different species of fields are given by

A;c;c̄;ϕ∶p0¼2πTn; q;q̄∶p0¼2πT

�
nþ1

2

�
: ð49Þ

In the present work we concentrate on the vacuum case
with T ¼ 0 and thus the Matsubara sum reduces to a p0-
integral from −∞ to ∞.

3. Momentum dependences in the matter part

We proceed by sketching the derivation of (34) from
fully momentum-dependent expressions, similarly to
Sec. II C 1 on the pure glue part of the effective action.
We do this at the example of the quark-gluon dressing λð1Þqq̄A
of the classical tensor structure

T a
μ ¼ iγμTa; ð50Þ

which originates in the Dirac term in (34). If we consider its
full momentum dependence, the quark-gluon term reads

−
XZ
p1;p2

λð1Þqq̄Aðp1; p2Þ½q̄ðp1ÞT a
μqðp2Þ�Aa

μð−p1 − p2Þ: ð51Þ

Then, the coupling is defined at the symmetric point
analogously to the other avatars of the strong couplings
(29a) and (29b),

gqq̄Aðp̄Þ ¼
λð1Þqq̄Aðp̄Þ

Z1=2
q ðp̄ÞZqðp̄Þ

: ð52Þ

We now extend (33) to i ¼ qq̄A, resulting in a momentum-
independent, but cutoff-dependent quark-gluon coupling.
The same procedure is applied to the dressings of the four-
quark term and the quark-meson term, and we are left with
the cutoff-dependent couplings

gqq̄A ¼ ðgll̄A; gss̄AÞ; λqðρÞ; hϕðρÞ: ð53Þ

Within the present scheme, we may also consider the ρ-
dependence of gqq̄A as well as that of the other avatars of the
strong coupling. The computational setup described in
Sec. V allows for this in a straightforward way, however
it increases the computational costs and overall complexity.
In the present work we refrain from adding this layer of
complexity, and even reduce the ρ-dependence further.
Instead of accommodating the full ρ-dependence we
evaluate the couplings on the solution of the equation of

motion ρ0. Accordingly, we consider the couplings

giðρ0Þ; λqðρ0Þ; hϕðρ0Þ; ð54Þ

with ρ0 ¼ ϕ2
0=2 and i ¼ cc̄A; A3; A4; ll̄A; ss̄A. Moreover,

the wave functions will also be evaluated on the back-
ground ρ0, whereas the masses are extracted from the full
potential VðρÞ at ρ0. Note however, that the wave functions
in (34) still carry the momentum dependence of the
attached fields. We elucidate this at the example of the
bilinear term of the quarks. A parametrization of the full
bilinear is given by

XZ
p

ZqðpÞq̄ð−pÞ½i=pþMqðpÞ�qðpÞ; ð55Þ

with the quark wave function ZqðpÞ, the dressing of the
Dirac term, and the quark mass function MqðpÞ, The latter
is the renormalization group invariant part of the full
dressing ZqðpÞMqðpÞ of the scalar term. Both scalar
dressing functions also carry field-dependences, in particu-
lar of the mesonic composites ϕ. In the present approxi-
mation we will drop the momentum dependence of the
quark mass function within loops and use

MlðpÞ ≈Mlð0Þ ¼
1

2
hlðZ1=2

ϕ σl;0Þ;

MsðpÞ ≈Msð0Þ ¼
1ffiffiffi
2

p hsðZ1=2
ϕs

σs;0Þ; ð56Þ

where we suppressed the ρ-dependence of the wave
functions and the Yukawa couplings. Equation (56) entails
that we identifyMqðpÞwith the cutoff-dependent and field-
dependent mass functions (40). Furthermore, we evaluate
(40) on the solutions of the cutoff-dependent equations of
motion for σl and σs with the approximation

hϕðρÞ ≈ hϕðρ0Þ: ð57Þ

This approximation has also been used in [7] and its
accuracy is corroborated with a comparison to the ρ-
dependent results in [17–19,21]. The cutoff dependence
of σl;0; σs;0 captures qualitatively the momentum depend-
ence of the mass function. This is sufficient in order to
obtain quantitative results for the couplings and observ-
ables considered here, for a more detailed discussion see
Sec. V. We provide further support for these considerations
by also computing the full momentum dependence of
MqðpÞ on the solution of the truncated system. We shall
see that it compares well with the full result, see Fig. 16.
While the momentum-dependent mass function is

approximated with (56), the Dirac term still carries the
full momentum dependence,
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Z
x
Zqq̄=∂q ¼

XZ
p

ZqðpÞq̄ð−pÞi=pqðpÞ: ð58Þ

Similarly, the scalar part of the four-quark term is given by

Z
x
λqðρÞZ2

qðq̄τ0qÞ2 ¼
XZ

p1;p2;p3

λqðρÞ
�Y4
i¼1

Z1=2
q ðpiÞ

�

× q̄ðp1Þτ0qðp2Þq̄ðp3Þτ0qðp4Þ; ð59Þ

with p4 ¼ −ðp1 þ p2 þ p3Þ.
In contrast to the functional QCD computations done so

far, we take into account the full mesonic effective potential
VðρÞ, which comprises all orders of mesonic self-scatter-
ings. This is a significant extension of the approximations
used so far, and the full effective action, and hence also the
full effective potential, carries chiral symmetry as the
breaking is solely encoded in the linear breaking term.
The resulting generalized flow equation, introduced

in (73), is manifestly chirally invariant due to the shift
in the zero mode first considered in [7], and the effective
mesonic potential can only depend on the chiral invariant ρ
defined in (35).
Lastly, we consider the fully momentum-dependent

wave functions of quarks and mesons Zq and Zϕ, which
are evaluated for constant mesonic fields ρ, but not fully fed
back into the flow, see Sec. III C 1. In our approximation
we assume a very weak ρ-dependence of the mesonic wave
function, ∂ρZϕðρÞ ≈ 0. This is supported by results in the
first order of the derivative expansion with ZϕðρÞ and we
use the wave functions on the physical point ρ0,

ZϕðρÞ ≈ Zϕðρ0Þ: ð60Þ

In this approximation, we have in particular
Zπ ¼ Zσl ¼ Zϕl

. In the ultraviolet, we also have
Zϕs

¼ Zϕl
, but they differ in the infrared. The higher

derivatives of the wave function would account for
momentum-dependent mesonic self-scatterings. We drop
them in this calculation, since these momentum-dependent
scatterings are heavily suppressed at low energy scales and
higher-order mesonic dynamics with and without momen-
tum dependence are even more suppressed at high energies.

D. RG-invariant expansion scheme

The systematic expansion scheme of the present setup
relies on a vertex expansion in terms of the n-point
correlation functions Γkðp1;…; pnÞ, where we also parti-
ally use an average momentum approximation (p2 ≈ k2).
The scheme is completed by the inclusion of multiscatter-
ings of resonant interaction channels, represented by
emergent composites: these multiscatterings event are
included in terms of an effective potential of the composite,
i.e., they are rewritten as self-interactions of the composite.

We consider the mesonic composite ϕ with the effective
potential VðρÞ and ρ-dependent couplings and wave
functions. Such an expansion scheme, and in particular
the average momentum approximation, is optimized by
parametrizing the effective action in terms of renormaliza-
tion group (RG) invariant n-point functions,

Γ̄ðnÞ
k;Φa1

���Φan
ðp1;…; pnÞ ¼

ΓðnÞ
k;Φa1

���Φan
ðp1;…; pnÞQ

n
i¼1 Z

1=2
Φai

ðpiÞ
: ð61Þ

The vertex dressings of the RG-invariant vertices Γ̄ðnÞ

follow directly from the dressings of ΓðnÞ in (23c). We
readily obtain

Γ̄ðnÞ
Φn ðp1;…; pnÞ ¼

XNΦn

i¼1

λ̄ðiÞΦnðp1;…; pnÞT ðiÞ
Φnðp1;…; pnÞ;

ð62Þ

with

λ̄ðiÞΦnðp1;…; pnÞ ¼
λðiÞΦnðp1;…; pnÞQ

n
i¼1 Z

1=2
Φai

ðpiÞ
: ð63Þ

The vertices Γ̄ðnÞ defined in (61), are RG-invariant but not
k-independent: We start with the underlying homogeneous
renormalization group equation for the scale-dependent
effective action Γk with the RG-scale μ

μ
dΓk

dμ
¼ 0 ⟶

�
μ
d
dμ

þ 1

2

X
i

ηðμÞΦai

�
ΓðnÞ
k;Φa1

���Φan
¼ 0; ð64Þ

with

ηðμÞΦa
¼ −μ

d logZΦa
ðpÞ

dμ
; ð65Þ

as discussed in [46]. It follows readily from (64) and (65)

that the vertices Γ̄ðnÞ and the dressings λ̄ðiÞΦn are RG-invariant,

μ
d
dμ

Γ̄ðnÞ
k;Φa1

���Φan
¼ 0 ¼ μ

d
dμ

λ̄ðiÞΦa1
���Φan

: ð66Þ

In summary, a reparametrization of the effective action in
terms of RG-invariant vertices and field constitutes a
manifestly RG-invariant expansion scheme that captures
the scaling-properties of the theory at each approximation
order. Moreover, the momentum-dependences in the
denominator take care of exceptional momentum depend-
ences and the Γ̄ðnÞ typically have a milder angular and
momentum dependence. This has been confirmed both in
QCD, [17,21,67] as well as in quantum gravity [68].
Accordingly, expansion schemes with a reduced
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momentum dependence typically show a better conver-
gence in terms of a parametrization in Γ̄ðnÞ.
Therefore, we use the reparametrization of the effective

action (21) in terms of the RG-invariant vertices, using the
transformation

ΦaðpÞ → Z1=2
Φa

ðpÞΦaðpÞ; ð67Þ

where the transformed superfield Φ has absorbed the wave
functions of all component fields. After this transformation,
(34) reads

Γk½Φ� ¼ Γglue;k½A; c̄; c� þ
Z
x

�
q̄ðγμDμ − γ0μqÞq

− λqðρÞ½ðq̄τ0qÞ2 þ ðq̄τqÞ2�

þ q̄½hϕðρÞϕiτi�qþ 1

2
ð∂μϕÞ2

þ VðρÞ − cσlσl −
1ffiffiffi
2

p cσsσs

�
; ð68Þ

with

q̄½hϕðρÞϕiτi�q ¼ hll̄½τ02σl þ τ · π�lþ 1ffiffiffi
2

p hss̄σss; ð69Þ

with hl ¼ hlðρÞ and hs ¼ hsðρÞ. We will discuss the
consequences of this reparametrization for the flow equa-
tion in the next section. The new component fields Φa are
RG-invariant but cutoff-dependent,

μ
dΦa

dμ
¼ 0; ∂tΦaðpÞ ¼ −

1

2
ηΦa

ðpÞΦaðpÞ; ð70Þ

with

ηΦa
ðpÞ ¼ −∂t logZΦa

ðpÞ; ð71Þ

not to be confused with the ηðμÞ’s in (65) that are the
anomalous dimensions counting the anomalous μ-scaling.
For the sake of a concise representation we provide

explicit expressions for all propagators and vertices
in the approximation (34) with the RG-variant fields in
Appendix C. These expression have the wave functions
already removed in the sense of our RG-invariant scheme,
but are easily restored as multiplicative factors, if necessary.

III. FUNCTIONAL FLOWS IN QCD

In the present section we discuss the functional renorm-
alization group approach to QCD based on the general
functional flow equation (73). This is discussed in
Sec. III A, followed by a brief review of modified sym-
metry identities and their use in the fRG approach with
momentum-dependent regulators in Sec. III B.

As already prepared in the previous sections, the QCD
effective action is expanded in propagators and scattering
vertices of gluons, ghosts and quarks, but also includes
propagators and scattering vertices of emergent dynamical
degrees of freedom for pions and σ-mode ϕl ¼ ðσl;πÞ and
well as the strange condensate σs, see Sec. II B. These
composite fields are introduced with the emergent
composite fRG approach, which is also called dynamical
hadronization in QCD. This is detailed in Sec. III C.
In the following we derive and discuss the flows of

vertices and propagators in all subsectors of QCD, the
projection procedures for obtaining these flow equations
from the functional flow (73) of the effective action are
summarized in full detail in Appendix D.

A. Generalized flows in QCD

In the fRG approach to QCD, the path integral of gauge-
fixed QCD is augmented with an infrared cutoff term that
suppresses quantum fluctuations with momentum scales
p2 ≲ k2 for a given infrared cutoff scale k. This infrared
suppression is implemented with an additional bilinear term
ΔSk½Φ� in the classical action in the path integral with

ΔSk½Φ� ¼ 1

2

XZ
p

Φið−pÞRij
k ðpÞΦjðpÞ; ð72Þ

and the block-diagonal regulator matrix Rk is specified in
Appendix E.
The flow equation entails, how the effective action

evolves, if the cutoff scale is lowered successively. The
input is the QCD effective action Γk¼ΛUV

½Φ� at an initial
high energy scale ΛUV ≫ ΛQCD in the perturbative, asymp-
totically free regime with weakly interacting quarks and
gluons, where all the propagators and vertex dressings tend
toward their trivial UV forms: only the UV-relevant
dressings show a perturbative scale- and momentum-
dependence. A typical initial cutoff scale ΛUV is in the
range ΛUV ∈ ð10; 102Þ GeV. For scales k≲ 5 GeV, QCD
gets increasingly nonperturbative and enters the strongly
correlated infrared regime with confinement and chiral
symmetry breaking. In this regime, the degrees of freedom
decouple successively, starting with the gluons at
k ≈ 1 GeV, the light and strange quarks and the σ-mode
at k ≈ 0.3–0.5 GeV and finally the pions at k ≈ 0.1 GeV.
This has the important consequence that low-energy

effective theories (LEFTs) of QCD can be systematically
embedded in full QCD (QCD-assisted LEFTs), as the
ultraviolet classical action with the physical cutoff scale
ΛLEFT of typically ΛLEFT ≈ 0.5–1 GeV is directly related to
the effective action of QCD at this scale. A prominent
example is chiral perturbation theory: it emerges as the final
LEFT in the deep infrared and is ruled by the off-shell pion
dynamics.
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In the presence of sources for the emergent composites,
the functional flow equation for the effective action takes
the form, [7,46,69],

∂tΓk½Φ� þ Φ̇a

�
δΓk½Φ�
δΦa

þ cσiδaσi

�
¼ Flow½Φ�; ð73aÞ

with i ¼ l, s and ðσiÞ ¼ ðσl; σsÞ. The diagrammatic part
Flow½Φ� in (73a) is given by

Flow½Φ� ¼ 1

2
Gac½Φ�

�
∂tδ

c
b þ

δΦ̇b

δΦc

�
Rab; ð73bÞ

see Fig. 2. In (73a), the parameter t ¼ lnðk=ΛUVÞ is the
RG-time and the propagator is given by

Gk½Φ� ¼ 1

Γð2Þ
k ½Φ� þ Rk

; Gab ¼ ðGk½Φ�ÞΦaΦb
: ð73cÞ

In (73) we have used DeWitt’s condensed notation for a
concise form of the rather long explicit impressions, for
more details see Appendix C 1. The superindices a; b; c;…
now also include space-time or momentum arguments and
a contraction of indices also accommodates the respective
integrations or Matsubara sums at finite temperature.
Note that the t-derivative of the effective action is taken

at fixed Φ, ∂tΦ ¼ 0, for both the RG-variant and the
RG-invariant fields discussed in Sec. II D and (73) holds
true for both effective actions. The t-scaling of the
RG-invariant fields is encoded in the second term on the
left hand side of (73a): for the RG-invariant field we find

Φ̇ ¼ ϕ̇ −
1

2
ηΦΦ; ð74Þ

while the η-part is missing for the RG-variant fields.
Moreover, the −η term from δΦ̇=δΦ in the last and ∂tR
in the penultimate term in (73b) combine to the common
ð∂t − ηÞR̄ term obtained from a rescaling

RΦa →
1

Z
RΦa : ð75Þ

This connects the regulators of the RG-variant and
RG-invariant fields. In summary, the generalized flow
(73) is manifestly invariant under rescalings.

This argument can also be turned around and we simply
choose ηΦ such that

∂tZ̄ΦðpÞ≡ 0: ð76Þ

Equation (76) implies that ηΦðpÞ accommodates for the
nontrivial momentum and cutoff scale dependence of the
kinetic term. Within such a setup, the correlation functions
ΓðnÞ of the effective action are straight away the RG-
invariant ones in (61), as the wave functions are trivial.
For the numerical solution of the flow equation (73), the

effective action is expanded in n-point correlation functions
of the fundamental fields A; c; c̄; qq̄, complemented with a
derivative expansion in p2=Λ2

QCD of the dynamics of the
emergent mesonic field ϕ ¼ ðσ;πÞ. In summary, flows for
n-point correlation functions take the structural form

�
∂t −

1

2

Xn
i¼1

ηΦai
ðpiÞ

�
ΓðnÞ
k;Φa1

���Φan
ðp1;…; pnÞ

−
1

2
ηΦa0

ðp0ÞΦa0ðp0ÞΓðnþ1Þ
k;Φa0

���;…;Φan
ðp0;…; pnÞ

¼ FlowðnÞ
Φa1

���Φan
ðp1;…; pnÞ; ð77Þ

where the right-hand side constitutes the nth Φ-derivative
of (73b), depicted in Fig. 2. The notation for Φ-derivatives
is defined in (C9) in Appendix C. In (77) we have dropped
the dependence of the n-point functions ΓðnÞ on the
constant mesonic background ϕ. We shall use (77) in order
to project out the flows of the RG-invariant vertex dressings
within our approximation of the effective action, (68) with
(26). We also note that (73) is completely cσ-independent,
which is ensured by the subtraction in the second term on
the left-hand side, discussed for the first time in [7]. In
Fig. 2 we depict the diagrammatic representation of the
diagrammatic part of the flow, (73b), with the diagrammatic
notation explained in Fig. 17.

B. Gauge consistency in a nutshell

In gauge-fixed functional approaches to QCD, the
underlying physical gauge invariance is encoded in
Slavnov-Taylor (STIs) and Ward-Takahashi identities
(WTIs) of the correlation functions, which have to be
gauge-consistent. In the presence of a momentum cutoff
these symmetry identities are modified, leading to modified
STIs and WTIs (mSTIs, mWTIs). These modifications are
local in momentum space and, importantly, vanish in the
physical limit k → 0. The locality of the modifications in
momentum space is important as it entails that they do not
introduce relevant operators into the gauge theory which
would change its physical content. Consequently, the RG-
scale dependent quantities flow smoothly into gauge-
consistent description of QCD at k ¼ 0.

FIG. 2. Flow equation (73) of the effective action (21) with
ϕ̇ ¼ 0. A detailed account of the diagrammatic notation is given
in Fig. 17, the truncation used in the present work is depicted
in Fig. 1.
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The consequences and technical implementations of
these modified symmetry identities and the control of
the physical limit has been studied at length in the
literature, for early seminal works see Refs. [70–73]. For
a rather comprehensive cover of the literature see
Ref. [1]. Additionally, a detailed discussion within the
generalized flow equation [46] is provided in the recent
work [74].
For the benefit of the reader we briefly recapitulate some

of the general properties here, as well as highlighting some
results which are specifically important in the present
context. We start this discussion by recalling the BRST
transformations for the classical QCD action (1),

sεA¼ εDc; sεc¼ εigc2; sεc̄¼ εb; sεb¼0; ð78Þ

with δεSYM½Ā;Φ� ¼ 0. Here, b is the Nakanishi-Lautrup
field, introduced via

Sgf ½Ā; b� ¼
Z

ddx

�
−
ξ

2
baba þ bað∂μAμÞa

�
; ð79Þ

where the gauge fixing term Sgf ½A� in (13) is recovered on
the solution of the equation of motion bEoM of the
Nakanishi-Lautrup field: Sgf ½A� ¼ Sgf ½A; bEoM�. With the
inclusion of b, BRST variations are exact δ2ϵ ¼ 0, (79), the
structural complexity of the functional symmetry relations
is reduced. While not necessary, it facilitates the discussion
of the flow of the symmetry identities.
Classical BRST-invariance translates into quantum

BRST-invariance of the full effective action, conveniently
written in terms of the quantum master equation,

δΓ½Ā;Φ�
δQi

δΓ½Ā;Φ�
δΦi

¼ 0: ð80Þ

Equation (80) is obtained by adding BRST-source terms to
the path integral and applying a BRST-variation to the
latter. Here, the Qi are the respective BRST currents of the
fields Φi. As in (73), we have used DeWitt’s condensed
notation for the sake of notational simplicity, and the
indices now also include integrals over space-time, for
more details see Appendix C 1. The BRST master equa-
tion (80) constitutes an additional functional relation in
QCD, whose satisfaction has to be monitored in a given
approximation to functional approaches. In the presence
of the regulator, (80) turns into the modified master
equation,

δΓk

δQi

δΓk

δΦi
¼ RijGjl

δ2Γk½A;Φf�
δΦlδQi ; ð81Þ

see the review [1] and literature therein. Upon derivatives
with respect to the fields, it leads to the mSTIs for
correlation functions. The right-hand side of (81) is

nonvanishing in the presence of momentum cutoff terms
for the fields. We note in passing that contributions from the
composites are only present if colored composites such as
diquarks are considered. In the present work we only
consider colorless pointlike composites, which do not
contribute directly to the modified master equation.
Evidently, for vanishing regulators, R ¼ 0, that is k ¼ 0,

the right hand vanishes identically and the modified master
equation reduces to the standard one in (80). Hence, if this
limit is smooth, we approach full gauge invariant QCD in
the limit k ¼ 0. As mentioned before, the terms on the right
hand side are local in momentum space and do not induce
additional UV-relevant operators to the theory, not present
in the theory at R ¼ 0. Consequently, the limit is smooth
and the present setup constitutes a formulation of first
principles QCD at k ¼ 0. Note also, that it has been shown
for both, DSE and fRG applications, that the satisfaction of
the master equations (80) and (81) in a given approximation
is trivially possible in the Landau gauge, but the required
locality of the solution is not, see, e.g., [20,30], and in
particular [31]. The required locality is readily checked on
the solutions, see also [31]. For a discussion including a
comprehensive list of the literature see the review [1].
We close this discussion with a brief overview on

implementation of gauge consistency in practical appli-
cations. We specifically follow the setup put forward and
used in [17,20–23,31,75], and we also use computational
input from there, the gluon propagator. In the approach
setup in these works, the choice of the initial coupling
parameters, i.e., the gi’s in (33), is uniquely fixed by the
STI (80) at k ¼ 0, up to RG-transformations. With this
procedure one trades the implementation of (81) at each
RG-step for a logarithmic fine-tuning problem for the
couplings gi and wave functions ZΦi

at the initial scale:
these momentum-independent parameters are fixed at the
initial scale k ¼ Λ such that the momentum-dependent
dressings satisfy the respective STIs at k ¼ 0. The
compatibility of this procedure based on fine-tuning at
the initial scale with the implementation at each flow step
has been studied in [31]. The fine-tuning procedure has to
be augmented with the quadratic fine-tuning problem for
the gluon mass parameter m2

A: It has to be adjusted for the
nontrivial infrared scaling that signals the Kugo-Ojima
confinement scenario, for a comprehensive study in Yang-
Mills theory see Refs. [20,31], for its implementation in
QCD with dynamical fermions see Refs. [21,75], for its
implementation within an approximation similar to the
present one see Ref. [76]. In the present work the solution
of the quadratic part of the fine-tuning problem is circum-
vented by using the gluon wave function from previous
quantitative fRG studies.
In summary, the fRG approach to QCD comes with a

practical implementation of the STIs for the physical theory
at k ¼ 0. Its implementation in the present approximation is
discussed further in Sec. III D 3.
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C. Matter sector with emergent composites

Emergent composites are sourced in (73) by the general
RG-transformation or differential reparametrization ϕ̇. This
reparametrization is linked to the expectation value of the
flow of the scale-dependent composite operator ϕ̂k via
ϕ̇ ¼ h∂tϕ̂ki, which we have not specified yet. In fact, it is
not necessary to specify ϕ̂k explicitly, since ϕ̇ can be
defined implicitly in terms of the fundamental (mean)
fields. Its local and global existence is subject to several
constraints, most notably the locality of ϕ̇ in field and
momentum space, for a detailed discussion see the forth-
coming work [77]. In the present ansatz we parametrize ϕ̇
in terms of the bilinear q̄τq

ϕ̇ ¼ Ȧϕq̄τq; ð82Þ

with the dynamical hadronization matrix Ȧϕ. We not in
passing that (82) is both, momentum-local and local in field
space, which guarantees its existence. In the present work
we will use the flavor-symmetric approximation

Ȧϕ ¼ diagðȦl; ȦsÞ; with Ȧl ¼ Ȧs ¼ Ȧk: ð83Þ

With (83) the relation (82) reduces to

ϕ̇ ¼ Ȧkq̄τq; ð84Þ

with a global dynamical hadronization function Ȧk. The
hadronization function Ȧk in (84) is chosen the same for the
light composite ϕl and the strange one, σs, see (83): in the
ultraviolet this identification comes with full flavor sym-
metry. In turn, in the infrared this is an approximation
which is used together with the flavor-symmetric one in the
Yukawa coupling,

hl ¼ hs ¼ hϕ: ð85Þ

Both, (84) and (85) are supported by the mild variation of
hϕ at all scales, see also Fig. 34 in Appendix I, where the k-
dependence of hϕ is shown for both two-flavor and 2þ 1

flavor QCD. The hadronization function is used in
Sec. III C 2 to implement dynamical hadronization, analo-
gously to [7,78]. There, Ȧk has been chosen to transfer the
t-channel of the scalar-pseudoscalar four-quark vertex to
interactions of the effective field ϕ and we perform the
same procedure here.
Equation (84) entails with this diagonal choice for Ȧϕ,

that ϕ has the same quantum numbers as the scalar-
pseudoscalar mesons, and it also supports the interpretation
of ϕ as a scalar-pseudoscalar quark-composite. Note
however that while the flow (84) is linear in q̄τq, the full
emergent composite is not. Indeed, solving the equations of
motion for ϕ leads to a complicated composite in terms of
q̄τq, other quark composites as well as gluons. In any case,

the scalar-pseudoscalar mesonic resonances leave their
trace in the spectrum of ϕ, and it is for this reason that
in particular ϕl ¼ ðσl;πÞ is commonly called σ-mode
and pions.
We have already discussed below (53), that all flows are

evaluated on the solution of the equations of motion of the
mesonic fields,

ffiffiffiffiffiffiffi
2ρi

p
∂ρiVðρÞjρ¼ρ0;k

¼ cσi;k; with i ¼ l; s; ð86aÞ

and we use these equations to compute correlation func-
tions and observables at the physical point. The scale
dependence of the RG-invariant coefficients cσ ¼ ðcσl ; cσsÞ
follows readily from (73),

∂tcσ;k ¼
ηϕl;k

2
cσl;k ∂tcσs;k ¼

ηϕs;k

2
cσs;k; ð86bÞ

where we included the flow of cσs only for the sake of
completeness, and concentrate on cσl from now on.
Equation (86b) simply reflects the rescaling of all quantities
with appropriate powers of thewave functions, underlying the
RG-invariant scheme. In particular, there are no loop con-
tributions in the flowofcσ;k.We emphasize that the expansion
around ρ0 leads to a cσ-dependence to the couplings which is
not present in the full effective action.We also consider flows

on the solution EoMρðχÞ0 ¼ ρðχÞ0 ðcσl ¼ 0Þ in the chiral limit of
2þ 1 flavor QCD with a fixed strange quark mass, cσs ≠ 0.
The respective extension of the results to either the chiral limit
or the physical point serves as a stability check of the present
approximation.
In the following, we briefly discuss some adjustments to

this general setup, which are necessary for the quantitative
evaluation of pole masses Sec. III C 1 as well as the
dynamical hadronization procedure Sec. III C 2.
Explicit projections for the flows of all discussed

parameters are collected in Appendix D. As the expressions
quickly turn very large, the generation of flow equations is
automated and uses software discussed in Sec. VA.
Therefore, we also refrain from showing explicit expres-
sions for the flow equations.

1. Emergent mesons

The current setup includes the full field dependence of the
mesonic potential VðρÞ, which accommodates all orders of
momentum-independent mesonic self-scatterings. Specific
n-point vertices are obtained as the respective nth order
ϕ-derivatives of the potential. An important example are the
mesonic curvature masses, which are given by

m2
π ¼ ∂ρlVlðρlÞ;

m2
σ ¼ ∂ρlVlðρlÞ þ 2ρl∂

2
ρlVðρlÞ: ð87Þ

In the present RG-invariant scheme the full meson two-point
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function takes the form

Γð2Þ
ϕaϕb

¼ p2δab þ ∂ϕa
∂ϕb

VðρÞ; ð88Þ

and the flow of the meson two-point function follows from
(73) with two ϕ-derivatives. For example, the pion flow
reads

∂tm2
π − ηϕl

ðpÞðp2 þm2
πÞ ¼

Flowð2Þ
πiπiðpÞ

N2
f − 1

; ð89Þ

where the right-hand side constitutes the contribution from
the pion derivatives of the loop terms on the right-hand side
in (73) including a sum over all pions i ¼ 1;…; 3.
Equation (89) naturally singles out the pion mass

parameter m2
π as the physical pole mass of the pion:

assuming that ηϕl
has no singularities at p2 ¼ −m2

π , the
evaluation of (89) on this momentum leads to

∂tm2
π ¼

Flowð2Þ
πiπiðp2 ¼ −m2

πÞ
N2

f − 1
: ð90Þ

We emphasize that (90), while being natural, is a choice. In
the present work we work entirely in the Euclidean domain
and refrain from using (90). Instead we define m2

π as the
Euclidean curvature mass at vanishing momentum with

ð∂t − ηϕl
Þm2

π ¼
Flowð2Þ

πiπið0Þ
N2

f − 1
; ηϕl

¼ ηϕl
ðp ¼ 0Þ; ð91Þ

accompanied with a relation for the anomalous dimension,

ηϕl
ðpÞ¼Flowð2Þ

πiπiðpÞ−Flowð2Þ
πiπið0Þ

ðN2
f−1Þp2

−m2
π

ηϕl
ðpÞ−ηϕl

p2
; ð92Þ

or equivalently

ηϕl
ðpÞ ¼ Flowð2Þ

πiπiðpÞ − Flowð2Þ
πiπið0Þ

ðN2
f − 1Þðp2 þm2

πÞ
þ m2

πηϕl

p2 þm2
π
; ð93Þ

where we use the latter expression explicitly for p > 0. For
p ¼ 0, (92) reduces to an equation for ηϕl

¼ ηϕl
ðp ¼ 0Þ

with

ηϕl
¼

�
∂p2Flowð2Þ

πiπiðpÞ
ðN2

f − 1Þ −m2
π∂p2ηϕl

ðpÞ
�
ðp ¼ 0Þ: ð94Þ

We use only cutoff-dependent anomalous dimensions
within the flows but extract the fully momentum-dependent
anomalous dimensions and wave functions on the solu-
tions. Since we compute the flow of vertices at p ¼ 0, it is
tempting to only use ηϕl

in the flow diagrams. Within the

current RG-invariant expansion scheme the wave function
is fully encoded in the anomalous dimension and the
diagrams only contain terms proportional to

ηϕðqÞRϕðqÞ ¼ ðηϕl
ðqÞRϕl

ðqÞ; ηϕs
ðqÞRϕs

ðqÞÞ; ð95Þ

with the loop momentum q2 ≲ k2. In (95) we have only
considered ηϕs

Rϕs
for the sake of completeness, as we do

not consider ϕs-loops in the current work due to their
irrelevance. To optimize the convergence of the expansion
scheme, we evaluate the anomalous dimension at the peak
of the integrands at q2 ≈ k2, hence using

ηϕðqÞRϕðqÞ ≈ ηϕðq ¼ kÞRϕðqÞ; ð96Þ

in the loops. We have checked that alternatively one may
also use ηϕðp ¼ 0Þ, only leading to minor changes.
In a final step we compute the momentum-dependent

anomalous dimensions on the solution with (93). The
t-integral provides us with the wave function at k ¼ 0,

ZϕðpÞ ¼ exp

�
−
Z

0

ΛUV

dk0

k0
ηϕ;k0 ðpÞ

�
; ð97Þ

which includes both the light mesonic composites and the
strange scalar composite with Zϕ ¼ ðZϕl

; Zϕs
Þ. We also

have used Zϕ;ΛUV
ðpÞ ¼ 1. This allows us to determine

the pole mass of the pion via an analytic continuation of the
propagator including the wave function. Moreover, the
comparison with the pion curvature mass provides an error
estimate for the commonly used approximation, where
these are identified.
Finally, we note that one can also use the cutoff-

dependent ηϕ for estimating the full momentum depend-
ence. This is of benefit for applications where (97) is not
computed. Then we may assume

Zϕðp¼ γ1kÞ≈Zϕ;kð0Þ; or Zϕðp¼ γ2kÞ≈Zϕ;kðkÞ; ð98Þ

with slightly different γ1;2 ≈ 1. Similar relations can also be
used for the other fields, and we will specifically consider
them for the quarks in the next section, Sec. III C 3.
Moreover, we put them to work for the gauge field, see
Sec. III D 1 and the respective results for the 2þ 1 flavor
gluon propagator discussed in Sec. VI B.
The first relation in (98) is readily checked with

Zϕ;kð0Þ ¼ exp

�
−
Z

k

ΛUV

dk0

k0
ηϕ;k0

�
; ð99Þ

comparing the outcome with (97). The second relation
requires Zϕ;kðkÞ, which is obtained with
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Zϕ;kðkÞ¼ exp

�
−
Z

k

ΛUV

dk0

k0
ðηϕ;kðkÞ−kð∂pZϕ;kðpÞÞjp¼kÞ

�
:

ð100Þ

The combination of the two terms in the exponent is
−∂t logZϕ;kðkÞ, the second term taking into account the
derivative of the momentum argument p ¼ k.

2. Yukawa interaction

The constituent quark mass is directly linked to the scalar
mesonic fields σ ¼ ðσl; σsÞ, which couples to the quarks
through the Yukawa couplings, see (40) and (56).
Consequently, the flows of the Yukawa couplings are
derived from the quark two-point function, for a detailed
derivation and the full expressions for the flows see
Ref. [7]. Here, we only quote the essential steps in the
derivation within the current approximation.
The generalized flow (73) is projected onto the scalar

part q̄q at vanishing momentum. This contains the flow of
the quark mass ∂tmqðϕÞ ¼ ð∂t log hϕÞmq. Concentrating on
the light quarks and dividing by the factor σl leads to

∂thϕ −
�
1

2
ηϕl;k þ ηl;k

�
hϕ þm2

πȦl;k

¼ −
1

4NcNf

1

σl
tr
h
Flowð2Þ

l̄l

i
; ð101Þ

where we have used hl ¼ hs ¼ hϕ, see (85). Importantly, n
the present flavor-symmetric approximation the flow con-
tains a term proportional to the universal hadronization
function Ȧl;k ¼ Ȧk. The flow on the right-hand side of (101)
stems from a qq̄-derivative of the right-hand side of (73)
and comprises loops with both mesonic and gluonic
interactions.
Similarly, we deduce the flow for the four-quark cou-

plings by projecting onto the quark-bilinear ðq̄τqÞðq̄τqÞ.
We use the flavor symmetric approximation discussed in
the introduction of Sec. III C, which also fits to the choice
of a uniform dressing function λq of the four-quark term
in (34). Its flow is determined from the relevant light quark
sector and we arrive at

∂tλqðρÞ − 2ηqλqðρÞ − Ȧkhl ¼ Flowð4Þ
ðl̄τ2lÞðl̄τ2lÞ: ð102Þ

Now we choose Ȧk such that λq ≡ 0 for all cutoff scales,

Ȧl ¼ −
1

hl
Flowð4Þ

ðq̄τ2qÞðq̄τ2qÞ: ð103Þ

Equation (103) effectively absorbs the flow of the scalar-
pseudoscalar four-quark scattering vertex ðq̄τqÞðq̄τqÞ as
well as higher order scatterings in this channel into
momentum-dependent quark-meson scatterings

hϕGϕðpÞhϕ; ð104Þ

and higher order diagrams generated by the effective
potential VðρÞ and ρ-dependences of the couplings.

3. Quark dressings and gauge consistency

Due to the reparametrization we applied to our fields, we
have absorbed the wave function of the quark into the quark
and antiquark fields. Therefore, the flows only depend on
the anomalous dimension of the quark.
In contradistinction to the anomalous dimension of the

meson it is uniquely defined by the prefactor of the Dirac
term (58) in the effective action. Hence, its flow is obtained
by projecting the functional flow (73) for the effective
action onto the Dirac part of the quark two-point function,
see (D1) in Appendix D. This leads us to

ηqðpÞ ¼
1

4NcNf
tr

�
i=p
p2

Flowð2Þ
q̄q ðpÞ

�
: ð105Þ

We close this discussion with a comment on the gauge
consistency of the quark wave function: Perturbatively, the
quark self-energy diagram in QCD at high k only receives a
logarithmic contribution from the gluon, that is propor-
tional to the gauge-fixing parameter ξ,

ð106Þ

In the Landau gauge this contribution vanishes and the
Dirac term does not require (one-loop) renormalization.
Indeed, the diagram vanishes identically as no momentum-
dependence can be generated in the absence of a reference
scale such as the RG-scale μ. In the presence of an infrared
cutoff scale, the latter argument is not valid anymore and
we expect a deviation from this relation for large cutoff
scales and p ≠ 0. At p ¼ 0 it should still hold as one-loop
universality holds true trivially in the fRG approach.
Indeed, we see that ηqðp ¼ 0Þ obtains no contributions
at perturbative scales k ≫ ΛQCD. As expected, we also
observe that this is not true for ηqðp ≠ 0Þ. We emphasize
that this is not a truncation artefact and holds true in fully
momentum-dependent approximations, see also [17,21].
Therefore, in a fully momentum-dependent setup, the

initial condition for Zq;ΛUV
ðpÞ and other parameters such as

the avatars of the couplings have to be chosen such that the
resulting Zqðp ≫ ΛQCDÞ ¼ 1 at k ¼ 0. Before resolving
the above intricacy of gauge consistency for the quark wave
function we remark that the quark wave function is absent
from the flows in the present RG-invariant scheme, and
during the flow it only occurs implicitly in terms of its
anomalous dimension in the flow of the couplings such as
the quark-gluon avatar of the strong coupling. However, it
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implicitly also impacts the initial condition thereof. The
respective gauge-consistent initial condition and that of the
other avatars is discussed later in Secs. III B and III D 3.
In the quark wave function, we choose an effective

procedure to resolve the intricacy of gauge consistence
directly. We start this discussion with the integrated flow
representation of the wave function,

ZqðpÞ ¼ Zq;ΛUV
ðpÞ exp

�
−
Z

0

ΛUV

dk0

k0
ηq;k0 ðpÞ

�
; ð107Þ

where Zq;ΛUV
ðpÞ is determined by gauge consistency and is

subject to fine tuning. In the present work we resort to an
effective implementation: we start at a large cutoff scale
Λ≳ 20 Grm, where we set Zq;ΛUV

ðpÞ ¼ 1 as a first
approximation. Then, (107) is a simple integral over the
anomalous dimension ηqðpÞ which is not informed by
Zq;ΛUV

ðpÞ. This integral exhibits a logarithmic running at
large k and p, triggered by the additional cutoff scale k. In
the large-k-regime, which is dominated by one-loop effects,
this is a pure cutoff artefact which should be partially
compensated by the initial condition, and is partially
subtracted by the infrared flow. We opt to implement this
in the simplest way and subtract the flow in the one-loop
regime k≳ Λpert with Λpert ≈ 5 GeV, see Fig. 27 in
Appendix J. This wave function is simply obtained by

ZqðpÞ ¼ exp

�
−
Z

0

Λpert

dk0

k0
ηq;k0 ðpÞ

�
: ð108Þ

The resulting wave function (108) for the light quarks is
depicted in Fig. 3 together with the full integral (107) and
the effective correction Zq;k¼5 GeV. Of course, for the
strange sector we use the same procedure.
Similar to the mesonic wave functions, it is also

instructive to compare the full, momentum-dependent wave
function ZqðpÞ with that obtained by the identification in
(98), applied to the quark wave function. The respective

Zq’s are obtained from the integration of the flow and we
find

Zq;kð0Þ ¼ exp

�
−
Z

k

ΛUV

dk0

k0
ηq;k0

�
; ð109Þ

and

Zq;kðkÞ¼ exp

�
−
Z

k

ΛUV

dk0

k0
ðηq;kðkÞ−kð∂pZq;kðpÞÞjp¼kÞ

�
:

ð110Þ

The constituent quark masses at vanishing momentum,
Ml;sð0Þ, are the product of the σ expectation value and the
Yukawa coupling, see (56). The latter flow is extracted
from that of the quark mass function at vanishing momen-
tum, as discussed in Sec. III C 2. The same flow equation
can be evaluated at general momenta to compute the fully
momentum-dependent and σ-dependent quark-mass func-
tions. We note for this purpose that the mass function is
proportional to the cutoff-dependent (and strictly speaking
also momentum-dependent) expectation value σl;0 of the σ-
mode and σs;0 of the scalar strange mode, which is evident
from the approximation used in the flows, (56).
Accordingly, the flow of the mass function MqðpÞ, evalu-
ated on ϕ0 ¼ ðσl;0; σs;0Þ, is only a partial t-derivative. The
difference to the total derivative may be big as σl;0 rises
from σl;0 ≈ 0 to σl;0 ≈ 60 MeV. This argument also applies
to σs;0. Ignoring the additional σ0-dependence of hϕðρ0Þ we
arrive at

∂thϕðpÞ ¼ −
1

8Ncσl
tr½Flowð2Þ

l̄l
�ðpÞ; ð111Þ

where hl ¼ hs ¼ hϕ, see (85). The two mass functions are
obtained by multiplying the result with σl;0=2; σs;0=

ffiffiffi
2

p
at

k ¼ 0. In the present work we compute the mass functions
using (111), and use the regulator dependence as a
systematic error estimate of the result.

4. Inclusion of strange quark

In this section, we finalize the setup of the strange quark
sector, for details on the embedding into our setup, see
Sec. II C 2. The strange current quark mass is encoded in
the parameter cσs in the explicit breaking term in the last
line in (34). A respective observable, that can be used to fix
the current quark mass, is the ratio of pion and kaon decay
constants. The latter decay constants are given by

fπ ∝ σl;0; fK ∝
1

2
σl;0 þ

1ffiffiffi
2

p σs;0; ð112Þ

with the same proportionality constant in the present
approximation. Accordingly, it drops out from the ratio

FIG. 3. Light quark wave function ZlðpÞ, obtained from the
rough approximation (108) to gauge consistency.
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and we arrive at

fK
fπ

≈
1

2
þ 1ffiffiffi

2
p σs;0

σl;0
≈ 1.1917; ð113Þ

where on the right hand side we took the expectation value
computed on the lattice, fK�=fπ� ¼ 1.1917ð37Þ see
Ref. [79]. In the present approximation, the two conden-
sates are connected by

σs;0 ¼
1ffiffiffi
2

p σl;0 þ
ffiffiffi
2

p

hϕ
Δmsl; ð114Þ

valid at k ¼ 0. Here, Δmsl ¼ Msð0Þ −Mlð0Þ, defined in
(47) and (56), is the difference of the strange and light
constituent quark masses at vanishing momentum.
Inserting (114) into (113), leads us to

fK
fπ

≈ 1þ 1

2

Δmsl

ml
¼ 1.1917: ð115Þ

With a value of

Δmsl ¼ 134.19 MeV; ð116Þ

we match the above lattice expectation value for fK=fπ.
This completely fixes the strange quark sector, and hence
the matter sector. The difference Δmsl can also be extracted
directly from the respective values of the constituent
quark masses obtained from lattice simulations. Its value,
Δmlat

sl ≈ 135 MeV sustains its derivation from the ratio of
fπ and fK [80], while not being susceptible to the
approximations in the relation.
In the present work we do not follow the evolution of the

strange condensate as the off-shell fluctuations from the
strange mesonic sector are irrelevant for the QCD dynamics
considered here. Effectively, we only need the strange
condensate in the infrared: the strange constituent quark
mass is directly proportional to the condensate, and leads to
a decoupling of the strange quark contributions in the
infrared. This is well accommodated by fixing the running
value ofΔmsl to its infrared value (116) and use the relation
(114) with this infrared value for all cutoff scales. This
overestimates the strange current quark mass in the ultra-
violet for k ≫ kχ. In this regime the quark mass gap is
dominated by the running cutoff scale and we have

Δmsl

k
≪ 1: ð117Þ

The implications of such an approximation for UV-observ-
ables like the strange current quark mass is discussed in
Appendix B. In short, the effects of this approximation of
the full running are negligible for the system and observ-
ables considered here.

D. Glue sector

For the purely gluonic interactions, we resort to the
efficient expansion scheme that has been setup and used
in [7,18,24]. One key ingredient is the flexibility of
functional approaches, which allows us to use external
results as input. This input can either be obtained from
other functional computations or from lattice results. The
respective systematics is discussed in detail in Sec. IV F.
In short, one can outsource part of the computation

without loss of reliability. The external input comes with its
own systematic and, in the case of lattice results, statistical
error. Consequently, the statistical and systematic errors of
such a mixed approach then depend on the quantitative
precision and statistical and systematic errors of the
external input, as well as the intrinsic systematic error of
the given expansion order of the fRG computation. This
scheme has been extended, tested and used in Dyson-
Schwinger equations in [9,10,81,82] and has been formal-
ized in [83], for related earlier work see also [84–87].
The most straightforward use of external input is to

simply substitute correlation functions in the loops by those
obtained from other computations. In the past decades the
external input often consists of low order lattice correlation
functions, mostly in Yang-Mills theory in the vacuum.
Respective lattice results with a low statistical error in the
continuum limit have been available for roughly two
decades, for their use in functional approaches see the
review [1]. Evidently, if the systematic and statistical errors
of the input are significantly smaller than that of the
approximation used in the computation at hand, one does
not have to consider them in the error analysis.
Furthermore, one can also use the given input as an

expansion point for different internal parameters, e.g., the
number of flavors Nf and the respective quark masses, or
the number of colors Nc. For example, the present work
uses that one can expand input at fixed Nf ¼ 2 and add
corrections for an inclusion of a strange quark to obtain a
setup with Nf ¼ 2þ 1. Similarly, one can also expand
QCD about a given temperature and density of chemical
potential, the canonical choice being all temperatures at a
vanishing chemical potential. Then, correlation functions
for different chemical potentials can be obtained in differ-
ence flows or difference DSEs. Note that difference func-
tional equations can also be used with sliding expansion
points.

1. Gluon and ghost propagators

All explicit computations are carried out in the Landau
gauge,

ξ ¼ 0; ð118Þ

which is also consistent with the external two flavor
input [21]. The scalar part of the ghost and gluon
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propagators, GA ¼ Gs;A; Gc ¼ Gs;c are defined in terms of
the wave functions,

GA;kðpÞ ¼
1

ZA;kðpÞ
1

p2 þ k2rAðp2=k2ÞÞ ;

Gc;kðpÞ ¼
1

Zc;kðpÞ
1

p2 þ k2rxðp2=k2Þ : ð119Þ

Note that we have absorbed the mass gap of the gluon
propagator in the wave function ZAðpÞ, which carries the
complete gluonic dynamics, both the logarithmic scaling in
the ultraviolet and the gluon mass gap, signalled by
1=ZAðp → 0Þ ¼ 0. Indeed, after proper normalization it
is the dressing of the gluon propagator, that enters the loop
integrals,

1

ZAðpÞ
¼ p2GAðpÞ: ð120Þ

Equation (120) governs the physics and infrared differences
in the propagator are suppressed and do not inform
observables. A prominent example if the confinement-
deconfinement phase transition, which is caused by the
gluon mass gap and the critical temperature is proportional
to it, see Refs. [88–90]. The parametrization of the
propagator in terms of the dressing without an explicit
gluon mass scale also entails, that the avatars of the strong
coupling, (29) and (52), carry the confining dynamics with
αiðp → 0Þ ¼ 0 for i ¼ A3; A4; Aqq̄, see Fig. 8 in
Sec. VI B 2.
The ghost and gluon wave functions Zc and ZA are taken

as input at k ¼ 0 from the functional precision computation
in Nf ¼ 2 flavor vacuum QCD [21]. These results agree
with the lattice data available in the regime p≲ 5 GeV,
e.g., [91]. For p≳ 5 GeV there is no lattice data available
for comparison, and the fRG data in [21] are the only
nonperturbative data available, which approaches the cor-
rect perturbative behavior for large momenta. The inclusion
of gluon data in the current work is done analogously
to [7,18].
The strange quark contributions are computed in terms of

difference flows between two and 2þ 1-flavor QCD for the
gluon anomalous dimension ηA ¼ −∂t logZA defined in
(71). Explicitly, this means we add a correction on top of
the input gluon anomalous dimension ηA;input,

ηA;k ¼ ηA;inputðp ¼ kÞ þ ηðsÞA;kðp ¼ 0Þ; ð121Þ

where ηðsÞA;k is the contribution from the strange-quark loop.
Thus, the dressing of the 2þ 1 flavor gluon propagator
computed in this work is one of the predictions within the
current fRG approach, and is shown in Fig. 7.
Here, we do not consider the back-coupling of the

correction onto the Nf ¼ 2-part of the flow, which has

already been shown to be negligible in [7]. The ghost does
not obtain a direct contribution from the added strange-
quark and the induced corrections on ηc through the other
couplings are subleading. Additionally, the ghost only
couples back into the flow of gA3 and thus the effect of
such corrections on the observables constructed from
quarks and mesons is negligible.
Similarly, one can use difference flows for the extension

of the current results to finite temperature. For the gluon
propagators this amounts to implementing

ηAðT; μÞ ¼ ηA;input þ ½ηAðT; μÞ − ηAð0; 0Þ�: ð122Þ

As argued before, the advantages of the representation of
the right-hand side is, that one can use quantitative external
input or a more advanced approximation for the compu-
tation of ηA;input, while the difference can computed in a less
advanced approximation without the loss of accuracy. For
example, the latter statement holds true for the use of less
complete momentum-dependences for the difference flows,
if the difference merely amounts to a thermal and chemical
potential dependent screening mass. In [7] This procedure
has been shown to be quantitatively reliable.

2. Quark-gluon interactions

It has been discussed in detail in [7], that the current
approximation allows for semiquantitative accuracy. Key to
full quantitative precision is the inclusion of all relevant
tensor structures of the quark-gluon vertex, for a detailed
discussion see the fRG and DSE-analyses in [17,21,81].
In the latter work it has been shown that out of the eight

transverse tensor structures of the quark-gluon vertex,
collected in (F7) in Appendix F 2, there are only three
relevant ones. The others can be dropped without a sizeable
change of any correlation function or observable. In order
of descending importance, the three most relevant tensor
structures are: the chirally symmetric classical one, T ð1Þ in
(F7), a further chirally symmetric one T ð7Þ in (F7), and a
chiral symmetry breaking one, T ð4Þ in (F7). The third one is
proportional to the quark mass function and hence only
provides sizeable contributions below kχ. This already
explains its smallest importance. Moreover, the rise of
the T ð1Þ-dressing triggers chiral symmetry breaking and is
dominantly important, whereas the contributions from T ð7Þ
lower the strength of chiral symmetry breaking. Finally,
those originating in T ð4Þ enhance the strength of chiral
symmetry breaking.
There are only few computations in functional QCD

where the full quark-gluon vertex is considered, see the
reviews [1–3,92] for a rather complete list. In most other
works only the classical tensor-structure, T ð1Þ in (F7), is
considered and the lack of the others is compensated by an
infrared modification of its dressing or rather of αAqq̄.
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In the DSE-approach, the direct contributions to chiral
symmetry breaking from the nonclassical parts of the
quark-gluon vertex dominate the system and dropping
them leads to a qualitative decrease of chiral symmetry
breaking or even the lack thereof. This is due to the quark
gap equation featuring only the quark-gluon self-energy
diagram, and the only nontrivial vertex being the quark-
gluon vertex. Compensating the missing dynamics by an
enhancement of the coupling strength αAqq̄ of the classical
tensor structure requires enhancement factors larger than
two. However, including the two most relevant tensor
structures in the computation already provides quantitative
results both in the vacuum and at finite temperature and
density, see Refs. [9,81].
In comparison, the flow equation of the quark propagator

also contains a tadpole diagram with the full four-quark
scattering vertex. A comparison of the two hierarchies
entails that within the fRG approach to QCD, part of the
quark-gluon dynamics is carried by the tadpole diagram
with the four-quark scatterings. The primary contribution of
these interactions lies within the scalar-pseudoscalar chan-
nel. Accordingly, we expect a far smaller modification
factor, which may be positive (enhancement) or negative
(“dehancement”). Indeed, in 2þ 1 flavor QCD, neglecting
the direct contribution from nonclassical tensor structures
and other four-quark interaction channels results in a slight
reduction of the strength of chiral symmetry breaking.
Hence a small infrared enhancement of about 3% is needed,
and has already been seen in [7]. On the other hand, in two-
flavor QCD a small dehancement of about 1% is needed,
see Appendix I.
We proceed by discussing the technical implementation

of this phenomenological infrared enhancement of the
classical tensor structure. We follow the approach put
forward in [7,18] and substitute

∂tgAq̄qðρÞ → gAq̄qðρÞ∂tζa;bðkÞ þ ζa;bðkÞ∂tgAq̄qðρÞ; ð123aÞ

where the infrared modification is given by

ζa;bðkÞ ¼ 1þ a
ðk=keÞ2

exp½ðk=keÞ2� − 1
: ð123bÞ

In (123b), a > 0 corresponds to an enhancement of
gAq̄qðρÞ, while a < 0 introduces a dehancement. The
modification scale ke is chosen to be 2 GeV, in accordance
with data from [21], and the enhancement factor a is
adjusted with the constituent quark mass. a depends on the
truncation used and will be indicated with the result. The
strength of the enhancement, encoded in a, is of order 10−2

and thus rather small, as indicated before.
We close with the remark, that the qualitative difference

in terms of the infrared modification between DSE and fRG
approaches within the discussed approximations originates
in the very different resummation schemes both offer, while

having rather similar approximations to the effective action.
Indeed, this fact offers a further systematic error control: if
the results within theses two functional approaches agree
quantitatively, one obtains a highly nontrivial self-consis-
tency check.

3. Gauge consistency and avatars of the strong coupling

Gauge consistency enforces all avatars of the strong
coupling to agree at large momenta, as discussed below
(30) in Sec. II C 1. For QCD this condition entails

giðpÞ¼gsðpÞþOiðg3sÞ; i¼A3;A4;cc̄A;qq̄A; ð124Þ

In [21], the couplings at the initial scale k ¼ ΛUV have been
chosen such that (124) was achieved at k ¼ 0. This is the
optimal way to ensure gauge consistency, but a numerically
costly one as it involves the solution of a multidimensional
logarithmic fine-tuning task.
In the present truncation we approximate the momen-

tum-dependent couplings at finite kwith gi;kð0Þ, see (33), to
wit

gi;k ¼ gi;kð0Þ: ð125Þ

These couplings satisfy the modified STIs (mSTIs) instead
of the STIs at k ¼ 0 as discussed in Sec. III B.
At one loop, the respective β-functions agree due to

perturbative one-loop universality: in the absence of further
scales the flows can be rewritten as integrals of total
momentum-derivatives and the results do not depend on
the regulators. This can be also extracted from the mSTIs.
Beyond one loop the gi;k ¼ gi;kð0Þ do not agree anymore,
but the coefficient of the β-functions do. It is this property
that finally leads to (124). In practice this amounts to
ensuring

βi
αi

¼ βαs
αs

; with βi ¼ ∂t ln gi;k; ð126Þ

within the regime governed by the perturbative STIs,

ΛUV ≥ k ≥ 5 GeV; with ΛUV ≈ 20 GeV; ð127Þ

and minor differences between theNf ¼ 2 and Nf ¼ 2þ 1

flavor case, see (149) in Sec. VI A. This uniquely fixes the
set of all avatars of the strong coupling, fgig with
i ¼ A3; A4; cc̄A; qq̄A. This amounts to solving a four-
dimensional fine-tuning problem, and we use we use the
value of the ghost-gluon coupling at the initial scale from
[21] as the coupling αs, all others are compared to. This is a
natural choice, as the ghost-gluon coupling is least sensitive
to the modifications of the STI. Note that this implicitly sets
the absolute scale and the self-consistency of this scale
setting is checked with the result for the 2þ 1 flavor gluon

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 113, 094038 (2026)

094038-22



propagator, that is compared with lattice results, see
Sec. VI B 1.

IV. SYSTEMATIC ERROR ESTIMATES
AND APPARENT CONVERGENCE IN

FUNCTIONAL QCD

In the present section, we discuss several important
aspects of systematic error estimates and convergence of
the fRG approach to QCD within a vertex expansion
scheme. We emphasize that most of the results concerning
the systematics are generic and also apply to other func-
tional approaches, for a related DSE analysis see Ref. [83].
Still, there are some important properties that are fRG-
specific and speed up the convergence of a given approxi-
mation scheme. This concerns, in particular, the finite
momentum range of the loops, which arises from the
regulator insertion. Accordingly, we will mostly concen-
trate on QCD and the fRG approach here.
In Sec. IVA, we provide a brief overview on the

properties of the vertex expansion scheme, augmented
with a systematic expansion of the local scattering sector
of resonant channels at low energies. In Sec. IV B, we argue
that the system of vertex flows on symmetric points is
closed with a good accuracy. This is important for both the
reduction of full momentum dependences without the loss
of quantitative precision, as well as the use of cutoff-
dependent and momentum-independent vertices: the cutoff
dependence captures the symmetric point momentum
dependence well, contrary to that of scattering channels
and exceptional momenta. In Sec. IV C, we discuss how
resonant interaction channels are accommodated without a
loss of quantitative precision, and Sec. IV D concerns itself
with the evaluation of regulator dependences and optimized
flows. In Sec. IV E, we investigate the treatment of large or
diverging couplings, whereas in Sec. IV F we evaluate and
stress the importance of systematic error evaluations in
closed subsystems. All these different properties and
checks combine to the principle of apparent convergence
that allows access to the convergence estimates of the
present systematic expansion scheme.

A. Expansion scheme and infrared scales

The present expansion scheme is based on a systematic
vertex expansion in terms of the RG-invariant vertex
functions Γ̄ðnÞ and propagators Ḡ, see Sec. II D. We
emphasize that in the parametrization of the effective action
with RG-invariant fields, the RG-invariant vertices and
propagators agree with the vertices and propagators ΓðnÞ; G
as all the wave functions are trivial, Z̄ΦðpÞ≡ 1. However,
in the present section on the systematics and convergence
of the expansion schemes, we prefer to keep this distinction
for the sake of generality.
The RG-invariant propagators are reminiscent of the

classical propagators. For example, in vacuum, the full

quark wave function ZqðpÞ in (55) is absorbed in the RG-
invariant fields Z1=2

q q; Z1=2
q q̄ → q̄; q, and the respective

RG-invariant quark propagator reads

Ḡq;kðpÞ ¼
1

i=pþMq;kðpÞ þ RqðpÞ
; ð128Þ

for all cutoff scales. Notably, the propagator Ḡq still encodes
the physical decoupling of the quark dynamics below the
constituent quark mass, while the momentum-dependent
rescaling freedom captured by the full renormalization group
has been used to absorb the wave function. The other
ingredients are the RG-invariant vertex dressings (63),

λ̄ðiÞΦa1
���Φan

ðp1;…; pnÞ; ð129Þ

of the tensor structures within an expansion of the
RG-invariant n-point vertex in (62) and (61).
Hence, the discussion of convergence properties of the

underlying systematic vertex expansion can be done by
discussing the properties of the flow equations for the
RG-invariant vertex dressings. These flows consist of one-
loop diagrams with propagators Ḡ with simple dispersions.
The diagrams are proportional to products or rather con-
tractions of the vertices, and the properties of vertex flows
are related to the properties of the vertices. Moreover, the
loop momentum q of the diagrams is restricted to radial
momenta q2 ≲ k2, while the angular loop integration
averages over all angular configurations of the vertices.
This expansion is augmented with a systematic low-

energy expansion of the full scattering potential in the
scalar-pseudoscalar sector of QCD: For cutoff and momen-
tum scales p; k≲ 500 MeV the pion dynamics is domi-
nating the dynamics of QCD. In this regime the
multiscattering events of the pion resonance field π are
local and can be expanded in terms of momenta over the

cutoff scale p2

k2 . Below the pion mass scale, k≲ 140 MeV,
the pionic scattering events start dying out. In the present
work we consider vertices of quarks and gluons that include
all scatterings with the emergent scalar and pseudoscalar
composites ðσl;πÞ with k-dependent wave functions
(LPA’). It is well known that the higher orders of such a
derivative expansion are irrelevant in most regimes and are
only of subleading importance in scaling regimes of the
theory, see, e.g., the review [1] and references therein. Even
there, they are responsible for only ≲5% of the critical
exponents. In particular their omission has little impact on
the size of the critical regime.

B. Closing the system of symmetric point flows

We proceed with an evaluation of the convergence of the
vertex expansion. In the absence of a small parameter we
only aim for apparent convergence similar to investigations
of continuum scaling in lattice formulations. To begin with,
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let us assume that the vertices have a mild angular
dependence: we concentrate on the flow of dressing
functions λ̄ðiÞΦnðp1;…; pnÞ for symmetric point configura-
tions with

λ̄ðmÞ
Φn ðp̄Þ; with

jpipjj
p̄2

¼ jprpsj
p̄2

; ð130Þ

for all i ≠ j, r ≠ s with i; j; r; s∈ ð1;…; nÞ. Then, the
vertices in the flows of the λ̄ðp̄Þ are themselves well
approximated by a symmetric-point approximation with

λ̄ðmÞ
Φn ðp1;…; pnÞ ≈ λ̄ðiÞΦnðp̄Þ: ð131Þ

This originates in the fact that symmetric points are
particularly smooth configurations and the angular average
in the loop projects on average configurations, which
reduces the vertices to those close to the symmetric point.
For a detailed point of view on the special role of the
symmetry point configuration see, e.g., [51,93]. Moreover,
the fact that loop momenta are restricted to the infrared
suppressed momentum regime q2 ≲ k2 adds a further
smoothing. In turn, for large symmetric point momenta
p̄2 ≫ k2, the flow only gives subleading contributions
anyway.
In summary, the flows of symmetric point vertices build

a closed system up to subleading contributions, if the
angular dependences are small. Accordingly, we have to
separately discuss strong angular dependences as they
occur for resonant interaction channels.

C. Momentum-local flows via emergent composites

An emergent strong angular dependence and, in particu-
lar, a resonance is already signaled in the symmetric point
approximation. As an illuminating example, we consider
QCD in the chiral limit: there, the pion channel leads to a
singularity in the pseudoscalar channel in the broken phase
of the theory. Roughly speaking, the infrared cutoff scale
serves as an external tuning parameter such as the temper-
ature and QCD enters the phase with spontaneous chiral
symmetry breaking for kχ ≈ 0.5 GeV. Below this scale the
pseudoscalar channel is massless. This poses several
problems: to begin with, it invalidates the simple idea of
successively integrating out momentum shell degrees of
freedom with q2 ≈ k2. For k ≤ kχ, the system has a
massless mode and the dynamics always takes place on
all scales q2 ≲ k2. Evidently, this requires approximations,
that have to take into account this regime and momentum
expansions fail to be quantitative.
This asks for an approximation scheme in which also

resonant interaction channels of vertices are infrared
regularized with the cutoff scale k. This requirement can
be summarized concisely with

Im psing;n ≥ kgap; ð132Þ

for all n-point correlation functions. Here, psing;n is the
location of the closest singularity to the Euclidean axis and
kgap is the spectral infrared gap in the theory. Supposedly,
this gap is introduced by the cutoff (72). Typically it is
directly related to the cutoff scale k, which is discussed in
detail in [46,94,95].
In practice we have to guarantee two properties:
(1) Resonant interaction channels are gapped.
(2) Momentum locality: all gaps are roughly at the

same scale.
Obviously, the first property is instrumental for guarantee-
ing the second one. (1) is readily achieved in the fRG
approach with emergent composites as discussed in
Sec. III C: in the presence of the emergent composites
we can introduce standard cutoff terms for these fields, see
(72). These cutoff terms suppress the infrared fluctuations
in the resonant channels, effectively arranging for (132). In
conclusion, the fRG approach with emergent composites
reduces the need for sophisticated orders of the approxi-
mation in order to obtain a small systematic error.
The second property of momentum locality, [96], is a

chiefly important one for the systematics of expansion
schemes of theories with different degrees of freedom as it
underlies the Wilsonian idea of integrating out momentum
shells: let us illustrate its relevance with an extreme
example: assume for the moment that we take cutoff scales
for quarks, kq, and gluons and ghosts, kA, that differ by
more than order of magnitude, kq ≫ 10kA. This entails that
we first integrate out the gluons, and then the quarks.
Accordingly, the full glue effective action has to be encoded
in the quark flow at each step. The flow of the latter is given
by the quark diagram. Evidently, this requires a far more
elaborate ansatz for the effective action for the same
quantitative precision.

D. Optimization and regulator-dependence

In conclusion, any optimization of fRG flows has to
strive for momentum locality or accommodate the relevant
physical effects. Indeed, functional optimization, as put
forward in [46], minimizes also the momentum flow,
among other. This is tantamount to momentum locality.
For further discussions and a recent application within low-
energy effective theories in the phase structure see
Refs. [94,95], respectively. This also entails that extreme
choices for the regulators RA; Rc; Rq; Rϕ, or rather for the
respective physical cutoffs kΦi

, may induce momentum
flows between very different momentum scales, as well as
the transfer of dynamics between these scales. For example,
part of the system may already be in the confining phase
with hadrons and glueballs (in the example above, the glue
part), while another part of the system (in the example
above, the matter system) is still lingering in the perturba-
tive high-energy phase. This leads us to the property
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kphys;Φi
≈ kphys ¼ k; ð133Þ

where kphys;Φi
is the physical cutoff scale in the subsystem

defined by the fieldΦi. In presence of emergent composites
for all potentially resonant channels, this scale is nothing
but Impsing;Φi

, the distance of the first singularity to the
Euclidean frequency axis for the propagator of the field Φi,
assuming a diagonal (or symplectic in the case of fermions)
propagator matrix. In the presence of nontrivial back-
grounds, the propagator matrix may have nondiagonal
entries and the above statements apply to the eigenvalues.
Note that within fully optimized flows the regulators also
contain the decoupling, which is typically only encoded in
the propagator: for cutoff scales

k < pphys
sing;Φi

; ð134Þ

the regulator of the respective field has to vanish. Here,
pphys
sing;Φi

is the distance in the Φi channel in the full physical
theory at k ¼ 0.
Practically, the above optimized setup requires the

solution of flows for complex frequencies including the
realtime axis. Accordingly, in the present applications (and
most others) we use a proxy for Impsing;Φi

and simply take
the Euclidean curvature masses, see Ref. [49]. They can be
extracted from the scalar parts of the renormalization group
invariant propagators Ḡ,

1

k
dΦi
Φi

¼ min
p;ΦEoM

Ḡs;Φi
½p;ΦEoM�; ð135Þ

for the definition of the Gs see (C14) in Appendix C 2.
In (135) we have dΦi

¼ 2 for Φi ¼ A; c; c̄;ϕ and dΦi
¼ 1

for Φi ¼ q; q̄. In the present work we arrange for the
different cutoff scales to agree approximately: instead of
fine-tuning (133) to hold as an identity, we identify the
cutoff scales in the regulators. For similar shape functions
this leads to approximately agreeing curvature masses
(135) and hence to (133). In the infrared regime, where
the fields decouple successively, the full curvature masses
deviate more and more, but it is precisely the decoupling
which makes this effect subleading. Finally, we vary the
shape functions in order to check the regulator independ-
ence of the results.
The present approximation scheme, based on a system-

atic vertex expansion, also hosts a derivative expansion for
the meson self-couplings and the quark-meson coupling of
the emergent composite scalar-pseudoscalar field. This
additional expansion as well as the respective systematic
error is well tested in many low-energy effective theories. It
has been analyzed with the functional renormalization
group, further functional diagrammatic techniques as well
as with chiral perturbation theory. In order to appreciate the
importance of the latter systematics discussed in abundance

in the literature, we remark that the present first principles
QCD flows naturally approach chiral perturbation theory
(χPT) at low cutoff scales: for cutoff scales below k≲
500 MeV the pion is the only fully dynamical degree of
freedom left, which is the pillar of χPT. The convergence of
the derivative expansion, including its optimization, has
been well studied in the literature, [25,46,97–106]. Here we
resort to functional optimization, whose practical version
can be summarized in

Ropt∶ min
R⊥

kGkðpÞ − Gk¼0ðpÞk; ð136Þ

where fR⊥g is the set of regulators that feature the same
physical gap: kΦi

¼ kphys for all fields. In the present
quantitative approach to QCD, the operator norm in (136)
has to incorporate the need for smooth momentum deriv-
atives, both for accommodating the full momentum
dependence but also the quest for convergence of the
derivative expansion in the hadronic sector of QCD.
Technically this asks for the use of Sobolev norms in (136),
practically this entails that optimal regulators are smoothed
versions of the flat or Litim regulator [107]. This has been
already derived in [46] and has been confirmed by now in
many applications. Further interesting developments con-
cern the use of symmetry principles such as conformality in
critical regimes [103] as well as numerically adapted
regulators [108].
This is one of the reasons for introducing a framework

that accommodates general smooth analytic regulators.
Another physically important reason is the fact that
nonanalytic regulators such as the sharp cutoff and the
flat cutoff distort the analytic structure of correlation
functions in the complex plane for k ≠ 0. While the
complex structure is formally restored in the limit
k → 0, this may only hold approximately in approxima-
tions, which strongly suggest the use of smooth regulators.
In summary we arrive at the following systematics: the

optimization of regulators maximizes the physics content of
a given approximation and leads to the most rapid con-
vergence of the underlying systematic expansion scheme.
The details of the optimized regulators depend on the
expansion scheme and the variation of the regulator within
the constraints of the validity range of the expansion
scheme provide an important self-consistency check for
the systematics as well as offering an important ingredient
of the systematic error estimate.

E. Large couplings and self-consistency

Resonant channels, as discussed in Sec. IV C, provide a
main source for a rapid growth of couplings or rather the
RG-invariant vertex functions and are accommodated in the
fRG approach with emergent composites. Indeed, this
approach can be used to also incorporate uniformly grow-
ing vertex dressings, supplied with a respective infrared
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regularization. This leaves us with the discussion of large
but finite dressings. A specific intricacy of this discussion is
the precise definition of large. For example, a (dimension-
less) dressing function may have a value of the order 1–10,
to be specific, but dropping the respective diagrams in the
flow of all correlation functions has only a marginal impact.
Indeed, this is well known and studied in vacuum QCD for
all but one four-quark dressing (the scalar-pseudoscalar
one) as well as five out of eight tensor structures of the
quark-gluon vertex, see in particular [17,21]. This infor-
mation has been used here and also in [7].
This is already a well-working example for the general

systematics in the present vertex expansion scheme and
beyond: In the vertex expansion scheme we assume the
subleading nature of higher order vertices on the right hand
side of the flow equations. Let us assume that we only take
into account n-point correlation functions with n ≤ Nmax
on the right hand diagrammatic side of the flows. Then the
underlying assumption is schematically written as

Flowλ̄n
½fλ̄m≤nþ2g� ≈ Flowλ̄n

½fλ̄m≤Nmax
g�; ∀ n: ð137Þ

Here, n is a general n-point function including also
n > Nmax. In particular, this also entails that the flow of
the dressings λ̄n>Nmax

is only generated from diagrams
with λ̄n≤Nmax

.
Importantly, the closed diagrammatic one-loop form of

the flow equation allows for a complete self-consistency
check of the expansion scheme: we can use the integrated
flow of the dressings λ̄n>Nmax

and feed it back into the flows
of the dressings λ̄n≤Nmax

. If this only leads to subleading
changes of the results for these couplings, dropping λ̄n>Nmax

in the flows is self-consistent and the small difference
between the results with and without this feedback is
another part of the systematic error estimate. We emphasize
again that such a complete self-consistency check is only
possible due to the closed form of the functional equations
for correlation functions with a finite number of loops in
full propagators and vertices: in other resummation
schemes one typically has to discard whole diagram classes
with infinitely many diagrams. Importantly, this closed
form is present for fRG and DSE approaches, and sys-
tematic error estimates in their combined use as well as the
reduction of the respective systematic error estimates
within a comparison of the results are also related to this
property.
Finally, we also discuss the structural nature of such

checks at the example of the flow of the mesonic four-point
functions, the scattering vertex of four mesonic composites.
If we assume their subleading nature, that is Nϕ

max ¼ 3, we
would drop the fish diagram in its flow equation, the only
remaining flows being the contribution from the quark loop
and the contribution from the mesonic loop with four
mesonic three point functions. On the equations of motion,
the latter diagram is only nonvanishing in the broken phase

for ϕEoM ≠ 0. Such an approximation offers semiquantita-
tive results in the presence of large explicit quark masses
but fails in the chiral limit and at phase transitions. The
underlying reason is the divergence of all the diagrams in
the broken phase due to the diverging correlation length.
However, the fish diagram encodes the resummation of
diagrams that is also present in the respective BSE or 2PI
approaches (in next-to-leading order). Then, the above self-
consistency check enforces the enlargement of the system
withNϕ

max ≥ 4 and the same analysis withNϕ
max ¼ 4 signals

the onset of convergence. In the massless limit or at the
chiral phase transition full convergence requires the inclu-
sion of the full mesonic potential, which is one of the
achievements of the present work.

F. Systematic error checks in subsystems:
The LEGO®-principle

In the self-consistency discussion in the previous section,
we have already used that the systematic error estimates in
the fRG approach to QCD, and more generally in the fRG
approach to QFTs, are also informed by the respective
analysis in subsystems. The underlying systematics is also
tightly related to the closed form of the diagrammatic
equations. This closed form, and in particular the one-loop
form, makes the whole approach modular. This entails, that
large subclasses of diagrams only involve propagators and
vertices in a given subsector. A key example used later is
the flow of the four-quark vertex depicted in Fig. 25 in
Appendix A. Its diagrams can be separated in three classes,
the quark-gluon diagrams (ultraviolet), the quark-meson-
gluon diagrams (interface) and the quark-meson diagrams
(infrared). This system will be studied in detail in
Sec. VI C 3 and shows a well-separated modular form in
terms of momentum scale as well as featuring a small class
of interface diagrams. A further important example is
the flow of the gluon propagator, where the subsectors
are the diagrams in the pure glue subsector and the diagram
in the matter sector. Here, the interface are the quark-gluon
couplings. We call this modular structure the LEGO®-
principle.
In terms of the scale separation of modules and the

interface couplings we can isolate subsectors which are
well-defined (effective) field theories themselves, whose
interfaces can be seen as external forces in the flow, leading
to a driven system. Then, these subsectors can be studied
separately in dependence of the “driving force,” and in
combination we get a comprehensive systematic error
analysis. For example, we may reduce the flows for the
matter part of QCD by setting the dressings of all vertices
with gluon and ghost legs to zero. In the present fRG
approach to QCD with emergent composites this leaves us
with a system of flow equations for quark-meson correla-
tion functions. At finite temperature and density this
subsystem also includes a gluonic background. The con-
vergence properties of this system can be studied
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comprehensively as follows: For cutoff scales k≳ 1 GeV
the dynamics of the matter system is completely dominated
by the quark-gluon diagrams and the systematic error is
dominated by the systematic error in this part. For the
diagrammatic part of the flow of the four-quark vertex
depicted in Fig. 25 in Appendix A, this is the quark-gluon
box, see Fig. 4(a). In this figure we have isolated an
important diagrammatic building block, the gluon
exchange (green frame). It can be parametrized as the
avatar of the quark-gluon coupling αqq̄A, multiplied by the
classical gluon propagator with the regulator gap. Note that
only the combination is well defined while we can shift
momentum dependences from the quark-gluon coupling to
the propagator and back. For k≲ 1 GeV the gluon is
decoupling successively, and the gluon exchange diagrams
get rapidly subdominant. It is superseded by the mixed box
diagram with a gluon exchange and a meson exchange with
a new building block, the meson exchange. Finally, in the
deep infrared the purely mesonic (pion) diagrams dominate
depending on two meson exchanges, see Fig. 4(b). In this
figure we have isolated another diagrammatic important
building block, the mesonic exchange (green frame).
Similarly to the parametrization of the gluon exchange
in terms of the quark-gluon coupling and the classical gluon
propagator, it can be parametrized as the Yukawa coupling
squared, h2ϕ, multiplied by the classical mesonic propa-
gators with a sum of the explicit mass function and the
regulator gap.
We illustrate this consecutive decoupling of diagrams in

Sec. VI C at the example of the quark-meson sector, see in
particular Fig. 11(a). Accordingly, we can perform a
complete systematic error analysis of the matter sector
within the quark-meson system in the absence of gluon
diagrams: we study the convergence of this subsystem,
which simply defines a (nonlocal) low-energy effective
theory of QCD with the ultraviolet cutoff ΛUV ≈ 1 GeV.
This analysis is comprehensive if we allow for a rather
general initial condition at the initial cutoff scale k ¼ ΛUV.
The respective systematic error estimate can be directly
used in the full system as part of the full systematic error.
In the present QCD system we can use the plethora of

results and systematic error analyses of both, the pure Yang-
Mills sector, [20,23,31,64,109,110], as well as the low-

energy matter sector of QCD, see, e.g., [1] for a review, but
also [39,111–123]. Moreover, we can also utilize structural
results within other theories, including even nonrelativistic
condensed matter and statistical systems. In combination
this limits the systematic error very efficiently.

G. Apparent convergence

In preceding sections, we discussed various aspects of
systematic errors inherent in functional approaches, focusing
in particular on the LEGO®-expansion. In Sec. IVB we have
argued that the system of symmetric point flow equations is
closed with a very good degree of quantitative precision if the
angular dependence of general dressings is sufficiently small.
Moreover, its systematic error can be checked in a self-
consistentway at each flow step. InSec. IVCwehave shown,
that the fRG approach with emergent composites can be used
to accommodate resonant interaction channels or more
generally, to qualitatively reduce the angular dependence
of vertex dressings. A novel ingredient is the computation of
full field dependences of emergent composites within a
derivative expansion for mesonic multiscatterings. This does
not only gives us access to these scattering but also allows us
to evaluate the convergence of Taylor expansions used so far.
In Sec. IV D we have discussed, how sufficiently optimized
regulators lead to a most rapid convergence of any systematic
expansion scheme and how this can be used in QCD for
optimal convergence and a further self-consistency check for
the systematic error estimate. In Sec. IV E we have discussed
the important self-consistency check of the vertex expansion,
fundamentally rooted in the closed one-loop form of the flow.
Finally, in Sec. IV F we have argued, that we can directly
utilize the wealth of results obtained in closed subsystems of
the current full QCD system, including the respective
systematic error estimates. An additional important system-
atic error estimate comes from the combined use of fRG and
DSE results in first principlesQCD.Moreover, first principles
results from lattice simulations serve as important benchmark
checks.
In summary this leads us to the powerful notion of

apparent convergence (AC) in functional approaches: we
increase the truncation order in a given systematic expan-
sion scheme and follow the combined systematic error
estimate, now also including the convergence of results

FIG. 4. Invariant building blocks from the LEGO®-principle, exemplified at the level of the four-quark interaction. (a) One-gluon
exchange coupling as a building block of a diagram for the four-quark vertex. (b) One-meson exchange coupling as a building block of a
diagram for the four-quark vertex.

TOWARD QUANTITATIVE PRECISION IN FUNCTIONAL QCD PHYS. REV. D 113, 094038 (2026)

094038-27



from one order of the expansion scheme to the next. If this
combined error estimate is converging toward zero and is
sufficiently small, we call this apparent convergence. In
our opinion, the functional QCD approach with apparent
convergence offers a reliable first principles approach for
predictions in QCD. In particular, it allows for quantitative
QCD predictions in challenging regimes of great interest
such as QCD at finite density, scattering processes and
realtime evolutions, where lattice simulations are
obstructed by the sign problem. Indeed, these two
approaches should be seen as complementary and a
combined use in the sense above is instrumental for
resolving relevant open problems such as the quest for
the critical end point in the QCD phase diagram or rather
the onset of new phases and their nature.

V. COMPUTATIONAL SETUP

With increasingly complex truncations of the QCD effec-
tive action, it becomes inevitable to use a fully automated
process for deriving flow equations and computing results. In
this section, we aim at providing a comprehensive overview
of the technical tools employed. These tools range from
Mathematica packages developed specifically for functional
approaches [67,124–126] to high-performance libraries.
When combined, they form a highly efficient framework
for computing functional flows and represent one of the main
advances of this work. We transition from analytical expres-
sions of full flows to a more flexible numerical formulation,
allowing for easy and automatic modification of the approxi-
mation or regulator functions. This approach also offers the
additional benefit of enabling control over numerical accu-
racy and, consequently, computational speed. The discretiza-
tion framework for functional renormalization group flows
(DiFfRG) has been codeveloped with the current work and
provides the computational basis for our QCD computations.
DiFfRG has been open-sourced1 and published in [29]. We
will detail some aspects of the computational setup and how
we apply DiFfRG to the task of solving QCD flows in the
current section.
We note that upon initial reading, this section may be

skipped in favor of proceeding directly to the results
in Sec. VI.
Webegin byoutlining the derivation of functional flows in

Sec. VA. Next, we discuss field and momentum discretiza-
tion, as well as their numerical treatment, in Sec. V B.
Momentumdependencies are inherently linkedwith smooth
regulator functions, which are addressed in Sec. V C.
Finally, we give an outlook of how the present implemen-
tation might be extended even further in Sec. V D.

A. Automated generation of functional equations

The computation of the full effective action within a
given approximation scheme (21) requires the derivation of
flow-equations for all couplings. To ensure a consistent,
automated, and easily reproducible workflow, especially in
anticipation of even more complex truncation schemes in
the future, we provide a detailed account of all steps and
software packages utilized in the following.
We use the Mathematica module QMeS-Derivation

[124], which computes functional derivatives of the
right-hand side of the Wetterich equation [127] and other
functional relations such as DSEs and modified Slavnov-
Taylor identities. This module enables us to derive the flow
equations with correct momentum routing, prefactors, and
signs. Additionally, the results of this step can be depicted
diagrammatically, see Appendix A. Currently, the gener-
alized RG-transformation terms ϕ̇ in the composite oper-
ator flow (73) are not generated automatically in QMeS,
and we have to include them manually. Alternatively, the
derivation of flow equations can also be performed with
DoFun, [125,126].
Subsequently, we insert the explicit expressions for

vertices and propagators into the diagrammatic/symbolic
representation of the flow equations. These expressions,
derived directly from the ansatz (21), are summarized in
Appendix C. It is only here, that approximations enter the
system.
The flow equation of any full n-point function is then

projected onto the respective coupling or dressing which
closes all Lorentz-, color- and flavor-indices and selects
the momentum structure of a given coupling. Finally, the
trace over all indices is taken using the Mathematica
module FormTracer [67]. Conventions and explicit pro-
jectors used in the derivation of flows are detailed in
Appendix D.
A depiction of the workflow, beginning with the deri-

vation of the equations and concluding with their numerical
evaluation, is presented in Fig. 5. A brief discussion of the
numerical evaluation of the flow and the loop-momentum
integration follows in the subsequent sections.

B. Numerical evaluation of the equations

Once the flows are derived, the resulting set of partial
differential equations is solved numerically. The current
framework incorporates a full dependences on mesonic
fields, as well as full momentum dependences of the
couplings. Both are continuous quantities and require
discretization, necessitating an efficient computational
implementation.
For the mesonic field dependences, we adopt the fluid-

dynamical approach to the fRG, initiated in [128], which is
discussed in Sec. V B 1. The integration of full momentum
loops is carried out at each step of the RG-time evolution
k → k − Δk, see Sec. V B 2.

1See also the github repository of DiFfRG at https://github.co
m/satfra/DiFfRG.
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1. Implementation of the full field dependence

The effective action of the matter part (34) includes
complete mesonic field dependences. In this work, we use
continuous Galerkin methods, for more details on fluid
dynamical techniques in the fRG see Refs. [95,128–133].
In this approach, the flow of the effective mesonic

potential VlðρlÞ is treated as a convection-diffusion equa-
tion in terms of its first derivative u ¼ m2

π ¼ ∂ρlVlðρlÞ. In
the fluid-dynamical picture the time direction corresponds
to the RG-time and the spatial variable corresponds to ρl,
compare (35). Consequently, we employ a 1D numerical
grid to capture the mesonic field dependence. In future
projects, additional condensates or resonant channels, such
as diquarks or vector mesons, will necessitate the imple-
mentation of a 2D or even higher dimensional numeri-
cal grid.
Schematically, the flow of the mesonic potential or rather

its ρl-derivative u is given by

∂tuðρl; pÞ ¼ ∂ρl

�
ηϕ;kðpÞuðρl; pÞρl þ

1

V4

Flow½Φc�ðpÞ
�
;

ð138Þ

with the space-time volume V4 and constant field Φc. We
consider general regulators, enabled by the fact, that all
integrals and sums are computed numerically.
The computation of the full field dependence is of

importance for quantitative precision in the chiral limit
and even for a qualitative access to the phase structure at
high densities. In this regime, nonanalyticities appear in the
RG-flow of the potential and in the potential itself at k → 0,
see, e.g., [129] for an investigation in the quark-meson
model. Thus, higher derivatives of the potential—which
correspond to higher mesonic scattering orders—cannot be

neglected. Presently, we use the finite element library
deal.II [134]. For time-stepping the highly stiff flow of
m2

π;kðρlÞ, we use the IDA solver from the SUNDIALS
library [135,136]. It implements a highly efficient BDF
scheme with variable order up to 5, see also [137], where
BDF methods have been found to be an excellent match to
convexity-restoring fRG-flows.
Presently, we do not take any further fully field-depen-

dent quantities into account. For example, a naive inclusion
of a full field dependence of the Yukawa coupling hϕ seems
to at least require the introduction of relative cutoff scales,
similar to [95] and lies beyond the scope of this work.

2. Momentum integrals and grids

A further new and important improvement is the com-
putation of complete momentum dependences of propa-
gators and couplings. This improvement is paid for with a
significant additional computational cost, as momentum
integrals must be numerically evaluated at each step of the
RG-time integration.
In the present symmetric point configuration, (130), the

4-dimensional momentum integrals reduce to an integra-
tion over their absolute value x ¼ p2=k2 and a cosine
between external and internal momentum. To evaluate
them, we employ multidimensional Legendre quadrature
integrals of fixed order. We set the upper integration
boundary xmax such that the error incurred by this trunca-
tion remains below 10−4. To determine the value of xmax,
we use quadrature integrals of extremely high order (∼104)
to accurately isolate the error resulting from truncating a
tail. The Legendre quadrature orders used are

(i) x-integral: order 64 (no significant change from 32)
(ii) angular integral: order 16 (no sig. change from 8).

Due to the highly regular structure of the integrands, we
also find no significant difference when employing more
sophisticated adaptive integration routines, such as those
provided by the cubature [138] package or quasi-Monte-
Carlo methods [139]. The utilization of fixed-order quad-
ratures yields integrals that are at least ten times faster
compared to adaptive routines, primarily due to their
straightforward parallelization and avoidance of error-
checking overhead. Despite this, one can still easily obtain
numerical error estimates by slightly increasing quadrature
orders.
Parallelization within this setup is both straightforward

and efficient: In one and two dimensions, CPU processing
surpasses GPU algorithms due to the substantial overhead
associated with communication and memory access/trans-
fer for GPUs. Consequently, we use the oneTBB library for
efficient CPU-side reduction over quadrature points. For
three-dimensional and higher calculations, where GPU
overhead becomes negligible, we employ the CUDA API
to harness the computational power of GPUs. In the present
work, this is used for the system of avatars of the strong
coupling at the symmetric point. This already gives a

FIG. 5. Workflow chart for the computation of the effective
action Γk→0 using DiFfRG, see (21). Details on single steps can
be found in the linked appendices, as well as the cited software
packages.
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sizeable performance boost relative to a purely CPU
calculation and this option will prove crucial for future
extensions built upon our current truncation scheme—for
full momentum dependences, the calculation can be mas-
sively parallelized on one or more GPUs.
For the calculation of full momentum dependences, e.g.,

forMlðpÞ, we utilize logarithmic momentum grids with 64
grid points. The integration of the flow can be again
performed in parallel for every momentum-grid point.

C. Regulators for rapid convergence

The cutoff term (72) implements the successive integra-
tion of momentum shells in the fRG, discussed in
Sec. III A. The precise form of these momentum shells
is in one-to-one correspondence to that of the regulators
detailed in (E3) in Appendix E. Their general structure is
given by

RiðpÞ ¼ T iðpÞkdiriðxÞ; x ¼ p2

k2
; ð139Þ

where T iðpÞ is the dimensionless tensor structure of the
kinetic term of the field i ¼ Aμ; c; c̄; q; q̄;ϕ. The factor kdi

carries the dimension of the kinetic operator with di ¼ 2 for
i ¼ Aμ; c; c̄;ϕ and dq ¼ 1. The last factor, the shape
functions ri, carries the details of the momentum shell
for the momentum of the field Φi.
In the simplest case ri ¼ 1, the regulators in (139) reduce

to mass-type terms that carry the tensor structure of the
kinetic term: they introduce a kinetic mass gap. While this
is simply a mass term for the ghosts and mesonic
composites, it is a chiral mass-type term for the quarks
and it carries the Lorentz structure of the kinetic term for
the gauge field, for more details see Appendix E. In
consequence, regulators as defined in (139) maintain global
symmetries of the respective sector of the theory, such as
chiral symmetry. This regulators are behind the functional
Callan-Symanzik equation, see Ref. [140]. More recently,
they have been considered for realtime functional flows, as
they keep all space-time symmetry, see Refs. [141–143].
However, in order to have a UV regularization of the

flows for large momenta x ≫ 1, the regulators and hence
the shape functions should decay rapidly. The shape
functions we consider in this work have an exponential
decay and so have the regulators.
The importance for an optimized convergence of the

present approximation scheme has been discussed in
Secs. IV C and IV D and we will put this to work in the
following. With the present setup we aim at the resolution
of QCD in the vacuum and at finite temperature and
density. Specific interesting phenomena concern for exam-
ple its phase transitions, the different emergent degrees of
freedoms as well as the resolution of competing order
effects at large densities. Attaining rapid convergence in the
present approximation scheme requires thus a class of

momentum-local operators, that also include optimal reg-
ulators, which obey the following criteria:

1. Analyticity

This property is crucial for finite-temperature results,
where nonanalytic regulators may lead to large oscillations
due to the discrete nature of the Matsubara frequencies
[144]. Moreover, nonanalytic regulators such as the
sharp cutoff or the flat regulator lead to momentum non-
localities such as the occurrence of

ffiffiffiffiffi
p2

p
ðp2Þn terms in

momentum-dependent dressings. For example, the flow of
the bosonic two-point function, Flowð2ÞðpÞ, with the sharp
and flat regulators have the following small momentum
expansions,

sharp:Flowð2ÞðpÞ¼c0þc1
ffiffiffiffi
p

p þOðp2Þ;

flat∶Flowð2ÞðpÞ¼c0þc2p2þc3

ffiffiffiffiffi
p2

q
p2þOðp4Þ: ð140Þ

Consequently, the two-point functions for k ≠ 0 carry these
nonlocalities that only disappear for k → 0. Their presence
spoils the momentum structure in the complex frequency
and momentum plane, and hence the reconstruction of
spectral properties such as the pole mass. Moreover, within
given truncations remnants may survive at k ¼ 0. In the
context of reconstructions of spectral functions, this has
been studied in [145], a comprehensive analysis in the
context of realtime flows can be found in [142].
From the numerical point of view, nonanalytic regulators

introduce nonanalyticities in the integrands of the loop
integrals in FlowðnÞ, which are not well suited for any
numerical recipe.
We close with the remark, that the preservation of

analyticity is of primary importance for momentum locality
and momentum dependences, like the spectral properties of
QCD. In particular, nonanalytic regulators are not well
suited for the partial use of the derivative expansion in the
low-energy sector of QCD. Specifically, we have found in
this work, that using the flat or Litim regulator significantly
impacts the mesonic masses through Zϕ;kðp ¼ 0Þ. This
effect immediately vanishes if a smooth approximation of
the flat regulator is chosen.

2. Convexity restoration

The full effective action Γk½Φ� þ ΔSk½Φ� is convex as it
is a Legendre transform. This entails that the full mesonic
effective potential VkðρÞ þ k2ρ is convex. In regimes with
spontaneous symmetry breaking, the nontrivial expectation
value of ρ0 at k ¼ 0 is obtained from the effective potential
VeffðρÞ ¼ Vk¼0ðρÞ via

lim
ϵ→0

�
∂VeffðρlÞ

∂ρl
− ϵ

�
ρ¼ρ0

¼ 0; ð141Þ
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where ϵ induces a small (linear) explicit symmetry break-
ing. Equation (141) is the functional analogue of the
standard definitions via expectation values with

ρ0 ¼
1

V4

Z
x
hρ̂ðxÞi; or ϕ0 ¼ lim

ϵ→0
hϕ̂i; ð142Þ

where V4 is the dimension of Euclidean space-time. The
fields ϕ̂; ρ̂ in (142) are the field operators, whose expect-
ation values are the mean field in the effective action,
ρ ¼ hρ̂i;ϕ ¼ hϕ̂i. A nonvanishing ρ0 in (142) signals a
macroscopic occupation of the field zero mode, as it does
in (141).
For ρ0 ≠ 0, (141) entails that the effective potential

features a flat regime for ρ < ρ0. In the fRG approach,
this flat regime is obtained as follows: in the broken regime,
the effective potential VkðρÞ is not convex at intermediate k
and has nontrivial minima ρ0;k. In the limit k → 0, the ρ0;k
converge toward the physical expectation value ρ0, while
the potential VkðρÞ develops flat regimes for ρ < ρ0;k.
The flow equation has a convexity restoring property,

cf., [146]: the propagator is getting close to a repulsive
singularity for small momenta and ρ < ρ0;k. In this regime,
the flow grows strong and its contributions are convexity-
restoring.
In particular, in the present QCD application the mesonic

mass functions (87) become negative for ρ ≤ ρ0 (m2
π is

negative for ρ ≤ ρ0,m2
σ follows suit for smaller ρ). It can be

shown that in the absence of approximations, this singu-
larity is sufficiently repulsive so that it cannot be reached.
The negative mass functions are pushed toward vanishing
ones and the rate is always such that k2 þm2

ϕ > 0 and the
singularity is never reached [146].
One of the novel ingredients of the present approxima-

tion is the inclusion of the full effective potential which
accommodates the convexity-restoring property, where,
e.g., Taylor expansions in ρ (with ρ < ρ0;k) and perturba-
tion theory or related resummation schemes fail. Moreover,
even if the Taylor expansion is restricted onto the flowing
minimum ρ0;k or to a fixed ρ0 ¼ ρ0;k→0, in the case of
m2

ϕðρ0Þ → 0, it becomes far less stable. For a detailed
discussion see Ref. [114].
Numerically convenient inclusions of the convexity

restoring property require specific properties for the
regulator or rather the shape function in the limit
p2 → 0: in the case of integrable singularities, in the
present case defined via

Z
p
∂tRϕðpÞG2

ϕðp;ϕÞ < ∞; ð143Þ

the repulsive property of the singularity is only imple-
mented via the successive RG-steps in the t-direction,
which implicitly amounts to taking ϕ-derivatives of (143).

Evidently, this involves a combination of t- and p-inte-
gration steps which is numerically challenging. This
intricacy is present for most standard regulator choices,
including the exponential shape functions rkðxÞ ¼ x

ex−1, e
−x

and variants thereof with higher order polynomials in the
exponent.
Note that the nonanalytic sharp and flat regulators lead to

nonintegrable cuts in the integrand of (143). While this
readily incorporates convexity restoration, it is precisely
their nonanalyticity that leads to the cut and clashes with
the required analyticity property discussed in Sec. V C 1.
Accordingly, computationally convenient analytic regu-

lators have to introduce poles of sufficiently high order in
(143). In the present case of vacuum QCD in d ¼ 4 this
explicitly means a requirement of order four and higher for
the singularity. This has been investigated recently in [108],
where classes of regulators with nonintegrable singularities
for (143) have been suggested and studied comprehen-
sively, introducing the principle of strongest singularity.

3. An optimized class of regulators

In the present work, we do not use one of the classes
studied in [108] and concentrate more on the combination
of flatness, analyticity, and smoothness. The latter two
properties are related but not the same. While not discussed
further here, we add that smoothness is chiefly important
for frequency-dependent regulators at finite density, see,
e.g., [20,144]. Details are deferred to Appendix E, here we
summarize the main properties.
First of all, momentum locality requires closely related

physical cutoff scales for all fields as discussed in
Sec. IV D, see (133) and below. While it is possible to
satisfy this constraint, it is computationally demanding and
we refrain from a full optimization. Instead, we use
identical regularizations for the scalar part Gs of all
propagators, see (E5) in Appendix E. We recall it here
for the sake of convenience,

Gi;s ¼
1

p2½1þ k2

p2 riðxÞ� þm2
i

; for i ¼ A; c;ϕ;

Gq;s ¼
1

p2½1þ k
p rq�2 þm2

q
: ð144Þ

where we have used regulators carrying the kinetic tensor
structure as indicated in (139). Consequently, identical
regularizations for all propagators amounts to using iden-
tical shape functions ri ¼ r for i ¼ A; c;ϕ. For i ¼ q, we
infer from (144) a simple relation between the shape
function r and rq. In summary, we are led to

rAðxÞ ¼ rcðxÞ ¼ rϕðxÞ ¼ rðxÞ;

rqðxÞ ¼
1

k

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2rðxÞ

q
− p



: ð145Þ
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As discussed in the previous section, a numerically
convenient implementation of the convexity restoring
property [146] of the flow is achieved with regulators that
lead to nonintegrable poles in the flow equation for
negative curvature masses. Again, this can be investigated
by concentrating the scalar part of the propagators provided
in (144): we require that the scalar parts (144) of all
propagators develop an nth order pole at p ¼ 0 and
m2

i þ k2 ¼ 0,

Gi;sðp2 → 0; m2
i → −k2Þ ¼ const

�
1

p2

�
n
; ð146Þ

for all fields, i ¼ A; c; q;ϕ. For sufficiently large n, this
implements the convexity restoring behavior discussed
above, leading to numerically accessible flows within
double precision. In the present work, we chose n ¼ 8
which is sufficient to flow very far into the infrared, and
employ a general class of shape functions given by

rnðxÞ ¼ e−fnðxÞ; fnðxÞ ¼
PnðxÞ
Qn−1ðxÞ

: ð147Þ

Here, PnðxÞ; Qn−1ðxÞ are polynomials of order n and n − 1
respectively, and their coefficients are chosen such that
Eq. (146) is fulfilled. A detailed discussion and explicit
expressions can be found in Appendix E.
The resulting class with a fixed order n ¼ 8 has two free

parameters b and c. In Fig. 6 we show the regulators used in

the present work with

ðc; bÞ∈ fð1.5; 1Þ; ð2; 0Þ; ð20; 0Þg: ð148Þ

Our optimized result uses ðc; bÞ ¼ ð2; 0Þ, while the two
other choices are more extreme choices in terms of sharp-
ness (20, 0) and lack of decay (1.5, 1). Note that the main
parameter is c, while b is tuned for smoothness of second
and higher order derivatives.

D. Full momentum dependences and further
developments

The setup detailed in this section allows us to system-
atically improve the current truncation. Moreover, the
numerical implementation of all flows allows us to check
for systematic errors by varying regulators, an important
ingredient of a systematic expansion with a controlled
systematic error estimate. The present versatile and flexible
setup also gives us access to fully momentum-dependent
propagators and couplings as we have seen in Sec. IV D.
This will be used in the present work to extract fully
momentum-dependent meson and quark propagators on the
solution of the flow equations. They are currently not fed
back into the flow equations, which is left to future work.
Still, the extracted momentum dependence gives us direct
access to the meson pole masses. We can reconstruct the
pole masses by using Padé approximants. This enables us
to tune the current quark masses directly with the pion pole
mass. Moreover, one may use approximate formulas such
as the Pagels-Stokar formula for fπ, that utilize the quark
mass-function and wave function. Its direct computation in
the present approach uses the fact that the scalar-
pseudoscalar Yukawa coupling is nothing but the Bethe-
Salpeter wave function, and fπ follows directly from its
evaluation on the pion pole. For mπ ≠ 0 this requires
realtime fRG methods as prepared with the spectral fRG
in [142,143,147].
Feeding back the frequency and momentum depend-

ences is especially relevant for computations at high μ,
where the momentum structure of both, the quark and
meson propagators is chiefly relevant and nontrivial: for the
quark this originates in the nontrivial Fermi-surface that
introduces nontrivial frequency and momentum structures
in quark propagators and vertices. The meson propagators
may carry nontrivial maxima in momentum space that are
signatures of inhomogeneities such as a moat regime
[36,148]. First signatures of the latter have been detected
in [7], and we expect that these signatures are corroborated
in an improved computation. Moreover, inevitably the
flows will carry a minimal momentum transfer, mainly
due to the nontrivial Fermi surface of the quarks and
diquarks, for a first discussion see Ref. [95]. The results
there imply that regulator independence and quantitative
reliability for QCD at large densities can only be obtained

FIG. 6. We show ∂tRkðpÞ=k2 for smooth shape functions
rðp2=k2Þ with exponential decay, that approximate the shape
function of the flat regulator. In this work, we adopt the rational
exponential regulator, defined in (147) and detailed in
Appendix E 2: All depicted regulators induce 8th order poles,
c determines the rapidity of the exponential decay for large
p2=k2, while b is tuned for avoiding substructures. Our main
results are obtained for c ¼ 2 (black straight line). For our error
analysis we also compute results within the same regulator class,
but with c ¼ 1.5 (blue straight line) and c ¼ 20 (red straight line),
which respectively elongate or truncate the regulator tail. For
comparison, we also depict ∂tRkðpÞ=k2 for the flat regulator (gray
dashed line).
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by a full momentum resolution of the flow of at least the
quark- and meson-propagators.
In a first step beyond the present work we will also

consider the full momentum dependence of propagators, a
Fierz-complete inclusion of the four-quark scattering ver-
tices, the symmetric point momentum dependences of all
couplings as well as the full field dependence of the
Yukawa coupling, as well as the strong couplings. We
also note that apart from the improved systematics and the
full access to the physics and phenomena at large densities
it will also allow for a fully self-contained calculation of the
gluon propagator. While this seemingly looks like a further
major step, it was one of the chief goals of the present work
to put forward a comprehensive numerical framework in
which all these steps, and more, are readily implemented. In
this respect, the current work has to be viewed as part of a
combined effort, that draws from many previous works in
low-energy effective models in QCD, for a rather complete
list see Ref. [1]. In functional QCD it builds specifically on
[7,17,21,67] and earlier work. It is accompanied by [27,28],
that will be used in an extension [26] of [17,21] with a more
complete momentum structure of the four-quark vertices.
This line of work is accompanied by works on the full
momentum structure of four-Fermi vertices in the presence
of a nontrivial Fermi-surface and ordering [149] as well as
the construction of optimal nonsingular tensor bases for
four-quark vertices and beyond [150].

VI. RESULTS

We begin this section by discussing the systematic error
estimation procedure and the input parameters used in our
computation in Sec. VI A. We indicate the full table of
observables obtained from this set of parameters in Table II.
This is followed by a discussion of results, focussing on

the different components of the truncation: The gluonic
interactions dominating at high energies are discussed in
Sec. VI B. In Sec. VI C the transition regime is investigated,
where the gluonic sector starts to decouple and the low-
energy degrees of freedom begin to emerge. In particular
we focus on the systematic improvements of the current
setup, also in comparison to preceding works [7,18] we
build upon. Finally, we discuss the results for the emergent
mesonic sector in Sec. VI D. There, we also showcase fully
momentum dependent propagators in the matter sector.
The present section mainly discusses results for

Nf ¼ 2þ 1. A summary of Nf ¼ 2 results is deferred to
Appendix I, including some comparison plots.

A. Initial conditions and systematic errors

The input parameters at k ¼ ΛUV of the present approxi-
mation to the effective action of QCD contain those of first
principle QCD, i.e., the strong coupling gs of QCD, and the
current quark masses mq. Additionally, we include one
phenomenological infrared parameter a, which is an

infrared rescaling of the running strong coupling by a
few percent. Importantly, the current fRG approach to QCD
hosts no further UV-relevant parameters and the physical
results at k ¼ 0 are independent of the initial UV cutoff Λ
in (149). This can be formally derived from the UV-scaling
properties of all operators in QCD, and these properties
have also been checked numerically comprehensively in
the literature, see in particular [7,17,18,20,21]. For the sake
of completeness we perform a respective analysis also in
the present work in Appendix G.
We inherit the value for the initial strong coupling from

the quantitative functional two-flavor QCD computation
in [21], while the current quark masses are tuned such that
the pion pole mass in 2þ 1 flavor QCD has the value
138 MeV. Also, the ratio of pion and kaon decay constant
takes its physical value 1.1914. Finally, the rescaling a is
adjusted such that the constituent quark mass function has
the infrared value Mlð0Þ ¼ 350 MeV.
Below, we describe the details of the respective initial

conditions in Sec. VI A 1 and discuss our systematic error
estimates in Sec. VI A 2.

1. Initial conditions

The initial conditions are set at the initial UV-cutoff scale
k ¼ ΛUV,

ΛNf¼2þ1

UV ¼ 20.137 GeV: ð149Þ

The underlying scale setting originates from the two-flavor

QCD input [21], where we choose ΛNf¼2

UV ¼ 20 GeV. The
slight adjustment of ΛUV in 2þ 1-flavor QCD accommo-
dates the changes in the flow due to the strange quark.
In short, in the UV the gluonic sector dominates the

dynamics and the RG-flow can be matched to perturbation
theory or lattice results, see also Fig. 27. The relevant input
parameters in this regime are the gluonic couplings,
compare (30). These couplings are also implicitly con-
tained in the input data [21], i.e., the gluon and ghost
propagators, but the present cutoff-dependent couplings
differ due to the mSTIs. Their determination at k ¼ ΛUV is
also described in Sec. III D 3.
We take αcc̄A directly from the input in [21] and then

adjust (126) at the initial cutoff scale (149), leading to the
values summarized in Table I.
In the perturbative regime, the flow of the four-quark

couplings is proportional to α2s and rapidly tends toward zero
for large k. Moreover, its value at smaller perturbative cutoff
scales k≳ 5 GeV is dominated by the contributions of
quark-gluon box diagrams. Accordingly, we have to choose

Λ2
UVλi ≪ ciα2ll̄A; ð150Þ

for all four-quark couplings to ensure the strong suppression
of λi at higher scales. In (150), ciα2ll̄A has been defined as the
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absolute value of the respective quark-gluon box diagram
contribution to the flow of λi. In the present work we only
consider the scalar-pseudoscalar coupling λq, in a complete
basis also called λπ or λσ−π. The flow of λq is depicted in
Fig. 25 in Appendix A. The flows of all other four-quark
couplings are structurally identical but are projected differ-
ently. The coefficient cq in (150) is given by

cq¼9.4×10−3; cqα2ll̄A¼cq ·0.046656≈4.4×10−4;

ð151Þ

where we have used Table I. In the deep UV, the initial
effective potential of the mesonic composites is quadratic,

VΛðρÞ ¼ m2
ϕ;ΛUV

ρ: ð152Þ

Moreover, on the equations of motion for ϕ we obtain

λqðpÞ¼
1

2
h2ϕGϕl

ðpÞ; Gϕl
ðpÞ¼ 1

p2þm2
ϕþRϕl

; ð153Þ

with the mesonic propagator Gϕl
defined in Appendix C 2.

As long as the combination of the square of the Yukawa
coupling and the meson propagator satisfies (150), the
results at k ¼ 0 are independent of this choice. This has
been checked thoroughly in [7,12,15,16,18,19] for the
present one-channel approximation and in [17,21] including
all channels, for details we refer to these works. In our
explicit computations, we have chosen

hϕ;ΛUV
¼1;

m2
ϕ; ΛUV

Λ2
UV

¼104; →Λ2
UVλq¼5×10−5; ð154Þ

in line with (150) and (151).
In the perturbative regime with k≳ 5 GeV, the

RG-invariant Yukawa coupling settles at hϕ ≈ 9–12, while
the mass function mϕ of the scalar-pseudoscalar composite
drops with 1=α2

ll̄A
. This has been baptized a quasifixed point

running in [12] and has also been seen in [7,12,15–19,21]. Its
persistence in the fully momentum-dependent approxima-
tions [17,21] corroborates the fact that even in the ultraviolet,
the t-channel exchange is well described by an exchange of a

massive exchange boson with a classical dispersion. In turn,
within the deep infrared, full QCD runs into χPT as discussed
before in Sec. IV D and is dominated by pion exchange
processes of a pointlike pion.
We integrate our results down to an RG-scale

kmin ¼ 0.02 MeV, where no changes in any observables
are discernible anymore.
The current setup has one physical parameter for Nf ¼ 2

and two physical parameters for Nf ¼ 2þ 1: They corre-
spond to the current quark masses and are set by the
coefficients cσl (light current quark mass) and cσs (strange
current quark mass) of the linear terms in σl, σs that induce
explicit chiral symmetry breaking. In both cases, one
phenomenological parameter remains: the infrared scaling
factor 1þ a of the quark-gluon coupling αq̄qA, which
compensates for the missing tensor structures of the
quark-gluon vertex.
We fix the coefficient cσl through the pion pole mass and

the coefficient cσs by the ratio of pion and kaon decay
constants. The phenomenological parameter introduced in
(123) is used to adjust the strength of chiral symmetry
breaking through the value of the constituent quark mass at
vanishing momentum.
In the present approximation, it introduces a ≲3%

enhancement of the quark-gluon coupling αll̄A in the
infrared. This small remaining phenomenological param-
eter will be removed in a forthcoming work, where all
tensor structures and momentum dependences of the
dressings will be considered.
All initial parameters, resulting observables and the

corresponding quark and meson pole masses at k → 0
are summarized in Table II. We comment on the results for

TABLE I. Strong couplings at the initial scale Λ for
Nf ¼ 2þ 1. Their determination is outlined in Sec. III D 3.

Coupling Value

αA3;ΛUV
0.210

αcc̄A;ΛUV
0.235

αA4;ΛUV
0.216

αll̄A;ΛUV
0.227

αss̄A;ΛUV
0.227

TABLE II. IR-Observables and corresponding parameters of
the initial UV action for Nf ¼ 2þ 1. We only provide the UV
value of αll̄A, the UV values of the other avatars of the strong
couplings are listed in Table I. The parameters in ΓΛUV

are chosen
to adjust the masses on the physical equations of motion (86). The
quark mass is adjusted using an enhancement of the quark-gluon
vertex which is indicated in (123). The � error bounds corre-
spond to the systematic error linked to the choice of regulator,
recall Sec. VI A 2. The error on the pion pole mass is due to the
extrapolation to the complex plane (166).

Observables Value Parameter in ΓΛUV

mπ;pol (MeV) 138(9) cσl ¼ 4.67 GeV3

fK=fπ 1.1914 Δmsl ¼ 134.2 MeV
αll̄A;ΛUV

αll̄A;ΛUV
¼ 0.227

ml (MeV) 350 a ¼ 0.0251 b ¼ 2 GeV
fπ (MeV) 97.2þ4.0

−2.2 � � �
ms (MeV) 485.0þ0.0

−0.3 � � �
mπ;cur (MeV) 138 � � �
mσ (MeV) 388.1þ0.0

−1.1 � � �
σ0;l (MeV) 69:þ1.2

−0.2 � � �
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the pole masses in the following sections. Furthermore, we
show results for Nf ¼ 2 in Appendix I.
We also indicate the chiral symmetry breaking

scale, which we define as the largest cutoff scale with
hσiðk < kχÞ ≠ 0 in the chiral limit and is given by

k
Nf¼2þ1
χ ¼ 388 MeV: ð155Þ

A similar kχ has already been found in previous QCD
computations with the fRG, [7,17,18,21]. Notably, (155) is
significantly lower than the chiral symmetry breaking scale
in most low-energy effective theory calculations. This
indicates the incompleteness in terms of QCD fluctuations
and suggests to use to augment them with QCD informa-
tion such as flows of specific couplings. These energy
effective theories are called QCD-assisted models and have
a qualitatively enhanced reliability and regime of validity.
For a recent example see Ref. [6].
For illustration, we also show the evolution of the order

parameter σ0 in Fig. 43 in Appendix J, both for the chiral
case defining kχ , and at the physical point. Furthermore, in
Table III we also present our results in the chiral limit.

2. Regulator dependence and systematic error estimates

The combination of approximation scheme and regulator
choice is one of the main sources for systematic errors in
the fRG approach to QCD, recall Sec. IV D. Due to our
current implementation with numerical integration of
momentum loops, we are in a position to easily check
the regulator dependence of the present approximation
scheme. We limit ourselves to a class of regulators that are
sufficiently flat for small momenta, see Sec. V C 3. On the
basis of this, we vary the decay from steep to mild ones,
where steepness is limited by future use at finite temper-
ature. The construction is detailed in Sec. V C and
Appendix E. Within this class we chose three different
regulators, indicated in Fig. 6, to obtain results with an
accurate systematic error incurred by the RG-time integra-
tion. This procedure allows us to perform a general scan of
the present setting within the constraints coming from an

easy accessibility to convexity restoration and at finite
temperature. Note that these constraints are also related to
optimization as discussed before and are not mere
convenience.
Changing the specific regulator requires a readjustment

of the enhancement factor and cσl , which is indicated in
Table IV for completeness. Although the regulator changes
quite strongly, we observe the change in the enhancement
factor to be around 15%. The resulting error from the
change of regulator and readjusting of parameters is
indicated in all plots as error bounds.

B. Gluonic correlation functions

We start our discussion of the results with the gluonic
correlation functions: The result for the 2þ 1 flavor gluon
propagator is evaluated in Sec. VI B 1 concerning two
aspects, its agreement with other quantitative results from
functional approaches and lattice simulations, and its
confirmation of the absolute momentum scale which is
taken over from the two-flavor results of the two-flavor
input propagator. In Sec. VI B 2 we compare the avatars of
the strong coupling and discuss the decoupling of the glue
sector from the low-energy dynamics for k≲ 1 GeV.

1. Gluon propagator

To compute the gluon and ghost propagators in
Nf ¼ 2þ 1 flavors, we apply the LEGO®-principle put
forward in Sec. IV F: Given that the contribution of the
strange quark to the gluonic dynamics is at most subleading,
we simply add the strange quark loop to the RG-flow
without feedback into the two-flavor part. As discussed in
Sec. III D 1, it is the gluon dressing (120) that carries the
dynamics and that it depicted. A comparison of the respec-
tive result for the gluon dressing with corresponding lattice
data in Nf ¼ 2þ 1 is depicted in Fig. 7. The excellent
agreement between both solutions affirms our approach, and
has been also previously observed in [7]. We point out the
small error band on the fRG data due to the regulator
dependences, see Sec. V C and Sec. VI A 2. The lattice data
is continuum-extrapolated and taken from [151].
Given that our computation lacks the full momentum

dependence of the glue sector, we identify p ¼ k in the fRG
data for comparison. Physical scales are introduced to the
system by aligning the peak of the gluon dressing (120)
with the lattice data. Away from the peak, the momentum
dependence of the gluon dressing matches well with the
lattice data. The minor deviations in the deep infrared are

TABLE III. IR-Observables for Nf ¼ 2þ 1 in the chiral limit.
The corresponding initial parameters are indicated in Tables I
and II. In contrast to the latter table we use cσl ¼ 0 but keep
Δmsl ¼ 134.2 MeV.

Observable Value

ðfK=fπÞχ 1.2168þ0.0006
−0.0007

fπ;χ (MeV) 93.2þ3.5
−3.1

ml;χ (MeV) 311.6þ0.3
−0.1

ms;χ (MeV) 446.7þ0.3
−0.2

mσ;χ (MeV) 214.7þ5.4
−9.3

σl;0;χ (MeV) 67.1þ1.2
−0.0

TABLE IV. Changes in parameters for different regulators.

Regulator a cσ (GeV3)

ðc; bÞ ¼ ð1.5; 1Þ 0.0182 4.54
ðc; bÞ ¼ ð2; 0Þ 0.0251 4.67
ðc; bÞ ¼ ð20; 0Þ 0.0265 4.69
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well understood and originate mostly from the nonpertur-
bative gauge-fixing [20,21,31,152].

2. Avatars of the strong coupling and glue decoupling

We show the RG-scale running of the strong couplings in
Fig. 8. Again, we find a remarkably narrow error band on
the RG-scale dependence. In the RG-invariant formulation,
as introduced in Sec. II D, these couplings are avatars of the
strong interaction and can be directly linked to the
importance of corresponding diagrams. Within the present
approximation, all avatars of the strong coupling are
computed self-consistently.
In comparison to prior studies [7,18],wehave liftedmost of

the approximations concerning the gluonic sector. In particu-
lar, the self-consistent computationof the four-gluon coupling
gA4 is a novelty of the present setup. Its relative agreement
with gA3 , which also does not directly couple to the matter
sector, corroborates this approximation on gA4 made in [7,18].

C. LEGO®-principle at work

Our results provide a detailed insight in the LEGO®-
principle at low energies, which is a the heart of the
LEGO®-expansion. The building blocks of the current RG-
invariant expansion scheme are the RG-invariant dressings

λ̄ðiÞn ðp1;…pnÞ and the RG-invariant normalized propaga-
tors ḠΦi

ðpÞ. The latter are split into their scalar parts
Ḡi;sðpÞ with i ¼ A; c; c̄; q; q̄;ϕ, (E5), and the respective
tensor structure, (C14). The relative strength of diagrams
depends on the loop momentum integral over products of
these building blocks and the combinatorial factors com-
puted from the contraction of the product of the tensor
structures of vertices and propagators.
The systematic error estimate of the LEGO®-expansion in

QCD is based on the fact, that QCD has two well-separated

subsystems: the pure glue system and the matter sector,
which includes the emergent scalar-pseudoscalar mesonic
fields, constituting the quark-meson system.The interface of
these subsystems are only a few connecting diagrams
(the LEGO® studs) in a reduced set of flows of propagators
and vertices in either sector. Moreover, the flow of the
entire system is dominated by that of the glue sector for
momenta and cutoff scales k; p≳ 1.5 GeV. In turn, for
k; p≲ 0.5 GeV the matter, or rather the pion sector, is
dominating the flows. Hence, the convergence properties
and systematic error estimate of the subsystems can be done
separately, taking the impact of the respective other sector
into account by evaluating the potential influence of the
connecting diagrams, the diagrammatic studs.

1. QCD subsystems

Accordingly, the key to the convergence and systematic
error analysis of functional QCD is the evaluation of these
diagrammatic studs built up from the interface couplings.
Therefore, we separate the subsystems for analysis and
collect the couplings in three sets: the glue self-couplings
fλglueg, the matter self-couplings fλmatg, and the interface
couplings fλinterg.
The dynamics of the pure glue system dominates the

flows and hence the dynamics of QCD for k≳ 1.5 GeV.
The set of self-couplings in the present approximation are
the pure glue avatars of the strong coupling,

fλglueg ¼ fαA3 ; αA4 ; αcc̄Ag: ð156Þ

see (29) and Fig. 8. Further self-couplings and the con-
vergence of the subsystem have been considered in
particular in [17,20,22,23].

FIG. 7. Dressing 1=ZAðpÞ ¼ p2GAðpÞ in (120) of the scalar
part of the gluon propagator in the Landau gauge in comparison
to lattice computations for Nf ¼ 2þ 1 flavors from [151]. The
systematic error estimate is that obtained by varying the regulator,
see Sec. VI A 2. It is indicated as an error band but is barely
discernible.

FIG. 8. RG-scale dependence of the strong couplings αi;k for
Nf ¼ 2þ 1 flavors. These couplings are the RG-invariant
strengths of the one-gluon exchange diagrams as shown in
Fig. 4(a) that control and drive the glue dynamics. We show
also a double-logarithmic plot of the strong couplings in Fig. 37,
where the behavior at small k is clearly visible—in particular the
zero crossing of the three-gluon coupling.
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For cutoff scales k≲ 1.5 GeV, the dynamics of the QCD
system is successively taken over by that of the matter
subsystem, which fully dominates for scales k≲ 0.5 GeV,
naturally settling in the regime described by χPT. The set of
self-couplings in the matter sector in the present approxi-
mation is given by

fλmatg¼fhϕðρ0Þ;λϕ;nðρ0Þg; λϕ;nðρÞ¼ ∂
n
ρVðρÞ: ð157Þ

The set of interface couplings fλinterg of the glue sub-
systems to the matter subsystem in the present approxi-
mation only contains the quark-gluon coupling,

fλinterg ¼ fαll̄Ag; ð158Þ

which was defined in (52).
To wrap up, (156) to (158) classify all couplings

considered in the present approximation into the three
subsystems of glue, matter, and interface couplings.

2. Effective potential of the chiral order parameter

The subset fλϕ;ng is simply the set of all meson self-
scattering events contained in the full effective meson
potential in QCD, which is taken fully into account for
the first time in the present work. A fully field-dependent
effective potential of mesonic scattering processes VðρÞ
allows unprecedented quantitative access to observables in
the chiral limit or critical regions. Moreover, we can access
the convergence radius of Taylor expansions in the fRG
approach. This is a significant methodological improvement

in comparison to the proceeding works [7,18], which can be
also used for reliability estimates of these expansions.
Figure 9(a) depicts the result for the full effective

potential of the light meson condensate, VlðρlÞ.
Additionally, we indicate two Taylor expansions for a
fixed expansion order N ¼ 5 at the physical point and
close to the chiral limit. These are obtained by straight-
forwardly taking high-order numerical derivatives of
our results at the expansion points. The regime in which
their relative error to the full potential is < 2% is also
highlighted.
Of course, the validity regime defined by a 2% deviation

depends on the order of expansion. We illustrate this in
Fig. 9(b). As can be seen, for

Nphys
min ¼ 5; Nχ

min ¼ 4; ð159Þ

the expansions are able to fully capture the possible range
of the effective potential while maintaining precision at the
expansion point. Moreover, the convergence radius shrinks
with the distance to the chiral EoM, where it vanishes. We
provide our coefficients of a fifth-order Taylor expansion
around the physical minimum in Table V. For complete-
ness, we also show the time evolution of the effective
potential in Fig. 42 in Fig. 41(a).
The rapid convergence of the respective Taylor expan-

sion in vacuumQCD at the physical point has been tested in
[7,17–19,21], that of the Taylor expansion of hlðρÞ has
been tested in vacuum QCD in [17–19,21], a comprehen-
sive study of the double convergence in low-energy QCD

FIG. 9. Full effective potential of mesonic scatterings VlðρlÞ as a function of the light condensate ρl (35). In Fig. 9(a) it is shown for
ρl’s including the expectation value in the chiral limit, ρχ and the physical expectation value. This figure also shows the Taylor expansion
potentials of orderN ¼ 5 and their validity regimes for two expansion points: the expectation value ρ0 at the physical point and one close
to the chiral limit, ρ1 ¼ ρχ · 1.15. The validity regimes are estimated by the interval, for which the Taylor expansion deviates less than
2% from the full result. In Fig. 9(b) we show the size of this validity regime for differentN ≤ 10, indicating the radius of convergence. In
Table V, we provide explicitly the coefficients of the expansion around ρ0 shown above. (a) Full effective potential VlðρlÞ and Taylor
expansion potentials of order N ¼ 5 for two expansion points: the expectation value ρ0 at the physical point and one close to the chiral
limit, ρ1 ¼ ρχ · 1.15, including their validity regime, see also Fig. 9(b). (b) Convergence properties of the Taylor expansion. The validity
regime has been defined by the deviation of the Taylor expansion from the full result by less than 2%. For larger N numerical noise
makes it difficult to define a Taylor expansion within our setup.
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effective theories in the phase structure of QCD has been
put forward in [114].
The inclusion of the latter work within an effective

theory draws already from the LEGO®-principle: The
convergence properties and systematic error estimate of
an expansion in mesonic self-interactions can safely be
done within the quark-meson sector without considering
full QCD. The flow of the full mesonic effective potential in
QCD only couples indirectly to the glue sector and its
impact is controlled by the interface, the diagrammatic
studs. This allows us to rely on systematic error estimates
and the evaluation of convergence properties in low-energy
effective theories with functional approaches, for a compi-
lation of low-energy QCD fRG-studies see Ref. [1].
In Fig. 10 we compare our full potential to the Taylor-

expanded result from [7]. Here, it can be seen that our
estimate for the validity of the expansion fits quite well. In
particular, the potential is almost perfectly identical around
the physical EoM. However, the Taylor-expansion deviates
slightly faster than our validity estimate would suggest.
This can be explained by the reduced precision due to a

running expansion point and other errors picked up during
the flow. Clearly, the Taylor expansion can also not be used
to extrapolate to the chiral limit, as has been already
indicated in Fig. 9.

3. Interface

As mentioned before, the set of interface couplings (158)
only contains the quark-gluon coupling αll̄A. A diagram-
matic depiction of its flow is found in Fig. 21 in
Appendix A. Further interface couplings and their impor-
tance for gauge consistency have been considered in
particular in [21]. For p≳ 5 GeV, the value of αll̄A agrees
with that of the other avatars of the strong coupling. On the
other hand, for smaller values, all the avatars start to differ
due to nontrivial terms in the respective STIs. At low
momenta and cutoff scales, all avatars of the strong
coupling decay and the glue sector decouples.
The diagrammatic studs of the two subsystems in the

present approximation enter the glue subsystem via the
flow of the dressing of the gluon propagator and the pure
glue couplings in terms of a quark loop with external
gluons, see Figs. 18 and 22 in Appendix A. The dia-
grammatic studs in the present approximation enter the
matter subsystem via the flowing constraint for the scalar-
pseudoscalar channel of the four-quark vertex, Fig. 25 in
Appendix A. These are the flow of the Yukawa coupling
and the wave function of the quark propagator, both derived
from Fig. 19 in Appendix A.
One key information for the present analysis is the

relative strength of the contributions to the diagrammatic
part of the flow Flowλ of a given dressing
λ∈ fλglue; λmat; λInterg from the sets (156) to (158). These

different parts are labeled by FlowðqAÞ
λ (quark-gluon dia-

grams), FlowðqϕÞ
λ , (pure matter sector) and FlowðqAϕÞ

λ ,
(mixed). Their relative strength is then measured by

SðiÞ
λ ¼ jFlowðiÞ

λ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
jðFlowðjÞ

λ Þ2
q ; i; j ¼ qA; qϕ; qAϕ; ð160Þ

and is depicted in Figs. 11 and 12 for λ ¼ λq; hϕ; αqq̄A.
The second key information is the absolute strength of

the flow at a given cutoff scale k: if the combined flow of a
dressing, measured in the dressing itself, tends toward zero,
it may be dominated by one of the contributions above, but
is irrelevant.
We put this to work within an evaluation of the flow of

the scalar-pseudoscalar channel of the four-quark vertex
depicted in Fig. 25 in Appendix A, see also [7]. The
different building blocks are the quark, gluon and meson
propagator, and the couplings αqq̄A; hϕ. The full analysis
necessarily also includes that of the quark-gluon coupling
and the Yukawa coupling. However, the Yukawa coupling
is quite stable for all cutoff scales k. As discussed before,

TABLE V. Coefficients of the 5th order Taylor expansion
around ρ0 ¼ 2245.7 MeV2 as shown also in Fig. 9.

Coefficient cn Value (MeV2n)

c1 1.9046 × 105

c2 27.148
c3 −3.1020 × 10−3

c4 7.8183 × 10−5

c5 2.5407 × 10−6

FIG. 10. Effective potential VlðρlÞ of the light quark condensate
(orange) in comparison to the Taylor expansion potential from [7]
(blue). The ρl-range includes the expectation value in the chiral
limit ρχ (dotted vertical line), as well as the expectation value at
the physical point ρ0 (dashed vertical line). We also indicate the
validity regimes of the Taylor expansions as determined in
Fig. 9(a) by transparent blue bands. We emphasize that the
validity regime around ρχ vanishes, while that around the
physical point neither incorporates ρχ nor ρs;0.
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this entails that the momentum-dependence of the scalar-
pseudoscalar t-channel is well described by the exchange of
a quasiparticle with a constant coupling strength. Moreover,
this offers a further important example for using QCD
information for improving low energy effective theories
(LEFTs) toward QCD-assisted LEFTs: Setting up a quark-
meson model within the LPA’ approximation allows us to
use a constant RG-invariant Yukawa coupling in a first
good approximation to QCD at low scales. In any case, this
implies that the full analysis reduces to that of the four-
quark flow and the quark-gluon coupling.
For k≳ 1.5 GeV the quark-gluon box diagrams domi-

nate the flow of the four-quark vertex. Moreover, its

strength at a given scale k≳ 1.5 GeV is dominated by
the flow at k itself. This stabilizes the system considerably
as the error proliferation from larger cutoff scales is
efficiently decoupled, and the systematic error in this
regime is dominated by the quark-gluon coupling.
We also remark that the closed quark-loop contributions

to the gluon propagator and the pure glue couplings are
merely shifting the characteristic scale ΛQCD from that in
pure Yang-Mills to that in QCD. Thus, the convergence and
systematic error estimate of the glue subsystem is the same
as in pure Yang-Mills.
In the regime 0.5 GeV≲ k≲ 1.5 GeV, the different flow

contributions to the four-quark flow have a similar size,

FIG. 11. Strengths of the diagrammatic contributions to the flow of the t-channel dressing of the scalar-pseudoscalar four-quark
dressing: quark-gluon box (qA), mixed quark-gluon-meson box, (qAϕ), and quark-meson box (qϕ). The error bands indicate the
systematic error incurred by the regulator-dependence. For a discussion see Sec. VI A 2. For the resulting strength of he coupling, see

also Fig. 40 in Appendix J. (a) Relative strengths S ðiÞ
λ with i ¼ qA, qAϕ, qϕ, defined in (160), of the diagrammatic contributions to the

four-quark flow in the scalar-pseudoscalar channel. (b) Absolute strengths jFlowðiÞ
λ j of the diagrammatic contributions to the scalar-

pseudoscalar four-quark channel.

FIG. 12. Absolute strength of the diagrammatic quark-gluon and quark-meson contributions to the flow of the Yukawa coupling and
the quark-gluon coupling. Note that the pertaining diagrams do not have mixed meson-gluon contributions, see Figs. 19 and 21 in
Appendix A. The error-bands indicate the systematic error incurred by the regulator-dependence. For a discussion see Sec. VI A 2.
(a) Absolute strengths

��FlowðiÞ
ϕq̄q

�� of the diagrammatic contributions to the Yukawa coupling hϕ. (b) Absolute strengths
��FlowðiÞ

Aq̄q

�� of the
diagrammatic contributions to the quark-gluon coupling gqq̄A.
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with the quark-meson contributions successively taking
over the dynamics, see Fig. 11(a). The same analysis
holds true for the Yukawa coupling and the quark-gluon
coupling, see Fig. 12. However, contributions to the
matter sector from the quark-gluon coupling decouple
rapidly and are irrelevant for the systematic error. Finally,
we indicate the RG-scale dependence of the avatars of the
strong coupling in comparison to the running of the scalar-
pseudoscalar contributions to the four-fermi channel
in Fig. 13.
For the explicit evolution of the Yukawa coupling hϕ and

the associated four-quark vertex see also the additional
plots in Appendix J, where these are explicitly shown.
We conclude from the above discussion that the total

systematic error of the system is well estimated by the
combined systematic errors of the quark-gluon sector at
high energies for k≳ 1.5 GeV, of the low-energy sector of
QCD for k≲ 0.5 GeV and of the transition regime
for 0.5 GeV≲ k≲ 1.5 GeV.
The high- and low-energy sectors have been studied

thoroughly in the literature. For high energies this has been
done with self-consistency evaluations of higher order
vertices and with comparisons with other functional
approaches—in particular DSE studies—which offer dif-
ferent resummation schemes, as well as perturbative results
at asymptotically high energies. In the regime p≲ 4 GeV,
one can also compare the results from functional
approaches with lattice results for quark and gluon propa-
gators, as well as a few results for vertices, albeit the lattice
results still have large statistical errors.
On the other hand, the systematic error estimate for the

matter sector can be estimated by a combination of that
from self-consistency analyses in fRG calculations of low-
energy effective theories, see Ref. [1], benchmark predic-
tions in comparison to experiment, and the fact that the
present approach converges toward χPT for k → 0, giving
access to the systematic error estimates of χPT.

Together, this leads to a combined conservative systematic
error estimate of less than 5% from the high and low-energy
sector of QCD for the QCD correlation functions considered
here. The largest part of the systematic error estimate stems
from the interface regime with 0.5 GeV≲ k≲ 1.5 GeV:
Here we can only draw from the self-consistency estimate
discussed in Sec. IV, as neither lattice simulations nor other
functional approaches offer a direct comparison. In this setup,
we do not calculate the full interface, which contains further
quark-gluon interactions associated with nonclassical tensor
structures. This expansion has been shown to be stable under
the inclusion of higher order contributions, [17–19,21].
Here, we use a small enhancement factor to estimate the
impact of these further interface studs.Although this enhance-
ment is small, our results are sensitive to the exact value
thereof,which leads us to estimate the overall systematic error
to be around 10%, and part of the remaining error is
accommodated by the adjustment of the current quarkmasses
and the pion pole mass.
This concludes our evaluation of the systematic error

estimate in the present approximation to QCD. In summary
we arrive at a conservative systematic error estimate of 10%
for the present functional first principle study of vacuum
QCD, being dominated by the interface error.

D. Momentum dependences in the matter sector

The present setup of the matter sector contains a full
mesonic field dependence and also gives access to fully
momentum-dependent propagators. Even though the
momentum dependence of propagators is extracted from
the data and not fed back, this it allows for a direct access to
the pole masses and the pion decay constant. Furthermore,
the resulting full momentum dependence serves as a
important consistency check for both the current and
previously employed approximation schemes of the effec-
tive action.

1. Meson masses

The computation of the full mesonic potential gives
direct access to the curvature masses in the matter sector,
which are summarized in Tables II and III. Additionally, we
show the RG-scale-dependent mesonic masses in Fig. 14.
This plot emphasizes the different precision requirements
for calculations in the chiral limit. Whereas the mesonic
masses on the physical point saturate at scales below the
physical pion mass k≲mπ ¼ 138 MeV, this is not the case
if we have a truly massless mode, such as in the chiral limit
or, importantly, at second order phase transitions such as
the critical end point.
In view of a future application of the present setup to the

resolution of the critical end point, as well as for an analysis
of the mass spectrum of QCD in the chiral limit, we also
briefly discuss the results in the chiral limit. There, the
determination of the sigma mass mσ requires an increased
precision in field space, and we obtain

FIG. 13. RG-scale dependence of the strong couplings αi;k for
Nf ¼ 2þ 1 flavors on a double-logarithmic scale in comparison
to the running of the parts of the scalar-pseudoscalar four-Fermi
channel λðπÞ ¼ h2ϕ=2Gπ and λðσÞ ¼ h2ϕ=2Gσ .
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mσ;χ ¼ 214.7þ5.4
−9.3 MeV; ð161Þ

see Table III. We have ascertained that the field discretiza-
tion is fine enough to avoid sizeable errors for the (right-
sided) derivative of m2

π at the chiral EoM ρχ . This has been
done by increasing the cell count around the EoM by more
than an order of magnitude. At this point, the derivative of
m2

πðρÞ jumps sharply at the chiral EoM and an increase in
precision does not yield changing results. In summary, we
corroborate low energy effective theory results in the
literature, see Ref. [1]. Technically, this originates in the

successive decoupling of gluons and quarks from the off-
shell dynamics, effectively leaving us with the off-shell
dynamics of an O(4) model with its well-known mass
spectrum. Note that the chiral limit is very sensitive to the
dynamical details of anomalous chiral symmetry breaking,
for a comprehensive analysis see Refs. [118,153], for
related considerations see Ref. [154]. In summary, the
chiral limit deserves further investigation within an
improved approximation which is deferred to future work.
We proceed by investigating the full momentum depend-

ence of the pion propagator GπðpÞ in Fig. 15. It can be

FIG. 14. RG-scale dependence of mesonic masses for Nf ¼ 2þ 1. There values at k ¼ 0 are collected in Tables II and III. We have
indicated the chiral symmetry breaking scale kχ , which given in (155). The error-bands indicate the systematic error incurred by the
regulator-dependence. For a discussion see Sec. VI A 2. (a) Running of the meson masses on the physical EoM. (b) Running of the
meson masses on the chiral EoM.

FIG. 15. RG-scale dependence of mesonic masses for Nf ¼ 2þ 1. We have indicated the chiral symmetry breaking scale kχ provided
in (155). The error-bands indicate the systematic error incurred by the regulator-dependence. For a discussion see Sec. VI A 2.
(a) Fully momentum-dependent pion propagator for Nf ¼ 2þ 1, compared to the RG-scale-dependent propagator as defined in (162).
Whilst the blue curve shows a genuine momentum dependence, the orange curve shows a RG-scale dependence which is identified as
k ¼ p. (b) Comparison of the loop-term Gπ;kðpÞ∂tRϕ;kðpÞ (solid lines) with the approximation we use in our loops,�
1=Zϕ;k×


 ��
∂tRϕ;kðpÞ



=
�
p2 þm2

π;k þ Rϕ;kðpÞ

�

(dashed lines) at three different cutoffscales k ¼ ð1; 0.4; 0.1Þ GeV. The region
around the respective k contributes by far the most to the loop integrals due to higher scales being suppressed by ∂tRϕ and lower scales
due to the four-dimensional integral over loop momenta. As such, we see excellent agreement within the relevant region.
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directly constructed from the curvature mass mπ of the
pion at vanishing cutoff scale and the integrated wave
function ZϕðpÞ, defined in (97), with the momentum-
dependent anomalous dimension ηϕl

ðpÞ in (93). We are
thus led to

GπðpÞ ¼
1

ZϕðpÞ
1

p2 þm2
π
; ð162Þ

at vanishing cutoff scale. The full ηϕl
ðpÞ is a result of the

flow and we do not fully feed it back into the system, but
only ηϕl

ð0Þ and ηϕl
ðkÞ. This is explained in Sec. III C 1,

where we also discuss the resulting systematic error. In
future works we will feed back ηϕl

ðpÞ into the flow to
obtain a fully self-consistent pion propagator. In any case,
we can compare this to an approximation of Gπ , given
through the identification of p ¼ k,

1

Zϕ;kð0Þ
1

k2 þm2
π;k

; ð163Þ

which we show in Fig. 15(a). The agreement between the
results is quite good, with the largest difference being a
bump around p ≈ 500 MeV.
As indicated above, we use the approximation ηϕl

ðpÞ ≈
ηϕl

ðp ¼ kÞ for the loop propagators, recall Sec. III C 1,
instead of the full momentum dependence. We can use the
fully momentum-dependent result to verify the quality and
consistency of this assumption.
To this end, we compare the full pion propagator as it

enters into the flow of Γk½Φ� to the one we use in the loop-
momentum integration, i.e.,

p4GkðpÞ∂tRϕ;kðpÞGkðpÞ

¼ 1

Zϕ;kðpÞ
p4

∂tRϕ;kðpÞ
ðp2 þm2

π;k þ Rϕ;kðpÞÞ2
; ð164Þ

to

1

Zϕ;kðkÞ
p4

∂tRϕ;kðpÞ
ðp2 þm2

π;k þ Rϕ;kðpÞÞ2
; ð165Þ

where Zϕ;k is computed k-dependently at p ¼ k using the
relations below (98). The above combination is the main
way in which the pion propagator enters the flow equations.
Their good agreement, which is visible in Fig. 15(b),
confirms (96).
The fully momentum-dependent pion propagator can be

used to extract the pion pole mass in the complex
momentum plane, where the pole of the propagator is
situated at. Using a Padé-fit, we extract a pion pole mass

m
Nf¼2þ1

π;pole ¼ 138ð9Þ MeV; ð166Þ

see Table II. For its determination we took the average of fit
results for the ordersN ¼ 2;…; 10 and the error is given by
standard deviation of these fits. Due to the reconstruction
process of the propagator, the errors are relatively large.
This will be improved on in future work.
The approximate agreement with the curvature mass (87)

with mπ;curv ¼ 138 MeV is in line with respective compu-
tations in the quark-meson model, [49]. It also serves as
additional support of the methodology employed previ-
ously in [7] based on [49]. Furthermore, it is suggestive to
identify the curvature mass of the σ-mode, indicated in
Table II, with the lowest lying pole mass in the scalar sector.

2. Quarks and pion decay constant

In the previous section we found that the different scale-
dependent solutions to the mesonic wave function (99) and
(97) yielded very similar results for the momentum-depen-
dent pion propagator, as seen in Fig. 15(a). This already
entails that our approximation of the meson propagators in
loops with ηϕl

ðpÞ → ηϕl
ðp ¼ kÞ is quantitatively reliable.

For the quark wave functions and mass functions, the
situation is very different: we discuss this in the chiral limit
as this illustrates the underlying properties most lucidly: to
begin with, the wave function is only mildly varying
between approximately 1–1.25 over the full momentum
range, and any approximation to the ηq’s will do. The flow
of the mass function, on the other hand, vanishes identically
for all cutoff scales k > kχ in the chiral limit. For cutoff
scales k < kχ , the flow of the mass function switches on
and generates contributions for all momenta, as its flow
decays with 1=p2 for p2 ≫ k2. This feed back to larger
momenta is missing in the local approximation with
MðpÞ ≈Mk¼γpð0Þ for all γ. Indeed, in the chiral limit
we have Mk¼γpð0Þ ¼ 0 for γp > kχ. We illustrate this in
Fig. 41(b) in Appendix J, where MðpÞ and Mk¼p are
depicted. We close this discussion with the remark that this
feedback of momentum contributions is also missing in the
scalar case, but there it is a subleading contribution.
With the above structure in mind, induced by dynamical

chiral symmetry breaking, we reconsider the wave function
Zq. In the Landau gauge it vanishes identically at one loop
order and hence it is approximately zero deep in the
perturbative regime. We have discussed in Sec. III C 3,
how this is implemented with gauge consistency in the fRG
approach. We conclude that while the flow of the wave
function is not vanishing identically, it is approximately
zero deep in the perturbative regime due to the Landau
gauge. These differences can only play a subleading role in
the flow equation, but we still expect sizable deviations of
Zk¼γkð0Þ from ZðpÞ for all γ.
We depict the momentum-dependent quark dressings

1=Zq;k¼0ðpÞ with approximate gauge consistency in
Fig. 16(a). They are computed with (108), and details of
the procedure and the final light quark wave function are
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also shown in Fig. 3. The momentum-dependent quark
dressings are compared with the k-dependent ones, com-
puted from (109), in Fig. 41(a) in Appendix J. As expected,
the scale-dependence does not reflect the p-dependence
of Zq. This begs the question how the approximation
ηq;kðpÞ → ηq;kðkÞ fares in the loops, even though it is a
subleading term in the first place. To that end we compare

p4GlðpÞ∂tRϕ;kðpÞGlðpÞ

¼ 1

Zl;kðpÞ
p4

∂tRl;kðpÞ
ðMl;kðpÞ2 þ ðpþ Rl;kðpÞÞ2Þ2

; ð167Þ

with

1

Zl;kðkÞ
p4

∂tRl;kðpÞ
ðm2

l;k þ ðpþ Rl;kðpÞÞ2Þ2
; ð168Þ

where Zl;kðkÞ is computed k-dependently at p ¼ k using
the relations below (98). The agreement of the loop-terms is
excellent, as shown in Fig. 16(b), confirming again (96).
Technically this originates in the following: even though
the wave functions at low momenta differ, as depicted in
Fig. 41(a) in Appendix J, the quark masses suppress this
difference. In summary, this sustains quantitatively the
approximation for ηqðpÞ used in the present work.
We proceed with the discussion of the momentum

dependence of the quark mass functions. First of all,
MlðpÞ and MsðpÞ agree with the momentum-independent
ones used in the flow at vanishing momentum, see (56),

which is one of the reasons behind the excellent agreement
of (167) and (168). Their momentum dependence is
obtained by integrating the momentum-dependent flow
of the Yukawa coupling (111) in Sec. III C 3 on the k-
dependent solution in the present approximation. They are
depicted in Fig. 16(a) in comparison to results from
quantitative functional computations from [81] as well as
recent lattice results from [155]. The fRG results, obtained
by reading out the momentum dependence on the flow,
agree very well with the results in the literature, which
provides further support for the approximation scheme set
up here.
We finally discuss the computation of the pion decay

constant in the present approach. It can be computed from
the quark mass function MlðpÞ using the exact relation

fπ ¼ lim
P→−m2

π

�
ZlðPÞ

ðN2
f − 1ÞP2

×
Z
q
tr½Tiγ5PGll̄ðqþ PÞΓiðq; PÞGll̄ðqÞ�

�
: ð169Þ

Here, Γiðq; PÞ is the light-quark-pion vertex,

Γiðq; PÞ ¼ ½Γl̄lπ�iðqþ P;−q;−PÞjhϕ¼ĥϕðqþP;−qÞ: ð170Þ

These relations imply a relation between the normalized
Bethe-Salpeter (BS) wave function ĥϕ and the Yukawa
coupling in the fRG approach with emergent composites,

FIG. 16. Momentum dependences of the quark propagator. The error-bands indicate the systematic error incurred by the regulator-
dependence. For a discussion see Sec. VI A 2. Here, error-bands are so small that they are hardly visible, indicating that the error of the
quark mass and wave function has little dependence on the regulator choice. (a) Results for the momentum-dependence of the quark
mass functionMqðpÞ and the quark wave function renormalisation ZqðpÞ for both light and strange quarks. The DSE data is taken from
[81], whereas the lattice data is from the lattice study in [155]. (b) Comparison of the loop-term Gl;kðpÞp∂tRl;kðpÞ (solid lines) with the
approximation we use in our loops, ð1=Zl;k×Þ ½ðp∂tRl;kðpÞÞ=ðm2

l.k þ ðpþ Rl;kðpÞÞ2� (dashed lines) at three different cutoffscales
k ¼ ð1; 0.4; 0.1Þ GeV. The region around the respective k contributes by far the most to the loop integrals due to higher scales being
suppressed by p∂tRl and lower scales due to the four-dimensional integral over loop momenta. As such, we see excellent agreement
within the relevant region.
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fπĥϕðp; qÞ ¼ MlðqÞZlðpÞ þMlðpÞZlðqÞ: ð171Þ

In the explicit computation we use two approximations of
the full relations above: First, we do not resolve the angular
dependence of hϕ in this setup, and thus simply approxi-
mate

fπĥϕðp; qÞ ¼ 2Mlðp̄ÞZlðp̄Þ; ð172Þ

where p̄ ¼
ffiffiffiffiffiffiffiffiffiffi
p2þq2

2

q
is the average momentum. Second, we

do not resolve the additional tensor structures of the full BS
wave function.
Within this approximation, the results for the pion decay

constants on the physical point and in the chiral limit in
Nf ¼ 2þ 1 are given by

fπ ¼ 97.2þ4.0
−2.2 MeV;

fπ;χ ¼ 93.2þ3.5
−3.1 MeV: ð173Þ

We have checked that the influence of implementation
details of gauge-consistency described in Sec. III C 3, and
specifically that of the choice of Λpert in (108), is only of
subleading importance for the values of fπ and fπ;χ :
Varying Λpert from 5 Grm eV to ΛUV leads to an increase
of 0.5 MeV in fπ and of 1 MeV in fπ;χ .
For the sake of completeness we also report on results for

the pion decay constant with the commonly used approxi-
mate Pagels-Stokar formula and improvements thereof,
see Appendix H. The results in (173) amount to an
approximately 5% overestimation as compared to its
physical value of fπ ¼ 92–93 MeV and that from lattice
Nf ¼ 2þ 1 lattice simulations, see Ref. [156]. Apart from
the two approximations discussed above as well as the
overall systematic error estimate of 10%, a further reason
for the deviation may be hidden in the momentum tails of
MqðpÞ and ZqðpÞ: As we have not fully fed back the quark
mass function into their flows, larger p carry a greater error,
but the tail is crucial for the determination of fπ . We expect
that fπ will drop by a few percent in a fully momentum-
dependent, gauge-consistent approach to the full BS wave
function.
In future work we plan to use the full momentum

dependence to obtain the full Bethe-Salpeter wave function
Γϕq̄qðp1; p2Þ and consequently the pion decay constant, see
Ref. [92]. Furthermore, this development would allow us to
significantly reduce the systematic error on (173).

VII. SUMMARY AND OUTLOOK

In this workwe have set up a systematic expansion scheme
in the functional renormalization group approach with
emergent composites to QCD. The systematics concerns
both the QCD effective action as well as its functional
renormalization group flow. The present approach is built

on and uses previous studies, in particular [7,12,13,15–24].
Thus, the current work includes many evolutionary improve-
ments collected over the past two decades. Moreover, it also
contains three novel important developments:

(i) A comprehensive systematic error analysis based on
the modular nature of the fRG approach, described
in Sec. IV. The modular structure is summarized in
the LEGO®-principle, see Sec. IV F.

(ii) The introduction of a fully automated computational
framework, allowing for unprecedented access and
improvement of the fRG approach to QCD. It is
detailed in Sec. V and related Appendices.

(iii) The inclusion of the full effective potential of the
chiral order parameter, and the access to the full
momentum dependence of correlation functions as a
first application of the automated computational
framework (ii), for results see Sec. VI C 2 and
Sec. VI D in Sec. VI.

We do not repeat the detailed discussions in the respective
sections, and refer the reader for a compilation of the results
on correlation functions and observables in 2þ 1 flavorQCD
toSec.VI and additionalAppendices. The latter also include a
comparison study of two-flavor QCD.
In summary, in the present work we have made a major

step toward fully converged QCD computations with the
fRG approach within the phase structure. Importantly, the
current setup already allows for QCD computations at finite
temperature and density for μB=T ≳ 4, pushing the quanti-
tative reliability regime beyond the current bound of
μB=T ≲ 4. The endeavor toward pushing this bound out
requires the inclusion of full momentum dependences,
further tensor structures both in the quark-gluon and
four-quark sector, as well as further emergent composites,
such as the diquark field and the density mode. All these
steps have been already performed and benchmarked in the
respective matter and quark-gluon sectors and are currently
included in the fully automated computational fRG frame-
work to QCD, making use of the LEGO®-principle. We
hope to report on respective results including a prediction
for the location of the critical end point in the near future,
thus performing the final step beyond the current esti-
mates [7,10,11].
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APPENDIX A: FLOW EQUATIONS

In this section we complement the flow diagrams in the
main text with those relevant to this work.
(1) The notation is indicated in Fig. 17.
(2) The flow of the effective action is shown in Fig. 2.
(3) The flow of the gluon self-energy correction is

shown in Fig. 18.
(4) The flow of the quark self-energy is shown

in Fig. 19.
(5) The flow of the meson self-energy is shown

in Fig. 20.
(6) The flowof the three-gluonvertex is shown in Fig. 22.
(7) The flow of the quark-gluon vertex is shown

in Fig. 21.
(8) The flow of the four-quark vertex is shown in Fig. 25.

FIG. 17. Diagrammatic notation used throughout this work. (a) Notation of diagrammatic building blocks. (b) Different propagators
appearing in diagrams.

FIG. 18. Flow equation of the correction to the gluon self-energy. The subscript s denotes that only the strange quark contributes on the
right-hand side. The diagrammatic notation is explained in Fig. 17.

FIG. 19. Flow equation of the quark self-energy. The diagrammatic notation is explained in Fig. 17.

FIG. 20. Flow equation of the mesonic self-energy. The diagrammatic notation is explained in Fig. 17.
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FIG. 21. Flow equation of the quark-gluon vertex. The diagrammatic notation is explained in Fig. 17.

FIG. 22. Flow equation of the three-gluon vertex. The diagrammatic notation is explained in Fig. 17.

FIG. 23. Flow equation of the four-gluon vertex. The diagrammatic notation is explained in Fig. 17.

FIG. 24. Flow equation of the ghost-gluon vertex. The diagrammatic notation is explained in Fig. 17.

FIG. 25. Flow equation of the four-quark vertex. The diagrammatic notation is explained in Fig. 17.
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APPENDIX B: STRANGE QUARK SECTOR

Here we discuss the limitations of the setup of the strange
sector as introduced in Sec. III C 4. We emphasize again
that the current approximation is quantitatively sufficient
for the calculation of the dynamics and all observables
considered in this work. However, the full RG scale-
evolution of the strange-mass functions is not captured
quantitatively. This fact can be ignored due to the negligible
feed-back into the flows.
A parameter that is tailor-made for this investigation is

the ratio of the quark mass functions, MsðpÞ=MlðpÞ: at
vanishing momentum it settles at the ratio of the constituent
quark masses,

Msð0Þ
Mlð0Þ

¼ ms;k¼0

ml;k¼0

≈ 1.386; ðB1Þ

in our computation, see Table II. For p → ∞ it settles at the
ratio of the current quark masses, m0

s=m0
l , that is

lim
p→∞

MsðpÞ
MlðpÞ

≈
ms;k¼Λ

ml;k¼Λ
≈
m0

s

m0
l

¼ 27.42ð12Þ; ðB2Þ

where the right-hand side of (B3) is taken from lattice
simulations [79].
Both ratios, (B1) and (B2), can be extracted from the k-

dependence of the quark mass functions: first, we note that
the mass ratio of the light and strange current quark masses
m0

l;s is related to that of the explicit breaking terms as
discussed in Appendix A in [7]. This leads us to

cσs
cσl

≈
m0

s

m0
l

¼ 27.42ð12Þ: ðB3Þ

In principle, the determination of the ratio cσs=cσl requires a
computation of the full effective potential Vðρ; ρsÞ.
However, in [7], the relation (46) has been used together
with the approximate relation between Vl and Vs,

VsðρsÞ ≈
1

2
Vlð2ρsÞ; ðB4Þ

to approximate the full potential as

VðρÞ ≈ VlðρlÞ þ
1

2
Vlð2ρsÞ: ðB5Þ

Equation (B4) originates from the fact that the light quark
effective potential in the UV gets its main contributions
from the sum of the up and down quark loops, while the
contributions from the mesonic loops sourced by the
mesonic self-interaction are strongly suppressed. The con-
tributions from the up and down quark loops are equivalent
due to isospin symmetry, VdðρlÞ ¼ VuðρlÞ. Moreover, for
cutoff scales far larger than the constituent quark masses all

quark loops approach each other as full three-flavor
symmetry is restored. We deduce

VlðρlÞ ¼ 2VuðρÞ; VsðρsÞ ⟶
k
kχ
→∞

Vuð2ρlÞ; ðB6Þ
in the ultraviolet. Using the UV relations (B6) for all
cutoff scales, leads us to (B4) and (B5). Within this
approximation one ignores the infrared differences of the
light and strange quark loop contributions as well as the
nontrivial infrared dynamics of the light quark condensate
triggered by the pions. Both effects can be approximated
by using

Vs;k¼0ðρsÞ ≈
1

2
Vl;k¼ksð2ρlÞ; ks ≈ 500 MeV: ðB7Þ

Here, ks is the approximate scale where the strange
dynamics decouples from that of the light quarks and
freezes in. In Fig. 26 we show the ratio (B3) as a function
of the decoupling scale ks. The lattice ratio is obtained
with

ks ¼ 505 MeV ≈ms; with
cσs
cσl

¼ 27.4; ðB8Þ

sustaining the arguments above. In summary our analysis
entails that our framework has the capacity of determining
the ratio of the current quark masses and the current
qualitative estimate is in the correct ballpark. We also
conclude that its prediction requires an extension of the
current approximation that takes into account the effective
potential of the strange condensate ρs as well as the wave
function of the strange quark. Incorporating the full

FIG. 26. We show cσs=cσl as a function of ks in (B3). Clearly,
the fraction is strongly dependent on ks, but this is expected as
both the strange meson wave function as well as the strange
potential itself would effectively stop running around the strange
quark mass at ≈500 MeV. The lattice ratio, cσs=cσl ≈ 27.4 is
obtained for ks ¼ 505 MeV, see (B8). This ks is indicated as a
vertical line and the lattice ratio (B3) is shown as a horizontal line.
These values are indicated by the horizontal and vertical
dashed lines.
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strange dynamics is well within the means of the current
computational setup. We defer this step to future works,
since it is not necessary to access the observables of
interest which are gathered in Table II.
We close this section with an evaluation of the respective

results in [7]. There, VlðρlÞ has been computed within the
fifth order of the Taylor expansion about the flowing
minimum ρ0. In terms of the present setup with ks, in
[7], (B7) with ks ¼ 0 has been used. This led to the ratio
cσs=cσl ≈ 27 for Δmsl ¼ 150 MeV, and the ratio was rather
sensitive to a variation of the value of Δmsl: For
Δmsl ∈ ð120 MeV; 150 MeVÞ, the ratio varied between
14 and 34, while this relatively small variation of Δmsl
has no sizeable impact on observables such as the chiral
condensate. This mirrors the large dependence on ks shown
in Fig. 26, as well as the discussion concerning its
irrelevance for the observables considered here. In short,
the current computations corroborate the findings in [7].
Given the large sensitivity of the ratio to small scale

changes, we expect some changes for the value of the ratio
with the current setup. Indeed, emulating the procedure used
in [7] in the current improved setup by using (B7) with
ks ¼ 0, we obtain cσs=cσl ≈ 5.3, the limiting value for
ks → 0 in Fig. 26. In this limit the strange potential also
contains the infrared dynamics of the pions. This dynamics
is absent in the strange sector and leads to a further nontrivial
ρl-dependence of the potential VlðρlÞ, which is absent in
VsðρsÞ. In [7], the choice of ks ¼ 0 is effectively compen-
sated by the fact, that 2ρs;0 lies far beyond the convergence
radius of the Taylor expansion around the expectation value
of ρl, and the Taylor potential shows a stronger ρ-depend-
ence. This has been also discussed in detail in Sec. VI C 2,
see in particular Figs. 9(a), 9(b), and 10.
In summary, the reliable determination of the current

quark ratio requires the computation of the potential
Vðρ; ρsÞ and the current results indicate that at the physical
point it suffices to use a Taylor expansion about the
combined solution of the EoMs, ðρ0; ρs; 0Þ. We recall
again, that none of the observables computed in the present
work shows any sensitivity to this ratio and the discussion
here only provides some insight to the properties of the full
potential Vðρl; ρsÞ.

APPENDIX C: DIAGRAMMATICS

For the sake of completeness and transparency, we
collect the full set of correlation functions which is encoded
in the effective action (21). Our conventions are compatible
with the QMeS-Derivation Mathematica module [31] that
is used for the derivation of flows in this work. Thus,
directly inserting these expressions into the output of
QMeS-Derivation allows for a full reproduction of our
flow equations.

1. Notation

Here we detail our notation. It is consistent with the
external software modules QMeS [124] and FormTracer
[67], which we use for the derivation of the flow equations,
the projections and the traces over field-, Lorentz-, color-
and flavor-indices. The superindex notation (DeWitt’s
condensed notation) used for the superfield (22) is based
on [46] and can be summed up by:
An index a for the fieldΦa contains the species of fields,

momentum and possibly Lorentz, Dirac, color, flavor or
further internal indices. For convenience we group fermions
together with the respective antifermions,

ðΦaÞ ¼
�
ψ i

ψ̄ i

�
; ðC1Þ

with a ¼ ði; iÞ and for quarks, i labels Dirac, color, and
flavor indices. Indices can be contracted with the help of a
metric

γab ¼ γab ¼

8>>><
>>>:

�
0 −1
1 0

�
δab if aandb are fermionic;

δab if a andb are bosonic;

0 otherwise:

ðC2Þ

Lowering and raising the index of the superfield is done by
using the metric

Φa ¼ Φbγba; Φa ¼ γabΦb: ðC3Þ

For the QCD superfield in (22), this leads to the following
contraction of all fields,

ΦaΦa ¼
Z
x
½Ab

μAb
μ þ 2c̄bcb þ 2q̄AqA þ ðσ2 þ π2Þ�: ðC4Þ

Raising and lowering indices, as introduced at the example
of the superfield (vector), also applies to general higher
rank tensors, e.g.,

Mab
c ¼ γaa

0
γbb

0
Mc0

a0b0γc0c: ðC5Þ

The convention introduced above is that used in QMeS, and
the Wetterich equation reads

∂tΓ ¼ 1

2
GabṘab: ðC6Þ

Please note here, that the regulators are defined through

ΔS ¼ 1

2
ΦaRabΦb; ðC7Þ
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which gives an extra minus sign for fermions relative to the
inverse propagator. In particular, the propagators Gba are
inverse to Γab in the sense of

GabΓbc ¼ γca: ðC8Þ

In the current approach we have to consider general nth
orderΦ-derivatives of functionals F½Φ�, that are themselves
scalars, vectors or higher rank tensors in superfield space.
Relevant examples for F are the classical and quantum
effective action, F ¼ S½Φ� or F ¼ Γ½Φ� (scalars), the
diagrammatic parts of a given flow F ¼ Flow½Φ�, either
of Γ or its Φ-derivatives (tensors), or the propagator,
F ¼ G½Φ� (second rank tensor). We use the following
convention for nth order Φ-derivatives of functionals F½Φ�
of the superfield (22),

Fa1a2…an ½Φ� ¼ δ

δΦa1

δ

δΦa2

…
δ

δΦan

F½Φ�: ðC9aÞ

We also use the notation

FðnÞ
Φa1

���Φan
½Φ� ¼ Fa1a2…an ½Φ�; ðC9bÞ

or simply FðnÞ½Φ�. All external legs are considered to have
incomingmomenta,which is equivalent to adopting a positive
Fourier convention for all fields, including antifermions,

ΦaðxÞ ¼
Z

ddp
ð2πÞd e

ipxΦaðpÞ: ðC10Þ

Furthermore, we pull the momentum conservation out of the
propagator, inverse propagator, and regulator to shorten the
notation

Γabðq; pÞ ¼ ð2πÞdδðpþ qÞΓabðpÞ;
Rabðq; pÞ ¼ ð2πÞdδðpþ qÞRabðpÞ;
Gabðp; qÞ ¼ ð2πÞdδðpþ qÞGabðpÞ: ðC11Þ

2. Two-point functions and propagators

Here we collect notational details concerning the propa-
gators of all fields. This Appendix is paired with
Appendix E, where the regulators are discussed. In the
following, the quark index q stands for either l or s. We
always use the general q when the light and strange sector
have the same structure.
In the present RG-invariant scheme the nontrivial

momentum dependence has been absorbed in the definition
of the fields and the vertices, see Sec. II D. Then, the RG-
invariant two-point functions look like their classical
counterparts and are given by

ΓAAðpÞ ¼ p2Π⊥ðpÞ þ 1

ξ
ΠkðpÞ;

Γc̄cðpÞ ¼ −p2;

Γq̄qðpÞ ¼ −i=pþmq;

ΓππðpÞ ¼ p2 þ ∂ρlVlðρlÞ;
ΓσσðpÞ ¼ p2 þ ð∂ρl þ 2ρl∂

2
ρlÞVlðρlÞ; ðC12Þ

where we take the Landau gauge limit ξ → 0
after the derivation of equations. The quark and ghost
inverse propagators carry a relative minus sign, as we
choose the ordering of the indices to be directly compat-
ible with the computer algebra of QMeS. The transverse
and longitudinal projection operators in (C13) are
given by,

Π⊥
μνðpÞ ¼ δμν −

pμpν

p2
; Πk

μνðpÞ ¼ pμpν

p2
: ðC13Þ

The propagators are given by the inverse of the sum of the
two-point functions (C13) and the regulators (E3),

Gq̄qðpÞ ¼ −ði=pð1þ rq;kðpÞÞ −mqÞGs;qðm2
q; p2Þ;

GAAðpÞ ¼ Π⊥ðpÞGs;Að0; p2Þ;
Gc̄cðpÞ ¼ −Π⊥ðpÞGs;cð0; p2Þ;
GππðpÞ ¼ Gs;πðm2

π; p2Þ;
GσσðpÞ ¼ Gs;σðm2

σ; p2Þ: ðC14Þ

where we have factored out the scalar parts (E5) of the
propagators. We parametrize them as

Gs;iðq;m2Þ ¼ 1

q2 þm2 þ Rs;iðq2Þ
; i ¼ A; c; c̄; q; q̄;

ðC15Þ

with four-dimensional momentum regulators. With (E5)
and (E6) we are led to

Rs;iðq2Þ ¼ k2rðxÞ; i ¼ A; c; c̄;ϕ;

Rs;qðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ k2rðxÞ

q
− q: ðC16Þ

At finite temperature and density, Euclidean O(4)-invari-
ance is broken via the rest frame the propagators depend
on frequency and spatial momenta separately. This sug-
gests the use of regulators Rkðq0;qÞ or spatial momentum
regulators RkðqÞ. With these regulators, the scalar part of
the propagators read
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Gs;iðq;m2Þ ¼ 1

q20 þ q2 þm2 þ Riðq20; q2Þ
;

Gs;iðq;m2Þ ¼ 1

q̃20 þ q2 þm2 þ Riðq2Þ
: ðC17Þ

Here, the Matsubara frequencies q0 are given by

q̃0 ¼ 2πT

�
nþ 1

2
δiq

�
þ iμqδiq; ðC18Þ

with n∈Z. Equation (C18) accommodates all fields: for
the quark the Matsubara frequency by is shifted by πT (no
zero mode). In the presence of the quark chemical
potential this shift is augmented by an imaginary one
with iμq. For A; c; c̄;ϕ, four-dimensional regulators are
better suited as they do not introduce a further O(4)-
breaking on top of the physical one induced by the
rest frame.
Using real four-dimensional regulators for the quark,

inevitably breaks the Silver-Blaze property at finite quark
chemical potential, μq ≠ 0. The Silver-Blaze property
entails that for vanishing temperature, correlation functions
only depend on q̃0 defined in (C18) and carry no genuine
μq-dependence below the onset chemical potential. The
latter is given by In the context of the fRG this is discussed
in detail in [158,159]. This entails that an expansion the
mass of the lowest lying state with nonvanishing quark
or baryon number. Evidently, an derivative expansion at
q0 ¼ 0 shifts μq-dependences from the Matsubara fre-
quency q̃0 to the expansion coefficients. This breaks the
Silver-Blaze property, while an expansion about q̃0 ¼ 0
preserves it [159]. We also note that a Silver-Blaze breaking
due to the regulator can be controlled with modified

symmetry identities, see Ref. [160]. This enlarges the set
of allowed regulators which may be used for a more rapid
convergence of the expansion scheme. Typically, however,
one chooses a spatial momentum regulator which guaran-
tees the Silver-Blaze property by definition, if an expansion
about q̃0 ¼ 0 is used or the full (complex) frequency
dependence on q̃0 is captured.

3. Gluonic vertices

In this Appendix we discuss all vertices with gluonic legs
used in the present work. These are the ghost-gluon, three-
gluon, four-gluon, and quark-gluon vertices. We only take
into account the dressings of the classical tensor structures
to the gluonic vertices. They are given by

ΓAc̄cðp; q; rÞ ¼ gcc̄AT
ð1Þ
Ac̄cðp; qÞð2πÞdδðpþ qþ rÞ;

ΓAAAðp; q; rÞ ¼ gA3T ð1Þ
AAAðp; qÞð2πÞdδðpþ qþ rÞ;

ΓAAAAðp; q; r; sÞ ¼ g2A4T
ð1Þ
AAAAðp; q; rÞ

× ð2πÞdδðpþ qþ rþ sÞ;
ΓAq̄qðp; q; rÞ ¼ gqq̄AT

ð1Þ
Aq̄qðp; qÞð2πÞdδðpþ qþ rÞ;

ðC19Þ

where the T ð1Þ
Φa1

���Φan
are the classical tensor structures of the

respective classical vertices SðnÞΦa1
���Φan

. Note, that the T ð1Þ

are but one element of complete bases of tensor structures
for the vertices ΓðnÞ. We provide the classical tensor
structures for the scattering vertices of the fundamental
fields for the sake of completeness

½T ð1Þ
Ac̄c�abcμ ðp; qÞ ¼ ifabcqμ;

½T ð1Þ
AAA�abcμνρðp; qÞ ¼ ifabc½ðq − pÞρδμν þ ð2pþ qÞνδμρ − ð2qþ pÞμδνρ�;

½T ð1Þ
AAAA�abcdμνρσ ðp; q; rÞ ¼ fiabficdðδμρδνσ − δμσδνρÞ þ fiacfibdðδμνδρσ − δμσδνρÞ þ fiadfibcðδμνδρσ − δμρδνσÞ;

½T ð1Þ
Aq̄q�Aμ ðp; qÞ ¼ iγνTA

c ; ðC20Þ

where TA
c are the gauge group generators in the funda-

mental representation. Note that in the Landau gauge, only
the transverse projections of the classical tensor structures
in (C20) contribute.
It has been shown in [81] within the Dyson-Schwinger

approach, that the quark-gluon vertex carries three relevant
tensor structures out of the complete basis with eight tensors.
In our basis, see Appendix F 2, these three tensor structures
are given by the elements (1), (4), and (7). Indeed, if dropping

(4, 7) in the DSE computation, one has to significantly
enhance the dressing of the classical tensor structure (typi-
cally a factor greater than two) in order to get the full strength
of chiral symmetry breaking. Due to the different resumma-
tion schemes inDSE and fRGwith emergent composites, part
of thedynamics that is carried by thedressings of the elements
(4, 7) in the DSE, is carried by the four-quark, quark-meson,
and higher order scatterings in the quark-meson sector. Still,
in the present approximation we lack the full dynamics,

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 113, 094038 (2026)

094038-50



leading to an infrared enhancement or dehancement factor of
a few percent, see Sec. III D 2.

4. Quark-meson vertices

We use in the following the shorthand notation

Γa1…anðp1;…;pnÞ¼ð2πÞdδ
�Xn

i¼1

pi

�
Γa1…anð0;…Þ; ðC21Þ

as we evaluate the following vertices on the zero-
momentum configuration.
The dynamics of the (light) quark-meson sector is driven

by the quark-meson vertices and the mesonic self-
interaction. We list the vertices that feed into the flow of
the two- and three-point functions. We need

Γl̄lσ ¼ −ðhϕ þ 2ρlh0ϕÞτ0;
Γl̄lπ ¼ −hϕτ;

Γl̄lππ ¼ −σlh0ϕτ0;

Γl̄lπσ ¼ −σlh0ϕτ;

Γl̄lσσ ¼ −σlð3h0ϕ þ 2ρlh00ϕÞτ0; ðC22Þ
where h0ϕ ¼ ∂ρlhϕ, h00ϕ ¼ ∂

2
ρlhϕ. We have evaluated all

correlation functions in (C22) on the configuration

ϕl ¼ ðσl;π ¼ 0Þ: ðC23Þ

The purely mesonic vertices are also evaluated on the
configuration (C23) and read

Γσσσ ¼ σlð3V 00 þ 2ρlV 000Þ;
Γππσ ¼ σlV 00;

Γππππ ¼ 3V 00;

Γππσσ ¼ V 00 þ 2ρlV 000; ðC24Þ

with V 00 ¼ ∂
2
ρlV; V

000 ¼ ∂
3
ρlV. This concludes our discussion

of the propagators and vertices needed in the flow equa-
tions considered in the present work. Due to the full ρl
dependence of the effective potential VðρÞ, the present
truncation scheme also takes higher scattering orders of the
pions and the σ-mode into account.

APPENDIX D: PROJECTIONS

Here, we provide the full expressions for the projection
of the flow equations for the wave functions, the couplings
as well as the hadronization function. The full anomalous

dimensions of the quark and mesons can be straightfor-
wardly obtained as

ηl ¼ −
1

4NcNf
tr

�
i
=p
p2

Flowll̄ðpÞ
�
;

ηs ¼ −
1

4Nc
tr

�
i
=p
p2

Flowss̄ðpÞ
�
;

ηϕl
¼ −

1

N2
f − 1

tr

�
FlowππðpÞ − Flowππð0Þ

p2

�
;

ΔηA ¼ −
1

3Nc
tr

�
Π⊥ðpÞFlowAA;ðsÞ

p2

�
p→0

; ðD1Þ

where FlowAA;ðsÞ is only the diagrammatic contribution of
the strange quarks to the gluon two-point flow. The traces
tr are full traces in the respective internal spaces.
The projections on the flow equations of the strong

couplings make use of the classical tensor structures they
are associated with. These are defined in (C23).
Furthermore, we use symmetric-point configurations for
the momenta of the three- and four-point vertices. In the
projection equations they are indicated by the subscript SP.
For a general n-point vertex these configurations are
defined by

p2¼ 1

n

Xn
i¼1

p2
i ; pi ·pj¼−

1

n−1
p2 for i≠ j: ðD2Þ

Here, we use always the vertices of a centred n-simplex
embedded in d dimensions as the explicit values for thepi. In
other words, for a three-point function we utilize the vertices
of a triangle

p1 ¼ jpj · êðπ=2; π=2; 0Þ;
p2 ¼ jpj · êðπ=2; π=2; 2π=3Þ;
p3 ¼ jpj · êðπ=2; π=2; 4π=3Þ; ðD3Þ

where êðϑ1; ϑ2;φÞ is the four-dimensional unit vector in
hyperspherical coordinates.
For a four-point function, we use the vertices of a

tetrahedron,

p1 ¼ jpj · êðπ=2; 0; 0Þ;
p2 ¼ jpj · êðπ=2; arccosð−1=3Þ; 0Þ;
p3 ¼ jpj · êðπ=2; arccosð−1=3Þ; 2π=3Þ;
p4 ¼ jpj · êðπ=2; arccosð−1=3Þ; 4π=3Þ: ðD4Þ
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∂tgA3 ¼ 3

2
ηAgA3 −

4

99NcðN2
c − 1Þp2

tr½½T AAA�abcμνρðp1; p2; p3Þ½FlowAAA�abcμνρðp1; p2; p3Þ�SP;

∂tgcc̄A ¼
�
ηA
2
þ ηc

�
gcc̄A −

2

NcðN2
c − 1Þp2

tr½½T Ac̄c�acbμ ðp1; p3; p2Þ½FlowAc̄c�abcμ ðp1; p2; p3Þ�SP;

∂tgA4 ¼ ηAgA4 þ 1

2gA4

3

98N2
cðN2

c − 1Þp2
tr½½T AAAA�abcdμνρσ ðp1; p2; p3Þ½FlowAAAA�abcdμνρσ ðp1; p2; p3; p4Þ�SP;

∂tgqq̄A ¼
�
ηA
2
þ ηq

�
gqq̄A −

1

6NfðN2
c − 1Þ tr½½T Aq̄q�aμðp1; p3; p2Þ½FlowAq̄q�aμðp1; p2; p3Þ�SP: ðD5Þ

The flow of the Yukawa coupling is given by

∂thϕ ¼
�
ηϕl

2
þ ηq

�
hϕ þ

1

2Nc
tr

�
τ0Flowl̄l

σl

�
−m2

πȦk; ðD6Þ

which includes the hadronization function Ȧk. It is obtained
from the flow of the four-fermi coupling and its projection
reads schematically

Ȧk ¼ −
1

hϕ
tr

"
Pðπ−σÞ

βαδγ ½Flowq̄qq̄q�αβγδ
Pðπ−σÞ

βαδγ Oðπ−σÞ
αβγδ

#
: ðD7Þ

We have defined the scalar-pseudoscalar tensor structure as

Oðπ−σÞ
αβγδ ¼ ½τ0�αβ½τ0�γδ þ ½τ�αβ½τ�γδ: ðD8Þ

The projection operator can be chosen in different ways,
one possible choice is

Pðπ−σÞ
βαδγ ¼ Oðπ−σÞ

βαδγ ; ðD9Þ

also used in [7]. Note that this choice mixes additional
tensor structures into the σ − π-channel, when embedded in
a Fierz-complete zero-momentum tensor basis of 10 tensor
structures. In our current setup, we define

PðaÞ
βαδγ ¼

X
i

caiO
ðiÞ
βαδγ; ðD10Þ

where i iterates over the Fierz-complete basis and the cai
are chosen such that we disentangle the respective channel
a. Taking four quark-derivatives of the effective action
within a Fierz-complete basis leads to

δ

δq̄α

δ

δqβ

δ

δq̄γ

δ

δqδ
Γ½Φ� ¼ −2λi

X
i

ðOðiÞ
αβγδ −OðiÞ

αδβγÞ: ðD11Þ

Thus, a projection operator onto the ath tensor structure is
simply defined by

cai ¼ −
1

2
½OðaÞ

βαδγðOðiÞ
αβγδ −OðiÞ

αδβγÞ�−1: ðD12Þ

We have tested that the difference between disentangling
these additional contributions and the simple projection
operator choice (D9) makes only a small difference in the
results.
The projection procedure and its intricacies will be

discussed in upcoming work [150], including an optimi-
zation procedure of the bases.

APPENDIX E: REGULATORS

The regulator Rk is a block diagonal matrix in field space
with the matrix elements

RAA¼RA; Rcc̄¼Rc; Rqq̄¼Rq; Rϕϕ¼Rϕ; ðE1Þ

where we suppressed the momentum dependence as well as
the Lorentz, Dirac, flavor, and gauge group indices in the
notation. All other entries are vanishing or follow by
crossing symmetry, leading to

Rk ¼

0
BBBBBBBBBB@

RA 0 0 0 0 0

0 0 −Rc 0 0 0

0 Rc 0 0 0 0

0 0 0 0 −Rq 0

0 0 0 Rq 0 0

0 0 0 0 0 Rϕ

1
CCCCCCCCCCA
: ðE2Þ

Throughout this work we use regulators whose Lorentz,
Dirac, flavor, and gauge group structure is chosen to be the
same as that of the corresponding two-point function (C12),

RqðpÞ ¼ i
=p
jpj krqðxÞ;

RAðpÞ ¼
�
Π⊥ðpÞ þ

1

ξ
ΠkðpÞ

�
k2rAðxÞ;

RcðpÞ ¼ k2rcðxÞ;
RϕðpÞ ¼ k2rϕðxÞ; ðE3Þ

with
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x ¼ p2

k2
: ðE4Þ

In (E3) we have introduced the dimensionless shape
functions rΦi

ðxÞ, which only depend on the dimensionless
momentum ratio (E4).
There are two commonly used definitions for shape

functions. The one used in (E3) has a finite infrared limit,
typically rΦi

ðx → 0Þ → 1. Another commonly used defi-
nition is k2rϕðxÞ ¼ p2r̃ϕðxÞ and hence r̃ϕðxÞ ¼ rϕðxÞ=x.
This entails that r̃ϕðx → 0Þ → 1=x and thus the shape
function is not regular for p → 0. The appeal of such a
split is that the dimensionful prefactor is the full dispersion,
i.e., simply the classical p2 for the mesonic composite,
which is convenient for analytic considerations and flows.
We have used the definition in (E3) which is better suited

for advanced approximations: In these approximations one
necessarily uses smooth shape functions and all momentum
integrals are done numerically. Splitting integrands in parts
that contain products of diverging and vanishing parts is not
a numerically convenient choice.

1. Propagators

This Appendix is paired with Appendix C 2. The
independence of observables under variations of shape
functions provides us with an important self-consistency
check of the results, as well as informing the systematic
error estimate, see Sec. IV D.
As discussed there, momentum locality suggests the use

of shape functions that enforce similar physical cutoff
scales in all fields. To that end, we use that all propagators
can be written as products of a scalar propagator part Gs;Φi

and a tensorial part, see Appendix C 2.
For the following discussion in Appendix E 2 we rewrite

(C15) as

Gs;i ¼
1

p2½1þ k2

p2 riðxÞ� þm2
i

; for i ¼ A; c;ϕ;

Gs;q ¼
1

p2½1þ k
p rqðxÞ�2 þm2

q
; ðE5Þ

where x is defined in (E4). Similar cutoff scales for all
particles can be obtained by choosing identical expressions
in the square brackets of all propagators. Consequently, our
explicit results are obtained with the following choice of
shape functions

rAðxÞ ¼ rcðxÞ ¼ rϕðxÞ ¼ rðxÞ;

rqðxÞ ¼
1

k

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2rðxÞ

q
− p



; ðE6Þ

with a free overall shape function rðxÞ. Importantly, using
the relations in (E6) for the regulators reduce the part of the

error originating in the lack of the full momentum depend-
ence within our approximation.

2. Computationally adapted regulator classes

As explained in Sec. V C 3, we require that the propa-
gator develops an nth order pole at p ¼ 0 and m2 ¼ −k2 in
order to obtain computationally tractable flows. This entails

Gkðp2 → 0; m2 → −k2Þ ¼ const
�
1

p2

�
n
: ðE7Þ

For sufficiently large n, (E7) implements the convexity
restoring behavior discussed above such that flows are
numerically feasible within double precision. In the present
work, we chose n ¼ 8.
The general class of shape functions used here is given

by

rnðxÞ ¼ e−fnðxÞ; fnðxÞ ¼
PnðxÞ
Qn−1ðxÞ

: ðE8Þ

PnðxÞ; Qn−1ðxÞ are polynomials of order n and n − 1
respectively,

PnðxÞ ¼
Xn
i¼1

pixi; Qn−1 ¼ 1þ
Xn−1
i¼1

qixi; ðE9Þ

where the lowest order coefficients p0 ¼ 0, q0 ¼ 1 are
fixed such that the infrared cutoff in the propagator is given
by k2,

fnðx→0Þ¼OðxÞ⇒p2þk2rðxÞ¼k2ð1þOðxÞÞ: ðE10Þ

The construction of fnðxÞ follows from the relations,
(i) rnð0Þ ¼ 1,
(ii) limx→0 ∂xrnðxÞ ¼ −1,
(iii) limx→0 ∂

i
xrnðxÞ ¼ 0 for i ¼ 2;…; n − 1,

(iv) limx→0 ∂
n
xrnðxÞ > 0,

where (i) is already guaranteed by (E10). Apart from
leading to an nth order pole in the propagator, these
relations lead to a plateaulike structure around x ¼ 0,
which is comparable to that of the flat regulator. The
present class of regulators are smooth versions of the flat or
Litim regulator, [161], and are located in the neighborhood
of the class of optimized C∞-regulators, see the discussion
around (136) in Sec. IV D.
The relations (i)–(iv) lead to nþ 1 constraint equations

for the 2n − 1 parameters in Pn and Qn−1. We do not
consider the full class of fnðxÞ but close the system with a
simple ansatz,

Qn−1ðxÞ ¼ 1þ bx½n=2� þ qn−1xn−1; ðE11Þ

with the floor function ½:�, q½n=2� ¼ b and b; qn−1 > 0. The
latter condition guarantees the absence of poles in fnðxÞ for
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x > 0. Moreover, the constraint (iv) enforces directly

pn > 0; ðE12Þ

which also guarantees the required large momentum limit
of a vanishing shape function.
We are left with a class of shape functions which is

labeled by�
n;b¼q½n=2�;c¼

pn

qn−1

�
; with lim

x→∞
rðxÞ¼e−cx; ðE13Þ

with c > 0, which is satisfied by (E12). The parameter
c > 0 controls the largemomentum tail, while b controls the
smoothness of the transition regime about x ≈ 1 between the
flat region behavior for x → 0 and the tail with x → ∞.
Implementing the constraints (i)–(iv) above, and using

the definitions in (E13), we obtain for pole order n ¼ 8,

P8 ¼
ð2bþ 1Þcx8
8ðc − 1Þ þ 1

21
ð7bþ 3Þx7 þ 1

6
ð3bþ 1Þx6

þ
�
bþ 1

5

�
x5 þ x4

4
þ x3

3
þ x2

2
þ x;

Q7 ¼
ð2bþ 1Þx7
8ðc − 1Þ þ bx4 þ 1: ðE14Þ

For our main results presented in Sec. VI we have chosen

n ¼ 8; b ¼ 0; c ¼ 2: ðE15Þ

The systematic error estimates are obtained with a variation
of the shape-functions at fixed n ¼ 8. We choose the two
extremes

ðb; cÞ ¼ ð0; 20Þ; ðb; cÞ ¼ ð1; 1.5Þ; ðE16Þ

where the first is much closer to the flat regulator and thus
much steeper, whereas the second one has a smoothed
shape around x ¼ 1 and a long tail. We explicitly show
these regulators and compare them to the flat regulator
in Fig. 6.

APPENDIX F: TENSOR BASES

Here we provide tensor bases of the four-quark inter-
action and the quark-gluon interaction: this embeds the
tensors used in full bases and allows us to evaluate the
respective projection procedures. Moreover, these full
bases will be used in future works. Their inclusion, or at
least that of the quantitatively most relevant basis elements,
is an important next step toward quantitative precision of
functional QCD.

1. Four-quark interactions

Here, we present a Fierz-complete four-quark interaction
basis at vanishing momentum for Nf ¼ 2,

Lðσ−πÞ
q̄ q̄ qq ¼ ðq̄τ0qÞ2 þ ðq̄iγ5τqÞ2;

Lðη0Þ
q̄ q̄ qq ¼ ðq̄τqÞ2 þ ðq̄iγ5τ0qÞ2;

LðSþPÞ−
q̄ q̄ qq ¼ ðq̄τ0qÞ2 þ ðq̄iγ5τqÞ2 þ ðq̄γ5τ0qÞ2 − ðq̄τqÞ2;

LðSþPÞþ
q̄ q̄ qq ¼ ðq̄τ0qÞ2 þ ðq̄γ5τqÞ2 − ðq̄γ5τ0qÞ2 − ðq̄τqÞ2;

LðS−PÞ−
q̄ q̄ qq ¼ ðq̄τ0qÞ2 − ðq̄iγ5τqÞ2 þ ðq̄iγ5τ0qÞ2 − ðq̄τqÞ2;

L
ðSþPÞadjþ
q̄ q̄ qq ¼ ðq̄τ0TaqÞ2 þ ðq̄γ5τTaqÞ2 þ ðq̄γ5τ0TaqÞ2 þ ðq̄τTaqÞ2;

LðSþPÞadj−
q̄ q̄ qq ¼ ðq̄τ0TaqÞ2 þ ðq̄iγ5τTaqÞ2 − ðq̄iγ5τ0TaqÞ2 − ðq̄τTaqÞ2;

LðS−PÞadj−
q̄ q̄ qq ¼ ðq̄τ0TaqÞ2 − ðq̄iγ5τTaqÞ2 þ ðq̄iγ5τ0TaqÞ2 − ðq̄τTaqÞ2;
LðVþAÞ
q̄ q̄ qq ¼ ðq̄γμτ0qÞ2 þ ðq̄iγμγ5τ0qÞ2;

LðV−AÞ
q̄ q̄ qq ¼ ðq̄γμτ0qÞ2 − ðq̄iγμγ5τ0qÞ2;

LðV−AÞadj
q̄ q̄ qq ¼ ðq̄γμτ0τqÞ2 − ðq̄iγμγ5τ0τqÞ2: ðF1Þ

Here, τ0; τ are the two-flavor generators,

ðτ0; τÞ ¼
1

2
ð1; σÞ; ðF2Þ
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where σ are the three Pauli matrices. For completeness we

note that instead of Lðη0Þ
q̄ q̄ qq the tensor structure L

ðSþPÞ−
q̄ q̄ qq with

LðSþPÞ−
q̄ q̄ qq ¼ Lðσ−πÞ

q̄ q̄ qq − Lðη0Þ
q̄ q̄ qq ðF3Þ

is also commonly used.

2. Quark-gluon interactions

We defined the full transverse quark-gluon vertex with

Π⊥
μνðpÞ½ΓAq̄q�aνðp; q; rÞ ¼ ð2πÞdδðpþ qþ rÞΠ⊥

μνðpÞ

×
X8
i¼1

λðiÞAq̄qðp; qÞ½T ðiÞ
Aq̄q�aνðp; qÞ

ðF4Þ

with the transverse projection operator in (C13). We have
assumed no flavor mixing and q ¼ l, s. In (F4) we have
suppressed the color and Dirac indices of the quarks. We
can factor out the generator Ta

c in the fundamental
representation of the strong gauge group,

½T ðiÞ
Aq̄q�aμðp; qÞ ¼ Ta½T ðiÞ

Aq̄q�μðp; qÞ: ðF5Þ

see, e.g., [17,21,82,92]. The basis is conveniently written in
terms of the mixed transverse projection operator Π⊥

μνðp; qÞ
and σμν,

Π⊥
μνðp; qÞ ¼ δμν −

pμqν
p · q

; σμν ¼
i
2
½γμ; γν�: ðF6Þ

With these preparations, the tensor structures of the trans-
verse part of the quark-gluon vertex are then given by the
transverse projections with Π⊥ðpÞ of

q̄Dq∶ ½T ð1Þ
Aq̄q�μðp;qÞ¼ iγμ;

q̄D2q∶ ½T ð2Þ
Aq̄q�μðp;qÞ¼ðq−rÞμ;

½T ð3Þ
Aq̄q�μðp;qÞ¼ iσμαðq−rÞα;

½T ð4Þ
Aq̄q�μðp;qÞ¼ iσμαpα;

q̄D3q∶ ½T ð5Þ
Aq̄q�μðp;qÞ¼ iðq−rÞμ=p;

½T ð6Þ
Aq̄q�μðp;qÞ¼ ½Π⊥

μαðp;q−rÞþδμα�iγα
×pβðq−rÞβ;

½T ð7Þ
Aq̄q�μðp;qÞ¼

1

3
½σαβγμþσβμγαþσμαγβ�

×ðpþqÞαðp−qÞβ;
q̄D4q∶ ½T ð8Þ

Aq̄q�μðp;qÞ¼Π⊥
μνðp;q−rÞp ·ðq−rÞiσνρpρ; ðF7Þ

where r ¼ −p − q is the quark momentum. This choice is
adapted from [92], respecting crossing symmetry and
ensuring that no kinematic singularities arise in the chan-
nels and their projections. In comparison, we modified

T ð6Þ
Aq̄q by subtracting its overlap with T ð1Þ

Aq̄q. This ensures
that the projection of the first tensor structure also does not
obtain singularities for the configuration where one quark-
leg is zero and the other quark is forward-scattering into a
gluon. This configuration and its good resolution is crucial
for the glue mass and the quark propagator at low momenta.
In our current setup this does not impact our results in any
way, but our investigations into fully momentum-depen-
dent systems have shown the importance of great care in the
handling of the tensor bases. This will be discussed in depth
in a forthcoming work [150].

APPENDIX G: RG-CONSISTENCY AND CUTOFF
INDEPENDENCE

For the sake of completeness, we also investigate the
independence of the current results of the initial cutoff scale
ΛUV. Moreover, the only ultraviolet relevant (physical)
parameters are that of QCD: the strong coupling αs;ΛUV

or
rather its avatars, related by the STIs, and the two current
quark masses,

UV-relevant parameters∶ αs;ΛUV
; ml; ms; ðG1Þ

see Sec. VI A. In the present fRG approach with emergent
composites, the current quark masses are converted into the
linear breaking parameters cσl and cσs . While the two
current quark masses fix the masses of the pion and kaon,
the value of the strong coupling simply fixes the value of
the UV scales in GeVs.
Both, the independence on the initial cutoff and the

QCD-set of UV-relevant parameters (G1) are encoded in
the RG-consistency of the effective action at k ¼ 0, see
Refs. [46,94,162]. RG-consistency entails

ΛUV
∂Γk¼0

∂ΛUV
¼ 0; ðG2Þ

i.e. the resulting effective action, and thus all derived
observables, are independent of the initial cutoff scale.
Evidently, (G2) implies that the initial effective action ΓΛUV

depends onΛUV and this dependence is covered by the flow
(73), with k ¼ ΛUV. This allows us to apply a UV-relevance
analysis of all operators and their respective couplings
on the flow itself: we are left with only the above three
UV-relevant or marginal parameters αs, ml, ms. All other
operators (in a vertex expansion) are irrelevant and sup-
pressed by inverse powers of the initial cutoff. This means
that they can simply be dropped from the initial action for
sufficiently large initial cutoffs. In the context of functional
QCD, this has been investigated comprehensively
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[7,17,18,20,21,26], and the current initial cutoff (149) (or
rather the respective value of the strong coupling) has been
chosen accordingly. The respective choice of all the avatars
has to be done in a gauge-consistent way which is discussed
in see Sec. III D 3. In particular, this also concerns the
gauge consistency of Zl and Zs, as described in Sec. III D 3.
We close this Appendix with a numerical investigation of

the above properties within the following setup
(i) We use the initial cutoffs

ΛUV ¼ 15; 20; 25 GeV: ðG3Þ

We only choose this small interval as we only want
to illustrate the procedure. For comprehensive
checks we refer to [7,17,18,20,21,75].

(ii) the current quark masses are chosen fully RG-
consistent: we use the cutoff-independent breaking
parameters Zð1=2Þ

ϕl
cσl and Zð1=2Þ

ϕs
cσs with

∂tðZð1=2Þ
ϕs

cσlÞ ¼ 0 ¼ ∂tðZð1=2Þ
ϕs

cσsÞ; ðG4Þ

for all initial cutoffs in (G3).
(iii) For all initial cutoffs in (G3) we set the couplings of

the irrelevant operators to approximately zero by
using (154). This is not fully RG-consistent, but the
breaking decays with inverse powers of ΛUV.

(iv) All other coupling of irrelevant operators are chosen
zero for all initial cutoffs in (G3). This is not fully
RG-consistent, but the breaking decays with inverse
powers of ΛUV.

Using this setup for different initial cutoffs is a compre-
hensive check of the RG-consistency of the fRG approach
to QCD in the present approximation. We emphasize that
the respective numerical check of (G2) tests both, the UV
relevance counting of QCD and the initial cutoff scale used
in the present work, ΛUV ≈ 20 GeV in (149) being suffi-
ciently large.
We initiate the discussion of the results with that of the

light quark avatar of the strong coupling, see Figs. 27 and
28: In Fig. 27 we show the light quark avatar of the strong
coupling αll̄A in comparison to their one-loop and two-loop
perturbative counterparts. The two-loop coupling fits very
well down to approximately kpert ≈ 5 GeV, while the one-
loop coupling deviates earlier. This has already been seen in
the DSE analysis in [81]. In Fig. 28 we show the resulting
αll̄A for the three different initial cutoffs in (G3). Their
perfect agreement corroborates the RG-consistency of the
present setup. This check is completed with the analysis of
the cutoff independence of the quark and pion mass
functions, shown in Figs. 30 and 29. The former shows
a minimal cutoff dependence of a few per mille, decreasing
for larger initial cutoffs.
These minimal dependences stem from the lack of full

RG-consistency of the scalar-pseudoscalar four-quark
dressings of the initial conditions (iii) and (iv): The four-

quark dressings are combinations of the Yukawa coupling
and the masses of the pion and σ-mode,

λðπÞq ðpÞ ¼ 1

2

h2ϕ
p2 þm2

π þ Rϕl

: ðG5Þ

see also (153). We have used λqðpÞ ≈ 10−5 in this work, see
(154); and we shall use the same condition for the other
initial cutoff scales in (G3). This approximation gets
successively better with ΛUV → ∞, and we consider the
ΛUV ≈ 20 GeV in (149) as being sufficiently large.
Finally, the UV-irrelevance of these couplings is illus-

trated impressively in Fig. 31 for the light quark Yukawa

FIG. 27. The k-dependence of the light quark-gluon coupling in
comparison to the perturbative one- and two-loop results for
k ≥ 1 Gr meV. The two-loop result matches quantitatively the k-
dependence of αll̄A down to kpert ≈ 5 GeV, where the perturbative
expansion starts to lose its validity, see also [81].

FIG. 28. ΛUV-dependence of the strong coupling αll̄A;k for
Nf ¼ 2þ 1 flavors on a logarithmic scale. The running of αll̄A;k
for all three initial cutoffs agrees perfectly.
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coupling, the crucial interface coupling between the
mesonic and quark sector of the theory. We complement
Fig. 31 with the respective plot for the four-quark coupling
λq, (G5) in the pion channel, see Fig. 32. Note that this
check has been already performed in [12], where the QCD
approach with emergent composites was initiated. For the
present quantitative setup it has been tested in [17,18,21],
including also checks for far larger initial cutoff scales up to
approximately 102 GeV. As mentioned before, these
checks informed our current choice of approximately
20 GeV and the explicit analysis here corroborates this.
Note however, that the current analysis simply illustrate and
add to the comprehensive ones in [7,17,18,20,21,26].
In conclusion, this verifies the RG-consistency of the

fRG approach to QCD as well as its first principle nature
within the current approximation.

APPENDIX H: PAGELS-STOKAR
FORMULA FOR f π

We compare the 2þ 1 flavor result obtained in
Sec. VI D 2 as well as the two-flavor result in
Appendix I with the approximate result obtained via the
Pagels-Stokar formula and its extensions. For the sake of
convenience we quote the results from Sec. VI D 2 here.
For NF ¼ 2þ 1 flavors we get

Nf ¼ 2þ 1∶ fπ ¼ 97.2þ4.0
−2.2 MeV;

fπ;χ ¼ 93.2þ3.5
−3.1 MeV; ðH1aÞ

while for two flavors we arrive at

FIG. 29. The ΛUV-dependence of the pion mass mπ for UV
cutoffs ΛUV ¼ 15, 20, 25 GeV. The deviation of the pion mass is
in the range of a few per mille.

FIG. 30. ΛUV-dependence of the light quark mass ml and
strange quark massms. We see a variation of�1 MeV in the light
quark mass, similarly for the strange mass.

FIG. 31. ΛUV-dependence of the light Yukawa coupling hl. It is
clearly visible, that the matter sector runs into a fixed point. In
particular are the initial values of hl and m2

π irrelevant for the
result.

FIG. 32. ΛUV-dependence of the scalar-pseudoscalar four-
quark channel λq.
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Nf ¼ 2∶ fπ ¼ 99.7 MeV;

fπ;χ ¼ 96.7 MeV: ðH1bÞ

We use the Pagels-Stokar formula [163] with the renorm-
alization scale μ ¼ 0,

f2π ¼
Nc

4π2

Z
∞

0

dp2
ZqðμÞ
ZqðpÞ

p2
MqðpÞ

ðp2 þMqðpÞÞ2

×

�
MqðpÞ −

p2

2

dMqðpÞ
dp2

�
: ðH2Þ

This results in

Nf ¼ 2þ 1∶ fπ ¼ 92.7þ1.7
−0.4 MeV;

fπ;χ ¼ 89.1þ1.7
−0.3 MeV; ðH3aÞ

Nf ¼ 2∶ fπ ¼ 94.6 MeV;

fπ;χ ¼ 91.8 MeV: ðH3bÞ

Furthermore, we also apply an improved formula for fπ
from [164] with μ ¼ 0, given by

f2π ¼
Nc

4π2

Z
∞

0

dp2
ZqðμÞ
ZqðpÞ

�
p2

MqðpÞ
½p2 þMqðpÞ�2

�
MqðpÞ −

p2

2

dMqðpÞ
dp2

�

þ
p6ðdMqðpÞ

dp2 Þ2 − p4M2
qðpÞðdMqðpÞ

dp2 Þ2 − p4MqðpÞ dMqðpÞ
dp2

2½p2 þM2
qðpÞ�2

�
: ðH4Þ

This leads to

Nf ¼ 2þ 1∶ fπ ¼ 101.4þ1.7
−0.4 MeV;

fπ;χ ¼ 97.3þ1.7
−0.3 MeV; ðH5aÞ

for 2þ 1 flavor QCD and

Nf ¼ 2∶ fπ ¼ 103.9 MeV;

fπ;χ ¼ 100.6 MeV: ðH5bÞ

for two-flavor QCD.

APPENDIX I: RESULTS FOR TWO-FLAVOR
QCD

In this Appendix we gather results and UV parameters
for two-flavor QCD. Similar to Nf ¼ 2þ 1, we need to

choose consistent initial conditions at ΛðNf¼2Þ
UV ¼ 20 GeV.

For the strong couplings they acre collected in Table VI.
Their evolution is also showcased in Fig. 33.
Note that for Nf ¼ 2, we have to use a negative modi-

fication factor (123b), i.e., a dehancement of about 1.5%.
This is compatible with the results of [7] where an enhance-
ment of a few percent has been found: In [7], the mixed

gluon-meson diagrams for the four-quark coupling have
been neglected. If dropped in the current setup, ones is led to
a small enhancement factor instead of a dehancement.
We collect the resulting observables and their corre-

sponding initial conditions in Table VII. We have not
performed a full analysis of the systematic error on the level
of the regulator for Nf ¼ 2 and therefore do not give
errors on the results here. Table VIII collects the results for
Nf ¼ 2 in the chiral limit. The chiral symmetry breaking
scale is slightly higher than in Nf ¼ 2þ 1 and is given by

k
ðNf¼2þ1Þ
χ ¼ 388 MeV; k

ðNf¼2Þ
χ ¼ 397 MeV: ðI1Þ

This scale is also indicated in the plots which show an
RG-scale dependence.
Figure 34 compares the evolution of hϕ for Nf ¼ 2 and

Nf ¼ 2þ 1. The difference in the quark mass almost
exclusively originates from the difference in hϕ, since
the order parameter σ0 is almost identical in both cases. The

TABLE VI. Strong couplings at the initial scale Λ for Nf ¼ 2.

Coupling Nf ¼ 2

αA3;ΛUV
0.210

αcc̄A;ΛUV
0.235

αA4;ΛUV
0.210

αll̄A;ΛUV
0.210

FIG. 33. Running of the strong couplings for Nf ¼ 2.
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momentum dependence of the quark mass is shown in
Fig. 35. Furthermore, we show the evolution of the pion-
and sigma-masses in Fig. 36. The pion pole mass can again
be extracted from the complex momentum dependence of
the propagator. The Padé fit yields

m
ðNf¼2Þ
π;pole ¼ 139ð12Þ MeV; ðI2Þ

where we used the average of fit results for the orders
N ¼ 2;…; 10. The error is given by the standard deviation
of these fits.
The pion decay constants on the physical point and in the

chiral limit in Nf ¼ 2 are respectively given by

fπ ¼ 99.7 MeV; fπ;χ ¼ 96.8 MeV: ðI3Þ

APPENDIX J: FURTHER DATA

In this Appendix we collect additional plots and results
for Nf ¼ 2þ 1, which offer a more detailed understanding
of the correlation functions and flows discussed in the
present work.
Explicitly we show plots on
(i) The running of the strong couplings on a double-

logarithmic scale in Fig. 37.
(ii) The Yukawa coupling: We show the scale depend-

ence of the coupling with and without mixed quark-
gluon-meson box diagrams in Fig. 38 in the tran-
sition regime. We show the full flow of the Yukawa
coupling in Fig. 39 and the associated scalar-pseu-
doscalar contribution to the four-fermi vertex
in Fig. 40.

(iii) A comparison of RG-scale and momentum depend-
ence of the quark propagator in Fig. 41(b).

(iv) The running of the fully field dependent mesonic
potential and the pion mass in Fig. 42. The running
of the solution to the physical equations of motion
(and in the chiral limit) is shown in Fig. 43.

TABLE VII. IR-Observables and corresponding parameters of
the initial UV action for Nf ¼ 2.

Observables Value Parameter in ΓΛUV

mπ;pol (MeV) 139(12) cσ;l ¼ 4.76 GeV3

αll̄A;ΛUV
αll̄A;ΛUV

¼ 0.210
ml (MeV) 370 a ¼ −0.0220 b ¼ 2 GeV
fπ (MeV) 99.7 � � �
mπ;cur (MeV) 138 � � �
mσ (MeV) 393.1 � � �
σl;0 (MeV) 69.0 � � �

TABLE VIII. IR-Observables for Nf ¼ 2 in the chiral limit.
The corresponding initial parameters are indicated in Tables VI
and VII. In contrast to the latter table we use cσ ¼ 0 to evaluate
the chiral limit.

Observable Value

fπ;χ (MeV) 96.7
ml;χ (MeV) 334.1
mσ;χ (MeV) 247.8
σl;0;χ (MeV) 67.4

FIG. 34. Running of the Yukawa couplings hϕ in both Nf ¼ 2
and Nf ¼ 2þ 1 for comparison.

FIG. 35. Momentum-dependent quark mass MlðpÞ and wave
function 1=ZlðpÞ at k ¼ 0 for Nf ¼ 2 flavors.

FIG. 36. Running of the Nf ¼ 2-flavor pion and sigma masses.
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FIG. 37. k-dependence of the strong couplings αi;k for
Nf ¼ 2þ 1 flavors on a double-logarithmic scale. The αA3 -
coupling becomes negative at k ≈ 0.2 GeV, for further functional
results see e.g. [20,21,63,64,93,165–168].

FIG. 38. The full flow of hϕ with and without the mixed quark-
gluon-meson diagrams. Note the sizeable discrepancy arising
around the chiral symmetry breaking scale kχ due to the absence
of the mixed quark-gluon-meson diagrams in the flow of the
scalar-pseudoscalar four-quark coupling.

FIG. 39. The running of the Yukawa coupling hϕ;k at the
physical point. Error bars are given by regulator variation.

FIG. 40. Running of the four-quark vertex at the physical point,
which is absorbed into the mesons and hϕ;k. We obtain it by

transforming back, i.e., λðσ−πÞq̄ q̄ qq ¼ h2ϕ;k=2m
2
π .
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FIG. 41. Momentum dependent quark wave function and mass function at k ¼ 0, ZqðpÞ and MqðpÞ in comparison to the cutoff
dependent ones, Zq;k¼qð0Þ andMq¼kð0Þ. The errors bars are that obtained by the variation of the regulator. (a) p- and k-dependent quark
wave functions. (b) p- and k-dependent light quark mass function.

FIG. 43. Running of the order parameter σl. The error bars are given by regulator variation.

FIG. 42. Time evolution of the effective potential (left) and the pion mass squared (right) at and below the chiral symmetry breaking
scale kχ ≈ 400 MeV in Nf ¼ 2þ 1 flavors.
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