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In this work we explore the relation between orbifold singularities and higher form symmetries. Using
the geometric engineering dictionary, we argue that the discrete higher symmetries of 5D SCFTs
constructed fromM theory on a noncompact Calabi-Yau threefold can be related to a quantum symmetry of
the associated BPS quiver. Through unorbifolding the quantum symmetry we obtain a new theory without
higher form symmetry, providing a notion of “minimality” for a theory. This procedure is carried out via
algebraic manipulations of the BPS/McKay quiver describing the crepant resolution of the singular
geometry. This technique can also be reverted and thus, starting from any “minimal” theory, one can
orbifold it and generate new theories with the desired higher form symmetries. We test our technology on
classes of 5D SCFTs that arise from M-theory geometric engineering on Calabi-Yau threefolds that are
nontoric noncomplete intersections, which have historically been challenging to tackle.
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I. INTRODUCTION

The seminal work by Gaiotto, Kapustin, Seiberg, and
Willett [1] sparked a renewed interest in the topic of
symmetries in physics. In particular, symmetries of
extended objects, higher form symmetries, have become
a prominent research avenue both in the theoretical and
phenomenological high energy community, see, e.g.,
[2–11] for reviews.
In the context of geometric engineering, higher form

symmetries have been reliably studied in various setups,
providing insight on the strong coupling regime of field
theory. In this framework string/M theory/F theory is put on
a noncompact CY=G2 manifold background, used to
engineer a field theory in the transverse space.
Dynamical BPS particles of the theory are related to branes
wrapping exceptional cycles in the resolved geometry,
while extended rigid operators, the analog of Wilson/‘t
Hooft lines, arise as branes wrapped on noncompact ones

[12–42]. ‘t Hooft’s screening argument, by which dynami-
cal particles are able to break rigid line operators, can be
translated into geometrical terms via the long exact
sequence in homology [43]

…→H2ð∂XÞ!{2 H2ðXÞ!|2 H2ðX;∂XÞ!∂2 H1ð∂XÞ
!{1 H1ðXÞ→ ���; ð1:1Þ

for X a noncompact manifold and ∂X its boundary. From
the sequence, one can compute the so-called defect group
[44–48]:

D ≔ ⨁
n
DðnÞ

where DðnÞ ¼ ⨁
p-branes

�
⨁

ks:t: p−kþ1¼n

�
HkðX; ∂XÞ
HkðXÞ

��
: ð1:2Þ

Physically, the defect group is the group acting on the
unscreened lines of the field theory, while geometrically it
describes torsional cycles in the boundary geometry. These
two points of view come together in the linking picture
described in [49–52].
Despite its simple description, the computation of the

defect group is in general a hard task. However, in
the special case of orbifold singularities, one can use the
powerful result by Ito and Reid [53] establishing a
correspondence between the McKay quiver and the
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resolution of the singularity. The McKay quiver describes
the quantum mechanics on the world volume of a D0 brane
probing the singularityC3=Γ, with Γ∈ SLð3;CÞ, and thus it
can be identified with the BPS quiver of the transverse field
theory, see [54,55] for details. From this quiver it is then
possible to easily read the defect group, a technique which
has also been extensively used in (non-) supersymmetric
theories [41,56,57].
Building on these results, in this work we further

investigate the connection between BPS quivers and the
defect group. The BPS quiver of the 5D theory engineered
by M theory on the threefold C3=Γ enjoys a symmetry Γ̂,
called quantum symmetry, which arises as a direct conse-
quence of the orbifold procedure. Indeed, the McKay
quiver is built assigning a node to each irreducible
representation ρi of Γ and connecting them according to
the adjacency matrix aij ¼ HomðR ⊗ ρi; ρjÞ, with R the
defining representation of Γ acting on C3. The quantum
symmetry is then given by taking the tensor product of each
node by 1D irreps of Γ and tracing where they are mapped.
Mathematically, the quantum symmetry is nothing but the
action of the Pontryagin dual Γ̂ ¼ HomðΓ;C�Þ on the
irreducible representations of Γ. This quantum symmetry
group, i.e., the Pontryagin dual, is isomorphic to the
Abelianization of Γ. As we will show, the defect group
and the quantum symmetry are closely related: the defect
group is given by AbðΓ=NÞ, where N is the subgroup of Γ
generated by those elements that have fixed loci on C3,
other than 0. Thus, the defect group can be naturally
identified with a subgroup of the quantum symmetry Γ̂,
namely the 1D irreps that trivialize N.
This observation can be applied also to orbifolds of base

spaces which are more general than C3, in the context of
M-theory geometric engineering on a noncompact canoni-
cal Calabi-Yau threefold. We focus on two main aspects:

(i) Starting with a noncompact CY3 X, for which the
BPS quiver is known, we provide a general pro-
cedure to generate the quiver of the 5D SCFT
engineered by the singularity X=Γ, for Γ an Abelian
finite subgroup of the automorphism group of X,
The geometric orbifolding can be algorithmically
translated to a skewing of the quiver [58,59]. This is
nothing but a generalized version of the McKay
correspondence: each node of the starting quiver is
split into irreps of the orbifold group and each arrow
connects the new nodes according to a variation of
McKay formula. As the starting point of this pro-
gram, we consider 5D SCFTs for which the BPS
quiver has been computed in the literature, or can be
easily derived. The classes of threefolds X that
engineer such theories are substantially of three
types:
(1) toric singularities;
(2) compound Du Val (cDV) singularities;
(3) orbifolds C3=Γ, for Γ∈ SLð3;CÞ.

Similar techniques were already used in the physics
literature [60–62], but our task in this work is to show
the way in which these results can be reinterpreted in the
context of geometric engineering, and how they relate to
higher form symmetries.
(ii) The quantum symmetry approach further strength-

ens the bridge between geometrical and physical
data, reducing the problem of studying generalized
symmetries to a group theoretical one. In particular,
this allows us to prove that all toric theories with
higher form symmetries are always orbifolds of what
we call “minimal” theories, i.e., theories without
higher form symmetries. Mathematically, this is
obtained by skewing the quiver corresponding to
X=Γ (which in turn was obtained by skewing the
quiver of X by the action of Γ) by the action of a
subgroup of the quantum symmetry Γ̂: physically,
this enforces a gauging of the defect group, yielding
a theory with trivial defect group. Note that a
minimal theory can still be obtained via an orbifold
of some other minimal theory: our analysis only
aims at relating theories with and without higher
form symmetries via orbifolding.

Moreover, as a welcome bonus side of this program, we
show that the orbifolds of base spaces more general than C3

naturally give rise to a plethora of Calabi-Yau threefolds
which are nontoric noncomplete intersections. These have
been notoriously set aside in the geometric engineering
literature, given that no clear mathematical handle is
currently known to classify them, or to present their crepant
resolution in full generality. Thanks to the power of BPS
quiver techniques, we provide essential data about the 5D
SCFTs engineered by these threefolds, without the need to
go through an explicit resolution procedure. Relatedly,
crepant resolutions (as well as the corresponding BPS
quivers) for example, in the class of orbifolds of cDV
threefolds have been recently and carefully analyzed in [63].
The paper is organized as follows: in Sec. II we review

the basic aspects of 5D SCFTs and their BPS quivers with
particular focus on the Defect Group. In Sec. III we
describe the orbifold procedure at the level of the BPS
quiver with an explicit example. The formal derivation of
the procedure can be found in the Appendix A. Section IV
is devoted to the proof of the main claim, the correspon-
dence between the defect group and the quantum symmetry
of quiver. In Sec. V a plethora of examples is presented,
showing applications of the techniques presented in the
previous sections.

II. DEFECT GROUPS FROM BPS QUIVERS

As discussed in the introduction, the defect group
encodes the data of the spectrum of extended operators
in a field theory. In the context of geometric engineering
this can be read off from the intersection pairing among
exceptional cycles in the engineering geometry [44–46].
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However, computing the intersection form is not always an
easy task and it might rely on an explicit resolution of the
singularities in the threefold, which are often technically
challenging.1 However, thanks to the McKay correspon-
dence, such tedious computation can be bypassed using
quiver techniques. Indeed, it has been shown [53,65] that
the McKay quiver associated to an orbifold encodes the
data of the intersection form of the resolved singularity
without the need to explicitly blowup the geometry.
On the physical side, the McKay quiver is interpreted as

the BPS quiver of the field theory transverse to the
geometry, capturing the spectrum of its BPS particles.
Exceptional cycles in the resolved geometry can be
described as representations of the BPS quiver given
suitable stability conditions [55]. Branes wrapping such
cycles give rise to BPS particles in the field theory and
given two particles, their mutual locality is governed by the
Dirac pairing, encoded in the antisymmetric part of the
adjacency matrix of the quiver. This matrix has been shown
to encode the same data as the intersection pairing of the
quiver [65], and we will use it in the following to study the
defect group of various examples. In this section we briefly
review the crucial features of BPS quivers for 5D SCFTs
and their relation to higher form symmetries.

A. Quick review: 5D SCFTs and their BPS quiver

Our analysis is chiefly focused on extracting the 1-form
symmetry of 5D SCFTs engineered by orbifold singularities
via a powerfully indirect method, its associated BPS quiver,
avoiding any explicit crepant resolution. Interestingly, the
BPS quiver also contains information about the local degrees
of freedom of the 5D SCFT, that we briefly review here. In
this section we also recall some key facts about BPS quivers,
the McKay correspondence and how they capture higher
form symmetries. The expert reader can safely skip to the
next sections for the new results.
An M-theory setup on a background of the form

X ×R1;4, with X a canonical CY3, is thought to engineer
a 5D SCFT on the directions R1;4 transverse to the CY3

[66]. See also [23,25,33,67–69] for related work that
employs this approach. The singularity is required to be
canonical in order to ensure that it can be retrieved from a
smooth CY3 X̃ at finite distance in the moduli space of X̃,
thus reaching the UV superconformal fixed point.2

5D SCFTs are intrinsically non-Lagrangian, and can be
partially characterized in terms of the following data:

(i) The rank of the gauge symmetry r, which can be
explicitly computed peforming a crepant resolution
of X. In the language of homology:

r ¼ dimH4ðX̃;RÞ; ð2:1Þ

with X̃ the resolved CY3.
(ii) The rank of the flavor symmetry, which can analo-

gously be detected from the crepantly resolved phase
X̃. In particular,

f ¼ dimH2ðX̃;RÞ − dimH4ðX̃;RÞ: ð2:2Þ

As we have mentioned in the Introduction, geometrical
methods have been developed in order to compute the
higher form symmetries of 5D SCFTs [44–46], as they do
not admit a Lagrangian description, and are hence impen-
etrable for ordinary field-theoretic techniques. The simplest
example of 5D SCFT with a higher form symmetry is
Seiberg’s E0 theory [73], which is realized via M-theory
geometric engineering on the orbifold C3=Z3 [15]. The
approach we will focus on in the rest on the paper relies on
the connection between the BPS quiver and the intersection
pairing of the engineering geometry.
From the field theory side, one obtains BPS states by

wrapping exceptional cycles with branes. In the case of M
theory on CY3, one can wrap M2 branes on 2-cycles,
leading to point particles, and M5 branes on 4-cycles,
leading to dynamical strings. Because of the electromag-
netic pairing between M2 and M5 branes, the BPS particles
and strings are in general mutually nonlocal, as electrons
and magnetic monopoles in 4D QED. The nonlocality is
captured by the Dirac pairing between these states. As
shown in [55], 5D theories can as well be interpreted as 4D
KK theories for which one can apply quiver techniques
[54,74]. We can now connect this field theory result to
geometry via the McKay correspondence.
The striking result by McKay was to connect algebra and

geometry via graph theory. Its original work relating the
Dynkin graph of simply laced affine Lie algebras to the
finite subgroup Γ of SUð2Þ and the resolution of the C2=Γ
orbifold allowed to rethink the problem of resolving a
singularity not as task in algebra theory, but as a repre-
sentation theory one [75–77]. The connection between
McKay correspondence and field theory becomes manifest
when considering the world volume theory of D0 branes
probing a CY singularity. It turns out that the McKay graph
can be interpreted as a N ¼ 4 quantum mechanics on the
D0 branes whose vacua are in one to one correspondence
with the stable representations of the BPS quiver.
Given that the McKay quiver can be interpreted as the

BPS quiver, it is now easy to describe the defect group of

1An alternative and equivalent approach is to compute the
linking pairing between torsional 1- and 3-cycles at the base of
the conical singularity [47,49,51,64]. In general, this approach is
no easier than computing a crepant resolution of the singular
geometry.

2Notice that X̃ is not guaranteed to exist, e.g., in the case of
terminal singularities which do not admit small resolutions.
Nonetheless, canonical singularities of this type are still well
defined; see, e.g., [70–72] for more details about the associated
5D SCFTs.
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the theory encoding the higher form symmetries of the
theory. Given two charge vectors γi and γj, i.e., two choices
of rank assignments for the BPS quiver, their Dirac pairing
is given by the antisymmetric part of the BPS quiver’s
adjacency matrix:

Bðγi; γjÞ ¼ γti · ðA − AtÞ · γj: ð2:3Þ

Thus, one can interpret the Dirac pairing as a map between
the charge lattice into itself γi ∈Zq → Bð:; γiÞ∈Zq. We
can now use ‘t Hooft’s argument to conclude that the
unscreened extended operators are precisely the ones with
charge in the quotient lattice Zq=BZq, [45,46,78]. Thus,
the defect group can be easily computed as the torsional
part of the cokernel of the Dirac pairing. However, there is a
subtlety concerning the equivalence between the defect
group computed from geometry and the one from BPS
quiver. It turns out [79], that the BPS defect group is in
general a subgroup of the geometrical one, since the former
is only sensible to the electro-magnetic pairing of the
charges which translates to the linking pairing of the
boundary geometry. Cycles with trivial pairing with any
other cycle are effectively invisible to the BPS quiver
analysis. In the rest of the paper, when we refer to defect
group, we will be considering the group effectively acting
on the line defects of the theory.3

Furthermore, essential data describing the 5D SCFT is
encoded in the BPS quiver. The number of nodes n in the
quiver corresponds to

n ¼ 2rþ f þ 1; ð2:4Þ

where “1” accounts for the KK charge. Furthermore, the
rank of the Dirac pairing matrix B in Eq. (2.3) yields twice
the gauge rank of the corresponding 5D SCFT:

rankðBÞ ¼ 2r: ð2:5Þ

Hence, knowledge of the quiver automatically encodes the
data r and f of the 5D SCFT. This fact will be of much use
for the remainder of this work, since it evades the technical
challenges posed by performing an explicit crepant reso-
lution of the threefold. In addition, the BPS quiver, via its
representation theory, encodes the Gopakumar-Vafa invar-
iants (or, equivalently, the Donaldson-Thomas invariants)
of the associated Calabi-Yau threefold. For the scope of this
work, we will not explore this avenue further.

III. NEW QUIVERS AND BACK FROM
ORBIFOLDING

It is known [59,61,62,80], that from the McKay/BPS
quiver associated to a certain singular geometry, a new one
can obtained algorithmically whenever there is a group
action on the quiver itself. This new quiver can be
interpreted again as the BPS quiver of new theory, as
proven in [81], and the new quiver turns out to be the one
associated with an orbifolding of the starting geometry by
the same group.
The scope of this section is to review this procedure of

(un-)orbifolding quivers to describe how higher form
symmetries arises in field theory. When the theory of
interest is described by a geometry with a C� action, the
orbifold procedure is particularly easy, as we will show
momentarily with an explicit example, leaving the general
derivation in the Appendix A, where the mathematical
details are reviewed.

A. Quiver orbifold: Big from small

In this section we consider a specific example of a
general technique described in the Appendix A. The aim is
to familiarize the reader with this procedure that will then
be used to prove the general result of Sec. IV, and applied
extensively in Sec. V.
We use as a working example the quiver associated to the

geometry C2=Z3 × C given in Fig. 1. This orbifold can be
equivalently described via the algebraic equation xy ¼ z3

in C4. If one interprets the above quiver as the QFT living
on a D3 probing the orbifold, the algebraic equation can be
recovered as the equation describing the moduli space of
the theory. Let us see review this explicitly. If we assign a
Uð1Þ gauge group to each node, we have the following
gauge invariants fields

X ¼ A12A23A31; Y ¼ A13A32A21;

Zij ¼ AijAji; Wi ¼ Φi: ð3:1Þ

Imposing the F-term equations we get

FIG. 1. BPS quiver for C2=Z3 × C.

3We will comment on the geometric defect group in Sec. VI
and how even the trivially acting part can, in principle, be
detected by the BPS quiver, leaving a detailed analysis to future
works.
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Zij ¼ Z; Wi ¼ W; XY ¼ Z3; ð3:2Þ

in accordance with the algebraic equation.
We can now consider the further orbifold ðC2=Z3 ×

CÞ=Z3 with the action

ðx; y; z; wÞ → ðωx;ω2y;ωz;ω2wÞ; ω3 ¼ 1: ð3:3Þ

The new BPS quiver can be computed from the previous
one considering the Z3 action on the arrows Aij;Φi that
reproduces the above action on the gauge invariant coor-
dinates. In the case at hand we have

A12 → ωA12; A32 → ωA32;

A13 → ωA13; Φi → ω2Φi; ð3:4Þ

while the action on all other arrows is trivial.
The quiver for the ðC2=Z3 × CÞ=Z3 theory is now given

by applying the procedure detailed in the Appendix A.4

Each node of the parent quiver splits into n nodes, where n
is the number of irreps of the orbifolding group and each
arrow connecting nodes i and j becomes an arrow con-
necting irreps ρi of the i node with irreps τj of the j node if
Homðρ; τ ⊗ RðAijÞÞ is nonzero.
In our running example we have that each node i splits

into three nodes i1;ω;ω2 , labeled by irreps of Z3 and the
arrows Aij will now connect node i1;ω;ω2 to node j1;ω;ω2

depending on the action of the representation they transform
in Eq. (3.4). For example, A12 transforms in the ω irrep of
Z3, thus it will connect nodes 11 and 2ω2 , since
Homðρ; τ ⊗ RðAijÞÞ ¼ Homð1; τ ⊗ ωÞ ¼ 1 ⇔ τ ¼ ω2.
Repeating this procedure for each arrow and node we get the
new quiver, depicted in Fig. 2.
Clearly, Fig. 2 turns out to be the quiver for C3=Z9 with

action (1, 2, 6). As proven in detail in the Appendix A, this
procedure can be applied to any quiver and does not rely on
the fact that we started with a quiver associated to an
orbifold of C3.
Before moving to the next section, let us compute

the defect group of this theory. The torsional part of the
cokernel of the Dirac pairing can be computed via the
Smith algorithm to be Z2

3: thus the theory admits a Z3

electric and magnetic center symmetries. This symmetry is
Z3 not by coincidence, as we will show later, but as a
consequence of the orbifolding procedure.

B. Quiver unorbifold: Small from big

The procedure outlined in the previous section can be
reverted, so that given a quiver with a symmetry, one can
obtain a new quiver identifying nodes and arrows on the
same orbit of the symmetry action.

Let us go back to the running example of the Z9 orbifold
described previously. The quiver admits a Z3 symmetry
mapping node iρ to node iω⊗ρ, for ω an irrep of Z3 (the
action is depicted in Fig. 3). If we identify all the nodes and
arrows in the Z3 action, we get back the quiver of
C2=Z3 × C. This fact can be explained both via physical
and mathematical arguments.
From the physical point of view, this amounts to nothing

but the gauging of a subgroup of the “quantum symmetry”
that arises after orbifolding, that we define in Sec. IV. This
fact is well known in the CFT context, where gauging an
Abelian group Zn and then gauging the quantum dual Ẑn,
that acts on the twisted sectors, gives back the original theory.
Indeed, from the point of view of the worldsheet theory of a
string, we are going from a theory with target C2=Z3 × C to
another with target ðC2=Z3 × CÞ=Z3 and back.
From the mathematical point of view, the unorbifolding

procedure can be described as a skewing of the path algebra
of the quiver. The technical definition is beyond the scope
of this section and the interested reader can check
Appendix A for further details.
This observation concludes the (un-)orbifolding pro-

cedure on the quiver. In what follows we will describe
how the quantum symmetry that arises after orbifolding can
be directly related to the higher form symmetries of the
theory associated with the quiver. In particular, in the case
of toric geometries, we show that any theory admitting a
higher form symmetry can be obtained as the orbifold of
another theory, free of higher form symmetries. Let us note
that, in general, orbifolding may not introduce higher form
symmetries on the new theory. However, as we will discuss
in the next section, the orbifolding procedure that generates
a higher form symmetry are precisely the ones that act
without fixed loci on the starting geometry.

IV. QUANTUM DUAL AND HIGHER
FORM SYMMETRY

The connection between higher form symmetries and
orbifolds was hinted at in [41]. Using the classic results by
Armstrong [82]:

FIG. 2. BPS quiver for C3=Z9 with action (1, 2, 6).

4For the Chan-Paton analysis of the example we refer to
Appendix C.
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Let Γ be a discontinuous group of homeomorphisms of a
path connected, simply connected, locally compact metric
space SE, and let H be the normal subgroup of Γ generated
by those elements which have fixed points. Then the
fundamental group of the orbit space SE=Γ is isomorphic
to the factor group Γ=H.
This theorem can be used to compute the defect group

from the action of an orbifold on the boundary space of the
engineering geometry. In this section we revisit this fact
employing quiver techniques, bypassing the need to know
the actual algebraic description of the geometry.
The main result of this section is that the defect group

can be put in correspondence with the so-called quantum
symmetry of the quiver, a special symmetry that permutes
the nodes of a quiver. In this context we define the quantum
symmetry as follows:
Given an orbifold of type X=Γ, we call Γ̂ ¼

HomðΓ;C�Þ ≅ AbðΓÞ the quantum symmetry, which is
the group of 1D irreps acting by tensor product on the
nodes of the McKay quiver associated to X=Γ.
Starting with the simple example of C3=Γ singularities,

we flesh out the precise relation between quantum sym-
metry and defect group for any toric singularity X and its
orbifolds X=Γ.5 We will see that the defect group is a
suitably defined subgroup of the quantum symmetry Γ̂. By
gauging said subgroup action on the quiver (mathemati-
cally corresponding to a skewing operation), we reduce
ourselves to a new theory with trivial defect group. This
allows us to introduce the idea of “minimal” theories, i.e.,
any theory without higher form symmetries. We exhibit in
abundant cases that the orbifold operation is responsible for
the presence of these symmetries, and hence where minimal
theories represent the seed that yields all theories with
nontrivial defect group. Moreover, we provide a proof of
the existence of a minimal theory for all toric singularities
engineering theories with a nontrivial defect group.

A. Abelian orbifolds of C3

The crucial ingredient to establish the higher form sym-
metry-orbifold correspondence is the notion of quantum
symmetry anticipated in the previous section. The McKay
quiver constructed fromanAbelianC3=Γ orbifold comeswith
a natural symmetry on it, given by tensoring the representation
associatedwith eachnodewith another 1D irrep of the orbifold
group. This action induces a Γ symmetry, often dubbed Γ̂,
called the quantum symmetry or “quantum dual” symmetry.6

Let us look at the example C3=Z9 discussed in the
previous sections. This theory admits a Ẑ9 quantum
symmetry given by clockwise rotations of the quiver in
Fig. 4, similar to the one discussed in the previous section.
In order to establish the correspondence between the

quantum symmetry and the higher form symmetry, we need
to look at how the orbifold group is acting. The action is

ðx; y; zÞ → g · ðx; y; zÞ; with g ¼ diagðω;ω2;ω6Þ;
ð4:1Þ

with ðx; y; zÞ coordinates on C3, which has fixed loci for g0,
g3, g6. Looking at the character table of the group, we see
that the irreps corresponding to ρ0;3;6 are precisely the ones
that trivialize the action of g0, g3, g6.7 From the analysis
performed in the Appendix of [41], we know that the defect
group can be read as the Abelianization of the orbifold
subgroup that acts without fixed loci. This subgroup can be
obtained as AbðΓ=NÞ, where N can be read from the
character table of the group Γ by taking the intersection of
all conjugacy classes of Γ in the kernel of the representation
by which the orbifold acts on C3.8 In the case at hand the
character table is given in (4.2) and the defining represen-
tation of Γ acting on C3 is R ¼ ρ1 ⊕ ρ2 ⊕ ρ6.

FIG. 3. The rotation action identifying nodes 036, 147, and 258. Each node is labeled by a representation ρi; i ¼ 0;…; 8: tensoring by
ω implements the rotation.

5In order for X=Γ to still be toric, the action of gamma has been
chosen to sit inside the algebraic torus in X.

6See Sec. 5.6 of [83].
7This can be seen from the fact that χωðgÞ ¼ 1.
8In other words, given a representation ρ of Γ,N is given by the

intersection of all conjugacy classes for which χρðgÞ ¼ χρð1Þ, i.e.,
the identity element.
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ρ0

ρ1

ρ2

ρ3

ρ4

ρ5

ρ6

ρ7

ρ8

0
BBBBBBBBBBBBBBBBB@

1 1 1 1 1 1 1 1 1

1 ζ ζ2 ζ3 ζ4 ζ5 ζ6 ζ7 ζ8

1 ζ2 ζ4 ζ2 ζ8 ζ1 ζ3 ζ5 ζ7

1 ζ3 ζ6 1 ζ3 ζ6 1 ζ3 ζ6

1 ζ4 ζ8 ζ3 ζ7 ζ2 ζ6 ζ1 ζ5

1 ζ5 ζ1 ζ6 ζ2 ζ7 ζ3 ζ8 ζ4

1 ζ6 ζ3 1 ζ6 ζ3 1 ζ6 ζ3

1 ζ7 ζ5 ζ3 ζ1 ζ8 ζ6 ζ4 ζ2

1 ζ8 ζ7 ζ6 ζ5 ζ4 ζ3 ζ2 ζ1

1
CCCCCCCCCCCCCCCCCA

ð4:2Þ

We thus have that the center symmetry can be read from
the exact sequence

0 → N → Γ → Γ=N → 0: ð4:3Þ

Finally, we can associate to each representation of Γ=N its
induced representation in Γ, and thus a subgroup of the
quantumdual. It turns out that this subgroup is given precisely
by the irreps we identified above: they are the ones that
trivialize the group elements that act with fixed loci.
This brings us to the main result of this section:
We have established a correspondence between the defect

group and the quantum symmetry acting on the quiver.

By the procedure outlined in the previous section we can
now unorbifold this action, leading to a C3=N orbifold,
which by construction will not have a center symmetry.
This can be checked explicitly by quotienting the

quantum subgroup just described. By applying the pre-
scription of Appendix Awe obtain the quiver on the right-
hand side of Fig. 5, which is again C2=Z3 × C.
From this analysis it is now obvious that for any theory

engineered from C3=ðZn × ZmÞ one can unorbifold the
quantum symmetry associated to the higher form one, Ẑk,
to get a theory engineered by ðC3=ðZn × ZmÞÞ=Ẑk. More
generally, one can fully unorbifold the quiver, leading to the
C3 geometry, which in this case leads to the empty theory.
The process just described can be extended beyond

Abelian orbifolds of C3, in order to encompass any toric
geometry, as we discuss in the next section.

B. The toric case in general

In order to extend the previous analysis to a generic toric
threefold we use the result of [62]. We do not review in
depth the dimer respectively toric correspondence (for
additional details we refer to [84,85]), but we use the fact
that the toric diagram contains all the data of the quantum
symmetry, even if the quiver is not explicitly constructed.
The result of [62] states that given a toric diagram

associated to a toric geometry X, one can compute the

FIG. 4. The Z9 symmetry action rotating the nodes. Each node is labeled by a representation ρi; i ¼ 0;…; 8: tensoring by ρ1
implements the rotation.

FIG. 5. Unorbifolding procedure that produces a theorywith no defect group. The orbifold action identifies the nodes on the left-hand side.
For example, the nodes (1, 4, 7) are identified by the action, and appear as a single node on the right-hand side. The same goes for arrows: we
denote as Aij an arrow from node i to node j in the quiver on the left. We explicitly show some identified arrows in the quiver on the right.
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vectors pi, obtained as the differences viþ1 − vi of lattice
points on the perimeter of the toric diagram, taken to be the
two extrema of each edge.9 One should also compute the
quantity gij ¼ detðpi; pjÞ, for each pair of consecutive edges.
Then the singular toric threefold at hand is an orbifold of
some other singularity via the action of a group of order n,
with n ¼ gcdðg12; g23;…Þ. They then further observe that it
is possible to construct a dimer model from said toric diagram
enjoying a order n discrete symmetry. Since dimer models
are nothing but a combinatorial tool to encode both the BPS
quiver and the superpotential, one can interpret this discrete
symmetry as the quantum symmetry arising after an orbifold.
Indeed, as reviewed in the Appendix B, it is a standard result
in toric geometry that an orbifold of order n, that preserves
the toricity of the geometry, will produce a new toric diagram
with an area n times larger than the starting one.
This result can be used in conjunction with the findings

of [45,46]. The higher form symmetries are determined by
ñ ¼ gcdðg̃ij;…Þ, where now the p̃i are computed from the
difference of two consecutive vertices vi, counting each
point along one edge, not just the end points. By con-
struction ñjn, and thus one can unorbifold a normal
subgroup of order ñ to get an effective orbifold of order
n=ñ, engineering a theory without higher form symmetries.
To do so explicitly, one needs to know the action of the
orbifold on the coordinates describing X and repeat the
procedure described in the previous section.
Let us show this recipe concretely in action. We

consider the Calabi-Yau threefold X to be described by
the 2D toric diagram fð0; 0Þ; ð2; 0Þ; ð3; 4Þ; ð2; 4Þg, where
we omit the third coordinate of the vectors, since they all
lie on the same plane. By applying the above analysis we
see that n ¼ 8 and ñ ¼ 4. This theory is indeed an
orbifold of the conifold, Y ¼ fð0; 0Þ; ð1; 0Þ; ð1; 1Þ;
ð0; 1Þg and X ¼ Y=Z8. In order to single out the elements
of the orbifold group that act with fixed loci we now
have to specify the Z8 action on the coordinates
ðx; y; z; wÞ∈C½x; y; z; w�, with C½x; y; z; w�=ðxy − zwÞ the
coordinate ring of the conifold. We take

g∶ ðx → ω5x; y → ω3y; z → ωz; w → ω7wÞ; ð4:4Þ

with ω8 ¼ 1. From this action, it is easy to see that g4 acts
trivially on ðx; yÞ, and hence we can extract from the
character table of Z8 the irreps on which g4 is trivialized,
thus forming the quantum subgroup that encodes the higher
form symmetry. Finally, one can ungauge this subgroup and
is left with a theory with a trivial defect group, which is
indeed the 5D SCFT corresponding to the conifold.
For a generic toric diagram, this procedure is not as

straightforward since the equations defining the threefold
are in general a noncomplete intersection in a suitable

affine space. However, starting from a theory correspond-
ing to a generic toric diagram X, it is still possible to
unorbifold the whole quantum dual to reduce to the theory
Y, which by definition is a theory with a trivial defect
group. We can, however, provide an heuristic argument on
how to single out the subgroup acting without fixed
points.
Suppose one has the toric diagram for X ¼ Y=Γ and Y.

We know that in Y there are two consecutive vectors pi
such that detðpi; piþ1Þ ¼ �1, since by construction the
theory is not an orbifold of something else. We can thus use
these vectors as the ones spanning the lattice in which we
draw the toric diagram of Y and encode the matrix that
maps these base vectors into the ones of X. In the example
above we can take p1 ¼ ð1; 0Þ − ð0; 0Þ and p2 ¼ ð0; 1Þ −
ð0; 0Þ and thus the orbifold matrix reads

Morb ¼
�
2 1

0 4

�
: ð4:5Þ

One can check that the cokernel of the map associated to
Morb is Z8, as expected.
The above matrix acts on the pi of Y from the left: in

particular it acts on p1 just by multiplication, thus intro-
ducing some extra vertex along the perimeter of the toric
diagram of X. This is the hallmark of a nonisolated
singularity, meaning that the orbifold is acting with some
fixed point action. In general, if the image of a pi is of the
from l · qi, for some vector qi and integer l, then there is aZl
with fixed loci action of the orbifold. Thus, the unorbifolded
theory will be of the type X0 ¼ Y=Zl for Zl ⊂ Γ.
Let us conclude by saying that, although in the cases of

Abelian orbifolds of C3 the quantum dual is readily given
as a cyclic symmetry of the McKay quiver, this is not a
general feature. The explicit case by case analysis for an
arbitrary toric threefold might depend on the explicit
mutation of the quiver, where the quantum symmetry
might or might not be explicitly realized. Nonetheless,
the above results are general and don’t rely on the choice of
a mutant, but only of the geometric data [62].
In what follows we will provide further examples of

higher form symmetries arising through orbifolding also in
non toric cases. We do not provide a general proof of the
orbifold origin of the defect group, despite proving it in the
toric case. We are confident that our analysis should
generalize to any non-compact CY geometry, leaving the
proof to future work.

C. Group extensions and higher groups

We conclude this section commenting on how Eq. (4.3)
encodes possible higher group structures of the field theory.
This connectionwas already pointed out in [41,42], but we try
to interpret it in terms of a quantum symmetry of the BPS
quiver.

9I.e. ignore the vertices along the edge which are not its
extrema.
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When the flavor symmetry is faithfully realized in the
geometry,10 the higher group structure was described in
[42,86]. To read the higher group structure from the toric
diagram one defines the structure group E in terms of the
boundary geometry and checks if the following exact
sequence splits

0 → Dð1Þ → E → F → 0; ð4:6Þ

where Dð1Þ is the 1-form symmetry group of the theory and
F is a subgroup of the center of the flavor group.
Following the above references, the way by which the

structure group is computed is completely equivalent to the
computation of the quantum symmetry we described in
the previous sections. Therefore, we can identify the above
sequence encoding higher group structures with the one
dual to Eq. (4.3). Thus we conclude that the 2-group
structure arising in toric 5D SCFTs can be fully read from
the lattice of Y=Γ and the sublattice of Y as long as there is
no symmetry enhancement.

V. EXAMPLES

In this section we exhibit explicit examples of the
orbifolding procedure outlined in the previous sections.
We start from a (possibly nontoric) canonical CY3 X and
explore the 5D SCFTs engineered by orbifolds of X of type
X=Γ, with Γ Abelian. We guarantee that the threefold that
results from the orbifold is a canonical CY3, imposing that
the orbifold action should

(i) be an isometry of X;
(ii) preserve the holomorphic 3-form of the original

threefold X.
Aswe have previously remarked, theBPSquiver of these 5D
SCFTs theories also encodes their defect group. Moreover,
as a welcome bonus, we extract salient features such as the
gauge and flavor rank of these 5DSCFTswithout the need of
an explicit resolution of the singularity. As reviewed in
Sec. II A, in the rest of the section we refer to r as the gauge
rank of the theory and to f as its flavor rank.

A. Toric examples: Orbifolds of the conifold

We gently start by revisiting classic examples of Abelian
orbifolds of the conifold [87], which is the prototypical toric
isolated singularity. We are particularly interested in the
algebraic presentation of its Abelian orbifolds, as well as in
their BPS quiver. This data encodes the 5D SCFT realized
via M theory geometric on the orbifold, dictating its gauge
and flavor symmetry, along with its 1-form symmetry.
Consider the usual embedding of the conifold as a

hypersurface in the affine space C4:

xy ¼ zw ⊂ C4: ð5:1Þ

It is well known that the conifold admits only a small
crepant resolution, inflating a compact curve isomorphic to
P1. Hence,

r ¼ 0; f ¼ 1: ð5:2Þ

The 5D SCFT engineered by the conifold is therefore a
rank-0 theory describing a free hypermultiplet.11 Its BPS
quiver is as in Fig. 6. Here and onwards we label the quiver
nodes according to the notation of Appendix A and [89].12

The superpotential reads

W ¼ TrðϵilϵjkAiBjAlBkÞ; ð5:3Þ

and the relations between arrows and coordinates in the
ring C½x; y; z; w� are

x ¼ A1B1; y ¼ A2B2; z ¼ A1B2; w ¼ A2B1:

ð5:4Þ

We implement a possible choice of Abelian orbifold
action as

ðx; y; z; wÞ → ðλ1x; λ−11 y; λ2z; λ−12 wÞ;
λ1 ∈Zn1 ; λ2 ∈Zn2 : ð5:5Þ

It is immediate to check that Eq. (5.1) is preserved under
this action, along with the holomorphic 3-form Ω3;0 ¼
Resfxy−zw¼0g

dx∧dy∧dz∧dw
xy−zw . Hence, the resulting orbifold

satisfies the Calabi-Yau condition.
Let us compute the CY3 that is produced by the orbifold

action. A minimal set of generators of invariants under the
action in Eq. (5.5) are

a1 ¼ xn1 ; a2 ¼ yn1 ; a3 ¼ xy;

a4 ¼ zn2 ; a5 ¼ wn2 ; a6 ¼ zw: ð5:6Þ

FIG. 6. BPS quiver for the conifold geometry.

10The actual flavor symmetry is in general more complicated
since the naive geometric one can undergo enhancement. We will
focus only on theories in which the flavor symmetry matches the
one that can be read from the toric diagram.

11See [88] for recent progress highlighting subtleties in this
description. These will not affect our conclusions.

12R is the ring defining the threefold, and M is the module
corresponding to a matrix factorization of the threefold. When
introducing an orbifold action, we will add labels Ri and Mi to
distinguish the multiple copies of the original nodes. In other
instances, we simply label the nodes with numbers.
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The relations between the invariants, supplemented by the
conifold equation (5.1), read

a1a2 ¼ an13

a4a5 ¼ an26
a3 ¼ a6: ð5:7Þ

Notice that the conifold equation, rewritten in terms of the
invariant coordinates, lies at the third row of Eq. (5.7).
Discarding spurious equations, the Calabi-Yau threefold
resulting from the orbifold is

a1a2 ¼ an13

a4a5 ¼ an23 : ð5:8Þ

This is a toric CY3 encoded by the toric diagram.
The BPS quiver for the 5D SCFTengineered by Eq. (5.8)

can be straightforwardly computed thanks to the techniques
reviewed in the Appendix A, given the explicit action of the
orbifold in Eq. (5.5) and its translation in terms of an action
on the arrows of Fig. 6. Finally, the BPS quiver is displayed
in Fig. 8.
It can be easily checked that it agrees with the result

obtained from the brane-tiling of the toric CY3 depicted
in Fig. 7.
On top of the above actions, that do not generate higher

form symmetries, one can consider the following orbifold
with diagonal action:

ðx; y; z; wÞ → ðλx; λ−1y; λz; λ−1wÞ; λ∈Zn: ð5:9Þ

If we take for example Z2 as above, we have that the
resulting theory is engineered by the local F0 threefold. The
invariant coordinates read

a1 ¼ x2; a2 ¼ y2; a3 ¼ z2; a4 ¼ w2;

a5 ¼ xy; a6 ¼ xz; a7 ¼ xw; a8 ¼ yz;

a9 ¼ yw; a10 ¼ zw: ð5:10Þ

Computing the independent relations between the invari-
ants in Eq. (5.10), we can define the orbifolded threefold,
i.e., local F0, as a noncomplete intersection in C10 (which
can be computed employing the code in [90]):

a1a2 ¼ a25; a3a4 ¼ a210; a5a8 ¼ a2a6; a8a10 ¼ a3a9;

a1a3 ¼ a26; a5a10 ¼ a6a9; a5a9 ¼ a2a7; a7a9 ¼ a4a5;

a1a4 ¼ a27; a5a10 ¼ a7a8; a6a7 ¼ a1a10; a7a10 ¼ a4a6;

a2a3 ¼ a28; a5a6 ¼ a1a8; a6a8 ¼ a3a5; a8a9 ¼ a2a10;

a2a4 ¼ a29; a5a7 ¼ a1a9; a6a10 ¼ a3a7; a9a10 ¼ a4a8;

a5 ¼ a10 : ð5:11Þ

Notice that the boxed relation in Eq. (5.11) is the conifold
defining equation, rewritten in terms of the invariants under
the orbifold action: it supplies a linear constraint on the
other quadratic relations. This algebraic analysis agrees
with the result of the previous section: indeed the action of
the orbifold is free of fixed loci, and thus a nontrivial Z2

defect group is generated. The BPS quiver is as in Fig. 9.
More in general, all Yp;0 theories can be obtained through

this kind of quotient. The set of polynomials defining the
singular threefold is increasingly hard to compute directly as
the Zn invariant subring, but it can be read from the toric
diagram instead. For a systematic approach to the compu-
tation of the invariant subring, see [91].
Consistently with the results of the previous sections, we

notice that the theories with a non trivial defect group are
precisely the ones obtained by orbifolding the Conifold
without fixed loci, i.e., the Yp;0 geometries.

B. Finite Abelian orbifolds of cDV singularities

In this section we move on to nontoric threefolds, and
explore examples of Abelian orbifolds of compound Du

FIG. 7. Toric diagram for the CY3 in Eq. (5.8).

FIG. 8. BPS quiver for the geometry in Eq. (5.8), with
n1 ¼ n2 ¼ 2.

FIG. 9. BPS quiver for the local F0 geometry.
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Val (cDV) singularities. These theories were recently
constructed in [63], to which we refer the reader for in-
depth geometric details. Here we are chiefly concerned
with testing our conjecture and computing the defect group
of the corresponding 5D SCFTs.
The BPS quiver of cDV singularities is either known or

can be straightforwardly computed via the matrix factori-
zation machinery developed in [89]. cDV singularities are
defined as follows:

Pgðx; y; zÞ þ wfðx; y; z; wÞ ¼ 0 ⊂ C4; ð5:12Þ

with Pgðx; y; zÞ a polynomial defining a Du Val singularity
of type g,13 and fðx; y; z; wÞ a polynomial function. As is
well known thanks to a theorem by Reid [92], cDV
singularities admit at most small resolutions. Thanks to
the geometric engineering dictionary reviewed in
Sec. (2.1), this implies that the corresponding 5D SCFTs
are always rank 0. We will see that this does not necessarily
hold for orbifolds of cDV singularities, as these are often
not cDV singularities themselves.

1. cA singular threefolds

In this section we focus on a class of cA singular
threefolds with an isolated singularity, admitting a small
crepant resolution with a collection of P1 ’s as exceptional
locus. They can be presented as a hypersurface in C4:

X∶ xy ¼ z2n þ w2k ⊂ C4; ð5:14Þ

where we choose n ≥ k, with no loss of generality. As such,
these threefolds engineer rank-0 5D SCFTs, with flavor
group of rank gcdð2n; 2kÞ − 1. This is exactly
dimH2ðX̃;RÞ, where X̃ is a suitably chosen crepant reso-
lution of X. In general, when k∤n, there are leftover terminal
singularities, and in such cases X̃ is only a partial resolution.
The BPS quiver for these theories was computed in [89],

and it turns out to be the same as the one for the
C2=Z2 gcdðk;nÞ × C with a deformed superpotential. For
example, in the case of n ¼ k ¼ 2 we have the quiver in
Fig. 10, with the superpotential:

W ¼
X4
i¼1

ΦiðAi;iþ1Biþ1;i − Bi;i−1Ai−1;iÞ − 2iΦ2
1

þ ðiþ 1ÞΦ2
2 − 2Φ2

3 þ ðiþ 1ÞΦ2
4: ð5:15Þ

As it can be easily checked, the moduli space of the
associated field theory is indeed described by Eq. (5.14).
The most general Abelian orbifold action that preserves

the nowhere-vanishing 3-form, as well as the threefold
defined by Eq. (5.14), is

ðx; y; z; wÞ → ðλμx; λ−1μy; μz; μwÞ;
λ∈Zm; μ∈Z2: ð5:16Þ

Focusing on the m ¼ 2 case, the invariant coordinates
are exactly the same as the ones listed in Eq. (5.10) and
the orbifolded threefold is given by the noncomplete
intersection:

a1a2 ¼ a25; a3a4 ¼ a210; a5a8 ¼ a2a6; a8a10 ¼ a3a9;

a1a3 ¼ a26; a5a10 ¼ a6a9; a5a9 ¼ a2a7; a7a9 ¼ a4a5;

a1a4 ¼ a27; a5a10 ¼ a7a8; a6a7 ¼ a1a10; a7a10 ¼ a4a6;

a2a3 ¼ a28; a5a6 ¼ a1a8; a6a8 ¼ a3a5; a8a9 ¼ a2a10;

a2a4 ¼ a29; a5a7 ¼ a1a9; a6a10 ¼ a3a7; a9a10 ¼ a4a8;

a5 ¼ an3 þak4 : ð5:17Þ

The boxed relation in Eq. (5.17) is the hypersurface in
Eq. (5.14), rewritten in terms of orbifold-invariant coordi-
nates, giving a linear constraint on the other relations. Let us
remark a key fact: the orbifolded threefold in Eq. (5.17) is
almost completely identical to the presentation of the local F0

geometry in Eq. (5.11), that we have obtained as a Z2

quotient of the conifold. The crucial difference is that the
boxed relation in Eq. (5.17) is a sum, and as such it implies
that the corresponding threefold is non-toric. We then see that
orbifolding this class of cA singularities naturally produces

FIG. 10. BPS quiver for C2=Z4 × C.

13Recall that Du Val/Kleinian/ADE singularities, or rational
double points, which are the only 2-complex dimensional
canonical singularities, can be defined as follows:

An∶ xy − znþ1 ¼ 0;

Dn∶ x2 þ zy2 þ zn−1 ¼ 0;

E6∶ x2 þ y3 þ z4 ¼ 0;

E7∶ x2 þ y3 þ yz3 ¼ 0;

E8∶ x2 þ y3 þ z5 ¼ 0: ð5:13Þ
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Calabi-Yau threefolds14 which are non-toric non-complete

intersections. This class of threefolds has been rarely inves-

tigated in the framework of geometric engineering, even

though it most likely comprises a large swath of canonical

threefolds, that remain to this day mostly unexplored.
We can now come to the analysis of the BPS quivers and

1-form symmetries of the orbifolded threefolds. The BPS
quiver for the geometry described by Eq. (5.17) when p ¼
gcdðn; kÞ ¼ minðn; kÞ is given by the quiver for C3=Z4p

with action ð1; 2p − 1; 2pÞ, with the same superpotential of
the orbifold plus a m ¼ maxðn; kÞ power term for invariant
fields obtained by the 2-cycles in the quiver. For example,
for ðn; kÞ ¼ ð2; 2Þ we end up with the quiver for C3=Z8,
with action (1, 3, 4), whose quiver is given in Fig. 11.
Then, the corresponding superpotential is (denoting by

Φij the arrow from node i to j):

Wtot ¼ Worb − 2iðΦ12Φ21Þ2 þ ðiþ 1ÞðΦ34Φ43Þ2
− 2ðΦ56Φ65Þ2 þ ðiþ 1ÞðΦ78Φ87Þ2; ð5:18Þ

as can be checked perfoming the orbifold projection of the
potential in Eq. (5.15).
From the 5D point of view, this BPS quiver describes a

5D SCFT with

r ¼ 2; f ¼ 3: ð5:19Þ

As can be easily computed, in the theory that produces the
BPS quiver in Fig. 11 there is a nontrivial Z2 defect group,
in agreement with the general orbifold analysis. More in
general, one has that the resulting theory shares the same
gauge and flavor rank with the undeformed C3=Z4p one,
having thus

r ¼ p; f ¼ 2p − 1: ð5:20Þ

2. Laufer’s singularity

In this section we delve into cDV singularites of type cD,
focusing on a class of threefolds with isolated singularities
particularly amenable to our purposes, known as Laufer’s
singularities.15 This threefold is defined by the equation

x2 þ zy2 þ w3 þ wz2nþ1 ¼ 0 ⊂ C4; ð5:21Þ

which has only an isolated singularity at the origin. Its BPS
quiver is shown in Fig. 12.

The superpotential is

W ¼ ADBþ ABC2
2 þ C2

1C2 þ
Dnþ1

nþ 1
þ ð−1Þn
2nþ 2

C2nþ2
2 ;

ð5:22Þ
where the relation between coordinates and arrows is

z ¼ −C2
2;

x ¼ ABC2C1 þ C2C1ABþ ð−1ÞmC2nþ1
2 C1;

w ¼ −C2
1;

y ¼ −ABC1 − C1AB − ð−1ÞmC1C2n
2 : ð5:23Þ

As an application of our techniques, let us consider the
following orbifold action, that preserves the holomorphic
3-form as well as the zero locus of Eq. (5.21):

ðx; y; z; wÞ → ðλx; λy; z; wÞ; λ∈Z2: ð5:24Þ
The orbifolded threefold can be easily obtained comput-

ing the invariant coordinates:

a1 ¼ x2; a2 ¼ y2; a3 ¼ xy;

a4 ¼ z; a5 ¼ w; ð5:25Þ
and the corresponding relation:

a23 þ a4a22 þ a2a35 þ a2a5a34 ¼ 0 ⊂ C4: ð5:26Þ
Notice that the orbifolded threefold in Eq. (5.26) is a cDV
singularity in disguise: this can be swiftly seen by the
change of variables a2 → a2 þ a4. This fact is confirmed
by the analysis of its BPS quiver. The end result is the
quiver in Fig. 13.

FIG. 11. BPS quiver for the geometry in Eq. (5.17), with n ¼ 2
and k ¼ 2.

FIG. 12. BPS quiver for the geometry in Eq. (5.21).

14The threefolds are guaranteed to satisfy the Calabi-Yau
condition, since the orbifold preserves the holomorphic 3-form,
as well as the defining equation of the non-orbifolded threefold.

15Notice that this technology can be neatly generalized to all
cDV singularities that possess a NCCR [89].
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From the Dirac pairing we indeed get the following ranks
for the gauge and flavor group, respectively:

r ¼ 0; f ¼ 3: ð5:27Þ

Hence the 5D SCFT engineered by Eq. (5.26) is rank 0, as
expected from the fact that the threefold is cDV. The quiver
in Fig. 13 shows that defect group for this orbifold is trivial.
Consider now a more interesting orbifold action avail-

able for Laufer’s singularities when n ¼ 3k − 1,

ðx; y; z; wÞ → ðx; λy; λz; λwÞ; λ∈Z3: ð5:28Þ

The coordinates which are invariant under the orbifold
action are

a1 ¼ x; a2 ¼ y3; a3 ¼ w3; a4 ¼ z3;

a5 ¼ yz2; a6 ¼ y2z; a7 ¼ yw2; a8 ¼ y2w;

a9 ¼ z2w; a10 ¼ zw2; a11 ¼ yzw: ð5:29Þ

The relations between the invariant coordinates are exactly
those of the quotient C½y; z; w�=Z3, with action (1, 1, 1),
intersected with the orbifold-invariant version of Laufer’s
singularity [highlighted as the relation in the box of
Eq. (5.30)], which supplies a nontoric linear constraint.
The resulting threefold is a noncomplete intersection given
by 28 equations in C11:

a8a9 − a211 ¼ 0; a7a11 − a8a10 ¼ 0; a7a9 − a10a11 ¼ 0;

a6a10 − a211 ¼ 0; a6a7 − a8a11 ¼ 0; a5a11 − a6a9 ¼ 0;

a5a10 − a9a11 ¼ 0; a5a8 − a6a11 ¼ 0; a5a7 − a211 ¼ 0;

a4a11 − a5a9 ¼ 0; a4a10 − a29 ¼ 0; a4a8 − a6a9 ¼ 0;

a4a7 − a9a11 ¼ 0; a4a6 − a25 ¼ 0; a3a11 − a7a10 ¼ 0;

a3a9 − a210 ¼ 0; a3a8 − a27 ¼ 0; a3a6 − a8a10 ¼ 0;

a3a5 − a10a11 ¼ 0; a3a4 − a9a10 ¼ 0; a2a11 − a6a8 ¼ 0;

a2a10 − a8a11 ¼ 0; a2a9 − a6a11 ¼ 0; a2a7 − a28 ¼ 0;

a2a5 − a26 ¼ 0; a2a4 − a5a6 ¼ 0; a2a3 − a7a8 ¼ 0;

a21 þ a6 þ a4þ a9a2k−13 ¼ 0 : ð5:30Þ

The BPS quiver corresponding to the threefold can be
neatly computed as in Fig. 14.

From the data of the quiver, we find that the correspond-
ing 5D SCFT has the following gauge and flavor ranks:

r ¼ 2; f ¼ 1: ð5:31Þ

In this orbifold of the Laufer singularity, the Z3 quotient
for k ¼ 2, we have that the theory has a nontrivial Z3

electromagnetic higher form symmetry, as can be readily
computed from the BPS quiver in Fig. 14. As it is easy to
check, the Z3 orbifold acts without fixed loci, showing that
the BPS computation agrees with the general algebraic
expectation.

C. Orbifolds of orbifolds

In this section, we exhibit an example of an Abelian
orbifold of a non-Abelian orbifold of C3. Namely, our
starting point is a threefold obtained as

X ¼ C3=Γ; ð5:32Þ

with Γ∈ SLð3;CÞ. If Γ is non-Abelian then X is nontoric.
This class of orbifolds was studied in [37,41], in which the
features of the corresponding 5D SCFTs were carefully
explored. Here, we wish to pursue our program by acting
with a further Abelian orbifold on X.

1. Non-Abelian orbifolds with higher form symmetries

The higher form symmetries of non-Abelian orbifolds of
C3 were classified in [41]. Here we show in one example
how, once again, one can identify the higher form sym-
metry group as a subgroup of the quantum dual and
unorbifold it to get a theory without center symmetries.
Let us consider the case of the Dn;q theories. We can

fix n ¼ 4, q ¼ 2 for sake of simplicity. This group is
generated by

FIG. 13. BPS quiver for the geometry in Eq. (5.26).

FIG. 14. BPS quiver for the geometry in Eq. (5.30).
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Dn;q ¼
*0
B@

i 0 0

0 −i 0

0 0 1

1
CA;

0
B@

0 i 0

i 0 0

0 0 1

1
CA ·

0
B@

eπi=4 0 0

0 eπi=4 0

0 0 e−πi=2

1
CA
+
; ð5:33Þ

and the character table is

ρ1

ρ2

ρ3

ρ4

ρ5

ρ6

ρ7

ρ8

ρ9

ρ10

0
BBBBBBBBBBBBBBBBBBB@

1 1 1 1 1 1 1 1 1 1

1 1 1 1 −1 −1 1 −1 −1 1

1 1 1 1 −1 −1 −1 1 1 −1
1 1 1 1 1 1 −1 −1 −1 −1
1 −1 −1 1 −1 1 i i −i −i
1 −1 −1 1 −1 1 −i −i i i

1 −1 −1 1 1 −1 −i i −i i

1 −1 −1 1 1 −1 i −i i −i
2 2i −2i −2 0 0 0 0 0 0

2 −2i 2i −2 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCA

ð5:34Þ

from which we have both the quiver and the quantum dual
as well as the higher form symmetry generator. The quiver
is depicted in Fig. 15, where we label the quiver nodes by
the corresponding representations.
The quantum dual is the Z4 × Z2 group generated by the

eight 1D irreps of the group and the irreps generating the
higher form symmetry subgroups are the trivial ones
corresponding to ρ1 and ρ4 (the fourth row trivializes the
group elements that act with fixed loci).
We can now proceed in taking the quotient with respect

to the AbðΓ=NÞ by identifying the nodes in the orbit of ρ4
giving us the quiver in Fig. 16.

The quiver indeed shows that the theory is free of higher
form symmetries.
One could expect such result by looking at the generators

and noticing that the Abelian factor acting on all coor-
dinates commutes with the SUð2Þ subgroup that acts on the
first two. This is somehow analogous to the toric case
described in Sec. III, where this time the starting point is the
affine D4 quiver.

2. Non-Abelian orbifolds without higher form symmetries

We can also consider the case of a theory without higher
form symmetries and perform a gauging that introduces
them. Let us first define X as the quotient of C3 by the
group Gm. The generators of Gm are

Gm ¼
*0
B@

ξ 0 0

0 ξ−1 0

0 0 1

1
CA;

0
B@

−1 0 0

0 1 0

0 0 −1

1
CA;

0
B@

0 1 0

1 0 0

0 0 −1

1
CA
+
; ð5:35Þ

with ξ2m ¼ 1, acting on C½x; y; z� in the usual way. The
invariant coordinates under the action are

X ¼ z2; Y ¼ x2y2; Z ¼ x2m þ y2m;

W ¼ xyzðx2m − y2mÞ: ð5:36Þ
There is a unique relation between these invariants, and
therefore the threefold X ¼ C3=Gm is a hypersurface in C4:

X∶ W2 − XYZ2 þ 4XYmþ1 ¼ 0;⊂ C4: ð5:37Þ

The associated BPS quiver, e.g., for the case m ¼ 2, is
shown in Fig. 17.
Notice that for m ¼ 2k the orbifold Eq. (5.37) enjoys the

following action, that preserves the threefold and the
holomorphic 3-form:

ðX; Y; Z;WÞ → ðλX; λY; λZ; λWÞ; λ∈Z2; ð5:38ÞFIG. 15. BPS quiver for the geometry C3=D4;2.

FIG. 16. BPS quiver for the D4 × C threefold.
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which can be achieved at the level of the original C3

coordinates by extending the group action byZ2 adding the

following generator

Gext
m ¼

*
Gm;

0
B@

eπi=4 0 0

0 eπi=4 0

0 0 e−πi=2

1
CA
+
: ð5:39Þ

Note that this extra generator, despite being of order
eight, g8 ¼ 1, acts effectively as an order 2 symmetry of the
above polynomial, since g2 can be expressed in terms of the
generators of G2k. We can now apply the usual McKay
correspondence for the new group Gexp

2k to get the BPS
quiver (e.g., choosing k ¼ 1) shown in Fig. 18.
One can check that now the torsional part of the cokernel

is no longer trivial and the orbifolded theory has a Z2

electric/magnetic higher form symmetry. The BPS quiver
for larger k can be straighforwardly obtained employing
our technology.
Orbifolding the initial threefold X by the isometry in

Eq. (5.38), we obtain the following threefold, where the
invariant coordinates ai can be obtained exactly as in
Eq. (5.10):

a1a2 ¼ a25; a3a4 ¼ a210; a5a8 ¼ a2a6; a8a10 ¼ a3a9;

a1a3 ¼ a26; a5a10 ¼ a6a9; a5a9 ¼ a2a6; a7a9 ¼ a4a5;

a1a4 ¼ a27; a5a10 ¼ a7a8; a6a7 ¼ a1a10; a7a10 ¼ a4a6;

a2a3 ¼ a28; a5a6 ¼ a1a8; a6a8 ¼ a3a5; a8a9 ¼ a2a10;

a2a4 ¼ a29; a5a7 ¼ a1a0; a6a10 ¼ a3a7; a9a10 ¼ a4a8;

a4 −a5a3þ 4a5ak2 ¼ 0 : ð5:40Þ

The boxed equation is the orbifold-invariant version of
Eq. (5.37), that plays the role of a nontoric linear constraint.
The threefold Eq. (5.40) is a nontoric noncomplete inter-
section, that engineers a 5D SCFT with:

r ¼ 6; f ¼ 7: ð5:41Þ

VI. CONCLUSIONS AND OUTLOOK

In this work we have explored the relation between
orbifolds and higher form symmetries in the context of
geometric engineering. The main result is that in 5D SCFTs
engineered via M theory on both toric and nontoric CY
threefolds constructed as Abelian orbifolds of some parent
CY3, the higher form symmetries of the theory appear as a
subgroup of a symmetry of the BPS quiver in a specific
mutant, called quantum symmetry. In particular, the defect
group can be put into correspondence with a subgroup of
the quantum symmetry of the orbifolded quiver. Using
mathematical results described in the Appendixes, we were
able to show that the (un-)orbifolding procedure can be
carried out in full generality for any quiver and showed in
many (non-)toric examples the orbifold origin of higher
symmetries.
We have explicitly computed the singular threefold

geometry after the orbifold operation, examining a hefty
list of 5D SCFTs that are engineered by M theory on

FIG. 17. BPS quiver for the geometry in Eq. (5.37) for m ¼ 2.

FIG. 18. BPS quiver for the geometry in Eq. (5.40) for k ¼ 1.
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nontoric noncomplete intersection CY3. It is clear that these
orbifolding constructions can be straightforwardly gener-
alized to any canonical Calabi-Yau threefold that possesses
a known presentation in terms of algebraic equations in
some affine space. Our procedure will then predict what is
the defect group of the resulting theory. This endeavor,
which we postpone to future work, will allow us to scan the
landscape of nontoric noncomplete intersection singular-
ities, which are thought to comprise the large majority of
canonical CY3.

16

Aside from the geometrical considerations, we mostly
focused on the BPS quiver analysis, and, in particular, on
cyclic and finite Abelian orbifolds. A natural question is
how this operation can be generalized to the case of non-
Abelian orbifolds. We are currently working on a full
classification of all possible orbifolds of the conifold, both
Abelian and non-Abelian, to provide insights on the
possible relation between the geometrical orbifold oper-
ation and related physical quantities, such as the defect
group. In particular, as mentioned in Sec. IV, we wish to
investigate the interplay between group extensions of the
orbifold and higher group structures in the field theory.
Another direction which we have not explored in the

current work is the use of Mayer-Vietoris sequences, as in
[42,79], to directly study the boundary geometry of the
Sasaki-Einstein base of the threefold X. The torsional part
of H1ð∂XÞ encodes the higher form symmetry of the
engineered theory, however, H3ð∂XÞ seems to be sensible
to the full quantum symmetry. Clarifying this relation
might help establish a general criterion to fully unorbifold
a singularity, providing a precise notion of “minimality” of
a theory, a definition that might help in the classification
program for 5D SCFTs.
Recently, the same group published a paper relating the

anomalies for higher form symmetries to APS invariants
[94]. Their analysis relies on a choice of a certain twist of
the Dirac operator on the engineering geometry that can be
associated to the higher form symmetry. This twist can be
related to the quantum symmetry group of the quivers we
describe in this work. Some generalization of their work
and its relation to the BPS quiver can be found in [95].
As a further future direction, we would like to broaden

our reasoning to G2 manifolds as well. These manifolds are
obtained by considering suitable orbifold fibrations, pro-
viding examples for the Defect group/quantum group
correspondence outside the context of BPS quivers.
Finally, we conclude noticing that our analysis was able

to spot higher group structures in the field theory, using the
relation between quantum symmetry and structure group.
It is natural to ask to which extent this connection holds
and how much of the flavor symmetry of a field theory
can be led back to orbifold operations. Recently [96–99],

space-time symmetries such as charge conjugation and
SL2ðZÞ duality symmetry in 5D SCFTwhere studied in the
context of geometric engineering, and it is worth asking if
the BPS quiver can detect them.
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APPENDIX A: SKEW-GROUP CONSTRUCTIONS

In this Appendix, we provide mathematical details
explaining how to obtain new quivers from old quivers
with a group action, and how to reverse this operation. This
goes back to the work of Reiten and Riedtmann in [59], and
we provide further references along the way.
We begin with a reminder on skew-group algebras. For

this, let A be a (associative, unital) C-algebra, and let the
group G act (from the left) on A via C-algebra auto-
morphisms, i.e., we write the action of g∈G on an element
a∈A as gðaÞ.
The skew-group algebra A � G of A by the action of G

then is

A � G ¼ A ⊗ CG;

with multiplication defined by

ða ⊗ gÞ · ðb ⊗ hÞ ¼ ðagðbÞ ⊗ ghÞ:
16For some recent examples of 5D SCFTs engineered via such

exotic canonical CY3, see [93].
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1. Skewed path algebras

We summarize the results of Demonet in [58]. Let
A ¼ CQ be the path algebra of a (finite) quiver
Q ¼ ðQ0; Q1Þ, and let G be a finite group acting on A.
From now on, we assume thatG acts faithfully. Under some
further mild assumptions on the action, one can compute
the quiver of the skew-group algebra A �G, which we
denote Q � G and call the skewed quiver.
More precisely, we assume that G acts on A such that G

permutes the idempotents corresponding to Q0, and such
that the arrow space CQ1 is stabilized by G. Note that this
means that G can map an arrow to a linear combination of
arrows.
We set up some notation first. By assumption, we can

identify the action ofG on the vertices inQ0 with the action
on the corresponding idempotents, so we write Q0 ¼
f1;…; mg and work with orbits on Q0. The set of orbits
is denoted Q0=G, and for a vertex i, its orbit is written [i],
and its stabilizer is Gi. For two vertices, we denote the
intersection of stabilizers by Gi;j ¼ Gi ∩ Gj. Next, we fix a
system of representatives T for the orbits of G on Q0, and
denote the element in T corresponding to [i] by ti.
Furthermore, for each i, we fix an element gi ∈G such
that giðtiÞ ¼ i. Next, note that G also acts on the product of
orbits ½i� × ½j�. We denote by Oi;j a system of represent-
atives for this action. Finally, we denote by Ai;j the vector
space spanned by arrows from i to j.
Demonet then constructs the quiver Q �G as follows.

The vertices are

ðQ �GÞ0 ¼ ∪
½i�∈Q0=G

f½i�g × IrrðGiÞ;

where IrrðGiÞ denotes the set of irreducible representations
of Gi. The set of arrows from ð½i�; χÞ to ð½j�; τÞ is given by
any basis of

⨁
ði0;j0Þ∈Oi;j

HomGi0 ;j0 ððχgi0 ÞjGi0 ;j0
; ðτgj0 ÞjGi0 ;j0

⊗C Ai0;j0 Þ:

Here, the representation χgi0 is the representation of Gi0

given by h ↦ χðhg−1i0 Þ. Demonet then shows in [58]
(Theorem 1) that under the above assumptions, we have
a Morita equivalence

ðCQÞ �G ≃M CðQ � GÞ:

Next, suppose that A ¼ CQ=I is a quotient of a path-
algebra by an ideal I contained in the square of the arrow
ideal of CQ. Suppose further that the action of G on CQ
stabilizes I. Then the action descends to CQ=I, and A � G
is Morita equivalent to a quotient of CðQ �GÞ.
We now make some remarks on how this procedure

reproduces some well-known results as special cases.
Firstly, if the original quiver Q has a single vertex, then

we may view the arrow space as a faithful representation
ρ ¼ CQ1 of the finite group G. To construct Q �G, we
consider the single orbit, which is the single vertex, and
make copies of it indexed by the irreducible representations
of G, since G is the stabiliser of the single vertex. We then
draw arrows between vertices corresponding to irreducible
representations according to bases of the Hom-spaces
HomGðχ; τ ⊗ ρÞ. This simply recovers the McKay quiver
of G with respect to the representation ρ. At the other
extreme, if instead G acts freely on the set of vertices and
the set of arrows, all involved stabilizers of vertices are
trivial. To obtain the vertices of Q � G, we collapse all
vertices to a single orbit. Since the stabilisers are trivial, the
relevant Hom spaces are representations of the trivial
group, i.e., simply vector spaces. By counting dimensions,
we see that the quiver Q � G can be obtained as the set-
theoretic quotient ðQ0=G;Q1=GÞ. Further simplifications
of the above procedure are possible depending on the
properties of the action.

2. Unskewing

It is a useful feature of the skewing procedure that it
can be reversed by another skewing, so long as the group G
is Abelian. This is proved by Reiten and Riedtmann
in [59]. However, the same result follows from Cohen-
Montgomery duality, which may be of independent inter-
est, so we follow this approach. To phrase this duality, we
remind the reader that the skew-group algebra A �G is a
special case of a so-called Hopf smash product. For this, let
H be a Hopf algebra and A an H-module algebra. Relevant
for us is the case when H ¼ CG is a group algebra, and in
this case all possible such H-module structures arise from
G actions, and vice versa. Furthermore, the smash product
is simply the skew-group algebra A♯H ≃ A �G. The so-
called Cohen-Montgomery duality [80] (Theorem 3.2)
then states that, up to Morita equivalence, we can recover
A from A♯H by smashing with the dual Hopf algebra H�,
i.e., we have

A ≃M ðA♯HÞ♯H�:

The reader may notice that forH ¼ CG, the dualH� is in
general not a group algebra. This is precisely the case only
when G is Abelian, as in this case H� ¼ CĜ, where Ĝ ¼
HomðG;C�Þ is the dual group. Thus, in this situation we
can skew by another group action to recover A, that is when
G is Abelian, we have

A ≃M ðA � GÞ � Ĝ:

Furthermore, it is clear that one can iterate this procedure
along a composition series ofGwith Abelian factor groups.
That means, for a solvable group G, we can recover A from
A � G by performing a finite sequence of skews by Abelian
groups. See [59] for details.
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3. Iterated skewing and group extensions

Here, we discuss how group extensions can be used to
break down the skew of A ¼ CQ by G into several smaller
skew operations.
We begin with the case when the group is a semidirect

product G ¼ N⋊H. The first step is easy, if G acts
faithfully on A ¼ CQ, then so does the subgroup N, and
we can form

A0 ¼ A � N:

It is intuitively clear that we would like to take

A � G ≃ ðA � NÞ � G=N;

but for this we need to specify the correct action of G=N on
A � N. However, since G is a semidirect product, we can
realize the group G=N ≃H as a subgroup H ≤ G. Then H
acts on A by restriction, and on CN by conjugation. This
combines to an action of G=N on A0 ¼ CQ � N, and the
resulting skew-group algebra is indeed

A � G ≃ ðA � NÞ � G=N:

In particular, this means we can compute the quiver as an
iterated skewed quiver as

Q � G ¼ ðQ � NÞ � G=N:

When the group extension 1 → N → G → H → 1 does
not split, the situation is slightly more involved. We can still
choose a set-theoretic section s∶ H → Gwith sð1Þ ¼ 1, but
this now gives rise to a 2-cocycle α∶ H ×H → N. Taking
the same approach as before, we then obtain a crossed
action of H on A � N, where the crossed product is
precisely specified by the 2-cocycle α. One can then take
the more general crossed product

ðA � NÞ �α H;

also called the twisted smash product, and obtain as before

A �G ≃ ðA � NÞ �α G=N:

4. Examples

As an example, we study the conifold, over C, given by
the ring

R ¼ C½x; y; z; w�=ðxy − zwÞ:

We first need an explicit description of the quiver we
associate to R. This is done by taking a noncommutative

crepant resolution of R. For this, fix the ideal I ¼ ðx; zÞ⊴R
and consider the algebra

A ¼ EndRðR ⊕ IÞ:

To write down a quiver presentation of A, we first note that

HomRðR;RÞ ≃ C; HomRðI; IÞ ≃ C;

so we can treat the summands R and I as vertices of the
quiver.
Next, we need the arrows, which are given by

HomRðR; IÞ and HomRðI; RÞ. These spaces are easy to
describe by hand. Since R is free, we have essentially two
homomorphism from R to I, given by sending 1∈R to x or
to z. The other direction is slightly less obvious, but one
reasonable choice is to describe HomRðI; RÞ as generated
by the inclusion morphism taking x ↦ x and z ↦ z, and
the “permutation” of it given by taking x ↦ w and z ↦ y.
The first one will be called i, and the second one j. This
way, we obtain the full quiver as follows.

a. Interpreting group actions

Next, we want to have a finite group acting on R, and
extend this to an action on A. We will consider the same
group acting in two different ways.
The partial scaling action. For this action, we consider

G ≃ C2 of order 2, acting on R by scaling the variables x
and y by −1. Clearly, this preserves the defining equation of
R, so we have an actual action on R and not just on the
polynomial ring.
To see this action on A, consider how this interacts with

vertices and arrows. The vertices are stabilized, since R is
stable under this action, and the ideal I is also stable under
the action. Let us go through the arrows in detail:
(1) The arrow ·x gets scaled by −1. To see this, consider

the fact that the nontrivial element g∈G acts on the
morphism

1 ↦ x

as

ðgð1Þ ↦ gðxÞÞ ¼ ð1 ↦ −xÞ;

which is the negative of the original arrow.
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(2) The arrow ·z gets scaled by 1. You can see it in the
same way, noting that

ðgð1Þ ↦ gðzÞÞ ¼ ð1 ↦ zÞ:

(3) The arrow i gets scaled by 1. To see this, note that we
essentially scale both the source and the target, so
two minus signs cancel. The inclusion has the effect

x ↦ x and z ↦ z;

which is the same morphism as

−x ↦ −x and z ↦ z:

(4) The arrow j gets scaled by −1. The same observation
about parities of signs shows that

x ↦ w and z ↦ y;

gets sent under g to

−x ↦ w and z ↦ −y;

which is the same as −j.
The full diagonal action. We contrast the previous action

with the one where G acts on R by scaling all variables by
−1, in a “full diagonal action.” Going through the same
motions, we can see that this has the effect of scaling both
arrows R → I by −1, while scaling both arrows I → R by 1.

b. Skewing the quiver

Now, we use the two actions to compute the skew group
algebra A � G with respect to those actions. We remind the
reader that the standard notation only mentions A and G,
but we implicitly have a group action attached to this
notation as well.
The partial scaling action. We begin with the partial

scaling action and compute the Q � G as follows. The
vertices R and I are both stabilized by the G action, so we
make copies of R and of I indexed by IrrðGÞ, the irreducible
representations of the stabilizer, which happens to be all of
G. Since there are only two irreducible representations of
G, we label them by 1 and −1.

ðR; 1Þ ðI; 1Þ
ðR;−1Þ ðI;−1Þ

To add in the arrows, we use the following computation.
The arrows from ðR; χÞ to ðI; τÞ are given by

HomCGðχ; τ ⊗ ρR;IÞ;

where ρR;I is the representation of G afforded by the arrow
space of arrows from R to I. On the arrow space R → I, we

act by scaling one arrow by −1 and the other by 1, hence we
have a two-dimensional representation of G which is the
sum of the trivial and the nontrivial irreducible representa-
tion, hence we write ρR;I ¼ 1 ⊕ ð−1Þ. Thus, the arrows
ðR; 1Þ → ðI; 1Þ are given by

HomCGð1; 1 ⊗ ð1 ⊕ ð−1ÞÞÞ ¼ HomCGð1; 1 ⊕ ð−1ÞÞ
¼ HomCGð1; 1Þ ⊕ HomCGð1; ð−1ÞÞ
¼ C ⊕ 0:

This means, we get one arrow ðR; 1Þ → ðI; 1Þ. Next, we
take ðR; 1Þ → ðI;−1Þ, and get essentially the same com-
putation:

HomCGð1; ð−1Þ ⊗ ð1 ⊕ ð−1ÞÞÞ ¼ HomCGð1; ð−1Þ ⊕ 1Þ
¼ HomCGð1;−1Þ ⊕ HomCGð1; 1Þ ¼ 0 ⊕ C:

Again, we get one arrow. We fill in the picture to see what is
happening:

We continue, this time taking ðR;−1Þ → ðI; 1Þ and
ðR;−1Þ → ðI;−1Þ. In the same way as before, we get
exactly one arrow, and hence our quiver looks like this.

Now, we also need to look at arrows coming from I and
its copies. Luckily, the representation ρI;R is the same as
ρR;I . Note that we again scale one arrow by 1 and one by
−1. Thus, by symmetry we get the following quiver as the
final result.

This can be rearranged to a more familiar picture.
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The full diagonal action. Now, we do the same procedure
for the action that is scaling all the variables. The vertices
are fixed as before, so we make the copies indexed by
IrrðGÞ.

ðR; 1Þ ðI; 1Þ
ðR;−1Þ ðI;−1Þ

The formulas are the same as before, but crucially now
ρR;I and ρI;R are different. Recall that the arrows R → I
both get scaled by −1, while the arrows I → R both get
stabilized. This means, when looking at arrows ðR; 1Þ →
ðI; 1Þ we have to compute

HomCGð1;1⊗ ðð−1Þ⊕ ð−1ÞÞÞ ¼HomCGð1; ð−1Þ⊕ ð−1ÞÞ
¼HomCGð1; ð−1ÞÞ⊕HomCGð1; ð−1ÞÞ ¼ 0⊕ 0:

This means there are no arrows from ðR; 1Þ → ðI; 1Þ.
Taking ðR; 1Þ → ðI;−1Þ, we then get

HomCGð1; ð−1Þ ⊗ ðð−1Þ ⊕ ð−1ÞÞÞ ¼ HomCGð1; 1 ⊕ 1Þ
¼ HomCGð1; 1Þ ⊕ HomCGð1; 1Þ ¼ C ⊕ C;

so we get two arrows from ðR; 1Þ → ðI;−1Þ.
Continuing this computation, we get the following

quiver

5. Application to orbifold singularities

We now apply the above to the computation of quivers
for orbifolds of possibly singular Calabi-Yau 3-folds. We
take the perspective of noncommutative crepant resolu-
tions, and in particular caution the reader about a possible
mismatch between actions on the 3-fold and actions on the
associated quiver.
In the following, we assume that X ¼ SpecðRÞ is an

affine 3-Calabi-Yau variety, and that A ¼ EndRðMÞ ≃
CQ=I is a noncommutative crepant resolution, presented
by some quiver Q and relations I. If the finite group G acts

on X such that the orbifold X=G stays Calabi-Yau, we
would like to say that Q �G is the quiver for X=G, and
similarly if we instead start with an action of G on CQ=I
with the necessary homological assumptions, we would
like to use Q �G as the quiver for X=G. The situation is
complicated by the fact that having a faithful action ofG on
X does not necessarily produce such an action on A, and
vice versa. In the following situations, however, we can
make the connection precise.
If we start out with an action of G on X ¼ SpecðRÞ, this

is equivalent to an action on R, and we can consider
whetherM becomes aG-equivariant Rmodule. If that is the
case, we obtain an action of G on A ¼ EndRðMÞ, and with
the correct identification of irreducible summands of M
with vertices in Q, the action satisfies the necessary
requirements to compute Q � G as the quiver for X=G.
Conversely, if we start out with an action of G on A, this
restricts to an action of G on the center ZðAÞ ⊇ R. If the
restriction to R is faithful, we obtain again that Q �G is the
quiver for X=G.

APPENDIX B: TORIC DIAGRAMS
AND ABELIAN ORBIFOLDS

In this section, we consider the case where X is a
Gorenstein toric variety, and G is a finite Abelian subgroup
of the torus of X with trivial determinant. We summarize
how to describe the toric diagram of the orbifold X=G given
the diagram of X, and vice versa. All of this is standard in
the toric literature, but usually phrased in more generality.
We focus on the case when X has dimension 3, but of
course the same holds in arbitrary dimension when inter-
preting the concept of a toric diagram correctly. We begin
by recalling how a toric diagram fits into the standard
language of polyhedral cones.
Remark B.1. Let X be an affine Gorenstein toric variety

of dimension 3, with torus T, and N ¼ HomðC�; TÞ ≃ Z3

the cocharacter lattice of T. The toric variety X is defined
by a lattice cone σ ⊆ N ⊗Z R ¼ NR. Crucially, since X is
Gorenstein, the cone σ is in fact generated as the cone over
a convex lattice polygon P. More precisely, after choosing
coordinates for N, there exists a lattice polytope P ⊆
Z2 ⊗Z R such that σ ¼ ConeðP × f1gÞ. This means, we
can obtain P from σ by intersecting the cone with the
hyperplane containing the primitive ray generators of σ
with respect to N, and return to the cone by adding an extra
coordinate and taking the cone of this set.
Now, letG ⊆ T be a finite subgroup of the torus of X. We

want to take the quotient X=G, and describe this in terms of
the lattice cone σ. Loosely speaking, the subgroup G
determines a second lattice N0 ⊆ NR containing N, such
that N0=N ¼ Ĝ. The tori associated to N and N0 then give
an exact sequence

1 → G → TN → T 0
N;

DRAMBURG, MEYNET, and SANGIOVANNI PHYS. REV. D 114, 066007 (2026)

066007-20



and this extends to Xσ;N ¼ X such that

Xσ;N0 ¼ Xσ;N=G:

The above is contained in [100] (Proposition 1.3.18).
In particular, N0 can be obtained explicitly by working in
the dual lattice N∨ ¼ M ¼ HomðT;C�Þ. Take MG ¼
fχ ∈MjχðgÞ ¼ 1 for all g∈Gg, the sublattice of charac-
ters vanishing on G, and then ðMGÞ∨ ⊇ M∨ ≃ N gives the
lattice N0.
To see that the same procedure can be carried out one

dimension lower with the toric diagrams, note the follow-
ing. By assumption, we act with G such that the quotient
X=G stays Gorenstein. To get X=G, we use the same cone
σ, but with respect to a different lattice. Recall that the toric
diagram for X is the polygon P given by the primitive ray
generators of σ with respect to N. In the same way, the toric
diagram for X=G is given by the polygon P0 given by the
primitive ray generators of σ with respect to N0. But since
they both give rise to the same cone, they are similar
polygons, and hence we obtain P0 from P simply by
changing the corresponding lattice in R2. This change of
lattice can be computed directly from the similarity of the
polygons. Furthermore, this can be simplified when G acts
crepantly. The action being crepant is equivalent to saying
that the primitive ray generators of σ stay the same with
respect to N or N0, so in this case it suffices to refine the
lattice to go from P to P0.
We provide an example for this procedure. We consider

as X the conifold, with the action of the Abelian group
Zn1 × Zn2 as in Eq. (5.5). In detail, we consider the 3-torus
T, and choose for its cocharacter lattice N ¼ HomðC�; TÞ
the standard basis ðe1; e2; e3Þ. To build X, we choose the
cone σ over the toric diagram that is the square given by
ðe1; e2; e1 þ e3; e2 þ e3Þ, as shown in Fig. 19.
More precisely, the above vectors are the primitive ray

generators of σ. To avoid confusion, we denote the dual basis
in M ¼ N∨ by ðf1; f2; f3Þ. The dual cone is then generated
by the vectors ðf1; f2; f3; f1 þ f2 − f3Þ, which gives us the
presentation of the conifold as C½x1; x2; x3; x1x2x−13 �≃
C½x; y; z; w�=ðxy − zwÞ. Furthermore, the torus T acts as
ðt1; t2; t3Þ ↦ ðt1; t2; t3; t1t2t−13 Þ. The group G ¼ Zn1 × Zn2
by which we want to quotient sits inside the image of T in X
as ðλ1; λ−11 ; λ2; λ−12 Þ, and pulling this back to the coordinates
of T we have the subgroup hðλ1; λ−11 ; 1Þ; ð1; 1; λ2Þi ≤ T. We
now determine the lattice N0 as the dual of MG ¼
fχ ∈MjχðgÞ ¼ 1 for all g∈Gg. To describe MG, we need
to find all characters that vanish onG. This is simple because
it suffices to find all characters that vanish on the two
generators. Since λ1 has order n1 and λ2 has order n2, we
have that n1f1; n1f2; n2f3 are inMG, and these are minimal
with respect to each other. However, the fact that λ1 acts
“diagonally” means we have an extra vanishing character
given by f1 þ f2. To determine a basis for the latticeMG, we
can write down the matrix for these generators with respect

to the basis ðfiÞ as0
B@

n1 0 1 0

0 n1 1 0

0 0 0 n2

1
CA:

Performing one step of integral Gaussian elimination pro-
duces the matrix

0
B@

n1 0 1 0

0 0 1 0

0 0 0 n2

1
CA;

which reduces to the matrix

B ¼

0
B@

n1 1 0

0 1 0

0 0 n2

1
CA:

Thus, the columns of B form a basis forMG. We then obtain
a basis of the dual N0 ¼ M∨

G by taking the rows of B−1,
which is given by0

B@
n−11 −n−11 0

0 1 0

0 0 n−12

1
CA:

Finally, since G acts crepantly on X, to obtain the toric
diagram of X=G from that of X, we simply keep the same
square given by ðe1; e2; e1 þ e3; e2 þ e3Þ, but now view it
with respect to N0. We see that the vertical sides going from
e1 to e1 þ e3 and from e2 to e2 þ e3, which previously had 2
lattice points each, now have n2 þ 1 lattice points, since N0

contains the vector 1
n2
e3. Similarly, the vector 1

n1
e1 − 1

n1
e2

contributes n2 þ 1 many lattice points on the horizontal
sides. Of course, combinations of these vectors produce a
total of ðn1 þ 1Þ · ðn2 þ 1Þmany lattice points in the square.
This way, we obtain the diagram in Fig. 7 with n1 line
segments on one side and n2 many on the other.

APPENDIX C: ORBIFOLDED THEORY VIA
CHAN-PATON FIELDS

In this Appendix we review the Chan-Paton construction
for orbifolds. We will consider the example of C3=Γ, for
Γ∈ SUð3Þ Abelian, but the same argument generalizes to

FIG. 19. Toric diagram for the conifold.
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non-Abelian orbifolds as well as other nontoric base
spaces.
A D3-brane probing C3=Γ has a world volume theory

that can be obtained from the pure N ¼ 4 SYM theory
living on a single D3 probe on flat space by applying the
following projections:

γ−1Aγ ¼ A; γ−1Xγ ¼ ωaX;

γ−1Yγ ¼ ωbY; γ−1Zγ ¼ ωcZ; ðC1Þ
where A, X, Y, Z are generic n × n matrices corresponding
to the fields of the D3 probe brane (A is the gauge field in
the vector multiplet, and X, Y, Z are the scalar components
of the chiral multiplets), γ is a generator of Γ in the regular
representation. Γ is taken to be of order n and ω is the nth
root of unity acting on the coordinates of C3, with
ωaþbþc ¼ 1, so that the resulting quotient geometry is
Calabi-Yau.
As an explicit example let us consider the case C3=Z3

with action ða; b; cÞ ¼ ð1; 2; 0Þ. The system above
becomes

γ−1Aγ ¼ A; γ−1Xγ ¼ e2πi=3X;

γ−1Yγ ¼ e4πi=3Y; γ−1Zγ ¼ Z; ðC2Þ

with γ ¼ diagð1; e2πi=3; e4πi=3Þ. The solutions to the above
system are given by

A ¼

0
B@

A11 0 0

0 A22 0

0 0 A33

1
CA; X ¼

0
B@

0 0 X13

X21 0 0

0 X32 0

1
CA;

Y ¼

0
B@

0 Y12 0

0 0 Y23

Y31 0 0

1
CA; Z ¼

0
B@

Z11 0 0

0 Z22 0

0 0 Z33

1
CA:

ðC3Þ

Each matrix entry represents a field in the bifundamental
representation between two gauge groups i → j. The
superpotential is obtained by plugging these matrices in
the N ¼ 4 superpotential

W ¼ trðXYZ − YXZÞ: ðC4Þ

This procedure can now be iterated a second time, by
considering the Aij=Xij=Yij=Zij as matrices and requiring
that they are projected in accordance to the geometric
action. Let us consider the action:

γ−1X32γ ¼ e2πi=3X32; γ−1X13γ ¼ e2πi=3X13;

γ−1Y12γ ¼ e2πi=3Y12; γ−1Ziiγ ¼ e4πi=3Zii; ðC5Þ

and trivially on all others.
This procedure is completely equivalent to the one

described in the Appendix A, with the slight advantage
of making it easier to write down the superpotential for the
orbifolded theory.
Each entry in Eq. (C3) is now a 3 × 3 matrix, thus the

new theory will be a quiver gauge theory with 9 nodes,
where the arrows are determined by the projections above.
For example, we have

A22 →

0
B@

A44 0 0

0 A55 0

0 0 A66

1
CA;

X13 →

0
B@

0 0 X19

X27 0 0

0 X38 0

1
CA; ðC6Þ

and similarly for the other fields. As it can be explicitly
checked, the resulting fields are the same ones one would
get by applying the projection by γ ∈Z9 with action (1, 1,
2, 6) on the fields ðA; X; Y; ZÞ.
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