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We construct an exact analytic solution of the revised small-x helicity evolution equations from Borden,
Kovchegov, and Li [Helicity evolution at small x: Quark to gluon and gluon to quark transition operators,
J. High Energy Phys. 09 (2024) 037], where the contributions of the quark-to-gluon and gluon-to-quark
transition operators were newly included. These evolution equations are written in the large-N. and -N
limit and are double-logarithmic, resumming powers of o, In?(1/x). Here N, and N are the numbers of
quark colors and flavors, respectively, while @, is the strong coupling constant and x is the Bjorken-x
variable. Using our solution, we obtain analytic, small-x, large-N, and -N, expressions for the flavor
singlet quark and gluon helicity parton distribution functions (PDFs) and for the g, structure function as
double-inverse Laplace transforms. We also extract analytic expressions for the eigenvalues of the matrix of
polarized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) anomalous dimensions and, subsequently,
analytic expressions for each of the four individual polarized anomalous dimensions themselves
(AY 44> A7 46> A¥ gy and Ayge): these expressions resum powers of /@ to all orders at large N, and
N (with @ the Mellin moment variable). We extract the leading small-x asymptotic power-law growth of
the helicity distributions, given by AZ(x, 0?) ~ AG(x, Q%) ~ g;(x, Q%) ~ (})*, where the intercept aj,
satisfies an algebraic equation. Although the algebraic complexity of the equation prevented us from
obtaining a general analytic expression for a;, we determine a; numerically for various values of N, and
N (and, for the special case of Ny = 2N, we determine a;, analytically). We further obtain the explicit
asymptotic expressions for the helicity distributions, which yield numerical values for the ratio of the gluon
helicity PDF to the flavor singlet quark helicity PDF in the small-x asymptotic limit (for different N;/N..).
Just as for the analytic solution to small-x helicity evolution equations in the large-N . limit constructed in
Borden and Kovchegov [Analytic solution for the revised helicity evolution at small x and large N.: New
resummed gluon-gluon polarized anomalous dimension and intercept, Phys. Rev. D 108, 014001 (2023)]
and for the iterative solution to the large-N, and -N helicity evolution equations constructed in Borden,
Kovchegov, and Li [Helicity evolution at small x: Quark to gluon and gluon to quark transition operators, J.
High Energy Phys. 09 (2024) 037], we again find that all our predictions for polarized DGLAP anomalous
dimensions are fully consistent with the existing finite-order calculations. Similar to the large-N, case
[Borden and Kovchegov, Analytic solution for the revised helicity evolution at small x and large N,.: New
resummed gluon-gluon polarized anomalous dimension and intercept, Phys. Rev. D 108, 014001 (2023)],
our intercept @;, (evaluated at various N. and N, values) exhibits a very slight disagreement with the
predictions made within the infrared evolution equations framework in Bartels et al. [Flavor singlet
contribution to the structure function G(1) at small x, Z. Phys. C 72, 627 (1996)], Bliimlein and Vogt [The
singlet contribution to the structure function g, (x, Q%) at small x, Phys. Lett. B 386, 350 (1996)], Boussarie
et al. [Proton spin structure at small-x, Phys. Lett. B 797, 134817 (2019)].
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The proton spin puzzle [1-12] remains an unsolved
problem in our understanding of hadronic structure and
represents a fundamental test of our knowledge of quantum
chromodynamics (QCD). We break the spin puzzle down
into spin sum rules, like the Ji sum rule [3] or the Jaffe-
Manohar sum rule [2] below,
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1
Sq+Lq+SG+LG:§1 (1)

distinguishing spin S and orbital angular momentum L
contributions to the proton spin coming from the quarks g
and gluons G. Each of these (spin or orbital) angular
momentum contributions can be written as an integral
over Bjorken x of an appropriate (spin or orbital) angular
momentum distribution. For the spin contributions, we have

1
1
5,(0%) = / dxAX(x, Q).

1
/dxAG x, 0%), (2)
0

in terms of the gluon and flavor-singlet quark helicity parton
distribution functions (hPDFs) AG(x, Q) and AX(x, Q?),
respectively, with

AS(x,0%) = Y [Agy(x, 0%) + Ag(x.0%)].  (3)
f

and Agy(x,0?%) and Ag(x, Q%) the quark and antiquark
helicity distributions of flavor f. As usual, x is the parton’s
longitudinal momentum fraction, while Q is the renormal-
ization scale.

To fully constrain S, and Sg, the helicity distributions
AX(x, 0?) and AG(x, Q%) need to be known for all values of
x, all the way down to the lower bound of the integrals in
Eq. (2). A priori, this calls for a detailed theoretical under-
standing, since x = 0 is experimentally inaccessible and any
experiment is and will always be limited to x > x,;, with x;,
determined by its energy and acceptance. Furthermore, early
calculations of the helicity distributions at small x done by
Bartels et al. Bartels-Ermolaev-Ryskin (BER) [13,14] in the
infrared evolution equations (IREE) framework [15-20]
seemed to suggest that a substantial amount of the proton
spin may reside in the small-x region of phase space (see
[15,21-25] for more details on phenomenology developed
using the BER IREE framework).

More recently, the s-channel/shock wave approach [26-38]
has emerged as a powerful tool to study the small-x regime of
hadronic structure and to calculate the hPDFs and the g,
structure function [39-56]. To employ the shock wave
formalism in the study of small-x helicity, one has to go
beyond the eikonal approximation [47,48,57-76] and intro-
duce the relevant helicity-dependent subeikonal (energy sup-
pressed) corrections. Following [57,58], in [42,44,48,55] such
subeikonal corrections were incorporated as insertions of
operators coupling to the proton helicity into the usual infinite
light-cone Wilson lines of the eikonal approximation
(cf. [47,48,59-76]). The resulting objects are called “polarized

Wilson lines” and, when combined in a color trace with a
regular Wilson line, yield polarized dipole scattering ampli-
tudes. The small-x evolution of these polarized dipole ampli-
tudes has been constructed in the shock wave formalism and
studied extensively [39,40,42,44,47,48,53,55,56]. The result-
ing evolution equations do not close, in general, but instead
form an infinite hierarchy (cf. [29]). However, in the large-N .
[77] and large-N . and -N; [78] limits (where N and N are
the number of quark colors and flavors, respectively), the
infinite hierarchy is replaced with a closed set of integral
equations: see [39,55] for the final results for the evolu-
tion equations in each of these limits. These equations are
double-logarithmic, resumming powers of a,In?(1/x) and
a,In(1/x) In(Q?/A?), with , the strong coupling and A the
infrared (IR) cutoff.

Early versions of the Kovchegov-Pitonyak-Sievert
(KPS) small-x helicity evolution [42,44,48] yielded full
agreement in the flavor-nonsinglet sector when compared
to the earlier work of BER [14], but exhibited discrepancies
on the order of 30% in the intercept for the flavor-singlet
hPDFs [13]. In [55], an important correction to the KPS
evolution was found in the gluon sector that modified the
flavor-singlet evolution (the nonsinglet evolution was
unaffected). The resulting evolution [KPS-Cougoulic-
Tarasov-Tawabutr (KPS-CTT)] is in full agreement with
finite-order calculations if one compares its prediction for
the small-x, large-N . GG polarized splitting function of the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations [79-81] to that calculated in [80-91].
Similarly, the KPS-CTT evolution equations of [55] were
solved numerically in that same reference, and the resulting
small-x intercept appeared to agree numerically with the
predictions of BER [13].

However, in [40], an analytic solution was constructed
for the large-N, helicity evolution equations of [55]. The
(arbitrary) precision afforded by this analytic solution,
along with the simple difference between the analytic
expressions, revealed some numerically small discrepan-
cies with the predictions of BER. The numerical evaluation
of the analytic prediction in [40] for the small-x intercept
based on the large-N,. KPS-CTT evolution is shown below
in Eq. (4), along with the prediction of BER,

o™ =3.66074\/a,, o™ =3.66394,/a,.
with

___a,N,

z =% 5)
A similarly small disagreement between KPS-CTT and
BER results was found in the prediction for the GG
polarized DGLAP anomalous dimension, beginning at
the four-loop level (here @ is the Mellin moment space
variable, and the expansion is in powers of @,/®?, captur-
ing the leading power of 1/w as w — 0),
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A possible explanation for these discrepancies was
explored in Appendix A of [40].

After the solution to the large-N,. evolution was con-
structed, a similar procedure was employed by the authors
of the present paper to construct an analytic solution for the
more general but more complicated large-N . and -N; limit
of the KPS-CTT evolution. Howeyver, this solution revealed
irreconcilable discrepancies with the predictions of finite-
order calculations [80-91] for the polarized DGLAP
anomalous dimensions starting at two loops. Similar
discrepancies were observed in [56], where it was explicitly
shown that scheme dependence could not resolve the
disagreements with finite-order predictions.

In [39], it was shown that a class of quark-to-gluon and
gluon-to-quark transition operators (where a quark transi-
tions to a gluon after traversing the shock wave, and vice
versa) generated double-logarithmic contributions that
needed to be included in the small-x helicity evolution (only
the large-N . and -N s evolution was affected since the large-
N, evolution contains only gluons). These operators had
been extensively studied in [53]. In [39], these contributions
were derived using both the “light-cone operator treatment”
method [47,48,55,66] and light-cone perturbation theory

[92,93]. The result was the inclusion of a new object é into
helicity evolution equations; this object was shown to be
closely related to the quark helicity transverse momentum-
dependent (TMD) PDF. The inclusion of this new object
amended several existing evolution equations and required a
new equation to describe its own evolution. The resulting
new set of evolution equations [KPS-CTT-Borden-Chirilli-
Li(BCL)] derived in [39] were solved iteratively in that same
reference. The iterative solution yielded extractions of the
polarized DGLAP splitting functions (at small-x and large-
N and -N ) order by order in . All four splitting functions
(AP, AP G, APg,, and APgs) agreed with the corre-
sponding limit of the three known loops calculated in the
finite-order framework [80,81,83,87], some after a minor
scheme transformation [39]. The splitting functions extracted
in [39] also completely agreed with the first three loops
predicted by BER [13], but all showed minor disagreements
beginning at the four-loop level [15]—the same situation as
encountered in the solution of the large-N . helicity evolution
equations [40].

In this work, our goal is to go beyond the iterative solution
for the newly revised set of large-N. and -N; evolution
equations of [39] and to instead construct a fully analytic
solution to all orders in a;, following the formalism of [40].
Our paper is structured as follows. In Sec. I, we state the full
set of small-x, large-N . and -N ; helicity evolution equations
that we will solve. In Sec. III, we construct a fully analytic
solution to these equations, based on the same double-inverse
Laplace transform methodology as used in [40]. The results

are analytic expressions, written as double-inverse Laplace
transforms, for all of the polarized dipole amplitudes that
evolve under the large-N . and -N ¢ evolution. We summarize
the full solution in Sec. IV, where we also use our solution to
explicitly construct analytic expressions for AX(x, Q?),
AG(x,Q?), and the g; structure function (at small-x, in
the large-N. and -N, limit). In Sec. V, we cross-check our
solution by comparing to DGLAP. There we obtain analytic
resummed [to all orders in the double-logarithmic parameter
a,/w?, with @ the Mellin/Laplace conjugate of In(1/x)]
predictions for the eigenvalues of the matrix of polarized
DGLAP anomalous dimensions, along with analytic
resummed predictions for each of the four polarized anoma-
lous dimensions themselves: Ay, Ay g, Ay, and Ayge.
We observe the same agreement with the finite-order
calculations, the same agreement with BER to three loops,
and the same disagreement with BER at four loops as was
seen iteratively in [39]. In Sec. VI, we analyze the behavior of
the helicity distributions in the small-x asymptotic limit, first
extracting the intercept v, that controls the power-law growth
of the distributions at asymptotically small x,

ay,

A%, 07) ~ 86(r 0 ~ (5.0 ~ (1) (1)
and subsequently performing a more detailed analysis to
obtain explicit expressions for AX and AG in the vicinity of
this asymptotic limit, with the result given in Eqgs. (118),
(119), and (127). These results enable us to numerically
compute the asymptotic ratio of AG to AZ. In both the
intercept and the asymptotic ratio AG/AX, we find small
disagreements with the predictions made in the BER for-
malism [13,41]. We conclude in Sec. VII.

II. LARGE-N, AND N; EQUATIONS

The newly revised small-x helicity evolution equa-
tions in the large-N. and -N, limit are given in
Eqgs. (76) of [39]. They describe the small-x evolution of
the impact-parameter-integrated polarized dipole ampli-

tudes Q(x%, zs), G(x3,zs), and G,(x%,,zs) along with
a slightly different object, @(x%o, zs), which is related to the
flavor-singlet quark helicity TMD. Operator definitions
of these objects are given in [39,55]. Here, x7; = |x;;|*
is the squared transverse size of the dipole consisting of
partons labeled i,j =0,1,2,..., with transverse vectors
X;; = x; — Xx;, where two-dimensional transverse coordi-
nate space vectors are denoted by x = (x!, x?). The variable
z is a (small) longitudinal momentum fraction (which could
be smaller than the individual momentum fractions of
either line making up the dipole [42,44,48,50]), and zs is
the center of mass energy squared controlling the next step
of evolution. In addition, the three proper dipole amplitudes

0(x%), z5), G(x3,, z5), and G, (x%,, zs) are accompanied by
the “neighbor” dipole amplitudes, denoted ['(x3,, x3,, zs),
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[(x3y,x3,,25), and Ty (x3,x%,,zs), respectively. These
auxiliary functions are necessary to enforce the light-cone
lifetime ordering in the double logarithmic approximation
(DLA) and have the same operator definitions as their non-
neighbor counterparts, but with different light-cone lifetime
ordering constraints [42,44,47,48,50,55]. Note that the
neighbor dipole amplitudes depend on an additional

g ]

l/wc]0 1/7's

Q(xiy-25) = Q) (xfy. zs)

d)c21

(neighbor) transverse dipole size squared x3; and are only
defined for x,; < x;0. The object @(x%o,zs) has no such
neighbor dipole amplitude (for details, see the discussion at
the end of Sec. III B in [39]). We restate here the full set of
large-N . and -N ; equations, as given in [39]. Note that A is
explicitly taken to be an IR cutoff such that no dipole size
may exceed 1/A,

[ZG X3.2'5) + 20 (x4, 231, 7s) + Q(33,. 2's)

Ty 1 5) 4 20(0 8 29) + 2620079

B min{xfozi, 5
a;N, d7 dx3
= = ?211 0(x31.2's) +2G, (31, 2's) | (8a)
A?/s 1/Zs

min{x%o,xgl 1,,}

— a N, dz” dx?
F(X%va%l’z/s) = Q( >(x10’Z s) / / 2 32 ZG(x32,z”s) + 21"(x]0,x32,z s)

l/sxlo

32

1/7"s

+ 0(x3,.2"s) = T(x3g, x3,. 2"s) + 205 (x74. X35, 2'5) 4 2G5 (x3,. 2/ S)]

) ’
, mm{x%lz%. 2}

1"

z ! )
+ aSNL' di” / d“x32

4n b
A?/s 1/7"s

G(X%Ov z8) = G (x10» zs)

1/sx%, 1/7's

x32

{Q(%z’z 's) 4+ 2G,(x3,, 7' S)] (8b)

sN d7’
a / az / - {3G le,Zs)+F(x10,x21,zs)_|_2G2(x21’zs)
21

Ny N, _ N, ~
(2 a1 25) = T 3. 29) = 10003,

. min {xfoz*—",,Az 1
_aNy [ dZ d)%l
8 z

21
A?/s max{xl0 7ot

Z U1 003,.25) + 263003, 25) . (80

min{x,.x3, 3 EA1

Z/
. . N dz" dx2 . .
Pl 0) =G0 20+ 50 [ 55 [ TR [3608,) + Pt
2n Z x3, ;
l/sxfo 1/7"s
Ny N, — .
f f
+2G, (x5, 2"s) + < IN >F2(x10,x%2,z s) — 4N, T(xi. %3, ") = 2N, (x3.2"s)
z’é min{x2 Z—/L}
o 27)\2 5
aN dz” dx
S [ [ TR o) + 26,082, (50)
A?/s max{x%o,z%,s} 2
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:
Gy (2, 25) = GY (5%, z5) + @ d—Z,/ de%I [é(x%hzls) + 2G2(X%17Z'S)]v (8e)
g A2/s - max{xy J- =
.
3 | i)
g ds) = 6 + 20 [ [ Sele, ) 1ae0g 2] e
" Nfs max{ad - 2
z min{xjo 55} 5
Ol 25) = 0" (ehy ) - e [ & 0031, + 263043, 7)| 8
A*/s max{x,. 7}

The objects with (0) in the superscript are the initial conditions for the dipole amplitudes, which are usually taken at the
Born level in DLA. They enter as inhomogeneous terms in the integral equations at hand.
Introducing the rescaled variables

as ) a,N., In s s JagN, lnz”s
A2 ’ A T TN o AT
a.N 1 a.N 1
ln , =  lln———, = SR || — 9
S10 = 2w xlOA2 1= 2w xz]A2 532 2 xngz ©)

we can write the large-N. and -N equations (8) as

!

n
Q(s10.1) = 09 (s10,17) + / drf/ / dsy; [26(321,77/) + 21:(3101 s21.1) + O(s21.1') = T(s10. 521.17) + 22 (810, 521.77)

S10 nN+S21=519 n n

1
+262(521,'7/)} +§ /dSZI / d’7/+/d521 /d’l/ {Q(Szl,ﬂl)+2G2(S21,'1/) ) (10a)
0 521 S10 521
521 0'=s31+53 i '
1:(3107S21J1'):Q(O)(S10JI/)+ /dssz / dn”+/ds32/d17” {2G<S32,Tlﬂ)+2F(510,S32JI")+Q(S32,TI”)
S10 32 $21 532

— (510,830, 1") + 202 (810, 830, 11") +2G (532, 77”)]

| 521 7' =s21+53 7 i
+5 / ds3; / dn" + / ds3; / dn” [Q(&%zﬂ?”) +2G2(S327’7”)]’ (10b)
0 §30 K s
n " N,
G(s10.1) = G\ (510.1) + / dn’ / dsy; {3(}(52177],) + (510, $21.1') +2G (521, 1') + ( N >F2<310,321,’7)
S10 S10

N N N S10 n+521=S10

- ﬁr(slov $21.1') = 2—]\;;Q(321,77/)} - 41\;1/ dsy; / dn’ [Q(Szl,ﬂ/) + 2G2(521»77/)} (10c)
0 521
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S21

F(Sl()’SZl’r]/) = G(O) (510,7’]/) + / dS32

I 4
=s71+53

" "
di’]”—l—/dS32/di’]ﬁ
521 532

S10 532
G(s3.1") +T(510.532.1") +2Gs (s3.1")
Ny N, ~
)Fz 510:832,1") — 4N (3101532,77 )= TI\ZQ(SBZ’H//)}
' =sy1+53
4 dS32 d"[Q(s32,1") +2Ga(532,1")], (10d)
$32
S1o0 n+521=510
0 ~
G (s10.1m) = G; )(510777) + 2/ dsyy dnf/ |:G(521"7/) + 2G2(521J7/)} (10e)
0 521
S10 n'=s31+53
[y (5105521,7') :Gém(slo,’?') +2/ ds3; dn” {6(532,’1”+2G2(S32J7")]’ (10f)
0 S32
S10 n+821=510
O(s10:1) = Q(U)(Sm,’?) —/ dsy; / dy’ [Q(hlﬂ?’) + 2G2(S21’7I/)} (10g)
0
[
where we assume the ordering 0 < sy < sy <7 in in { gz}
Egs. (10b), (10d), and (10f). 91 (x,0?) = N Z dz dx10
Once analytic expressions for the dipole amplitudes1 are e xlo
known, one can obtain the flavor-singlet quark and gluon AZ/ s
hPDFs using Eqgs. (77) from [39], restated below, o« [ 0 (x%o’ 25) + 26, (X%O, ZS)} , (12)

2N, 1 2
600 =263y = s =), (1w
N, ~ 1 2
AZ(x,QZ):S—;zQ<x%0:@,s:Q7>. (11b)

Note that Eq. (11a) is consistent with previous versions of
the small-x helicity evolution [42,44,47,48,55], while
Eq. (11b) is a slight modification from the previous results
and was derived in [39], ultimately representing a scheme
transformation relative to the previous result. In addition,
the g; structure function is given in terms of the dipole
amplitudes as [42,55]

'Since its structure is like that of a sum of TMDs with the
forward- and past-pointing Wilson-line staples (i.e., with the
semi-inclusive deep inelastic scattering and Drell-Yan staples),
O(x%,, zs) cannot be properly called a dipole amplitude. How-
ever, for simplicity, we will often refer to the collection of seven
objects that evolve under Eqs. (10) as “dipole amplitudes.”

with Z; the fractional electric charge of the quark. For
simplicity, we assume here that the objects Q and O,
whose operator definitions include quark fields of a fixed
flavor [39], are independent of the quark flavors: to bring
back the flavor dependence, one needs to replace é @ Iz
Q — Qy, and Nf—>Zf in Egs. (8), (10), (11b), and
(12) (cf. [56,94,95]).2

III. SOLUTION

A. Double-inverse Laplace representations
fOl' G2,F2,G,Q,Q

The solution we construct here follows very closely that
constructed in [40] for the large-N,. evolution equations. We
begin by introducing the following double-inverse Laplace

transforms for G, (s3, 1), é(s%m 1), Q(so. n), and Q( S10-1)
and their initial conditions/inhomogeneous terms,

*While the definition of the dipole amplitude G also includes
quark fields, the sum over all flavors is implied in the definition

itself, making G flavor independent.
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do [ dy
G2(s]0,;7) = /% %6 o(n-s19) eJ/Ssz (133)
« ) A ()
s 0 (n=510) 7|oG 13b
Sw /27:1/27:1 ¢ (130)
5(3 ) = | — _ye(U(”_SlO)e}’SlOé (130)
10-1 2m 2ri or
dw
— (n=S10) p¥S10 G0 1
S10 ) /271'1/2m ¢ Gy (13d)
do [ dy
— @(n=510) p¥s10 1
Q(s10.1 /2 1/271'1 e Quyr - (13¢)
do [ d
(510-7) /2_711/ L got=su) €7Y‘°Q (13f)
dw
(11=510) p¥510 13
O(s10.17) /2711/2711 er0Q,,. (13g)
o(1=s10) grs10 O(©) 13h
SIO '7 /2ﬂ'l/2ﬂ'l e Qa}y ( 3 )

As usual, these integrals are taken along vertical contours
parallel to the imaginary axes in the @ and y planes, with all
singularities of the integrands located to the left of the
contours.

As can be seen from Egs. (10e) and (10f), the dipole
amplitudes G, and I', obey the following property:

0
[ (s10. 8521.1') = Gé )(5107'7/)
= Gy(s10.n=n"+s10— 521)
0
—Gg)(slo”?:ﬂ/‘i‘sw—szﬁ- (14)

Then, using Eqgs. (13a), (13b), and (14) we straightfor-
wardly have

s s 0
Falsi0-521.17 /Zﬂl/2ﬂl|: rer (szy G§a37>
+ e”(ﬂ/—slo)e}’sloGgBy] . (15)

Next, we substitute our double Laplace transforms from
Egs. (13a) and (13c) into the evolution equation (10e).
Carrying out the integrals over s,; and 7’ and then inverting
the Laplace transforms, we find

_g0 _2 (&
Gy = o (Gm+2G2m), (16)

or equivalently,

wy
G(uy = 7 (GZu)y - Ggazy) 2G2(u]/ (17)

(0)
(G2(uy ) G Ga)/ ’

Since all 2y

double Laplace images

ég?; Qo Q((BV) , éwy, QE‘?J)) must go to zero as @ or y go
to infinity, Eq. (16) implies that the difference between

G,y and Gg?gy goes to zero faster than 1 /wor 1/y asw ory,

respectively, go to infinity. We can write

dw (0) /da) 2
(6, -G >_ (Gw 2Gw>
/2711'( 2oy 2wy 2ri wy r 202,

=0 (18a)
and
dy (0)> dy 2 ( ) B
/ 2ri (GQ“” GZ“’V ] 2z wy Gy +2G20y ) = 0.
(18b)

where the last equality in each line follows from closing the
w or y contour to the right. This fact can be used along with
the double Laplace representations in Eqs. (13) to straight-
forwardly show that the boundary conditions implied by
Egs. (10e) and (10f),

Ga(s10 = 0.7) = G5 (519 = 0.7), (19a)
Ga(s10.1 = $10) = Gy ($10.11 = 510) (19b)
Dy(s10 = 0,501,7') = Ggo)(slo =0,7), (19¢)
Ty (510, 821,01 = 521) = Ggo)<510v’1/ = 521), (19d)

are automatically satisfied. All the above steps in this
subsection closely follow those in [40].

Next, we can substitute the double Laplace expressions
(13a), (13e), and (13g) into the evolution equation (10g).
Doing this, carrying out the integrals over s,, and 7', and
then inverting the Laplace transforms, we find

~ ~ 1
wa - Q((B}/) =T (Qw}/ + 2G2w}/)? (20)
wy
or equivalently,

Qa)y = _wy(é(oy - é((gy)) - 2G2wy' (21)

Again we see that Eq. (20) implies that the difference

between éwy and Qﬁ,ﬁ’; goes to zero faster than 1/w or 1/y
as @ — oo or y — oo, which allows us to write

do [~  ~ do 1
/2_]6:[ (Qa)y - Q((A?}/)> - / 2 (wa —+ 2G2wy) 0

27i wy
(22a)
~ dy 1
) = ! 2G 0
/27” <wa wa> /27” wy (wa + Zwy) ’
(22b)

where again the last equality in each line follows from closing
the contour to the right. Equations (22) can be used along
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with the double Laplace representations in Egs. (13) to show
that the two boundary conditions for Q implied by Eq. (10g),

= 0% (s19 = 0.1), (23)

Q(s10,11 = s10) = Q(O)(S10J1 = $10), (24)

O(s10=0.1)

are automatically satisfied.
At this point, the evolution equations (10e)-(10g) are
completely satisfied, and we have obtained expressions for

the double-inverse Laplace transforms of I, G, and Q in
terms of the yet unknown double Laplace images G,,,, and

QH?. It remains to satisfy Eqgs. (10a)—(10d), obtain double
Laplace expressions for the remaining dipole amplitudes I"
and T, and ultimately solve for the double Laplace images
G,,, and éwy.

B. Double-inverse Laplace representations for T, r

Upon differentiating Eqs. (10b) and (10d), one can show

that T and T’ satisfy the following second-order partial
differential equations:

azr(slo, $21,1) 521:(510’ $21.1")
0s5,01 ds3,
= _26(5217’7/) - ZF(SIO, S21,’7/)

3 _
- Q(Szl, n') +T(s10. 521.1')

—2F2(S105521, ") = 3Gy (s21.1). (25a)
021:(51075217’7') 52f<310,521,’7/)
08210}1/ 05%1
= —=3G(sy1,7') = T (510, 521.1") = 2Gy(501,77)

Ny Ny
- Z_W F2(510,521, ) 4N (S10,521,’7)

N
+—fQ(Szl,’7/)-

25b

Similar to [40], we proceed to solve these two partial
differential equations by constructing their homogeneous

and particular solutions. We begin with the homogeneous
solutions, employing the following Ansdtze:

TG0 2107 /27[1/2m e o).
(26a)

T (510,501, /27”/2”1 bl =s20) e, (s10).
(26b)

Plugging these into the homogeneous part of Egs. (25), we
obtain

[}/(7 - w) - 1]r¢uy<s10) = _2fwy(510)7 (278')
~ Ny
[r(r — @) + 1]y, (s10) = Wrwy(sm)' (27b)
Solving these gives
N
2(,, _ 2 _ 1-— f , 28
r(r—w) N, (28)
which can readily be solved for y, giving
1 N
—stt=_|ot,|?t41-L]|. (2

The notation here is such that the + indices on §-* should
be read left to right as they are encountered on the right-
hand side of Eq. (29). In addition, Eqgs. (27) give

L J1= 3

Nf/(4N¢) l—‘w}’(sl())’ (30)

ra)]/(SlO) =
where the + here is the same as the second index in 55%.
We thus have the homogeneous solutions, written as linear
combinations of the solutions corresponding to each of the
four solutions y = §5* from Eq. (29),

f(h) 510’521’ /2 (' —=s31) fﬂszlfg’/j)(slo)’ (318.)
m
a/f +,-
Ny
_ do IR Sy RVA Rl
Q) 8,1 :/_ (' =s21) 00 521—“1"(“@ , 31b
(310 $21 ’7) 2m’e aﬂ:z+—e Nf/(4Nc) w (Slo) ( )

where we have also employed Eq. (30) in writing Eq. (31b).
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Moving on to the particular solutions of Egs. (25), we look for them in the following form:

F(P) (S10. 521,17 /27”/27” [ (' =s21) er A, + e w(n —Szl)e}’slony_|_ew(77/—510)e}’310cw7:|’ (32a)

T ) Sl()’SZlv /2’”/27” |: (n'=s21) 67521A , e (VI'—Szl)eYSmey + ew(ﬂ’—Sm)e}’SloEwy} (32b)

Plugging those into the full Egs. (25) and employing Eqgs. (13), (15), (17), and (21) yields

1 {w}' { Ny o) . 3Ny (= =q
A, = 3- =3y(y—w)| | Go, — G 0, —0
, N W, 2w , [}
4 7/2(}/_&))2_1+ﬁ 2 2NC 4 4 SNL v 4

Ny N Ny ~
+ fartr =) =44 7 oo 5 b= 0) - 10, . (33)
A, = ! {wy[z 1y =) (Goay = 61 ) + 4ty = ) - 1G5
wy 7/2 (7/ _ a)) ] + wy @y wy
3 ~ ~ N, ~
+ 50)}/[7/0/ - 0)) + 1] (me - Qﬁ?})) - N_f me}’ (33b)
= 0
B,, =B, = -2 (sz - Ggﬂjy>, (33¢)
= 0
C,, =C,, = —2Gy. (33d)
Since
f(ﬁo» so1,1') = f(h)(sloa so1,1') + ) (5105 5215 1), (34a)
C(s10,521,1) = I:(h)(sloa so1,1') + re (s10 821:1), (34b)
at this point we have double Laplace expressions for all the dipole amplitudes, which we collect together here,
2(810,1) /2711/2711 O1=s10) 510G, (352)
-s s (0) w(if —s s (0)
(8105821, 7 /27”/27” { (' =s21) o710 (szy szy> 4+ e@01'=s10) o7 mGZW} (35b)
do [ dy s10) 750 | 2 )
S10 7)) /2711/27:1 @(1=510) 7510 {7 <G2a)y —G2w7> 2G| » (35¢)
d d ~
0(s10.7) / do / Y golmsu) grsio [_wy(gw 0s) —262,,,7}, (35d)
7
~ dw dy ~
= ('7—510) 7810
Q(SIOv ’7) /27” 27” e wa’ <356)
~ dw (7' —s21) 5«/7‘ ~(ap)
[(s10,821,1') = | 5 e e® L (s10)
27i
a.p=+
@ $21 521 A _ 0] $21 S10 _ (0) 0] S10 S (0)
2m " { (' =s21) o752 2@ =521) o1 (GZ(uy GZa);/) 2@ =s10) o7 2G| - (35f)
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Ny

o) = [ g 37 ton s
S$10, 821, —s21) e,)sﬂ—c wa s
105 521 ok S N,/(4N,) 10
(' =521) L7521 — $21 S _ 0 _ (s, s 0
/277.’l/277:l |: " e A 2e® v )e}’ 0<G2a)3/ Gguzy> 2e (” o)e}’ OGgazy ’ (35g)
with
1 N.
St =" w4, |4, /1 -1, 35h
b =5 | w N, (35h)
1 wy Ny ©)
Awy = 3L 3y - (Gw-—G )
! (7—ﬂﬁﬂy—@fﬂr—&fﬂr—%ﬂ{ [ 2N, Y wﬁ 2or o
SNf (me-Q$0-+[®4y—aﬁ 4 + ]Gmy 2N.V@ w) — ]QW}, (35i)
- 1
A, — 2—y(y - (Gw—G”> 4y (y — @) — 1]Gs,
T = ) =0y ) -8, —6,7) {“’” 7(r = @) Gauy = Gouy ) +4lr(y — @) = 1]Gayy
3 > >0\ _Nr5 .
+ 5607[7(}’ - a)) + 1] (wa - wa) - Fwa . (35.])

Note that we have used Eqgs. (28) and (29) to rewrite the
denominators of A, and Kw}, in Egs. (351) and (35j). This
makes it clear that our procedure to solve the partial
differential equations in Egs. (25) has introduced additional
poles in the integrand. For large @, we note the following
behavior of the functions 6%

SHt ~w, (36a)

5t ~w, (36b)
1 N

St m—— 1= L 36

» - o, (36¢)
1 N,

6o~y 1= =L 36d

» N, (36d)

Since 5,1, 85~ ~ w for large w, these poles cannot lie to the
left of both the @ and y contours. This is the same situation
encountered in the analytic solution of the large-N,
evolution equations constructed in [40], although there
was only one such pole in that solution, while here we have
two. Nevertheless, we can follow the procedure of [40] and
declare that the poles at y = §}% and y = 5~ lie to the left
of the @ contour, but to the right of the y contour. This
implies that we are choosing Re @ > Re y along the
integration contours.

Although we have solved the partial differential equa-
tions (PDEs) (25), these solutions are not yet solutions of

|
the full integral evolution equations (10b) and (10d) from
which we obtained those PDEs. We have also yet to
satisfy the non-neighbor partners of these equations,
Egs. (10a) and (10c). The next step is to substitute the
double Laplace results from Egs. (35) back into the
evolution equations for [ and T [Egs. (10d) and (10b),
respectively] in order to obtain the remaining constraints
necessary to ensure the full evolution equations are
satisfied. Then, since the evolution equations for G
and Q [Egs. (10c) and (10a)] are special cases of those
for I and T, respectively, we can ensure the evolution

equations for G and Q are also satisfied by setting

(510,821 = $10.1") = G(510:1) (37a)

= Q(s10.7'). (37b)

r(5107521 = 310”1/)

This will ultimately allow us to solve for the unknown
Ty (s10). Ty (s10): T4 (s10),
Gyyy» and Q,,. We will do this in the next sections.

functions ﬁ(jH (S10),

C. Obtaining the remaining constraints

We begin with the evolution equation (10d) for

[(s10.5.7). Substituting all the relevant double
Laplace expressions from Egs. (35), carrying out all the
integrals over s3, and 7", and performing the forward
Laplace transform over 7’ yields
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5(1/} _ d _ N " -
= e Z ) (510) 22— 10 - o /2—]/.675”) [Awy%—'_ 1\; (wa - Q&?)) +2<G2my - Gé(c)gy):|

aj= 7l

aff
ap) 1 lw/ — 6{1)’ 5 ! 7510 —ws g / dy 7S10 é( ) 2G( ) 38
/ 2ri aﬁ < o (910) [5”ﬂ —w + o o te 2ri ¢ + 202y (38)

o'

Along the way, we have dropped several terms that are zero, as can be shown by closing either the  or the y integration
contour to the right. Now we observe that two of the terms in Eq. (38) have the same s,; dependence, e~**2!, whereas the
other two terms are independent of s,;. Since the equation is valid for any s,;, we conclude that both sets of terms must
separately equal zero and arrive at the following two constraints:

dy y—w Np /~ ~ ~( w—387 o5
/_.ey 0 |:Aa)y7 + # (wa - Q&?;) + 2<G2wy - Gé(z)gy) = Z F{(uﬁ)(SIO) Teé‘m 0, (393')

2ri apt

1 1 a)/ —_ 6:)//” é«z/islo —ws d]/ s ( ) ( )
0= / i aﬁ - (Sl()) |:5Z}//} —w +— 7 e o :| + e 10 /z—ﬂiey 10 |:G(,) + 2G2wy:| (39b)

0 ®
We can obtain a third constraint and satisfy the evolution equation (10c) by requiring that

1:(510’ S21 = S10.1) = 5(3107’7/)- (40)

Using our double Laplace expressions (35f) and (35¢) and applying the inverse transform over 1’ — 5,0 (here treating
' — ;9 and s;( as independent variables), Eq. (40) gives

- d
Z 50l (510) = 2—7/.6”10 {% <G2w}/ - G<2(()37> - Awy} . (41)

1
af=+,— 4

In Eqgs. (39) and (41) we have thus obtained the three constraints necessary to fully satisfy the evolution equations for I and

G. Next, we can apply this same procedure to the evolution equations for I" and Q.

Beginning with Eq. (10b), we substitute all the relevant double Laplace expressions from Egs. (35), carry out the integrals
over s3, and 7/, perform the forward Laplace transform over 7/, and again drop several terms that can be shown to be zero.
The result is

oo~ — 5P 4N N
0= —e @52 5&;/ S]oF("ﬁ) w @ c 1 1 — f
‘ a/;,_e o (10) Ny +h 2N,

d — y—w 1/~ ~
4 e~ ®s: /_}/'e}’Slo [AWVYT — E (wa - QSB;)) + 2<G2w7 - G<2(()3y):|

27l

dy (0) 1 ~< ) N, Nf
-S| 7510 2G 1 1-—
+e / i 4 |:Q + 2wy:| / 27i a/} -~ _w - 50:/3 a) (SIO) Nf ( + ﬁ 2Nc
l—‘ (lﬂ / aﬂ 4N 1 + Nf 5 1510 (42
27n a[; (s10) Nf b Z—NC ’ )

Just as with Eq. (38), two of the terms here share the same s,; dependence, e~**2!, whereas the other terms are independent
of 5,1, giving us two separate constraints,

af N
%ﬂslof(aﬁ>  — 5 4N 1 f
> el (si0) ® Ny A=

af=+,—

dy N 1/~ ~0 (0)
= /27”.6% 10 |:Awyw - 5 <wa - QEU])) + 2(G2wy - G2a)y) ’ (433)
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dy
0= e~ / 7510 {Q< + 2G2w } /
2ri Y 2ri aﬂ < _w-—

1 ~(afp) 4N, Nf
L. (s10) L+ p4)1—=
5”/,} Nf 2N.

o 5“ﬁ 4N, N\ gy
ST P (1) 1+p U PR (43b)
/ 2rxi af—t— Nf ZNC
For one final constraint, and to satisfy the evolution equation (10a) for Q, we require
C(s10, 521 = s10,7") = Q(s10,77')- (44)

Using the double Laplace expressions from Egs. (35) and performing the forward transform over 5’ — s, (again, while

treating 7' — 5,9 and s as independent variables) gives
dy . — ~ ~
/2_71'1 erso |:_Amy - C()}’(me - Q((I?y)>:|

To summarize, we note that in Egs. (39), (41), (43), and
(45) we have a total of six constraints that must be satisfied
by our double Laplace constructions in order to ensure that
all the evolution equations in (10) are satisfied. What
remains is to solve those constraints for the currently

unknown functions % (s,o) Gy» and wa

D. Solving the constraints

1. Four straightforward constraints

The four equations (39a), (41), (43a), and (45) constitute
a system of equations we can straightforwardly solve for all
|

f{(ﬁrﬂ) - P
i (6(1/3 —(1 )\/4_—2’1

(45)

four of the %" (s10) functions as integrals over y. First, we
rewrite the common structure shared by each as

f(aﬂ)(slo)_e—aﬁ',ﬂslo/ dy yflor‘(aﬂ) (46)
@ 2ri

(note the distinction of fﬂﬁ,ﬂ ) on the right-hand side written
now as a function of w and y and not of s,y). Then, we undo
the inverse Laplace transform over y in all terms of

Egs. (39a), (41), (43a), and (45), solving the resulting
linear system of equations algebraically for the functions

ﬁ(g,ﬁ ). The results can be written compactly as

{ {A{"yzn 44, (2 - ﬂ\/4——2n)] 67 —7)

+10( 0,y = O ) (3 = pVA =21 = 2785) + 20( Gy — G ) (2 = BVA=20) (4 = 537 - 2n]} (47)

In writing Eq. (47) we have defined

N,
_
=_/ 48
" N, (48)
and have also used the fact that

(49)

Combining Egs. (46) and (47), we have

~ dy b
T (s0) = 6_5“;/3310/—.67510 V {[A
(510) 2ti- 8(6% —5,°7) /A —2n

+ na)(éa,y - éﬁ?)) (3= V4 —2n—28%") + 20 (Gz,,,y 2wy) (2 = B4 —2n)(4 — 165) = 2n] } (50)

21— 4A,, (2 — pV4 — 2n)}( 5P —y)
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2. Two remaining constraints

Two constraints that remain to be satisfied are given by Eqgs. (39b) and (43b). Solving these will allow us to obtain
expressions for our final two remaining unknowns, the double Laplace images G,,, and Q,,, and will complete our
solution of the evolution equations (10). We rewrite the two constraints below,

/

0= e / 97 grsn [G< + 2G4 ] / ! / ) (5,0) % #hno,
=e 4 2wy . a) Sl() o' S10 7 e o
27i Zﬂlaﬁ ~_ _5’ﬁ 2maﬂ ~_ @

(51a)
0= e_w‘o/zdl rio [wa +2G2wy] /2,” o 15@’31:27/})(510)714—?1}/4?
tof 3 X 0 ” AL IVTTE o (51b)
It is straightforward to show using Eq. (50) that
65;/}“"0ﬁ(fﬂ>(s10) -0, e’sjsl"a)ﬁ(,,_ﬁ)(slo) — 0, when ® — oo. (52)

Then we can close the @’ contour to the right in the last term of each of the equations (51) and obtain zero. What remains of

Egs. (51) can be rewritten using the identity in Eq. (49) along with another identity relating the 5%,
5s = —p[1-3. (53)

which can be straightforwardly shown from the definition in Eq. (29). We obtain

d
e~ 2—;6”10 [G % —|—2G2w}'] -

a.p
w=38, e

2maﬁ+ w—(a)——\/i)

d 1 [ do -5, 1BV
e“”“"“/z—y.e”lO {Q< ) +2G(2(437:| = ——/2—0). > - Ty (s10) VAkat § (54b)
i wJ L e — (a) _,\/1T)

On the right-hand side of each of Egs. (54), we can close the contour to the right, picking up the poles at &’ = w — b =1
One can show using Eq. (29) that

510)» (54a)

: 1 p n
5Zfﬁ l—;:§|:a)(] +a)_(] _a)a 1_§:|7 (55)
which subsequently gives
+.p _ = — E _n
LN A N e ) (56)
Then, in view of the factor w — 6;}5”/} in both of Egs. (54), we conclude that the residues of the o’ = @ — g /1 =3 poles for
a = — are zero, leaving only the residues from the @ = + contribution. Equations (54) thus become

d ~
) /Z_Lemo l:G( ) 4 ZGQQE,} = ( \/ _) ,,m (s10), (57a)
=

e—wsm/dye;fsm |:Q( ) +2G< ):| _ Z < Cf 1_> (""ﬂ) I_Q(SIO)L Vl_% (57]3)

27 A 2)" ok n/4
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Next, we recall Eq. (46), which, along with the first equality in Eq. (56), tells us that

'l —ws dy s ™
B o) = e [ Lot oo (58)

Using this in Eqs. (57) and writing out the sum over f explicitly, we have
dy 0) G 1 n / 9 o)
7510 G 2G — 1 J— 1 —— —_erSio”
/ i€ { 202, T 2) ) 22 oty
1 n dy ~(4+-)
l——y/1-% S 59
+( w? 2>/2me o+ /1-57 (59)
d 1 d ~ I1+./1-%
/ Y ersio oY) + 2G<2a2 = (14+—4/1 _n /_yleysl()l—‘(++l) V. 2
27i 4 @ 2 2ri o—\/1-57r  n/4
1 d (4 I-y/1-3
+(1-— 1-— E /_yleJ’SloI“H_ 1) 72. (59b)
w’ 2 27i ot5/1-5r  n/4

Equations (59) can be written more compactly as a single equation,
_d}/ 7510
27i e Q(uy + 2G2w7 ﬁ my + 2G2(uy
/3 / 47 o t+8)
—5(1 ) sl 2, /1-2 60
=/ ( N YN T R = (©0)

Recalling Eq. (56), we can rewrite this is as

97 sl | o© 0) 7 [~ o
/2—m€7 IO{Z lQ5+ﬂﬂf +2G25+/i\/_ - 1_,6 1—5 X Gétﬂﬁ\/—‘ +2G25+ﬂ/} 4

:ﬁ 1_4_#2 l_g /zd}’ 75101"‘(+/}) 2 1_5, (61)
[ 7 ] Tl 1-5.y
which, upon the substitution
w—g 1—%—)0}, (62)

yields

B n n[dy o~
=pl1+—=1/1—5|24/1 =5 [ z=e" D, . 63
ﬂ( [(%,ﬁ]z 2 2] 2%i¢ wr (63)

We begin to invert the remaining inverse Laplace transform by writing

_ _nl g0 © /1 [{_n s
[ — By /1 HG5+,,+2G26+,,}—,B<1+[5$/3 ) 271'1}/ y,rwy,. (64)

Next, we would like to complete the inversion of the Laplace transform on the right-hand side of Eq. (64). To do so, we must
carefully recall the structure of sz‘,ﬂ . Equation (47) tells us that F;;ﬂ depends on the functions A, and Zwy. Defined in
Egs. (351) and (35j), these functions have poles at y = 8" and y = §/,~. As discussed in the text following Egs. (35),

2557y

- [Qf;?ﬁ +2G6
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although these poles lie to the left of the @ contour, they lie to the right of the y’ contour. Then, closing the y’ contour to the
right in Eq. (64) requires us to pick up three poles: ¥y =y, ¥ =557, and ¥ = §},~. Doing so, we obtain

2557 2557

I p n\ [« i
= 8(5$/j _ 5;/f) (1 + [53/;]2 E) {[AwyZn - 4Aw7(2 _ﬂ\/4——2”l)](5wﬁ —7)

+10(0,, = ON))(3 = BVA =21 = 27557) + 20 Gy = G )[(2 = BVA=2m) (4 = 1557) = 20

HQE‘P,; +2GY) } [l—ﬁ 1--”52% +2G6Y) ]

sol -5t o
- T /111'51':%+ |:( 5++)[ wy/2n 4Aa)y (2 ﬂ 4 — Zn)@
5.7 — 65 L PR
- W v 1_?;1_ ( 6(» ) [ my'zn 4A(ny (2 ﬂ 4 - 2”)] (65)

Explicitly substituting A,, and Za,y from Egs. (351) and (35j), respectively, into Eq. (65), after some lengthy but
straightforward algebra, we can evaluate the residues (limits) in Eq. (65) and recast these two constraints (the first for f = +
and the second for f = —) as

(0) o _4 n\ =0 (0)
Q5z+}, + 2G25$+}’ - ; (1 - 1- E) <G5$+}/ + 2G25$+J’)

jy e {5 2 VAT Gay = = ) = 6, (- 03 = 85 + 2= 5 VA=)
30| Gulr === 09 (0= - ) +3)| - 0= 800}, (66)
oY, 200 <1 . \/2) @ 4260 )
{4 VDGl = )= ) - 68 (= 8- 057) 4 24 5 VA= )|
#50|uly =)= r57) = 88 (=30 -0 +3) | - = 80 . (660)

where we have defined the roots of the second-order polynomials in y that multiply G,,, and éa,y as

1 n 2
aff
i =3 o +ay o - <l—ﬂ 1_5><1_w5+"”) : (67a)

" 1 n 2
rzﬂ:E o+ a w2—2—4<1—ﬁ 1—§><1—m> . (67b)

|

Note that, by properly accounting for the poles at  consistent with the requirement that our inverse Laplace

y=206," and y = &)~ which lie to the right of the y  transform expressions (13) remain well defined with all the

contour [that is, by picking up these poles when we  singularities of the integrand located to the left of the

inverted the inverse Laplace transform in Eq. (64)], we integration contours: for instance, requiring that G,,,, and

have ensured that there are no explicit poles at y = 5, and éwy have no singularities at y = 8" and y = &, appears
y =685~ in Egs. (66a) and (66b), respectively. This is  to not lead to any contradictions in Egs. (66).
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We now have two Egs. (66) that we would like to
solve for the double Laplace images G,,, and éa,y;
however, these functions appear in our equations with
multiple different arguments, which complicates our task.
The substitutions y — 5™ and y — 85~ at the end of
each of Egs. (66) also apply to the arguments of the
double Laplace images G,,, and Q,, as well, so that
|

Eqgs. (66) contain terms proportional to sz(s,,tﬂ
and ém,ﬁf.
and éwy we have these four additional functions to solve
émajﬁ, and ém(ﬁ;. However, only

two specific linear combinations of these four unknowns
enter Egs. (66). They are

Qm(s,,t*’
Gousis At first glance, in addition to G,,,

for: Gopst+» Gopsi—s

a) _ n o~ _
20 (@) = =7 (=24 VA = 20)Goug (057 = 11 ) (05" = 1)+ 70005 (057 = 385" —r2"),  (68a)
® no o~
20N @) = =7 (24 VA =21)Goysy- (857 = r{ )80 = 177) = 7000~ (8™ = 13 7)(847 = 137). (68b)
In terms of these new objects, we rewrite Eqs. (66) as
(0) o _4 n\ (&0 (0)
Oy T 2G50, ~ n (1 —\/1- 5) <G5$*7 t 2G25$*7>
4 1
:;W{4( —2+ V4 -2n) |:G2wy( y=ri)r—r") —Géﬁy((r 80 ) (r — 64 )+2—§V4 2”)
n ~ _ ~ _ 3 3~ 0
+ 68 (2-5VE=20) | = 50| Gutr= i - 50 - 09 (0 - 8500 -0 +3) + 300
+ Z(H+) (a))} (69a)

) o _4 n\ (=0 0)
0\ +268). - (1 +4/1 —§> (G, +265)

- iy ;_{ 2+ V4- 2n){szy( o) =)=
+GY

Géﬁy(v 54 )(y—é;-)+z+%m)
1 0 3\ 3~
2w~ <2 +5\/4——2}’l>:| +%CU |:me(7/ - r;r_)(y - I’E ) me <( (u )(}/ 5(” ) 2> +§Q(<,?§):§:| + Z(+_) (w)}

(69b)

Solving Eq. (69a) algebraically for G,,, [still in terms of the unknowns éw}, and Z+*) (w)], and substituting the result into

Eq. (69b), we obtain

24+V4-2n (y —rl Ny —ry
2+VAd-2n(y—r{")r—-

R S s

r_;)) 7269 (@) = 2 ()

_go

+zw{2+¢4 20 (= ri)lr =)
4

Sy — 5=t) 12 H0 2
24 VA—2n(r—ri )y -1y )[ Q"Jy((y %)y =2 )+2>+Q“’5ﬁ2

4

1
7=77) [Gz(fﬁy ((7 =0 ) r =6, +2-5 VA 2n> — Gyt (2 -

=)

zmy<(y—5$‘)(y—5; )+2+5 m) +G) 5+<2+;\/m>}

3

Y =057 (0 o _4 ) Go ©
+ ® (Q(;rry + 2G26$+y - ; 1 - 1 —— (G(srry + 2G25::+y))
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- 00 <(}/ ~ 55— 8,7) + %) +0l % 47 —af$‘ (ij?_y +2G3). - % (1 +4 /1= g) (G +2GY) )) }
2V4-2n
(=2+VA=20)(r =r{)r—ri")

In writing the last line of Eq. (70) we have defined the following:
VA=2m(y =y )y v ) =va )y —ra ) =2+ VA=-20)r =1 )y =)y = Ny —12")
—Q=VA=-2)(y =1 )= )= )r=r77). (71)

+ 100, { = =)o =13 =) . (10)

where the functions y;* are given by

ii—i{a)i\/a) + 51(w) £ /52 (72)

with
51() = -9 ;L 2(81— 3n)(6, + 502()2418”\)/4 =2n(6,~ = 6,") ’ (73)
sy (w) = m;{wz@ —n)*(49 — 16n) — 64(2 — n)(8 = 3n) + 8w (5, + 5, 7)(8 + 11n — Tn?)
+ 16w(55 — 6,7)V4 —2n(2 + 5n —2n?) + 8ns, =5, (16 — Tn)}. (73b)

Note that in obtaining Eqgs. (72) and (73) we have extensively used the identities involving the functions 62’? in Egs. (49)
and (53).

Equation (70) contains three unknowns: éwy, ZH ) (w), and Z) (). However, by evaluating Eq. (70) at particular values

of y, we could completely eliminate the term containing éwy (the last line), as long as éwy has no pole at our choice of y. As can
be seen from Egs. (72) and (73), we have the scalings

yit ~yi~~w when w - oo, (74)

and so we conclude that @wy cannot have a singularity at eithery = y} ™ ory = y!~, for the same reasoning discussed in the text
after Egs. (36); that is, to avoid having singularities to the right of the y integration contour. Thus, if we evaluate Eq. (70) first for
y =y} T then again for y = ¥/ ~, while requiring that éwy is finite at these values of y, we will obtain two equations for the two
unknowns Z(**) (@) and Z+~)(w), which we can solve. Then, having explicit expressions for the functions Z**)(w) and
Z+=) (@), we can construct G,y and éwy by using Egs. (69). The system of two equations we can solve for Z(+*) (@) and
Z+) (@) is then

{ 24+V4=-2n (y —rf_)(y )
2+VA=2n(y=r{)y-r1")

0 1
x{ M((y 559y — 65 )+2—§\/4 2n>—Gg(3§’t+<2—§ 4—2n>}

oS R

1
—Gé?ﬁy((y—éﬂ(y S +2+= V4 2n> +GY - (2+E 4—2n>}

n o f2+V4d=2n (y —rl = ){_~(0)< . 3) ~0) 3
4w{_2+\/4_—2n( _rl )(]/—rl ) me (y m )( 60) ) 2 +Q(1)5$+2

r=85" (0 o _4 n\ (=0 (0) =0 - a3\ a0 3
+T (Qérry +2G25$+}’ _; 1- 1 _Z (G5++ +2G2§++ >> - Q((uy) (7_5$ )(7_5(0 ) +§ + ngzrj—z
— 5t
$120 (00 a6l (1 1-0)(69, 1262 ) =0, (75)
) n 4 o 2% ry=ratr=rs"
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where the subscripts after the square bracket in the last line denote the fact that Eq. (75) contains two separate equations, one with
the left-hand side evaluated at y = y/* and another one with the left-hand side evaluated at y =y} ™.

Solving this system of equations and substituting the results for Z(+*) (w) and Z(+~

)(w) back into Egs. (69), we explicitly

construct Gy, and éwy. After some significant algebra, the results can be written as

SOy AL (00, =yl + 2L fO 0,y = 77
wa _ s2(w s (@ , (763)
2va4 =2n(y =y )y —va )y —va )y —va")
o Y (T
£ @, ) = M M) 160 0, = ) o oLt 16, = )
Gapy = — 2 — — - 2 — , (76b)
VA =2n(y =y )y —va ) r—va )y —va")
with yz,ﬂ and s,(w) as defined in Egs. (72) and (73). We have defined two new quantities,
fw.p)=(r=r{)r =i )f P wy) = (=i ) = 7" )f O (), (77a)
- — —+
(G2) (o, En(?’_”z )r—r37) ) (0, _n(V_”z )r—n ) @.7). b
[N @.y) i @) i —on a.y) (77b)
where 7 and r¥’ are defined in Egs. (67), while f*)(w,7) and f)(w, ) are given by
1 ~ 3
1900 = {268, (= 85 =057) + 2= 3 VA= 2| + Q-4 VA=) (=85 r-57) 4
r=%" [0 0 4 n\ (=0 0
—(2+ V4 =-2n) [Qé;)w +2G3, — (1 —/1- 5) (Gf%iy + 2Ggéfm)} } —{y =6ty (78)

1.0 = {260 (=85 - 037) 4 24 5 VA= 20| + B~ VE=20)|(r- 85— 037) 43

Y —0,~ (0)
—@e-va-m)t =" |0 +26
w

2557y

All four new objects, f@)(a), 7), 9 (w,y), fF(w,y),
and f)(w,y) are determined by the initial conditions/
inhomogeneous terms in our evolution equations (10).
One can easily show using Egs. (72) and (73) that
2(y =

va )y —va )

vV 55 (w)

Yo )y =

vV 55(w)

This makes it clear that both @wy and G, as expressed in
Egs. (76) have vanishing residues at both y =yt and
y =y}, as indeed they must in order for the inverse
Laplace transforms in Egs. (13a) and (13g) to be well

=1
r=ra*

and  (79a)

2(y - Yo )

=—1.
r=ra"

(79b)

4 n (0)
—;<1+ 1—§> (G,

©
+2Gy)

|-t s

|
defined, with the integrands having no singularities to the
right of the integration contours.

Having explicitly constructed éwy and G, the full
solution of the evolution equations (10) is now formally
complete. In the next section, we summarize the results of
our calculation.

IV. SUMMARY OF THE SOLUTION

Returning to the original variables zs, z's, x7,, x3; [see
Eq. (9)] and employing the definition in Eq. (5), we collect
all the pieces here that form the complete analytic solution
to the evolution equations (8). In addition, we undo the
rescaling introduced in defining the variables in Eq. (9) by
replacing
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w —

éa}y - as éa};u GZwy - asGZw;ﬂ Gg?u)y - asG;((Byv éc(e?y) - aség?y)’ Qg??) - as Q((l?}/)9

w /4
=Y = —=>
\/as Vas

r b~ (@) G
~ b 51 9w, 7) [ (w,y)
Q awa’ { \/_a—sarg _)ﬁvjdg)(w }/) T’f«;ﬁ(w?}/)_)?s’
— 7 a/} (z/} j:t 5(1} 7/$ =
Ay = Ay Ay = AA,, T = a Ly (x3,), 65 ,J/w = (80)
\/ s

with the arguments @, y of the double-inverse Laplace transform images of the dipole amplitudes not reflecting the rescaling
of w, y. Recalling that n = N;/N., we write

XIO’ZS /2711 ;j;l oG o )éwy, (81a)
(30, 25) /27” Zd;/l o In(zsx2))+7 In( %OAZ)GZa)y’ (81b)
xlo,zs /2m 2(1; o In(zsx3))+y In(= 10A2> [;)ays (Gauy - Gg(),fy) B 2G2w7], (81c)
00, 25) = /Zm 2(17}; o In(zsx3g)+7 In(' e ) [_g (éwy _ ég’y)) _ 2G2wy] ) (81d)
Fy i 2s) = /Zm/zm [ o In(Z'sx2,)+7 In 2 Az Gy - Géﬁf}y) L In(2/sx2))+7 1“(*?0A2)G§?3y], (81¢)

I:(xfo,xﬁl,z’s) _ /SZ o In(Zs3) > _65;’,”1 (7 z F xlO /27”/2”1  In(Z/5x3, )4+ In(- §1A2>Aw
o In(2/s32, )47 Iny 2 Az (szy Gé%) o In(Z/sx2,)+7 In ZOAZ)G<2(£},:| | 816)

L (xfy, 131, 2's) = /s;uie“’ ln(zlsxgﬂa.ﬂﬁ_eéz’ﬁ m(W) —1 jvf/(“Nc)éVTf”ﬁfﬁ) (xTo)

o In(Z'sx3))+7 ln( = 2) _ o In(z'sx3))+y In (ﬁ) (0)
/277:1 / 27i Auy = 2¢ o (GZwy B Gz“’7>

o In(z'sx%,)+ ln(;>
A T ooy |- (81¢g)

with

f(w,y) - Mﬂ@(@ v =75) + wf@ (.7 =757)

5 _ RV (m) 52()

Qw}/ = 5 (82&)
2\/4— =i =) =1 —va)
@) (w,y) - w]‘mz) (w.y =7y5") + wfmz)(w’ v =757)
Gouy = — By o) %y/sile) . (82b)
2\ A -Fr—ra D) —v ) —vaHr—va)
FOw.y) =@ -ri) =i ) f D w.y) = =)y =i (@.7), (82¢)
N, (y— o Noly—rF ) (y— =t
f(Gz)( , ) f( r2 )(7/ r2 )f(Jr) (a)’},) _ f( 1”2 )(7 r2 )f(_) (w’y)’ (82(1)
Ne oy, /a2 Ne oo [a_2
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(Y_5$+)(7—5(Z+)+as<2—5 4- f) +Q((l?y) <2+U4— Nf> [(y—5$+)(y_5;+)+§as]

F w,y) = {26&,;

N.
[, 2Nr\v=365"| 0 © 4N, Ny o\ =0 ©)
(2 + 4 - Nc ) @ lQ5$+y + 2G25;:+7 - Nf 1 - 1 - ZNL (G5::+y + 2G25,J;+7) - {}, - 5$+ )
(82e)
N, _ N, 3
) O | (1 soy(0 s——\ 1= 1], 2Ny O P A/ Y R
f (w ) {2G2wy (]/ 5(1} )(Y 6&) ) + N (2 + B 4 Nc + Qa}y 2 4 Nc (Y 5(0 )(]’ (sw ) + 2(15
_ 2NNy =357 | H0 0 4N, Ny =0 ©) _
— (2— 4—Nc>le5+ 260w T, (Gymy 1265 ) | ¢ —{r =047}
(82f)
a/i @ Sas Nf 2&&'
1 1— 1—p.]1- 1— 2
SR R ( / 2NC> ( ws,") |’ (52)
G 2a, da N _ 2a
=5 I+a,l Pl (1 Pyl . 1 wi?) | (82h)

dwo dV w ln(zsx10)+y In(— Az) 0) .
. — [ = S0 G 82
xlo z) 7l 2m R (82i)

- /3
d dV w ln(zsxI )+y ln( =) ~ .
xlo, zs) / i | g€ ’ ‘°A Gi?y)’ (82])

do d o In(zsx3,)+7 1 ( )
(3 zs) = [ 22 [ A oG o0 (82K)
d

ol (821)

wy

W
i 2m
x 75)
10° pu

2
) dy w ]n(zsx]O)er In( =

27i 2m

5% In(—2

F(“ﬁ) (x3,) = e “%oAz) 2d7/ vIn( %”Az) S {
Tl 77 —a.f} 2N
( w 5(1) ) 4 - N—f

()

~ ~ [ 2N, 2
fw(Qw}'_Qg)y))<3_ﬁ 4 - N;f_a_‘yyfsw'ﬁ)
2Nf | _2Nf
(2 ﬁ NC><4_6_S7/5“)> NC }7 (82m)
- 1 wy 3 N 3 3 (0
Ao = <y—5z+><y—az—xy—a;ﬂ(y—a;-){2 [ (3 =aw) - “’)} (Gaor = Gour)

%fcw o) - ]wa} (82n)

+20(G,y — Gy

3N, ~ ~ N.
o o N+a o s _
s SNL (me - Q(<1)]/)) + a; |:4]/(}’ - a)) — a (4 — N_L):| szy +a,

_ 1
Aor = G o =) (= 37) (7 = 6

~ ~ N, ~
ity =) + @)@, - 05) @ 1 By (820

{wy[Zas —y(r - )] <G2w7 - Ggy)

3
+ 455 [7(7/ - w) - as]GZ(uy + Ew
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4a; Ny
S
w? 2N,

st =211+ |1+

o

i\/—]

2(8—3%—;()(5;‘4—5;,)—#8\/4 23H6, - 65"

(82p)

(82q)

si(w) = -9+ _&)

( A

) (82r)

1 1 N2 N
R I N oS § _ 16 _car 3/
52(60> _(2—%)2(02 {w (2 Nc) (49 16Nc) 64as< )( N)
N, N, / N2
Sw(d-— + o) 8+ 11-L -7 16055~ — 6;7)4 4 — 25t f —f
" w(w " w)[ " N, (Nc>:|+ CO Nc

Ny Ny
855t (16-7-L) .
royiaa(16-73)}

The solution contained in Eqs. (81) and (82) represents a
fully analytic solution to the small-x, large-N. and -N,
evolution equations (8). It is valid for any initial conditions
Ggo)(x%(),zs), 5(0)()5%0725)» Q“”(x%o,zs), Q(O)(x%o,zs).
This is the main result of this work.

With the solution we have constructed here, we can
straightforwardly express the gluon and flavor-singlet
quark helicity PDFs within the DLA using Egs. (11).
We immediately obtain

G(x, 2\ —  In(1/x) +y1n(Q2/A2)G ,
(X Q ) 27”/27” 2wy
(83a)
2 e® In(1/x)+y In(Q?/A?)
E(x, 07) / 2mi / it Q’””
(83b)

Next, we employ Eq. (12) with our double Laplace solution
and carry out the integrals over x%o and z to obtain

5 z; dw

gl(x’Q):Z(xZﬂz 27i
7 %

% (wa _ Q ) o In(1/x)+y In(Q? /Az) (84)

dy w

2riw—y

We specify once again that Rew > Rey along the
integration contours in all the double-inverse Laplace
transforms in this section.

V. CONNECTING TO DGLAP

As the small-x evolution studied here contains the
resummation parameter a, In(1/x)In(Q?/A?) [along with

(82s)

a, In?(1/x), another resummation parameter], the solution
constructed herein should contain the solution to the
small-x limit of the polarized DGLAP evolution equations
[79-81]. We can compare the DGLAP part of our results
both to the predictions of BER [13] and to the small-x,
large-N,. and -N limit of the existing finite-order calcu-
lations [80-91].

The analytic solution to the large-N,. version of the
small-x helicity evolution constructed in [40] allowed the
authors to extract an analytic expression for the (small-x,
large-N,.) GG polarized anomalous dimension Aygs(w).
This expression, when expanded in powers of «a,, com-
pletely agreed with all three existing loops of the (small-x
and large-N,. limit of the) finite-order calculations [80-91]
and agreed with the first three loops of the perturbative
expansion of the BER GG anomalous dimension, derived
in [40] using the BER IREE technique. However, Ay ;s (@)
from [40] disagreed in the overall functional shape with that
of BER, which led to a numerically minor disagreement at
four loops and beyond in the perturbative expansion of the
anomalous dimensions. Here, in the large-N . and -N / limit
of the evolution, we now have access to all four polarized
anomalous dimensions: Aygg(@), Ay (@), Ay (@), and
Aygq(@). The goal of this section is to extract an analytic
expression (at small-x, in the large-N. and -N limit) for
each of these polarized anomalous dimensions. Since the
large-N . limit can be taken as a N;/N, — 0 sublimit of the
large-N,. and -N calculation at hand, we see right away
that the disagreement between BER and our Aygs(w)
anomalous dimensions established in [40] should also be
contained in the present calculation.

The solution to the spin-dependent DGLAP equations at
fixed coupling (e.g., in the DLA) can be written as
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(soteen) = o) = e en{ (o) svon) e} (i)

(85)

with AZ,(A?) and AG,,(A?) specifying the initial conditions of the helicity PDFs for the evolution at the input scale A%. As
in [56], let us define the eigenvalues of the anomalous dimension matrix [multiplied by In(Q?/A?)],

1 0’
A = 5 [A}’qq + Ayge + \/(quq - Ayge) + 4A7qGAqu} lnp , (86a)

1 5 0’
A= 3 [Aqu + Ayge — \/(Aqu - Ayge)” + 4A7qGA7Gq] hlp, (86b)

which we can use to exponentiate the matrix of anomalous dimensions in Eq. (85). Employing these eigenvalues, we write
the DGLAP equation’s solution as

M et M e e
<Az(x, Q2)> /da) [ (@) - Aree(0) £ In G Argo(@) 4= n%s
= —e X
2 1 1—e?2 2 M o2 M —eh2 2
AG(X’Q ) 2ni Aqu(w) j]_}: ln% ;2 - (quq(a)) _AyGG( )) 204 }; In Q
AX, (A2
(1)(A2)
Let us choose the simple initial conditions
AG(x,A*) =—= and AZ(x,A?) =0, (88)
a,m
which correspond in Mellin space to
2N, 1
AG,(A?) =—5— and AZ,(A?) =0. (89)
e w

With these we obtain from Eq. (87) the following expressions for AX(x, Q) and AG(x, Q?):

2N dw i 1 el — eh Q2
AX(x, Q%) = —e? A 71 , 90
2N dw L1 [eh 4 et eh—ek Q7
G(x,0%) =5 | —e?m—|————(A —A —1In 90b
(1.0 = 2% [0 eom LT (g 0) - () 5y o). (900)

In order to extract the anomalous dimensions, we would like to compare Eqgs. (90) to the predictions for AX and AG
obtained in the solution to the small-x helicity evolution we constructed in the previous sections. To match the initial
conditions (88), we take the inhomogeneous terms for our helicity evolution to be [cf. Eqs. (11)]

Ggo)(x%o,zs) =1, Q<O>(x%0725) = é(o)(x%o,zs) = 6«))(3‘%0723) =0, (91)

which straightforwardly give [see Egs. (821)—(821)]
0 _ 1 GO _
Gza;y - wy ’ Q me - my =0. (92)

Using Egs. (92), we can construct expressions for the double Laplace images G,,,, and éw}, by using Eqgs. (82). The results are
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Gy = 1 {ZNfl( r=r )= ri‘)(y_5++)
20 /4=2— =) —ra ) r—re) W Ne @ 24 Ja- 20
AN = )r=n) sy 2 =ra ) =va ) [PNp Lt = )t =) sy
N. o 5 _21\% (r=9647) /5 (@) [Nca) 2y /4_21\? (Y o)

_2Nfl(7/w —}"2 )(y(z) +) (y++ 5+ ):| +2(y_7/ct+)(},_y;+) |:2Nfl(7/w —}"2 )(yw —”5_) (y+_ _6++)
N, w 7 / 2Nf a, sz(a)) N, @ 24 /—N. ® (0]
IN, 1 (- _

_ f_(y ) )(710 ) ) (7$_ _5$—):| }’ (9321)
N, o 9_ 4_2Nf

N,

~ 1 2 2
wa: N —(Y—I’T—)(V—V__)(}/—5$+)——(y—r++)(y—rl_+)(y—5$_)
2\f4=2e(y - m)@—mﬂw—mﬂ@—mv{w 1 ot
2r=ve )r—va ) (2,
as SZ(CU) |: (yw
2(r—vo )r—7a") F (i —

[ZRVAY) (a)>

- _ 2 - -
e =)' =80 ) == (o =r e =r )" =3, )}

+

™ =)™ =0 )=k = O = =) . o

Now with AG(x, 0*) and AZ(x, Q%) given in terms of G,,, and éwy in Egs. (83), we would first like to carry out the
integrals over y. The only nonvanishing poles in the y plane contained in Egs. (93) are those aty =y, andy = y, . So we
carry out the y integrals in Egs. (83) by closing the contour to the left and picking up these two simple poles. Schematically,

2N, [d _
w e® In(1/x) [en, n(Q*/A) 1im (y —va~ )szy + elo M(Q*/A) 1im (}, Yo )szy} (94a)
o 2 271'1 Y=o a7

AG(x, Q%) =

dw _ .
AZ(x, QZ) /2 e’ In(1/x) [g?’w n(Q*/A%) lim (}/ Yo )wa + el In(0*/A%) lim (7 Yo )Qw}/] (94b)
g f[ ﬂl Y=Yo J/—>7,)

with G,,, and éw}, as written in Eqgs. (93). We can rewrite each of Egs. (94) in terms of the sum and difference of the two
exponential structures,

2N d . . 1
G(x, Qz) == _L2 _a) e’ In(1/x) (67’" ln(QZ/AZ) + el ln(Qz/Az)) " lim (}’ yw )GZuJy + hm (7 yu) )G2wy

a,rm 2mi 2 \r=va
— 2 2 — 2 2 1 .

4 <€7m In(Q*/A%) _ ora" In(Q*/A ) 5 <y]_1>1;:n (r—va )G2wy yEJr/{l+(y — y;+)G2wy>:| , (95a)

d — 4 1
AZ(x, Q%) = / @ oo In(1/x) (e In(Q*/A%) 4 oa 1n(Q2/A2>) lim (y —y5~ )wa + hm (y Yo )wa

a; 7 271'1 2 \r=va =yt
— 2 /A2 - 2 /A2 1 ~

+ <€y‘“ In(Q*/A%) _ e}/w+ In(Q*/A )> ) (yl_l)lyn (}, y(u )me hm (y - yu_)+)Qa)y):| . (95b)

Comparing Egs. (95) to Egs. (90), we make several identifications. First, from the exponentials themselves, we conclude that

A

)y, (96:)
IHF

A

2(2)2) — 7" (96b)
IHF

That is, the functions y;,~ and y,,* (which correspond to the two pole structures that survive in the double Laplace images
Gy, and Q,,) are the eigenvalues of the anomalous dimension matrix. To cross-check this result against the finite-order
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calculations [80-91], we can expand the quantities in Egs. (96) [or, equivalently, in Eq. (82q)] in powers of @, [while employing
Eqgs. (82r) and (82s)]. For our functions y,~ and y, ", we find (f = +)

-5 ach l
rom =\ "4z )2

49 — 161 | = 4 (e
oo oo o (5

1 N N
= = (49 - 16—f) (33 - 8—f>
249 - 163 N, N,

N, N,
— /49— 16-L( 217 - 80—L
N, N,

1 agN,.
w’ N < 4n

Ny Ny
~ B\ [49 = 16, ( 76489 — 60712 + 14784

3 1 N;\2 Ny
7 49-16—-1) (225 -64—1
(49 — 165)? N, N,

%) " 1004 <%> 3)] % +O(ad). (97)

Meanwhile, the small-x large-N, and -N limit of the polarized splitting functions calculated to three loops is [80,81,83,87]
(with the bar over each splitting function denoting that it was calculated in the MS scheme)

— a,N a,N, 21 Nf
AP — st¥e st¥e __2_12_
o= ()« (5) G2

_ N\ 2N N\2 N
APq(;(x)——(“S ) f—("s ) N

4z ) N, 4z N.

— [N, a,N.\?. ,1 a;N.\3 1 LA A

1 agN.\31 N 1
22 (Sse )T 2 11 et 2 4
) In“—+ ( ) (56 11 N ) In*—+ O(a). (98d)

— a,N, asN,\ 2 Ny
AP =8| = : 16 —2—
ot =8(5) + () (1623

We have explicitly checked that if one converts these
finite-order polarized splitting functions AP;;(x) to the
corresponding polarized anomalous dimensions A7;;(w)

(with the bar denoting the MS scheme again) defined by

1

A7) = /dxx‘”_lAPl-j(x) (99)

and subsequently constructs the eigenvalues of the
anomalous dimension matrix m(QiW and M(Qéﬁ
Egs. (86), one finds exactly the same perturbative
expansion as that in Eq. (97).% Therefore, our solution
constructed here passes this eigenvalue cross-check.
Note that, in [39], the polarized splitting functions were
extracted from the most recent version of the small-x
helicity evolution equations (8) order by order in «,, up

to four loops. There, it was observed that the splitting

via

*Note that we also have the freedom to interchange 4; <> 1, in
Egs. (96). On the basis of comparing Egs. (95) to Egs. (90),
without doing further calculations, we cannot uniquely identify
the eigenvalues: the fact that the perturbative expansion (97)
matches the finite-order calculations confirms that our choice in
Egs. (96) is correct.

aN\? 1 NA 1 \
CISNC 3 1 Nf Nf 4 1 4
(98¢c)

4 3

Cc

|

functions predicted by the small-x helicity evolution agree
exactly with the full three loops of finite-order calculations
for AP, and AP, but disagree at the third loop for AP ¢
and AP, (though this disagreement was ultimately attrib-
utable to a scheme dependence [87]). However, at fixed
coupling, the scheme transformations of the matrix of
anomalous dimensions reduce only to rotations. Since
rotations do not affect the eigenvalues of a matrix, the
eigenvalues of the anomalous dimension matrix are scheme
invariant, in the approximation where one can neglect the
running of the coupling, such as our DLA. Indeed, an
anomalous dimension matrix in any scheme can then be
rotated to a scheme where the new matrix is diagonal (the
“eigenscheme”), the diagonal entries being the eigenvalues.
Thus, the anomalous dimension matrix eigenvalues calcu-
lated in any scheme ought to agree (again, at fixed
coupling), and so, indeed, our Eq. (97) agrees with the
equivalent expansion calculated in MS, despite the fact that
our splitting functions AP,;(x) and APg,(x) disagree
at O(a?).

Returning to Eqgs. (95) and their comparison with
Egs. (90), we can make several additional identifica-
tions by matching the coefficients of the exponential
structures,
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1
PN |: lim (7 Yo )GZw}/ + hm (7 Yo )GZwyi| (looa)

a) y_)ny
quq(w) - AyGG(w) = —60(75_ - yc7)+) |:yhm (]/ Yw )GZwy
— lim (}/ - y;)+>G2w7] ’ (100b)
7_)},!)
1 ~
0= 5 |: lim (}, Yo )wa + lim (y Yo )wa] ’ (IOOC)
V=Yoo r—=rat
Ny Ty \F
AYqG(CU) = 4NL CU(J/(,) - 7,,,+) [}/E%_(}, Vo )me
= lim (y — 7;*)@,04 , (100d)
V_W

where in obtaining Egs. (100a) and (100d) we made use of
the identities in Egs. (96).

Equations (100a) and (100c) can be verified to be true by
explicit calculation using G,,, and éwr as written (for our
particular choice of initial conditions) in Egs. (93). Mean-
while, we can supplement Eqgs. (100b) and (100d) with two
additional equations. Using Egs. (86) and (96), we can write

Aygq(®) + Aygo(@) =y, +rvot and  (101a)
86,(@) = g5 [l 12
- (quq(a)) - AVGG(Q)))Z}' (101b)

Together, Egs. (100b), (100d), (101a), and (101b) form a
system of four equations that we can solve for each of the four
polarized anomalous dimensions. After considerable alge-
bra, we obtain

1 Yo ~Va_ Ny Ny 2N
Ayge(@) = {yw++y - : : [3w(6+—' —2( 8 =LV (55t +657) + 8¢ [4—=L(55T—857)] ¢
" 2 a)(2—x—i)ws2(a)) Nc Nc Nc

(102a)

1 —+ oy N N 2N,
Ayge(@) =570 +ra + wa. Yo 3w (6+—L) —2(8—=L) (55T +65)+8[4—=LB5T=557)] ¢

2 _N; N N N

a)( Nc) SZ(w) c c ¢

(102b)
Ny 7o —Ya Ny 2Ng

A =-- @ @ 8w(2+—=)—-16(6;" +6:7) +8/4——=(5 T =657)], 102

VqG<a)) Nc 40)(2 _&) 5 (a)) @ + Nc ( w + 0] ) + Nc ( ® ® ) ( C)
N, 2
Yo —Vo N 2Ny _
Ay, (@) = - l8w<2+ﬁf> — 160557 +557) + 8 [4 - L85 - 67 |- (102d)
4 (2 = 5H)\/ 52(w) c c

Equations (102) are another important result of our work—all order in a, expressions for the (small-x and large-N, and -N)

polarized DGLAP anomalous dimensions.

We can expand each of these anomalous dimensions in powers of «, to obtain

vt = () L () (-3 o (4

+<“2—M> <5 748Nf+80 f> +O(ad).

_Ny
N,

T

ayN.\ 1 a,N .\ 2
Ayge(w) = < ir >85+ < s ) 4(

T

a,N\* A
> 1984 — 549 + 2 — >
1 ) <98 59N+ ON%> =+ O(a),

N 1
1-20-1 ) —
=) (05

(103a)

1 a,N.\3 N\ 1
— ) 8(56-11-1L)—
a)3+<4ﬂ> < Nc>a)5

N
(103b)
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agN.\ Ny 1 a;N,\ 2
Area(w) = ‘( i >2N—5‘ <F> 10
aN Nf f 1
- 2 1213 =224 | =+ O(a3),
() 23 ( W)+ ol

ayN\ 2 a;N.\2 10
ArGq(®) = 27 g—i— 27 ;—'_

4 N
n (“5N6> 2<1213 _ 224N—f

c

2

All the expansions in Eqgs. (103) agree completely with those
obtained by solving the small-x evolution equations iter-
atively in [39]. The comparisons with BER and finite-order
calculations remain the same as discussed in that reference.
Equations (103) again exhibit full agreement with BER to
three loops, with small disagreements beginning at four loops
in all the polarized anomalous dimensions [13,15], in analogy
to the large-N,. case [40]. Equations (103) are in full agree-
ment with all three loops of finite-order calculation for Ay,
and Ay, but disagree with finite-order results starting at
three loops for Ay,; and Ayg,. This last disagreement
(between the IREE results [13,15] and the finite-order
calculations) was already known in [87] and was attributed
to a scheme dependence there. The scheme transformation at
low x was explicitly constructed in Appendix B of [39].

Also of note is the fact that, as one can see from
Egs. (102c) and (102d), we predict that

N,
Aygq(@) = =17 Arge(@). (104)
f
which of course also implies
N,
APGq(x) = __AP!{G (105)
Ny

This relationship between the ¢G and Ggq polarized split-
ting functions was observed in [39] where the splitting
functions were constructed order by order in a, up to four
loops. However, here we have demonstrated that this
prediction persists to all orders in the coupling (at small x
andlarge N and N ;). The splitting functions obtained within
the BER framework [15] obey the same property (105) up to
and including the four-loop level (the order the BER splitting
functions in the existing literature are known up to atlarge N,
and N ), even though the splitting functions we obtain at four
loops disagree with those from [15].

VI. SMALL-x ASYMPTOTICS
A. The intercept

The leading small-x asymptotic behavior of our polar-
ized dipole amplitudes and thus also of the helicity

N 3
Np 3 (aNe) 'y N (35— 4 r) L
N. o’ 4z Nc N.) @’

(103c)
N3 N
ANV (35400 ) L
2r N.) &
1
—+0(a). (103d)

distributions and g; structure function in Egs. (83) and
(84), respectively, is governed by the singularity in the
complex-w plane with the largest real part. By studying our
solution in Egs. (81) and (82), and assuming that the initial
conditions contain no singularities in the complex-o plane
with a large real part of @, one can show that this leading
singularity comes from a branch point of the large square
root in the function y;‘.4 Note that in this section, we will
work in the notation prior to the rescaling of Eq. (80), so
thaty,,~, s;(w), and s,(w) are given by Egs. (72) and (73).
Equating the argument of the large (outer) square root of
7o to zero [cf. Eq. (72)] in order to find the branch point,
we readily see that the intercept w, of the helicity
distributions satisfies the algebraic equation

w? + sy(wp) — \/52(wp) =0, (106)

again with s;(®) and s,(w) defined in Eqgs. (73). Because
of the complicated functions involved, this is a challenging
equation to solve analytically. However, we can solve it
numerically for various values of N and N... In Table I we
show the numerical values of the intercept w,, for several
values of N with N. = 3 obtained by a numerical solution

of Eq. (106) and denoted a)lgus).

For comparison, we also show, for each N, the
corresponding prediction for the intercept we obtained
from the calculation by BER IREE [13] in the large N,
and N, approximation. The BER intercepts were calculated
numerically by following the work of [13] while taking the
limit of large N. and N in all the relevant formulas, after
which we substituted N, = 3 and the N values indicated in
Table 1. For Nf =2,3,4 the BER intercepts were

“The rightmost branch point in 7, does not have such a large
real part as the rightmost branch point of y,,~; the branch points in
o and 7% are not the branch points of 0., and G,,,, because o

7 enter the expressions for me and G,,, as (y — re Ny -
=y’ —wy+ r“ﬁ # in the numerator, for i = 1, 2 Since
the large square roots in Egs. (82g) and (82h) dlsappear in the
product rr7* such terms do not generate new branch cuts.
Being in the numerator, they do not generate new poles either.

and r
aﬂ)
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TABLE 1

N.=3. wﬁ,“s) corresponds to our prediction based on the solution
of the small-x evolution in Egs. (8) [that is, on numerically

The intercepts w;, for several values of N, where

solving Eq. (106)], while a)(bBER) corresponds to the predictions of
the IREE formalism by Bartels et al. [13] obtained here and in
[56] while employing the large-N . and -N; approximation. Also
shown in the last column are the differences between the
predicted intercepts, which are quite small numerically in
comparison to the intercepts’ values. The asterisk for the
Ny = 6 line denotes the case where an exact analytic expression
for our intercept is available, given in Eq. (107).

N, w;)us) wE)BER) wE)BER) _ wéus)
2 3.54523 3.54816 0.00293
3 3.47910 3.48182 0.00272
4 3.40514 3.40757 0.00243
5 3.32036 3.32237 0.00201
6 3.21930() 3.22062 0.00132
7 3.08946 3.08943 —0.00003
8 2.88228 2.87704 —0.00524

previously presented in [56]. The Ny = 6 case has to be
taken as a limit N, — 6.

Comparing BER and our intercepts in Table I we
conclude that the differences between the intercepts are
numerically very minor. The intercepts of BER tend to be
larger than ours for Ny < 6, while for N, > 7 it appears that
our intercepts become larger than BER intercepts, with the
difference growing larger with increasing N (indeed, the
predictions for N > 7 should probably be taken as a purely
theoretical exercise).

It is also worth noting that the intercepts we present here
(that is, “our” intercepts), which are based on the most
recent version of the small-x evolution as published in [39],
are slightly different than the intercepts obtained from
the previous version of the large-N, and -N, helicity
evolution [55]. That is, the quark-to-gluon and gluon-to-
quark transition operators that were incorporated into the
small-x evolution in [39] modified the intercepts slightly,
tending to make them a bit larger than their values obtained
from the evolution without the transition operators. For
example, our (unpublished) exact analytic solution of the
previous version of the large-N . and -N helicity evolution
equations from [55], which were derived before [39],
yielded an intercept of 3.31621 for Ny =4 and N, =3
(also obtained in a numerical solution of the same equations
in [56]), as compared to the updated value from Table I of
3.40514. A similar trend is observed when comparing our
intercepts from Table I to those found in [56], which were

obtained by numerically solving the large-N, and -N;
helicity evolution equations from [55].

The asterisk (*) in Table I denotes the fact that, when
N;=2N., Eq. (106) becomes simple enough to solve
analytically. The resulting rightmost branch point is

a)g)NfZZNC)
1
= /57 (266 +38 x 22/3Re[(137 + 9i7/107)'?))
~ 3.21930, (107)

which has a qualitatively similar structure to the analytic
intercept found from the large-N, evolution [Eq. (61) in
[40]]. Note also that, taking Ny = 0in Eq. (106) and solving
that equation, one obtains exactly the intercept from the
large-N,. helicity evolution [Eq. (61) in [40] ], as expected.

We conclude that all the helicity-dependent quantities
involved grow with the same power of 1/x at small x,
driven by the leading branch point @; whose numerical
values can be found by solving Eq. (106) for any choice of
N. and N. The power law for the asymptotic behavior is
thus [see Egs. (83) and (84)]

AS(x, 0%) ~ AG(x. 0) ~ g (x. 0) ~ (1) " a0s)

X

where

a, = \/6_50);,.

(109)

B. Asymptotic behavior: Integral around
the leading branch cut

Let us now take a more detailed look at the asymptotic
behavior of the helicity distributions. By considering the
structure of our distributions in the complex-® plane near
the leading singularity (and not by just concentrating on the
leading singularity itself, as was done in the previous
subsection), we will be able to better approximate the
integrals in Eqs. (83) and obtain a more detailed description
of the behavior of the helicity distributions in their small-x
asymptotics. A similar analysis was done in Appendix B of
[96] for the large-N . version of the small-x helicity evolution,
based on the analytic solution to that evolution constructed in
[40]. Here, we follow the procedure in [96] very closely.

Based on the correspondence with polarized DGLAP
established in Sec. V—in particular, using Egs. (90), (86),
and (102)—we can write the helicity PDFs for the same
initial conditions as those chosen in Eq. (91) as
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8 (2+3) = 16(357 +857) +8,/4 -3 (857 — 657)

Ny, [do 1, ..
AS(y, 1) = —L [ EL eon = (et — i) . (110a)
a2n* ) 2mi 0] N
2T w<2—N—f) s2(w)
N dw 1 _ .
f— ¢ [ (l)y —_— t},(l) tyll)
AG(y,1) ar | 2ai e — et te
o Bo(6+5) —2(8 =) (60 +87) + 84 XL - 85)
— (e — el (110b)

Note that here, as in the previous subsection, we opt to work
with the variables defined prior to the rescaling done in
Eq. (80) in order to avoid factors of \/a,. We have defined
y = /@, In(1/x) and t = /@, In(Q*/A?) (cf. [96]).

In order to obtain a more detailed description of the
asymptotic behavior of these helicity distributions, we need
to approximate the @ integrals in Eqs. (110) in the vicinity
of the rightmost branch point @, which itself comes from
the function y,,~. In Fig. 1, we show the graphs illustrating
the structure of y,~ and y," in the complex w plane,
concentrating on the region around the rightmost singu-
larity w;, of y,~. Branch cuts are denoted by white lines,
while black dashed lines denote the axes, and the solid
black line in the left panel of Fig. 1 denotes the integration
contour, with ), the subleading branch point of y~.

As shown in Fig. 1, we can wrap the integration contour
around the leading branch point w,. Then the vertical

2

I | | I

2

(a) 7o~

FIG. 1.

o

- %) 52(w)

|

segments of the integration contour are subleading, and the
o integral can be approximated as the discontinuity across
the leading branch cut on the real axis between w), and w,,.
Denoting the integrands, including prefactors, of Egs. (110)
as AY  and AG,, we can write [see Eqgs. (B6) in [96] with
the overall sign corrected]

7 d
AX(y, 1)~ —el_i)I(I)}r a4

0

27i (Azwb—§+ie - Azwb—f—ie)’

(111a)

e
AG(y’ t) ~ _Eli%}_ / % (Awa—§+is - AGa)b—f—ie)9
0

(111b)

Complex w-plane structure of the eigenvalues of the anomalous dimension matrix for Ny = 4 and N, = 3. (a) The structure of

ya~ with the distorted inverse Laplace integration contour overlaid (black solid line). (b) The structure of y,* without the integration
contour. White lines indicate the branch cuts, while black dashed lines denote the axes. The two rightmost branch points of y,~ are
denoted by w), and w),. For comparison, they are also shown in (b) as well: we observe that y,© has no discontinuity in the w}, <
Re w < w,, region or to the right of that region. Note that, in these plots, colors correspond to the Arg of the plotted function, while the
intensity of color corresponds to magnitude (paler color corresponds to larger magnitude).
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where we have defined w = w, — £ Formally, we would Since none of the other functions of @ involved in
integrate along the horizontal parts of the contour from  Eqgs. (110) contain discontinuities in the immediate
® = w,, to w = w), or vice versa (equivalently, from { =0  vicinity of the rightmost branch point @, and the
to £ = w, — w)). However, the factor ¢®¥ in Eqgs. (110)  connected branch cut, the relevant discontinuity here

ensures that the dominant contributions to the integrals  is only that in y,~. Using Eqgs. (110) we can write the
come from larger values of @, so we can safely send  discontinuity in each helicity distribution across this

w), — —oo (equivalently, £ — o0). branch cut as
|
Nyt Bo(245) — 16065 +857) + 8y/4 = (65" - 857)
AZa}-‘rie - Azw—ie = —2 ey — (etywﬂf - et}/"'*i") ’ (1 128‘)
a2m w (2 _ _) 52 ()
N,

1 - -
5 wy (elyw+ié' _ etyw—ie)
agm 0]

1_3w<6+%) (8——)(5$++5$)+8\/2'——27V7<5‘*+’+ %)) (112b)
(2~ §)V/52(0)

AGaH—ie - AGw—ie =

X

Employing this in Egs. (111), we write

[so]
N d (wp=&)y . -
Az(y, t) ~ — f hm /_ée (et}’wb itie _ o y”’b 5_“)

a2n? 0+ | 2mi w, — &

8wy = &) (24 7) = 16(557¢ +65) + 8y /4 = XL (555, — 65)
(@ =8 (2= F) Vsrl, = &)

T wp=E)y _ -
AG(y, 1) ~ — N, lim d_f.e (etymb e etywh_g__if)
an? e=0t | 2mi w, — &
0

3wy = )(6+7) ~2(8-3) (G e +85e) + 84— XL (64— 85) o
(wb—f)(2—m) s2(wp — &)

X , (113a)

x| 1-

Because y ~ In(1/x) is very large, the integrals in Egs. (113) are dominated by small values of £. Hence, we can first expand
the integrands in powers of &, then integrate the resulting expression term by term over £ We employ the following
expansion of y,~ around its branch point w,,

. 0] & w, CY(wy)
Var-ssie = 5 F 150\ CO(@y)¢12 =5 i LS 82 1 O(&2), (114)
C(”(a)b)
where we define
1 sh(wyp) 2
c s—[’ —#]qt—, 115a
(wh) wi sl(wb) 2[S1(60b)+0)%] (l)b ( )
1 s5 (@) [s5(w)]? 2
Cc(w E—{s”a} - 20 + 2 +=. 115b
(@) = 2 (1) = 3w + 2]+ 451 (wp) + @) T a7 (115b)

In Egs. (115), the primes denote differentiation, the functions s, (@) and s, (@) are those defined in Egs. (73), and we have

used Eq. (106) in several places to replace +/s,(w@,) with s (@) + a),z, since it is somewhat easier to numerically evaluate
the latter.
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Using the expansion in Eq. (114) in Egs. (113), and also expanding the rest of the integrands (the parts multiplying
e @) in £, we obtain

N , [ de ‘) C(wy)
AX(y, 1) ~ — F];[z te®rs / 7 el@=E)y —{ (‘)h 61/2

s1(wp) + o

2

AX s5(@y) AX C(wy) 1 AT
| (e 1 o )P o e
b

(0p) + @j wy

X «/c) 2 2
AG(y.1) ~ —N—gtewh% / ge(‘”b‘f)y Wp (wp) {_ 51 (@) + wj, n F((l,AbG)él/z i [_M _ placy
a,rm 72 S
0

#m%c>+<m+ L% C(”(wh)> (M & >}§3/z+@(55/2)}

4C (awy,) 2 24 o
(116b)
In Egs. (116), primes again denote derivatives and we have defined, for brevity,
N - N ~
(83 _ 8w (2 +3) — 16(55" +647) +8/4 —F- (857 = 557)
® = N, s (1 1721)
2(0 ¢
@ ( N(:)
y N - N ~
ney 306N =28 = NG +657) + 8[43 (35 - 85)
R N : (117b)
@?(2 -3
N,

Next, we carry out the integrals over & in Egs. (116) to obtain the full approximation for the asymptotic behavior of AX(y, ¢)
and AG(y, t). The results can be written as (cf. [96])

dy (1) dy, (1 1
AZ(y, t)z[ 1’;’/(2)+2’+/(2)+O<W>}e“’by, (118a)
y y y
dig(t) d
8G(r.0)~ |20+ B2 1 o) en (118b)
with the expansion coefficients given by
(wb
di4(1) = 8715/2 e wh (119a)

3 N \/ FAY) c
dy g(1) = =T~ tet {‘”h 2[Sl(—bS/(wb)JrF(AE)MJr +—t2C<>( )]}

16%”5/2 )+w,, wp) + w2 @ 4c(@,) 2 24
(119b)
N w\/ C(wp) si(wp) + @? AG
dy (1) = ——5 te™# b_ po| 119
I’G() %4”5/2 ¢ sl(wb)+w}27 [ wp ’ ] (119¢)
3 N, @p C<])(wb) sl(co;,) + w?, AG F(AG)
dy (1) = —2—5_ o™} - b_ pao) o
26! 8 a,n/? ¢ s1(wp) + o} { w}y ’ 2[s1(wp) + wp]? ()
si(wp) + @} _ae)| [ CP(wp) 1 @2,
—Fy — ) 4 L Th2e) , 119d
+ |: W, b 4C(])(a) ) +2+ 24 (wb) ( )
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where, as a reminder, we have defined y = /a,In(1/x)
and t = \/a, In(Q?/A?). Thus, in Eqgs. (118) and (119)
we have obtained fully analytic expressions for the
functional forms of AX and AG in the high-energy

asymptotic limit.
Note that Egs. (118) and (119) are valid for the rightmost
branch point w;,, which can be found for any N, and N,.
|

—4N,

We can use the values of w, we obtained in Table I to
numerically compute the expansion coefficients in
Egs. (119). We can also consider the asymptotic ratio of
AG to AX by computing the ratio d; ;(t)/d, ,(t) (this ratio
was previously considered in [41,43,96,97]). Analytically,
this ratio can be written using Eqgs. (119a) and (119¢) in a
relatively simple form,

3N

N—

— 3 (o _Ns
2 (2-%)

=

AT

In Table I1, we show, for various choices of Ny with N. = 3,
the leading branch point w,, (reproduced from Table I) along
with the asymptotic ratio from Eq. (120), evaluated numeri-
cally for each choice of N;. For Ny = 4 and N, = 3, it was
predicted in [96] from the large-N,. version of the small-x
helicity evolution that the asymptotic relation between the
hPDFs is AG(y,t) ~ —3AX(y,t). In [41], it was found,
generalizing the formalism of BER (and working for any N,
and N), that asymptotically AG(y, 1)~ —2.29A%(y,1)
when N = 4, N.=3. As can be seen in Table II, our
prediction here, based on the most recent version of the large-
N. and -N; small-x helicity evolution, is the asymptotic
relation AG(y, 1) = —=2.21AZ(y,t) for the same N; =4,
N. = 3. We can see that considering the large-N. and -N,
version of the small-x evolution has brought us closer to the
predictions based on the BER formalism, although, as with
the intercepts and the polarized DGLAP anomalous dimen-
sions, small disagreements still persist and probably cannot
be entirely attributed to us working in the large-N, and -N
approximation with BER not employing this limit.

C. Asymptotic behavior: The saddle point method

As a complimentary cross-check for the results of the
previous section, we rederive here the leading terms of
the asymptotic expansion of the hPDFs in Eqgs. (118). In the
previous section, we integrated the discontinuities of the
integrands across the leading branch cut, but in this section

TABLE II. Table of small-x intercepts and asymptotic ratios of
AG to AX for values of N, with N, = 3.

Ny wy (AG/AX)@sympy
2 3.5452 -4.7871
3 3.4791 -3.0731
4 3.4051 -2.2075
5 3.3204 -1.6786
6 3.2193 -1.3143
7 3.0895 -1.0364
8 2.8823 -0.7872

(A G) w0 do() N, e+ o) + 2 (245
dig(t)  ANpo(si= 1557 + (557 — 65F) 4_mo_w42+%ﬂ

(120)

NL‘

we will alternatively employ the saddle point method. The
saddle point technique was recently used in [98] to determine
the small-x asymptotics of hPDFs in the BER framework:
that work inspired us to apply it here as well.” Taking the
same initial conditions from Eq. (91), we begin with the
hPDFs in Egs. (110). Making use of the notation in
Egs. (117), we can write more compactly

Nf da) —_ —+ FE,)AZ)
AS f) = S LoV (oYt Vet
0) = 5tz [ gt =) T
(121a)
N. [d (- Firo)
AG(y.1) = —5 SO e~ ert|1-2
lo2¥/4 2l 0) 55(w)
(86)
- F
vert|14+2 . (121b)
V/s2(w)

The saddle point of the terms containing the exponential
e® 7w ! for large y and ¢ is determined by

d

— -7t =0. 122
I CARS ) (122)
We will denote the saddle point [that is, the solution of
Eq. (122)] by @ = wg,. One can show that a saddle point

evaluation of the terms containing the exponential e 7 !
leads to a subleading contribution at large y in each of
Eqgs. (121), as compared to the terms containing e 7= ': we
can, therefore, discard the terms containing e™ 72" 1 in our
evaluation below.

One can further show that w, defined by Eq. (122) lies in
the vicinity (and to the right) of the leading branch point w,,
considered in the previous section (as the ratio y/t
approaches infinity, wy, can be seen to approach wj).
Therefore, to employ the saddle method in order to approxi-
mate the integrals in Egs. (121) we can again employ

*We would like to thank Boris Ermolaev for the correspon-
dence that motivated us to explore the saddle point approach to
hPDFs small-x asymptotics.
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Eq. (114), which contains our expansion of y,~ near the
leading branch point @,. Employing Eq. (114), while now
using @ = w,, + & (note the relative sign) and truncating the
expansion earlier, we write

c
2
Using Eq. (123) in Eq. (122), and defining oy, = @), + &g,

- =2 Db ) (,)E N2 +

Vo +¢ 2 2 + 0(53/2)' (123)

In the last step, we have assumed that y > ¢, as is proper for
high-energy asymptotics: in this limit, indeed, &, is small,
and the saddle point oy, = w;, + &, 1s close to the leading
branch point w,,.

Neglecting the terms proportional to e’ !, we evaluate
the hPDFs in Eqgs. (121) around the saddle point @,
obtaining

we find (Ax)
AZ(y, l) ~ Nf /d_w ea)spery,;:p t+%t((l}_(1)sp)2(y(;:p ) L ,
o 0} CD(w,) @3 CV(w,)P? (124 a2n* ) 2xi Vs2(wgp)
T4+ 16y (125a)
|

(AG)
AG(y, t) ~ Nc d_w ewspery;,s_p t+%t(m—wsp)2(7u_zs_p ) L 1— M . (125b)

0£S77:2 2xi Wgp $2 (wsp)

Now we evaluate the integrands around the saddle point. Employing the expansion in Eq. (123) along with the saddle point

oy, = w, + &, with &, in Eq. (124), we write
Az
N, FQY

a,27’ s2(wp)

1LYy
eyt 6

N, 1
AG(y.t)® —5— (1=
A= Wp s2(wy)

midl)(mb)i—z. / %exp ~ 4y3 I/Z
2 w2 C (w2 J7

AG 2(1 °
o, F f(ﬂb—> ) w;,v-&-%t—m”d F: dv
P -

(126a)

16 y _exp _44)]31/2 s
27 @3 CY) ()P

(126b)

where we integrate along the vertical contour @ = w,, + iv. Since we are interested in reproducing the leading high-y
asymptotics here, we have neglected higher powers of £, in the parts of the integrands multiplying the exponentials: these

prefactors are now outside the v integrals.

Carrying out the Gaussian integrals, we arrive at the small-x asymptotics of hPDFs,

w2y 2 w1/ CY (@
AZ(y,1) = e Ny atogene oy CU (o) FAY

s1(wp) + wj,

V72 g 8752 te ’

e“r’ N

) /€W 2
AG(y,t) = _Ne -t o) (Sl(wb) + o, F(AG>),

si(wp) + @

V2 g b2 te

where we employed the same substitution \/s,(w,) —
s1(w,) + @3 used in the previous subsection, since the two
quantities are equal at the branch point w,;, per Eq. (106).
Note that in addition to the leading term in y we have also
obtained a diffusion term in the exponents of both of
Egs. (127),

(128)

This term is completely analogous to the similar diffusion
term in the solution of the unpolarized Balitsky-Fadin-
Kuraev-Lipatov (BFKL) [99,100] evolution equation. If
we neglect this diffusion term, putting the exponential

(127a)

wp

(127b)

,
@y, b

I
in Eq. (128) equal to 1, Egs. (127) would then exactly
reproduce the first terms of the expansion in Eqgs. (118)
[with the relevant coefficients found in Eqgs. (119a) and
(119¢)]. Furthermore, expanding the exponential in
Eq. (128) to linear order in 7> and using the result in
Egs. (127) yields exactly the last (order #° in the prefactor)
term of each of d, ,(¢) and d, ;(t) in Eqs. (119b) and (119d),
showing that our method of integration across the leading
branch cut in the previous section also captured (parts of)
this diffusion term. Conversely, the diffusion term appears
to capture all the leading power of f terms in the coefficients
of the 1/y expansion of the prefactors in Egs. (118).

The fact that, unlike the BFKL case, the helicity
evolution allowed us to obtain the explicit expressions
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(102) for the corresponding anomalous dimensions
(cf. [40]) enabled us here to perform the asymptotic
analyses both in the branch-cut integral and saddle point
methods.

VII. SUMMARY AND CONCLUSIONS

In this paper, we have analytically solved the most up-
to-date version of the small-x helicity evolution in the
large-N, and -N limit, containing the quark-to-gluon and
gluon-to-quark transition operators included in [39]. Our
solution is based on a double-inverse Laplace transform
method and the complete solution of the evolution equa-
tions is presented in Egs. (81) and (82), yielding analytic
expressions for all of the polarized dipole amplitudes. We
have also explicitly constructed the corresponding analytic
double-inverse Laplace transform expressions for the gluon
and flavor-singlet quark helicity PDFs, along with the g;
structure function in Egs. (83) and (84).

We have successfully cross-checked our solution
against the known solution to the spin-dependent DGLAP
equations, and in doing so we have extracted analytic
predictions for the (fully resummed in powers of a,/w?)
eigenvalues of the matrix of DGLAP polarized anomalous
dimensions and subsequently obtained analytic predictions
for all four individual polarized anomalous dimensions
themselves [Aygg(@), Ay,q(@), Ay g(@), and Ayg,(@)]:
the results for the anomalous dimensions are given above in
Egs. (102). All of these are fully consistent with the known
finite-order results [80,81,83,87].

We have also obtained numerical values for the intercept
of the helicity distributions in Table I [see also Egs. (108)
and (109)], along with a more detailed description of the
asymptotic behavior of these distributions in Egs. (118) and
(127). In doing so, we found explicit analytic and numerical
predictions (at large N, and N) for the asymptotic ratio of
the gluon helicity PDF to the flavor-singlet quark helicity
PDF at small x, presented in Table II.

Just as with the analytic solution constructed in [40] for
the large-N, version of the small-x helicity evolution
equations, we find here in the large-N, and -N; limit
the same general trend of full agreement with finite-order
calculations and very minor disagreements with the pre-
dictions of the BER formalism [13] (beyond the existing
three-loop precision of finite-order work). In particular,

our polarized DGLAP anomalous dimensions are fully
consistent with finite-order calculations to the existing
three loops [80,81,83,87] (up to a scheme transformation
[39,87]) and agree completely with those predicted in
the BER formalism to three loops [13]. However, our
anomalous dimensions and those of BER [13,15] disagree
beginning at the four-loop level. The difference was
already present in the analytic solution of the large-N.
helicity evolution equations [40], which explored the pure
gluonic sector: therefore, it cannot be removed by a
scheme transformation. We find a similar small disagree-
ment in the numerical values of the intercepts predicted by
our solution and those predicted by BER, along with a
small disagreement in the asymptotic ratio of AG to
AZ [13,41].

Future calculations in the finite-order framework for
the four-loop polarized DGLAP splitting functions can
resolve the existing discrepancy between the predictions in
this work and those of the BER IREE framework.
Nevertheless, with the most general (large-N . and -Nf) limit
of the small-x helicity evolution [39,42,44,47.48,50,55]
now completely solved, demonstrating agreement with
finite-order calculations up to the existing three loops
[80,81,83,87], we hope the predictions herein convincingly
demonstrate that the small-x helicity formalism is a robust
and accurate tool to further push the bounds of both
theoretical and phenomenological work constraining the
spin content of the proton at small x.
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