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We construct an exact analytic solution of the revised small-x helicity evolution equations from Borden,
Kovchegov, and Li [Helicity evolution at small x: Quark to gluon and gluon to quark transition operators,
J. High Energy Phys. 09 (2024) 037], where the contributions of the quark-to-gluon and gluon-to-quark
transition operators were newly included. These evolution equations are written in the large-Nc and -Nf

limit and are double-logarithmic, resumming powers of αs ln2ð1=xÞ. Here Nc and Nf are the numbers of
quark colors and flavors, respectively, while αs is the strong coupling constant and x is the Bjorken-x
variable. Using our solution, we obtain analytic, small-x, large-Nc and -Nf expressions for the flavor
singlet quark and gluon helicity parton distribution functions (PDFs) and for the g1 structure function as
double-inverse Laplace transforms. We also extract analytic expressions for the eigenvalues of the matrix of
polarized Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) anomalous dimensions and, subsequently,
analytic expressions for each of the four individual polarized anomalous dimensions themselves
(Δγqq;ΔγqG;ΔγGq, and ΔγGG): these expressions resum powers of αs=ω2 to all orders at large Nc and
Nf (with ω the Mellin moment variable). We extract the leading small-x asymptotic power-law growth of

the helicity distributions, given by ΔΣðx;Q2Þ ∼ ΔGðx;Q2Þ ∼ g1ðx;Q2Þ ∼ ð1xÞαh, where the intercept αh
satisfies an algebraic equation. Although the algebraic complexity of the equation prevented us from
obtaining a general analytic expression for αh, we determine αh numerically for various values of Nc and
Nf (and, for the special case of Nf ¼ 2Nc, we determine αh analytically). We further obtain the explicit
asymptotic expressions for the helicity distributions, which yield numerical values for the ratio of the gluon
helicity PDF to the flavor singlet quark helicity PDF in the small-x asymptotic limit (for different Nf=Nc).
Just as for the analytic solution to small-x helicity evolution equations in the large-Nc limit constructed in
Borden and Kovchegov [Analytic solution for the revised helicity evolution at small x and large Nc: New
resummed gluon-gluon polarized anomalous dimension and intercept, Phys. Rev. D 108, 014001 (2023)]
and for the iterative solution to the large-Nc and -Nf helicity evolution equations constructed in Borden,
Kovchegov, and Li [Helicity evolution at small x: Quark to gluon and gluon to quark transition operators, J.
High Energy Phys. 09 (2024) 037], we again find that all our predictions for polarized DGLAP anomalous
dimensions are fully consistent with the existing finite-order calculations. Similar to the large-Nc case
[Borden and Kovchegov, Analytic solution for the revised helicity evolution at small x and large Nc: New
resummed gluon-gluon polarized anomalous dimension and intercept, Phys. Rev. D 108, 014001 (2023)],
our intercept αh (evaluated at various Nc and Nf values) exhibits a very slight disagreement with the
predictions made within the infrared evolution equations framework in Bartels et al. [Flavor singlet
contribution to the structure function G(1) at small x, Z. Phys. C 72, 627 (1996)], Blümlein and Vogt [The
singlet contribution to the structure function g1ðx;Q2Þ at small x, Phys. Lett. B 386, 350 (1996)], Boussarie
et al. [Proton spin structure at small-x, Phys. Lett. B 797, 134817 (2019)].

DOI: 10.1103/ljl6-zvrq

I. INTRODUCTION

The proton spin puzzle [1–12] remains an unsolved
problem in our understanding of hadronic structure and
represents a fundamental test of our knowledge of quantum
chromodynamics (QCD). We break the spin puzzle down
into spin sum rules, like the Ji sum rule [3] or the Jaffe-
Manohar sum rule [2] below,
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Sq þ Lq þ SG þ LG ¼ 1

2
; ð1Þ

distinguishing spin S and orbital angular momentum L
contributions to the proton spin coming from the quarks q
and gluons G. Each of these (spin or orbital) angular
momentum contributions can be written as an integral
over Bjorken x of an appropriate (spin or orbital) angular
momentum distribution. For the spin contributions, we have

SqðQ2Þ ¼ 1

2

Z1
0

dxΔΣðx;Q2Þ;

SGðQ2Þ ¼
Z1
0

dxΔGðx;Q2Þ; ð2Þ

in terms of the gluon and flavor-singlet quark helicity parton
distribution functions (hPDFs) ΔGðx;Q2Þ and ΔΣðx;Q2Þ,
respectively, with

ΔΣðx;Q2Þ ¼
X
f

h
Δqfðx;Q2Þ þ Δqðx;Q2Þ

i
; ð3Þ

and Δqfðx;Q2Þ and Δqfðx;Q2Þ the quark and antiquark
helicity distributions of flavor f. As usual, x is the parton’s
longitudinal momentum fraction, while Q is the renormal-
ization scale.
To fully constrain Sq and SG, the helicity distributions

ΔΣðx;Q2Þ andΔGðx;Q2Þ need to be known for all values of
x, all the way down to the lower bound of the integrals in
Eq. (2). A priori, this calls for a detailed theoretical under-
standing, since x ¼ 0 is experimentally inaccessible and any
experiment is andwill always be limited tox > xmin withxmin
determined by its energy and acceptance. Furthermore, early
calculations of the helicity distributions at small x done by
Bartels et al. Bartels-Ermolaev-Ryskin (BER) [13,14] in the
infrared evolution equations (IREE) framework [15–20]
seemed to suggest that a substantial amount of the proton
spin may reside in the small-x region of phase space (see
[15,21–25] for more details on phenomenology developed
using the BER IREE framework).
More recently, the s-channel/shockwave approach [26–38]

has emerged as a powerful tool to study the small-x regime of
hadronic structure and to calculate the hPDFs and the g1
structure function [39–56]. To employ the shock wave
formalism in the study of small-x helicity, one has to go
beyond the eikonal approximation [47,48,57–76] and intro-
duce the relevant helicity-dependent subeikonal (energy sup-
pressed) corrections. Following [57,58], in [42,44,48,55] such
subeikonal corrections were incorporated as insertions of
operators coupling to the proton helicity into the usual infinite
light-cone Wilson lines of the eikonal approximation
(cf. [47,48,59–76]). The resulting objects are called “polarized

Wilson lines” and, when combined in a color trace with a
regular Wilson line, yield polarized dipole scattering ampli-
tudes. The small-x evolution of these polarized dipole ampli-
tudes has been constructed in the shock wave formalism and
studied extensively [39,40,42,44,47,48,53,55,56]. The result-
ing evolution equations do not close, in general, but instead
form an infinite hierarchy (cf. [29]). However, in the large-Nc
[77] and large-Nc and -Nf [78] limits (where Nc and Nf are
the number of quark colors and flavors, respectively), the
infinite hierarchy is replaced with a closed set of integral
equations: see [39,55] for the final results for the evolu-
tion equations in each of these limits. These equations are
double-logarithmic, resumming powers of αs ln2ð1=xÞ and
αs lnð1=xÞ lnðQ2=Λ2Þ, with αs the strong coupling and Λ the
infrared (IR) cutoff.
Early versions of the Kovchegov-Pitonyak-Sievert

(KPS) small-x helicity evolution [42,44,48] yielded full
agreement in the flavor-nonsinglet sector when compared
to the earlier work of BER [14], but exhibited discrepancies
on the order of 30% in the intercept for the flavor-singlet
hPDFs [13]. In [55], an important correction to the KPS
evolution was found in the gluon sector that modified the
flavor-singlet evolution (the nonsinglet evolution was
unaffected). The resulting evolution [KPS-Cougoulic-
Tarasov-Tawabutr (KPS-CTT)] is in full agreement with
finite-order calculations if one compares its prediction for
the small-x, large-Nc GG polarized splitting function of the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations [79–81] to that calculated in [80–91].
Similarly, the KPS-CTT evolution equations of [55] were
solved numerically in that same reference, and the resulting
small-x intercept appeared to agree numerically with the
predictions of BER [13].
However, in [40], an analytic solution was constructed

for the large-Nc helicity evolution equations of [55]. The
(arbitrary) precision afforded by this analytic solution,
along with the simple difference between the analytic
expressions, revealed some numerically small discrepan-
cies with the predictions of BER. The numerical evaluation
of the analytic prediction in [40] for the small-x intercept αh
based on the large-Nc KPS-CTT evolution is shown below
in Eq. (4), along with the prediction of BER,

αðusÞh ¼ 3.66074
ffiffiffiffiffi
αs

p
; αðBERÞh ¼ 3.66394

ffiffiffiffiffi
αs

p
; ð4Þ

with

αs ≡ αsNc

2π
: ð5Þ

A similarly small disagreement between KPS-CTT and
BER results was found in the prediction for the GG
polarized DGLAP anomalous dimension, beginning at
the four-loop level (here ω is the Mellin moment space
variable, and the expansion is in powers of αs=ω2, captur-
ing the leading power of 1=ω as ω → 0),
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ΔγðusÞð3ÞGG ðωÞ ¼ 496α4s
ω7

; ΔγðBERÞð3ÞGG ðωÞ ¼ 504α4s
ω7

: ð6Þ

A possible explanation for these discrepancies was
explored in Appendix A of [40].
After the solution to the large-Nc evolution was con-

structed, a similar procedure was employed by the authors
of the present paper to construct an analytic solution for the
more general but more complicated large-Nc and -Nf limit
of the KPS-CTT evolution. However, this solution revealed
irreconcilable discrepancies with the predictions of finite-
order calculations [80–91] for the polarized DGLAP
anomalous dimensions starting at two loops. Similar
discrepancies were observed in [56], where it was explicitly
shown that scheme dependence could not resolve the
disagreements with finite-order predictions.
In [39], it was shown that a class of quark-to-gluon and

gluon-to-quark transition operators (where a quark transi-
tions to a gluon after traversing the shock wave, and vice
versa) generated double-logarithmic contributions that
needed to be included in the small-x helicity evolution (only
the large-Nc and -Nf evolution was affected since the large-
Nc evolution contains only gluons). These operators had
been extensively studied in [53]. In [39], these contributions
were derived using both the “light-cone operator treatment”
method [47,48,55,66] and light-cone perturbation theory
[92,93]. The result was the inclusion of a new object eQ into
helicity evolution equations; this object was shown to be
closely related to the quark helicity transverse momentum-
dependent (TMD) PDF. The inclusion of this new object
amended several existing evolution equations and required a
new equation to describe its own evolution. The resulting
new set of evolution equations [KPS-CTT-Borden-Chirilli-
Li (BCL)] derived in [39] were solved iteratively in that same
reference. The iterative solution yielded extractions of the
polarized DGLAP splitting functions (at small-x and large-
Nc and -Nf) order by order in αs. All four splitting functions
(ΔPqq;ΔPqG;ΔPGq, and ΔPGG) agreed with the corre-
sponding limit of the three known loops calculated in the
finite-order framework [80,81,83,87], some after a minor
scheme transformation [39]. The splitting functions extracted
in [39] also completely agreed with the first three loops
predicted by BER [13], but all showed minor disagreements
beginning at the four-loop level [15]—the same situation as
encountered in the solution of the large-Nc helicity evolution
equations [40].
In this work, our goal is to go beyond the iterative solution

for the newly revised set of large-Nc and -Nf evolution
equations of [39] and to instead construct a fully analytic
solution to all orders in αs, following the formalism of [40].
Our paper is structured as follows. In Sec. II, we state the full
set of small-x, large-Nc and -Nf helicity evolution equations
that we will solve. In Sec. III, we construct a fully analytic
solution to these equations, based on the samedouble-inverse
Laplace transform methodology as used in [40]. The results

are analytic expressions, written as double-inverse Laplace
transforms, for all of the polarized dipole amplitudes that
evolve under the large-Nc and -Nf evolution.We summarize
the full solution in Sec. IV, wherewe also use our solution to
explicitly construct analytic expressions for ΔΣðx;Q2Þ,
ΔGðx;Q2Þ, and the g1 structure function (at small-x, in
the large-Nc and -Nf limit). In Sec. V, we cross-check our
solution by comparing to DGLAP. There we obtain analytic
resummed [to all orders in the double-logarithmic parameter
αs=ω2, with ω the Mellin/Laplace conjugate of lnð1=xÞ]
predictions for the eigenvalues of the matrix of polarized
DGLAP anomalous dimensions, along with analytic
resummed predictions for each of the four polarized anoma-
lous dimensions themselves: Δγqq;ΔγqG;ΔγGq, and ΔγGG.
We observe the same agreement with the finite-order
calculations, the same agreement with BER to three loops,
and the same disagreement with BER at four loops as was
seen iteratively in [39]. In Sec.VI,we analyze the behavior of
the helicity distributions in the small-x asymptotic limit, first
extracting the interceptαh that controls thepower-lawgrowth
of the distributions at asymptotically small x,

ΔΣðx;Q2Þ ∼ ΔGðx;Q2Þ ∼ g1ðx;Q2Þ ∼
�
1

x

�
αh
; ð7Þ

and subsequently performing a more detailed analysis to
obtain explicit expressions for ΔΣ and ΔG in the vicinity of
this asymptotic limit, with the result given in Eqs. (118),
(119), and (127). These results enable us to numerically
compute the asymptotic ratio of ΔG to ΔΣ. In both the
intercept and the asymptotic ratio ΔG=ΔΣ, we find small
disagreements with the predictions made in the BER for-
malism [13,41]. We conclude in Sec. VII.

II. LARGE-Nc AND Nf EQUATIONS

The newly revised small-x helicity evolution equa-
tions in the large-Nc and -Nf limit are given in
Eqs. (76) of [39]. They describe the small-x evolution of
the impact-parameter-integrated polarized dipole ampli-
tudes Qðx210; zsÞ, eGðx210; zsÞ, and G2ðx210; zsÞ along with
a slightly different object, eQðx210; zsÞ, which is related to the
flavor-singlet quark helicity TMD. Operator definitions
of these objects are given in [39,55]. Here, x2ij ¼ jxijj2
is the squared transverse size of the dipole consisting of
partons labeled i; j ¼ 0; 1; 2;…, with transverse vectors
xij ¼ xi − xj, where two-dimensional transverse coordi-
nate space vectors are denoted by x ¼ ðx1; x2Þ. The variable
z is a (small) longitudinal momentum fraction (which could
be smaller than the individual momentum fractions of
either line making up the dipole [42,44,48,50]), and zs is
the center of mass energy squared controlling the next step
of evolution. In addition, the three proper dipole amplitudes
Qðx210; zsÞ, eGðx210; zsÞ, and G2ðx210; zsÞ are accompanied by
the “neighbor” dipole amplitudes, denoted Γðx210; x221; zsÞ,
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eΓðx210; x221; zsÞ, and Γ2ðx210; x221; zsÞ, respectively. These
auxiliary functions are necessary to enforce the light-cone
lifetime ordering in the double logarithmic approximation
(DLA) and have the same operator definitions as their non-
neighbor counterparts, but with different light-cone lifetime
ordering constraints [42,44,47,48,50,55]. Note that the
neighbor dipole amplitudes depend on an additional

(neighbor) transverse dipole size squared x221 and are only
defined for x21 ≤ x10. The object eQðx210; zsÞ has no such
neighbor dipole amplitude (for details, see the discussion at
the end of Sec. III B in [39]). We restate here the full set of
large-Nc and -Nf equations, as given in [39]. Note that Λ is
explicitly taken to be an IR cutoff such that no dipole size
may exceed 1=Λ,

Qðx210; zsÞ ¼ Qð0Þðx210; zsÞ þ
αsNc

2π

Zz
1=sx2

10

dz0

z0

Zx210
1=z0s

dx221
x221

�
2eGðx221; z0sÞ þ 2eΓðx210; x221; z0sÞ þQðx221; z0sÞ

− Γðx210; x221; z0sÞ þ 2Γ2ðx210; x221; z0sÞ þ 2G2ðx221; z0sÞ
�

þ αsNc

4π

Zz
Λ2=s

dz0

z0

Zminfx2
10

z
z0;

1

Λ2
g

1=z0s

dx221
x221

�
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

�
; ð8aÞ

Γðx210; x221; z0sÞ ¼ Qð0Þðx210; z0sÞ þ
αsNc

2π

Zz0
1=sx2

10

dz00

z00

Zminfx2
10
;x2

21
z0
z00g

1=z00s

dx232
x232

�
2eGðx232; z00sÞ þ 2eΓðx210; x232; z00sÞ

þQðx232; z00sÞ − Γðx210; x232; z00sÞ þ 2Γ2ðx210; x232; z00sÞ þ 2G2ðx232; z00sÞ
�

þ αsNc

4π

Zz0
Λ2=s

dz00

z00

Zminfx2
21

z0
z00;

1

Λ2
g

1=z00s

dx232
x232

�
Qðx232; z00sÞ þ 2G2ðx232; z00sÞ

�
; ð8bÞ

eGðx210; zsÞ ¼ eGð0Þðx210; zsÞ þ
αsNc

2π

Zz
1=sx2

10

dz0

z0

Zx210
1=z0s

dx221
x221

�
3eGðx221; z0sÞ þ eΓðx210; x221; z0sÞ þ 2G2ðx221; z0sÞ

þ
�
2 −

Nf

2Nc

�
Γ2ðx210; x221; z0sÞ −

Nf

4Nc
Γðx210; x221; z0sÞ −

Nf

2Nc

eQðx221; z0sÞ
�

−
αsNf

8π

Zz
Λ2=s

dz0

z0

Zminfx2
10

z
z0;

1

Λ2
g

maxfx2
10
; 1
z0sg

dx221
x221

�
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

�
; ð8cÞ

eΓðx210; x221; z0sÞ ¼ eGð0Þðx210; z0sÞ þ
αsNc

2π

Zz0
1=sx2

10

dz00

z00

Zminfx2
10
;x2

21
z0
z00g

1=z00s

dx232
x232

�
3eGðx232; z00sÞ þ eΓðx210; x232; z00sÞ

þ 2G2ðx232; z00sÞ þ
�
2 −

Nf

2Nc

�
Γ2ðx210; x232; z00sÞ −

Nf

4Nc
Γðx210; x232; z00sÞ −

Nf

2Nc

eQðx232; z00sÞ
�

−
αsNf

8π

Zz0x221x2
10

Λ2=s

dz00

z00

Zminfx2
21

z0
z00;

1

Λ2
g

maxfx2
10
; 1

z00sg

dx232
x232

�
Qðx232; z00sÞ þ 2G2ðx232; z00sÞ

�
; ð8dÞ
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G2ðx210; zsÞ ¼ Gð0Þ
2 ðx210; zsÞ þ

αsNc

π

Zz
Λ2=s

dz0

z0

Zminfx2
10

z
z0;

1

Λ2
g

maxfx2
10
; 1
z0sg

dx221
x221

�eGðx221; z0sÞ þ 2G2ðx221; z0sÞ
�
; ð8eÞ

Γ2ðx210; x221; z0sÞ ¼ Gð0Þ
2 ðx210; z0sÞ þ

αsNc

π

Zz0x221x2
10

Λ2=s

dz00

z00

Zminfx2
21

z0
z00;

1

Λ2
g

maxfx2
10
; 1

z00sg

dx232
x232

�eGðx232; z00sÞ þ 2G2ðx232; z00sÞ
�
; ð8fÞ

eQðx210; zsÞ ¼ eQð0Þðx210; zsÞ −
αsNc

2π

Zz
Λ2=s

dz0

z0

Zminfx2
10

z
z0;

1

Λ2
g

maxfx2
10
; 1
z0sg

dx221
x221

�
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

�
: ð8gÞ

The objects with (0) in the superscript are the initial conditions for the dipole amplitudes, which are usually taken at the
Born level in DLA. They enter as inhomogeneous terms in the integral equations at hand.
Introducing the rescaled variables

η ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

zs
Λ2

; η0 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
z0s
Λ2

; η00 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
z00s
Λ2

;

s10 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x210Λ2
; s21 ¼

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x221Λ2
; s32 ¼

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x232Λ2
; ð9Þ

we can write the large-Nc and -Nf equations (8) as

Qðs10; ηÞ ¼ Qð0Þðs10; ηÞ þ
Zη
s10

dη0
Zη0
s10

ds21

�
2eGðs21; η0Þ þ 2eΓðs10; s21; η0Þ þQðs21; η0Þ − Γðs10; s21; η0Þ þ 2Γ2ðs10; s21; η0Þ

þ 2G2ðs21; η0Þ
�
þ 1

2

264Zs10
0

ds21

Zηþs21−s10

s21

dη0 þ
Zη
s10

ds21

Zη
s21

dη0

375�Qðs21; η0Þ þ 2G2ðs21; η0Þ
�
; ð10aÞ

Γðs10; s21;η0Þ ¼Qð0Þðs10;η0Þ þ

264Zs21
s10

ds32

Zη0−s21þs32

s32

dη00 þ
Zη0
s21

ds32

Zη0
s32

dη00

375�2eGðs32;η00Þ þ 2eΓðs10; s32;η00Þ þQðs32;η00Þ

− Γðs10; s32;η00Þ þ 2Γ2ðs10; s32;η00Þ þ 2G2ðs32;η00Þ
�

þ 1

2

264Zs21
0

ds32

Zη0−s21þs32

s32

dη00 þ
Zη0
s21

ds32

Zη0
s32

dη00

375�Qðs32;η00Þ þ 2G2ðs32;η00Þ
�
; ð10bÞ

eGðs10; ηÞ ¼ eGð0Þðs10; ηÞ þ
Zη
s10

dη0
Zη0
s10

ds21

�
3eGðs21; η0Þ þ eΓðs10; s21; η0Þ þ 2G2ðs21; η0Þ þ

�
2 −

Nf

2Nc

�
Γ2ðs10; s21; η0Þ

−
Nf

4Nc
Γðs10; s21; η0Þ −

Nf

2Nc

eQðs21; η0Þ
�
−

Nf

4Nc

Zs10
0

ds21

Zηþs21−s10

s21

dη0
�
Qðs21; η0Þ þ 2G2ðs21; η0Þ

�
; ð10cÞ
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eΓðs10; s21;η0Þ ¼ eGð0Þðs10;η0Þþ

264Zs21
s10

ds32

Zη0−s21þs32

s32

dη00 þ
Zη0
s21

ds32

Zη0
s32

dη00

375
×

�
3eGðs32;η00Þþ eΓðs10; s32;η00Þþ 2G2ðs32;η00Þ

þ
�
2−

Nf

2Nc

�
Γ2ðs10; s32;η00Þ−

Nf

4Nc
Γðs10; s32;η00Þ−

Nf

2Nc

eQðs32;η00Þ
�

−
Nf

4Nc

Zs10
0

ds32

Zη0−s21þs32

s32

dη00½Qðs32;η00Þþ 2G2ðs32;η00Þ�; ð10dÞ

G2ðs10; ηÞ ¼ Gð0Þ
2 ðs10; ηÞ þ 2

Zs10
0

ds21

Zηþs21−s10

s21

dη0
�eGðs21; η0Þ þ 2G2ðs21; η0Þ

�
; ð10eÞ

Γ2ðs10;s21;η0Þ¼Gð0Þ
2 ðs10;η0Þþ2

Zs10
0

ds32

Zη0−s21þs32

s32

dη00
�eGðs32;η00Þþ2G2ðs32;η00Þ

�
; ð10fÞ

eQðs10; ηÞ ¼ eQð0Þðs10; ηÞ −
Zs10
0

ds21

Zηþs21−s10

s21

dη0
�
Qðs21; η0Þ þ 2G2ðs21; η0Þ

�
; ð10gÞ

where we assume the ordering 0 ≤ s10 ≤ s21 ≤ η0 in
Eqs. (10b), (10d), and (10f).
Once analytic expressions for the dipole amplitudes1 are

known, one can obtain the flavor-singlet quark and gluon
hPDFs using Eqs. (77) from [39], restated below,

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2
G2

�
x210 ¼

1

Q2
; s ¼ Q2

x

�
; ð11aÞ

ΔΣðx;Q2Þ ¼ Nf

αsπ
2
eQ�x210 ¼ 1

Q2
; s ¼ Q2

x

�
: ð11bÞ

Note that Eq. (11a) is consistent with previous versions of
the small-x helicity evolution [42,44,47,48,55], while
Eq. (11b) is a slight modification from the previous results
and was derived in [39], ultimately representing a scheme
transformation relative to the previous result. In addition,
the g1 structure function is given in terms of the dipole
amplitudes as [42,55]

g1ðx;Q2Þ ¼ −
X
f

NcZ2
f

4π3

Z1
Λ2=s

dz
z

Zmin f 1

zQ2;
1

Λ2
g

1
zs

dx210
x210

×
h
Qðx210; zsÞ þ 2G2ðx210; zsÞ

i
; ð12Þ

with Zf the fractional electric charge of the quark. For

simplicity, we assume here that the objects eQ and Q,
whose operator definitions include quark fields of a fixed
flavor [39], are independent of the quark flavors: to bring
back the flavor dependence, one needs to replace eQ → eQf,
Q → Qf, and Nf →

P
f in Eqs. (8), (10), (11b), and

(12) (cf. [56,94,95]).2

III. SOLUTION

A. Double-inverse Laplace representations
for G2;Γ2;eG;Q;eQ

The solution we construct here follows very closely that
constructed in [40] for the large-Nc evolution equations. We
begin by introducing the following double-inverse Laplace
transforms forG2ðs210; ηÞ, eGðs210; ηÞ,Qðs210; ηÞ, and eQðs210; ηÞ
and their initial conditions/inhomogeneous terms,

1Since its structure is like that of a sum of TMDs with the
forward- and past-pointing Wilson-line staples (i.e., with the
semi-inclusive deep inelastic scattering and Drell-Yan staples),
Q̃ðx210; zsÞ cannot be properly called a dipole amplitude. How-
ever, for simplicity, we will often refer to the collection of seven
objects that evolve under Eqs. (10) as “dipole amplitudes.”

2While the definition of the dipole amplitude eG also includes
quark fields, the sum over all flavors is implied in the definition
itself, making eG flavor independent.
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G2ðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10G2ωγ; ð13aÞ

Gð0Þ
2 ðs10; ηÞ ¼

Z
dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10Gð0Þ
2ωγ; ð13bÞ

eGðs10; ηÞ ¼ Z dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10 eGωγ; ð13cÞ

eGð0Þðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10 eGð0Þ
ωγ ; ð13dÞ

Qðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10Qωγ; ð13eÞ

Qð0Þðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10Qð0Þ
ωγ ; ð13fÞ

eQðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10 eQωγ; ð13gÞ

eQð0Þðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10 eQð0Þ
ωγ : ð13hÞ

As usual, these integrals are taken along vertical contours
parallel to the imaginary axes in the ω and γ planes, with all
singularities of the integrands located to the left of the
contours.
As can be seen from Eqs. (10e) and (10f), the dipole

amplitudes G2 and Γ2 obey the following property:

Γ2ðs10; s21; η0Þ −Gð0Þ
2 ðs10; η0Þ

¼ G2ðs10; η ¼ η0 þ s10 − s21Þ
−Gð0Þ

2 ðs10; η ¼ η0 þ s10 − s21Þ: ð14Þ
Then, using Eqs. (13a), (13b), and (14) we straightfor-
wardly have

Γ2ðs10; s21;η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs10

�
G2ωγ −Gð0Þ

2ωγ

�
þ eωðη0−s10Þeγs10Gð0Þ

2ωγ

�
: ð15Þ

Next, we substitute our double Laplace transforms from
Eqs. (13a) and (13c) into the evolution equation (10e).
Carrying out the integrals over s21 and η0 and then inverting
the Laplace transforms, we find

G2ωγ − Gð0Þ
2ωγ ¼

2

ωγ

�eGωγ þ 2G2ωγ

�
; ð16Þ

or equivalently,

eGωγ ¼
ωγ

2

�
G2ωγ −Gð0Þ

2ωγ

�
− 2G2ωγ: ð17Þ

Since all double Laplace images (G2ωγ; G
ð0Þ
2ωγ; eGωγ;eGð0Þ

ωγ ; Qωγ; Q
ð0Þ
ωγ ; eQωγ; eQð0Þ

ωγ ) must go to zero as ω or γ go
to infinity, Eq. (16) implies that the difference between

G2ωγ andG
ð0Þ
2ωγ goes to zero faster than 1=ω or 1=γ as ω or γ,

respectively, go to infinity. We can writeZ
dω
2πi

�
G2ωγ −Gð0Þ

2ωγ

�
¼
Z

dω
2πi

2

ωγ

�eGωγ þ 2G2ωγ

�
¼ 0 ð18aÞ

andZ
dγ
2πi

�
G2ωγ −Gð0Þ

2ωγ

�
¼
Z

dγ
2πi

2

ωγ

�eGωγ þ 2G2ωγ

�
¼ 0;

ð18bÞ
where the last equality in each line follows from closing the
ω or γ contour to the right. This fact can be used along with
the double Laplace representations in Eqs. (13) to straight-
forwardly show that the boundary conditions implied by
Eqs. (10e) and (10f),

G2ðs10 ¼ 0; ηÞ ¼ Gð0Þ
2 ðs10 ¼ 0; ηÞ; ð19aÞ

G2ðs10; η ¼ s10Þ ¼ Gð0Þ
2 ðs10; η ¼ s10Þ; ð19bÞ

Γ2ðs10 ¼ 0; s21; η0Þ ¼ Gð0Þ
2 ðs10 ¼ 0; η0Þ; ð19cÞ

Γ2ðs10; s21; η0 ¼ s21Þ ¼ Gð0Þ
2 ðs10; η0 ¼ s21Þ; ð19dÞ

are automatically satisfied. All the above steps in this
subsection closely follow those in [40].
Next, we can substitute the double Laplace expressions

(13a), (13e), and (13g) into the evolution equation (10g).
Doing this, carrying out the integrals over s21 and η0, and
then inverting the Laplace transforms, we find

eQωγ − eQð0Þ
ωγ ¼ −

1

ωγ
ðQωγ þ 2G2ωγÞ; ð20Þ

or equivalently,

Qωγ ¼ −ωγð eQωγ − eQð0Þ
ωγ Þ − 2G2ωγ: ð21Þ

Again we see that Eq. (20) implies that the difference
between eQωγ and eQð0Þ

ωγ goes to zero faster than 1=ω or 1=γ
as ω → ∞ or γ → ∞, which allows us to writeZ

dω
2πi

�eQωγ − eQð0Þ
ωγ

�
¼ −

Z
dω
2πi

1

ωγ
ðQωγ þ 2G2ωγÞ ¼ 0

ð22aÞZ
dγ
2πi

�eQωγ − eQð0Þ
ωγ

�
¼ −

Z
dγ
2πi

1

ωγ
ðQωγ þ 2G2ωγÞ ¼ 0;

ð22bÞ

where again the last equality in each line follows fromclosing
the contour to the right. Equations (22) can be used along
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with the double Laplace representations in Eqs. (13) to show
that the two boundary conditions for eQ implied by Eq. (10g),

eQðs10 ¼ 0; ηÞ ¼ eQð0Þðs10 ¼ 0; ηÞ; ð23Þ
eQðs10; η ¼ s10Þ ¼ eQð0Þðs10; η ¼ s10Þ; ð24Þ

are automatically satisfied.
At this point, the evolution equations (10e)–(10g) are

completely satisfied, and we have obtained expressions for
the double-inverse Laplace transforms of Γ2, eG, and Q in
terms of the yet unknown double Laplace images G2ωγ andeQωγ . It remains to satisfy Eqs. (10a)–(10d), obtain double
Laplace expressions for the remaining dipole amplitudes Γ
and eΓ, and ultimately solve for the double Laplace images
G2ωγ and eQωγ .

B. Double-inverse Laplace representations for Γ, eΓ
Upon differentiating Eqs. (10b) and (10d), one can show

that Γ and eΓ satisfy the following second-order partial
differential equations:

∂
2Γðs10; s21; η0Þ

∂s21∂η0
þ ∂

2Γðs10; s21; η0Þ
∂s221

¼ −2eGðs21; η0Þ − 2eΓðs10; s21; η0Þ
−
3

2
Qðs21; η0Þ þ Γðs10; s21; η0Þ

− 2Γ2ðs10; s21; η0Þ − 3G2ðs21; η0Þ; ð25aÞ
∂
2eΓðs10; s21; η0Þ

∂s21∂η0
þ ∂

2eΓðs10; s21; η0Þ
∂s221

¼ −3eGðs21; η0Þ − eΓðs10; s21; η0Þ − 2G2ðs21; η0Þ

−
�
2 −

Nf

2Nc

�
Γ2ðs10; s21; η0Þ þ

Nf

4Nc
Γðs10; s21; η0Þ

þ Nf

2Nc

eQðs21; η0Þ: ð25bÞ

Similar to [40], we proceed to solve these two partial
differential equations by constructing their homogeneous

and particular solutions. We begin with the homogeneous
solutions, employing the following Ansätze:

eΓðhÞðs10; s21; η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη0−s21Þeγs21eΓωγðs10Þ;

ð26aÞ

ΓðhÞðs10; s21; η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη0−s21Þeγs21Γωγðs10Þ:

ð26bÞ

Plugging these into the homogeneous part of Eqs. (25), we
obtain

½γðγ − ωÞ − 1�Γωγðs10Þ ¼ −2eΓωγðs10Þ; ð27aÞ

½γðγ − ωÞ þ 1�eΓωγðs10Þ ¼
Nf

4Nc
Γωγðs10Þ: ð27bÞ

Solving these gives

γ2ðγ − ωÞ2 ¼ 1 −
Nf

2Nc
; ð28Þ

which can readily be solved for γ, giving

γ ¼ δ��
ω ≡ 1

2

0BB@ω�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

svuut
1CCA: ð29Þ

The notation here is such that the � indices on δ��
ω should

be read left to right as they are encountered on the right-
hand side of Eq. (29). In addition, Eqs. (27) give

Γωγðs10Þ ¼
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Nf

2Nc

q
Nf=ð4NcÞ

eΓωγðs10Þ; ð30Þ

where the � here is the same as the second index in δ��
ω .

We thus have the homogeneous solutions, written as linear
combinations of the solutions corresponding to each of the
four solutions γ ¼ δ��

ω from Eq. (29),

eΓðhÞðs10; s21; η0Þ ¼
Z

dω
2πi

eωðη0−s21Þ
X

α;β¼þ;−
eδ

αβ
ω s21eΓðαβÞ

ω ðs10Þ; ð31aÞ

ΓðhÞðs10; s21; η0Þ ¼
Z

dω
2πi

eωðη0−s21Þ
X

α;β¼þ;−
eδ

αβ
ω s21

1þ β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Nf

2Nc

q
Nf=ð4NcÞ

eΓðαβÞ
ω ðs10Þ; ð31bÞ

where we have also employed Eq. (30) in writing Eq. (31b).
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Moving on to the particular solutions of Eqs. (25), we look for them in the following form:

eΓðpÞðs10; s21; η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs21Aωγ þ eωðη0−s21Þeγs10Bωγ þ eωðη0−s10Þeγs10Cωγ

�
; ð32aÞ

ΓðpÞðs10; s21; η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs21Aωγ þ eωðη0−s21Þeγs10Bωγ þ eωðη0−s10Þeγs10Cωγ

�
: ð32bÞ

Plugging those into the full Eqs. (25) and employing Eqs. (13), (15), (17), and (21) yields

Aωγ ¼
1

γ2ðγ − ωÞ2 − 1þ Nf

2Nc

	
ωγ

2

�
3 −

Nf

2Nc
− 3γðγ − ωÞ

��
G2ωγ −Gð0Þ

2ωγ

�
þ 3Nf

8Nc
ωγ

�eQωγ − eQð0Þ
ωγ

�

þ
�
4γðγ − ωÞ − 4þ Nf

Nc

�
G2ωγ þ

Nf

2Nc
½γðγ − ωÞ − 1� eQωγ



; ð33aÞ

Aωγ ¼
1

γ2ðγ − ωÞ2 − 1þ Nf

2Nc

	
ωγ½2 − γðγ − ωÞ�

�
G2ωγ − Gð0Þ

2ωγ

�
þ 4½γðγ − ωÞ − 1�G2ωγ

þ 3

2
ωγ½γðγ − ωÞ þ 1�

�eQωγ − eQð0Þ
ωγ

�
−
Nf

Nc

eQωγ



; ð33bÞ

Bωγ ¼ Bωγ ¼ −2
�
G2ωγ −Gð0Þ

2ωγ

�
; ð33cÞ

Cωγ ¼ Cωγ ¼ −2Gð0Þ
2ωγ: ð33dÞ

Since

eΓðs10; s21; η0Þ ¼ eΓðhÞðs10; s21; η0Þ þ eΓðpÞðs10; s21; η0Þ; ð34aÞ

Γðs10; s21; η0Þ ¼ ΓðhÞðs10; s21; η0Þ þ ΓðpÞðs10; s21; η0Þ; ð34bÞ
at this point we have double Laplace expressions for all the dipole amplitudes, which we collect together here,

G2ðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10G2ωγ; ð35aÞ

Γ2ðs10; s21; η0Þ ¼
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs10

�
G2ωγ −Gð0Þ

2ωγ

�
þ eωðη0−s10Þeγs10Gð0Þ

2ωγ

�
; ð35bÞ

eGðs10; ηÞ ¼ Z dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10
�
ωγ

2

�
G2ωγ −Gð0Þ

2ωγ

�
− 2G2ωγ

�
; ð35cÞ

Qðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10
�
−ωγ

�eQωγ − eQð0Þ
ωγ

�
− 2G2ωγ

�
; ð35dÞ

eQðs10; ηÞ ¼
Z

dω
2πi

Z
dγ
2πi

eωðη−s10Þeγs10 eQωγ; ð35eÞ

eΓðs10; s21; η0Þ ¼ Z dω
2πi

eωðη0−s21Þ
X

α;β¼þ;−
eδ

αβ
ω s21eΓðαβÞ

ω ðs10Þ

þ
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs21Aωγ − 2eωðη0−s21Þeγs10

�
G2ωγ −Gð0Þ

2ωγ

�
− 2eωðη0−s10Þeγs10Gð0Þ

2ωγ

�
; ð35fÞ
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Γðs10; s21; η0Þ ¼
Z

dω
2πi

eωðη0−s21Þ
X

α;β¼þ;−
eδ

αβ
ω s21

1þ β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Nf

2Nc

q
Nf=ð4NcÞ

eΓðαβÞ
ω ðs10Þ

þ
Z

dω
2πi

Z
dγ
2πi

�
eωðη0−s21Þeγs21Aωγ − 2eωðη0−s21Þeγs10

�
G2ωγ −Gð0Þ

2ωγ

�
− 2eωðη0−s10Þeγs10Gð0Þ

2ωγ

�
; ð35gÞ

with

δ��
ω ≡ 1

2

264ω�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

svuut 375; ð35hÞ

Aωγ ¼
1

ðγ − δþþ
ω Þðγ − δþ−

ω Þðγ − δ−þω Þðγ − δ−−ω Þ
	
ωγ

2

�
3 −

Nf

2Nc
− 3γðγ − ωÞ

��
G2ωγ −Gð0Þ

2ωγ

�
þ 3Nf

8Nc
ωγ
�eQωγ − eQð0Þ

ωγ

�
þ
�
4γðγ − ωÞ − 4þ Nf

Nc

�
G2ωγ þ

Nf

2Nc
½γðγ − ωÞ − 1�eQωγ



; ð35iÞ

Aωγ ¼
1

ðγ − δþþ
ω Þðγ − δþ−

ω Þðγ − δ−þω Þðγ − δ−−ω Þ
	
ωγ½2 − γðγ − ωÞ�

�
G2ωγ −Gð0Þ

2ωγ

�
þ 4½γðγ − ωÞ − 1�G2ωγ

þ 3

2
ωγ½γðγ − ωÞ þ 1�

�eQωγ − eQð0Þ
ωγ

�
−
Nf

Nc

eQωγ



: ð35jÞ

Note that we have used Eqs. (28) and (29) to rewrite the
denominators of Aωγ and Aωγ in Eqs. (35i) and (35j). This
makes it clear that our procedure to solve the partial
differential equations in Eqs. (25) has introduced additional
poles in the integrand. For large ω, we note the following
behavior of the functions δαβω :

δþþ
ω ∼ ω; ð36aÞ
δþ−
ω ∼ ω; ð36bÞ

δ−þω ∼ −
1

ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s
; ð36cÞ

δ−−ω ∼
1

ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s
: ð36dÞ

Since δþþ
ω ; δþ−

ω ∼ ω for largeω, these poles cannot lie to the
left of both the ω and γ contours. This is the same situation
encountered in the analytic solution of the large-Nc
evolution equations constructed in [40], although there
was only one such pole in that solution, while here we have
two. Nevertheless, we can follow the procedure of [40] and
declare that the poles at γ ¼ δþþ

ω and γ ¼ δþ−
ω lie to the left

of the ω contour, but to the right of the γ contour. This
implies that we are choosing Re ω > Re γ along the
integration contours.
Although we have solved the partial differential equa-

tions (PDEs) (25), these solutions are not yet solutions of

the full integral evolution equations (10b) and (10d) from
which we obtained those PDEs. We have also yet to
satisfy the non-neighbor partners of these equations,
Eqs. (10a) and (10c). The next step is to substitute the
double Laplace results from Eqs. (35) back into the
evolution equations for eΓ and Γ [Eqs. (10d) and (10b),
respectively] in order to obtain the remaining constraints
necessary to ensure the full evolution equations are
satisfied. Then, since the evolution equations for eG
and Q [Eqs. (10c) and (10a)] are special cases of those
for eΓ and Γ, respectively, we can ensure the evolution
equations for eG and Q are also satisfied by setting

eΓðs10; s21 ¼ s10; η0Þ ¼ eGðs10; η0Þ; ð37aÞ

Γðs10; s21 ¼ s10; η0Þ ¼ Qðs10; η0Þ: ð37bÞ

This will ultimately allow us to solve for the unknown
functions eΓðþþÞ

ω ðs10Þ, eΓðþ−Þ
ω ðs10Þ, eΓð−þÞ

ω ðs10Þ, eΓð−−Þ
ω ðs10Þ,

G2ωγ, and eQωγ . We will do this in the next sections.

C. Obtaining the remaining constraints

We begin with the evolution equation (10d) foreΓðs10; s21; η0Þ. Substituting all the relevant double
Laplace expressions from Eqs. (35), carrying out all the
integrals over s32 and η00, and performing the forward
Laplace transform over η0 yields
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0 ¼ e−ωs21
X

α;β¼þ;−

eΓðαβÞ
ω ðs10Þ

δαβω − ω

ω
eδ

αβ
ω s10 þ e−ωs21

Z
dγ
2πi

eγs10
�
Aωγ

γ − ω

ω
þ Nf

4Nc

�eQωγ − eQð0Þ
ωγ

�
þ 2
�
G2ωγ − Gð0Þ

2ωγ

��

þ
Z

dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

�
1

δαβω0 − ω
þ 1

ω

ω0 − δαβω0

ω0 eδ
αβ

ω0 s10
�
þ e−ωs10

Z
dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
: ð38Þ

Along the way, we have dropped several terms that are zero, as can be shown by closing either the ω or the γ integration
contour to the right. Now we observe that two of the terms in Eq. (38) have the same s21 dependence, e−ωs21 , whereas the
other two terms are independent of s21. Since the equation is valid for any s21, we conclude that both sets of terms must
separately equal zero and arrive at the following two constraints:Z

dγ
2πi

eγs10
�
Aωγ

γ − ω

ω
þ Nf

4Nc

�eQωγ − eQð0Þ
ωγ

�
þ 2
�
G2ωγ −Gð0Þ

2ωγ

��
¼

X
α;β¼þ;−

eΓðαβÞ
ω ðs10Þ

ω − δαβω
ω

eδ
αβ
ω s10 ; ð39aÞ

0 ¼
Z

dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

�
1

δαβω0 − ω
þ 1

ω

ω0 − δαβω0

ω0 eδ
αβ

ω0 s10
�
þ e−ωs10

Z
dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
: ð39bÞ

We can obtain a third constraint and satisfy the evolution equation (10c) by requiring that

eΓðs10; s21 ¼ s10; η0Þ ¼ eGðs10; η0Þ: ð40Þ
Using our double Laplace expressions (35f) and (35c) and applying the inverse transform over η0 − s10 (here treating
η0 − s10 and s10 as independent variables), Eq. (40) givesX

α;β¼þ;−
eδ

αβ
ω s10eΓðαβÞ

ω ðs10Þ ¼
Z

dγ
2πi

eγs10
�
ωγ

2

�
G2ωγ −Gð0Þ

2ωγ

�
− Aωγ

�
: ð41Þ

In Eqs. (39) and (41) we have thus obtained the three constraints necessary to fully satisfy the evolution equations for eΓ andeG. Next, we can apply this same procedure to the evolution equations for Γ and Q.
Beginning with Eq. (10b), we substitute all the relevant double Laplace expressions from Eqs. (35), carry out the integrals

over s32 and η0, perform the forward Laplace transform over η0, and again drop several terms that can be shown to be zero.
The result is

0 ¼ −e−ωs21
X

α;β¼þ;−
eδ

αβ
ω s10eΓðαβÞ

ω ðs10Þ
ω − δαβω

ω

4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !

þ e−ωs21
Z

dγ
2πi

eγs10
�
Aωγ

γ − ω

ω
−
1

2

�eQωγ − eQð0Þ
ωγ

�
þ 2
�
G2ωγ −Gð0Þ

2ωγ

��

þ e−ωs10
Z

dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
−
Z

dω0

2πi

X
α;β¼þ;−

1

ω − δαβω0

eΓðαβÞ
ω0 ðs10Þ

4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !

þ 1

ω

Z
dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

ω0 − δαβω0

ω0
4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !
eδ

αβ

ω0 s10 : ð42Þ

Just as with Eq. (38), two of the terms here share the same s21 dependence, e−ωs21 , whereas the other terms are independent
of s21, giving us two separate constraints,

X
α;β¼þ;−

eδ
αβ
ω s10 eΓðαβÞ

ω ðs10Þ
ω − δαβω

ω

4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !

¼
Z

dγ
2πi

eγs10
�
Aωγ

γ − ω

ω
−
1

2

�eQωγ − eQð0Þ
ωγ

�
þ 2
�
G2ωγ − Gð0Þ

2ωγ

��
; ð43aÞ
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0 ¼ e−ωs10
Z

dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
−
Z

dω0

2πi

X
α;β¼þ;−

1

ω − δαβω0

eΓðαβÞ
ω0 ðs10Þ

4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !

þ 1

ω

Z
dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

ω0 − δαβω0

ω0
4Nc

Nf

 
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !
eδ

αβ

ω0 s10 : ð43bÞ

For one final constraint, and to satisfy the evolution equation (10a) for Q, we require

Γðs10; s21 ¼ s10; η0Þ ¼ Qðs10; η0Þ: ð44Þ
Using the double Laplace expressions from Eqs. (35) and performing the forward transform over η0 − s10 (again, while
treating η0 − s10 and s10 as independent variables) gives

Z
dγ
2πi

eγs10
�
−Aωγ − ωγ

�eQωγ − eQð0Þ
ωγ

��
¼

X
α;β¼þ;−

eΓðαβÞ
ω ðs10Þ

1þ β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Nf

2Nc

q
Nf=ð4NcÞ

eδ
αβ
ω s10 : ð45Þ

To summarize, we note that in Eqs. (39), (41), (43), and
(45) we have a total of six constraints that must be satisfied
by our double Laplace constructions in order to ensure that
all the evolution equations in (10) are satisfied. What
remains is to solve those constraints for the currently
unknown functions eΓðαβÞ

ω ðs10Þ, G2ωγ, and eQωγ.

D. Solving the constraints

1. Four straightforward constraints

The four equations (39a), (41), (43a), and (45) constitute
a system of equations we can straightforwardly solve for all

four of the eΓðαβÞ
ω ðs10Þ functions as integrals over γ. First, we

rewrite the common structure shared by each as

eΓðαβÞ
ω ðs10Þ ¼ e−δ

αβ
ω s10

Z
dγ
2πi

eγs10eΓðαβÞ
ωγ ð46Þ

(note the distinction of eΓðαβÞ
ωγ on the right-hand side written

now as a function of ω and γ and not of s10). Then, we undo
the inverse Laplace transform over γ in all terms of
Eqs. (39a), (41), (43a), and (45), solving the resulting
linear system of equations algebraically for the functionseΓðαβÞ
ωγ . The results can be written compactly as

eΓðαβÞ
ωγ ¼ β

8ðδαβω − δ−α;βω Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
	�

Aωγ2n − 4Aωγð2 − β
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
ðδ−α;βω − γÞ

þ nω
�eQωγ − eQð0Þ

ωγ

�
ð3 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
− 2γδα;βω Þ þ 2ω

�
G2ωγ −Gð0Þ

2ωγ

�
½ð2 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þð4 − γδα;βω Þ − 2n�



: ð47Þ

In writing Eq. (47) we have defined

n≡ Nf

Nc
ð48Þ

and have also used the fact that

δαβω þ δ−α;βω ¼ ω: ð49Þ
Combining Eqs. (46) and (47), we have

eΓðαβÞ
ω ðs10Þ ¼ e−δ

αβ
ω s10

Z
dγ
2πi

eγs10
β

8ðδαβω − δ−α;βω Þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
	�

Aωγ2n − 4Aωγð2 − β
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
ðδ−α;βω − γÞ

þ nω
�eQωγ − eQð0Þ

ωγ

�
ð3 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
− 2γδα;βω Þ þ 2ω

�
G2ωγ −Gð0Þ

2ωγ

�
½ð2 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þð4 − γδα;βω Þ − 2n�



: ð50Þ
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2. Two remaining constraints

Two constraints that remain to be satisfied are given by Eqs. (39b) and (43b). Solving these will allow us to obtain
expressions for our final two remaining unknowns, the double Laplace images G2ωγ and eQωγ, and will complete our
solution of the evolution equations (10). We rewrite the two constraints below,

0 ¼ e−ωs10
Z

dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
−
Z

dω0

2πi

X
α;β¼þ;−

1

ω − δαβω0

eΓðαβÞ
ω0 ðs10Þ þ

1

ω

Z
dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

ω0 − δαβω0

ω0 eδ
αβ

ω0 s10 ;

ð51aÞ

0 ¼ e−ωs10
Z

dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
−
Z

dω0

2πi

X
α;β¼þ;−

1

ω − δαβω0

eΓðαβÞ
ω0 ðs10Þ

1þ β
ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

þ 1

ω

Z
dω0

2πi

X
α;β¼þ;−

eΓðαβÞ
ω0 ðs10Þ

ω0 − δαβω0

ω0
1þ β

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

eδ
αβ

ω0 s10 : ð51bÞ

It is straightforward to show using Eq. (50) that

eδ
þβ
ω s10eΓðþβÞ

ω ðs10Þ → 0; eδ
−β
ω s10ωeΓð−βÞ

ω ðs10Þ → 0; when ω → ∞: ð52Þ
Then we can close the ω0 contour to the right in the last term of each of the equations (51) and obtain zero. What remains of
Eqs. (51) can be rewritten using the identity in Eq. (49) along with another identity relating the δαβω ,

δαβω δ−α;βω ¼ −β
ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r
; ð53Þ

which can be straightforwardly shown from the definition in Eq. (29). We obtain

e−ωs10
Z

dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼ −

1

ω

Z
dω0

2πi

X
α;β¼þ;−

ω − δ−α;βω0

ω0 −
�
ω − β

ω

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p � eΓðαβÞ
ω0 ðs10Þ; ð54aÞ

e−ωs10
Z

dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼ −

1

ω

Z
dω0

2πi

X
α;β¼þ;−

ω − δ−α;βω0

ω0 −
�
ω − β

ω

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p � eΓðαβÞ
ω0 ðs10Þ

1þ β
ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

: ð54bÞ

On the right-hand side of each of Eqs. (54), we can close the contour to the right, picking up the poles atω0 ¼ ω − β
ω

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
.

One can show using Eq. (29) that

δα;β
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p ¼ 1

2

�
ωð1þ αÞ − ð1 − αÞ β

ω

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �
; ð55Þ

which subsequently gives

δþ;β

ω−β
ω

ffiffiffiffiffiffi
1−n

2

p ¼ ω; δ−;β
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p ¼ −
β

ω

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r
: ð56Þ

Then, in view of the factor ω − δ−α;βω0 in both of Eqs. (54), we conclude that the residues of the ω0 ¼ ω − β
ω

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
poles for

α ¼ − are zero, leaving only the residues from the α ¼ þ contribution. Equations (54) thus become

e−ωs10
Z

dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼
X
β¼þ;−

�
1þ β

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p ðs10Þ; ð57aÞ

e−ωs10
Z

dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼
X
β¼þ;−

�
1þ β

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p ðs10Þ
1þ β

ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

: ð57bÞ
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Next, we recall Eq. (46), which, along with the first equality in Eq. (56), tells us that

eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p ðs10Þ ¼ e−ωs10
Z

dγ
2πi

eγs10eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p
;γ
: ð58Þ

Using this in Eqs. (57) and writing out the sum over β explicitly, we haveZ
dγ
2πi

eγs10
�eGð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼
�
1þ 1

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �Z
dγ
2πi

eγs10eΓðþþÞ
ω−1

ω

ffiffiffiffiffiffi
1−n

2

p
;γ

þ
�
1 −

1

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �Z
dγ
2πi

eγs10 eΓðþ−Þ
ωþ1

ω

ffiffiffiffiffiffi
1−n

2

p
;γ
; ð59aÞ

Z
dγ
2πi

eγs10
�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
¼
�
1þ 1

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �Z
dγ
2πi

eγs10eΓðþþÞ
ω−1

ω

ffiffiffiffiffiffi
1−n

2

p
;γ

1þ ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

þ
�
1 −

1

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �Z
dγ
2πi

eγs10eΓðþ−Þ
ωþ1

ω

ffiffiffiffiffiffi
1−n

2

p
;γ

1 −
ffiffiffiffiffiffiffiffiffiffi
1 − n

2

p
n=4

: ð59bÞ

Equations (59) can be written more compactly as a single equation,Z
dγ
2πi

eγs10
	
n
4

�
Qð0Þ

ωγ þ 2Gð0Þ
2ωγ

�
−
�
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r ��eGð0Þ
ωγ þ 2Gð0Þ

2ωγ

�

¼ β

�
1þ β

ω2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �Z dγ
2πi

eγs10 eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p
;γ
2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r
: ð60Þ

Recalling Eq. (56), we can rewrite this is asZ
dγ
2πi

eγs10

(
n
4

"
Qð0Þ

δþ;β

ω−β
ω

ffiffiffiffiffi
1−n

2

p γ
þ 2Gð0Þ

2δþ;β

ω−β
ω

ffiffiffiffiffi
1−n

2

p γ

#
−
�
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r �
×

�eGð0Þ
δþ;β

ω−β
ω

ffiffiffiffiffi
1−n

2

p γ
þ 2Gð0Þ

2δþ;β

ω−β
ω

ffiffiffiffiffi
1−n

2

p γ

�)

¼ β

0B@1þ β

½δþ;β

ω−β
ω

ffiffiffiffiffiffi
1−n

2

p �2
ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r 1CAZ dγ
2πi

eγs10eΓðþβÞ
ω−β

ω

ffiffiffiffiffiffi
1−n

2

p
;γ
2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r
; ð61Þ

which, upon the substitution

ω −
β

ω

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r
→ ω; ð62Þ

yields

Z
dγ
2πi

eγs10

(
n
4

�
Qð0Þ

δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�
−
�
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r ��eGð0Þ
δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�)

¼ β

 
1þ β

½δþ;β
ω �2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !
2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r Z
dγ
2πi

eγs10eΓþ;β
ωγ : ð63Þ

We begin to invert the remaining inverse Laplace transform by writing

n
4

�
Qð0Þ

δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�
−
�
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r ��eGð0Þ
δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�
¼ β

 
1þ β

½δþ;β
ω �2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !
2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r Z
dγ0

2πi
1

γ − γ0
eΓþ;β
ωγ0 : ð64Þ

Next, we would like to complete the inversion of the Laplace transform on the right-hand side of Eq. (64). To do so, we must
carefully recall the structure of eΓþ;β

ωγ . Equation (47) tells us that eΓþ;β
ωγ depends on the functions Aωγ and Aωγ. Defined in

Eqs. (35i) and (35j), these functions have poles at γ ¼ δþþ
ω and γ ¼ δþ−

ω . As discussed in the text following Eqs. (35),
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although these poles lie to the left of the ω contour, they lie to the right of the γ0 contour. Then, closing the γ0 contour to the
right in Eq. (64) requires us to pick up three poles: γ0 ¼ γ, γ0 ¼ δþþ

ω , and γ0 ¼ δþ−
ω . Doing so, we obtain

n
4

�
Qð0Þ

δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�
−
�
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r ��eGð0Þ
δþ;β
ω γ

þ 2Gð0Þ
2δþ;β

ω γ

�
¼ 1

8ðδþβ
ω − δ−;βω Þ

 
1þ β

½δþ;β
ω �2

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !	
½Aωγ2n − 4Aωγð2 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ�ðδ−;βω − γÞ

þ nωð eQωγ − eQð0Þ
ωγ Þð3 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
− 2γδþ;β

ω Þ þ 2ω
�
G2ωγ − Gð0Þ

2ωγ

�
½ð2 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þð4 − γδþ;β

ω Þ − 2n�

−
δ−;βω − δþþ

ω

γ − δþþ
ω

lim
γ0→δþþ

ω

�
ðγ0 − δþþ

ω Þ½Aωγ02n − 4Aωγ0 ð2 − β
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ�
�

−
δ−;βω − δþ−

ω

γ − δþ−
ω

lim
γ0→δþ−

ω

�
ðγ0 − δþ−

ω Þ½Aωγ02n − 4Aωγ0 ð2 − β
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ�
�


: ð65Þ

Explicitly substituting Aωγ and Aωγ from Eqs. (35i) and (35j), respectively, into Eq. (65), after some lengthy but
straightforward algebra, we can evaluate the residues (limits) in Eq. (65) and recast these two constraints (the first for β ¼ þ
and the second for β ¼ −) as

Qð0Þ
δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4

n

 
1 −

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !
ðeGð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
Þ

¼ 4

n
1

γ − δþþ
ω

	
ω

4
ð−2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
G2ωγðγ − rþþ

1 Þðγ − r−þ1 Þ − Gð0Þ
2ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 2 −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ��
−
n
4
ω

�eQωγðγ − rþþ
2 Þðγ − r−þ2 Þ − eQð0Þ

ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 3

2

��
− ðγ → δþþ

ω Þ


; ð66aÞ

Qð0Þ
δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4

n

 
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !
ðeGð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
Þ

¼ −
4

n
1

γ − δþ−
ω

	
ω

4
ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
G2ωγðγ − rþ−

1 Þðγ − r−−1 Þ −Gð0Þ
2ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ��
þ n

4
ω

� eQωγðγ − rþ−
2 Þðγ − r−−2 Þ − eQð0Þ

ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 3

2

��
− ðγ → δþ−

ω Þ


; ð66bÞ

where we have defined the roots of the second-order polynomials in γ that multiply G2ωγ and eQωγ as

rαβ1 ¼ 1

2

264ωþ α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − 8

 
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !�
1 −

2

ωδþ;β
ω

�vuut
375; ð67aÞ

rαβ2 ¼ 1

2

264ωþ α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − 2 − 4

 
1 − β

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !�
1 −

2

ωδþ;β
ω

�vuut
375: ð67bÞ

Note that, by properly accounting for the poles at
γ ¼ δþþ

ω and γ ¼ δþ−
ω which lie to the right of the γ

contour [that is, by picking up these poles when we
inverted the inverse Laplace transform in Eq. (64)], we
have ensured that there are no explicit poles at γ ¼ δþþ

ω and
γ ¼ δþ−

ω in Eqs. (66a) and (66b), respectively. This is

consistent with the requirement that our inverse Laplace
transform expressions (13) remain well defined with all the
singularities of the integrand located to the left of the
integration contours: for instance, requiring that G2ωγ andeQωγ have no singularities at γ ¼ δþþ

ω and γ ¼ δþ−
ω appears

to not lead to any contradictions in Eqs. (66).
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We now have two Eqs. (66) that we would like to
solve for the double Laplace images G2ωγ and eQωγ;
however, these functions appear in our equations with
multiple different arguments, which complicates our task.
The substitutions γ → δþþ

ω and γ → δþ−
ω at the end of

each of Eqs. (66) also apply to the arguments of the
double Laplace images G2ωγ and Qωγ as well, so that

Eqs. (66) contain terms proportional to G2ωδþþ
ω
, eQωδþþ

ω
,

G2ωδþ−
ω
, and eQωδþ−

ω
. At first glance, in addition to G2ωγ

and eQωγ we have these four additional functions to solve

for: G2ωδþþ
ω
, eQωδþþ

ω
, G2ωδþ−

ω
, and eQωδþ−

ω
. However, only

two specific linear combinations of these four unknowns
enter Eqs. (66). They are

ZðþþÞðωÞ≡ −
ω

4
ð−2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
ÞG2ωδþþ

ω
ðδþþ

ω − rþþ
1 Þðδþþ

ω − r−þ1 Þ þ n
4
ωeQωδþþ

ω
ðδþþ

ω − rþþ
2 Þðδþþ

ω − r−þ2 Þ; ð68aÞ

Zðþ−ÞðωÞ≡ −
ω

4
ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
ÞG2ωδþ−

ω
ðδþ−

ω − rþ−
1 Þðδþ−

ω − r−−1 Þ − n
4
ωeQωδþ−

ω
ðδþ−

ω − rþ−
2 Þðδþ−

ω − r−−2 Þ: ð68bÞ

In terms of these new objects, we rewrite Eqs. (66) as

Qð0Þ
δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4

n

 
1 −

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r !�eGð0Þ
δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ

�
¼ 4

n
1

γ − δþþ
ω

	
ω

4
ð−2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
G2ωγðγ − rþþ

1 Þðγ − r−þ1 Þ − Gð0Þ
2ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 2 −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p �
þ Gð0Þ

2ωδþþ
ω

�
2 −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ��
−
n
4
ω

� eQωγðγ − rþþ
2 Þðγ − r−þ2 Þ − eQð0Þ

ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 3

2

�
þ 3

2
eQð0Þ
ωδþþ

ω

�
þ ZðþþÞðωÞ



; ð69aÞ

Qð0Þ
δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4

n

 
1þ

ffiffiffiffiffiffiffiffiffiffi
1−

n
2

r !�eGð0Þ
δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ

�
¼ −

4

n
1

γ − δþ−
ω

	
ω

4
ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p
Þ
�
G2ωγðγ − rþ−

1 Þðγ − r−−1 Þ−Gð0Þ
2ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p �
þGð0Þ

2ωδþ−
ω

�
2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p ��
þ n
4
ω

�eQωγðγ − rþ−
2 Þðγ − r−−2 Þ− eQð0Þ

ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 3

2

�
þ 3

2
eQð0Þ
ωδþ−

ω

�
þZðþ−ÞðωÞ



:

ð69bÞ

Solving Eq. (69a) algebraically for G2ωγ [still in terms of the unknowns eQωγ and ZðþþÞðωÞ], and substituting the result into
Eq. (69b), we obtain

2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p

−2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ðγ − rþ−
1 Þðγ − r−−1 Þ

ðγ − rþþ
1 Þðγ − r−þ1 ÞZ

ðþþÞðωÞ − Zðþ−ÞðωÞ

¼ ω

4
ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
	ðγ − rþ−

1 Þðγ − r−−1 Þ
ðγ − rþþ

1 Þðγ − r−þ1 Þ
�
Gð0Þ

2ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 2 −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p �
−Gð0Þ

2ωδþþ
ω

�
2 −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ��
−Gð0Þ

2ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p �
þGð0Þ

2ωδþ−
ω

�
2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p �

þ n

4
ω

(
2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − 2n
p

−2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ðγ − rþ−
1 Þðγ − r−−1 Þ

ðγ − rþþ
1 Þðγ − r−þ1 Þ

�
−eQð0Þ

ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 3

2

�
þ eQð0Þ

ωδþþ
ω

3

2

þ γ − δþþ
ω

ω

�
Qð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4

n

 
1 −

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
4

r !
ðeGð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
Þ
��
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− eQð0Þ
ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 3

2

�
þ eQð0Þ

ωδþ−
ω

3

2
þ γ − δþ−

ω

ω

 
Qð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4

n

 
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
4

r !
ðeGð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
Þ
!)

þ n
4
ωeQωγ

	
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p

ð−2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p Þðγ − rþþ
1 Þðγ − r−þ1 Þ ðγ − γþþ

ω Þðγ − γþ−
ω Þðγ − γ−þω Þðγ − γ−−ω Þ



: ð70Þ

In writing the last line of Eq. (70) we have defined the following:

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
ðγ − γþþ

ω Þðγ − γþ−
ω Þðγ − γ−þω Þðγ − γ−−ω Þ≡ ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þðγ − rþ−

1 Þðγ − r−−1 Þðγ − rþþ
2 Þðγ − r−þ2 Þ

− ð2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þðγ − rþþ

1 Þðγ − r−þ1 Þðγ − rþ−
2 Þðγ − r−−2 Þ; ð71Þ

where the functions γ��
ω are given by

γ��
ω ≡ 1

2

�
ω�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ s1ðωÞ �

ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

pq �
ð72Þ

with

s1ðωÞ ¼ −9þ 2ð8 − 3nÞðδ−−ω þ δ−þω Þ þ 8
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ðδ−−ω − δ−þω Þ
ωð2 − nÞ ; ð73aÞ

s2ðωÞ ¼
1

ð2 − nÞ2
1

ω2
fω2ð2 − nÞ2ð49 − 16nÞ − 64ð2 − nÞð8 − 3nÞ þ 8ωðδ−−ω þ δ−þω Þð8þ 11n − 7n2Þ

þ 16ωðδ−−ω − δ−þω Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
ð2þ 5n − 2n2Þ þ 8nδ−−ω δ−þω ð16 − 7nÞg: ð73bÞ

Note that in obtaining Eqs. (72) and (73) we have extensively used the identities involving the functions δαβω in Eqs. (49)
and (53).
Equation (70) contains three unknowns: eQωγ ,ZðþþÞðωÞ, andZðþ−ÞðωÞ. However, by evaluating Eq. (70) at particular values

of γ, we could completely eliminate the term containing eQωγ (the last line), as long as eQωγ has no pole at our choice of γ. As can
be seen from Eqs. (72) and (73), we have the scalings

γþþ
ω ∼ γþ−

ω ∼ ω when ω → ∞; ð74Þ

and sowe conclude that eQωγ cannot have a singularity at either γ ¼ γþþ
ω or γ ¼ γþ−

ω , for the same reasoning discussed in the text
after Eqs. (36); that is, to avoid having singularities to the right of the γ integration contour. Thus, if we evaluate Eq. (70) first for
γ ¼ γþþ

ω then again for γ ¼ γþ−
ω , while requiring that eQωγ is finite at these values of γ, we will obtain two equations for the two

unknowns ZðþþÞðωÞ and Zðþ−ÞðωÞ, which we can solve. Then, having explicit expressions for the functions ZðþþÞðωÞ and
Zðþ−ÞðωÞ, we can construct G2ωγ and eQωγ by using Eqs. (69). The system of two equations we can solve for ZðþþÞðωÞ and
Zðþ−ÞðωÞ is then�
−

2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p

−2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p ðγ − rþ−
1 Þðγ − r−−1 Þ

ðγ − rþþ
1 Þðγ − r−þ1 ÞZ

ðþþÞðωÞ þ Zðþ−ÞðωÞ þω

4
ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p
Þ
	ðγ − rþ−

1 Þðγ − r−−1 Þ
ðγ − rþþ

1 Þðγ − r−þ1 Þ

×

�
Gð0Þ

2ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 2−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p �
−Gð0Þ

2ωδþþ
ω

�
2−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p ��
−Gð0Þ

2ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p �
þGð0Þ

2ωδþ−
ω

�
2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p �

þ n
4
ω

	
2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

4− 2n
p

−2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p ðγ − rþ−
1 Þðγ − r−−1 Þ

ðγ − rþþ
1 Þðγ − r−þ1 Þ

�
−eQð0Þ

ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 3

2

�
þ eQð0Þ

ωδþþ
ω

3

2

þ γ − δþþ
ω

ω

�
Qð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4

n

�
1−

ffiffiffiffiffiffiffiffiffiffiffi
1−

n
4

r ��eGð0Þ
δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ

���
− eQð0Þ

ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 3

2

�
þ eQð0Þ

ωδþ−
ω

3

2

þ γ − δþ−
ω

ω

�
Qð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4

n

�
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1−

n
4

r ��eGð0Þ
δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ

��
�
γ¼γþþ

ω ;γ¼γþ−
ω

¼ 0; ð75Þ
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where the subscripts after the square bracket in the last line denote the fact that Eq. (75) contains two separate equations, onewith
the left-hand side evaluated at γ ¼ γþþ

ω and another one with the left-hand side evaluated at γ ¼ γþ−
ω .

Solving this system of equations and substituting the results for ZðþþÞðωÞ and Zðþ−ÞðωÞ back into Eqs. (69), we explicitly
construct G2ωγ and eQωγ. After some significant algebra, the results can be written as

eQωγ ¼
fðeQÞðω; γÞ − 2ðγ−γþ−

ω Þðγ−γ−−ω Þffiffiffiffiffiffiffiffi
s2ðωÞ

p fðeQÞðω; γ ¼ γþþ
ω Þ þ 2ðγ−γþþ

ω Þðγ−γ−þω Þffiffiffiffiffiffiffiffi
s2ðωÞ

p fðeQÞðω; γ ¼ γþ−
ω Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ðγ − γþþ
ω Þðγ − γþ−

ω Þðγ − γ−þω Þðγ − γ−−ω Þ ; ð76aÞ

G2ωγ ¼ −
fðG2Þðω; γÞ − 2ðγ−γþ−

ω Þðγ−γ−−ω Þffiffiffiffiffiffiffiffi
s2ðωÞ

p fðG2Þðω; γ ¼ γþþ
ω Þ þ 2ðγ−γþþ

ω Þðγ−γ−þω Þffiffiffiffiffiffiffiffi
s2ðωÞ

p fðG2Þðω; γ ¼ γþ−
ω Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p ðγ − γþþ
ω Þðγ − γþ−

ω Þðγ − γ−þω Þðγ − γ−−ω Þ ; ð76bÞ

with γαβω and s2ðωÞ as defined in Eqs. (72) and (73). We have defined two new quantities,

fðeQÞðω; γÞ≡ ðγ − rþ−
1 Þðγ − r−−1 ÞfðþÞðω; γÞ − ðγ − rþþ

1 Þðγ − r−þ1 Þfð−Þðω; γÞ; ð77aÞ

fðG2Þðω; γÞ≡ n
ðγ − rþ−

2 Þðγ − r−−2 Þ
2þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − 2n
p fðþÞðω; γÞ − n

ðγ − rþþ
2 Þðγ − r−þ2 Þ

2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p fð−Þðω; γÞ; ð77bÞ

where rαβ1 and rαβ2 are defined in Eqs. (67), while fðþÞðω; γÞ and fð−Þðω; γÞ are given by

fðþÞðω; γÞ≡
	
2Gð0Þ

2ωγ

�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 2−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p �
þ eQð0Þ

ωγ ð2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p
Þ
�
ðγ − δþþ

ω Þðγ − δ−þω Þ þ 3

2

�
− ð2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2n

p
Þ γ − δþþ

ω

ω

�
Qð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4

n

�
1−

ffiffiffiffiffiffiffiffiffiffi
1−

n
2

r ��eGð0Þ
δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ

��

− fγ → δþþ

ω g; ð78aÞ

fð−Þðω; γÞ≡
	
2Gð0Þ

2ωγ

�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p �
þ eQð0Þ

ωγ ð2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ
�
ðγ − δþ−

ω Þðγ − δ−−ω Þ þ 3

2

�
− ð2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2n

p
Þ γ − δþ−

ω

ω

�
Qð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4

n

�
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1 −

n
2

r ��eGð0Þ
δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ

��

− fγ → δþ−

ω g: ð78bÞ

All four new objects, fðeQÞðω; γÞ, fðG2Þðω; γÞ, fðþÞðω; γÞ,
and fð−Þðω; γÞ are determined by the initial conditions/
inhomogeneous terms in our evolution equations (10).
One can easily show using Eqs. (72) and (73) that

2ðγ − γþ−
ω Þðγ − γ−−ω Þffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p ����
γ¼γþþ

ω

¼ 1 and ð79aÞ

2ðγ − γþþ
ω Þðγ − γ−þω Þffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p ����
γ¼γþ−

ω

¼ −1: ð79bÞ

This makes it clear that both eQωγ and G2ωγ as expressed in
Eqs. (76) have vanishing residues at both γ ¼ γþþ

ω and
γ ¼ γþ−

ω , as indeed they must in order for the inverse
Laplace transforms in Eqs. (13a) and (13g) to be well

defined, with the integrands having no singularities to the
right of the integration contours.
Having explicitly constructed eQωγ and G2ωγ, the full

solution of the evolution equations (10) is now formally
complete. In the next section, we summarize the results of
our calculation.

IV. SUMMARY OF THE SOLUTION

Returning to the original variables zs, z0s, x210, x
2
21 [see

Eq. (9)] and employing the definition in Eq. (5), we collect
all the pieces here that form the complete analytic solution
to the evolution equations (8). In addition, we undo the
rescaling introduced in defining the variables in Eq. (9) by
replacing
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ω →
ωffiffiffiffiffi
αs

p ; γ →
γffiffiffiffiffi
αs

p ; eQωγ → αs eQωγ; G2ωγ → αsG2ωγ; G
ð0Þ
2ωγ → αsG

ð0Þ
2ωγ; eGð0Þ

ωγ → αs eGð0Þ
ωγ ; Q

ð0Þ
ωγ → αsQ

ð0Þ
ωγ ;

eQð0Þ
ωγ → αs eQð0Þ

ωγ ; r
αβ
1 →

rαβ1ffiffiffiffiffi
αs

p ; rαβ2 →
rαβ2ffiffiffiffiffi
αs

p ; fðeQÞðω; γÞ → fðeQÞðω; γÞ
αs

; fðG2Þðω; γÞ → fG2ðω; γÞ
αs

;

Aωγ → αsAωγ; Aωγ → αsAωγ; eΓðαβÞ
ω ðx210Þ →

ffiffiffiffiffi
αs

p eΓðαβÞ
ω ðx210Þ; δ��

ω →
δ��
ωffiffiffiffiffi
αs

p ; γ��
ω →

γ��
ωffiffiffiffiffi
αs

p ; ð80Þ

with the arguments ω, γ of the double-inverse Laplace transform images of the dipole amplitudes not reflecting the rescaling
of ω, γ. Recalling that n ¼ Nf=Nc, we write

eQðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ eQωγ; ð81aÞ

G2ðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ
G2ωγ; ð81bÞ

eGðx210; zsÞ ¼ Z dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ�ωγ
2αs

ðG2ωγ − Gð0Þ
2ωγÞ − 2G2ωγ

�
; ð81cÞ

Qðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ�
−
ωγ

αs
ð eQωγ − eQð0Þ

ωγ Þ − 2G2ωγ

�
; ð81dÞ

Γ2ðx210; x221; z0sÞ ¼
Z

dω
2πi

Z
dγ
2πi

�
e
ω lnðz0sx2

21
Þþγ lnð 1

x2
10

Λ2
ÞðG2ωγ −Gð0Þ

2ωγÞ þ e
ω lnðz0sx2

10
Þþγ lnð 1

x2
10

Λ2
Þ
Gð0Þ

2ωγ

�
; ð81eÞ

eΓðx210; x221; z0sÞ ¼ Z dω
2πi

eω lnðz0sx2
21
Þ X
α;β¼þ;−

e
δαβω lnð 1

x2
10

Λ2
ÞeΓðαβÞ

ω ðx210Þ þ
Z

dω
2πi

Z
dγ
2πi

h
e
ω lnðz0sx2

21
Þþγ lnð 1

x2
21

Λ2
Þ
Aωγ

− 2e
ω lnðz0sx2

21
Þþγ ln 1

x2
10

Λ2
�
G2ωγ −Gð0Þ

2ωγ

�
− 2e

ω lnðz0sx2
10
Þþγ lnð 1

x2
10

Λ2
Þ
Gð0Þ

2ωγ

i
; ð81fÞ

Γðx210; x221; z0sÞ ¼
Z

dω
2πi

eω lnðz0sx2
21
Þ X
α;β¼þ;−

e
δαβω ln

�
1

x2
21

Λ2

�
1þ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Nf

2Nc

q
Nf=ð4NcÞ

eΓðαβÞ
ω ðx210Þ

þ
Z

dω
2πi

Z
dγ
2πi

264eω lnðz0sx2
21
Þþγ ln

�
1

x2
21

Λ2

�
Aωγ − 2e

ω lnðz0sx2
21
Þþγ ln

�
1

x2
10

Λ2

��
G2ωγ −Gð0Þ

2ωγ

�

− 2e
ω lnðz0sx2

10
Þþγ ln

�
1

x2
10

Λ2

�
Gð0Þ

2ωγ

375; ð81gÞ

with

eQωγ ¼
fðeQÞðω; γÞ − 2ðγ−γþ−

ω Þðγ−γ−−ω Þ
αs
ffiffiffiffiffiffiffiffi
s2ðωÞ

p fðeQÞðω; γ ¼ γþþ
ω Þ þ 2ðγ−γþþ

ω Þðγ−γ−þω Þ
αs
ffiffiffiffiffiffiffiffi
s2ðωÞ

p fðeQÞðω; γ ¼ γþ−
ω Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðγ − γþþ

ω Þðγ − γþ−
ω Þðγ − γ−þω Þðγ − γ−−ω Þ

; ð82aÞ

G2ωγ ¼ −
fðG2Þðω; γÞ − 2ðγ−γþ−

ω Þðγ−γ−−ω Þ
αs
ffiffiffiffiffiffiffiffi
s2ðωÞ

p fðG2Þðω; γ ¼ γþþ
ω Þ þ 2ðγ−γþþ

ω Þðγ−γ−þω Þ
αs
ffiffiffiffiffiffiffiffi
s2ðωÞ

p fðG2Þðω; γ ¼ γþ−
ω Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðγ − γþþ

ω Þðγ − γþ−
ω Þðγ − γ−þω Þðγ − γ−−ω Þ

; ð82bÞ

fðeQÞðω; γÞ ¼ ðγ − rþ−
1 Þðγ − r−−1 ÞfðþÞðω; γÞ − ðγ − rþþ

1 Þðγ − r−þ1 Þfð−Þðω; γÞ; ð82cÞ

fðG2Þðω;γÞ¼Nf

Nc

ðγ−rþ−
2 Þðγ− r−−2 Þ

2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2Nf

Nc

q fðþÞðω;γÞ−Nf

Nc

ðγ− rþþ
2 Þðγ− r−þ2 Þ

2−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2Nf

Nc

q fð−Þðω;γÞ; ð82dÞ
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fðþÞðω;γÞ ¼
(
2Gð0Þ

2ωγ

"
ðγ− δþþ

ω Þðγ− δ−þω Þþαs

 
2−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !#
þ eQð0Þ

ωγ

 
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !�
ðγ− δþþ

ω Þðγ− δ−þω Þþ 3

2
αs

�

−αs

 
2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !
γ− δþþ

ω

ω

"
Qð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
−
4Nc

Nf

 
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

Nf

2Nc

s !
ðeGð0Þ

δþþ
ω γ

þ 2Gð0Þ
2δþþ

ω γ
Þ
#)

− fγ→ δþþ
ω g;

ð82eÞ

fð−Þðω;γÞ ¼
(
2Gð0Þ

2ωγ

"
ðγ− δþ−

ω Þðγ− δ−−ω Þþαs

 
2þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !#
þ eQð0Þ

ωγ

 
2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !�
ðγ− δþ−

ω Þðγ− δ−−ω Þþ 3

2
αs

�

−αs

 
2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !
γ− δþ−

ω

ω

"
Qð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
−
4Nc

Nf

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

Nf

2Nc

s !
ðeGð0Þ

δþ−
ω γ

þ 2Gð0Þ
2δþ−

ω γ
Þ
#)

− fγ→ δþ−
ω g;

ð82fÞ

rαβ1 ¼ ω

2

2641þ α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8αs
ω2

 
1 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !�
1 −

2αs
ωδþ;β

ω

�vuut
375; ð82gÞ

rαβ2 ¼ ω

2

2641þ α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2αs
ω2

−
4αs
ω2

 
1 − β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

s !�
1 −

2αs
ωδþ;β

ω

�vuut
375; ð82hÞ

Gð0Þ
2 ðx210; zsÞ ¼

Z
dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ
Gð0Þ

2ωγ; ð82iÞ

eGð0Þðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ eGð0Þ

ωγ ; ð82jÞ

Qð0Þðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ
Qð0Þ

ωγ ; ð82kÞ

eQð0Þðx210; zsÞ ¼
Z

dω
2πi

Z
dγ
2πi

e
ω lnðzsx2

10
Þþγ lnð 1

x2
10

Λ2
Þ eQð0Þ

ωγ ; ð82lÞ

eΓðαβÞ
ω ðx210Þ ¼ e

−δαβω lnð 1

x2
10

Λ2
Þ Z dγ

2πi
e
γ lnð 1

x2
10

Λ2
Þ β

8ðδαβω − δ−α;βω Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2Nf

Nc

q ("
Aωγ

2Nf

Nc
− 4Aωγ

 
2− β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !!#
ðδ−α;βω − γÞ

þNf

Nc
ωðeQωγ − eQð0Þ

ωγ Þ
 
3− β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s
−

2

αs
γδα;βω

!

þ 2ωðG2ωγ −Gð0Þ
2ωγÞ

" 
2− β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−

2Nf

Nc

s !�
4−

1

αs
γδα;βω

�
−
2Nf

Nc

#)
; ð82mÞ

Aωγ ¼
1

ðγ − δþþ
ω Þðγ − δþ−

ω Þðγ − δ−þω Þðγ − δ−−ω Þ
	
ωγ

2

�
αs
�
3 −

Nf

2Nc

�
− 3γðγ − ωÞ

�
ðG2ωγ −Gð0Þ

2ωγÞ

þ αs
3Nf

8Nc
ωγð eQωγ − eQð0Þ

ωγ Þ þ αs

�
4γðγ − ωÞ − αs

�
4 −

Nf

Nc

��
G2ωγ þ αs

Nf

2Nc
½γðγ − ωÞ − αs� eQωγ



; ð82nÞ

Aωγ ¼
1

ðγ − δþþ
ω Þðγ − δþ−

ω Þðγ − δ−þω Þðγ − δ−−ω Þ
	
ωγ½2αs − γðγ − ωÞ�

�
G2ωγ −Gð0Þ

2ωγ

�
þ 4αs½γðγ − ωÞ − αs�G2ωγ þ

3

2
ωγ½γðγ − ωÞ þ αs�ðeQωγ − eQð0Þ

ωγ Þ − α2s
Nf

Nc

eQωγ



; ð82oÞ
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δ��
ω ¼ ω

2

2641�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4αs

ω2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Nf

2Nc

svuut 375; ð82pÞ

γ��
ω ¼ ω

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αs

ω2
½s1ðωÞ �

ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p
�

r �
; ð82qÞ

s1ðωÞ ¼ −9þ
2ð8 − 3

Nf

Nc
Þðδ−−ω þ δ−þω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2

Nf

Nc

q
ðδ−−ω − δ−þω Þ

ωð2 − Nf

Nc
Þ

; ð82rÞ

s2ðωÞ ¼
1

ð2 − Nf

Nc
Þ2

1

ω2

	
ω2

�
2 −

Nf

Nc

�
2
�
49 − 16

Nf

Nc

�
− 64αs

�
2 −

Nf

Nc

��
8 − 3

Nf

Nc

�

þ 8ωðδ−−ω þ δ−þω Þ
�
8þ 11

Nf

Nc
− 7

�
Nf

Nc

�
2
�
þ 16ωðδ−−ω − δ−þω Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2

Nf

Nc

s �
2þ 5

Nf

Nc
− 2

�
Nf

Nc

�
2
�

þ 8
Nf

Nc
δ−−ω δ−þω

�
16 − 7

Nf

Nc

�

: ð82sÞ

The solution contained in Eqs. (81) and (82) represents a
fully analytic solution to the small-x, large-Nc and -Nf
evolution equations (8). It is valid for any initial conditions

Gð0Þ
2 ðx210; zsÞ, eGð0Þðx210; zsÞ, Qð0Þðx210; zsÞ, eQð0Þðx210; zsÞ.

This is the main result of this work.
With the solution we have constructed here, we can

straightforwardly express the gluon and flavor-singlet
quark helicity PDFs within the DLA using Eqs. (11).
We immediately obtain

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

Z
dω
2πi

Z
dγ
2πi

eω lnð1=xÞþγ lnðQ2=Λ2ÞG2ωγ;

ð83aÞ

ΔΣðx;Q2Þ ¼ Nf

αsπ
2

Z
dω
2πi

Z
dγ
2πi

eω lnð1=xÞþγ lnðQ2=Λ2Þ eQωγ:

ð83bÞ
Next, we employ Eq. (12) with our double Laplace solution
and carry out the integrals over x210 and z to obtain

g1ðx;Q2Þ ¼
X
f

Z2
f

αs2π
2

Z
dω
2πi

Z
dγ
2πi

ω

ω − γ

× ð eQωγ − eQð0Þ
ωγ Þeω lnð1=xÞþγ lnðQ2=Λ2Þ: ð84Þ

We specify once again that Reω > Re γ along the
integration contours in all the double-inverse Laplace
transforms in this section.

V. CONNECTING TO DGLAP

As the small-x evolution studied here contains the
resummation parameter αs lnð1=xÞ lnðQ2=Λ2Þ [along with

αs ln2ð1=xÞ, another resummation parameter], the solution
constructed herein should contain the solution to the
small-x limit of the polarized DGLAP evolution equations
[79–81]. We can compare the DGLAP part of our results
both to the predictions of BER [13] and to the small-x,
large-Nc and -Nf limit of the existing finite-order calcu-
lations [80–91].
The analytic solution to the large-Nc version of the

small-x helicity evolution constructed in [40] allowed the
authors to extract an analytic expression for the (small-x,
large-Nc) GG polarized anomalous dimension ΔγGGðωÞ.
This expression, when expanded in powers of αs, com-
pletely agreed with all three existing loops of the (small-x
and large-Nc limit of the) finite-order calculations [80–91]
and agreed with the first three loops of the perturbative
expansion of the BER GG anomalous dimension, derived
in [40] using the BER IREE technique. However, ΔγGGðωÞ
from [40] disagreed in the overall functional shape with that
of BER, which led to a numerically minor disagreement at
four loops and beyond in the perturbative expansion of the
anomalous dimensions. Here, in the large-Nc and -Nf limit
of the evolution, we now have access to all four polarized
anomalous dimensions: ΔγGGðωÞ, ΔγqqðωÞ, ΔγqGðωÞ, and
ΔγGqðωÞ. The goal of this section is to extract an analytic
expression (at small-x, in the large-Nc and -Nf limit) for
each of these polarized anomalous dimensions. Since the
large-Nc limit can be taken as a Nf=Nc → 0 sublimit of the
large-Nc and -Nf calculation at hand, we see right away
that the disagreement between BER and our ΔγGGðωÞ
anomalous dimensions established in [40] should also be
contained in the present calculation.
The solution to the spin-dependent DGLAP equations at

fixed coupling (e.g., in the DLA) can be written as
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�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
Z

dω
2πi

eω lnð1=xÞ
�
ΔΣωðQ2Þ
ΔGωðQ2Þ

�
¼
Z

dω
2πi

eω lnð1=xÞ exp
	� ΔγqqðωÞ ΔγqGðωÞ

ΔγGqðωÞ ΔγGGðωÞ
�
ln
Q2

Λ2


�
ΔΣωðΛ2Þ
ΔGωðΛ2Þ

�
;

ð85Þ

withΔΣωðΛ2Þ andΔGωðΛ2Þ specifying the initial conditions of the helicity PDFs for the evolution at the input scale Λ2. As
in [56], let us define the eigenvalues of the anomalous dimension matrix [multiplied by lnðQ2=Λ2Þ],

λ1 ≡ 1

2

h
Δγqq þ ΔγGG þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔγqq − ΔγGGÞ2 þ 4ΔγqGΔγGq

q i
ln
Q2

Λ2
; ð86aÞ

λ2 ≡ 1

2

h
Δγqq þ ΔγGG −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔγqq − ΔγGGÞ2 þ 4ΔγqGΔγGq

q i
ln
Q2

Λ2
; ð86bÞ

which we can use to exponentiate the matrix of anomalous dimensions in Eq. (85). Employing these eigenvalues, we write
the DGLAP equation’s solution as

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
Z

dω
2πi

eω ln1x

0B@ eλ1þeλ2
2

þ ðΔγqqðωÞ−ΔγGGðωÞÞ eλ1−eλ2
2ðλ1−λ2Þ ln

Q2

Λ2 ΔγqGðωÞ eλ1−eλ2λ1−λ2
lnQ2

Λ2

ΔγGqðωÞ eλ1−eλ2λ1−λ2
lnQ2

Λ2
eλ1þeλ2

2
− ðΔγqqðωÞ−ΔγGGðωÞÞ eλ1−eλ2

2ðλ1−λ2Þ ln
Q2

Λ2

1CA
×

�
ΔΣωðΛ2Þ
ΔGωðΛ2Þ

�
: ð87Þ

Let us choose the simple initial conditions

ΔGðx;Λ2Þ ¼ 2Nc

αsπ
2

and ΔΣðx;Λ2Þ ¼ 0; ð88Þ

which correspond in Mellin space to

ΔGωðΛ2Þ ¼ 2Nc

αsπ
2

1

ω
and ΔΣωðΛ2Þ ¼ 0: ð89Þ

With these we obtain from Eq. (87) the following expressions for ΔΣðx;Q2Þ and ΔGðx;Q2Þ:

ΔΣðx;Q2Þ ¼ 2Nc

αsπ
2

Z
dω
2πi

eω ln1x
1

ω
ΔγqGðωÞ

eλ1 − eλ2

λ1 − λ2
ln
Q2

Λ2
; ð90aÞ

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

Z
dω
2πi

eω ln1x
1

ω

�
eλ1 þ eλ2

2
− ðΔγqqðωÞ − ΔγGGðωÞÞ

eλ1 − eλ2

2ðλ1 − λ2Þ
ln
Q2

Λ2

�
: ð90bÞ

In order to extract the anomalous dimensions, we would like to compare Eqs. (90) to the predictions for ΔΣ and ΔG
obtained in the solution to the small-x helicity evolution we constructed in the previous sections. To match the initial
conditions (88), we take the inhomogeneous terms for our helicity evolution to be [cf. Eqs. (11)]

Gð0Þ
2 ðx210; zsÞ ¼ 1; Qð0Þðx210; zsÞ ¼ eQð0Þðx210; zsÞ ¼ eGð0Þðx210; zsÞ ¼ 0; ð91Þ

which straightforwardly give [see Eqs. (82i)–(82l)]

Gð0Þ
2ωγ ¼

1

ωγ
; Qð0Þ

ωγ ¼ eQð0Þ
ωγ ¼ eGð0Þ

ωγ ¼ 0: ð92Þ

Using Eqs. (92), we can construct expressions for the double Laplace imagesG2ωγ and eQωγ by using Eqs. (82). The results are
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G2ωγ ¼
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2
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q ðγþ−
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ω Þ
�


; ð93aÞ

eQωγ ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4− 2Nf

Nc

q
ðγ − γþþ

ω Þðγ − γþ−
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2

ω
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ω
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ω Þ
�

þ 2ðγ − γþþ
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αs
ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p �
2

ω
ðγþ−

ω − rþ−
1 Þðγþ−

ω − r−−1 Þðγþ−
ω − δþþ
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ω
ðγþ−

ω − rþþ
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ω − r−þ1 Þðγþ−
ω − δþ−

ω Þ
�


: ð93bÞ

Now with ΔGðx;Q2Þ and ΔΣðx;Q2Þ given in terms of G2ωγ and eQωγ in Eqs. (83), we would first like to carry out the
integrals over γ. The only nonvanishing poles in the γ plane contained in Eqs. (93) are those at γ ¼ γ−−ω and γ ¼ γ−þω . So we
carry out the γ integrals in Eqs. (83) by closing the contour to the left and picking up these two simple poles. Schematically,

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

Z
dω
2πi

eω lnð1=xÞ½eγ−−ω lnðQ2=Λ2Þ lim
γ→γ−−ω

ðγ − γ−−ω ÞG2ωγ þ eγ
−þ
ω lnðQ2=Λ2Þ lim

γ→γ−þω
ðγ − γ−þω ÞG2ωγ�; ð94aÞ

ΔΣðx;Q2Þ ¼ Nf

αsπ
2

Z
dω
2πi

eω lnð1=xÞ½eγ−−ω lnðQ2=Λ2Þ lim
γ→γ−−ω

ðγ − γ−−ω Þ eQωγ þ eγ
−þ
ω lnðQ2=Λ2Þ lim

γ→γ−þω
ðγ − γ−þω Þ eQωγ�; ð94bÞ

with G2ωγ and eQωγ as written in Eqs. (93). We can rewrite each of Eqs. (94) in terms of the sum and difference of the two
exponential structures,

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

Z
dω
2πi

eω lnð1=xÞ
�
ðeγ−−ω lnðQ2=Λ2Þ þ eγ

−þ
ω lnðQ2=Λ2ÞÞ 1

2

�
lim
γ→γ−−ω

ðγ − γ−−ω ÞG2ωγ þ lim
γ→γ−þω

ðγ − γ−þω ÞG2ωγ

�
þ
�
eγ

−−
ω lnðQ2=Λ2Þ − eγ

−þ
ω lnðQ2=Λ2Þ

�
1

2

�
lim
γ→γ−−ω

ðγ − γ−−ω ÞG2ωγ − lim
γ→γ−þω

ðγ − γ−þω ÞG2ωγ

��
; ð95aÞ

ΔΣðx;Q2Þ ¼ Nf

αsπ
2

Z
dω
2πi

eω lnð1=xÞ
�
ðeγ−−ω lnðQ2=Λ2Þ þ eγ

−þ
ω lnðQ2=Λ2ÞÞ 1

2

�
lim
γ→γ−−ω

ðγ − γ−−ω Þ eQωγ þ lim
γ→γ−þω

ðγ − γ−þω Þ eQωγ

�
þ
�
eγ

−−
ω lnðQ2=Λ2Þ − eγ

−þ
ω lnðQ2=Λ2Þ

�
1

2

�
lim
γ→γ−−ω

ðγ − γ−−ω ÞeQωγ − lim
γ→γ−þω

ðγ − γ−þω Þ eQωγ

��
: ð95bÞ

ComparingEqs. (95) to Eqs. (90), wemake several identifications. First, from the exponentials themselves, we conclude that

λ1ðωÞ
ln Q2

Λ2

¼ γ−−ω ; ð96aÞ

λ2ðωÞ
ln Q2

Λ2

¼ γ−þω : ð96bÞ

That is, the functions γ−−ω and γ−þω (which correspond to the two pole structures that survive in the double Laplace images
G2ωγ and eQωγ) are the eigenvalues of the anomalous dimension matrix. To cross-check this result against the finite-order
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calculations [80–91],we can expand the quantities inEqs. (96) [or, equivalently, inEq. (82q)] in powers ofαs [while employing
Eqs. (82r) and (82s)]. For our functions γ−−ω and γ−þω , we find (β ¼ �)

γ−;βω ¼
�
αsNc

4π

�
1

2

"
9þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49 − 16
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1
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þ
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2 1

2

1
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��
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Nf

Nc

�

− β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49 − 16
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Nf

Nc
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þ
�
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�
3 1

ð49 − 16
Nf

Nc
Þ2

"�
49 − 16

Nf

Nc

�
2
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225 − 64

Nf

Nc

�

− β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49 − 16

Nf

Nc

s �
76489 − 60712

Nf

Nc
þ 14784

�
Nf

Nc

�
2

− 1024

�
Nf

Nc

�
3
�#

1

ω5
þOðα4sÞ: ð97Þ

Meanwhile, the small-x large-Nc and -Nf limit of the polarized splitting functions calculated to three loops is [80,81,83,87]
(with the bar over each splitting function denoting that it was calculated in the MS scheme)

ΔPqqðxÞ ¼
�
αsNc

4π

�
þ
�
αsNc

4π

�
2
�
1

2
− 2

Nf

Nc

�
ln2

1

x
þ
�
αsNc

4π

�
3 1

12

�
1 − 20

Nf

Nc

�
ln4

1

x
þOðα4sÞ; ð98aÞ

ΔPqGðxÞ ¼ −
�
αsNc

4π

�
2Nf

Nc
−
�
αsNc

4π

�
2

5
Nf

Nc
ln2

1

x
−
�
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4π

�
3 1
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Nf

Nc

�
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�
ln4

1

x
þOðα4sÞ; ð98bÞ

ΔPGqðxÞ ¼ 2

�
αsNc

4π

�
þ 5

�
αsNc

4π

�
2

ln2
1

x
þ
�
αsNc

4π

�
3 1

6

�
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Nf

Nc

�
ln4

1

x
þOðα4sÞ; ð98cÞ

ΔPGGðxÞ ¼ 8

�
αsNc

4π

�
þ
�
αsNc

4π

�
2
�
16 − 2

Nf

Nc

�
ln2

1

x
þ
�
αsNc

4π

�
3 1

3

�
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Nf

Nc

�
ln4

1

x
þOðα4sÞ: ð98dÞ

We have explicitly checked that if one converts these
finite-order polarized splitting functions ΔPijðxÞ to the
corresponding polarized anomalous dimensions ΔγijðωÞ
(with the bar denoting the MS scheme again) defined by

ΔγijðωÞ ¼
Z1
0

dx xω−1ΔPijðxÞ ð99Þ

and subsequently constructs the eigenvalues of the
anomalous dimension matrix λ1

lnðQ2=Λ2Þ and λ2
lnðQ2=Λ2Þ via

Eqs. (86), one finds exactly the same perturbative
expansion as that in Eq. (97).3 Therefore, our solution
constructed here passes this eigenvalue cross-check.
Note that, in [39], the polarized splitting functions were

extracted from the most recent version of the small-x
helicity evolution equations (8) order by order in αs, up
to four loops. There, it was observed that the splitting

functions predicted by the small-x helicity evolution agree
exactly with the full three loops of finite-order calculations
forΔPqq andΔPGG, but disagree at the third loop forΔPqG

and ΔPGq (though this disagreement was ultimately attrib-
utable to a scheme dependence [87]). However, at fixed
coupling, the scheme transformations of the matrix of
anomalous dimensions reduce only to rotations. Since
rotations do not affect the eigenvalues of a matrix, the
eigenvalues of the anomalous dimension matrix are scheme
invariant, in the approximation where one can neglect the
running of the coupling, such as our DLA. Indeed, an
anomalous dimension matrix in any scheme can then be
rotated to a scheme where the new matrix is diagonal (the
“eigenscheme”), the diagonal entries being the eigenvalues.
Thus, the anomalous dimension matrix eigenvalues calcu-
lated in any scheme ought to agree (again, at fixed
coupling), and so, indeed, our Eq. (97) agrees with the
equivalent expansion calculated in MS, despite the fact that
our splitting functions ΔPqGðxÞ and ΔPGqðxÞ disagree
at Oðα3sÞ.
Returning to Eqs. (95) and their comparison with

Eqs. (90), we can make several additional identifica-
tions by matching the coefficients of the exponential
structures,

3Note that we also have the freedom to interchange λ1 ↔ λ2 in
Eqs. (96). On the basis of comparing Eqs. (95) to Eqs. (90),
without doing further calculations, we cannot uniquely identify
the eigenvalues: the fact that the perturbative expansion (97)
matches the finite-order calculations confirms that our choice in
Eqs. (96) is correct.
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1

ω
¼
h
lim
γ→γ−−ω

ðγ − γ−−ω ÞG2ωγ þ lim
γ→γ−þω

ðγ − γ−þω ÞG2ωγ

i
; ð100aÞ

ΔγqqðωÞ−ΔγGGðωÞ ¼−ωðγ−−ω − γ−þω Þ
h
lim
γ→γ−−ω

ðγ− γ−−ω ÞG2ωγ

− lim
γ→γ−þω

ðγ− γ−þω ÞG2ωγ

i
; ð100bÞ

0 ¼ 1

2

h
lim
γ→γ−−ω

ðγ − γ−−ω Þ eQωγ þ lim
γ→γ−þω

ðγ − γ−þω Þ eQωγ

i
; ð100cÞ

ΔγqGðωÞ ¼
Nf

4Nc
ωðγ−−ω − γ−þω Þ

h
lim
γ→γ−−ω

ðγ − γ−−ω ÞeQωγ

− lim
γ→γ−þω

ðγ − γ−þω ÞeQωγ

i
; ð100dÞ

where in obtaining Eqs. (100a) and (100d) we made use of
the identities in Eqs. (96).

Equations (100a) and (100c) can be verified to be true by
explicit calculation using G2ωγ and eQωγ as written (for our
particular choice of initial conditions) in Eqs. (93). Mean-
while, we can supplement Eqs. (100b) and (100d) with two
additional equations. Using Eqs. (86) and (96), we can write

ΔγqqðωÞ þ ΔγGGðωÞ ¼ γ−−ω þ γ−þω and ð101aÞ

ΔγGqðωÞ ¼
1

4ΔγqGðωÞ
½ðγ−−ω − γ−þω Þ2

− ðΔγqqðωÞ − ΔγGGðωÞÞ2�: ð101bÞ
Together, Eqs. (100b), (100d), (101a), and (101b) form a
systemof four equations thatwe can solve for eachof the four
polarized anomalous dimensions. After considerable alge-
bra, we obtain
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Equations (102) are another important result of our work—all order in αs expressions for the (small-x and large-Nc and -Nf)
polarized DGLAP anomalous dimensions.
We can expand each of these anomalous dimensions in powers of αs to obtain
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ΔγqGðωÞ ¼ −
�
αsNc

4π

�
2
Nf

Nc

1

ω
−
�
αsNc

4π

�
2

10
Nf

Nc

1

ω3
−
�
αsNc

4π

�
3

4
Nf

Nc

�
35 − 4

Nf

Nc

�
1

ω5

−
�
αsNc

4π

�
4

2
Nf

Nc

�
1213 − 224

Nf

Nc

�
1

ω7
þOðα5sÞ; ð103cÞ
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All the expansions in Eqs. (103) agree completely with those
obtained by solving the small-x evolution equations iter-
atively in [39]. The comparisons with BER and finite-order
calculations remain the same as discussed in that reference.
Equations (103) again exhibit full agreement with BER to
three loops, with small disagreements beginning at four loops
in all the polarized anomalous dimensions [13,15], in analogy
to the large-Nc case [40]. Equations (103) are in full agree-
ment with all three loops of finite-order calculation for Δγqq
and ΔγGG, but disagree with finite-order results starting at
three loops for ΔγqG and ΔγGq. This last disagreement
(between the IREE results [13,15] and the finite-order
calculations) was already known in [87] and was attributed
to a scheme dependence there. The scheme transformation at
low x was explicitly constructed in Appendix B of [39].
Also of note is the fact that, as one can see from

Eqs. (102c) and (102d), we predict that

ΔγGqðωÞ ¼ −
Nc

Nf
ΔγqGðωÞ; ð104Þ

which of course also implies

ΔPGqðxÞ ¼ −
Nc

Nf
ΔPqG: ð105Þ

This relationship between the qG and Gq polarized split-
ting functions was observed in [39] where the splitting
functions were constructed order by order in αs up to four
loops. However, here we have demonstrated that this
prediction persists to all orders in the coupling (at small x
and largeNc andNf). The splitting functions obtainedwithin
the BER framework [15] obey the same property (105) up to
and including the four-loop level (the order the BER splitting
functions in the existing literature are knownup to at largeNc
andNf), even though the splitting functionswe obtain at four
loops disagree with those from [15].

VI. SMALL-x ASYMPTOTICS

A. The intercept

The leading small-x asymptotic behavior of our polar-
ized dipole amplitudes and thus also of the helicity

distributions and g1 structure function in Eqs. (83) and
(84), respectively, is governed by the singularity in the
complex-ω plane with the largest real part. By studying our
solution in Eqs. (81) and (82), and assuming that the initial
conditions contain no singularities in the complex-ω plane
with a large real part of ω, one can show that this leading
singularity comes from a branch point of the large square
root in the function γ−−ω .4 Note that in this section, we will
work in the notation prior to the rescaling of Eq. (80), so
that γ−−ω , s1ðωÞ, and s2ðωÞ are given by Eqs. (72) and (73).
Equating the argument of the large (outer) square root of
γ−−ω to zero [cf. Eq. (72)] in order to find the branch point,
we readily see that the intercept ωb of the helicity
distributions satisfies the algebraic equation

ω2
b þ s1ðωbÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωbÞ

p
¼ 0; ð106Þ

again with s1ðωÞ and s2ðωÞ defined in Eqs. (73). Because
of the complicated functions involved, this is a challenging
equation to solve analytically. However, we can solve it
numerically for various values of Nf and Nc. In Table I we
show the numerical values of the intercept ωb for several
values of Nf with Nc ¼ 3 obtained by a numerical solution

of Eq. (106) and denoted ωðusÞ
b .

For comparison, we also show, for each Nf, the
corresponding prediction for the intercept we obtained
from the calculation by BER IREE [13] in the large Nc
andNf approximation. The BER intercepts were calculated
numerically by following the work of [13] while taking the
limit of large Nc and Nf in all the relevant formulas, after
which we substitutedNc ¼ 3 and theNf values indicated in
Table I. For Nf ¼ 2; 3; 4 the BER intercepts were

4The rightmost branch point in γ−þω does not have such a large
real part as the rightmost branch point of γ−−ω ; the branch points in
rαβ1 and rαβ2 are not the branch points of Q̃ωγ and G2ωγ because r

αβ
1

and rαβ2 enter the expressions for Q̃ωγ and G2ωγ as ðγ − rαβi Þðγ −
r−α;βi Þ ¼ γ2 − ωγ þ rαβi r−α;βi in the numerator, for i ¼ 1; 2. Since
the large square roots in Eqs. (82g) and (82h) disappear in the
product rαβi r−α;βi , such terms do not generate new branch cuts.
Being in the numerator, they do not generate new poles either.
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previously presented in [56]. The Nf ¼ 6 case has to be
taken as a limit Nf → 6.
Comparing BER and our intercepts in Table I we

conclude that the differences between the intercepts are
numerically very minor. The intercepts of BER tend to be
larger than ours forNf ≤ 6, while forNf ≥ 7 it appears that
our intercepts become larger than BER intercepts, with the
difference growing larger with increasing Nf (indeed, the
predictions forNf ≥ 7 should probably be taken as a purely
theoretical exercise).
It is also worth noting that the intercepts we present here

(that is, “our” intercepts), which are based on the most
recent version of the small-x evolution as published in [39],
are slightly different than the intercepts obtained from
the previous version of the large-Nc and -Nf helicity
evolution [55]. That is, the quark-to-gluon and gluon-to-
quark transition operators that were incorporated into the
small-x evolution in [39] modified the intercepts slightly,
tending to make them a bit larger than their values obtained
from the evolution without the transition operators. For
example, our (unpublished) exact analytic solution of the
previous version of the large-Nc and -Nf helicity evolution
equations from [55], which were derived before [39],
yielded an intercept of 3.31621 for Nf ¼ 4 and Nc ¼ 3

(also obtained in a numerical solution of the same equations
in [56]), as compared to the updated value from Table I of
3.40514. A similar trend is observed when comparing our
intercepts from Table I to those found in [56], which were

obtained by numerically solving the large-Nc and -Nf

helicity evolution equations from [55].
The asterisk (*) in Table I denotes the fact that, when

Nf ¼ 2Nc, Eq. (106) becomes simple enough to solve
analytically. The resulting rightmost branch point is

ω
ðNf¼2NcÞ
b

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

57
ð266þ 38 × 22=3Re½ð137þ 9i

ffiffiffiffiffiffiffiffi
107

p
Þ1=3�Þ

r
≈ 3.21930; ð107Þ
which has a qualitatively similar structure to the analytic
intercept found from the large-Nc evolution [Eq. (61) in
[40]]. Note also that, takingNf ¼ 0 in Eq. (106) and solving
that equation, one obtains exactly the intercept from the
large-Nc helicity evolution [Eq. (61) in [40] ], as expected.
We conclude that all the helicity-dependent quantities

involved grow with the same power of 1=x at small x,
driven by the leading branch point ωb whose numerical
values can be found by solving Eq. (106) for any choice of
Nc and Nf. The power law for the asymptotic behavior is
thus [see Eqs. (83) and (84)]

ΔΣðx;Q2Þ ∼ ΔGðx;Q2Þ ∼ g1ðx;Q2Þ ∼
�
1

x

�
αh
; ð108Þ

where

αh ≡
ffiffiffiffiffi
αs

p
ωb: ð109Þ

B. Asymptotic behavior: Integral around
the leading branch cut

Let us now take a more detailed look at the asymptotic
behavior of the helicity distributions. By considering the
structure of our distributions in the complex-ω plane near
the leading singularity (and not by just concentrating on the
leading singularity itself, as was done in the previous
subsection), we will be able to better approximate the ω
integrals in Eqs. (83) and obtain a more detailed description
of the behavior of the helicity distributions in their small-x
asymptotics. A similar analysis was done in Appendix B of
[96] for the large-Nc versionof the small-x helicity evolution,
based on the analytic solution to that evolution constructed in
[40]. Here, we follow the procedure in [96] very closely.
Based on the correspondence with polarized DGLAP

established in Sec. V—in particular, using Eqs. (90), (86),
and (102)—we can write the helicity PDFs for the same
initial conditions as those chosen in Eq. (91) as

TABLE I. The intercepts ωb for several values of Nf where

Nc ¼ 3. ωðusÞ
b corresponds to our prediction based on the solution

of the small-x evolution in Eqs. (8) [that is, on numerically

solving Eq. (106)], while ωðBERÞ
b corresponds to the predictions of

the IREE formalism by Bartels et al. [13] obtained here and in
[56] while employing the large-Nc and -Nf approximation. Also
shown in the last column are the differences between the
predicted intercepts, which are quite small numerically in
comparison to the intercepts’ values. The asterisk for the
Nf ¼ 6 line denotes the case where an exact analytic expression
for our intercept is available, given in Eq. (107).

Nf ωðusÞ
b ωðBERÞ

b ωðBERÞ
b − ωðusÞ

b

2 3.54523 3.54816 0.00293
3 3.47910 3.48182 0.00272
4 3.40514 3.40757 0.00243
5 3.32036 3.32237 0.00201
6 3.21930ð�Þ 3.22062 0.00132
7 3.08946 3.08943 −0.00003
8 2.88228 2.87704 −0.00524
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ΔΣðy; tÞ ¼ Nf

αs2π
2

Z
dω
2πi

eωy
1

ω
ðetγ−−ω − etγ

−þ
ω Þ

8ω
�
2þ Nf

Nc

�
− 16ðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ω
�
2 − Nf

Nc

� ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p ; ð110aÞ

ΔGðy; tÞ ¼ Nc

αsπ
2

Z
dω
2πi

eωy
1

ω

264etγ−−ω þ etγ
−þ
ω

− ðetγ−−ω − etγ
−þ
ω Þ

3ω
�
6þ Nf

Nc

�
− 2
�
8 − Nf

Nc

�
ðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ω
�
2 − Nf

Nc

� ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p
375: ð110bÞ

Note that here, as in the previous subsection, we opt to work
with the variables defined prior to the rescaling done in
Eq. (80) in order to avoid factors of

ffiffiffiffiffi
αs

p
. We have defined

y≡ ffiffiffiffiffi
αs

p
lnð1=xÞ and t≡ ffiffiffiffiffi

αs
p

lnðQ2=Λ2Þ (cf. [96]).
In order to obtain a more detailed description of the

asymptotic behavior of these helicity distributions, we need
to approximate the ω integrals in Eqs. (110) in the vicinity
of the rightmost branch point ωb, which itself comes from
the function γ−−ω . In Fig. 1, we show the graphs illustrating
the structure of γ−−ω and γ−þω in the complex ω plane,
concentrating on the region around the rightmost singu-
larity ωb of γ−−ω . Branch cuts are denoted by white lines,
while black dashed lines denote the axes, and the solid
black line in the left panel of Fig. 1 denotes the integration
contour, with ω0

b the subleading branch point of γ−−ω .
As shown in Fig. 1, we can wrap the integration contour

around the leading branch point ωb. Then the vertical

segments of the integration contour are subleading, and the
ω integral can be approximated as the discontinuity across
the leading branch cut on the real axis between ω0

b and ωb.
Denoting the integrands, including prefactors, of Eqs. (110)
as ΔΣω and ΔGω, we can write [see Eqs. (B6) in [96] with
the overall sign corrected]

ΔΣðy; tÞ ≈ − lim
ϵ→0þ

Z∞
0

dξ
2πi

ðΔΣωb−ξþiϵ − ΔΣωb−ξ−iϵÞ;

ð111aÞ

ΔGðy; tÞ ≈ − lim
ϵ→0þ

Z∞
0

dξ
2πi

ðΔGωb−ξþiϵ − ΔGωb−ξ−iϵÞ;

ð111bÞ

FIG. 1. Complex ω-plane structure of the eigenvalues of the anomalous dimension matrix for Nf ¼ 4 and Nc ¼ 3. (a) The structure of
γ−−ω with the distorted inverse Laplace integration contour overlaid (black solid line). (b) The structure of γ−þω without the integration
contour. White lines indicate the branch cuts, while black dashed lines denote the axes. The two rightmost branch points of γ−−ω are
denoted by ωb and ω0

b. For comparison, they are also shown in (b) as well: we observe that γ−þω has no discontinuity in the ω0
b ≤

Reω ≤ ωb region or to the right of that region. Note that, in these plots, colors correspond to the Arg of the plotted function, while the
intensity of color corresponds to magnitude (paler color corresponds to larger magnitude).
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where we have defined ω ¼ ωb − ξ. Formally, we would
integrate along the horizontal parts of the contour from
ω ¼ ωb to ω ¼ ω0

b or vice versa (equivalently, from ξ ¼ 0

to ξ ¼ ωb − ω0
b). However, the factor eωy in Eqs. (110)

ensures that the dominant contributions to the integrals
come from larger values of ω, so we can safely send
ω0
b → −∞ (equivalently, ξ → ∞).

Since none of the other functions of ω involved in
Eqs. (110) contain discontinuities in the immediate
vicinity of the rightmost branch point ωb and the
connected branch cut, the relevant discontinuity here
is only that in γ−−ω . Using Eqs. (110) we can write the
discontinuity in each helicity distribution across this
branch cut as

ΔΣωþiϵ − ΔΣω−iϵ ¼
Nf

αs2π
2
eωy

1

ω
ðetγ−−ωþiϵ − etγ

−−
ω−iϵÞ

8ω
�
2þ Nf

Nc

�
− 16ðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ω
�
2 − Nf

Nc

� ffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p ; ð112aÞ

ΔGωþiϵ − ΔGω−iϵ ¼
Nc

αsπ
2
eωy

1

ω
ðetγ−−ωþiϵ − etγ

−−
ω−iϵÞ

×

0B@1 −
3ω
�
6þ Nf

Nc

�
− 2
�
8 − Nf

Nc

�
ðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ωð2 − Nf

Nc
Þ ffiffiffiffiffiffiffiffiffiffiffi

s2ðωÞ
p

1CA: ð112bÞ

Employing this in Eqs. (111), we write

ΔΣðy; tÞ ≈ −
Nf

αs2π
2
lim
ϵ→0þ

Z∞
0

dξ
2πi

eðωb−ξÞy

ωb − ξ

�
etγ

−−
ωb−ξþiϵ − etγ

−−
ωb−ξ−iϵ

�

×
8ðωb − ξÞ

�
2þ Nf

Nc

�
− 16ðδþþ

ωb−ξ þ δþ−
ωb−ξÞ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ωb−ξ − δþ−
ωb−ξÞ

ðωb − ξÞ
�
2 − Nf

Nc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωb − ξÞp ; ð113aÞ

ΔGðy; tÞ ≈ −
Nc

αsπ
2
lim
ϵ→0þ

Z∞
0

dξ
2πi

eðωb−ξÞy

ωb − ξ

�
etγ

−−
ωb−ξþiϵ − etγ

−−
ωb−ξ−iϵ

�

×

0B@1 −
3ðωb − ξÞ

�
6þ Nf

Nc

�
− 2
�
8 − Nf

Nc

�
ðδþþ

ωb−ξ þ δþ−
ωb−ξÞ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ωb−ξ − δþ−
ωb−ξÞ

ðωb − ξÞ
�
2 − Nf

Nc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωb − ξÞp

1CA: ð113bÞ

Because y ∼ lnð1=xÞ is very large, the integrals in Eqs. (113) are dominated by small values of ξ. Hence, we can first expand
the integrands in powers of ξ, then integrate the resulting expression term by term over ξ. We employ the following
expansion of γ−−ω around its branch point ωb,

γ−−ωb−ξ�iϵ ¼
ωb

2
∓ i

ωb

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
ξ1=2 −

ξ

2
� i

ωb

8

Cð2ÞðωbÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q ξ3=2 þOðξ5=2Þ; ð114Þ

where we define

Cð1ÞðωbÞ≡ 1

ω2
b

�
s01ðωbÞ −

s02ðωbÞ
2½s1ðωbÞ þ ω2

b�
�
þ 2

ωb
; ð115aÞ

Cð2ÞðωbÞ≡ 1

ω2
b

�
s001ðωbÞ −

s002ðωbÞ
2½s1ðωbÞ þ ω2

b�
þ ½s02ðωbÞ�2
4½s1ðωbÞ þ ω2

b�3
�
þ 2

ω2
b

: ð115bÞ

In Eqs. (115), the primes denote differentiation, the functions s1ðωÞ and s2ðωÞ are those defined in Eqs. (73), and we have
used Eq. (106) in several places to replace

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωbÞ

p
with s1ðωbÞ þ ω2

b since it is somewhat easier to numerically evaluate
the latter.
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Using the expansion in Eq. (114) in Eqs. (113), and also expanding the rest of the integrands (the parts multiplying
eðωb−ξÞy) in ξ, we obtain

ΔΣðy; tÞ ≈ −
Nf

αs2π
2
teωb

t
2

Z∞
0

dξ
2π

eðωb−ξÞy
ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

	
−FðΔΣÞ

ωb ξ1=2

þ
�
FðΔΣÞ0
ωb −

s02ðωbÞ
2½s1ðωbÞ þ ω2

b�2
FðΔΣÞ
ωb þ

�
Cð2ÞðωbÞ
4Cð1ÞðωbÞ

þ t
2
þ ω2

b

24
t2Cð1ÞðωbÞ

�
FðΔΣÞ
ωb

�
ξ3=2 þOðξ5=2Þ



; ð116aÞ

ΔGðy; tÞ ≈ −
Nc

αsπ
2
teωb

t
2

Z∞
0

dξ
2π

eðωb−ξÞy
ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

	
−
s1ðωbÞ þ ω2

b

ωb
þ FðΔGÞ

ωb ξ1=2 þ
�
−
s1ðωbÞ þ ω2

b

ω2
b

− FðΔGÞ0
ωb

þ s02ðωbÞ
2½s1ðωbÞ þ ω2

b�2
FðΔGÞ
ωb þ

�
Cð2ÞðωbÞ
4Cð1ÞðωbÞ

þ t
2
þ ω2

b

24
t2Cð1ÞðωbÞ

��
s1ðωbÞ þ ω2

b

ωb
− FðΔGÞ

ωb

��
ξ3=2 þOðξ5=2Þ



:

ð116bÞ
In Eqs. (116), primes again denote derivatives and we have defined, for brevity,

FðΔΣÞ
ω ≡ 8ωð2þ Nf

Nc
Þ − 16ðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ω2ð2 − Nf

Nc
Þ

; ð117aÞ

FðΔGÞ
ω ≡ 3ωð6þ Nf

Nc
Þ − 2ð8 − Nf

Nc
Þðδþþ

ω þ δþ−
ω Þ þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
ðδþþ

ω − δþ−
ω Þ

ω2ð2 − Nf

Nc
Þ

: ð117bÞ

Next, we carry out the integrals over ξ in Eqs. (116) to obtain the full approximation for the asymptotic behavior ofΔΣðy; tÞ
and ΔGðy; tÞ. The results can be written as (cf. [96])

ΔΣðy; tÞ ≈
�
d1;qðtÞ
y3=2

þ d2;qðtÞ
y5=2

þO
�

1

y7=2

��
eωby; ð118aÞ

ΔGðy; tÞ ≈
�
d1;GðtÞ
y3=2

þ d2;GðtÞ
y5=2

þO
�

1

y7=2

��
eωby; ð118bÞ

with the expansion coefficients given by

d1;qðtÞ ¼
Nf

αs8π
5=2 te

ωb
t
2

ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

FðΔΣÞ
ωb ; ð119aÞ

d2;qðtÞ ¼ −
3

16

Nf

αsπ
5=2 te

ωb
t
2

ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
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b
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2
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b

24
t2Cð1ÞðωbÞ

�

;

ð119bÞ

d1;GðtÞ ¼
Nc

αs4π
5=2 te

ωb
t
2

ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

�
s1ðωbÞ þ ω2

b

ωb
− FðΔGÞ

ωb

�
; ð119cÞ

d2;GðtÞ ¼ −
3

8

Nc

αsπ
5=2 te
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q
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b
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; ð119dÞ
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where, as a reminder, we have defined y ¼ ffiffiffiffiffi
αs

p
lnð1=xÞ

and t ¼ ffiffiffiffiffi
αs

p
lnðQ2=Λ2Þ. Thus, in Eqs. (118) and (119)

we have obtained fully analytic expressions for the
functional forms of ΔΣ and ΔG in the high-energy
asymptotic limit.
Note that Eqs. (118) and (119) are valid for the rightmost

branch point ωb, which can be found for any Nf and Nc.

We can use the values of ωb we obtained in Table I to
numerically compute the expansion coefficients in
Eqs. (119). We can also consider the asymptotic ratio of
ΔG to ΔΣ by computing the ratio d1;GðtÞ=d1;qðtÞ (this ratio
was previously considered in [41,43,96,97]). Analytically,
this ratio can be written using Eqs. (119a) and (119c) in a
relatively simple form,

�
ΔG
ΔΣ

�ðasymptÞ ≡ d1;GðtÞ
d1;qðtÞ

¼ Nc

4Nf

−4Nf

Nc
ðδþ−

ωb
þ δþþ

ωb
Þ þ 2ωb

�
2þ 3Nf

Nc

�
− ω3

b

�
2 − Nf

Nc

�
2ðδþ−

ωb
þ δþþ

ωb
Þ þ ðδþ−

ωb
− δþþ

ωb
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 2Nf

Nc

q
− ωb

�
2þ Nf

Nc

� : ð120Þ

In Table II, we show, for various choices ofNf withNc ¼ 3,
the leading branch pointωb (reproduced from Table I) along
with the asymptotic ratio from Eq. (120), evaluated numeri-
cally for each choice of Nf. For Nf ¼ 4 and Nc ¼ 3, it was
predicted in [96] from the large-Nc version of the small-x
helicity evolution that the asymptotic relation between the
hPDFs is ΔGðy; tÞ ≈ −3ΔΣðy; tÞ. In [41], it was found,
generalizing the formalism of BER (and working for anyNc
and Nf), that asymptotically ΔGðy; tÞ ≈ −2.29ΔΣðy; tÞ
when Nf ¼ 4, Nc ¼ 3. As can be seen in Table II, our
prediction here, based on themost recent version of the large-
Nc and -Nf small-x helicity evolution, is the asymptotic
relation ΔGðy; tÞ ≈ −2.21ΔΣðy; tÞ for the same Nf ¼ 4,
Nc ¼ 3. We can see that considering the large-Nc and -Nf

version of the small-x evolution has brought us closer to the
predictions based on the BER formalism, although, as with
the intercepts and the polarized DGLAP anomalous dimen-
sions, small disagreements still persist and probably cannot
be entirely attributed to us working in the large-Nc and -Nf

approximation with BER not employing this limit.

C. Asymptotic behavior: The saddle point method

As a complimentary cross-check for the results of the
previous section, we rederive here the leading terms of
the asymptotic expansion of the hPDFs in Eqs. (118). In the
previous section, we integrated the discontinuities of the
integrands across the leading branch cut, but in this section

we will alternatively employ the saddle point method. The
saddle point techniquewas recently used in [98] to determine
the small-x asymptotics of hPDFs in the BER framework:
that work inspired us to apply it here as well.5 Taking the
same initial conditions from Eq. (91), we begin with the
hPDFs in Eqs. (110). Making use of the notation in
Eqs. (117), we can write more compactly

ΔΣðy; tÞ ¼ Nf

αs2π
2

Z
dω
2πi

eωyðeγ−−ω t − eγ
−þ
ω tÞ FðΔΣÞ

ωffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p ;

ð121aÞ

ΔGðy; tÞ ¼ Nc

αsπ
2

Z
dω
2πi

eωy
1

ω

"
eγ

−−
ω t

 
1 −

ωFðΔGÞ
ωffiffiffiffiffiffiffiffiffiffiffi

s2ðωÞ
p !

þ eγ
−þ
ω t

 
1þ ωFðΔGÞ

ωffiffiffiffiffiffiffiffiffiffiffi
s2ðωÞ

p !#
: ð121bÞ

The saddle point of the terms containing the exponential
eωyþγ−−ω t for large y and t is determined by

d
dω

ðωyþ γ−−ω tÞ ¼ 0: ð122Þ

We will denote the saddle point [that is, the solution of
Eq. (122)] by ω ¼ ωsp. One can show that a saddle point

evaluation of the terms containing the exponential eωyþγ−þω t

leads to a subleading contribution at large y in each of
Eqs. (121), as compared to the terms containing eωyþγ−−ω t: we
can, therefore, discard the terms containing eωyþγ−þω t in our
evaluation below.
One can further show that ωsp defined by Eq. (122) lies in

the vicinity (and to the right) of the leading branch point ωb
considered in the previous section (as the ratio y=t
approaches infinity, ωsp can be seen to approach ωb).
Therefore, to employ the saddle method in order to approxi-
mate the integrals in Eqs. (121) we can again employ

TABLE II. Table of small-x intercepts and asymptotic ratios of
ΔG to ΔΣ for values of Nf with Nc ¼ 3.

Nf ωb ðΔG=ΔΣÞðasymptÞ

2 3.5452 −4.7871
3 3.4791 −3.0731
4 3.4051 −2.2075
5 3.3204 −1.6786
6 3.2193 −1.3143
7 3.0895 −1.0364
8 2.8823 −0.7872

5We would like to thank Boris Ermolaev for the correspon-
dence that motivated us to explore the saddle point approach to
hPDFs small-x asymptotics.

ANALYTIC SOLUTION FOR THE HELICITY EVOLUTION … PHYS. REV. D 113, 034002 (2026)

034002-31



Eq. (114), which contains our expansion of γ−−ω near the
leading branch point ωb. Employing Eq. (114), while now
using ω ¼ ωb þ ξ (note the relative sign) and truncating the
expansion earlier, we write

γ−−ωbþξ ¼
ωb

2
−
ωb

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
ξ1=2 þ ξ

2
þOðξ3=2Þ: ð123Þ

Using Eq. (123) in Eq. (122), and defining ωsp ¼ ωb þ ξsp,
we find

ξsp ¼
ω2
bC

ð1ÞðωbÞ
4ð1þ 2y

t Þ2
≈
ω2
bC

ð1ÞðωbÞt2
16y2

: ð124Þ

In the last step, we have assumed that y ≫ t, as is proper for
high-energy asymptotics: in this limit, indeed, ξsp is small,
and the saddle point ωsp ¼ ωb þ ξsp is close to the leading
branch point ωb.
Neglecting the terms proportional to eγ

−þ
ω t, we evaluate

the hPDFs in Eqs. (121) around the saddle point ωsp,
obtaining

ΔΣðy;tÞ≈ Nf

αs2π
2

Z
dω
2πi

eωspyþγ−−ωsp tþ1
2
tðω−ωspÞ2ðγ−−ωsp Þ00 FðΔΣÞ

ωspffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωspÞ

p ;

ð125aÞ

ΔGðy; tÞ ≈ Nc

αsπ
2

Z
dω
2πi

eωspyþγ−−ωsp tþ1
2
tðω−ωspÞ2ðγ−−ωsp Þ00 1

ωsp

 
1 −

ωspF
ðΔGÞ
ωspffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2ðωspÞ
p !

: ð125bÞ

Now we evaluate the integrands around the saddle point. Employing the expansion in Eq. (123) along with the saddle point
ωsp ¼ ωb þ ξsp, with ξsp in Eq. (124), we write

ΔΣðy; tÞ ≈ Nf

αs2π
2

FðΔΣÞ
ωbffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωbÞ

p eωbyþωb
2
t−

ω2
b
Cð1ÞðωbÞ
16

t2
y

Z∞
−∞

dν
2π

exp

	
−

4y3

ω2
bC

ð1ÞðωbÞt2
ν2


; ð126aÞ

ΔGðy; tÞ ≈ Nc

αsπ
2

1

ωb

�
1 −

ωbF
ðΔGÞ
ωbffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2ðωbÞ
p �

eωbyþωb
2
t−

ω2
b
Cð1ÞðωbÞ
16

t2
y

Z∞
−∞

dν
2π

exp

	
−

4y3

ω2
bC

ð1ÞðωbÞt2
ν2


; ð126bÞ

where we integrate along the vertical contour ω ¼ ωb þ iν. Since we are interested in reproducing the leading high-y
asymptotics here, we have neglected higher powers of ξsp in the parts of the integrands multiplying the exponentials: these
prefactors are now outside the ν integrals.
Carrying out the Gaussian integrals, we arrive at the small-x asymptotics of hPDFs,

ΔΣðy; tÞ ¼ eωby

y3=2
Nf

αs8π
5=2 te

ωb
2
t−

ω2
b
Cð1ÞðωbÞ
16

t2
y

ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

FðΔΣÞ
ωb ; ð127aÞ

ΔGðy; tÞ ¼ eωby

y3=2
Nc

αs4π
5=2 te

ωb
2
t−

ω2
b
Cð1ÞðωbÞ
16

t2
y

ωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cð1ÞðωbÞ

q
s1ðωbÞ þ ω2

b

�
s1ðωbÞ þ ω2

b

ωb
− FðΔGÞ

ωb

�
; ð127bÞ

where we employed the same substitution
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2ðωbÞ

p
→

s1ðωbÞ þ ω2
b used in the previous subsection, since the two

quantities are equal at the branch point ωb, per Eq. (106).
Note that in addition to the leading term in y we have also
obtained a diffusion term in the exponents of both of
Eqs. (127),

exp

�
−
ω2
bC

ð1ÞðωbÞ
16

t2

y

�
: ð128Þ

This term is completely analogous to the similar diffusion
term in the solution of the unpolarized Balitsky-Fadin-
Kuraev-Lipatov (BFKL) [99,100] evolution equation. If
we neglect this diffusion term, putting the exponential

in Eq. (128) equal to 1, Eqs. (127) would then exactly
reproduce the first terms of the expansion in Eqs. (118)
[with the relevant coefficients found in Eqs. (119a) and
(119c)]. Furthermore, expanding the exponential in
Eq. (128) to linear order in t2 and using the result in
Eqs. (127) yields exactly the last (order t3 in the prefactor)
term of each ofd2;qðtÞ andd2;GðtÞ in Eqs. (119b) and (119d),
showing that our method of integration across the leading
branch cut in the previous section also captured (parts of)
this diffusion term. Conversely, the diffusion term appears
to capture all the leading power of t terms in the coefficients
of the 1=y expansion of the prefactors in Eqs. (118).
The fact that, unlike the BFKL case, the helicity

evolution allowed us to obtain the explicit expressions
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(102) for the corresponding anomalous dimensions
(cf. [40]) enabled us here to perform the asymptotic
analyses both in the branch-cut integral and saddle point
methods.

VII. SUMMARY AND CONCLUSIONS

In this paper, we have analytically solved the most up-
to-date version of the small-x helicity evolution in the
large-Nc and -Nf limit, containing the quark-to-gluon and
gluon-to-quark transition operators included in [39]. Our
solution is based on a double-inverse Laplace transform
method and the complete solution of the evolution equa-
tions is presented in Eqs. (81) and (82), yielding analytic
expressions for all of the polarized dipole amplitudes. We
have also explicitly constructed the corresponding analytic
double-inverse Laplace transform expressions for the gluon
and flavor-singlet quark helicity PDFs, along with the g1
structure function in Eqs. (83) and (84).
We have successfully cross-checked our solution

against the known solution to the spin-dependent DGLAP
equations, and in doing so we have extracted analytic
predictions for the (fully resummed in powers of αs=ω2)
eigenvalues of the matrix of DGLAP polarized anomalous
dimensions and subsequently obtained analytic predictions
for all four individual polarized anomalous dimensions
themselves [ΔγGGðωÞ, ΔγqqðωÞ, ΔγqGðωÞ, and ΔγGqðωÞ]:
the results for the anomalous dimensions are given above in
Eqs. (102). All of these are fully consistent with the known
finite-order results [80,81,83,87].
We have also obtained numerical values for the intercept

of the helicity distributions in Table I [see also Eqs. (108)
and (109)], along with a more detailed description of the
asymptotic behavior of these distributions in Eqs. (118) and
(127). In doing so, we found explicit analytic and numerical
predictions (at large Nc and Nf) for the asymptotic ratio of
the gluon helicity PDF to the flavor-singlet quark helicity
PDF at small x, presented in Table II.
Just as with the analytic solution constructed in [40] for

the large-Nc version of the small-x helicity evolution
equations, we find here in the large-Nc and -Nf limit
the same general trend of full agreement with finite-order
calculations and very minor disagreements with the pre-
dictions of the BER formalism [13] (beyond the existing
three-loop precision of finite-order work). In particular,

our polarized DGLAP anomalous dimensions are fully
consistent with finite-order calculations to the existing
three loops [80,81,83,87] (up to a scheme transformation
[39,87]) and agree completely with those predicted in
the BER formalism to three loops [13]. However, our
anomalous dimensions and those of BER [13,15] disagree
beginning at the four-loop level. The difference was
already present in the analytic solution of the large-Nc
helicity evolution equations [40], which explored the pure
gluonic sector: therefore, it cannot be removed by a
scheme transformation. We find a similar small disagree-
ment in the numerical values of the intercepts predicted by
our solution and those predicted by BER, along with a
small disagreement in the asymptotic ratio of ΔG to
ΔΣ [13,41].
Future calculations in the finite-order framework for

the four-loop polarized DGLAP splitting functions can
resolve the existing discrepancy between the predictions in
this work and those of the BER IREE framework.
Nevertheless, with the most general (large-Nc and -Nf) limit
of the small-x helicity evolution [39,42,44,47,48,50,55]
now completely solved, demonstrating agreement with
finite-order calculations up to the existing three loops
[80,81,83,87], we hope the predictions herein convincingly
demonstrate that the small-x helicity formalism is a robust
and accurate tool to further push the bounds of both
theoretical and phenomenological work constraining the
spin content of the proton at small x.
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