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We investigate the multidimensional partonic structure of spin-0 mesons, specifically the pion and the kaon,
by evaluating their complete set of eight generalized parton distributions (GPDs) up to twist-4. Utilizing the
light-front quark model (LFQM) with the Brodsky-Huang-Lepage prescription, we compute these
distributions in the kinematically rich nonzero skewness (¢ # 0) domain, strictly within the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi region, x € [€, 1]. To construct a three-dimensional tomographic picture, we
perform Fourier transforms of the momentum-space GPDs to obtain the impact-parameter-dependent parton
distribution functions in the transverse plane and the corresponding diffraction patterns in the longitudinal
coordinate space. The numerical results explicitly reveal the consequences of SU(3) flavor symmetry breaking
in the LFQM, as the strange quark in the kaon dynamically shifts spatial localizations compared to the lighter
up quarks. We also observe that while higher-twist correlations exhibit massive amplitude scaling in the pion,
they are heavily suppressed by the larger macroscopic mass of the kaon.
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I. INTRODUCTION

One of the fundamental goals of quantum chromody-
namics (QCD) is to understand the complex internal
structure of hadrons in terms of their constituent valence
quarks, gluons, and sea quarks. While QCD is highly
successful in predicting experimentally verifiable phenom-
ena at high energy scales where the strong coupling is weak
and perturbative calculations are possible, describing the
bound-state structure of a hadron requires navigating the
nonperturbative regime of the theory. Traditionally, these
nonperturbative dynamics have been encoded in one-
dimensional parton distribution functions (PDFs) [1-6]
and elastic form factors [7-11]. However, to completely
understand the internal structure of hadrons, one must
move beyond the conventional one-dimensional represen-
tations. Generalized parton distributions (GPDs) [9,12-20]
have emerged as universal and powerful tools to achieve
this, providing a comprehensive, three-dimensional frame-
work that embodies both the spatial and momentum
distributions of partons.
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Among hadrons, the pion and kaon, discovered around
80 years ago [21,22], play a unique and pivotal role in
QCD. The pion is the lightest bound state in nature and is
identified as the Nambu-Goldstone boson associated with
the spontaneous breaking of chiral symmetry [23].
Similarly, the kaon is also a Nambu-Goldstone boson.
However, the presence of the heavier strange quark
explicitly breaks the SU(3) flavor symmetry [24].
Studying the kaon structure alongside the pion is highly
compelling because the unequal masses of the constituent
quarks introduce an inherent asymmetry into the system
[25-27]. Comparing the multidimensional structural
observables of these mesons provides a direct window
into the fundamental symmetry-breaking mechanisms of
the strong interaction.

The theoretical description of these spin-0 mesons is
remarkably rich. The fully unintegrated off-diagonal quark-
quark correlator for a spin-0 hadron can be parametrized to
yield a complete classification of GPDs up to higher twists
[28-35]. In total, there are eight GPDs for a spin-0 hadron.
While extensive research has focused on the zero-skewness
limit (¢ = 0), where the initial and final longitudinal
momenta of the hadron are equal, exploring the nonzero
skewness region (£ # 0) is crucial for a complete under-
standing of exclusive processes. This pursuit is driven both
by foundational theoretical frameworks [9,14,36-38] and
by robust experimental mapping efforts at facilities includ-
ing Jefferson Lab, HERMES, and ZEUS [39-44]. GPDs at
nonzero skewness encode the longitudinal momentum
transfer between the initial and final states, providing
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significantly more information about the internal partonic
dynamics than their zero-skewness counterparts. Speci-
fically, characterizing this explicit £ dependence captures
the off-diagonal momentum correlations between initial-
and final-state partons, which a zero-skewness GPD cannot
capture. This procedure uniquely unveils the diffractionlike
longitudinal spatial localization of partons along the direc-
tion of hadron motion. Furthermore, the specific GPDs that
are constrained by Hermiticity to strictly vanish at zero
skewness (such as F, and H,) can only be activated and
accessed through nonzero-skewness calculations, making
this kinematically rich domain essential for a truly com-
prehensive mapping of hadron structure.

Beyond their momentum-space definitions, GPDs act as
theoretical lenses to view the spatial distribution of partons
through Fourier transforms. Taking the Fourier transforms
of GPDs with respect to the transverse momentum transfer
A vyields the impact-parameter-dependent parton distri-
bution functions (IPDPDFs) [45-48]. This provides a
probabilistic interpretation of finding a parton with a
longitudinal momentum fraction x at a transverse distance
b, from the transverse center of momentum. Furthermore,
a Fourier transform with respect to the skewness parameter
& projects the GPDs into a longitudinal boost-invariant
space o, revealing the diffraction patterns of the target
hadron [49-51].

Because calculating GPDs directly from first principles in
QCD remains formidably difficult, theoretical investigations
have long relied on a diverse range of effective phenom-
enological models [52—-60,60—62] to capture the nonpertur-
bative structure of light mesons. However, this landscape is
rapidly evolving. While traditionally hindered by the
impossibility of directly simulating nonlocal light-cone
correlators on a Euclidean spacetime lattice, the advent of
large-momentum effective theory [63] and related pseudo-
distribution approaches has opened the door to first-princi-
ples extractions of x-dependent parton physics. Recent
breakthroughs in lattice QCD have successfully applied
these frameworks to compute the valence quasi-GPDs and
three-dimensional impact-parameter spatial distributions of
the pion [64,65]. Complementing these first-principles
advancements, phenomenological efforts continue to
expand. For instance, recent works have evaluated leading
twist-2 GPDs within nonlocal chiral quark frameworks [66]
and another work explored off-shell variations of pion
distributions [67]. Concurrently, investigations into the
higher-twist domain have advanced significantly. These
include detailed light-front and spectator model formalisms
[68—73], chiral and soliton model approaches [74—78], and
more recent phenomenological developments in both mes-
ons and baryons [79-86]. Building upon these efforts, Luan
and Lu recently utilized a light-cone quark model to evaluate
the twist-3 and twist-4 valence GPDs of the pion and kaon
[87], where the calculations were limited to the zero-skew-
ness limit (¢ = 0).

In this vanishing skewness limit, the square of the
invariant momentum transfer —¢ simplifies uniquely to
the square of the transverse momentum transfer, —¢ = Azl,
facilitating a straightforward tomographic mapping to
the impact-parameter space. Conversely, in the nonzero-
skewness regime (£ # 0), —t acquires a longitudinal com-
ponent coupled to both the skewness and the macroscopic
hadron mass M, governed by the kinematic relation —¢ =
(A3 +4EM?)/(1 - £2). While prior modeling efforts
have provided valuable insights into hadronic structure
and form factors [88-96], a simultaneous numerical map-
ping of the complete set of spin-0 GPDs [28] across the
kinematically richer nonzero-skewness domain has
remained largely unexplored.

In this paper, we bridge this gap by calculating the
complete set of eight GPDs, up to twist-4, for the valence
quarks of the pion and the kaon at nonzero skewness. The
leading-twist GPDs have been calculated previously [25,60]
and are included here for completeness. To evaluate these
distributions, we employ the light-front quark model
(LFQM) utilizing the Brodsky-Huang-Lepage (BHL) pre-
scription [97-99] for constructing the light-front wave
functions (LFWFs). The BHL prescription provides a robust
phenomenological framework, effectively capturing the
transverse momentum dependence through a Gaussian wave
function while satisfying fundamental theoretical con-
straints. While this phenomenological approach captures
essential kinematic and orbital angular momentum correla-
tions, it does not incorporate the dynamical effects of QCD
mass generation [100-102]. Utilizing the overlap represen-
tation within this light-front framework, we evaluate the
correlators. It is important to note that restricting the Fock
state expansion to the valence gg sector implicitly applies a
Wandzura-Wilczek-like approximation [103] for higher-
twist distributions, as explicit quark-gluon-quark (ggg)
correlations stemming from the transverse gauge link are
necessarily truncated. We present comprehensive three-
dimensional surface plots depicting the behavior of these
GPDs as functions of x and —¢ for fixed £, as well as functions
of x and ¢ for fixed —¢. Furthermore, to extract an intuitive
spatial picture, we numerically Fourier transform the GPDs
to evaluate the IPDPDFs in the transverse plane (with b
expressed in femtometers) and the corresponding diffraction
patterns in the longitudinal space o.

This paper is organized as follows. In Sec. II, we introduce
the theoretical formalism of the light-front framework and
detail the specific LFQM employed in this study. In Sec. III,
we systematically define the complete set of eight meson
GPDs, outlining the relevant correlators from twist-2 up to
twist-4. The mathematical formalism for projecting these
momentum-space distributions into coordinate space via
Fourier transforms, yielding both the IPDPDFs and the
longitudinal position space distributions, is established in
Sec. IV. In Sec. V, we present and extensively discuss our
numerical results for the GPDs and their corresponding
spatial tomographies. Finally, a summary of our findings is
provided in Sec. VI.
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II. MODEL DESCRIPTION
A. Light-front framework

In a light-front frame [104,105], a generic four-vector is
defined by its components as a = [a",a”,a ], where the
longitudinal light-cone components are given by a* =
a’ +a®, and a, = (a',a?) is the transverse component.

A hadronic system H can be expressed in terms of its
constituents as a Fock state. The light-front Fock state
expansion of a hadronic eigenstate with total momentum P

and spin projection S, is given by [99,106]

dxdkl,
\/_167r

x 167:35(1 - zxi)a<z> (Zkh)
i=1 i=1
x |nyx; P, x,Py +kJ_i’/1i>Wii/H(xi’kJ_i)’
(1)

where x; = k; /P* is the longitudinal momentum fraction
of the ith constituent parton, k |; is its intrinsic transverse
momentum, 4; is its helicity, and szi/H is the LFWF
amplitude.

The light-front four-momenta of the initial (P’) and final
(P hadron states are evaluated in a symmetric Drell-Yan-
West frame as

|H(P*,P,,S.

. M?>+A%/4 A}

P = [(1+§)P Rl ] 2)
, M>+A%/4 A
P [(l—é)P 7W7_7{|’ (3)

where M is the macroscopic mass of the hadron, £ is the
skewness parameter representing the longitudinal momen-
tum transfer fraction, and A | is the transverse momentum
transfer. The average four-momentum of the meson P* =
1(P'+ P")* and the total four-momentum transfer A¥ =
P'" — P"F are given by

M? A7 /4
p=lp i e o) “
A% +4EM?

The momentum of the ith constituent parton is defined as

ki+xP)?+m?
(k. );PL*) ml,kii+xiPL:|7 (6)

ki = |:xl'P+,

where m; is the mass of the ith constituent parton. The
n-particle Fock states |k}, k| ;, 4;) are normalized as follows:

= [ 162°k; s(k'7 — k)
i=1

DKy~ k)8, (7)

< k/+ kﬁ_l,/l/|n;k;r,kl,~,/1i>

For a meson (n = 2), taking the active quark momentum
fraction as x and the intrinsic transverse momentum as k | ,
and the helicities of the active quark and spectator antiquark
(or active antiquark and spectator quark) as A; and A,,
respectively, the two-particle Fock state expansion in
Eq. (1) reduces to [98,99]

dxdzkl
/1 T \/)6(1—96)1671'3

X |x. k. /117/12>‘l//;]:%2 (x.ky). (8)

B. Light-front quark model

The total two-body LFWF for a generic pseudoscalar
meson M (where M = z, K) is expressed as a product of a
momentum-space wave function ¢ and a spin-flavor
wave function yM [99]

Wg\z/t(x7kJ_’/11’/12) = ¢M<x’kl))('§:l(x’kl’/117/12)‘ (9)
Let m; represent the mass of the active constituent quark
and m, represent the mass of the spectator antiquark. The
spin-flavor wave function ¥ is constructed by trans-
forming the ordinary equal-time spin states into light-front
helicity states via the Melosh-Wigner rotation [98,99]. To
streamline the notation for the elements of this rotation
matrix, we define the constituent mass combination
myy = (1 =x)m; +xm,. For a generic pseudoscalar
meson M with spin projection S, = 0, the explicit helicity
configurations generated with all possible combinations of
1 and | for 4; and 4,, by the Melosh rotation are [25,98]

M _ M1z
wo' (k1)) =+ (IF=0),
2("1*”’"%2)
M _ mi M1z
l//O ('x’kl’ \LaT) - (l 70)’
2(ki+m%2)
k. — ik
M _ x y M1z
wy ek, 1 1) =— (IF=-1),
° . 2(ki+m12)
k, + ik

Wé\/l(x7kl’ \Li *L) =

where k| = (k. k).
Following the BHL prescription, the momentum-space
wave function ¢ is modeled as a phenomenological

Gaussian distribution dependent upon the invariant mass
K’ +m] +5 K —%—m7

squared of the free constituent system, M3 =
[98,99],
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= AMexp |-

1 k2 2
(pM(x7 k_L) < = ha i

2 2 2 232
5 kJ_ +m2> _ (ml m2) (11)
8'6/\/1 8ﬁ2

X 1—x L+ml L+m2 ’
M

where AM is the normalization constant and S, is a harmonic oscillator parameter that dictates the transverse momentum
spread. Notice that, for the pion (M = r), flavor symmetry implies equal constituent masses (m; = m, = m). Under this
condition, the second term in the exponential naturally vanishes, recovering the standard symmetric Gaussian form. For the
kaon (M = K), explicit SU(3) flavor symmetry breaking dictates m; # m,, activating the full functional structure to
maintain physical end point behaviors.

III. GENERALIZED PARTON DISTRIBUTIONS

The GPDs are rigorously defined via the unintegrated off-forward quark-quark correlator [9,28]

1 [dz= .
s =3 [ e wte () (S
T 7+

where 7 is the lightlike separation distance, V is the Wilson
line ensuring gauge invariance and is assumed unity for this
calculation, and I' spans the Dirac matrices governing
different twist structures. In this formalism, x represents the
average light-cone momentum fraction of the active quark,
while ¢£ is the skewness parameter defining the longitudinal
momentum transfer.

The evaluation of GPDs via the overlap of two-body light-
front Fock states is strictly valid only in the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) kinematic region,
defined by x > £ > 0 [106—-108]. In this domain, the process
corresponds to the emission of a quark with momentum
fraction x + £ and its reabsorption with a positive fraction
x — & The methodology does not inherently cover the
Efremov-Radyushkin-Brodsky-Lepage region (—¢ <x <¢),
which would require nondiagonal particle number transi-
tions. It is important to emphasize that restricting the light-
front Fock state expansion strictly to the valence gg sector is
equivalent to applying a Wandzura-Wilczek-type approxi-
mation for higher-twist distributions [103]. In this approxi-
mation, the dynamical higher-twist effects that come from
explicit quark-gluon-quark (¢gg) correlations via the trans-
verse gauge link are neglected. Consequently, the twist-3 and
twist-4 distributions presented here capture only the kin-
ematic higher-twist contributions arising from the transverse
momentum and orbital motion of the valence quarks. In this
work, we focus exclusively on the DGLAP region and
provide results corresponding to the hadronic model scale
[109,110], which is fixed at Q3 = 0.20 GeV? based on our
previous evaluations within this specific framework [111].
These results can subsequently serve as initial boundary
conditions for DGLAP evolution to higher experimental
0? scales.

To formalize the kinematics within this overlap repre-
sentation, the active quark longitudinal momentum frac-
tions relative to the initial and final meson states are
defined as X' = (x+¢&)/(14¢) and x" = (x=&)/(1 = &),

. (12)

=0z,=0,

respectively. This mapping critically ensures that the
individual momentum fractions satisfy x’, x” € [0, 1], which
is the defining physical characteristic of the DGLAP
kinematic domain.

The individual GPDs are parametrized from the corre-
lators for a pseudoscalar meson as follows [28]:

FIr'l = FM(x.£.1), (13)

o S g )
Fil %EM(X@ 0, (15)

Flr'l = > [ﬁ} F(x, &, t)} (16)
Flrivs) — % [zeﬁ% G (x, ¢, t)} (17)
Flio"rs] = P—M+ lie H)M (x, &, 1)], (18)
Flrl — (;‘)/f) F (x, &, 1), (19)
Flio™rs) — ( ;f)z ’GZMAIL HM(x.&.0)|.  (20)

where o'/ = i[y’,y/]/2 and €/ = e~ */. Note that M here
explicitly denotes the macroscopic meson mass, serving to
balance the mass dimension of the form factors.

The active quark intrinsic transverse momenta in the
initial (', ) and final (k")) states are kinematically linked to
the average intrinsic transverse momentum k, and the
transverse momentum transfer A . Because the spectator
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quark momentum remains unchanged during the interac-
tion, the intrinsic transverse momenta safely map as

A
kl:kl+(1—x')7{

k’i:kl—(l—x”)%. (21)
The invariant momentum transfer squared is defined as
t = A%, which yields the transverse magnitude A, =
A | = /—(1 = &)t —4M?&. For a physical scattering
process, the requirement that A2 > 0 imposes a strict
kinematic lower bound on the magnitude of the spacelike
momentum transfer,

AM2E

T2 (22)

-2 (_t)min =

We define the transverse momentum transfer vector explic-
itly as A = (A, A)).

We define the helicity overlap matrix elements Ay,
where A and A’ denote the initial and final helicity states of
the active quark, by tracing over the unobserved spectator
quark helicity A,

Ay = Z (W;lx)*h’/%- (23)
A e{t}

To compress the analytical forms of the correlators, we
project these overlap amplitudes into a scalar S, a pseu-
doscalar P, and a 2D vector V,

S:ATT+AN’ (24)
P:ATT _‘Aii’ (25)
V= (’ATlJr'AiT’i(AiT_ATi))' (26)

To capture the complex phase space routing in the higher-
twist correlators, we define two auxiliary transverse
momentum vectors A and B, representing interference
between the intrinsic transverse momentum k; and the
momentum transfer A |,

A= 2§kl - XAL, (27)
B=2xk, —EA . (28)

For generic 2D vectors a and b, the cross product yields a
scalar defined as a x b = a,b, — a,b,. We also define the
orthogonal z-axis rotation and a rank-2 symmetric tensor
contraction 7 for a generic vector a,

Zxa=(-aya,), (29)

T(a,V)=2(a-V)a-aV. (30)

Note that, in the subsequent sections, boldface vector

correlators such as FI') or Flie™rs) are used strictly as a
compressed 2D shorthand to simultaneously represent the
grouped transverse components (e.g., j =1, 2). They
should not be confused with the individual Lorentz

component parametrizations F "] introduced earlier.

A. Twist-2 correlators

The leading-twist correlators scale with A/, and extract
the pure scalar and transverse vector components directly.
We define the kinematic coefficient,

x2 _ 52
1673x

Ny = (31)

This gives the two twist-2 GPDs F:"! and H:{" from their
correlators,

Flr'l = / &’k NS, (32)

Flic""rs) — / d*k \ N,V. (33)

B. Twist-3 correlators

The subleading twist-3 correlators introduce dynamical
mixing scaled by N3 Mass terms couple to the primary
projections, while momentum components induce orbital
angular momentum interference. We define the kinematic
coefficient,

1
i 32m3xPH /¥ — &

This gives the four twist-3 GPDs E3", F}1, G2, and Hy!
from their correlators. Note that F3 corresponds to the
vector projection while Hﬁ” corresponds to the tensor
projection,

N

(34)

Fll = / &k N32m xS +i(Ax V)],  (35)

Firl — / Pk N5 2im E(2 x V) + SB — iP(2 x A)),
(36)
Fliotss] — / Pk NS 2im S~ (Bx V)], (37)

(Flio*'vs) = —plie"rs]y,

Firr — / &k N3[2mxV + PB - iS(z x A)].  (38)
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C. Twist-4 correlators

The twist-4 correlators feature highly coupled quadratic
momentum structures. The tensor 7 emerges naturally
from the interference of angular phases with the vector
amplitude. We define the kinematic coefficient,

1
B 6471'3x(P+)2\/x2f§2.

This gives the two twist-4 GPDs F{! and H4" from their
correlators,

Ny

(39)

Flirl — / PR N (4 + 4m? — A2)S

—4im (A} xV)+4iP(k;, xA)], (40)

Fliors] _ / Lk N [Am2V — 4T (k. V) + T(AL, V)

+4m, 2Pk, —iS(Ex A))]. (41)

IV. FOURIER TRANSFORMS OF GPDS

The 3D tomographic picture of the meson is revealed by
Fourier transforming the GPDs from momentum space to
coordinate space [45,47,112].

A. Impact-parameter-dependent parton
distribution functions

In the zero-skewness limit (£ = 0), the invariant momen-
tum transfer is purely transverse, = —A?. The two-
dimensional Fourier transform of a GPD with respect to
the transverse momentum transfer A | yields the IPDPDF.
For a GPD FM, the IPDPDF is defined as

d*A )
(b = [ e €A 0.2AT), (#2)

where b | is the transverse impact parameter, representing
the distance between the active quark and the transverse
center of momentum of the meson. This distribution
allows us to visualize the spatial distribution of partons
in the transverse plane. Integrating over the transverse
coordinate space recovers the standard collinear PDF,

fx) = [db. g (x.b)).

B. Longitudinal position space distributions

To explore the distribution of partons in the longitudinal
direction, we perform a Fourier transform of the GPDs with
respect to the skewness parameter & for a fixed value of the
invariant momentum transfer squared ¢. The conjugate
variable to the skewness is denoted by o, which serves
as a measure of the longitudinal distance. The distribution

in longitudinal position space is defined as
M dé: —i M
SM(x,0,1) = 7€ iEopM(x, &, 1), (43)
b1

where FM(x,&,t) represents a GPD. By analyzing these
distributions at fixed invariant momentum transfer ( < 0),
we can investigate the longitudinal localization of quarks
carrying a specific longitudinal momentum fraction x.

V. RESULTS AND DISCUSSION

Before proceeding, it is necessary to clarify the generic
meson notation adopted in this work. Physically, the pion
exists in three distinct charge states (z", 7z, 7%), and the
kaon exists in four (Kt, K, K°, K°). However, within the
framework of our LFQM, we operate in the strict isospin
symmetry limit where the up and down constituent quark
(antiquark) masses m,, and m,, respectively, are treated as
degenerate (m, = my ). Furthermore, since we do not
explicitly incorporate electromagnetic interactions, the
subtle macroscopic mass splittings between the charged
and neutral states of these mesons can be neglected.
Consequently, the internal partonic dynamics and the
resulting GPDs evaluated in this model are dynamically
equivalent across all states within a given meson multiplet.
For this reason, throughout this paper, we consistently
employ the generic notations z and K to represent any
physical charge state of the pion and kaon, respectively.
When isolating the contributions of individual valence
constituents, we formalize the notation to /\/lq, where
M denotes the meson and ¢ specifies the active quark
flavor. Accordingly, in the numerical evaluations that
follow, we explicitly present the calculated distributions
for the up quark in the pion (x,) as the representative
symmetric case, alongside both the up (K,) and strange
antiquark (K5) in the kaon to explicitly illustrate the dynami-
cal consequences of SU(3) flavor symmetry breaking.

The complete set of pion and kaon GPDs, defined in
Egs. (13)-(20) and (32)—(41), are numerically evaluated
using the LFQM described in the previous section. The full
set of numerical parameters used for this phenomenological
model is summarized in Table I. The constituent quark
masses, meson masses, and oscillator parameters are
chosen to be consistent with established literature [87].
These phenomenological parameters were derived from the
global analysis by Qian and Ma [99], fitting a wide array of
low-energy observables. We note that the large constituent
mass ratio m,/m,, ~ 2.8 adopted in our LFQM parametri-
zation inherently leads to a pronounced flavor asymmetry
in the kaon GPDs, which we will discuss in the subsequent
subsections. The normalization constants are uniquely
fixed by enforcing the probability normalization condition
of the lowest-lying Fock state. Because these GPDs
are evaluated strictly within the DGLAP kinematic
domain, results are presented for x > £ Computations
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TABLE I. Model parameters for the pion (z) and kaon (K). The
active and spectator constituent quark masses (m,, my), the
macroscopic meson masses (M x), and the harmonic oscillator
parameters (f, x) are given in GeV. The normalization constants
AM (in GeV™!) are constrained by the probability normalization
of the wave functions.

Parameter Value
u/d-quark/antiquark mass m,, 0.200
s-quark/antiquark mass m; 0.556
Mass of the pion M, 0.140
Mass of the kaon Mg 0.493
Oscillator parameter of pion f, 0.410
Oscillator parameter of kaon fg 0.405
Normalization constant (m; = m,,, m, = m,), A" 44.2357
Normalization constant (m, = m,, m, = my), AX 74.0333

are performed at the initial model scale, providing the
baseline boundary conditions required for subsequent
DGLAP evolution to higher experimental scales.

A. Numerical results for GPDs at fixed &

The 3D surface plots in Fig. 1 illustrate the GPDs of the
pion, which shows the interplay between x and — at fixed
skewness values & = 0.1 (top two rows) and & = 0.3 (last
two rows). Universally, the GPD amplitudes decay mono-
tonically with increasing —¢, consistent with the expected
behavior of hadronic form factors reflecting the finite
transverse spatial extent of the meson. At £ = 0.1, shown
in the first two rows of Fig. 1, the twist-2 distributions F7{"
and H}" exhibit pronounced symmetric peaks with respect
to x at low momentum transfer, reaching maximum
amplitudes of 1.53 at x =0.53 and 0.20 at x = 0.36,
respectively. Moving to higher twists, E5* displays a
gradual decline with respect to —¢ from its peak value of
6.44. In contrast, F5* drops sharply along the — axis and
develops negative probability domains at higher x, falling
to a minimum of —0.12. The chiral-odd GJ* is uniquely
characterized by distinct positive and negative peaks, 0.83
at x = 0.15 and —0.59 at x = 0.62, respectively, while H’zz“
presents a positive peak of 2.76 near x = 0.19. The twist-4
distributions exhibit significant amplitude scaling, as seen
from the plots, F3" reaches 133.62 at low x, particularly at
x = 0.23, while H3" forms an entirely negative distribution
with a peak value of —6.21 at x = 0.28.

Increasing the skewness to & = 0.3 (presented in the
lower two rows of Fig. 1) generally shifts the distribution to
higher x and also suppresses the overall magnitude of the
distributions. For instance, the F/{" peak drops to 1.24 while
shifting to a higher-x value of 0.61, and this qualitative
behavior is common for other distributions HT*, E3", F5",
G5, F3", and H3". A notable exception to this suppression
pattern can be observed for H3*, which scales up to
3.99. The kinematic shift also alters the topology of the

Ty

higher-twist functions. The peak of E,* (6.31) migrates
from strictly —t ~ 0 to —t = 1.04 GeV?. Furthermore, the
negative domains in F3* and G3* become more pro-
nounced, dropping to —0.35 and —0.66, respectively, as
the larger longitudinal momentum transfer seen through
increased & forces greater correlations between the initial
and final states. In twist-4, the H3" scaled down in the
negative direction to a peak value —5.4.

Figure 2 shows the corresponding fixed-£ GPDs for the
kaon, separating the contributions of the u and s quarks in
the top two rows and lower two rows, respectively, to
highlight explicit SU(3) flavor symmetry breaking. While
the global decay with respect to —¢ mirrors the pion, the
mass asymmetry between the constituent quarks modifies
their longitudinal momentum distributions. The heavier s
quark naturally carries a disproportionately larger fraction
of the kaon’s momentum compared to the lighter u quark
within the kaon, which explicitly shifts the peaks of all 5
GPDs toward higher-x values relative to the u quark. For
instance, at £ = 0.1, the twist-2 F f peaks at x = 0.61 with

an amplitude of 1.85, whereas the u quark distribution F {(
peaks earlier at x = 0.43 with an amplitude of 1.76. The
twist-2 H, behaves similarly, with H{(‘ peaking at 0.61 and
H f“ at 0.88. Among the twist-3 distributions, Eg ¢ and Hg §
achieve maximum amplitudes of 3.96 and 0.86, respec-
tively, while their u quark counterparts peak at 2.70 and
1.44. The chiral distributions F, and G, develop both
positive peaks and negative troughs; for example, Ff §

ranges from 0.29 to —0.08, whereas F § “ exhibits a stronger
positive peak of 1.20 and a trough of —0.15. Similar
kinematic shifts persist through the higher twists. The
twist-4 F f * distribution reaches a peak of 16.13 at

x = 0.37, while Ff peaks at 15.48 earlier at x = 0.22.
The predominately negative H; distribution shows a

minimum of —2.93 for Hg("" compared to —4.07 for H ?“.

B. Numerical results for GPDs at fixed —¢

The dependence of the GPDs on the skewness parameter
£ and longitudinal momentum fraction x is explored in
Fig. 3 at fixed momentum transfers of —¢ = 1.0 GeV? (top
two rows) and 4.0 GeV? (last two rows) for pion. Among
the complete set of distributions, the behavior of the
twist-3 chiral-even GPD F7* and the chiral-odd GPD
H>" is fundamentally governed by the Hermiticity con-
straints of their underlying generalized transverse-
momentum-dependent  distributions (GTMDs) [28].
When integrated over transverse momentum to project
onto the GPD limit, Hermiticity explicitly requires F»"
and H3" to be odd functions of . A direct mathematical
consequence of this odd symmetry is that both distributions
must strictly vanish in the forward limit, yielding
F3*(x,0,7) = 0 and H5"(x,0,¢) = 0. Furthermore, because
establishing structural relations between GPDs and standard

074056-7



A, KAUR, and DAHIYA

PHYS. REV. D 114, 074056 (2026)

Fl(e & =0.1, - Hi(x, & =0.1, 1)

H3(x, & =01, -1)

Gy'(x, £ =0.3, -1)
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FIG. 1.
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100
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The eight GPDs of the pion (¢ quark) as functions of the longitudinal momentum fraction x and the invariant momentum

transfer squared —¢, evaluated at fixed skewness & = 0.1 (top two rows) and & = 0.3 (bottom two rows). The set includes twist-2
(F*, HT"), twist-3 (E3", F53', G5", Hy"), and twist-4 (F3", H3") distributions.

transverse-momentum-dependent ~ distributions (TMDs)
inherently relies on evaluating the system at £ = 0, this
vanishing behavior precludes F5* and H," from having
direct TMD analogs. This rigorous constraint is clearly visible
in Fig. 3, where both these distributions fall to zero at £ = 0
and exhibit clear odd symmetry along the skewness axis.
The GPDs of the pion at —t = 1.0 GeV? can be seen
plotted in the first two rows of Fig. 3. The twist-2 GPDs F "
and H}* peak near the forward limit (£ — 0) with maxi-
mum amplitudes of 0.83 at x = 0.70 and 0.09 at x = 0.54,
respectively. Both distributions are heavily localized in the
valence-dominated high-x region and exhibit a slow decline
as skewness increases. The twist-3 E5* shows similar
stability with respect to £, maintaining a peak amplitude

of 6.35 broadly centered around x = 0.56. The G5* dis-
tribution retains its dual-node topology along the x axis
regardless of skewness, characterized by a positive peak of
0.43 at lower momentum fractions (x = 0.27) and a distinct
negative trough at —0.50 in the higher-x regime (x = 0.73).
For the odd-symmetry distributions, F5* and H5" naturally
develop substantial probability densities only at higher
skewness, reaching peaks of 0.32 (at x = 0.36) and 5.16 (at
x = 0.60), respectively. Moving to the twist-4 sector, F3"
presents a prominent positive peak of 100.46 heavily
localized in the lower-x region (x =0.29) at &=0.
Conversely, H3* maintains an entirely negative amplitude,
reaching —5.18 at x = 0.55, that spreads broadly across the
intermediate momentum fractions.
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100
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FIG. 2. The eight GPDs of the kaon as a function of longitudinal momentum fraction x and invariant momentum transferred squared
—t, evaluated at skewness parameter £ = 0.1, comparing the distributions of the lighter # quark (top two rows) and the heavier 5 quark

(bottom two rows).

Increasing the momentum transfer to —t = 4.0 GeV?,
shown in the lower two rows of Fig. 3, introduces a
universal amplitude suppression across all distributions
while preserving their underlying topological symmetries.
This systematic decay is a consequence of structural form
factor scaling. Higher momentum transfers probe increas-
ingly compact spatial configurations within the meson. For
instance, the primary peak of the twist-2 unpolarized
distribution F7* drops from 0.83 at 1.0 GeV? down to
0.35 at 4.0 GeV?2, while its maximum shifts to x = 0.82. A
similar proportional suppression is observed in the GPD
HT", whose peak falls to 0.03. Crucially, the strict
Hermiticity constraints dictating the behavior of the
twist-3 functions remain fully intact. Both FJ* and H»"
continue to strictly vanish along the forward & = 0 axis. In

the twist-4 sector, the F3" peak is suppressed from 100.46
down to 62.07. Despite this amplitude reduction across all
twists, the relative functional shapes and specific x local-
izations are cleanly preserved across the (x,&) kin-
ematic plane.

Figure 4 depicts the fixed-t GPDs for the kaon « quark in
the first two rows and the § quark in the last two rows, at
—t = 1.0 GeV2. The topological behavior across the &
domain closely resembles that of the pion, but the flavor
asymmetry again dictates the amplitude scales. At this
specific momentum transfer, the kaon’s § quark distribu-
tions exhibit systematically higher peak amplitudes at low &
compared to the corresponding u quark distributions.

Looking at the leading-twist distributions, F f peaks at
1.25, while F f peaks at 0.87, and similarly HlfE reaches
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The GPDs of the pion u quark as functions of longitudinal momentum fraction x and skewness parameter &, evaluated at a fixed

momentum transfer of —¢ = 1.0 GeV? shown in the top two rows and —t = 4.0 GeV? shown in the bottom two rows.

0.40 compared to 0.39 for Hf This scaling trend persists
comprehensively across the higher twists. The twist-3 Ef §
peaks scale to 3.51 for 5 versus Ef “up to 2.51 for u, and the

H, distribution reaches 2.07 for s versus 1.78 for u. The
odd-symmetry distributions F, and G, also exhibit distinct

domains; Ff ¢ displays a peak of 0.23 and a trough of
—0.37, while F’ § “ reaches 0.32 and —0.41, with G, showing
parallel behavior. The twist-4 dynamics follow identically,
with Ff peaking at 13.09 for 5 versus Ff“ at 10.29 for u,
and the negative Hg( ¢ distribution dropping to —2.56 for s
versus Hg( “ to —2.82 for u. As observed in the fixed-&
analysis, all § distributions remain systematically shifted
toward higher x across the entire skewness domain,
reflecting the persistent kinematic dominance of the heavier
strange constituent.

C. Numerical results for IPDPDFs

In this subsection, we analyze the spatial structure of the
pseudoscalar mesons by examining their IPDPDFs in the
transverse plane. As discussed in the previous section,
the Fourier transform of the GPDs at £ = 0 yields these 2D
spatial densities, ¢ (x, b ), which describe the probability
density of finding an active quark at a transverse distance
b carrying a longitudinal momentum fraction x. From the
eight GPDs discussed earlier, only six IPDPDFs are
possible as F7! and Hé” strictly vanish at £ = 0 where
IPDPDFs are defined.

In Fig. 5, all possible IPDPDFs (in fm~2) of the pion u
quark are plotted as a function of transverse spatial distance
b, (in femtometers) for different longitudinal momen-
tum fraction values x. Across all these distributions, a
universal scaling behavior is immediately evident. As the
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FIG. 4. The kaon GPDs as functions of longitudinal momentum fraction x and skewness parameter ¢ at fixed momentum transfer
—t = 1.0 GeV?, comparing the u quark (top two rows) and 5 quark (bottom two rows).

longitudinal momentum fraction increases from x = 0.3 to
x = 0.7, the transverse distributions systematically narrow.
This physical contraction reflects the correlation between
longitudinal and transverse degrees of freedom. At high x,
the active quark carries the majority of the pion’s momen-
tum, forcing the transverse separation between the active
quark and the spectator to shrink. Consequently, the
probability density becomes highly localized near the
transverse center of mass (b; — 0).

At lower momentum fraction, x = 0.3, F“(x,b,) is
broad and centrally peaked at 0.83. However, as x
increases, the overall amplitude scales to 4.49 at x = 0.7
and a pronounced bimodal structure emerges. A central dip
forms at b, = 0, pushing the maximum probability density
outward into a ringlike structure in the transverse plane. It is

important to note that this bimodal structure of F{* when
projected to the impact-parameter space is highly sensitive
to our specific parametrization of the LFWEF. For the
symmetric pion, the absence of the explicit mass-splitting
term in the BHL exponent preserves this bimodal topology.
In contrast to the unpolarized case, H7"(x, b, ) maintains a
strict, unimodal Gaussian-like profile across all calculated x
values. The peak resides permanently at the center and
scales steadily in amplitude, from 0.32 at x = 0.3 t0 0.74 at
x = 0.7, while the tails compress inward. The twist-3
E5“(x,b) features a prominent central peak that scales
with x, reaching an amplitude of 119.86 at x = 0.7. Unlike
the twist-2 functions, E3* develops negative probability
domains, with negative peaks at —8.31, appearing sym-
metrically around the central core. The G3*(x,b))
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FIG. 5.
momentum fraction values x at 0.3, 0.5, and 0.7.

distribution displays a distinct topological transition as a
function of x. At x = (.3, it presents as a broad, purely
positive central peak. By x = 0.7, negative troughs at —1.73
dominate the intermediate b | regions. The amplitude of the
twist-4 F3“(x,b ) shows a significant scale amplification,
reaching a peak value of 1647.40 at x = 0.7. Hy"(x, b))
shows a predominately negative distribution, with the
minimum decreasing from —20.76 to —80.44 as x increases
from 0.3 to 0.7.

The IPDPDFs (in fm~2) for both the u quark and the 5
quark in the kaon are presented in Fig. 6 in the first two rows
and the last two rows, respectively. A notable difference
from the pion distributions is the explicit manifestation of
SU(3) flavor symmetry breaking. For the lighter u quark, the
spatial distributions exhibit nonmonotonic amplitude scal-
ing at high x. For example, in H{{“ (x,b,) and Fg(“ (x,b,),
the central probability peak reaches a maximum at x = 0.5
(2.53 and 75.55, respectively) before dropping at x = 0.7 (to

1.79 and 32.41). The twist-3 Ef" peaks from 11.52 at x =
0.3 to 28.94 at x = 0.7, while the negative Hg( “ minimum
deepens from —14.26 to —21.55. Furthermore, G5 " (x, b | )
undergoes a distinct topological inversion, where the central
core transitions from a positive peak at x = 0.3 into a
negative trough value of —2.24 at x = 0.7.

Conversely, the distributions for the heavier § quark, F' Kf,
H f?, and Ef 5, display amplitude amplification up to
x = 0.7, reaching central peaks of 8.04, 3.85, and 64.55,

respectively. The Gf5 distribution also exhibits growth,
increasing from a peak of 1.84 at x =0.3 to 2.24 at

The six IPDPDFs (in fm™2) of the pion as a function of transverse spatial distance b, (in femtometers) for three longitudinal

x =0.7. In the twist-4 sector, the strange quark shows
enormous scaling, with the F f ¥ peak surging from 61.04 at

x=03 to 258.52 at x=0.7, and the Hj' minimum
dropping drastically from —4.83 to —39.46. This strictly
aligns with the kinematic expectation that the heavier
strange quark naturally carries a larger fraction of the
meson’s longitudinal momentum, making highly localized,
high-x spatial configurations more probable for the 5 quark
than for the u quark. Notably, unlike the bimodal structure
seen in the pion’s unpolarized twist-2 distribution, both F f

and F f maintain strictly unimodal, centrally peaked pro-
files across the evaluated domain, and the bimodal structure
of the pion is strictly suppressed in the kaon due to SU(3)
flavor symmetry breaking through LFQM.

D. Numerical results for longitudinal
spatial distributions

In Fig. 7, the longitudinal spatial distributions are plotted
as a function of the conjugate coordinate ¢ at —t = 1.0 GeV?
for different values of x, particularly at x = 0.3, 0.5, and 0.7.
These are obtained by Fourier transforming the GPDs with
respect to the skewness parameter £ at a fixed momentum
transfer of —t = 1.0 GeV?. Across all evaluated mesons and
flavors, the most prominent characteristic is a distinct,
diffractionlike oscillatory pattern. Mathematically, this pat-
tern is a direct consequence of the finite integration bounds.
Because the DGLAP kinematic domain restricts £ < x, the
Fourier transform is truncated, naturally producing a sinc-
like spatial distribution.
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FIG. 6. The first six and the next six plots show the IPDPDFs (in fm~2) of kaon u quark and 5 quarks, respectively, as a function of
transverse spatial distance b, (in femtometers), at three longitudinal momentum fraction values x at 0.3, 0.5, and 0.7.

As the momentum fraction x increases from 0.3 to 0.7,
integration window for ¢ expands.
Consequently, the central peak at ¢ = 0 systematically
narrows, and the frequency of the peripheral spatial
oscillations increases. For the pion u quark, the central
peaks of F{* and HT" grow from 0.003 to 0.13 and 0.01,
respectively, as x increases to 0.7. The twist-3 E5* and H5"

the allowable

074056-13

distributions also scale up to peaks of 1.08 and 0.57,
respectively, while the F3* and G5 develop central minima
at higher x. While the structural frequencies evolve sim-
ilarly across quarks, the absolute amplitudes of these
longitudinal distributions heavily depend on the specific
flavor and twist, with twist-4 distributions again exhibiting
the most significant magnitude scaling, highlighted by the
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shown at different x values 0.3, 0.5, and 0.7 The first eight plots are for the pion u quark, the second eight plots are for the kaon u quark,
and the last eight plots are for the kaon s quark.
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pion’s F3" peak of 8.70 at x = 0.5 and the H3* minimum of
—0.84 at x =0.7.

Comparing the longitudinal spatial profiles of the u
quark in the pion versus the kaon reveals the impact of the
hadron mass scale, particularly within the higher-twist
dynamics. While the twist-2 distributions F; and H,
exhibit relatively similar central amplitudes between the
two mesons, the twist-3 and twist-4 distributions undergo
substantial kinematic suppression in the kaon compared to
the nearly massless pion. For instance, at x = 0.5, the twist-
4 F3“(x,0) central peak for the pion increases to an
amplitude of 8.70. In contrast, the identical distribution
for the u quark in the heavier kaon is suppressed, reaching a
maximum amplitude of only 0.59. A similar disparity is
visible in the twist-3 E, distribution, where the pion peak of
0.88 clearly dominates the corresponding kaon u peak of
0.33. This order-of-magnitude suppression is a direct
consequence of the heavier kaon mass My entering the
denominator of the covariant decomposition prefactors
((PT)"/M™), mathematically enforcing the suppression
of higher-twist correlations in heavier bound states.

Within the kaon itself, explicit SU(3) flavor symmetry
breaking influences the longitudinal localization of the
partons. Because the § quark is substantially heavier than
the u quark, it naturally resists spreading out in the longi-
tudinal coordinate space, resulting in a sharper and denser
localization near the central origin (6 = 0). At x = 0.7, the
twist-2 unpolarized distribution F ff reaches a central ampli-
tude of 0.19, which is nearly double the peak density of the
lighter u quark (F f = 0.10) within the same meson. This
distinct mass hierarchy persists consistently throughout the
higher-twist regime, with the £, and F; peaks of the strange
quark scaling significantly higher than those of the u quark.
The remaining distributions, including H;, H,, and Hj,
follow analogous scaling patterns. Specifically, the positive
central peaks of H, and H, narrow with x, reaching 0.05 and
0.26 respectively, for H fﬁ and H 53 at x = 0.7, compared to

0.02 and 0.12 for H f“ and Hf“. Furthermore, the central
negative minimum of H; deepens considerably at higher

momentum fractions, falling to —0.47 for H fs and —0.18 for

Hf “. Interestingly, despite these amplitude differences
driven by constituent mass, the topological transitions remain
consistent. The negative central inversions that develop in the
F, and G, distributions at x = 0.7 occur simultaneously
across the pion u, kaon u (minima of —0.04 and —0.07,
respectively), and kaon 5 (minima of —0.03 and —0.05,
respectively) profiles, indicating a shared kinematic behavior
at high x.

VI. SUMMARY

In this work, we have presented a comprehensive
numerical investigation into the multidimensional internal
structure of the pion and kaon by evaluating their complete
set of eight GPDs. By employing the LFQM alongside the

BHL prescription for the LFWFs, we extended the struc-
tural mapping beyond the commonly studied forward limit
into the nonzero-skewness (£ # 0) domain. Our analysis
covered leading-twist (twist-2) to higher-twist (twist-4)
distributions.

Through our momentum-space analysis, we observed
that all GPDs monotonically decay with increasing invariant
momentum transfer —¢, consistent with the finite spatial
extent of hadronic form factors. A comparative study
between the pion and kaon explicitly highlighted SU(3)
flavor symmetry breaking. The heavier s quark in the kaon
carries a larger fraction of the meson’s longitudinal momen-
tum, shifting its probability peaks to higher-x values relative
to the lighter u quarks. However, recent lattice and con-
tinuum QCD studies [113-118] indicate a much milder
spatial skewing, suggesting that the extreme asymmetry
seen here is a model-dependent consequence of this specific
mass prescription rather than a universal QCD feature.
Crucially, our evaluations at varying skewness numerically
validated the Hermiticity constraints imposed by the under-
lying GTMDs. We confirmed that the twist-3 chiral dis-
tributions F, and H, possess strict odd symmetry and
strictly vanish at £ = 0, precluding them from having direct
TMD analogs.

To construct a 3D tomographic picture of the partons, we
performed Fourier transforms of the GPDs into both trans-
verse and longitudinal coordinate spaces. In the transverse
plane, the IPDPDFs revealed unique topological structures,
such as the emergence of a bimodal, ringlike configuration
for highly energetic unpolarized quarks (F7*) and substantial
spatial amplitude amplification for higher twists (F3" and
HZ"). In the longitudinal ¢ space, the truncated integration
over the physical DGLAP kinematic domain naturally
generated diffractionlike oscillatory patterns.

Ultimately, contrasting the spatial tomography of the
pion against the kaon demonstrated that higher-twist spatial
correlations are severely dampened by the larger macro-
scopic mass of heavier bound states. These findings
provide critical theoretical inputs for understanding non-
perturbative QCD dynamics and offer valuable baseline
initial conditions for DGLAP evolution relevant to future
exclusive scattering experiments.
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