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Renormalization-group equations (RGE) is one of the key tools in studying high-energy behavior of the
Standard Model (SM). We begin by reviewing one-loop RGE for the dimensionless couplings of the SM
and proceed to the state-of-the-art results. Our study focuses on the RGE solutions at different loop orders.
We compare not only the standard (“diagonal”) loop counting when one considers gauge, Yukawa, and
scalar self-coupling beta functions at the same order but also “nondiagonal” ones, inspired by the so-called
Weyl consistency conditions. We discuss the initial conditions for RGE (“matching”) for different loop
configurations and study the uncertainties of running couplings both related to the limited precision of the
experimental input (“parametric”) and the missing high-order corrections (“theoretical”). As an application
of our analysis we also estimate the electroweak vacuum decay probability and study how the uncertainties
in the running parameters affect the latter. We argue that nondiagonal beta functions, if coupled with a more
consistent nondiagonal matching, lead to larger theoretical uncertainty than diagonal ones.
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I. INTRODUCTION

The discovery of the Higgs boson at the Large Hadron
Collider (LHC) [1,2] has revived interest in analyzing of the
behavior of the Standard Model coupling constants at high
energies based on the renormalization group (RG) equa-
tions. In particular, special attention has been paid to the
behavior of the Higgs boson self-coupling constant and the
related problem of the stability of the electroweak vacuum.
An important role in this analysis is played by the beta
functions calculated in higher orders of perturbation theory
(PT), which define the dependence of the running para-
meters on the characteristic energy scale.
The two-loop renormalization group (RG) equations1 for

the dimensionless coupling constants in an arbitrary renor-
malizable theory were first considered more than 40 years
ago in Refs. [5–7]. Using the formalism of auxiliary
(“dummy”) fields [8], in the early 2000s the corresponding

equations were supplemented by beta functions for the
dimensional parameters [9]. Since then, the two-loop RG
analysis of the SM and its extensions has become a de facto
standard: several publicly available computer programs
[10–14] have appeared that allow one to automatically find
RG equations in arbitrary renormalizable models in four
space-time dimensions and solve them numerically. It is
worth noting that only 15 years later, inaccuracies in the
two-loop formulas were discovered, related, first, to the
possible mixing in the scalar sector [15,16], and, second, to
the need for a more careful approach to deriving RG for
dimensional parameters [16].
The next important step in the history of renormalization

group calculations in the SM occurred in early 2012,
coinciding with the discovery of the Higgs boson at the
Large Hadron Collider: in 2012–2013, a complete set
of three-loop renormalization group equations in the SM
was obtained. The gauge couplings were considered in
Refs. [17–19]. Three-loop beta functions for the Yukawa
couplings in the SM were first obtained by the authors of
Refs. [20,21]. It is worth noting that it is at this loop level
that the Yukawa couplings receive a nontrivial contribution
[20] from the diagrams containing the Dirac matrix γ5
which is ill defined in the dimensional regularization (see,
for example, reviews [22]). The parameters of the Higgs
potential were considered in Refs. [23,24].
The leading four-loop contributions to the RG equation

for the strong coupling constant in the SM were obtained in
Refs. [25,26]. Unlike three loops, this order introduces for
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1Here and below it is assumed that the dimensional regulari-
zation [3] and the MS renormalization scheme [4] are used.
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the first time the ambiguity of the naïve interpretation of the
matrix γ5 (see, e.g., Ref. [22]), which consists in simulta-
neously using its anticommutativity with other γμ and the
cyclicity of traces involving it. This ambiguity was inves-
tigated in detail in Ref. [25] and arguments were given
in favor of the expression, which was subsequently and
independently confirmed in Ref. [27]. The reasoning
behind the latter was based on the idea of a gradient
renormalization-group flow and the use of the so-called
Weyl consistency conditions [28], which are a consequence
of the Abelian nature of local scale transformations. The
authors of Ref. [27] related the ambiguities in the gauge
sector arising at four loops to unambiguous three-loop
contributions to the RG functions of the Yukawa couplings.
Thanks to this, all beta functions of the SM gauge sector in
the fourth order of PT [29] were found almost immediately.
This approach turned out to be easily scalable to arbitrary
renormalizable theories [30–32]. As for the four-loop beta
functions for the Yukawa couplings and scalar self inter-
actions in the SM, only partial results are known in the
literature (see, e.g., Refs. [33,34] and recent Ref. [32]). It is
also worth mentioning that RG computations in quantum
chromodynamics (QCD) and theories without gauge inter-
actions have advanced significantly further: six- [35,36]
and even seven-loop [37] results are available for the ϕ4

theory, the state-of-the-art five-loop QCD beta functions
were obtained in Refs. [38–41], while the four-loop RG
functions [42] in the Gross-Neveu-Yukawa model were
recently extended to five loops in Ref. [43].
This paper reviews current multiloop RG calculations in

the SM and largely follows the ideas presented in Ref. [44].
Our main goal is to analyze different orders in pertur-
bation theory with special attentions to nontrivial loop
ordering proposed in Ref. [45]. In Sec. II we introduce
the SM Lagrangian and carry out a detailed study of one-
loop RGEs aiming to illustrate possible RG flows in a
(sub)space of the SM couplings. To solve RGE for
phenomenological relevant scenarios, one needs to specify
initial conditions. The latter should be extracted from
experiment by relating at a certain loop level the MS
parameters at a fixed scale to a set of observables
(“matching” procedure2). Two-loop RGE with one-loop
matching were studies in the early 1990s [46]. Since then,
many authors have contributed to the calculation of relevant
experimental quantities at the two-loop level and beyond.
There are several approaches on the market to carry out
matching that we review in Sec. III. We provide a detailed
study how the initial conditions at the electroweak scale

depend on the loop orders and analyze the corresponding
uncertainties in Sec. IV. The vacuum stability issue is
discussed in Sec. V, in which we analyze the running of the
Higgs boson self-coupling and estimate the vacuum decay
probability. Our conclusions can be found in Sec. VI. Some
details regarding our numerical computations can be found
in Appendix A. For convenience, we also provide the
expressions for the SM beta functions in Appendix B.

II. SM LAGRANGIAN AND “RUNNING”
PARAMETERS

The SM Lagrangian can be schematically represented as
follows:

LSM ¼ LGaugeðgs; g; g0Þ þ LYukawaðyu; yd; ylÞ
þ LHiggsðλ; m2

ΦÞ; ð1Þ

The gauge SUð3Þc × SUð2ÞW ×Uð1Þ interactions of SM
particles with vector bosons are given by LGauge and are
characterized by three gauge constants gs, g, and g0,
respectively. The interactions of SM fermions with the
Higgs field are described by Yukawa matrices for up (yu)
and down (yd) quarks, and for charged leptons3 (yl). The
matrix nature of these parameters allows one to correctly
describe the mixing and CP violation in the quark sector.
However, here we restrict ourselves to diagonal Yukawa
matrices and the case when only yf ≡ yt; yb for the top and
bottom quarks are assumed to be nonzero. The Lagrangian
LHiggs describes the self-interactions of the Higgs doubletΦ
and contains a single dimensional parameter m2

Φ

−LHiggsðλ; m2
ΦÞ ¼ VHiggsðλ; m2

ΦÞ ¼ m2
ΦΦ†Φþ λðΦ†ΦÞ2

ð2Þ

⇒
m2

Φ
2

ðvþ hÞ2 þ λ

4
ðvþ hÞ4; Φ ¼ ð0;ϕ=

ffiffiffi
2

p
ÞTunitary gauge

ð3Þ

where in Eq. (3) the tree Higgs potential VHiggs is written in
the unitary gauge in terms of the Higgs field ϕ ¼ vþ h
with the vacuum expectation value hϕi ¼ v. The latter
occurs in the casem2

Φ < 0when the ground state (the electro-
weak vacuum) breaks the original gauge symmetry to the
electromagnetic subgroup SUð2ÞW × Uð1Þ → Uð1Þem. Due
to spontaneous symmetry breaking, elementary particles of
the SM acquire masses (the Englert-Brout-Higgs-Guralnik-
Hagen-Kibble mechanism [47–49]).
When calculating quantum corrections, ultraviolet (UV)

divergences arise, which are eliminated by means of local
counterterms. In the framework of renormalizable quantum

2In the abuse of notation, we use matching to denote two
related but different concepts: the SM parameters in the MS
scheme can be extracted from the measured experimental
observables or from the known values of the MS parameters
of effective low-energy theory, in which heavy particles are
decoupled.

3In general, one can add yν coupling to the right-handed
neutrinos, but in this paper we neglect this quantity.
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field theories, the counterterms follow the form of the
original Lagrangian and allow one to determine the “bare”
fields and coupling constants of the model. The latter depend
on the parameters of the utilized regularization and diverge
when the latter is removed. The choice of counterterms is
ambiguous and determines the relationship between bare and
renormalizable quantities (the renormalization scheme).
The renormalized SM parameters in the MS scheme,

which we will henceforth denote collectively as4 ð16π2Þa ¼
f5=3 · g02; g2; g2s ; y2f; λg and m2

Φ, implicitly depend on an
arbitrary renormalization scale μ and this dependence is
described by the renormalization group equations of the
form

ȧ≡ da
dt

¼ βa; a ¼ faig; t ¼ ln μ2=μ20; ð4Þ

where the beta functions βa can be calculated using
perturbation theory and define a vector field in the space
of coupling constants faig. An important feature of
calculating βa in the MS scheme is the ability to neglect
effects associated with spontaneous symmetry breaking,
i.e., to use massless fields corresponding to v ¼ 0. Here and
in what follows we will discuss the dimensionless cou-
plings a that are used to construct the standard perturbation
theory. It is assumed that the corresponding RG equation
can also be written for the dimensional parameter m2

Φ. In
the MS scheme, βa do not depend on m2

Φ and are functions
of a only.
The observables (cross sections, decay probabilities,

etc.) should not depend on the choice of μ, and two sets
of parameters aðμ1Þ and aðμ2Þ are considered equivalent
(specifying the same physical situation) if solving (4) with
the initial condition aðμ1Þ we obtain aðμ2Þ, and vice versa.
Thus, the observables are assumed to depend on the integral
curve of (4). Issues concerning the initial conditions for (4)
are discussed in Sec. III.

A. One-loop RG equations

For the sake of illustration,5 we discuss the properties
of the renormalization group flow given by the leading
one-loop contributions to βa. We first consider the approxi-
mation in which only x≡ a3 ¼ g2s=ð16π2Þ, y≡ at ¼
y2t =ð16π2Þ, and z≡ aλ ¼ λ=ð16π2Þ are nonzero. The cor-
responding RG equations are8><

>:
ẋ ¼ −7x2;
ẏ ¼ yð9

2
y − 8xÞ;

ż ¼ 6zð2zþ yÞ − 3y2:

ð5Þ

It is easy to see that the self-coupling z does not contri-
bute to the one-loop6 beta functions for the gauge (x) and
Yukawa (y) couplings. At the same time, the Yukawa (and
electroweak gauge) interactions of the Higgs fields lead to
contributions to ż that are not proportional to z.
The first equation describes the behavior of the strong

coupling in QCDwith six quark flavors [52,53]. Its solution
with the initial condition x0 ¼ a3ðμ0Þ defined at μ ¼ μ0 is
well known

xðμÞ ¼ x0
1þ 7x0 ln

μ2

μ2
0

ð6Þ

and corresponds to the asymptotic freedom (a3ðμÞ → 0
when μ → ∞). In this case, x ¼ 0 is a fixed point of the
equation corresponding to free quarks and gluons.
The solution of the second equation with the boundary

condition y0 ≡ atðμ0Þ for x0 ≠ 0 can be represented as

yðμÞ ¼ y0ðx=x0Þ87
1 − 9

2
ðy0=x0Þð1 − ðx=x0Þ17Þ

; ð7Þ

where x ¼ xðμÞ is given by expression (6). Taking the limit
x0 → 0 in (7), we get the solution

yðμÞ ¼ y0
1 − 9

2
y0 ln

μ2

μ2
0

; for x ¼ x0 ¼ 0; ð8Þ

leading to a “Landau pole” in the ultraviolet region. Note
also that when choosing y0 ¼ 2=9 · x0, the solution (7)
satisfies the relation

y ¼ 2

9
x0 ·

�
x
x0

�8
7
−1
7 ¼ 2

9
x: ð9Þ

Figure 1 shows the RG flow in the ðx; yÞ plane defined by
the first two equations (5). Separatrices are indicated and
represented by straight lines x ¼ 0, y ¼ 0 and y ¼ 2=9 · x
passing through the origin (the Gaussian fixed point). The
separatrices divide the phase plane into two regions. As can
be seen from the figure, if we choose the initial point in the
region Ⓐ, in the ultraviolet asymptotics it will “be attracted”
to the curve x ¼ 0 corresponding to the solution (8) for
which y increases and eventually reaches the Landau
pole. If the initial point is located in the region Ⓑ, then
the renormalization-group flow attracts it to the separatrix
y ¼ 0 corresponding to the solution (6). The separatrix
y ¼ 2=9 · x is unstable, since any small deviations of the

4The 5=3 coefficient corresponds to the SUð5Þ-normalization
of the weak hypercharge.

5And inspired by the studies of Refs. [50,51].

6As will be shown below, the Yukawa couplings can first
appear in the gauge beta function starting from two loops. The
contributions to the beta function of the Yukawa and gauge
constants proportional to the scalar self-coupling first appear in
two and three loops, respectively.
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initial point from it will eventually lead the phase curve to
the attraction region either of x ¼ 0 or y ¼ 0.
Let us now consider all three equations. Since the

direction field (in the one-loop approximation) (5) is
homogeneous, to study the neighborhood of a Gaussian
fixed point x ¼ y ¼ z ¼ 0 it is convenient to use the
coordinates ðx; Y; ZÞ where Y ≡ y=x and Z≡ z=x
(x ≠ 0) or ðX; y; Z̃Þ, where X ≡ x=y and Z̃≡ z=y
(y ≠ 0). Using (5), one can obtain RG equations for Y, Z

Ẏ ¼ Y
2
ð9Y − 2Þ · x;

Ż ¼ �
12Z2 þ Zð6Y þ 7Þ − 3Y2

�
· x; ð10Þ

and X; Z̃

Ẋ ¼ Xð2X − 9Þ · y
2
;

˙̃Z ¼ �
24Z̃2 þ Z̃ð3þ 16XÞ − 6

�
·
y
2
: ð11Þ

The right-hand sides (rhs) of (10) and (11) define the
direction fields (see Fig. 2). The singular points of these
fields correspond to the linear phase curves (5) in the
original space ðx; y; zÞ passing through the origin (Fig. 3)

P1;1∶ X� ¼ 0; Z̃� ¼ −
1

16
ð1 −

ffiffiffiffiffi
65

p
Þ → x ¼ 0; z ¼ −

y
16

ð1 −
ffiffiffiffiffi
65

p
Þ; ð12Þ

P1;2∶ X� ¼ 0; Z̃� ¼ −
1

16
ð1þ

ffiffiffiffiffi
65

p
Þ → x ¼ 0; z ¼ −

y
16

ð1þ
ffiffiffiffiffi
65

p
Þ; ð13Þ

P2;1∶ Y� ¼ 2

9
; Z� ¼ −

1

72
ð25 −

ffiffiffiffiffiffiffiffi
689

p
Þ → y ¼ 2

9
x; z ¼ −

x
72

ð25 −
ffiffiffiffiffiffiffiffi
689

p
Þ; ð14Þ

P2;2∶ Y� ¼ 2

9
; Z� ¼ −

1

72
ð25þ

ffiffiffiffiffiffiffiffi
689

p
Þ → y ¼ 2

9
x; z ¼ −

x
72

ð25þ
ffiffiffiffiffiffiffiffi
689

p
Þ; ð15Þ

P3;1∶ Y� ¼ 0; Z� ¼ 0 → y ¼ 0; z ¼ 0; ð16Þ

P3;2∶ Y� ¼ 0; Z� ¼ −
7

12
→ y ¼ 0; z ¼ −

7x
12

: ð17Þ

Fixed points P1;j correspond to the separatrix ① (x ¼ 0),
P2;j to the separatrix ② (y ¼ 2=9x), and P3;j—to the
separatrix ③ (y ¼ 0) in Fig. 1. In addition to the lines
indicated, there is a solution (5) for which x ¼ y ¼ 0 and
z ≠ 0

zðμÞ ¼ z0
1 − 12z0 ln

μ2

μ2
0

: ð18Þ

We will denote the corresponding phase curves as P4;1

(z > 0 and increases indefinitely in the UV) and P4;2 (z < 0

and approaches zero from below in the UV). Note that the
trajectory x ¼ z ¼ 0 lying entirely on the y axis does not
exist, since on this axis ż ¼ −3y2 ≠ 0.
The ray P1;1 (P1;2) lies in the ðy; zÞ plane and corre-

sponds to the synchronous growth of y and z (−z) in the UV
region. On the rays P2;i and P3;i all coupling constants tend
to zero in the UV region along the corresponding direc-
tions, and along P2;1 and P3;1 the self-interaction constant
of the Higgs boson z approaches zero from above, and
along P2;2 and P3;2—from below. Thus, along all Pi;2 the
values of z are negative and, consequently, lead to a

FIG. 1. Renormalization group flow in variables x (gauge) and
y (yukawa) defined by the first two equations (5). The flow is
directed toward the UV region. Linear phase trajectories ① x ¼ 0,
② y ¼ 2=9x, and ③ y ¼ 0 are marked dividing the phase plane
into two regions Ⓐ and Ⓑ.
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potential (2) that is unbounded from below, i.e., to possible
instability of the vacuum.
The lines described by stable nodes P1;2 and P3;2 attract

trajectories starting in the regions7 A1 (y > 2=9x) and
B1 (y < 2=9x), respectively (see Fig. 2). Along the ray P1;2

we have x ¼ 0 and y increases without bound, while z is
negative and decreases without bound proportionally

to y (13). Along the ray P3;2 the Yukawa constant y ¼ 0,
while z tends to zero from below according to (17). If the
initial points are in the regions A2 (y increases in the UV)
and B2 (y tends to zero in the UV), then z is positive and
increases without bound.
The points P1;1, P2;2, and P3;1 are saddle points for the

direction fields (10) and (11). Therefore, in the space
ðx; y; zÞ there exist two-dimensional surfaces bounded
by the ray P2;1 and the ray of the corresponding
saddle. These surfaces are defined by the lines in Fig 2
connecting the unstable node P2;1 with one of the saddle

FIG. 3. Phase curves in the plane x ¼ 0 (left), y ¼ 2=9x (center), and y ¼ 0 (right) (see the corresponding separatrices ①, ②, and ③ in
Fig. 1) for the one-loop equations (5). The rays Pi;j corresponding to the singular points in Fig. 2 and defined by Eqs. (12)–(17) are
indicated.

FIG. 2. The direction field for equations (10) for x ≠ 0 (left) and (11) for y ≠ 0 (right). The singular points Pi;j corresponding to the
rays passing through the origin in the phase space ðx; y; zÞ of the system (5) are indicated. The projection of the rays P1;i onto the plane
ðx; yÞ is the separatrix ① in Fig. 1, while P2;i give rise to the separatrix ②, and P3;i to the separatrix ③. Regions A1;2 correspond to the
condition 9y > 2x Ⓐ, and B1;2 to the condition 9y < 2x Ⓑ, (see Fig. 1).

7Note that both A1 and B1 have subregions corresponding to
z > 0 (marked darker in Fig. 2). However, in both cases the RG
flow “leads” z to the negative region.
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points.8 Despite the fact that the RG flow does not take the
point beyond these surfaces, the latter are unstable and
small deviations of the initial value lead to the phase
trajectory being attracted to either P1;2 or to P3;2.
The analysis performed above demonstrates the general

properties of the one-loop renormalization group flow in
the three-dimensional ðx; y; zÞ≡ ða3; at; aλÞ subspace of all

SM parameters. Obviously, the above picture is modified
when taking into account higher orders of perturbation
theory in the expressions for βa, as well as the (mutual)
impact of the remaining coupling constants.
For example, taking into account the renormalization

group equations for the electroweak gauge couplings a1, a2
and the Yukawa coupling ab of the bottom quark

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ȧ1 ¼ 41a2
1

10
;

ȧ2 ¼ − 19
6
a22;

ȧ3 ¼ −7a23;

ȧt ¼ at
�
9at
2
− 8a3 −

17a1
20

− 9a2
4
þ 3ab

2

�
;

ȧb ¼ ab
�
9ab
2
− 8a3 −

a1
4
− 9a2

4
þ 3at

2

�
;

ȧλ ¼ 12a2λ þ 6ðat þ abÞaλ − 9aλ
10

ða1 þ 5a2Þ − 3ða2t þ a2bÞ þ 27a2
1

400
þ 9a1a2

40
þ 9a2

2

16
;

ð19Þ

we obtain additional linear trajectories passing through the Gaussian fixed point. For convenience, we list here all the rays
that arise

Pð0Þ
1;i∶ a1 ¼ a2 ¼ a3 ¼ 0; ab ¼ 0; aλ ¼ −

1

16
ð1 ∓ ffiffiffiffiffi

65
p

Þat ȧt ¼
9

2
a2t ; ð20Þ

Pð0Þ
2;i∶ a1 ¼ a2 ¼ 0 ab ¼ 0; at ¼

2a3
9

; aλ ¼ −
1

72
ð25 ∓ ffiffiffiffiffiffiffiffi

689
p

Þa3; ȧ3 ¼ −7a23; ð21Þ

P3;1∶ a1 ¼ a2 ¼ 0 at ¼ ab ¼ 0; aλ ¼ 0; ȧ3 ¼ −7a23; ð22Þ

P3;2∶ a1 ¼ a2 ¼ 0 at ¼ ab ¼ 0; aλ ¼ −
7a3
12

ȧ3 ¼ −7a23; ð23Þ

P4;i∶ a1 ¼ a2 ¼ a3 ¼ 0; at ¼ ab ¼ 0; ȧλ ¼ 12a2λ ; ð24Þ

P5;1∶ a1 ¼ a2 ¼ a3 ¼ 0; ab ¼ at; aλ ¼
at
2
; ȧt ¼ 6a2t ; ð25Þ

P5;2∶ a1 ¼ a2 ¼ a3 ¼ 0; ab ¼ at; aλ ¼ −at; ȧt ¼ 6a2t ; ð26Þ

P6;i∶ a2 ¼ a3 ¼ 0; at ¼ ab ¼ 0; aλ ¼
1

120
ð25� 4

ffiffiffiffiffi
34

p
Þa1; ȧ1 ¼

41

10
a21; ð27Þ

P7;i∶ a2 ¼ a3 ¼ 0 ab ¼ 0; at ¼
11a1
10

; aλ ¼ −
1

120
ð8 ∓ ffiffiffiffiffiffiffiffiffiffi

4339
p

Þa1; ȧ1 ¼
41

10
a21; ð28Þ

P0
7;i∶ a2 ¼ a3 ¼ 0 at ¼ 0; ab ¼

29a1
30

; aλ ¼ −
1

120
ð4 ∓ ffiffiffiffiffiffiffiffiffiffi

3299
p

Þa1; ȧ1 ¼
41

10
a21; ð29Þ

P8;i∶ a2 ¼ a3 ¼ 0; ab ¼
27a1
40

; at ¼
7

8
a1 aλ ¼ −

1

240
ð43 ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffi

19111
p

Þa1; ȧ1 ¼
41

10
a21; ð30Þ

8For example, for the line connecting P2;1 and P2;2, in the ðx; y; zÞ space we have a surface defined parametrically as
x ¼ t; y ¼ 2=9t; z ¼ Zt, where t > 0, and −ð ffiffiffiffiffiffiffiffi

689
p þ 25Þ < 72Z < ð ffiffiffiffiffiffiffiffi

689
p

− 25Þ.
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Pð0Þ
9;i∶ a1 ¼ 0; a2 ¼

42a3
19

; ab ¼ 0; at ¼
227a3
171

; aλ ¼ −
1

684
ð143 ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

119402
p

Þa3; ȧ3 ¼ −7a23; ð31Þ

P10;i∶ a1 ¼ 0; a2 ¼
42

19
a3; ab ¼ at ¼

227

228
a3; aλ ¼ −

1

456
ð171 ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffi

84671
p

Þa3; ȧ3 ¼ −7a23; ð32Þ

P11;i∶ a1 ¼ a2 ¼ 0; ab ¼ at ¼
a3
6
; aλ ¼ −

1

24
ð9 ∓ ffiffiffiffiffi

89
p

Þa3; ȧ3 ¼ −7a23: ð33Þ

Note that since a2 and a3 appear in the one-loop equa-
tions (19) for ȧt with the same coefficients as for ȧb, and at
and ab appear in ȧλ also with the same coefficients, then the
rays P0

i;1−2 (i ¼ 1, 2, 9) lying in the plane a1 ¼ 0 (the only
gauge interaction distinguishing between up and down
quarks is “switched off”), for which at ¼ 0 and ab ≠ 0, can
be obtained from the corresponding Pi;1−2 by simple
substitution at ↔ ab. It is also easy to see that if the
Abelian gauge coupling on the ray is nonzero a1 ≠ 0, then
the non-Abelian ones are necessarily zero a2 ¼ a3 ¼ 0

(Pð0Þ
6−8;i) and, conversely, if a3 ≠ 0 on the curve, then a1 ¼ 0

(rays Pð0Þ
2−3;i, P

ð0Þ
9−11;i). This is obviously related to different

UV asymptotics of the Abelian and non-Abelian gauge
couplings in the SM. In Fig. 4, as an illustration of the
stability of linear trajectories with nonzero values of the
Yukawa constants, the corresponding direction fields are
presented for the cases when a1 ¼ a2 ¼ 0 (left) and a2 ¼
a3 ¼ 0 (right).

As in the three-dimensional case, we can consider the
system of equations for the gauge and Yukawa coupling
constants separately. Rays Pi;j with the same first index
have the same projection onto the corresponding subspace
defined by aλ ¼ 0. Considering the renormalization group
flow in the plane formed by this projection and the aλ axis,
the phase trajectories for the cases P5−8;i will qualitatively
coincide with those shown in Fig. 3 (left), and for cases
P9−11;i—with those shown in Fig. 3 (middle). In this case,
the phase curves on these surfaces are “repelled” from Pi;1

and “attracted” to Pi;2. On the rays Pi;1 the self-interaction
coupling is positive, and on the rays Pi;2 (except P6;2) it is
negative. Along P5−8;i the nonzero coupling constants
increase indefinitely (in absolute value) in the UV asymp-
totics (Landau pole), and along P9−11;i they tend to zero
(asymptotic freedom).
As a demonstration of the analysis of the behavior of

curves using separatrices, let us consider, for example, a
realistic point [44]

ae1 ¼ 1.35555 × 10−3; ae2 ¼ 2.66006 × 10−3; ae3 ¼ 8.60063 × 10−3;

aet ¼ 5.53811 × 10−3; aeb ¼ 1.84306 × 10−6; aeλ ¼ 8.05123 × 10−4; ð34Þ

FIG. 4. Direction fields for the cases a1 ¼ a2 ¼ 0 (left), a1 ¼ 0, a2 ¼ 42=19a3 (middle), and a2 ¼ a3 ¼ 0 (right), demonstrating the
stability of some rays (33) under varying the initial conditions for the Yukawa coupling constants of the t- and b-quarks. The pictures are
qualitatively similar: at ¼ ab ¼ 0 is a UV stable node and at ¼ ab ≠ 0 is unstable. The rays on which one of the Yukawa constants
vanishes turn out to be saddles. Note the absence of a linear trajectory passing through aλ ¼ 0 for the case a1 ¼ 0, a2 ¼ 42=19a3. This
means that only when a1 ¼ a2 ¼ a3 ¼ 0 does the negative initial aλ tend from below to zero in the UV. Otherwise, aλ → þ∞.
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corresponding to the running parameters at the benchmark
scale μ0 ¼ 173.22 GeV. The solution of the differential
equations passing through the point (34) has the form given
in Fig. 5, in which we also consider values of t far beyond
the Planck scale MP ¼ 1.2 × 1019 GeV.
Let us try to explain this behavior. Initially a1 is small,

and at is significantly nonzero, so we can expect the
behavior of the solution to follow the trajectories of the
curves near P2;i or P9;i and far from P3;i or P4;i or P6;i

(where at ≡ 0). However, the value

ae2
ae3

≈ 0.3093

signalizes that we should not analyze the initial behavior of
the curve in terms of P9;i (a2=a3 ¼ 42=19 ≈ 2) but rather in
terms of P2;i (a2 ≡ 0). When projected to ðat; a3Þ and
ðaλ; a3Þ, the initial condition is “above” P2;i and “between”
P2;1 and P2;2, respectively, where we define

“above”P2;i ¼
�
at
a3

>
2

9

�
“between”P2;1 andP2;2 ¼

�
−

1

72
ð25þ

ffiffiffiffiffiffiffiffi
689

p
Þ < aλ

a3
< −

1

72
ð25 −

ffiffiffiffiffiffiffiffi
689

p
Þ
�
;

since

aet
ae3

−
2

9
≈ 0.425 > 0

aeλ
ae3

þ 1

72
ð25 −

ffiffiffiffiffiffiffiffi
689

p
Þ ≈ −0.076 < 0:

As can be seen from Figs. 1 and 3 (center), this region
resembles A1 from Fig. 2 and is characterized by a3 tending
to zero in the UV with an initial decrease of at and an initial
decrease of positive aλ until the latter eventually becomes
negative attracted by P1;2. The problem comes with the later
synchronous growth of at and jaλj (P1;2). But after a certain
point when a1 increases due to the positive one-loop beta
function (ȧ1 ∝ a21) reaching a1 > a2; a3; at, the trajectory
approaches P6;2 (a separatrix, where only a1 and aλ are

nonzero) with positive aλ in the deep UV from “below” in
the ða1; aλÞ projection (see Fig. 6)

“under”P6;2 ¼
�
aλ
a1

<
25 − 4

ffiffiffiffiffi
34

p

120
≈ 0.014

�
:

This can be explained by the fact that growing a1 gives a
larger negative contribution to the one-loop at beta func-
tion, and a (leading) positive contribution to βλ. As a
consequence, we see the absence of a later growth of at
(curve stays near P6;2 as it is the separatrix of attraction, on
which at ≡ 0). Indeed, at μ ¼ MP we have

a1ðMPÞ ¼ 2.87 × 10−3; a2ðMPÞ ¼ 1.48 × 10−3; a3ðMPÞ ¼ 1.28 × 10−3;

atðMPÞ ¼ 0.82 × 10−3; abðMPÞ ¼ 1.74 × 10−7; aλðMPÞ ¼ −1.73 × 10−4

FIG. 5. Solution of the one-loop RGE (19) through (34). The lineMP denotes t, corresponding to the Planck scale (1.2 × 1019 GeV).
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with a1 being the largest coupling and aλ=a1 < 0. As
the curve approaches P6;2, it results in the asymptotics
aλðμÞ ≈ 0.014a1ðμÞ (see Fig. 6), which gives us a rapid
growth of positive aλ (given the rapid growth of a1)
after MP.
Such behavior of integral curves is, in general, typical for

curves from a large neighborhood of (34). What really
changes is the minimum value of aλðμÞ, which can be
negative, as for our choice (34), resulting in the instability
of the vacuum (see Sec. V). It is important to note, however,
that some effects, including the unlimited increase of a1
and aλ (Landau pole), arise already at scales larger than the
Planck scale (to the right of the line MP in Fig. 5), and
cannot be trusted without accounting for quantum-gravity
effects.

B. Higher orders and constraints on
beta functions

To characterize the PT orders used in solving (4), it is
convenient to specify a triple of numbers Lg, Ly, Lλ (or
LgLyLλ) corresponding to the Lg-loop beta function for the
gauge constants g; g0; gs, the Ly-loop beta function for the
Yukawa constants yt, yb, and the Lλ-loop beta function for
the Higgs field self-interaction constant λ.
An independent loop counting for gauge, Yukawa and

Higgs coupling constants is of interest in connection
with questions concerning the general properties of the
renormalization group flow in four-dimensional theories
(see, for example, Refs. [28,54,55]). In particular, it is
assumed that there exists a so-called Ã-function that
depends on the dimensionless running parameters ai and

varies monotonically along the RG flow (a-theorem [56]).
It can be shown that this function satisfies the Osborn
equation [28]

∂Ã
∂ai

≡ βi ¼ χijβ
i ⇒

dÃ
dt

¼ βiχijβ
j; βi ¼ χij

∂Ã
∂aj

; ð35Þ

where χij ¼ χijðaÞ is a “metric”9 in the space of coupling
constants ai, χij is the corresponding inverse matrix, and βi

is the beta function of ai, which enters into (4). The
expression for χij can be found in perturbation theory [28].
The diagonal contributions to χij arise starting from one,
two, and three loops for the case of gauge, Yukawa,
and Higgs couplings, respectively. For the SM, one can
write

χij ¼ diag

�
1

a21
;
3

a22
;
8

a23
;
2

at
;
2

ab
; 4

�
þ…;

χij ¼ diag
�
a21;

a22
3
;
a23
8
;
at
2
;
ab
2
;
1

4

�
þ…: ð36Þ

Since the mixed derivatives ∂i∂jÃ ¼ ∂j∂iÃ are equal to each
other (the integrability condition), Eq. (35) impose restric-
tions [57] on the possible form of beta functions

∂βi
∂aj

¼ ∂βj
∂ai

⇒
∂

∂aj
ðχikβkÞ ¼

∂

∂ai
ðχjkβkÞ: ð37Þ

As can be easily seen from the explicit form of (36),
χij “mixes” the PT orders when going from βi to βi and
allows us to link “cross contributions” to the beta functions
of different (types of) coupling constants in different loops
[45,57]. For example, taking (36) into account allows us to
relate one-loop contributions of the form aλa1 to the beta
function of the Higgs coupling βλ with a three-loop
contribution of the form a31aλ to the beta function of the
gauge constant a1. Similarly, the one-loop contribution
ataλ to βλ uniquely determines the two-loop contribution of
the form a2t aλ to the beta function of the Yukawa constant
of the top quark βt.
If the Ã-function is known up to OðaLÞ terms, then to

satisfy the constraints (37) it is necessary to know the beta
functions of the gauge, Yukawa, and Higgs constants up to
L; ðL − 1Þ; ðL − 2Þ loops, respectively. For example, the
expression [58,59]

Ã ¼ Ã0 þ
	
41

10
a1 −

19

2
a2 − 56a3



þ… ð38Þ

together with (36) completely determines the one-loop
contributions to the SM gauge beta functions. It was

FIG. 6. Phase space at a2 ¼ a3 ¼ at ¼ ab ¼ 0 for ða1; aλÞ.
Solid lines represent separatrices, dashed axes (namely abscissa
aλ ¼ 0).

9Positive definiteness of χij is equivalent to the monotonicity
condition of A along the RG flow (a-theorem).
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this observation that formed the basis for the argument that
a consistent analysis of the SM vacuum stability should be
carried out in the (“nondiagonal”) 321 loop configuration
[45] rather than in the “diagonal” 333 one known at that
time. In Sec. V we discuss the vacuum stability issue and
compare the results obtained for different loop configura-
tions. In particular, we extend the study of [45] to the
432 case.
Before proceeding to this analysis, let us discuss the

issue related to the choice of the integral curve for the RG
equations (4) that corresponds to the physical situation
observed in the experiment. Namely, let us briefly describe
the problem of finding, within the SM framework, the
boundary conditions aðμ0Þ at some scale μ0. Note that
the approach consistent with the formal PTassumes that the
initial conditions for the RG equations (4) also depend on
the order in which βa are calculated.

III. RUNNING PARAMETERS OF THE SM AT THE
ELECTROWEAK SCALE

To determine the values of the parameters entering into
the Lagrangian (1), it is necessary to consider a set of
observable (in experiments) quantities, the minimum num-
ber of which is equal to the number of model parameters,
and find (“extract”) the latter from a comparison (“match-
ing”) of theoretical predictions with experimental data.
The following quantities are usually used as such a set of

(pseudo)observables (in the RG study of the SM): the fine
structure constant α, the strong coupling constant in

quantum chromodynamics10 αð5Þs , the Z-boson mass MZ,
the Higgs boson mass Mh, the SM fermion masses (quarks
and leptons) Mf, and the Fermi constant GF. These
quantities are related to the SM parameters via the formulas
of the form

ð4πÞα ¼ g2g02

g2 þ g02
½1þ δ̄α�; ð4πÞαð5Þs ¼ g2s ½1þ δ̄s� GF ¼ 1ffiffiffi

2
p

v2
½1þ δ̄r�;

M2
Z ¼ ðg2 þ g02Þv2

4
½1þ δ̄Z�; M2

h ¼ 2λv2½1þ δ̄h�; Mf ¼ yfvffiffiffi
2

p ½1þ δ̄f�: ð39Þ

Here δ̄i correspond to the corrections calculated in perturbation theory. In relations (39) the vacuum expectation value of the
Higgs field in the leading order can be defined11 in terms of the Lagrangian parameters as v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jm2

Φj=λ
p

. Neglecting
perturbative corrections (δ̄i ¼ 0), it is easy to solve equations (39) in the tree-level approximation

a1 ¼
5

3

M2
ZGF

4
ffiffiffi
2

p
π2

"
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2
ffiffiffi
2

p
πα

GFM2
Z

s #
; a2 ¼

M2
ZGF

4
ffiffiffi
2

p
π2

"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2
ffiffiffi
2

p
πα

GFM2
Z

s #
; a3 ¼

αs
4π

; ð40Þ

at ¼
M2

t GF

4
ffiffiffi
2

p
π2

; aλ ¼
M2

hGF

16π2
ffiffiffi
2

p ; v2 ¼ 1ffiffiffi
2

p
GF

; ð41Þ

and thereby express all the predictions of the SM written as functions of the SM Lagrangian parameters in terms of a
specified set of measured quantities (PDG2024) [60]

α ¼ 7.2973525693ð11Þ × 10−3; αð5ÞS ðMZÞ ¼ 0.1180ð9Þ GF ¼ 1.1663788ð6Þ × 10−5 GeV−2;

MZ ¼ 91.1880ð20Þ GeV; Mh ¼ 125.20ð11Þ GeV; Mt ¼ 172.57ð29Þ GeV: ð42Þ
In the leading order we obtain

a1 ¼ 1.2× 10−3; a2 ¼ 2.7× 10−3; a3 ¼ 9.4× 10−3; at ¼ 6.2× 10−3; aλ ¼ 8.1× 10−4; v¼ 246 GeV: ð43Þ
Note that the choice of pseudoobservables is ambiguous and the specific set (42) is largely determined by the precision of

the corresponding measurements. For example, as an alternative to the electromagnetic constant α (or, for example,GF), the
mass of the W-boson can be used

M2
W ¼ g2v2

4
½1þ δ̄W �; MW ¼ 80.3692ð133Þ GeV; ð44Þ

which, however, is experimentally obtained with worse precision than MZ.

10Defined in the MS scheme within the effective field theory (EFT) with five quark flavors.
11See the discussion below.
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Taking into account quantum corrections δ̄i can modify
and significantly complicate expressions (41). This raises
the questions in what scheme, at what scale, and with what
accuracy the numerical values of the parameters (43) are
found. In particular, it is possible to define the scheme so
that all (or some) δ̄i ¼ 0 (so-called on-shell renormalization
and its analogs). However, this is not always convenient
when studying the model at significantly different energy
scales.
As already mentioned above, we assume that the calcu-

lations are carried out with dimensional regularization and
the MS scheme, in which δ̄i ¼ δ̄iðaðμÞ; μÞ are functions of
the running coupling constants aðμÞ and the renormaliza-
tion scale μ. Thus, formulas (39) can be interpreted as
conversion formulas relating the MS parameters (right-
hand sides) to the parameters defined in the on-shell
scheme (left-hand sides). In all relations (39), except for

the case of a running strong coupling constant αð5Þs ≡
αð5Þs ðμÞ, the left-hand sides (physical masses, fine structure
constant, and Fermi constant) are assumed to be indepen-
dent of the arbitrary renormalization scale μ.
In the case of strong coupling, the “measured quantity” is

the value of αð5Þs ðMZÞ defined in the SUð3Þc ×Uð1Þem
gauge theory (QCD × QED) with five quark flavors (see
for more details the review [60] and references therein). In
this effective field theory, the relatively heavy top quark,
Higgs boson, and electroweak gauge W- and Z-bosons are
formally absent (“decoupled”), and the EFT is therefore
considered as a low-energy approximation of the SM.
When studying processes in which the characteristic scales
are much smaller than the masses of the indicated particles,
the latter cannot be produced as physical states. The leading
quantum corrections from the corresponding virtual par-
ticles12 can be “absorbed” into the renormalization of the
running coupling and are taken into account by going from

αsðμÞ≡ g2sðμÞ=ð4πÞ defined in the SM to αð5Þs ðμÞ defined in
five-flavor QCD × QED. In this case, δ̄s in (39) are
determined by “matching” the full SM and five-flavor
effective theory (see Refs. [61,62] for four-loop relations in
pure QCD, and [63,64] for leading electroweak effects).
This boils down to choosing such running parameters of the
latter that the EFT predictions reproduce the SM predic-
tions at low energies, when corrections suppressed by
powers of heavy masses can be neglected. This approach is
justified by the fact that due to the confinement phenome-
non, the strong constant αs cannot be extracted by con-
sidering, for example, a nonrelativistic process at small
momentum transfer involving physical quarks. Therefore, it

is convenient to use the running coupling αð5Þs ðμ ¼ QÞ as a
QCD parameter in processes involving strong interactions
and characterized by the scale Mb ≲Q≲MZ. Obviously,

the electromagnetic coupling αð5Þ can be defined in the
same way.
A similar situation is observed in the case of quark

masses (see also the discussion in Ref. [65]). Although
perturbation theory can relate the “physical” (pole) quark
masses to the real part of the pole in the propagator of the
corresponding field, this quantity is poorly defined outside
PT and cannot be extracted from experiments with an
accuracy better than OðΛQCDÞ. Therefore, running quark
masses in the MS scheme are often used as QCD param-
eters. For example, instead of the pole mass of the b-quark
Mb ¼ 4.78ð6Þ GeV, it is customary to specify the quantity
μb ≡mbðmbÞ that is a solution to the implicit equation [60]

μb ¼ mbðμbÞ; μb ¼ 4.183ð7Þ GeV ð45Þ

with mbðμÞ being the running b-quark mass in five-flavor
QCD × QED (see, e.g., Ref. [66] and references therein for
the QCD part, and Refs. [64,67] for the electroweak part).
In the case of the t-quark, there is also a problem of self-
consistent definition of the corresponding mass. However,
it is believed that since the top quark decays faster than it
can form a bound state, its pole mass can be treated as a
physically measurable quantity.13

As mentioned earlier, when considering the theoretical
predictions for observables in terms of the running model
parameters aðμÞ, the implicit dependence of the latter
on μ compensates for the explicit logarithmic dependence
of the corrections δ̄i ¼ δ̄iðμÞ on this quantity. As for the
“decoupling” relations between the MS parameters in the
effective (QCD) and more fundamental (SM) theories (such

as αð5Þs ðμÞ and g2sðμÞ=ð4πÞ, respectively), there remains on
the right-hand side of (39) a residual dependence on μ,
which is exactly given by the RG equations for the left-
hand sides.
Thus, the knowledge of the left-hand sides of (39) allows

one to find numerical values of the running parameters in
the MS scheme at an arbitrary scale without solving the RG
equations. However, in practice, the quantum corrections δ̄i
and the beta functions βa are calculated in perturbation
theory and usually only a finite number of terms of the
corresponding series is known. Therefore, the choice of μ
turns out to be important, since it (at least partially) allows
one to avoid the occurrence in the approximate expression
for quantum corrections of potentially large powers of
logarithms lnðM2=μ2Þ, where M2 depends on the specific
observable and can correspond to the mass of some particle
or the square of some momentum. Using the RG equations
for the running parameters of the SM allows one to
rearrange the PT series by summing such logarithms to
all orders. A typical situation is when the knowledge of the

12Calculated within the SM in the MS-like schemes.

13There are also alternative definitions of quark masses (see,
for example, the discussion in Ref. [60]).
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L-th order for βa and the (L − 1)-loop expression for
some observable allows one, by going from the scale
μ ¼ μ0 to the scale μ ¼ M using (4), to sum up to all
orders both the leading aðμ0Þn lnnðM2=μ20Þ and the sub-
leading logarithmic (NL−1LL) contributions of the form
aðμ0ÞLþn−1 lnnðM2=μ20Þ.
It is expected that the more terms of the PT series for δ̄i

and βa are known, the less sensitive the matching procedure
is to the choice of the scale μ. This fact provides us with the
standard method for determining the theoretical uncer-
tainty14 when extracting running parameters aðμ0Þ at some
fixed scale μ0: we estimate the difference between the
values of aðμ0Þ found by inverting formulas (39) directly at
μ ¼ μ0 and the values of aðμ0Þ obtained by solving the RG
equations (4) with the boundary conditions found from (39)
at μ́ ¼ 2μ0 and μ́ ¼ μ0=2.
Note that when taking into account the radiative cor-

rections in (39), which relate the fine structure constant α to
the running SM parameters at the scale μ0 ≥ MZ, it is
necessary to compute the contribution of hadrons, which is
a nontrivial task (see, e.g., the review in Ref. [60]). The
results of calculations by different groups are usually
represented as an average value [60]

Δαð5ÞhadðMZÞ ¼ 0.02783ð6Þ; ð46Þ

where the correction is assumed to be added to the running
fine structure constant αð5ÞðμÞ considered together with the
strong coupling constant as parameters of the effective
QED × QCD theory with five quark flavors at the scale
μ ¼ MZ. This value is used together with (42) as input data
for the RG analysis in the SM.
Finally, it should be mentioned a peculiarity related to

the different treatment of the vacuum expectation value of
the Higgs field. Even in the MS scheme, the particle masses
cannot be (completely) neglected, and the ground state,
in the vicinity of which one uses perturbation theory, is
determined by the minimum of the effective, not tree,
potential VeffðϕÞ

VeffðϕÞ ¼ VHiggsðϕÞ þ ΔVðϕÞ; ð47Þ

with ΔVðϕÞ corresponding to quantum corrections.
Minimization of VeffðϕÞ (47)

hhi ¼ dVeff

dϕ

����
ϕ¼v

¼ m2
Φvþ λv3 þ dΔVðϕÞ

dϕ

����
ϕ¼v

¼ 0 ð48Þ

in the leading order results in the expression vtree ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jm2

Φj=λ
p

, already mentioned above. For the consistent
application of PT, it is necessary to ensure that the vacuum
expectation value of the quantum field is zero hhi ¼ 0 in
each order under consideration. There are different ways to
implement the condition (48) in PT [70], which affects the
interpretation of v in the formulas (39). For example, one
can assume that v ¼ vtree þ Δv and threat the latter as
perturbation, i.e., include it as contributions to δ̄i. In this
case, vtree enters into the definition of the tree-level masses
of quantum fields, and Δv is found implicitly as a function
of vtree in each order of PT from the condition of
cancellation of “tadpole” diagrams appearing due to loop
contributions, (48) (a scheme of Fleischer and Jegerlehner
or FJ-scheme [71])

2λv2treeΔv
	
1þ 3

2

Δv
vtree

þ 1

2

Δv2

v2tree



þ dΔV

dϕ

����
ϕ¼vtreeþΔv

¼ 0 ð49Þ

The advantage here is the explicit gauge independence of
the observables expressed in terms of the Lagrangian
parameters (1). The disadvantage is that the expressions
for Δv may numerically contain significant contributions
proportional to powers of M4

t =ðM2
WM

2
hÞ ∼ 9, where Mt,

MW , andMh are the masses of the top quark,W boson, and
Higgs boson, respectively. The approach is used by many
authors (see, e.g., Refs. [71–75]) and is implemented in the
mr program [76].
An alternative is the “tadpole-free” scheme [77,78]

widely used in his calculations by S. Martin [64,79–82].
The perturbation theory in this approach is constructed
under the assumption that v satisfying (48) enters into the
quadratic SM Lagrangian and the leading terms ðδ̄i ¼ 0Þ in
(39) involve v instead of vtree. Given the condition (48), at
each order of PTone can express v2tree (or, equivalently,m2

Φ)
as a function of v [83]

m2
Φ
λ

≡ v2tree ¼ v2 −
1

λv
dΔV
dϕ

����
ϕ¼v

: ð50Þ

It is well known that, unlike the value of the potential
Veffðϕ ¼ vÞ at extrema, the value of VeffðϕÞ for an arbitrary
ϕ, as well as the vacuum expectation value v itself,
are gauge-dependent quantities [84]. Therefore, proving
the gauge independence of observables expressed in the
“tadpole-free” scheme via v is a nontrivial task and is based
on the Nielsen identities [85,86]. Nevertheless, the advan-
tage here is that the large contributions Δv arising in the FJ
scheme at high PT orders are effectively taken into account
by switching from vtree to v in the Lagrangian. The most
common gauge used in calculations within the tadpole-free
scheme is the Landau one. In this paper, we routinely use
the SMDR program [83], which implements this approach. It
is worth noting that a hybrid approach, which uses the

14Estimating theoretical uncertainties is a nontrivial task,
especially in the electroweak sector (see, e.g., Refs. [68,69]).
Here we follow a simple criterion based on the variation of the
renormalization scale.
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advantages of both treatments, is also discussed in the
literature (see, for example, Ref. [87]).
In the next section we consider the RG equations (4) for

the most important SM parameters and investigate the
corresponding theoretical and experimental uncertainties in
determining the running SM parameters in different orders
of PT at the electroweak scale. We take the latter to be
μ0 ¼ 173.22 GeV. We analyze not only the state-of-the-art
expressions for the RG equations and relations of the
form (39) but also the cases when we neglect some loop
contributions.

IV. INITIAL CONDITIONS FOR RG EQUATIONS
AND DIFFERENT PT ORDERS

Let us now try to investigate the dependence of the initial
conditions for the renormalization group equations (i.e., the
values of a1; a2; a3; at; ab; aλ at the chosen fixed scale
μ0 ¼ 173.22 GeV) on the loop configuration. To carry out
matching of the on-shell parameters to the MS variables,
the modified version of the SMDR library was used. As the
initial set of pseudoobservables, following the choice in
SMDR, we will use the PDG2024 [60] data given in
Eqs. (42), (45), and (46).
To denote perturbation theory orders, we also used the

same notation LgLyLλ, assuming that the initial values of
the gauge, Yukawa, and Higgs constants are in the approxi-
mation of one loop smaller (L − 1). As already mentioned,
this approach allows one to solve the renormalization group
equations in the LgLyLλ order self-consistently.
By default, the SMDR code uses the most accurate known

expressions for relations of the form (39) and the RG
equations [83]. Unlike the author [83] of SMDR, who also
studied the scale dependence of the running SM parameters
in different PT orders, we focus on various combinations of
LgLyLλ and try to consistently and quantitatively estimate
the theoretical uncertainties for each of the considered
cases. The modified version of SMDR allows one to
iteratively solve equations of the form (39) in different
PT orders15 and find boundary conditions for the corre-
sponding RG equations. The latter were obtained inde-
pendently by means of the RGBETA package [14] (see
Appendix B for explicit expressions) and solved using
Mathematica.

A. Theoretical uncertainties of MS parameters

To estimate theoretical uncertainty, we select several
values of μ́ near the fixed electroweak scale16 μ0 ¼
173.22 GeV. In the given order LgLyLλ, we extract the
MS parameters from pseudoobservables using a modified
version of the original SMDR function Fit_Inputs() at

each value of μ́. Then we solve the corresponding RGE in
the SM on the interval ðμ́; μ0Þ obtaining the MS parameters
at μ0, which we denote as a→μ0ðμ́Þ. Figures 7–10 show the
dependence of a→μ0ðμ́Þ treated as functions of μ́ in the
various PT orders considered. The difference between
a→μ0ðμ́Þ obtained for different μ́ can serve as an estimate
of theoretical uncertainty in the given order. In addition, the
figures show how the “central value” a→μ0ðμ0Þ obtained at
μ́ ¼ μ0 shifts with increasing number of loops.
Obviously, a→μ0ðμ0Þ is identical to a direct calculation of

Fit_Inputs() at the scale μ0 (without RG running). As
we see, the dependence a→μ0ðμ́Þ is not necessarily mon-
otonic, although it is quite smooth. In an idealized situation
when all PT contributions are taken into account, a→μ0ðμ́Þ
should not depend on μ́, at which the extraction of running
MS parameters from on-shell quantities occurs. Such a
tendency is indeed observed in the plots: with an increase in
the number of loops, the dependence on μ́ weakens.
In particular, we can see that the theoretical uncertainties

of some parameter exhibit significant dependence only on
the accounted loops for that same parameter and weakly
depend on the loops of the others. For example, in Fig. 9
different loop configurations are grouped by the number of
loops for the Yukawa couplings taken into account: 111
stays aside from others being the only considered configu-
ration with one loop RGE for at and ab, then there is almost
identical behavior of 222 and 321 with two loops for the
Yukawa couplings, and the last group consisting of 333,
432, and 433 with three-loop Yukawa RGEs. This same
logic is applicable to all other MS couplings. One can also
see the similar grouping of the theoretical uncertainty bands
in Fig. 12 below.
Now, to quantify the theoretical uncertainty aðμ0Þ, we

take the maximum and minimum values, (maxth and minth),
of the considered parameters a→μ0 (see Table. I). As
expected, the theoretical uncertainty turned out to be
smaller the more terms of the PT series are taken into
account.

B. Parametric uncertainties

In this subsection we discuss the parametric uncertainties
of the initial values of the MS parameters at fixed μ0 ¼
173.22 GeV originating from the experimental errors in on-
shell quantities given in Eqs. (42), (45), and (46).
These uncertainties can be estimated by generating a

random sample of pseudoobservables according to the
normal distributions defined by central values and exper-
imental errors of the on-shell quantities. By computing the
MS parameters for each member of the sample by means of
SMDR,17 we can obtain distributions for the former, which
turns out be very close to the normal ones (see, e.g.,
Fig. 11). The standard deviation of the obtained MS sample15See Appendix A for details and subtleties.

16Specifically, we consider the set fμ0 · 2−1; μ0 · 2−14=15;
…μ0;…μ0 · 214=15; μ0 · 2g (“logarithmic grid”). 17At certain loop level.
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gives us the size of parametric uncertainties, while the
means should correspond to the central values.
This “statistical” approach turns out to be very time-

consuming and we switch to another one based on
approximate polynomial relations between on-shell and

MS parameters inspired by Ref. [88] and obtained by a
fitting procedure.
We first introduce, for convenience, seven dimensionless

deviations of the on-shell parameters from their average
values: five of them are given in Table. II and have typical

FIG. 7. Running electroweak gauge couplings a→μ0
1−2 at μ0 ¼ 173.22 GeV as functions of the matching scale μ́, at which the MS

parameters are extracted from the on-shell ones. The dependence on μ́∈ ðμ0=2; μ0 · 2Þ gives an estimate of the theoretical uncertainty
of a1−2ðμ0Þ.

FIG. 8. Running strong coupling a→μ0
3 at μ0 ¼ 173.22 GeV as functions of the matching scale μ́, at which the on-shell parameters are

recalculated in the MS scheme. The dependence on μ́∈ ðμ0=2; μ0 · 2Þ gives an estimate of the theoretical uncertainty of a3ðμ0Þ.
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FIG. 9. Running Yukawa coupling constants a→μ0
t;b at μ0 ¼ 173.22 GeV as functions of the matching μ́ scale, at which the on-shell

parameters are recalculated in the MS scheme. The dependence on μ́∈ ðμ0=2; μ0 · 2Þ gives an estimate of the theoretical uncertainty of
the values of at;bðμ0Þ.

FIG. 10. Running self-coupling constant a→μ0
λ at μ0 ¼ 173.22 GeV as a function of the scale μ́, on which the on-shell parameters are

recalculated in the MS scheme. The dependence on μ́∈ ðμ0=2; μ0 · 2Þ gives an estimate of the theoretical uncertainty of the value aλðμ0Þ.
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values18 of the order of a few per mil, while the other two19

δ̂Z ¼ MZ

MZð0Þ
− 1 ≈ 0.002%;

δ̂GF ¼ GF

GFð0Þ
− 1 ≈ 5 × 10−5%

are assumed to be much smaller [60].
The fitting itself is performed on a grid of points, 5 points

on each axis corresponding to the above-mentioned devia-
tions, i.e., 57 ¼ 78125 points, uniformly distributed on the
intervals ð−5σi; 5σiÞ for σi being the uncertainty of an
on-shell quantity Oi, for which Fit_Inputs() is used.
Further fitting is carried out by the minimizer Minuit2
[90] of the ROOT package [91] while also cross-validating
fit results with Wolfram Mathematica.
These fit results will be routinely used later when

converting on-shell into MS in calculating the boundary
values for RGEs. Thus, having initially done some work, we
will obtain a simple, easily calculable (polynomial) approx-
imations for the dependences of the MS parameters on the
on-shell quantities, which will further allow us to estimate
the parametric uncertainties of the initial conditions (the
values at μ ¼ μ0 ¼ 173.22 GeV) for RG equations using
standard formulas for estimating the uncertainty of a quantity
analytically dependent on a quantity with uncertainty.

1. Approximate relations between on-shell and MS

Let us now move directly to choosing functions to fit.
We first take λðμ0Þ and look for an approximate solution of
the form

λ ¼ λ0
�
1þ chλ δ̂h þ ctλδ̂t þ cZλ δ̂Z þ cSλ δ̂S þ caλ δ̂a þ cGFλ δ̂GF

þ cbλ δ̂b þ cttλ δ̂tδ̂t þ ctSλ δ̂tδ̂S þ chhλ δ̂hδ̂h þ chtλ δ̂hδ̂t

þ cSSλ δ̂Sδ̂S þ chSλ δ̂hδ̂S þ ctttλ δ̂tδ̂tδ̂t þ cttSλ δ̂tδ̂tδ̂S
�
: ð51Þ

This expression provides the polynomial dependence20 of
the relative parametric error of λ on the relative errors of the
on-shell parameters. Also, the numerical values of the
coefficients will allow us to determine the most and least
significant contributions to each variable when shifting
along the corresponding on-shell quantity. The choice of
specific terms for each fit is determined by the empirical
selection of parameters, which, when added to the fit, cause
a noticeable improvement in the accuracy of the latter. Fit
results for λðμ0Þ ended up in Table III.
The accuracy of the produced fit was estimated on the

same grid of points. Here δerr is the average fit error on this
grid, namely, the sum of absolute values of the difference
between the value obtained by time-consuming evaluation
of Fit_Inputs() and by the application of (51) for
each point of the grid divided by a number of points in the
grid (N ¼ 57)

δerr ¼
1

λ0
·
1

N

X��λðFit InputsÞ − λðfitÞ
�� ð52Þ

As will be seen later, the fit error is much smaller than the
uncertainty λ on this grid, which allows us to say that this fit
is quite successful. It can be noted that with an increase in
loops for λ, the fit error increases, which indicates a greater
distortion from simple polynomial approximation. At the
same time, the fitting process also spends more steps during

TABLE I. Theoretical uncertainties of the initial conditions for the renormalization group equations (values at the
electroweak scale μ0 ¼ 173.22 GeV) depending on the loop configurations.

111 222 333 321 432 433

a1;×10−3 maxth 1.3602 1.3577 1.3572 1.3572 1.3573 1.3573
minth 1.3525 1.3567 1.3572 1.3571 1.3572 1.3572

a2;×10−3 maxth 2.6879 2.6593 2.6561 2.6566 2.6557 2.6557
minth 2.6337 2.6528 2.6557 2.6562 2.6551 2.6552

a3;×10−3 maxth 8.5880 8.6098 8.5673 8.5666 8.5673 8.5673
minth 8.5791 8.5646 8.567 8.5651 8.5671 8.5671

at;×10−3 maxth 6.6149 5.7240 5.5466 5.7316 5.5465 5.5466
minth 5.7901 5.6021 5.5343 5.6048 5.5339 5.5343

ab;×10−6 maxth 1.8140 1.7965 1.5486 1.8086 1.5486 1.5485
minth 1.7553 1.7577 1.5462 1.7569 1.5463 1.5463

aλ;×10−4 maxth 9.3931 8.2117 8.0097 9.1179 8.2008 8.0097
minth 7.0959 8.0282 7.9818 6.9961 8.0193 7.9819

18Corresponding to experimental relative uncertainties.
19In our fits we do not consider the dependence on α due to the

too small error of the latter and small dependence on it, so as not
to complicate the fit.

20Without the constant term, so that λ0 corresponds to the
“central” value of λðμ0Þ, which we get for the central values of the
on-shell parameters.
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minimization at higher loops. Also, those errors do not excess the precision that is provided by Fit_Inputs() (see the
comments in Appendix A).
Now we continue with the gauge couplings g; g0; gs. The data on which we perform the fitting is left unchanged. For gðμ0Þ

the fit was chosen of the form

g ¼ g0
�
1þ chg δ̂h þ ctgδ̂t þ cZg δ̂Z þ cSg δ̂S þ cag δ̂a þ cGFg δ̂GF þ cttg δ̂tδ̂t þ ctSg δ̂tδ̂S

� ð53Þ

with the fit results given in Table IV. For the g0ðμ0Þ fit we use the form

FIG. 11. Examples of random generation: 10k random values of λ and a2 in 222.

TABLE III. Fitted coefficients for λ introduced in Eq. (51). The relative fit error (52) is δerr ≲ 10−6. The symbol
“� � �” signifies that no sensitivity to such a term was found.

111 222 333 321 432 433

λ0 0.1293 0.1268 0.1263 0.1289 0.1267 0.1263
chλ 2 2.0273 2.0345 2.0044 2.0318 2.0345
ctλ � � � 0.1364 0.1 −0.0167 0.119 0.1001
cZλ � � � −0.0313 −0.0325 −0.0216 −0.0309 −0.0325
cSλ � � � −0.0058 −0.0066 7.321 × 10−4 −0.0073 −0.0066
cttλ � � � 0.7871 0.6565 −0.0491 0.7478 0.6565
ctSλ � � � −0.0632 −0.0799 0.0028 −0.0903 −0.0799
chhλ 1 1.0345 1.0462 1.0089 1.0367 1.0462

chtλ � � � −0.1615 −0.177 −0.032 −0.1576 −0.1769
cSSλ � � � 0.0018 0.0022 −1.024 × 10−4 0.0024 0.0022

chSλ � � � 0.0068 0.0098 0.0014 0.0098 0.0098
ctttλ � � � 1.2429 1.0136 −0.0156 1.2256 1.0137
cttSλ � � � −0.1112 −0.1842 � � � −0.1841 −0.1842
caλ � � � 8.85 × 10−5 9.087 × 10−5 6.426 × 10−5 9.057 × 10−5 9.088 × 10−5

cbλ � � � 3.975 × 10−5 3.265 × 10−5 7.405 × 10−6 3.157 × 10−5 3.265 × 10−5

cGFλ 1 0.9784 0.9714 0.9946 0.9769 0.9714

TABLE II. Dimensionless deviations and their typical values from PDG2014 [89] and PDG2024 [60].

δ̂h ≡ Mh
Mhð0Þ

− 1 δ̂t ≡ Mt
Mtð0Þ

− 1 δ̂S ≡ αð5ÞS ðMZÞ
αð5ÞS ðMZÞð0Þ

− 1 δ̂a ≡ Δαð5ÞhadðMZÞ
Δαð5ÞhadðMZÞð0Þ

− 1 δ̂b ≡ mbðmbÞ
mbðmbÞð0Þ − 1

2014 ≈0.3% ≈0.3% ≈0.5% ≈0.4% ≈0.71%
2024 ≈0.1% ≈0.2% ≈0.76% ≈0.2% ≈0.16%
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g0 ¼ g00
�
1þ chg0 δ̂h þ ctg0 δ̂t þ cZg0 δ̂Z þ cSg0 δ̂S þ cag0 δ̂a þ cGFg0 δ̂GF þ cttg0 δ̂tδ̂t

� ð54Þ

with the results presented in Table V. We fit gsðμ0Þ by a polynomial

gs ¼ gs0
�
1þ chgs δ̂h þ ctgs δ̂t þ cZgs δ̂Z þ cSgs δ̂S þ cttgs δ̂tδ̂t þ ctSgs δ̂tδ̂S þ cSSgs δ̂Sδ̂S þ cSSSgs δ̂Sδ̂Sδ̂S

� ð55Þ

with the coefficients given in Table VI.

TABLE IV. Fitted coefficients for g defined in Eq. (53). The relative fit error δerr ≲ 5 × 10−7. The symbol “� � �” signifies that no
sensitivity to such term was found.

111 222 333 321 432 433

g0 0.6482 0.6474 0.6476 0.6477 0.6476 0.6476
chg � � � −1.163 × 10−3 −1.067 × 10−3 −1.058 × 10−3 −1.065 × 10−3 −1.066 × 10−3

ctg 5.13 × 10−4 0.0119 0.0101 0.0103 0.01 0.01
cZg 1.4379 1.4204 1.4237 1.4235 1.4236 1.4236

cSg −4.99 × 10−5 −5.329 × 10−4 −5.309 × 10−4 −3.595 × 10−4 −6.355 × 10−4 −6.359 × 10−4

cttg −2.503 × 10−4 0.0079 0.0058 0.0061 0.0056 0.0056

ctSg � � � −3.582 × 10−4 −1.224 × 10−3 −1.019 × 10−3 −1.412 × 10−3 −1.418 × 10−3

cag −0.0066 −0.0064 −0.0064 −0.0064 −0.0064 −0.0064
cGFg 0.7199 0.7123 0.7135 0.7134 0.7134 0.7134

TABLE V. Fitted coefficients for g0 defined in Eq. (54). The relative fit error is δerr ≲ 5 × 10−7. The symbol “� � �” signifies that no
sensitivity to such term was found.

111 222 333 321 432 433

g00 0.3585 0.3586 0.3586 0.3586 0.3586 0.3586
chg0 � � � 3.521 × 10−4 3.228 × 10−4 3.200 × 10−4 3.222 × 10−4 3.225 × 10−4

ctg0 −1.677 × 10−3 −0.0051 −0.0045 −0.0046 −0.0045 −0.0045
cZg0 −0.4315 −0.4276 −0.4282 −0.428 −0.4283 −0.4283
cSg0 1.631 × 10−4 3.095 × 10−4 3.072 × 10−4 2.554 × 10−4 3.389 × 10−4 3.391 × 10−4

cttg0 8.164 × 10−4 −1.546 × 10−3 −9.489 × 10−4 −1.033 × 10−3 −8.68 × 10−4 −8.834 × 10−4

cag0 0.0215 0.0214 0.0214 0.0214 0.0214 0.0214

cGFg0 −0.2189 −0.2173 −0.2174 −0.2174 −0.2174 −0.2174

TABLE VI. Fitted coefficients for gs defined in Eq. (55). The relative fit error is δerr ≲ 10−7. The symbol “� � �” signifies that no
sensitivity to such term was found.

111 222 333 321 432 433

gs0 1.1642 1.1646 1.1631 1.163 1.1631 1.1631
chgs � � � 3.44 × 10−5 3.172 × 10−5 3.375 × 10−5 3.176 × 10−5 3.179 × 10−5

ctgs −0.0062 −0.0068 −0.0069 −0.0069 −0.0069 −0.0069
cZgs � � � � � � 1.971 × 10−4 1.967 × 10−4 2.055 × 10−4 2.054 × 10−4

cSgs 0.4563 0.4568 0.4545 0.4543 0.4546 0.4545

cttgs 0.0032 0.0036 0.0036 0.0035 0.0036 0.0036

ctSgs −0.0091 −0.0104 −0.0107 −0.0104 −0.0107 −0.0107
cSSgs −0.145 −0.1444 −0.1463 −0.1466 −0.1462 −0.1462
cSSSgs

0.0689 0.0689 0.0691 0.0689 0.0690 0.0691
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Finally, let us repeat the same procedure for the Yukawa couplings ytðμ0Þ; ybðμ0Þ. To perform fitting, we use the same
data from the SMDR output together with the following expressions:

yt ¼ yt0
�
1þ chyt δ̂h þ ctyt δ̂t þ cZyt δ̂Z þ cSyt δ̂S þ cGFyt δ̂GF þ cttyt δ̂tδ̂t þ chtyt δ̂hδ̂t þ ctSyt δ̂tδ̂S þ cSSyt δ̂Sδ̂S

�
; ð56Þ

yb ¼ yb0
�
1þ cbyb δ̂b þ chyb δ̂h þ ctyb δ̂t þ cZyt δ̂Z þ cSyt δ̂S þ cGFyb δ̂GF þ cbbyb δ̂bδ̂b þ cbSyb δ̂bδ̂S

þ cSSyb δ̂Sδ̂S þ ctSyb δ̂tδ̂S þ cSSSyb δ̂Sδ̂Sδ̂S
�
: ð57Þ

The numerical values of the coefficients can be found in
Tables VII and VIII.
The obtained polynomial expressions provide an efficient

way to calculate the MS variables at μ0 ¼ 173.22 GeV
much faster than the more rigorous SMDR tool. At the same
time, all the fits give a fit error δerr significantly smaller than
the relative parametric error δpar (the calculation of which is
described in the next subsection).

2. Using fits for initial conditions

Given simple expressions for converting on-shell to MS,
we can calculate the initial values of the MS variables at the
electroweak scale together with the parametric uncertainty
originating from the limited precision of the experimental
input. As average values, we use the corresponding
parameters from the fits with the subscript 0

TABLE VII. Fitted coefficients for ytðμ0Þ defined in Eq. (56). The relative fit error is δerr ≲ 10−6. The symbol
“� � �” signifies that no sensitivity to such term was found.

111 222 333 321 432 433

yt0 0.9912 0.9462 0.9356 0.9463 0.9356 0.9356
chyt � � � −0.0033 −0.0029 −0.0032 −0.0029 −0.0029
ctyt 1 1.0748 1.0849 1.0739 1.0849 1.0849

cZyt � � � −0.0123 −0.0122 −0.0121 −0.0122 −0.0122
cSyt � � � −0.0458 −0.0671 −0.0454 −0.0671 −0.0671
cttyt � � � 8.559 × 10−4 0.0118 0.0016 0.0115 0.0126

ctSyt � � � 0.0304 0.0268 0.0297 0.0268 0.0268

cSSyt � � � 0.0029 −0.0049 0.0032 −0.005 −0.005
chtyt � � � −0.011 −0.0118 −0.0112 −0.0118 −0.0118
cGFyt 0.5 0.5018 0.5016 0.5017 0.5016 0.5016

TABLE VIII. Fitted coefficients for ybðμ0Þ defined in Eq. (57). The relative fit error is δerr ≲ 10−5. The symbol
“� � �” signifies that no sensitivity to such term was found.

111 222 333 321 432 433

yb0 0.0168 0.0168 0.0156 0.0168 0.0156 0.0156
cbyb 1.1355 1.1355 1.1783 1.1348 1.1783 1.1783

chyb � � � 0.0021 0.0021 0.0021 0.0021 0.0021

ctyb 0.0020 −0.0061 −0.0068 −0.0069 −0.0068 −0.0068
cZyb −0.0043 −0.0152 −0.0145 −0.0152 −0.017 −0.0146
cSyb −0.4614 −0.4612 −0.671 −0.4563 −0.6713 −0.6711
cbbyb 0.0594 0.0594 0.0733 0.0592 0.0733 0.0733

cbSyb −0.2811 −0.2809 −0.3699 −0.2781 −0.37 −0.37
cSSyb −0.0588 −0.059 −0.2288 −0.0538 −0.2289 −0.2289
ctSyb � � � 0.0043 0.0058 0.0046 0.0058 0.0059

cSSSyb
−0.0287 −0.0287 −0.1484 −0.0256 −0.0126 −0.1485

cGFyb 0.4947 0.492 0.492 0.492 0.492 0.492
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a1ðμ0Þ ¼
5g020
48π2

; a2ðμ0Þ ¼
g20

16π2
; a3ðμ0Þ ¼

g2s0
16π2

;

atðμ0Þ ¼
y2t0
16π2

; abðμ0Þ ¼
y2b0
16π2

; aλðμ0Þ ¼
λ0

16π2
:

To estimate parametric uncertainty of these quantities, we
use the standard “propagation of error” formalism applied
to the nonlinear functions of the parameters fðOiÞ, i.e., we
linearize in on-shell quantitiesOi around the corresponding

central values Oð0Þ
i , and for uncorrelated Oi we get the

absolute error of f as

ΔfðOiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

�
∂f
∂Oi

����
Oi¼Oð0Þ

i

· ΔOi

�
2

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

�
Oð0Þ

i ·
∂f
∂Oi

����
Oi¼Oð0Þ

i

· δi

�
2

s
; ð58Þ

where ΔOi ¼ σi here is the standard deviation of the

corresponding measured on-shell quantity, and δi ¼
ΔOi=O

ð0Þ
i is the relative error. Due to the definitions of

the variables δ̂i that we have chosen, we have their average
values zero, and their absolute errors take the form21

Δδ̂i ¼ δi

Δðδ̂iδ̂jÞ ¼ Δðδ̂iδ̂jδ̂kÞ ¼ 0:

This allows us to calculate the absolute parametric errors of the MS parameters using the found coefficients of the fits

Δg ¼ g0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðchgδhÞ2 þ ðctgδtÞ2 þ ðcZg δZÞ2 þ ðcSgδSÞ2 þ ðcagδaÞ2 þ ðcGFg δGFÞ2

q
Δg0 ¼ g00

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðchg0δhÞ2 þ ðctg0δtÞ2 þ ðcZg0δZÞ2 þ ðcSg0δSÞ2 þ ðcag0δaÞ2 þ ðcGFg0 δGFÞ2

q
Δgs ¼ gs0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðchgsδhÞ2 þ ðctgsδtÞ2 þ ðcZgsδZÞ2 þ ðcSgsδSÞ2

q
Δyt ¼ yt0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðchytδhÞ2 þ ðctytδtÞ2 þ ðcZytδZÞ2 þ ðcSytδSÞ2

q
Δyb ¼ yb0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcbybδbÞ2 þ ðchybδhÞ2 þ ðctybδtÞ2 þ ðcZytδZÞ2 þ ðcSytδSÞ2

q
Δλ ¼ λ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðchλδhÞ2 þ ðctλδtÞ2 þ ðcZλ δZÞ2 þ ðcSλδSÞ2 þ ðcaλδaÞ2 þ ðcGFλ δGFÞ2 þ ðcbλδbÞ2

q
and

Δa1 ¼
5g00Δg0

24π2
Δa2 ¼

g0Δg
8π2

Δa3 ¼
gs0Δgs
8π2

Δat ¼
yt0Δyt
8π2

Δab ¼
yb0Δyb
8π2

Δaλ ¼
Δλ
16π2

By performing calculations, we obtain the initial conditions at the electroweak scale μ0 ¼ 173.22 GeV together with their
corresponding parametric uncertainties presented in Table IX.

TABLE IX. Initial conditions of renormalization group equations with parametric uncertainty (values at the scale 173.22 GeV)
depending on loops.

111 222 333 321 432 433

a1;×10−3 1.35636(13) 1.35748(13) 1.35717(13) 1.35710(13) 1.35723(13) 1.35723(13)
a2;×10−3 2.66051(18) 2.65408(21) 2.65602(20) 2.65650(20) 2.65568(20) 2.65569(20)
a3;×10−3 8.58(6) 8.59(6) 8.57(6) 8.57(6) 8.57(6) 8.57(6)
at;×10−3 6.222(21) 5.669(21) 5.543(21) 5.671(21) 5.543(21) 5.543(21)
ab;×10−6 1.786(14) 1.780(14) 1.548(17) 1.784(14) 1.548(17) 1.548(17)
aλ;×10−4 8.187(14) 8.032(14) 7.999(14) 8.160(14) 8.022(14) 7.999(14)

21Important: an absolute error of δ̂i is a relative error of Oi, which is δi.
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As it turned out, parametric uncertainties ended up to be
much larger than δerr of the fits discussed in the previous
subsections. This shows that the fits can actually be used to
transform on-shell parameters into MS quantities, as was
performed above. As we already mentioned above, we have
checked that the “statistical” approach provides the same
results.
We summarize our study of the initial condition and our

uncertainty estimates for different loop configurations in
Fig. 12. In what follows we use these results when studying
solutions of the SM RGE equations beyond the one-loop
level. Our main focus will be on the running of the Higgs

boson self-coupling λðμÞ due to its relation to the electro-
weak vacuum stability discussed in the next section.

V. PROBLEM OF (META)STABILITY
OF THE SM VACUUM

It is expected that taking into account the quantum
corrections ΔV to the tree-level potential will not change v
much compared to the tree value vtree, which justifies the
calculation of ΔVðϕÞ using perturbation theory. However,
quantum effects can also lead to the appearance of an
additional minimum in VeffðϕÞ at ϕ ¼ ṽ ≫ v. Depending

FIG. 12. MS quantities at μ0 ¼ 173.22 GeV with parametric and theoretical uncertainties.
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on the values of the SM parameters, the additional mini-
mum can be either false VeffðṽÞ ≥ VeffðvÞ or true VeffðṽÞ <
VeffðvÞ. In the latter case, there is a possibility of decay
of the electroweak vacuum, and an important criterion for
the self-consistency of the SM is the stability of the latter.
It is obvious that the boundary of absolute stability is the
degeneracy condition VeffðṽÞ ¼ VeffðvÞ. In the case of the
SM, calculations show that the electroweak vacuummay be
unstable. However, the lifetime of the latter is quite large
and the parameters of the model lie quite far from the
boundary of the metastability region, corresponding to the
unit probability of the decay of the electroweak vacuum
throughout the history of the Universe.
Computing VeffðϕÞ in higher orders of the PT is a

nontrivial task and it is based on calculating the path
integral using the background-field formalism proposed
in Ref. [84]. The main technical difficulties are related
to the gauge dependence of VeffðϕÞ (see, for example,
Refs. [84,92,93]) as well as “spurious” infrared divergences
arising in calculations in the finite order of perturbation
theory [94–99]. This complicates obtaining physical,
gauge-independent results and requires resummation of
various contributions in all orders of PT.
Moreover, attempts to extend the effective potential

VeffðϕÞ calculated in the final PT order to large field values
lead to a violation of the PT applicability conditions. This
problem is also solved by rearrangement of the PT series
using the renormalization group equation satisfied by
VeffðϕÞ (see, e.g., Refs. [100,101]).

In Refs. [44,102], the stability of the SM vacuum at the
three-loop level was investigated. It was shown that the
values of the key SM parameters affecting the analysis and
related to the top quark mass, the Higgs boson mass,
and the strong constant are very close to the absolute
stability boundary22 in the metastability region. In this
paper, we assume that the electroweak vacuum is false and
investigate how the high-order terms in the SM RGE affect
the calculated rate for the decay.
The lifetime of the false vacuum is related to the rate of

bubble formation of the true vacuum in a unit volume per
unit time (see, for example, the review [104])

γ ¼ Ae−B; ð59Þ

where B is the action for the bounce solution [105] and the
preexponential factor describes the quantum corrections
[106]. The calculation is based on using an approximate
expression for the potential for the neutral component of
the Higgs field ϕ in the region ϕ ≫ v

VeffðϕÞ ≃
1

4
λðϕÞϕ4: ð60Þ

In Eq. (60) we neglected the mass term, and the running
self-coupling constant λðμÞ is calculated at μ ≃ ϕ.
The spherically symmetric solution in four-dimensional
Euclidean space ϕbðrÞ of the “bounce” type satisfies
equation

d2ϕb

dr2
þ 3

r
dϕb

dr
¼ V 0

effðϕbÞ ≃ ϕ3
b

	
λðϕbÞ þ

1

4
β̄λðϕbÞ



; lim

r→∞
ϕb ¼ v ≃ 0;

dϕ
dr

����
r¼0

¼ 0; ð61Þ

where

β̄λðμÞ ¼
dλðμÞ
d ln μ

¼ 2
dλðμÞ
d ln μ2

: ð62Þ

Equation (61) can be simplified by approximating the
expression in square brackets with a constant

	
λðϕbÞ þ

1

4
β̄λðϕbÞ



≃ λ� < 0; λ� ≡ λðμ�Þ∶ β̄λðμ�Þ ¼ 0

ð63Þ

Thus, we obtain

d2ϕb

dr2
þ 3

r
dϕb

dr
¼ −jλ�jϕ3

b; ð64Þ

with the solution (Fubini-Lipatov instanton [107,108])

ϕbðrÞ ¼
ffiffiffiffiffiffiffi
8

jλ�j

s
R

r2 þ R2
: ð65Þ

The latter depends on the arbitrary dimensional parameter
R related to the initial condition

ϕbð0Þ ¼
ffiffiffiffiffiffiffi
8

jλ�j

s
1

R
; ϕbðRÞ ¼

ffiffiffiffiffiffiffi
8

jλ�j

s
1

2R
¼ ϕbð0Þ

2
; ð66Þ

and the radius of the instanton. The scale invariance of the
classical potential (in the limit of zero mass) leads to the
fact that the value of the action for the “bounce” does not
depend on the parameter R

22Recent discussion on the absolute stability in the SM and
some of its extensions can be found in Ref. [103].
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B ¼ S½ϕb� ¼ 2π2
Z

r3dr

�
1

2
½∂rϕbðrÞ�2 þ

λ�

4
ϕ4
bðrÞ

�

¼ 8π2

3jλ�j≡
1

6ja�λ j
: ð67Þ

However, when quantum corrections are taken into ac-
count, the degeneracy is lifted and, roughly speaking,
the characteristic instanton size R�, which gives the main
contribution to the lifetime, is related to the scale
μ� ∼ 1=R�, at which jλ�j is maximal. Thus, from dimen-
sional considerations (see, for a more accurate treatment,
e.g., Ref. [109]), the width of the vacuum decay per unit
volume is given by

Γ
V
≡ γ ≈ ðμ�Þ4Ãe

− 1
6ja�

λ
j; βλðμ�Þ ¼ 0; ð68Þ

where Ã is a dimensionless quantity determined by
fluctuations [110] of quantum fields near the bounce
solution (see, e.g., recent [111] and references therein).
The probability of the electroweak vacuum decay can be
estimated as the probability of forming a bubble of true
vacuum in the visible part of the Universe over the entire
history of the latter [102], i.e., it is necessary to multiply γ
by the four-volume of the today’s past light cone
ðVTÞlight−cone ≈ 0.15=H4

0, where H0 ≈ 70ðkm=sÞ · Mpc−1≈
1.44 × 10−42 GeV, giving rise to

P ¼ γ · ðVTÞlight-cone ≈ 0.15 · Ã ·
μ�4

H4
0

e
− 1
6ja�

λ
j; ðVTÞlight-cone ≈ 3.5 × 10166 · GeV−4: ð69Þ

It what follows, we first study the running of λ for
different loop configurations and compute t� ¼ 2 lnðμ�=μ0Þ
together with λ�. Then we evaluate log10 P and analyze its
dominant uncertainties.

A. Running of λ: From electroweak to Planck scale

Let us fix again the initial condition (34) at the electro-
weak scale μ0 ¼ 173.22 GeV and demonstrate the influ-
ence of higher PT orders23 in various beta functions βa
on the behavior of aλðμÞ near the scale24 μr at which
aλðμrÞ ¼ 0. Since the UV asymptotics of the non-Abelian
and Abelian gauge coupling constants in the SM are
different, we consider separately the contributions to each
of the gauge beta functions. In this section we use the
refined jLa1 ; La2 ; La3 jLat ; Lab jLaλ j notation to specify loop
orders in RGEs for each considered coupling.
In Fig. 13 we show how different contributions to gauge-

coupling beta functions affect the running of αλðμÞ near the
μr scale. The effect of adding the higher-order contributions
to the beta functions of a1 and a2 is that ȧλ, negative at the
electroweak scale, decreases in absolute value with μ, thus
pushing the scale μr∶ aλðμrÞ ¼ 0 to the region of larger μ.
Even though a3 does not enter into ȧλ at the one-loop level,
its value affects the running of the Yukawa couplings and
indirectly aλ. Adding higher orders to β3 “accelerates” the
approach of a3 to zero in the UV. This in turn makes at
decrease more slowly with μ. This increases the negative
contribution −3a2t to one-loop βλ so that the scale μr
decreases compared to the case j1; 1; 1j1; 1j1j. As can be

seen, the transition to three loops somewhat strengthens the
two-loop effect in the cases of a1 and a2, and weakens it in
the case of a3. The four-loop contribution to the gauge beta
functions in all cases gives an effect opposite to the three-
loop one.
Figure 14 shows the running of αλðμÞ for μ ≈ μr, but now

we separately turn on high-order terms in RGE for top-quark
Yukawa (upper plots), aλ itself (lower left panel), and in both
beta functions (lower right panel). All other couplings run at
one loop. Adding more loops to the beta function at leads to
aλ decreasing more slowly (at tends to zero more quickly).
Taking into account the second loop in ȧλ decreases μr and
the third one increases μr again. It is interesting to note that
when using one-loop expressions for ȧt, the curve corre-
sponding to the three-loop βλ lies between the curves for one
and two loops. When using two- or three-loop βt, the three-
loop βλ leads to the largest μr.
Finally, we solve SM RGEs with the initial conditions

(34) and provide the values of running aλ and at at fixed
μ̄ ¼ 1010 GeV. We start from the j1; 1; 1j1; 1j1j configu-
ration and turn on different loop corrections one by one. In
Fig. 15 we demonstrate typical shifts that we obtain in this
kind of study. The strongest effect comes from high-order
corrections to β3 and βt. The one-loop βt leads to negative
values of aλðμ̄Þ. The latter becomes even more negative if
the two-loop β3 is used, since in this case at decreases more
slowly in the UV. Adding higher orders to βt improves the
situation, reduces atðμ̄Þ and leads to positive aλðμ̄Þ (left plot
in Fig. 15).
At the same time, the considered couplings exhibit a less

pronounced dependence on high-order corrections to the
remaining beta functions. If we stick to the three-loop βt
and the two-loop β3 and consider different PT orders in
other beta functions, we get the shifts given in the middle
panel of Fig. 15. Higher corrections to the electroweak beta

23Ignoring for the moment the fact that the boundary con-
ditions also depend on the loop configuration.

24This scale is sometimes associated with the gauge-dependent
“instability scale of the SM electroweak vacuum” (see., e.g.,
Ref. [112]).
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functions tend to decrease atðμ̄Þ and increase aλðμ̄Þ. The
two-loop contributions to βλ decrease aλðμ̄Þ compared to
the one-loop case, while adding three-loop terms to βλ
makes aλðμ̄Þ larger (see, the middle and right parts
of Fig. 15).
Let us now take into account the uncertainties in the

boundary conditions given in Table IX. Our main focus will

be on the computation of two characteristic scales μr
and μ� corresponding to zero (aλðμrÞ ¼ 0) and minimal
(aλðμ�Þ ¼ a�λ) values of the Higgs boson coupling. Given
the results of the previous section, we estimate the para-
metric and theoretical uncertainties of tr ≡ 2 ln μr=μ0,
t� ≡ 2 ln μ�=μ0, and a�λ , together with that of the vacuum
decay probability (69).

FIG. 13. Behavior of aλðμÞ near aλ ¼ 0 taking into account different orders in the gauge beta functions. The initial values are taken to
be the same (34) and only the PT orders are changed in the case of a1 (upper plots), a2 (middle plots), and a3 (lower plots). The left
column compares the one-loop running with two and higher loops. The right column demonstrates the difference between the latter. For
the remaining coupling constants the one-loop result is used.
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The parametric error will be estimated by generating
random curves with the distribution of the initial conditions
according to Table IX. We considered a sample of 500
curves for each configuration (see, e.g., Fig. 16). The

distributions of the resulting tr; t�, and a�λ turn out to be
very close to the Gaussian one (Fig. 17).
By processing the generated random data, we obtain the

mean values and the parametric uncertainties for each

FIG. 14. Behavior of aλðμÞ near aλ ¼ 0 taking into account different orders in the beta functions for at (upper left and upper right) and
aλ (lower left). A combined effect of high-order terms in βt and βλ (lower right) is demonstrated in the right plot. The initial values are
taken fixed (34) for all cases.

FIG. 15. Dependence of the running aλ and at at the 1010 GeV scale on the used beta function orders. The initial values are taken to be
the same at the μ0 scale. The contributions to β3 and βt have the greatest influence. Taking into account higher corrections in the
remaining beta functions does not change the result much (middle and right plots).
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considered loop configuration and provide them in Table X.
The values of μr and μ� are given in GeV. They have
asymmetric errors, since they depend exponentially on tr
and t�, respectively, which are normally distributed.
Let us proceed to theoretical uncertainties. We follow the

same procedure that we used in Sec. IVA. We consider

μrðμ́Þ, μ�ðμ́Þ and a�λðμ́Þ as functions of the matching scale μ́
and compute the corresponding values on the same grid of
points (see Figs. 18–20). To estimate theoretical uncertain-
ties, we take minimal and maximal values of μr, μ�, and a�λ
on this interval μ́∈ ðμ0=2; 2μ0Þ for each loop configuration
(see Table XI).

FIG. 16. An example of 20 curves for 222 with randomly generated initial conditions.

FIG. 17. Distributions of tr for 111, a�λ for 222, and t� for 333 generated for a sample of 500 random boundary conditions.

TABLE X. Values of tr; μr; z�; t�; μ� with parametric uncertainty depending on the loops.

111 222 333

tr 14.57(25) 28.3(12) 35.3(22)
μr;GeV ð2.53þ0.34

−0.30 Þ × 105 ð2.4þ2.1
−1.1 Þ × 108 ð0.8þ1.6

−0.5 Þ × 1010

a�λ ;×10
−4 −6.51ð20Þ −1.65ð18Þ −0.91ð17Þ

t� 63.23(27) 68.80(26) 69.61(22)
μ�;GeV ð9.3þ1.4

−1.2 Þ × 1015 ð1.51þ0.21
−0.18 Þ × 1017 ð2.26þ0.27

−0.24 Þ × 1017

321 432 433

tr 29.9(26) 35.8(26) 35.3(28)
μr;GeV ð0.5þ1.5

−0.4 Þ × 109 ð1.0þ2.8
−0.8 Þ × 1010 ð0.8þ2.5

−0.6 Þ × 1010

a�λ ;×10
−4 −1.51ð17Þ −0.88ð16Þ −0.91ð17Þ

t� 69.62(23) 69.74(23) 69.61(23)
μ�;GeV ð2.27þ0.27

−0.24 Þ × 1017 ð2.41þ0.29
−0.26 Þ × 1017 ð2.26þ0.28

−0.25 Þ × 1017
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FIG. 18. Dependence of μr on the matching scale μ́ for different loop configurations.

FIG. 19. Dependence of μ� on the matching scale μ́ for different loop configurations.

FIG. 20. Dependence of a�λ on the matching scale μ́ for different loop configurations.
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Summing up, we obtain the following dependencies of
μr; μ�; a�λ on loop configurations. The higher PT corrections
tend to increase both μr (Fig. 21) and μ� (Fig. 22)
comparing to the leading-order result. In Fig. 23 one sees
a drastic change in a�λ when going from the 111 configu-
ration to the 222 one and further from two loops to three
and partially four-loop configurations. The parametric
uncertainties do not change much from order to order.
On the contrary, our estimation of theoretical uncertainties
clearly shows that the diagonal loop configurations have
smaller errors than the nondiagonal ones (compare, e.g.,
333 and 321) with obvious shrinking of the uncertainty
for higher loops. Starting from three loops theoretical

uncertainties of the diagonal configurations become smaller
than the parametric ones.

B. Vacuum decay probability

Now we are ready to compute the probability of the
decay of the electroweak vacuum during the past history of
the Universe

P ≈ 0.15 · Ã ·
μ�4

H4
0

exp

�
−

1

6ja�λ j



and provide naive estimates of theoretical and parametric
uncertainties of the latter, originating from the uncertainties

TABLE XI. Theoretical uncertainties of μr; ; μ�, and a�λ for different loops.

111 222 333

μr;GeV maxth 3.1224 × 105 7.2999 × 109 9.7304 × 109

minth 2.5259 × 105 1.1859 × 108 7.6057 × 109

a�λ ;×10
−4 maxth −4.74192 −1.0157 −0.8794

minth −8.32633 −1.88267 −0.92327

μ�;GeV maxth 2.5861 × 1016 3.7545 × 1017 2.3223 × 1017

minth 3.3925 × 1015 1.3191 × 1017 2.1944 × 1017

321 432 433

μr;GeV maxth 5.3054 × 1012 2.2344 × 1011 9.6287 × 109

minth 3.0499 × 106 9.4124 × 109 7.5906 × 109

a�λ ;×10
−4 maxth −0.51275 −0.56361 −0.88162

minth −2.57486 −0.89618 −0.9238

μ�;GeV maxth 7.474 × 1018 4.4154 × 1017 2.3278 × 1017

minth 3.6987 × 1015 2.3787 × 1017 2.2028 × 1017

FIG. 21. Dependence of μr for which aλðμrÞ ¼ 0 on the considered loop configurations.
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of μ� and a�λ . It will be convenient for us to consider the
value log10 P and express it in terms of a�λ and
t� ¼ 2 ln μ�=μ0. For simplicity, we set the value of Ã to
be constant25 and equal to 10−16 [109]. With H0 ¼ 1.44 ×
10−42 GeV for log10 P we obtain

log10 P ≈ 159.497þ 0.434294

�
2t� −

1

6ja�λ j
�

ð70Þ

In Table XII, the value maxth corresponds to maximum
vacuum lifetime, while minth; to the minimum, i.e., each
value of minth here is greater than maxth. These values were
calculated along the same lines as in previous sections, i.e.,
we maximize/minimize the value of log10 P as a function of
the matching scale μ́ in the interval μ́∈ ðμ0=2; 2μ0Þ
(μ0 ¼ 173.22 GeV). Obviously, the probability cannot be
larger than one, so the value of log10 P ≃ 100 just means
that the vacuum decay probability would have reached

100%much, much earlier in the history of the Universe. We
illustrate the dependence of log10 P on loop configurations
in Fig. 24.
We can see again a reduction of the theoretical uncer-

tainties for higher loop diagonal loop configurations. The
same seems to be true for the nondiagonal cases. One can

FIG. 22. Dependence of μ�, for which aλðμ�Þ is minimal, on the considered loop configurations.

FIG. 23. Dependence of minimal value a�λ ≡ aλðμ�Þ on the considered loop configurations.

FIG. 24. Dependence of log10 P on loop configurations.25see Ref. [111] for most recent reevaluation.
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notice that the 321 configuration with the one-loop running
of the self-coupling gives rise to a larger decay probability
than that obtained with the three-loop running and is
compatible with the 222 prediction. However, the estimated
theoretical uncertainty of 321 is much larger. The same is
true if we compare 432 with 333 or 433. Thus, we argue
that a more consistent treatment requires diagonal beta
functions together with diagonal matching26 to be used in
the analysis.

VI. CONCLUSIONS

We have reviewed the renormalization-group equations
for the most important SM dimensionless couplings that
describe gauge interactions of the SM particles, Yukawa
interactions of the heavy top and bottom quarks, and the
Higgs boson self-interactions. We provided an illustrative
analysis of the one-loop RGE and highlighted regions in
space of couplings with different asymptotic behavior.
Beyond the leading order we discussed various loop
configurations and carried out a refined analysis of the
nondiagonal cases when gauge, Yukawa, and self-coupling
beta functions are used at different loops. Following [88],
we used SMDR code and derived approximate expressions
for the running couplings at the electroweak scale chosen to
be μ0 ¼ 173.22 GeV. The latter were utilized in our study
of the parametric uncertainties for the running parameters.
We showed that these uncertainties are almost independent
of the considered loop configurations (see Table IX).
Our analysis of the SM renormalization-group equations

reveals that the choice of loop order for the beta functions
and matching conditions significantly impacts the theoreti-
cal uncertainty estimated frommatching scale variation. We
confirm that this uncertainty decreases when higher loop
orders are included. However, employing theoretically
motivated nondiagonal loop configurations—such as
L; ðL − 1Þ; ðL − 2Þ for some L > 2, which are suggested
by Weyl consistency conditions—introduces a larger theo-
retical uncertainty in key predictions (e.g., the vacuum
decay probability) compared with the traditional diagonal
approach of using L-loop RGEs for all couplings. We
therefore stress that a consistent treatment of loop orders in

both the renormalization-group equations and their initial
conditions is required.
Different observables can obviously be most sensitive to

different parameters.27 Theoretical uncertainties of the
former are impacted by the lowest available loop order
for the latter. Nevertheless, the computation of the neces-
sary ingredients for the full L-loop analysis can be
technically challenging and time-consuming. As a conse-
quence, we appreciate a common approach (like in
Refs. [76,83]) that utilizes all state-of-the-art results avail-
able in literature.
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APPENDIX A: MODIFICATIONS OF SMDR

To convert on-shell parameters into MS variables by
means of SMDR we used the internal variable loop, which
is passed as an argument to various SMDR functions to
specify the required order of perturbation theory. As
already mentioned, by default the user has no control over
these values and they are set to maximum.
Therefore, we used a modified version28 of the

SMDR_Fit_Inputs() function, which iteratively fits
the MS parameters to the given on-shell values, to which
the ability to adjust specific loops during recalculation was
added.29 The specific choice of the loop parameter for the
SMDR functions called inside SMDR_Fit_Inputs() to
calculate pseudoobservables is presented in Table XIII for
the various loop configurations. It is worth noting that not
all the necessary higher-order corrections are currently
known. Therefore, we used approximations that correspond

TABLE XII. Logarithm of the vacuum decay probability log10 P depending on loop configurations. Parametric
(“param” row) uncertainties and our estimates for theoretical intervals are indicated. Large positive value of log10 P
for the 111 case corresponds to the fact that the decay probability reaches one at much earlier time.

111 222 333 321 432 433

param 103.2� 3.5 −219� 48 −574� 152 −258� 55 −599� 148 −574� 152
maxth 60 −492 −603 −1186 −1063 −601
minth 129 −165 −564 −68 −588 −564

26See a discussion of the subtleties in the nondiagonal
matching in Appendix A.

27For example, in our vacuum decay study, we are primarily
interested in aλ.

28Available at https://github.com/arturfedoruk/RG.
29In addition, we also excluded from consideration the Yukawa

constants for quarks and leptons lighter than the b quark.

BEDNYAKOV, FEDORUK, and KAZAKOV PHYS. REV. D 113, 036018 (2026)

036018-30

https://github.com/arturfedoruk/RG
https://github.com/arturfedoruk/RG


as closely as possible to the rule: “L-loop RG equations +
(L − 1) -loop recalculation formulas.” Moreover, as can be
easily seen from (39), to determine the coupling constants
for given particle masses, knowledge of the vacuum
average “extracted” from GF is necessary. For the cases
Lg ¼ Ly ¼ Lλ ¼ 1, 2, 3 considered within the framework
of standard perturbation theory, there is no question about
how many loops δ̄r should be taken in. However, in the
cases where different orders of the RG equations are taken
for the gauge, Yukawa, and Higgs constants, the formal
RG independence of particle masses can be spoiled if an
insufficient number of terms are taken in the expression
for δ̄r. Therefore, in the orders 321, 432, and 433
considered here we use the two-loop30 expression for δ̄r.
In the original version of the program, formulas of the

form (39) are used at fixed but in some cases different μth
scales. For example, by default, for the top quark mass, the
δ̄t corrections are calculated at μth1 ¼ Mt, and for theW, Z,
and H masses the renormalization scale is chosen to be
μth2 ¼ 160 GeV (see [83]). As a consequence, the iterative
procedure for extracting running parameters necessarily
uses the RG equations in the SM, which relate the running
parameters on μth1 and μth2 . In this paper, following [44],
we fixed μth ¼ μ0 for all pseudoobservables of interest to
us, thereby avoiding the use of the RG equations in the SM
when calculating the running parameters for a given μ0.
This allows us to quantitatively estimate theoretical uncer-
tainties in the extraction of aðμ0Þ by comparing the values
obtained directly from the inversion of formulas of the form
(39) at the μ0 scale with the results of solving the RG
equations whose initial values are found from (39) at the
μ́∈ ðμ0=2; μ0 · 2Þ scale (see Sec. IVA).
It is also important to mention the err_target

parameter of Fit_Inputs(), the relative error value

allowed by the fitting. The program performs the fit by
processing a specific sort of descent, which halts when
err_target is bigger than the sum of the relative
deviations of on-shell quantities Oi from the target value,
which you specify when calling a function

err target >
X7
i¼1

����OiðaFit InputsðÞÞ
Otarget

i

− 1

����
In all our calculations we use31 err target ¼ 10−6.

Greater precision requires more computation. Nevertheless,

the precision of the obtained MS quantities aFit InputsðÞ
i

turns to be higher. We estimated the precision of

aFit InputsðÞ
i as a difference between the last two steps

ðjf − 1Þ and jf of the fitting procedure implemented in
SMDR

δFit InputsðÞ
ai ¼

���� aFit InputsðÞ
i ðstep jfÞ

aFit InputsðÞ
i ðstep jf − 1Þ

− 1

����
and got approximately ð2 × 10−9; 2 × 10−9; 6 × 10−11;
2 × 10−9; 3 × 10−7; 6 × 10−9Þ for ða1; a2; a3; at; ab; aλÞ
at 111 and ð2 × 10−8; 4 × 10−9; 3 × 10−9; 2 × 10−8;
2 × 10−8; 2 × 10−7Þ at 433. Those observations are rele-
vant in IV B.

APPENDIX B: STATE-OF-THE-ART RGE

The state-of-the-art RG equations of loop order 433 that
were used in the paper are of the following form (here
ζ3 ¼ ζð3Þ stands for the Riemann zeta-function):

TABLE XIII. Choice of the loop parameter for functions called inside the modified Fit_Inputs() for different loop
configurations. SMDR does not implement the 0 values for loops in SMDR_Eval_QCDQED_at_MZ and SMDR_Eval_mbmb.
Therefore, the minimum loop value for them is unity. In addition, the use of four-loop RG equations for the gauge constants (cases 432
and 443) implies the calculation ofMZ (andMW) with an accuracy of three loops. In SMDR in addition to the full two-loop effects, only
the leading three-loop QCD corrections for these masses are implemented. This corresponds to the fact that when calling
SMDR_Eval_MZ_pole and SMDR_Eval_MW_pole the maximum value of the variable loop ¼ 2.5.

function SMDR pseudoobservable 111 222 333 321 432 433

SMDR_Eval_Mt_pole Mt 0 1 2 1 2 2
SMDR_Eval_Mh_pole Mh 0 1 2 0 1 2
SMDR_Eval_MZ_pole MZ 0 1 2 2 2.5 2.5
SMDR_Eval_MW_pole MW 0 1 2 2 2.5 2.5
SMDR_Eval_GFermi GF 0 1 2 2 2 2
SMDR_Eval_QCDQED_at_MZ αð5ÞðMZÞ; αð5Þs ðMZÞ 1 1 2 2 3 3

SMDR_Eval_mbmb mbðmbÞ 1 1 2 1 2 2

30The highest order available in SMDR. 31Default value in the original SMDR.
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a1abaλ −

9

16
a21aλ −

135

2
a2abaλ −

27

40
a1a2aλ −

171
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a22aλ þ 16a3abaλ

þ 93atabaλ þ 15a2t aλ þ
15

4
aba2λ þ 9a1a2λ þ 45a2a2λ −

291

4
ata2λ − 36a3λ

�
; ðB5Þ

daλ
d ln μ2

¼ 12a2λ −
9

10
a1aλ þ

27

400
a21 −

9

2
a2aλ þ

9

40
a1a2 þ

9

16
a22 þ 6ataλ − 3a2t þ 6abaλ − 3a2b

− 156a3λ þ
54

5
a1a2λ þ

1887

400
a21aλ −

3411

4000
a31 þ 54a2a2λ þ

117

40
a1a2aλ −

1677

800
a21a2 −

73

16
a22aλ −

289

160
a1a22 þ

305

32
a32

− 72ata2λ þ
17

4
a1ataλ −

171

200
a21at þ

45

4
a2ataλ þ

63

20
a1a2at −

9

8
a22at þ 40a3ataλ −

3

2
a2t aλ −

4

5
a1a2t − 16a3a2t

þ 15a3t − 72aba2λ þ
5

4
a1abaλ þ

9

40
a21ab þ

45

4
a2abaλ þ

27

20
a1a2ab −

9

8
a22ab þ 40a3abaλ − 21atabaλ − 3a2t ab
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−
3

2
a2baλ þ

2

5
a1a2b − 16a3a2b − 3ata2b þ 15a3b þ 3588a4λ þ 2016a4λζ3 −

474

5
a1a3λ þ
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5
a1a3λζ3

−
3762

25
a21a

2
λ −

729

25
a21a

2
λζ3 þ

88639

2000
a31aλ −
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1000
a31aλζ3 −
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a41 þ

336339

80000
a41ζ3 − 474a2a3λ

þ 72a2a3λζ3 −
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a1a2a2λ −
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5
a1a2a2λζ3 þ

13941
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a21a2aλ −

1323
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a21a2aλζ3 −
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32000
a31a2 þ

19593
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a31a2ζ3

−
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8
a22a

2
λ − 513a22a

2
λζ3 þ
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a1a22aλ −
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40
a1a22aλζ3 −
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9600
a21a

2
2 þ

19953

1600
a21a

2
2ζ3 þ
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a32aλ
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8
a32aλζ3 −
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1152
a1a32 −
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32
a1a32ζ3 þ
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a42 −
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a42ζ3 þ
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10
a21a3aλ −
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25
a21a3aλζ3 −
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a31a3
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a21a2a3 þ
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2
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2
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1280
a1a22at þ

81
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−
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30
a1a3ataλ þ
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2
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5
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2
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3
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6

5
a1atabaλζ3 −

6381
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8
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2
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þ 9909
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a22a

2
b −

819
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a22a

2
bζ3 þ 895a3a2baλ − 1296a3a2baλζ3 −
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5
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2
a2a3a2b
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3
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8
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5
a1ata2bζ3 þ
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8
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