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The holographic Green’s function becomes ambiguous, taking the indeterminate form “0=0,” at an
infinite set of special frequencies and momenta known as “pole-skipping points.” In this work, we propose
that these pole-skipping points can be used to reconstruct both the interior and exterior geometry of a static,
planar-symmetric black hole in the bulk. The entire reconstruction procedure is fully analytical and only
involves solving a system of linear equations. We demonstrate its effectiveness across various backgrounds,
including the Bañados-Teitelboim-Zanelli black hole, its TT̄-deformed counterparts, as well as geometries
with Lifshitz scaling and hyperscaling-violation. Within this framework, other geometric quantities, such as
the vacuum Einstein equations, can also be reinterpreted directly in terms of pole-skipping data. Moreover,
our approach reveals a hidden algebraic structure governing the pole-skipping points of Klein-Gordon
equations of the form ð∇2 þ VðrÞÞϕðrÞ ¼ 0: only a subset of these points is independent, while the
remainder is constrained by an equal number of homogeneous polynomial identities in the pole-skipping
momenta. These identities are universal, as confirmed by their validity across a broad class of bulk
geometries with varying dimensionality, boundary asymptotics, and perturbation modes.
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I. INTRODUCTION

The Anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence, or holography [1–3], asserts that quantum
gravity in an asymptotically AdS spacetime is dual to a
strongly coupled (CFT) defined on its boundary. A central
challenge in this framework is bulk reconstruction: the task
of recovering the bulk spacetime geometry and its dynami-
cal fields purely from data in the boundary quantum field
theory (QFT).
Broadly speaking, bulk reconstruction falls into two

categories: bulk operator reconstruction and bulk metric
reconstruction. The former seeks to identify local bulk
operators using boundary information, while the latter aims
to deduce the gravitational background geometry from the
boundary QFT.
In the domain of bulk operator reconstruction, several

influential approaches have been developed.1 One of the
most prominent is the Hamilton-Kabat-Lifschytz-Lowe

method [5–7], which reconstructs local bulk operators in
AdS directly from their dual CFT boundary operators.
Another major framework is entanglement wedge re-
construction [8–14], which is applicable to more general
bulk geometries. It enables the reconstruction of local
operators within the entanglement wedge: the region
bounded by a chosen boundary subregion and its associated
Ryu-Takayanagi surface [15]. Additional techniques for
bulk operator reconstruction can be found in [16–18].
This paper focuses instead on bulk metric reconstruction,

which has also seen the development of numerous inno-
vative approaches. Many are rooted in the idea that
spacetime emerges from entanglement [15,19–22], and
thus aim to reconstruct the bulk geometry from boundary
entanglement measurements [23–27]. Other boundary
quantities used for reconstruction include complexity
[28,29], Wilson loops [30], light-cone cuts [31–33],
celestial multipoles [34], and various features of boundary
correlators [35–38]. In addition, an increasing number of
studies have employed machine learning techniques to
explore the emergence of bulk spacetime [39–62].
Almost all of the aforementioned approaches involve

tasks such as performing calculus, solving differential
equations, or training neural networks. In contrast, we
propose an analytical reconstruction method that relies
solely on elementary arithmetic, involving nothing more
than solving systems of linear equations. The only boun-
dary input needed for this approach is a set of special
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locations, known as “pole-skipping points,” where the
Green’s function becomes ambiguous.
Pole-skipping is a compelling phenomenon observed

in holographic Green’s functions in momentum space. It
occurs at specific frequencies and momenta where the
Green’s function becomes ambiguous: taking the indeter-
minate form “0=0.” Typically, the pole-skipping frequen-
cies lie at complex Matsubara frequencies,2 while the
associated momenta depend on the specific details of
different theories. This phenomenon originated in the study
of quantum chaos, where the pole-skipping point of the
energy-density Green’s function was shown to encode key
chaotic data—namely, the Lyapunov exponent and butter-
fly velocity [67–69]. These chaos-related pole-skipping
points universally appear in the upper-half complex fre-
quency plane, particularly at ωc ¼ i2πT. Subsequent
developments have linked them to an emergent horizon
symmetry [70], and reinterpreted them via a gravitational
replica manifold that encodes late-time entanglement
wedge [71]. Beyond quantum chaos, a countably infinite
set of additional pole-skipping points, presumed to be
unrelated to chaos, have been found in various Green’s
functions [72]. These points typically lie in the lower-half
complex frequency plane.
From the perspective of bulk gravity, pole-skipping

points originate from ambiguities in specifying ingoing
boundary conditions at the black hole horizon, where
two linearly independent ingoing solutions simultaneously
satisfy the bulk equations of motion. These points can be
systematically identified through a near-horizon analysis
[69,72] or through the covariant expansion formalism
[63,64], both of which act directly on the bulk equations
of motion. To date, pole-skipping phenomena have been
studied across a wide range of settings [73–103], revealing
their ubiquity across diverse physical systems. This
includes higher-derivative gravity theories [74,76,77,81]
and purely field-theoretic models [73,88,90].
Previous studies have leveraged pole-skipping points to

reconstruct the quasinormal mode spectra [104,105] and to
establish bounds on transport coefficients [89,106,107].
In particular, Ref. [105] showed that the infinite tower of
pole-skipping points aligned along a single hydrodynamic
mode, expanded in large spacetime dimensions, is suffi-
cient to reconstruct both the full quasinormal spectrum and
the associated Green’s function. This finding suggests that
holographic Green’s functions can be efficiently encoded
with reduced information, with pole-skipping points serv-
ing as essential information carriers.
While distinct in methodology and focus, our result

resonates with the same principle: pole-skipping points
encode essential information—in this case, the bulk metric

itself. Specifically, we demonstrate that a discrete infinite
set of lower-half pole-skipping points is sufficient to
reconstruct the metric of a general static, planar-symmetric
black hole in arbitrary dimension. In ingoing Eddington-
Finkelstein coordinates, such a spacetime is described by
the metric,

ds2 ¼ −gvvðrÞdv2 þ 2gvrðrÞdvdrþ r2dx⃗2; ð1:1Þ

where x⃗ is a spatial vector of dimension d.3 The metric
components gvv and gvr can be expanded around the
horizon as,4

gvvðrÞ ¼ gvv1ðr − rhÞ þ gvv2ðr − rhÞ2 þ…

gvrðrÞ ¼ gvr0 þ gvr1ðr − rhÞ þ gvr2ðr − rhÞ2 þ… ð1:2Þ

Since this metric represents a black hole with a horizon at
r ¼ rh, we have set gvv0 ¼ 0.
Our reconstruction method allows us to analytically

reinterpret the near-horizon expansion coefficients gvvn
and gvrn−1 in terms of boundary pole-skipping data to
arbitrary order, by iteratively solving sets of linear equa-
tions. The same procedure applies to the near-horizon
expansion of the vacuum Einstein equations, enabling a
corresponding reformulation of gravitational information in
terms of pole-skipping data alone.
Notably, our reconstruction method also applies to black

hole spacetimes with Lifshitz scaling and hyperscaling
violation, and remains valid under TT̄ deformations of the
boundary QFT.
By carrying out the reconstruction to sufficiently high

order n, one can recover the metric functions gvvðrÞ and
gvrðrÞ with arbitrary precision, extending from the horizon
to any desired region of the spacetime, including both the
black hole interior and exterior, provided the near-horizon
series remain holomorphic throughout the relevant domain
in the analytically continued complex-r plane. This is
remarkable, as most previous methods reconstruct only
the exterior, with complexity-based approaches [28,29]
being the sole alternative for accessing the interior.
Additionally, our reconstruction reveals a special alge-

braic structure underlying the pole-skipping points of certain
Klein-Gordon equations of the form ð∇2 þ VðrÞÞΦ ¼ 0.
This structure manifests as an infinite tower of homogeneous
polynomial identities in the pole-skipping momenta, which
we refer to as μ-polynomial constraints. These constraints
are strong enough to determine the locations of most pole-
skipping points purely algebraically. Importantly, they
exhibit a striking universality: their validity does not depend

2For a derivation based on covariant expansion formalism, see
[63,64]; an alternative approach related to algebraically special
frequencies is provided in [65,66].

3We choose the radial coordinate such that gxxðrÞ ¼ r2, as
discussed in Chapter 5 of [108]. This ansatz is widely used to
describe AdS black holes.

4In all subsequent discussions, we refer to the horizon as the
outer one if the black hole has multiple horizons.
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on the specific details of the bulk geometry, such as its
dimensionality, asymptotic structure, or the presence of a
holographic dual.
This paper is organized as follows. In Sec. II, we briefly

revisit the procedure for identifying pole-skipping points
via near-horizon analysis in the extremal Bañados-
Teitelboim-Zanelli (BTZ) background. Following this, in
Sec. III, we introduce and implement our reconstruction
method for general static, planar symmetric black holes in
arbitrary spatial dimension d, coupled to a massless probe
scalar field. Then, in Sec. IV, we extend this method beyond
the probe limit and apply it to bulk theories whose
boundary duals exhibit Lifshitz scaling, hyperscaling vio-
lation, or TT̄ deformations. Section V shows how this
reconstruction method offers a novel reinterpretation of the
vacuum Einstein equations in terms of pole-skipping data.
Subsequently, in Sec. VI, we reveal that most pole-
skipping points are redundant and conform to an equal
number of homogeneous polynomial identities, termed
μ-polynomial constraints. We further present a universal
recursive algorithm for systematically deriving these iden-
tities. The validity of these identities is then verified in
various holographic models in Sec. VII. We conclude the
paper with a discussion in Sec. VIII. A concise summary of
the results presented in this paper can be found in the
companion Letter [109].

II. POLE-SKIPPING POINTS REVIEW

We start with a planar symmetric asymptotically AdS
background coupled to a probe scalar field ϕ with mass m.
In the context of holography, this scalar field ϕ is dual to a
boundary CFToperatorOwith scaling dimensionΔ, which
is related to m through the equation

ΔðΔ − d − 1Þ ¼ m2L2: ð2:1Þ

If we choose the standard (alternative) quantization, the
scaling dimension Δ of O corresponds to the larger
(smaller) root of Eq. (2.1). For the remainder of our
discussion, we set the radius of AdS L to be unity.
Under the probe limit, the equation of motion for ϕ is
governed by the Klein-Gordon equation ð∇2 þm2Þϕ ¼ 0.
Upon transitioning to Fourier space with the introduction of
ϕ ¼ φðrÞe−iωvþikx, φ typically exhibits asymptotic behav-
ior near the AdS boundary as φ ¼ φþðω; kÞrΔ−d−1 þ
φ−ðω; kÞr−Δ þ � � � This allows us to uniquely determine
the Fourier-transformed retarded Green’s function of the
boundary scalar operator O,

GO
R ðω; kÞ ∝ ð2Δ − d − 1Þ φ−ðω; kÞ

φþðω; kÞ
: ð2:2Þ

However, this framework encounters a breakdown at
specific frequencies and momenta, known as pole-skipping
points. At these points, the ingoing solution at the horizon

loses its uniqueness, leading to an indeterminate value for
GO
R ðω; kÞ at these points [67–69,72]. To illustrate this

phenomenon, we briefly review the pole skipping in the
extremal BTZ black hole, as studied in [72].

A. Pole-skipping points from near-horizon analysis

The extremal BTZ black hole coupled with a probe
scalar field is characterized by the following background:

ds2 ¼ −ðr2 − r2hÞdt2 þ
1

ðr2 − r2hÞ
dr2 þ r2dx2; ð2:3Þ

where rh denotes the location of the horizon. The related
Hawking temperature is given by Th ¼ rh

2π. For subsequent
analysis, it is convenient to introduce the ingoing
Eddington-Finkelstein (EF) coordinate v defined as

v ¼ tþ r�;
dr�
dr

¼ 1

ðr2 − r2hÞ
; ð2:4Þ

where the metric (2.3) becomes

ds2 ¼ −ðr2 − r2hÞdv2 þ 2dvdrþ r2dx2: ð2:5Þ

After performing the Fourier transformation ϕ ¼
φðrÞe−iωvþikx, the Klein-Gordon equation ð∇2þm2Þϕ¼0
in the coordinates (2.5) can be explicitly written as

−
ðμþm2r2 þ irωÞ

r2
φðrÞ þ

�
3r −

r2h
r
− 2iω

�
φ0ðrÞ

þ ðr2 − r2hÞφ00ðrÞ ¼ 0; ð2:6Þ

where we define μ ¼ k2 for convenience and will use it in
most subsequent contexts. We then expand φðrÞ around the
horizon with the ansatz

φðrÞ ¼ ðr − rhÞα
X∞
p¼0

φnðr − rhÞp: ð2:7Þ

There are two independent powers α for the expansion
around the horizon in Eq. (2.6),

α1 ¼ 0; α2 ¼
iω

2πTh
; ð2:8Þ

where we keep Th unspecified. In ingoing EF coordinates
(2.5), the ingoing boundary condition near the horizon
reduces to the regularity condition, which selects α1 ¼ 0
among the two powers. This unique power choice ensures
the uniqueness of the holographic Green’s function at the
boundary.
However, at the pole-skipping frequencies: ωn ¼

−i2πnTh with n∈Zþ, both α1 ¼ 0 and α2 ¼ n appear
to yield regular near-horizon solutions, seemingly violating
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the uniqueness of the Green’s function. In reality, a unique
ingoing solution still exists, as the solution associated with
α2 develops logarithmic corrections logðr − rhÞ that spoil
regularity at the horizon. Yet, as highlighted in [72], these
logarithmic corrections vanish when the momentum
squared μ assumes pole-skipping values μn. At these
pole-skipping points ðωn; μnÞ, one can express the solution
φðrÞ as a combination of two ingoing solutions,

φðrÞ ¼ φ0 þ φ1ðr − rhÞ þ � � � þ φnðr − rhÞn
þ φnþ1ðr − rhÞnþ1 þ…; ð2:9Þ

where φ0 and φn are independent parameters, while
remaining coefficients are determined accordingly. The
presence of two free parameters near the horizon indicates
that the ingoing solution is no longer unique at ðωn; μnÞ,
rendering the boundary Green’s function GO

R ðω; μÞ ambigu-
ous and ill-defined at these points.
Those pole-skipping points can be determined by a near-

horizon analysis developed in [72]. To initiate the analysis,
we substitute expansion (2.7) into the equation of motion
(2.6) and impose the condition that each coefficient in front
of ðr − rhÞn−1 is zero. This procedure yields a set of n linear
equations of the form,

M · φ ¼

0
BBBBBBB@

M11 2ð2πTh − iωÞ 0 0 � � � 0

M21 M22 4ð4πTh − iωÞ 0 � � � 0

M31 M32 M33 6ð6πTh − iωÞ � � � 0

..

. ..
. ..

. ..
. . .

. ..
.

Mn1 Mn2 Mn3 Mn4 � � � 2nð2nπTh − iωÞ

1
CCCCCCCA

0
BBBBBBB@

φ0

φ1

φ2

..

.

φn

1
CCCCCCCA

¼

0
BBBBB@

0

0

0

..

.

1
CCCCCA
: ð2:10Þ

The parameter matrix M has dimensions of n × ðnþ 1Þ,
where Mij are functions in terms of ω and μ. The dimen-
sion of the solution space, spanned by the elements
fφ0;φ1;…;φng, denoted as N, equals the total number
of variables, nþ 1, minus the rank of M, expressed as
N ¼ nþ 1 − RankðMÞ. For general values of ω and k,
the rank of M is n, indicating the count of its linearly
independent columns. Thus, only one parameter, φ0, is
independent. However, the situation changes at pole-
skipping points ðωn; μnÞ. Here, the determinant of the
first n × n submatrix MðnÞ of M becomes zero, and
the ðnþ 1Þth column vanishes. These conditions reduce
the rank of M to n − 1, resulting in N ¼ 2, indicating two
independent parameters, φ0 and φn. This aligns with our

earlier assertion that two ingoing solutions exist at pole-
skipping points.
The above demonstration also provides insight into the

determination of the pole-skipping points ðωn; μnÞ. The
value of ωn can be obtained by setting the last column ofM
to zero, expressed as 2nð2nπTh − iωÞ ¼ 0, resulting in
ωn ¼ −i2nπTh. To locate the positions of μn, we substitute
the obtained ωn into MðnÞ and search for μ ¼ μn such that
the determinant of MðnÞðωn; μnÞ becomes zero. In other
words, we solve the equation Det½MðnÞðωn; μÞ� ¼ 0, or
more succinctly, Det½MðnÞðμÞ� ¼ 0 for μ.
To illustrate the preceding discussion, we collect the

linear equations up to the second order and organize them
in matrix form as follows:

�
M11 2ð2πTh − iωÞ 0

M21 M22 4ð4πTh − iωÞ

�0B@
φ0

φ1

φ2

1
CA ¼

�
0

0

�
: ð2:11Þ

In the BTZ case, the explicit expressions for M11, M21, and M22 are given by,

M11 ¼ −
μþm2r2h þ irhω

r2h
; M21 ¼

2μþ irhω
r3h

; M22 ¼ −
μþ rhðrhðm2 − 4Þ þ iωÞ

r2h
: ð2:12Þ

To determine the pole-skipping points ðω2; μ2Þ, we can first obtain ω2 ¼ −i4πTh by solving 4ð4πTh − iωÞ ¼ 0. To locate
μ2, we solve Det½Mð2ÞðμÞ� ¼ 0, yielding

ω2 ¼ −2irh; μ2 ¼ −r2hðΔ − 2Þ2; −r2hΔ2; ð2:13Þ
where we substitute Th ¼ rh

2π and express the mass m of φ in terms of the scaling dimension Δ of O using m2 ¼ ΔðΔ − 2Þ.
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The same method can be applied to higher-dimensional
matrices M, which include all the linear equations up to
higher orders n. In the BTZ case, as shown in [72], the
determinant Det½MðnÞðμÞ� ¼ 0 is a polynomial of order n
with respect to μ, implying n solutions. Alongside
ωn ¼ −i2πnTh, the general form of pole-skipping points
can be expressed as,

ωn ¼ −irhn; μn;q ¼ −r2hðn − 2qþ ΔÞ2; ð2:14Þ

where q belongs to the set f1;…; ng.
By definition, the retarded Green’s function GO

R ðω; kÞ in
the boundary CFT becomes ill-defined at these points. We
directly verify this in the next subsection.

B. Green’s functions behavior at pole-skipping points

For the BTZ metric (2.3), the retarded Green’s function
for the scalar operator in the boundary CFT can be
analytically obtained as,

GO
R ðω; kÞ ∝

Γ
�Δ
2
þ iðk−ωÞ

4πTb

�
Γ
�Δ
2
− iðkþωÞ

4πTb

�
Γ
�
1 − Δ

2
þ iðk−ωÞ

4πTb

�
Γ
�
1 − Δ

2
− iðkþωÞ

4πTb

� ; ð2:15Þ

where Tb represents the boundary temperature. The gamma
function has no zeros and only single poles at nonpositive
integers. Therefore, the poles of the gamma function in the
numerator contribute to the poles of GO

R ðω; kÞ, which are
explicitly given by,

ωn
p�ðkÞ ¼ �k − i2πTbðΔþ 2nÞ; ð2:16Þ

while the poles of the gamma function in the denominator
give rise to the zeros of GO

R ðω; kÞ,

ωn
z�ðkÞ ¼ �k − i2πTbð2 − Δþ 2nÞ; ð2:17Þ

where n belongs to f0; 1; 2;…g.

Consider now the scenario where both the numerator and
denominator gamma functions have poles, resulting in the
values of GO

R ðω; kÞ taking the form ∞
∞ and thus becoming

indeterminate. Alternatively, this situation can be inter-
preted as the intersections between the lines of poles and
lines of zeroes of the GO

R ðω; kÞ, which can be determined by
solving ωi

p�ðkÞ ¼ ωj
z�ðkÞ. This equation yields the follow-

ing solution:

ωm ¼ −i2πTbm; μm;q ¼ −4π2T2
bðm − 2qþ ΔÞ2;

ð2:18Þ

wherem starts from 1 and q∈ f1;…; mg. Upon identifying
Tb with the Hawking temperature Th ¼ rh

2π, these locations
precisely match those predicted from the near-horizon
analysis (2.14). This alignment can be intuitively illustrated
in Fig. 1.
We conclude this section with a discussion on the case of

integral Δ. Note that the expression (2.15) is applicable
only for nonintegral values of Δ. When Δ is an integer, the
form of GO

R ðω; kÞ differs, yet its pole-skipping points can
still be characterized by the formula (2.14). The significant
difference arises from specific pole-skipping points that
emerge due to intersections between multiple curves of
poles and multiple curves of zeros [72,87]. Since the values
of GO

R ðω; kÞ remain indeterminate at these points, they are
also categorized as pole-skipping points as per the defi-
nition and do not interfere with our reconstruction. They are
termed as anomalous points in [72] and type II pole-
skipping points in [87].

III. RECONSTRUCTING GENERAL METRICS VIA
POLE-SKIPPING POINTS

In the last section, we reviewed the definition of pole-
skipping points and how their locations can be determined
via near-horizon analysis for a given bulk metric. We now

FIG. 1. From left to right, the figure displays heatmaps showing the values of log jGO
R ðImω; Im kÞj for different values of Δ: 4

3
, 7
3
, and 10

3

(after taking Tb ¼ 1
2π). The red lines and blue lines represent the poles and zeroes of Eq. (2.15) respectively. The black dots depict the

pole-skipping points obtained from the near-horizon analysis. In all panels, the locations of the black dots precisely coincide with the
intersections of poles and zeroes of GO

R ðω; kÞ.
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reverse the question: given access to some or all of the pole-
skipping locations, can we reconstruct the bulk metric
itself? The answer is affirmative. In what follows, we
present a step-by-step procedure for carrying out this
reconstruction.
We present our reconstruction method in the context

of general static, planar-symmetric black holes expressed
in ingoing EF coordinates, where the metric takes the
form (1.1). The metric components gvvðrÞ and gvrðrÞ admit
Taylor expansions near the horizon at r ¼ rh, as given in
Eq. (1.2). Unless otherwise stated, we will set rh ¼ 1

throughout the reconstruction, without loss of generality.
In this setting, the Hawking temperature is given by
Th ¼ gvv1

4πgvr0
. Then, we introduce a massless probe scalar

field ϕ satisfying the Klein-Gordon equation ∇2ϕ ¼ 0.
Within the holographic framework, this corresponds to a
thermal boundary CFT at temperature Tb, where ϕ is dual to
a marginal operator O with scaling dimension Δ ¼ dþ 1.
In the context of the general metric (1.1), the Klein-

Gordon equation for the Fourier mode φ associated with the
probe scalar field ϕ can be explicitly expressed as,

gvvðrÞ
gvrðrÞ2

φ00ðrÞ þ
�
−

2iω
gvrðrÞ

þ dgvvðrÞ
rgvrðrÞ2

−
gvvðrÞg0vrðrÞ

gvrðrÞ3
þ g0vvðrÞ
gvrðrÞ2

�
φ0ðrÞ −

�
μ

r2
þ idω
rgvrðrÞ

�
φðrÞ ¼ 0: ð3:1Þ

By expanding the above equation to the nth order, one
obtains an n × ðnþ 1Þ parameter matrix M, analogous to
Eq. (2.10), with the only nonvanishing entry in the last

column given by Mn;nþ1 ¼ nðnπTh−iωÞ
gvr0

. Following the analy-

sis in Sec. II A, the rank of M decreases from n to n − 1
when both of the following conditions are satisfied: the last
column vanishes, yielding ωn ¼ −i2nπTh, and the deter-
minant of the upper-left n × n submatrix MðnÞ of M
vanishes, leading to the condition Det½MðnÞðμÞ� ¼ 0 with
ω fixed to ωn. This reasoning readily extends to equations
of the form ð∇2 þ VðrÞÞϕðrÞ ¼ 0, where ∇ is defined on
the metric (1.1). In particular, the determinant equation
Det½MðnÞðμÞ� ¼ 0, derived from Eq. (3.1) [and likewise
from Eqs. (4.1) and (4.6) introduced later], can be shown to
yield a degree-n polynomial in μ, which can be written
explicitly as

Vn;nμ
n þ Vn;n−1μ

n−1 þ � � � þ Vn;1μþ Vn;0 ¼ 0; ð3:2Þ

where each Vn;m is the coefficient of the term μm in
Det½MðnÞðμÞ�. According to the fundamental theorem of
algebra, this polynomial admits n roots, which can
be denoted as μn;q with q ¼ 1;…; n. Due to the inherent
Sn symmetry within Eq. (3.2), one can construct n
elementary symmetric polynomials EnðμmÞ in the roots,
where m ¼ 1;…; n denotes the degree [110]. For in-
stance, E3ðμ2Þ ¼ μ3;1μ3;2 þ μ3;2μ3;3 þ μ3;3μ3;1.

A. Flipping the near-horizon analysis

Unlike the near-horizon analysis in Sec. II, which aims to
determine the locations of pole-skipping points, our
reconstruction procedure assumes the pole-skipping points
ðωn; μn;qÞ are already known.5 These points mark the

locations where the boundary Green’s function GO
R ðω; kÞ

becomes ambiguous. Instead, the unknown variables are
the near-horizon expansion coefficients gvvn and gvrn−1
in (1.2). This reversal of roles transforms the original
determinant equation Det½MðnÞðμÞ� ¼ 0, derived from the
nth-order near-horizon analysis, into its “flipped” counter-
part Det½MðnÞðgvvn ; gvrn−1Þ� ¼ 0, or more succinctly,

Det½M⃗ðnÞðgÞ� ¼ 0. This yields a system of n equations
in terms of gvvn and gvrn−1 , with each equation correspond-
ing to a distinct choice of μn;q.
Yet a more natural and insightful formulation arises by

exploiting the Sn symmetry and labeling the equations

in Det½M⃗ðnÞðgÞ� ¼ 0 using the n elementary symmetric
polynomials EnðμmÞ. These polynomials are connected to
the coefficients gvvi and gvri−1 through the polynomial
coefficients Vn;m introduced in Eq. (3.2). Specifically, by
applying Vieta’s formula, we obtain

EnðμmÞ ¼
vn;n−m
vn;n

; ð3:3Þ

where, for convenience, we define vn;m ¼ ð−1Þn−mVn;m.
In this formulation, the quantities EnðμmÞ are known
inputs, determined from the given set of pole-skipping
points, while the vn;m are generally algebraic functions
of unknowns: gvvi and gvri−1 . The qth equation in

Det½M⃗ðnÞðgÞ� ¼ 0, denoted as Det½MðnÞ
q ðgÞ� ¼ 0, is thus

equivalent to the identity

EnðμqÞ −
vn;n−q
vn;n

¼ 0: ð3:4Þ

The distinction between Det½MðnÞðμÞ� ¼ 0 and

Det½M⃗ðnÞðgÞ� ¼ 0 is summarized in Table I.
5The condition ωn ¼ −i2πnT has already been established in

the analysis below Eq. (3.1).
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B. Reconstruction of gvvn and gvrn − 1
for n= 1, 2

We start our reconstruction procedure by expanding
Eq. (3.1) at the horizon up to the first order (n ¼ 1).

This expansion yields a single equation Det½M⃗ð1ÞðgÞ� ¼ 0

[equivalently Det½Mð1Þ
1 ðgÞ� ¼ 0] with the form,

E1ðμÞ þ
dgvv1
2g2vr0

¼ 0: ð3:5Þ

To close the system, we align the boundary temperature Tb,
expressed as Tb ¼ i ω1

2π, with the Hawking temperature

Th ¼ gvv1
4πgvr0

. This yields the second equation,

i
ω1

2π
¼ gvv1

4πgvr0
: ð3:6Þ

Combining Eqs. (3.5) and (3.6) yields explicit expres-
sions for gvv1 and gvr0 in terms of ω1 and E1ðμÞ (i.e., μ1;1),

gvv1 ¼
2dω2

1

E1ðμÞ
; gvr0 ¼ −

idω1

E1ðμÞ
: ð3:7Þ

We proceed by examining the case n ¼ 2, i.e., expanding
the Klein-Gordon equation (3.1) to second order.
Substituting the first-order expressions for gvv1 and gvr0
from Eq. (3.7), the equations Det½Mð2Þ

1 ðgÞ� ¼ 0 and

Det½Mð2Þ
2 ðgÞ� ¼ 0, corresponding, respectively, to E2ðμÞ −

v2;1
v2;2

¼ 0 and E2ðμ2Þ − v2;0
v2;2

¼ 0, take the form,

E2ðμÞ −
4E1ðμÞ

d
− 2E1ðμÞ þ

2E1ðμÞ2gvv2
d2ω2

1

−
2iE1ðμÞ2gvr1

d2ω1

¼ 0;

E2ðμ2Þ −
4E1ðμÞ2

d
þ 4E1ðμÞ3gvv2

d2ω2
1

−
8iE1ðμÞ3gvr1

d2ω1

¼ 0: ð3:8Þ

The set of equations presented above comprises two linear
equations in terms of gvv2 and gvr1 . It provides the solutions
for gvv2 and gvr1 as

gvv2 ¼
d2ω2

1E2ðμ2Þ
4E1ðμÞ3

þ 2d2ω2
1

E1ðμÞ
−
d2ω2

1E2ðμÞ
E1ðμÞ2

þ 3dω2
1

E1ðμÞ
;

gvr1 ¼
id2ω1E2ðμÞ
2E1ðμÞ2

−
id2ω1

E1ðμÞ
−
id2ω1E2ðμ2Þ
4E1ðμÞ3

−
idω1

E1ðμÞ
: ð3:9Þ

C. Reconstruction of gvvn and gvrn − 1 for n ≥ 3

For larger n, the system Det½M⃗ðnÞðgÞ� ¼ 0 becomes
overdetermined, involving two unknowns: gvvn and gvrn−1 ,
but comprising n equations. Nevertheless, this does not
obstruct the reconstruction. As proven in Appendix B,
once the previously determined coefficients gvvm and gvrm−1

for m < n are substituted into Det½M⃗ðnÞðgÞ� ¼ 0, only

the final two equations—namely, Det½MðnÞ
n−1ðgÞ� ¼ 0 and

Det½MðnÞ
n ðgÞ� ¼ 0—remain linear dependent on gvvn and

gvrn−1 . Therefore, for n > 2, the procedure to solve for gvvn
and gvrn−1 mirrors that for n ¼ 2:

(1) Incorporate all previously obtained solutions
from Det½M⃗ðmÞðgÞ� ¼ 0 with m < n into

Det½M⃗ðnÞðgÞ�¼0, yielding two linear equations

for gvvn and gvrn−1 : Det½MðnÞ
n−1ðgÞ� ¼ 0 and

Det½MðnÞ
n ðgÞ� ¼ 0.

(2) Solve these two equations, or equivalently, solve

Enðμn−1Þ−
vn;1
vn;n

¼ 0; EnðμnÞ−
vn;0
vn;n

¼ 0; ð3:10Þ

to determine gvvn and gvrn−1 .
Note that the two equations in Eq. (3.10) are linearly

independent, as each involves an elementary symmetric
polynomial of a different degree. Provided a solution exists,

it follows that for all n ≥ 2, the pair Det½MðnÞ
n−1ðgÞ� ¼ 0 and

Det½MðnÞ
n ðgÞ� ¼ 0 uniquely determines gvvn and gvrn−1 .

Both variables can be fully expressed in terms of the
pole-skipping data: ω1, Emðμm−1Þ, and EmðμmÞ for all
m ≤ n. In general, the expressions for gvvn and gvrn−1
become increasingly lengthy for n > 2 and are impractical
to display. As a representative example, we provide the
explicit forms of gvv3 and gvr2 as

TABLE I. Comparison between Det½MðnÞðμÞ� ¼ 0 and

Det½M⃗ðnÞðgÞ� ¼ 0.

Det½MðnÞðμÞ� ¼ 0 Det½M⃗ðnÞðgÞ� ¼ 0

Fixed parameters gvvn ; gvrn−1 μn;q
Variables to solve μn;q gvvn ; gvrn−1
Representation One polynomial

equation of degree n
N algebraic
equations
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gvv3 ¼
d3ω2

1E2ðμ2Þ2
16E1ðμÞ5

þ d3ω2
1E3ðμ2Þ

8E1ðμÞ3
þ 13d3ω2

1

12E1ðμÞ
−
d3ω2

1E2ðμÞ
2E1ðμÞ2

−
d3ω2

1E2ðμÞE2ðμ2Þ
4E1ðμÞ4

−
d3ω2

1E3ðμ3Þ
72E1ðμÞ4

þ d2ω2
1E2ðμ2Þ

4E1ðμÞ3
þ 2d2ω2

1

E1ðμÞ
−
d2ω2

1E2ðμÞ
E1ðμÞ2

þ 2dω2
1

3E1ðμÞ
;

gvr2 ¼
id3ω1E2ðμÞ
4E1ðμÞ2

þ 3id3ω1E2ðμÞE2ðμ2Þ
16E1ðμÞ4

þ id3ω1E3ðμ3Þ
48E1ðμÞ4

−
id3ω1

2E1ðμÞ
−
id3ω1E2ðμ2Þ
8E1ðμÞ3

−
id3ω1E3ðμ2Þ
16E1ðμÞ3

−
3id3ω1E2ðμ2Þ2

32E1ðμÞ5
þ id2ω1E2ðμÞ

4E1ðμÞ2
−

id2ω1

2E1ðμÞ
−
id2ω1E2ðμ2Þ
8E1ðμÞ3

: ð3:11Þ

As a quick validation of our reconstruction method, we apply it to the BTZ metric (2.3). Using the BTZ pole-skipping
data (2.18) with Tb ¼ 1

2π, ω1 ¼ −i and Δ ¼ 2, we compute the first few values of EnðμmÞ as inputs for the reconstruction,

E1ðμÞ ¼ −1; E2ðμÞ ¼ −4; E2ðμ2Þ ¼ 0; E3ðμ2Þ ¼ 19; E3ðμ3Þ ¼ −9: ð3:12Þ

Substituting these into Eqs. (3.7), (3.9), and (3.11), we
recover the first few near-horizon expansion coefficients,

gvv1 ¼ 2; gvr0 ¼ 1;

gvv2 ¼ 1; gvr1 ¼ 0;

gvv3 ¼ 0; gvr2 ¼ 0: ð3:13Þ

These coefficients exactly match the first three orders of the
near-horizon expansion of the BTZ metric (2.5).
By reconstructing the near-horizon expansion coeffi-

cients gvvn and gvrn−1 to sufficiently large n, we can
approximate gvvðrÞ and gvrðrÞ within the convergence disk
of the near-horizon series to arbitrary precision. The radius
of convergence is determined by the distance from the
horizon at r ¼ 1 to the nearest singularities in the analyti-
cally continued complex r plane. The interior geometry can
thus be reconstructed, assuming no singularities appear
before reaching the central singularity at r ¼ 0. Likewise,
by introducing the coordinate transformation z ¼ 1

r, where
the boundary lies at z ¼ 0, the exterior geometry can also
be reconstructed, as long as no singularities are encoun-
tered within the domain. For well-studied holographic
black holes such as Schwarzschild-AdS and Reissner-
Nordström-AdS, the only singularities in the metric com-
ponents lie at the black hole center and at the spacetime
boundary. In such cases, our method faithfully reconstructs
the entire geometry, both inside and outside the horizon,
under the coordinate choice described above. In more
general scenarios, additional singularities may appear in
the complex plane. For instance, if the metric contains a
factor 1=ð1þ r2Þ, the convergence domain is a disk of
radius

ffiffiffi
2

p
centered at the horizon rh ¼ 1, bounded by

singularities at r ¼ �i, thereby restricting reconstruction to
within this disk.
A key feature of the aforementioned reconstruction

process is that the first n− 2 equations in Det½M⃗ðnÞðgÞ�¼0
do not contribute to the metric reconstruction. As detailed
in Sec. VI, these n − 2 redundant equations instead yield
n − 2 polynomial constraints solely in terms of μ.

IV. EXTENDING THE RECONSTRUCTION
METHOD TO BROADER SCENARIOS

In Sec. III, we introduced our reconstruction method and
applied it to planar symmetric static black holes in arbitrary
spatial dimension d, coupled to a probe massless scalar
field. In this section, we extend the applicability of the
method in several directions. First, in Sec. IVAwe general-
ize it to cases with a massive probe scalar field. Then, in
Sec. IV B, we show that the method remains valid beyond
the probe limit by applying it to the tensor sector of
gravitational perturbations. In Sec. IV C, we apply our
method to backgrounds with Lifshitz scaling and hyper-
scaling violation. Finally, in Sec. IV D, we demonstrate
that the reconstruction remains applicable when the boun-
dary CFT is modified by a TT̄ deformation.

A. Reconstructing bulk metric coupled to a probe
massive scalar field

In this section, we extend our reconstruction method to
planar-symmetric static black holes in arbitrary spatial
dimension d, described by the metric (1.1), now coupled
to a probe scalar field ϕ of mass m obeying the Klein-
Gordon equation ð∇2 þm2Þϕ ¼ 0. Substituting the metric
(1.1) into the Klein–Gordon equation yields the equation of
motion for φ, the Fourier mode of ϕ, in the following form:

gvvðrÞ
gvrðrÞ2

φ00ðrÞ þ
�
−

2iω
gvrðrÞ

þ dgvvðrÞ
rgvrðrÞ2

−
gvvðrÞg0vrðrÞ

gvrðrÞ3
þ g0vvðrÞ
gvrðrÞ2

�
φ0ðrÞ −

�
m2 þ μ

r2
þ idω
rgvrðrÞ

�
φðrÞ ¼ 0: ð4:1Þ
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Similar to its massless counterpart in Eq. (3.1), the
corresponding determinant equation Det½MðnÞðμÞ� ¼ 0
for the massive scalar field also yields a degree-n poly-
nomial in μ, as described by Eq. (3.2). Consequently, we
can directly follow the reconstruction procedure outlined
in Sec. III.
For n ¼ 1, the expansion coefficients gvv1 and gvr0 are

obtained by combining Det½M⃗ð1ÞðgÞ� ¼ 0 with the

temperature relation in Eq. (3.6), resulting in,

gvv1 ¼
2dω2

1

m2 þ E1ðμÞ
; gvr0 ¼ −

idω1

m2 þ E1ðμÞ
: ð4:2Þ

For n ¼ 2, solving Det½Mð2Þ
1 ðgÞ� ¼ 0 and

Det½Mð2Þ
2 ðgÞ� ¼ 0 yields the second-order expansion

coefficients,

gvv2 ¼
dω2

1

4ðE1ðμÞ þm2Þ3
�
8dm2E1ðμÞ − 3dm2E2ðμÞ þ 8dE1ðμÞ2 − 4dE1ðμÞE2ðμÞ

þ dE2ðμ2Þ þ 20m2E1ðμÞ þ 12E1ðμÞ2 þ dm4 þ 8m4
�
;

gvr1 ¼
−idω1

4ðE1ðμÞ þm2Þ3
�
4dm2E1ðμÞ − dm2E2ðμÞ þ 4dE1ðμÞ2 − 2dE1ðμÞE2ðμÞ

þ dE2ðμ2Þ þ 4m2E1ðμÞ þ 4E1ðμÞ2 þ dm4
�
: ð4:3Þ

The mass of the bulk scalar field m appearing in Eqs. (A1)
and (4.3) can be replaced, via the holographic dictio-
nary, by the scaling dimension Δ of the dual boundary
operator. Remarkably, this m–Δ relation can also be
extracted directly from the pole-skipping data, as shown
in Appendix A.
For n > 2, following the reasoning in Sec. III C, gvvn and

gvrn−1 can again be uniquely determined by solving the pair

of equations Det½MðnÞ
n−1ðgÞ� ¼ 0 and Det½MðnÞ

n ðgÞ� ¼ 0.
The resulting expressions depend solely on boundary data:
ω1, Emðμm−1Þ, EmðμmÞ, and the additional parameter Δ.
The explicit forms of gvvn and gvrn−1 for n > 2 are too
lengthy to display here.

B. Reconstructing bulk metric beyond probe limit

Thus far, we have applied our reconstruction method
exclusively to backgrounds coupled with a probe scalar
field, where the background metric is unaffected by matter
distributions. In this section, we aim to generalize our
approach beyond the probe limit.
In general, solving the linearized perturbation equations

beyond the probe limit is challenging, as various metric and
matter field components become coupled. However, in
some cases, this complexity can be significantly reduced by
dividing the perturbation modes and their corresponding
equations into decoupled sectors, each governed by a
Klein-Gordon equation with a potential VðrÞ, commonly

referred to as master equations, in terms of gauge-invariant
master fields ΦðrÞ [111–113].
In Einstein gravity, for black holes with a maximally

symmetric d-dimensional spatial part (with d > 2), the
coupled linearized perturbation equations can generally be
decoupled into three sectors: tensor, vector, and scalar,
based on their transformation properties under the little
group SOðd − 1Þ [114]. Among these, the tensor sector is
particularly simple, involving only tensor perturbation
modes. The corresponding equations fully decouple and
reduce to a single master equation—namely, the massless
Klein-Gordon equation (3.1) introduced in Sec. III. We
can exploit this simplicity in the tensor sector to implement
our reconstruction method free from interactions between
different perturbation modes. Consequently, our recon-
struction method remains applicable beyond the probe
limit.

C. Reconstructing bulk metric with Lifshitz scaling
and hyperscaling violation

In this subsection, we focus on reconstructing bulk
geometries exhibiting Lifshitz scaling and hyperscaling
violation [115,116], characterized by the following metric:

ds2 ¼ −gvvðrÞdv2 þ 2gvrðrÞdvdrþ gxxðrÞdx⃗2; ð4:4Þ

which is covariant under the following scaling transfor-
mation:

gvv → λ2z−
2θ
d gvv; gvr → λz−

2θ
d−1gvr; gxx → λ2−

2θ
d gxx;

xi → λ−1xi; v → λ−zv; r → λr; ds → λ−2θ=dds: ð4:5Þ
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In this transformation, z is the dynamical exponent, θ is the hyperscaling violation exponent, and d represents the spatial
dimension. Without loss of generality, we fix the metric element gxxðrÞ as gxxðrÞ ¼ r2−

2θ
d , leaving gvrðrÞ and gvvðrÞ

unspecified in Eq. (4.4) and assuming a near-horizon expansion as in Eq. (1.2).
Similar to Sec. III, we consider a massless probe scalar field ϕ (and its Fourier mode φ) that satisfies the Klein-Gordon

equation analogous to Eq. (4.1),

gvvðrÞ
gvrðrÞ2

φ00ðrÞ þ
�
−

2iω
gvrðrÞ

þ ðd − θÞgvvðrÞ
rgvrðrÞ2

−
gvvðrÞg0vrðrÞ

gvrðrÞ3
þ g0vvðrÞ
gvrðrÞ2

�
φ0ðrÞ −

�
μ

r2−
2θ
d

þ iðd − θÞω
rgvrðrÞ

�
φðrÞ ¼ 0: ð4:6Þ

This equation is invariant under the scaling transformation,

μ → λ2μ; ω → λzω; r → λr; gvv → λ2z−
2θ
d gvv; gvr → λz−

2θ
d−1gvr; ð4:7Þ

allowing us to rescale the horizon location to unity. As before, the corresponding determinant equation Det½MðnÞðμÞ� ¼ 0
yields a degree-n polynomial in μ.
Then, similar to the procedure in Sec. III, we can solve for gvv1 and gvr0 as,

gvv1 ¼
2ðd − θÞω2

1

E1ðμÞ
; gvr0 ¼ −

iðd − θÞω1

E1ðμÞ
: ð4:8Þ

For n ¼ 2, solving Det½Mð2Þ
1 ðgÞ� ¼ 0 and Det½Mð2Þ

2 ðgÞ� ¼ 0 gives out gvv2 and gvr1 ,

gvv2 ¼
ω2
1ðd − θÞ

4dE1ðμÞ3
�ð4dð2dþ 3Þ − 8ðdþ 2ÞθÞE1ðμÞ2 þ 4dðθ − dÞE2ðμÞE1ðμÞ þ dðd − θÞE2ðμ2Þ

�
;

gvr1 ¼ −
iðd − θÞω1

4dE1ðμÞ3
�
dð1þ dÞ − ð2þ dÞθ�E1ðμÞ2 þ 2dðθ − dÞE2ðμÞE1ðμÞ þ dðd − θÞE2ðμ2Þ: ð4:9Þ

Note that the explicit θ dependence in Eqs. (4.8) and
(4.9) arises from the ansatz gxxðrÞ ¼ r2−

2θ
d . If we instead fix

gxxðrÞ ¼ r2, the expressions for gvv1, gvr0 , gvv2 , and gvr1
simplify to those in Eqs. (3.7) and (3.9), where all θ
dependence is implicitly encoded within the EnðμmÞ terms.
For n > 2, the derivation in Appendix B also applies

to Eq. (4.6). Consequently, the coefficients gvvn and gvrn−1
can be determined by solving Det½MðnÞ

n−1ðgÞ� ¼ 0 and

Det½MðnÞ
n ðgÞ� ¼ 0, following the same procedure outlined

in Sec. III C, which we do not repeat here.

D. Reconstructing bulk metric with TT̄-deformed
boundary CFT

In this subsection, we demonstrate that our
reconstruction method remains valid when applied to
TT̄-deformed boundary CFT. Specifically, we focus on
the 2d CFT that is dual to the BTZ black holes, as discussed
in Sec. II, now subjected to the TT̄ deformation.6

The TT̄ deformation, first introduced in [119,120], is a
notable example of an irrelevant and solvable deformation

of 2d CFTs. This deformation is driven by the composite
operator OTT̄ in terms of stress-energy tensor Tαβ as
follows:

OTT̄ ¼ 1

2
ðTαβTαβ − Tα

αT
β
βÞ: ð4:10Þ

Generally, the deformed action Sλ can be written as,

dSλ
dλ

¼
Z

d2x
ffiffiffi
g

p
OTT̄ ; ð4:11Þ

where λ is the coupling of the deformation and Sλ¼0

represents the action of the original 2d CFT.
The TT̄ deformation provides a rare example of an

exactly solvable irrelevant deformation that can be under-
stood from both a field-theoretic and holographic perspec-
tive. In the context of holography, the TT̄ deformation is
understood as introducing a geometric cutoff in the dual
gravity description [121]. This cutoff removes the asymp-
totic region of the AdS3 space and places the deformed
QFT on a Dirichlet wall at a finite radial distance r ¼ rc in
the bulk. Consider pure AdS3 gravity with all matter
sources turned off, the relationship between the coupling
parameter λ in the deformed action (4.11) and the cutoff

6The two-point and higher-point correlation functions for the
scalar operator and the energy-momentum tensor in the BTZ
black hole with a finite cutoff have been calculated in [117,118].
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radius rc is given by

λ ¼ 2πG
r2c

¼ 3π

c
1

r2c
; ð4:12Þ

with G being the Newton’s constant and c the central
charge of the boundary CFT.
With this background established, we consider the BTZ

black hole as the bulk geometry, coupled solely to a probe
scalar field ϕðrÞ of mass m, as discussed in Sec. II. By
imposing a Dirichlet boundary condition at r ¼ rc on both
the original BTZ black hole geometry and the probe scalar
field, the dual effective field theory on the cutoff surface
can be defined through the corresponding flow equation
(see Eq. 2.6 in [122]). Utilizing the holographic dictionary
at finite cutoff outlined in [122], we analytically derive the
scalar retarded Green’s function GO

zc with zc ¼ 1
rc
. Due to its

length, the explicit expression is presented in Appendix C
as Eq. (C9).
The pole-skipping structure of GO

zcðω; k; zcÞ is illustrated
in Figs. 2 and 3. Remarkably, although the poles and zeroes
shift significantly with varying radial cutoffs zc, the
locations of all pole-skipping points in GO

zcðω; k; zcÞ remain

identical to those of the BTZ scalar Green’s function
GO
R ðω; kÞ (2.15), explicitly given by Eq. (2.18).
If our reconstruction method is valid in the context of TT̄

deformations, then the identical pole-skipping data from
GO
zcðω; k; zcÞ with different zc should yield the same gvvn

and gvrn−1 as in the original BTZ case. This is indeed
consistent with the fact that the TT̄ deformation is
irrelevant, thereby leaving the near-horizon expansion
coefficients gvvn and gvrn−1 unaffected. Consequently, our
reconstruction method is indeed applicable to theories
deformed by TT̄ deformation.
To conclude this section, we summarize our

reconstruction method together with its assumptions and
scope of applicability. The method reconstructs gvvn and
gvrn−1 within the general metric ansatz (1.1). The key
assumption is of course the existence of a boundary
QFT exhibiting the pole-skipping phenomenon. In addi-
tion, we assume that the bulk equations of motion take the
form ð∇2 þm2ÞϕðrÞ ¼ 0, with m possibly vanishing. This
Klein-Gordon–type equation dictates the structure of the
pole-skipping points and allows the reconstruction to be
completed by solving the associated linear equations
Det½MðnÞðgÞ� ¼ 0. Finally, the maximal bulk spacetime

FIG. 2. Figure displays heatmaps showing the values of log jGO
zcðImω; Im k; zcÞj for different values of zc: 5

1000
, 3
10
, and 5

10
(with T ¼ 1

2π
and Δ ¼ 4

3
). The red and blue lines represent the poles and zeroes of Eq. (C9), respectively. The black dots indicate the pole-skipping

points obtained from the near-horizon analysis of the BTZ black hole described by Eq. (2.18). In all panels, the black dots align precisely
with the intersections of poles and zeroes of GO

zcðω; k; zcÞ, implying that the pole-skipping points remain invariant under TT̄ deformation.

FIG. 3. From left to right, the higher-resolution version of the third panel of Fig. 2 around different values of ω: −5i, −6i, and −7i.
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recoverable by our method is bounded by the nearest
singularities in the complex-r plane relative to r ¼ rh.

V. REINTERPRET EINSTEIN EQUATION VIA
POLE-SKIPPING POINTS

In previous sections, we introduced how bulk black hole
geometries can be reconstructed from boundary pole-
skipping data. This reconstruction naturally extends to
any geometric quantity that depends on the metric,
allowing such quantities to be reinterpreted in terms of
pole-skipping data.
In this section, we focus on one such quantity: the

vacuum Einstein equation with a negative cosmological
constant, given by

Eμν ≡ Rμν −
1

2
gμνRþ Λgμν ¼ 0; ð5:1Þ

where the cosmological constant is Λ ¼ − dðdþ1Þ
2

, with the
AdS radius set to unity. To align with the reconstruction
framework of Sec. III, we consider a static, planar-
symmetric black hole ansatz described by the metric (1.1)
as a solution to Eq. (5.1).
We then expand Eμν near the horizon as

Eμν ¼ Eμν0 þ Eμν1ðr − 1Þ þ Eμν2ðr − 1Þ2 þ… ð5:2Þ

Since Eμν contains at most second-order derivatives of the
metric, each Eμνn depends at most on gvvnþ2

and gvrnþ1
.

At zeroth order, three nontrivial components appear:
Evr0 ¼ 0, Err0 ¼ 0, and Exx0 ¼ 0, whose explicit
forms are,

Evr0 ¼
dðð1þ dÞg2vr0 − gvv1Þ

2gvr0
¼ 0;

Err0 ¼
dgvr1
gvr0

¼ 0;

Exx0 ¼ −
1

2
dð1þ dÞ − gvr1gvv1

2g3vr0
þ ðd − 1Þgvv1 þ gvv2

g2vr0
¼ 0:

ð5:3Þ

Substituting the reconstructed metric components from
Eqs. (3.7) and (3.9), these equations can be fully recast
in terms of the pole-skipping data:

Evr0 ¼
dω1

E1ðμÞ
ð2E1ðμÞ þ d2 þ dÞ ¼ 0;

Err0 ¼ d

�
4ðdþ 1ÞE1ðμÞ − 2dE2ðμÞ þ

dE2ðμ2Þ
E1ðμÞ

�
¼ 0;

Exx0 ¼ 6E1ðμÞ − E2ðμÞ þ d2 þ d ¼ 0: ð5:4Þ

This recasts the near-horizon expansion of the vacuum
Einstein equation as a set of constraint equations on the
pole-skipping data. Solving them yields:

E1ðμÞ ¼ −
1

2
ðdþ d2Þ; E2ðμÞ ¼ −2ðdþ d2Þ; E2ðμ2Þ ¼ ðd − 1Þdð1þ dÞ2: ð5:5Þ

Proceeding to first order, after substituting all known solutions for gvvn and gvrn−1 with n < 4, along with Eq. (5.5), only
two nontrivial components remain: Err1 ¼ 0 and Exx1 ¼ 0. These translate into two constraint equations for E3ðμ2Þ
and E3ðμ3Þ,

Err1 ¼ 3dE3ðμ2Þ þ
2E3ðμ3Þ
1þ d

− 6dð1þ dÞ3ð3d − 2Þ ¼ 0;

Exx1 ¼ −
1

8
dð1þ dÞð39d − 20Þ þ E3ðμ2Þ

2ð1þ dÞ ¼ 0: ð5:6Þ

Solving these equations gives,

E3ðμ2Þ ¼
1

4
dðdþ 1Þ2ð39d − 20Þ; E3ðμ3Þ ¼ −

3

8
dðdþ 1Þ3ð15d2 − 28dþ 16Þ: ð5:7Þ

This reinterpretation of the near-horizon Einstein equations
in terms of pole-skipping data naturally extends to higher
orders, though we do not present those results explicitly. In
general, for each n > 0, the nth-order components of the
Einstein equation yield two algebraic equations that uniquely

determine Enþ2ðμnþ2Þ and Enþ2ðμnþ1Þ. This is expected, as
the vacuum Einstein equation (5.1) completely determines
the background black hole geometry. Consequently, all pole-
skipping points associated with the Klein-Gordon equa-
tion (3.1) must be encoded in the near-horizon structure.

ZHENKANG LU, CHENG RAN, and SHAO-FENG WU PHYS. REV. D 113, 046008 (2026)

046008-12



However, the expressions for EnðμmÞ with m ¼
1;…; n − 2 are not directly obtained through this recursive
procedure, even though all pole-skipping data are, in
principle, determined. In the next section, we show that
these n − 2 elementary symmetric μ polynomials are in fact
uniquely fixed by a set of n − 2 universal homogeneous
polynomial identities in μ.
To conclude this section, we note that when matter is

present and described by an energy-momentum tensor Tμν,
the above derivation provides a reinterpretation of its near-
horizon expansion in terms of boundary pole-skipping data.

VI. μ-POLYNOMIAL CONSTRAINTS DERIVED
FROM MASTER EQUATIONS

Only the last two equations in Det½M⃗ðnÞðgÞ� ¼ 0 are
used to reconstruct the bulk geometry, as discussed in
Secs. III and IV, and to reinterpret the near-horizon Einstein

equations in Sec. V. The remaining n − 2 equations may
seem irrelevant. However, in this section, we demonstrate
that they give rise to n − 2 independent homogeneous
polynomial constraints on μ, of degrees 1; 2;…; n − 2,
respectively.
To explore the widest scope in which these polynomial

constraints remain valid, we consider the master equation in
a generalized Klein-Gordon form,

ð∇2 þ VðrÞÞΦðrÞ ¼ 0; ð6:1Þ

where Φ (or its Fourier mode Ψ) denotes a gauge-invariant
master field [111–113], as introduced in Sec. IV B. The
potential VðrÞ depends on the specifics of the theory, and
the covariant derivative ∇ is defined with respect to the
background metric (1.1). The explicit form of the master
equation (6.1) in this background reads,

gvvðrÞ
gvrðrÞ2

Ψ00ðrÞ þ
�
−

2iω
gvrðrÞ

þ dgvvðrÞ
rgvrðrÞ2

−
gvvðrÞg0vrðrÞ

gvrðrÞ3
þ g0vvðrÞ
gvrðrÞ2

�
Ψ0ðrÞ −

�
VðrÞ þ μ

r2
þ idω
rgvrðrÞ

�
ΨðrÞ ¼ 0: ð6:2Þ

We assume that the potential VðrÞ admits a Taylor
expansion near the horizon, analogous to those of gvvðrÞ
and gvrðrÞ in Eq. (1.2),

VðrÞ ¼ V0 þ V1ðr − 1Þ þ V2ðr − 1Þ2 þ � � � ð6:3Þ

We can then expand the master equation (6.2) at the horizon
up to the nth order, giving rise to the determinant equation
Det½MðnÞðμÞ� ¼ 0. Here, we assume that
Assumption 1. Det½MðnÞðμÞ� ¼ 0 derived from master

equation (6.2) is a degree-n polynomial in μ, taking the
form given in Eq. (3.2).
Equivalently, this assumption asserts that Det½MðnÞðμÞ� ¼

0 admits exactly n roots in μ. Combined with the linearity
proof provided in Appendix B, this ensures that the key
result established earlier for the Klein-Gordon equation (3.1)
remains valid in the current setting: namely, the pair of

equations Det½MðnÞ
n−1ðgÞ� ¼ 0 and Det½MðnÞ

n ðgÞ� ¼ 0 are
sufficient to uniquely determine gvvn and gvrn−1 , while the
remaining n − 2 equations in Det½MðnÞðμÞ� ¼ 0 do not
contribute to the reconstruction.
Moreover, Assumption 1 constrains the potential VðrÞ

such that, in its near-horizon expansion, the coefficient Vm
contains powers of μ no higher than mþ 1 for any m ≥ 0.
The full implication of this assumption for the general
form of VðrÞ, however, remains unclear. A plausible
candidate under this assumption is any VðrÞ that is at
most linear in μ.
Note that the following analysis does not adhere to the

framework of our previously discussed reconstruction

method. In particular, we do not assume the existence of
a boundary QFT dual to the bulk spacetime under consid-
eration. In such scenarios, the pole-skipping points
ðωn; μn;qÞ represent special points where two ingoing solu-
tions coexist at the horizon, disregarding their field theory
interpretations. Indeed, the pole-skipping phenomenon can
be present in classical gravity without a holographic dual
boundary QFT. For example, pole-skipping points of four-
dimensional massive black holes have been investigated
purely from the perspective of classical gravity in [96].

A. μ-polynomial constraints at n= 3

We begin with examining Det½Mð3Þ
1 ðgÞ� ¼ 0, or equiv-

alently E3ðμÞ − v3;2
v3;3

¼ 0, derived from the master equa-

tion (6.2), which takes the explicit form,

E3ðμÞþ
4gvr1gvv1

g3vr0
þð8þ 3d

2
Þgvv1 − 8gvv2
g2vr0

þ 3V0 ¼ 0: ð6:4Þ

This equation does not involve gvv3 or gvr2 and therefore
does not contribute to their reconstruction, as previously
noted. Following the recursive procedure in Sec. III, the
solutions for gvv1, gvr0 , and gvv2 , gvr1 are readily obtained as,

gvv1 ¼
2dω2

1

E1ðμÞ þ V0

; gvr0 ¼ −
idω1

E1ðμÞ þ V0

; ð6:5Þ

and
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gvv2 ¼
dω2

1

4ðE1ðμÞ þ V0Þ3
�
4ð3þ 2dÞE1ðμÞ2 − 4dE1ðμÞE2ðμÞ þ dE2ðμ2Þ

þ V0

�
4ð5þ 2dÞE1ðμÞ − 3dE2ðμÞ þ ð8þ dÞV0

�
− 2ðE1ðμÞ þ V0ÞV1

�
;

gvr1 ¼ −
idω1

4ðE1ðμÞ þ V0Þ3
�
4ð1þ dÞE1ðμÞ2 − 2dE1ðμÞE2ðμÞ þ dE2ðμ2Þ

þ V0

�
4ð1þ dÞE1ðμÞ − dE2ðμÞ þ dV0

�
− 2ðE1ðμÞ þ V0ÞV1

�
; ð6:6Þ

where the frequency ω1 should be understood as
ω1 ¼ −i2πTh. It is important to emphasize that these
expressions should not be viewed as a boundary-to-bulk
reconstruction, since the potential coefficients Vi generally
lack a clear boundary interpretation. Rather, they represent
a reformulation of the near-horizon metric components in
terms of other bulk quantities.
Substituting these solutions back into Eq. (6.4) simplifies

it to a homogeneous polynomial identity purely in terms
of μ,

E3ðμÞ − 4E2ðμÞ þ 5E1ðμÞ ¼ 0; ð6:7Þ
or more intuitively,

μ3;1 þ μ3;2 þ μ3;3 − 4ðμ2;1 þ μ2;2Þ þ 5μ1;1 ¼ 0: ð6:8Þ
Remarkably, all dependence on d and Vi in Eqs. (6.5) and
(6.6) cancels out upon substitution into Eq. (6.4), implying
that this identity holds regardless of the specific form of
VðrÞ or the spacetime dimension d.

Its validity can be readily verified in the BTZ case by
substituting Eq. (2.18) into Eq. (6.8). This polynomial
constraint implies that at n ¼ 3, once μ1;1, μ2;1, and μ2;2 are
known, only two of the μ3;q remain independent, matching
the number of variables gvv2 and gvr1 , while the third is
constrained by Eq. (6.8). We therefore refer to identities
like Eq. (6.8) as μ-polynomial constraints.

B. μ-polynomial constraints at n= 4 and n= 5

At order n ¼ 4, two redundant equations:

Det½Mð4Þ
1 ðgÞ� ¼ 0 and Det½Mð4Þ

2 ðgÞ� ¼ 0 do not contribute
to the reformulation of the metric. These equations take the
form:

E4ðμÞ þ
10gvr1gvv1

g3vr0
þ 2ð10þ dÞgvv1 − 20gvv2

g2vr0
þ 4V0 ¼ 0;

ð6:9Þ

E4ðμ2Þ −
45g2vr1g

2
vv1

g6vr0
þ 6gvv1ð2gvr2gvv1 þ gvr1ð−ð22þ 5dÞgvv1 þ 24gvv2ÞÞ

g5vr0

þ ð−108 − 30dþ d2Þg2vv1 − 108g2vv2 þ 4gvv1ð2ð27þ 5dÞgvv2 − 9gvv3Þ
g4vr0

þ 60gvv2V0 − 2gvv1ðð20þ 3dÞV0 − 5V1Þ
g2vr0

−
30gvr1gvv1V0

g3vr0
− 6V2

0 ¼ 0; ð6:10Þ

respectively. Again, upon substituting the previously ob-
tained values of gvvn and gvrn−1 for n ¼ 1, 2, 3, both
equations reduce to homogeneous polynomial identities
involving only μ,

E4ðμÞ − 10E2ðμÞ þ 16E1ðμÞ ¼ 0; ð6:11Þ

E4ðμ2Þ − 6E3ðμ2Þ þ 14E2ðμ2Þ − 9E2ðμÞ2
þ 40E2ðμÞE1ðμÞ − 46E1ðμÞ2 ¼ 0: ð6:12Þ

For convenience, we denote these constraints as
PnðμmÞ ¼ 0, where n is the expansion order and m the

degree of the homogeneous polynomial. For instance, the
linear constraint (6.8) is denoted as P3ðμÞ ¼ 0.
Both P4ðμÞ ¼ 0 (6.11) and P4ðμ2Þ ¼ 0 (6.12) can be

explicitly verified by inserting the pole-skipping locations
of the BTZ black hole, as given in Eq. (2.18). As in the
n ¼ 3 case, these two constraints reduce the number of
independent μ4;q to two, matching the number of near-
horizon coefficients: gvv4 and gvr3 .
At n ¼ 5, nothing essential changes. After substituting

the previously solved expressions for gvvn and gvrn−1 with

n < 5, the three redundant equations in Det½M⃗ð5ÞðgÞ� ¼ 0,

namely Det½Mð5Þ
1 ðgÞ� ¼ 0, Det½Mð5Þ

2 ðgÞ� ¼ 0 and
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Det½Mð5Þ
3 ðgÞ� ¼ 0 reduce to three μ-polynomial con-

straints: P5ðμÞ ¼ 0, P5ðμ2Þ ¼ 0 and P5ðμ3Þ ¼ 0, given by

E5ðμÞ − 20E2ðμÞ þ 35E1ðμÞ ¼ 0; ð6:13Þ

E5ðμ2Þ − 315E1ðμÞ2 þ 280E1ðμÞE2ðμÞ − 64E2ðμÞ2
þ 64E2ðμ2Þ − 21E3ðμ2Þ ¼ 0; ð6:14Þ

and

E5ðμ3Þ þ 657E1ðμÞ3 − 580E1ðμÞ2E2ðμÞ
þ 128E1ðμÞE2ðμÞ2 − 448E1ðμÞE2ðμ2Þ
þ 208E2ðμÞE2ðμ2Þ þ 102E1ðμÞE3ðμ2Þ
− 48E2ðμÞE3ðμ2Þ þ 27E3ðμ3Þ − 8E4ðμ3Þ ¼ 0: ð6:15Þ

As in the cases of n ¼ 3 and n ¼ 4, the polynomial
constraints P5ðμ3Þ ¼ 0 (6.15), P5ðμ2Þ ¼ 0 (6.14), and
P5ðμÞ ¼ 0 (6.13) collectively reduce the number of inde-
pendent μ5;q from five to two, precisely matching the
number of metric coefficients gvv5 and gvr4 .
Building on the derivations of PnðμmÞ for n ¼ 3, 4, and

5, we now propose a general procedure for constructing all
such polynomial constraints PnðμmÞ for arbitrary n, as
detailed in the next subsection.

C. μ-polynomial constraints for arbitrary n

Generally, at expansion order n, Assumption 1 guaran-

tees that Det½M⃗ðnÞðgÞ� ¼ 0 yields n independent equations.
Among these, the final two equations are employed to solve
for gvvn and gvrn−1 , while the first n − 2 equations take the
explicit form,

Det
�
MðnÞ

q ðgÞ
�
≡ EnðμqÞ −

vn;n−q
vn;n

¼ 0; for q ¼ 1; 2;…; n − 2: ð6:16Þ

The term vnn−q
vnn

is a generally intricate algebraic function
depending on d, Vm−1, gvvm , and gvrm−1

for m < n.
By recursively substituting the known solutions

for gvvm and gvrm−1
, obtained from the pair of equations

Det½MðmÞ
m ðgÞ� ¼ 0 and Det½MðmÞ

m−1ðgÞ� ¼ 0 for all m < n,
into Eq. (6.16), each of the n − 2 remaining equations
simplifies to a homogeneous polynomial identity in μ
alone,

PnðμÞ ¼ 0; Pnðμ2Þ ¼ 0;…; Pnðμn−2Þ ¼ 0; ð6:17Þ

i.e., a set of n − 2 universal polynomial constraints on μ
alone, free of any other quantities. In the context of bulk
reconstruction developed in Sec. III, these polynomial
constraints remain valid and effectively reduce the number
of independent μn;q from n to 2, aligning with the number
of reconstructed variables gvvn and gvrn−1 . While gvvn and
gvrn−1 are expressed in terms of EnðμnÞ and Enðμn−1Þ, which
depend on all μn;q, the constraints guarantee that specifying
any two μn;q for each n > 2 is sufficient, with the remaining
μn;q fixed by the μ-polynomial constraints.
With the recursive procedure of obtaining PnðμmÞ

established, we identify the following structural patterns
governing the general form of the μ-polynomial con-
straints PnðμmÞ:

(1) PnðμmÞ for m ≤ n − 2 comprises linear combina-
tions of all possible monomials of the formQ

N
l¼1 EilðμjlÞ, where

P
N
l¼1 jl ¼ m and il ≤ n.

(2) In each PnðμmÞ, there exists a unique linear mono-
mial EnðμmÞ (i.e., with N ¼ 1), whose coefficient is
fixed to be 1.

(3) Apart from this distinguished monomial in Rule 2,
all other monomials, whether linear or nonlinear,
only involve factors EilðμjlÞ such that each exponent
jl equals either il or il − 1.

By adhering these rules, the μ-polynomial constraints
take the general form,

PnðμmÞ ¼
XKm

p¼1

Cðn;mÞ
ffip;1;jp;1g;…;fip;Np ;jp;Npgg

YNp

q¼1

Eip;qðμjp;qÞ;

ð6:18Þ

where Cðn;mÞ
ffip;1;jp;1g;…;fip;Np ;jp;Npgg are undetermined coeffi-

cients, and
PKm

p¼1 indicates summing over all combinations
ffip;1; jp;1g;…; fip;Np

; jp;Np
gg that satisfy the above rules.

For m ranging from 1 to 6, the values of Km are
3,6,11,21,37,66, respectively.
For linear monomials EiðμjÞ, i.e., when Np ¼ 1, the co-

efficients C can be explicitly determined (by induction) as,

Cðn;mÞ
ffmþ1;mgg ¼ −

�
nþm
2mþ 1

�
; Cðn;mÞ

ffm;mgg ¼
2m

�
nþmþ1
2mþ3

�ð2mþ 3Þ!
ðn −mÞðnþmÞð2mþ 1Þ! ; ð6:19Þ
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where ðnmÞ denotes the binomial coefficient. However, a

general formula for general Cðn;mÞ
f…g remains elusive.

To conclude this section, we conjecture the general
formulas for PnðμmÞ with m ≤ 4, based on inductive
patterns.
For PnðμÞ, we propose the following general formula:

EnðμÞ −
�
nþ 1

3

�
E2ðμÞ þ

40
�
nþ2
5

�
ðn − 1Þðnþ 1ÞE1ðμÞ ¼ 0:

ð6:20Þ

Its validity can be readily verified by setting n to 3, 4, and 5,
which unsurprisingly recover P3ðμÞ ¼ 0 (6.8), P4ðμÞ ¼ 0
(6.11), and P5ðμÞ ¼ 0 (6.13), respectively. For arbitrary n,
the identity (6.20) continues to hold when incorporating the
BTZ pole-skipping data (2.18), along with all the pole-
skipping data presented in Sec. VII.7 A rigorous proof of
this general formula is provided in Sec. VI D.
For Pnðμ2Þ, we propose that for any n,

Enðμ2Þ −
�
nþ 2

5

�
E3ðμ2Þ þ

168
�
nþ3
7

�
ð−2þ nÞð2þ nÞE2ðμ2Þ

þ 20ð2þ nÞ
3

�
nþ 1

5

�
E1ðμÞE2ðμÞ

−
ð2þ nÞð7þ 4nÞ

3

�
n
4

�
E1ðμÞ2

−
1

3
ð7þ 5nÞ

�
nþ 1

5

�
E2ðμÞ2 ¼ 0: ð6:21Þ

Setting n ¼ 4 and 5 reproduces the established constraints
P4ðμ2Þ ¼ 0 (6.12) and P5ðμ2Þ ¼ 0 (6.14). Its validity for
other values of n can be confirmed using pole-skipping data
from various examples provided in Sec. VII.

The general formulas for Pnðμ3Þ ¼ 0 and Pnðμ4Þ ¼ 0 are
too lengthy to present here and are provided in Appendix D
as Eqs. (D1) and (D2). Again, their validity can be verified
by incorporating the pole-skipping data from various
settings discussed in Sec. VII.

D. Proof of the general formula for PnðμÞ= 0
In this subsection, our objective is to prove the general

formula for the μ-polynomial constraint PnðμÞ ¼ 0, spe-
cifically Eq. (6.20).
We begin by rewriting the polynomial constraint (6.20)

using Vieta’s formulas, replacing EnðμmÞ with the corre-
sponding ratios vn;n−m

vn;n
. This leads to the equivalent identity,

vn;n−1
vn;n

−
�
nþ 1

3

�
v2;1
v2;2

þ 40
�
nþ2
5

�
ðn − 1Þðnþ 1Þ

v1;0
v1;1

¼ 0: ð6:22Þ

Our goal is to derive and verify this identity directly.
To proceed, we recast the master equation (6.2) into a

more compact form,

Aðr;ω; μÞΨðrÞ þ Bðr;ωÞΨ0ðrÞ þ CðrÞΨ00ðrÞ ¼ 0; ð6:23Þ

where Aðr;ω; μÞ, Bðr;ωÞ, and CðrÞ take the form

Aðr;ω; μÞ ¼ −
�
VðrÞ þ μ

r2
þ idω
rgvrðrÞ

�
;

Bðr;ωÞ ¼ −
2iω
gvrðrÞ

þ dgvvðrÞ
rgvrðrÞ2

−
gvvðrÞg0vrðrÞ

gvrðrÞ3
þ g0vvðrÞ
gvrðrÞ2

;

CðrÞ ¼ gvvðrÞ
gvrðrÞ2

: ð6:24Þ

These coefficients can be expanded in a Taylor series
around the horizon (which we take to be at r ¼ rh in this
subsection to maintain generality) as follows:

Aðr;ω; μÞ ¼ A0ðω; μÞ þ A1ðω; μÞðr − rhÞ þ A2ðω; μÞðr − rhÞ2 þ…;

Bðr;ωÞ ¼ B0ðωÞ þ B1ðωÞðr − rhÞ þ B2ðωÞðr − rhÞ2 þ…;

CðrÞ ¼ C1ðr − rhÞ þ C2ðr − rhÞ2 þ… ð6:25Þ

This allows us to express each element within the matrix MðnÞðωn; μÞ in a concise manner,

MðnÞðωn; μÞij ¼ Ai−jðωn; μÞ þ ðj − 1ÞBi−jþ1ðωnÞ þ ðj − 2Þðj − 1ÞCi−jþ2; ð6:26Þ

where An, Bn, and Cn are set to zero for n < 0. We can further isolate the dependence on μ from Ai−jðωn; μÞ, leading to,

Ai−jðωn; μÞ ¼
ð−1Þi−jþ1ði − jþ 1Þ

ri−jþ2
h

μþ Ai−jðωn; 0Þ: ð6:27Þ

7First, expand the binomial coefficients, cancel the common factor in front of all terms EmðμmÞ with m > 1, and then substitute the
specific value of n into them.

ZHENKANG LU, CHENG RAN, and SHAO-FENG WU PHYS. REV. D 113, 046008 (2026)

046008-16



Combining Eq. (6.26) with Eq. (6.27), the expression for MðnÞðωn; μÞ can be explicitly written as,

MðnÞðωn; μÞ≡

0
BBBBBBBB@

− μ
r2h
þ A0ðωn; 0Þ B0ðωnÞ � � � 0

2μ
r3h
þ A1ðωn; 0Þ − μ

r2h
þ A0ðωn; 0Þ þ B1ðωnÞ � � � 0

..

. ..
. . .

. ..
.

ð−1Þ n nμ
rnþ1
h

þ An−1ðωn; 0Þ ð−1Þn−1 ðn−1Þμ
rnh

þ An−2ðωn; 0Þ þ Bn−1ðωnÞ � � � FðωnμÞ

1
CCCCCCCCA

ð6:28Þ

where Fðωn; μÞ takes the form

−
μ

r2h
þ A0ðωn; 0Þ þ ðn − 1ÞB1ðωnÞ þ ðn − 2Þðn − 1ÞCn−2:

ð6:29Þ

Also note that the μ terms only appear in the lower
triangular part.

Calculating the determinant of MðnÞðωn; μÞ from
Eq. (6.28) yields a polynomial in μ whose highest degree
is n. This is guaranteed by the fact that each diagonal entry
on the right-hand side of Eq. (6.28) contains a μ-dependent
term. By comparing this polynomial with the expression in
Eq. (3.2), we can extract the general formulas for Vn;n and
Vn;n−1 in Eq. (3.2) as follows:

Vn;n ¼ ð−1Þnr−2nh ;

Vn;n−1 ¼ ð−1Þnþ1

�
2

3
ðn − 2Þðn − 1Þnr1−2nh C1 þ

1

3
ðn − 2Þðn − 1Þnr2−2nh C2

þ nr2−2nh A0ðωn; 0Þ þ nðn − 1Þr1−2nh B0ðωnÞ þ
1

2
nðn − 1Þr2−2nh B1ðωnÞ

�
; ð6:30Þ

which relate to vn;m through vn;m ¼ ð−1Þn−mVn;m. The
explicit expressions for the near-horizon expansion coef-
ficients A0ðωn; 0Þ, B0ðωnÞ, B1ðωnÞ, C1, and C2 can be
readily derived from Eq. (6.24) as,

A0ðωn; 0Þ ¼ −
dgvv1n

2g2vr0rh
− V0; B0ðωnÞ ¼ ð1 − nÞ gvv1

g2vr0
;

B1ðωnÞ ¼
dgvv1
g2vr0rh

þ gvr1gvv1n

g3vr0
−
3gvr1gvv1

g3vr0
þ 2gvv2

g2vr0
;

C1 ¼
gvv1
g2vr0

; C2 ¼
gvv2
g2vr0

−
2gvr1gvv1

g3vr0
: ð6:31Þ

Substituting both Eqs. (6.30) and (6.31) into the lhs of
Eq. (6.22) results in the cancellation of all terms, thereby
proving the validity of the identity (6.22) and confirming
the original linear μ constraint (6.20).
This completes the proof of the linear μ constraint (6.20),

achieved by exploiting the special algebraic structure of
Det½MðnÞðμÞ� ¼ 0. This structure originates from the near-
horizon expansion of the Klein-Gordon-type master equa-
tion (6.2) evaluated at pole-skipping points. It is natural to
expect that the proof strategy for more general constraints
PnðμmÞ ¼ 0 with m > 1 may follow similar lines, although

the explicit expressions for Vn;n−m in terms of Aiðωn; 0Þ,
BiðωnÞ, and Ci are likely to be significantly more intricate.

VII. μ-POLYNOMIAL CONSTRAINTS IN SEVERAL
EXAMPLES

To validate the universality of these μ-polynomial
constraints, we examine their validity across various
holographic models whose master equations satisfy
Assumption 1.

A. Probe scalar field perturbations in four-dimensional
Lifshitz black holes

We begin by studying a probe scalar field of mass m in a
four-dimensional Lifshitz black hole background, as pro-
posed in [123]. The background geometry is described by
the metric (4.4), where the dynamical exponent is set to
z ¼ 2, and the hyperscaling violation exponent θ is turned
off in Eq. (4.5). Under this scaling, the components gvvðrÞ
and gvrðrÞ take the form,

gvvðrÞ ¼ r2 − r4; gvrðrÞ ¼ r; ð7:1Þ

where we have set rh ¼ 1 by exploiting the scaling
symmetry in Eq. (4.7). According to the holographic
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dictionary, the probe scalar field corresponds to a boundary operator of dimension Δ, with its mass related by
m2 ¼ ΔðΔ − 4Þ. The associated Klein-Gordon equation for the Fourier mode φ of this scalar field is given by

�
−
k2 þm2r2 þ 2iω

r2

�
φðrÞ þ

�
−3þ 5r2 − 2iω

r

�
φ0ðrÞ þ ð−1þ r2Þφ00ðrÞ ¼ 0: ð7:2Þ

The corresponding pole-skipping points can be derived via near-horizon analysis, yielding

ωn ¼ −in; μn;q ¼ 2nðΔþ 2q − 3Þ − ðΔþ 2q − 4ÞðΔþ 2q − 2Þ; ð7:3Þ

where we have used T ¼ 1
2π and m2 ¼ ΔðΔ − 4Þ, with q

ranging from 1 to n. The pole-skipping locations in (7.3)
clearly satisfy Assumption 1. Therefore, we expect the
pole-skipping points (7.3) to satisfy the μ-polynomial
constraints PnðμÞ ¼ 0 (6.20), Pnðμ2Þ ¼ 0 (6.21),
Pnðμ3Þ ¼ 0 (D1), and Pnðμ4Þ ¼ 0 (D2), all of which can
indeed be confirmed with ease. This example indicates that
the validity of the μ polynomial constraints is unaffected
by the asymptotic boundary behavior of the background
metric, and thus extends beyond asymptotically AdS
spacetimes, as we previously claimed.

B. Uð1Þ gauge field perturbations in d + 2-dimensional
AdS black holes

We then consider the Uð1Þ gauge field Aμ in a
dþ 2-dimensional asymptotic AdS spacetime, which is

described by the metric in (1.1), with the components

gvv ¼ r2 −
�
1

r

�
d−1

; gvr ¼ 1; ð7:4Þ

where we have set rh ¼ 1. According to the holographic
dictionary, this bulk Uð1Þ gauge field Aμ is dual to the
boundary conserved Uð1Þ charge current operator Jμ.
The corresponding bulk Maxwell equation is given by

∇μFμν ¼ 0, where Fμν ¼ ∇μAν −∇νAμ. Now, considering
gauge field perturbations δAμ, we align the momentum
direction along the x axis, so that the perturbation fields δAμ

can be divided into transverse and longitudinal sectors,
depending on whether they are perpendicular or parallel to
the momentum direction. Here, we focus on the longi-
tudinal perturbations, which are governed by a single
Klein-Gordon equation,

�ðd − 1Þ2
rdþ1

þ 4drðr − iωÞ − 4μ

r2
−
ð1þ dÞðð−3þ dÞω2 − ð1þ dÞμÞ

μ − r1þdðμ − ω2Þ −
3ð1þ dÞ2μω2

ðμþ r1þdðω2 − μÞÞ2
�
ΦðrÞ

þ 4
�ðdþ 2Þr − 2iω − r−d

�
Φ0ðrÞ þ 4rðr − r−dÞΦ00ðrÞ ¼ 0; ð7:5Þ

where Φ ¼ ωδAx þ kδAv. The structure of the pole-skipping points for this equation was analyzed in [72], and it satisfies
Assumption 1. The explicit expressions for EnðμÞ and Enðμ2Þ with n < 5 are given by,

E1ðμÞ ¼
1

2
ðd − 2Þðdþ 1Þ; E2ðμÞ ¼ −2ðdþ 1Þ; E3ðμÞ ¼ −

1

2
ðdþ 1Þð5dþ 6Þ;

E4ðμÞ ¼ −4ðdþ 1Þð2dþ 1Þ; E2ðμ2Þ ¼ ðd − 2Þðd − 1Þðdþ 1Þ2;

E3ðμ2Þ ¼ −
1

4
ðdþ 1Þ2ð9d2 − 64dþ 36Þ; E4ðμ2Þ ¼ 12ðdþ 1Þ2ðd2 þ 4d − 2Þ; ð7:6Þ

which constitute the previously derived polynomial
constraints: P3ðμÞ ¼ 0 (6.8), P4ðμÞ ¼ 0 (6.11), and
P4ðμ2Þ ¼ 0 (6.12). Substituting the data from (7.6) into
these constraints will readily confirm their validity.
This example confirms that the μ-polynomial constraints

are valid, regardless of the dimension of the background
spacetime, and also apply to gauge field perturbations.

C. Metric perturbations in four-dimensional massive
black holes

We conclude with the case of pure gravitational pertur-
bations in four-dimensional static maximally symmetric

black holes, as studied in [96]. The relevant background
metric is given by

ds2 ¼ −gvvðrÞdv2 þ 2gvrðrÞdvdrþ r2γabdxadxb; ð7:7Þ

where γabdxadxb denotes a 2d maximally symmetric
Riemannian space, which can be written in the general form

γabdxadxb ¼
dχ2

1 − Kχ2
þ χ2dϕ; ð7:8Þ

and the gvvðrÞ, gvrðrÞ components take the form
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gvvðrÞ ¼ K −
2M
r

þ r2ð2M −KrhÞ
r3h

; gvrðrÞ ¼ 1; ð7:9Þ

with M being a constant representing the mass of black
holes. The parameter K in Eqs. (7.8) and (7.9) denotes the
normalized sectional curvature and takes the values K ¼ 1,
K ¼ 0, or K ¼ −1, corresponding to spherical, planar, or
hyperbolic horizon, respectively. Following the conven-
tions of [96], we also define the normalized temperature as

τ ¼ 4Mð3M − KrhÞ
r2h

: ð7:10Þ

In the metric (7.7), different choices of K and τ parametrize
asymptotically Minkowski, de Sitter, or anti–de Sitter black
holes with flat, spherical, or hyperbolic horizons in four-
dimensions. For a detailed classification, we refer the
reader to [96].
In this setting, all metric perturbations δgμν de-

compose into parity-odd (−) and parity-even (þ) sectors,
each governed by decoupled master equations
ð∇2 þ V�ðrÞÞΦ�ðrÞ ¼ 0, where Φ�ðrÞ represent the
master fields for odd (−) and even (þ) sectors. We focus
on the odd sector, where V−ðrÞ ¼ 6M−μr

r3 and the associated
master equation becomes

ð6M − μrÞ
r3

Φ−ðrÞ þ
�
2M
r2

þ 2rð2M −KrhÞ
r3h

− 2iω
�
Φ−

0ðrÞ

þ
�
K −

2M
r

þ r2ð2M −KrhÞ
r3h

�
Φ−

00ðrÞ ¼ 0: ð7:11Þ

Note that V−ðrÞ being linear in μ ensures that the deter-
minant equation Det½MðnÞðμÞ� ¼ 0, derived from (7.11),
yields n roots μn;q for any n, implying that Assumption 1
holds here.
As detailed in [96], the Darboux transformation formal-

ism allows analytical determination of the “algebraically
special” (AS) pole-skipping points for both odd and even
sectors without implementing the near-horizon analysis.
For the odd sector, these AS points are,8

n ¼ 1∶ μ ¼ K þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 3τ

p
;

n ≥ 2∶ μ ¼ K �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 3nτ

p
: ð7:12Þ

For each n > 2, the remaining n − 2 “common” pole-
skipping points, shared by both sectors, can be determined
by solving the corresponding determinant equation
Det½MðnÞðμÞ� ¼ 0. Alternatively, these points can also be

identified by solving the set of n − 2 μ-polynomial con-
straints PnðμmÞ ¼ 0.9

To illustrate this explicitly, we set the AS pole-skipping
points as μn;1 and μn;2 for any n > 2, then compare the
values of the remaining μn;q obtained from solving
Det½MðnÞðμÞ� ¼ 0 and from exploiting PnðμmÞ ¼ 0.
At n ¼ 3, combining the AS pole-skipping points

from Eq. (7.12) with P3ðμÞ ¼ 0 (6.8) yields μ3;3 ¼
K − 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 3τ

p
, which can be easily verified as consistent

with the result obtained by solving Det½Mð3ÞðμÞ� ¼ 0.
For n ¼ 4, substituting the solution for μ3;3 along with all

AS pole-skipping points up to n ¼ 4 into P4ðμÞ ¼ 0 (6.11)
and P4ðμ2Þ ¼ 0 (6.12) allows us to solve for μ4;3 and μ4;4
(up to a permutation) as,

μ4;3 ¼ −8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 3τ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9K2 þ 12τ

p
þ K;

μ4;4 ¼ −8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ 3τ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9K2 þ 12τ

p
þ K: ð7:13Þ

Again, solution (7.13) is consistent with those obtained by
solving Det½Mð4ÞðμÞ� ¼ 0.
The same procedure applies for larger n: Given the AS

pole-skipping points in Eq. (7.12), the remaining n − 2
pole-skipping points can be determined either by solving
Det½MðnÞðμÞ� ¼ 0 or by using all polynomial constraints
Pnðμn−2Þ ¼ 0;…; PnðμÞ ¼ 0. The consistency between
these two methods is explicitly illustrated in Fig. 4.
As shown in Fig. 4, the μ-polynomial constraints hold

even in spherical and hyperbolic black holes (at least in four
dimensions), and indeed hold despite the differences in
boundary asymptotic behavior. Furthermore, we can con-
clude that in four-dimensional maximally symmetric black
holes, the AS points derived from the Darboux trans-
formation formalism, combined with the implementation of
the μ-polynomial constraints, are sufficient to determine all
the pole-skipping points of both sectors.
In this section, we have verified the validity of the

μ-polynomial constraints across a broad range of holo-
graphic scenarios, encompassing different perturbation
modes and master equations. However, we did not examine
perturbations in the scalar sector associated with the
boundary energy density Green’s functions, which feature
quantum chaos-related pole-skipping points at ðωc; μcÞ.
This omission stems from our observation that Assumption
1 is always violated in these cases. Nonetheless, there are
indications that these chaotic pole-skipping points can be
incorporated into a “modified” form of the μ-polynomial
constraints, which we plan to explore in future work.

8At n ¼ 0, there is another AS point μ ¼ 2K.

9Although, strictly speaking, these identities are derived under
the planar case (K ¼ 0).
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VIII. DISCUSSION

In this paper, we develop a novel boundary-to-bulk map
that enables an analytic reformulation of the near-horizon
expansion coefficients of the metric components: gvvn and
gvrn−1 in terms of boundary pole-skipping data, the fre-
quency ω1, and elementary symmetric polynomials
EnðμmÞ, by solving a system of linear equations. This
mapping further allows all geometric quantities dependent
on the metric, including the near-horizon expansion of the
vacuum Einstein equations, to be reinterpreted directly in
terms of the same pole-skipping data.
By computing gvvn and gvrn−1 to sufficiently high order,

one can approximate the metric functions gvvðrÞ and gvrðrÞ
with arbitrary accuracy within the convergence radius,
determined by the nearest singularities in the complexified
r-plane. If this convergence domain extends to the boun-
dary, the reconstructed profiles can be used to solve the
Klein-Gordon equation (4.1) and, following the standard
holographic procedure, compute the retarded Green’s
function GO

R ðω; kÞ (typically via numerical methods).
Therefore, bypassing the intermediate step of reconstruct-
ing gvvn and gvrn−1 , the entire procedure effectively recon-
structs GO

R ðω; kÞ directly from the infinite set of discrete
pole-skipping points ðωn; μn;iÞ, consistent with the findings
of [105], though achieved via a different approach.

An interesting question is how the boundary-to-bulk map
is affected when the bulk geometry is modified. As
discussed in Sec. IV D, a particularly instructive setting
is the TT̄ deformation of the boundary CFT [119,120].
Holographically, this deformation corresponds to introduc-
ing a finite radial cutoff in the bulk spacetime [121],
effectively removing the UV (near-boundary) region. As
illustrated in Fig. 2, this truncation of the near-boundary
region causes the poles and zeros of the Green’s function to
blur together, making higher-order pole-skipping points
increasingly difficult to distinguish in practice.10 This
effect becomes especially apparent in the zoomed-in view
of Fig. 3, where the pole-skipping locations are only
discernible under very high resolution.
A key by-product of our reconstruction method is the

set of μ-polynomial constraints, namely Pnðμn−2Þ ¼ 0,
Pnðμn−3Þ ¼ 0, …, Pnðμ2Þ ¼ 0 (6.21), and PnðμÞ ¼ 0
(6.20), for any n > 2, where n denotes the order of the
near-horizon expansion. These constraints indicate that
among the n pole-skipping points ðωn; μn;qÞ, only two
are independent; the remaining n − 2 points are fixed
(up to a permutation) by these polynomial constraints.

FIG. 4. For each row, from left to right, the figure compares the “common” pole-skipping points μn;q obtained by solving
Det½MðnÞðμÞ� ¼ 0 (depicted by the red dashed line) with those determined by incorporating PnðμmÞ ¼ 0 (depicted by the black solid
line) for n ¼ 3, 4, 5, spanning the full parameter space of K and τ. From top to bottom, the rows correspond to K ¼ 1, 0, and −1,
respectively.

10We anticipate similar blurring effects to occur in other
scenarios where the bulk geometry is modified.
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This redundancy guarantees that the number of indepen-
dent μn;q matches the number of near-horizon expansion
coefficients gvrn−1 and gvvn for each n > 2.
The existence of these μ-polynomial constraints dem-

onstrates that the bulk metric is redundantly encoded in the
boundary pole-skipping points: for any n > 2, the near-
horizon coefficients gvvn and gvrn−1 can be reconstructed
from any two out of the n pole-skipping points, with the
remaining n − 2 automatically constrained by these
polynomial constraints. As illustrated in Sec. VII C, in
four-dimensional static black holes, the two independent
pole-skipping points at each order n naturally coincide with
the algebraically special points, which can be determined
analytically by Darboux transformation formalism [96].
This analytical input then enables the complete set of pole-
skipping points in both sectors to be derived by applying
these μ-polynomial constraints.
These polynomial constraints hold in a broad and

general context. In this paper, we derive them and verify
their validity for any master equation of the form
ð∇2 þ VðrÞÞΦðrÞ ¼ 0, where the pole-skipping structure
satisfies Assumption 1 and ∇ is defined on static, planar-
symmetric black holes in arbitrary spacetime dimensions.
We expect that these constraints remain applicable even in
more general geometries, such as nonmaximally symmetric
spacetimes, as long as Assumption 1 continues to be
satisfied.
We conclude with a discussion of several questions and

directions for future research.
1. Immediate generalizations. In this paper, our general

arguments regarding bulk reconstruction and μ-polynomial
constraints are based on planar symmetric black holes and
bosonic fields. It would be interesting to explore the
applicability of our findings in broader contexts, including
nonmaximally symmetric black holes (such as rotating
black holes), black holes with spherical or hyperbolic
horizons, and black hole backgrounds coupled with fer-
mionic fields.
2. μ-polynomial constraints under covariant expansion

formalism. The μ-polynomial constraints identified in our
paper pertain only to lower half-plane pole-skipping points
at frequencies ωn ¼ −in2πT, where n is a positive integer.
In theories with fields of spin l, the pole-skipping points
occur at frequencies ωn ¼ iðl − nÞ2πT, where l can be
either an integer (for bosons) or a half-integer (for fer-
mions) [63,64].
As proposed in [63,64], all pole-skipping points, includ-

ing the chaos-related ones, can be systematically derived
using the covariant expansion formalism. This involves
expanding fluctuations and equations of motion near the
horizon using the covariant derivative ∇r, rather than
partial derivatives ∂r as we did in our near-horizon expan-
sion formalism. Under our current framework, the chaos-
related pole-skipping points fall beyond the scope of the
present μ-polynomial constraints. It would be noteworthy

to derive μ-polynomial constraints using the covariant
expansion formalism and explore the possibility of for-
mulating more comprehensive μ-polynomial constraints
that encompass these chaos-related points.
3. QFT foundations of the μ-polynomial constraints. In

Sec. VI, we attribute the existence of these μ-polynomial
constraints to the unique algebraic structure underlying the
near-horizon behavior of the Klein-Gordon type master
equation (6.2) at pole-skipping points. While the emer-
gence of these constraints does not depend on the existence
of a boundary QFT, it would be highly intriguing to explore
whether, and how, such constraints can be understood or
derived from the perspective of a dual boundary QFT in
cases where the bulk black hole admits a holographic
interpretation.
4. Prospects for observing pole-skipping points in

simulation and experiment. Due to its analyticity and
simplicity, our reconstruction method offers a promising
framework that could inspire future experimental efforts to
probe the emergence of spacetime, such as the search for
spacetime-emergent materials [61,124]. However, directly
probing the complex-valued pole-skipping points remains
an experimental challenge.
We outline several possible pathways to address this

issue:
I. Real-valued pole-skipping points have been identified

in AdS solitons [98] and in holographic periodic lattice
backgrounds [125]. In condensed matter systems, similar
zero-pole interference phenomena, used to characterize the
metal–Mott insulator transition [126,127] or to distinguish
topological insulators [128], also occur at real frequency
and momentum. It is thus intriguing to generalize and apply
our reconstruction method to these contexts.
II. We anticipate that our reconstruction framework can

be tested using lattice gauge theory [129,130] or quantum
Monte Carlo simulation [131,132]. Although such simu-
lations typically yield Euclidean Green’s functions, our
method can be directly applied in Euclidean signature
by substituting ω1 → iω1 in the analytic expressions for
gvvn and gvrn−1 .
III. Numerical analytic continuation techniques (see,

e.g., [133,134]) can also be employed to extract the
corresponding real-frequency spectral functions from the
Euclidean Green’s functions. Particularly, Ref. [135] intro-
duced an analytic continuation method based on barycen-
tric rational functions, capable of locating the complex
zeros and poles of Euclidean Green’s functions, and thus
may provide a practical route to identifying pole-skipping
points. Along the same line, it is reasonable to anticipate
that complex-valued pole-skipping points can be extracted
from observable real-time Green’s functions via analytic
continuation into the complex frequency domain.
IV. Ultimately, we anticipate that pole-skipping data may

be directly extracted from quantum processor simulations
of many-body systems. For a recent example of a quantum
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processor–based simulation of correlation functions,
see [136].
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APPENDIX A: DERIVE m−Δ RELATION VIA
POLE-SKIPPING POINTS

In this appendix, we aim to recover the m–Δ relation
directly from the boundary pole-skipping data. We focus on
the setup described in Sec. IVA, where gvv1 and gvr0 take
the form,

gvv1 ¼
2drhω2

1

m2r2h þ μ1;1
; gvr0 ¼ −

idrhω1

m2r2h þ μ1;1
: ðA1Þ

Compared to Eq. (3.7), we have recast the horizon location
as r ¼ rh and denote E1ðμÞ by μ1;1 to facilitate the
subsequent analysis. To express rh and m in terms of
boundary quantities, we examine the common denominator
shared by gvr0 and gvv1 in Eq. (A1),

m2r2h þ μ1;1: ðA2Þ

We assume that the boundary QFT is invariant under the
Lifshitz scaling transformation,

ω → ω=λ; k → k=λ1=z; ðA3Þ

where z is the dynamical critical exponent. If Tb is the only
energy scale in the boundary theory, then dimensional
analysis under the scaling (A3) implies that μ1;1 must scale

as μ1;1 ¼ μ̂1;1T
2=z
b , where μ̂1;1 is dimensionless and inde-

pendent of Tb. On the other hand, the mass term m2r2h can
be recast as ðΔ2 þ bΔÞr2h by examining the asymptotic
boundary behavior of the Klein-Gordon equation, with the
coefficient b determined by the specific details of the
theory.
In the probe limit, the expression (A2) must be inde-

pendent of the scaling dimension Δ, which implies that μ̂1;1
must also take the quadratic form μ̂1;1 ¼ f1Δ2 þ f2Δþ f3,
where f1, f2, and f3 are Δ-independent coefficients

determined by the boundary QFT. Consequently, Eq. (A2)
transforms to,

ðΔ2 þ bΔÞr2h þ ðf1Δ2 þ f2Δþ f3ÞT2=z
b : ðA4Þ

By canceling theΔ2 term, we derive r2h ¼ −f1T
2=z
b , leading

to rh ¼ ð−f1Þ1=2T1=z
b .11 Furthermore, we can express b in

terms of f1 and f2 as b ¼ f2
f1
by eliminating theΔ term. This

enables us to establish relationships between the bulk
quantities and the boundary quantities,

rh ¼ ð−f1Þ1=2T1=z
b ; m2 ¼ Δ2 þ f2

f1
Δ: ðA5Þ

Extending the above demonstration to boundary QFT
with multiple energy scales is straightforward. Specifically,
assuming a dynamical exponent z ¼ 1 and considering a
boundary QFT with two energy scales, denoted as temper-
ature Tb and chemical potential μc, we can derive the
rh − ðTb; μcÞ relation and the values of b in the m − Δ

relation as rh ¼ Tbð−f1ðμcTb
ÞÞ1=2 and b ¼ f2ðμcTbÞ

f1ðμcTbÞ
. Here, f1

and f2 are no longer constants but functions of the
dimensionless ratio μc

Tb
.

APPENDIX B: PROOF OF THE LINEARITY OF

Det½MðnÞ
n− 1ðgÞ� AND Det½MðnÞ

n ðgÞ� WITH RESPECT
TO gvvn AND gvrn− 1

In this appendix, we prove the statement: the last

two equations within Det½M⃗ðnÞðgÞ� ¼ 0 derived from
Klein-Gordon equation (4.1) are linear with respect
to gvvn and gvrn−1 after substituting all the solutions

of Det½M⃗ðm<nÞðgÞ� ¼ 0, i.e., gvr0 ;…; gvrn−2 and

gvv1 ;…; gvvn−1 appearing within Det½M⃗ðnÞðgÞ� ¼ 0 are
treated as constants. Equivalently, we show that the terms
vn;1
vn;n

and vn;0
vn;n

in Eq. (3.10) are linear in both gvvn and gvrn−1 .

To prove this statement, we adopt the notations used in
Sec. VI D to reorganize the equation of motion (4.1) as,

Aðr;ω; μÞφðrÞ þ Bðr;ωÞφ0ðrÞ þ CðrÞφ00ðrÞ ¼ 0: ðB1Þ

To facilitate our proof, we multiply the original equation
of motion (4.1) by an overall factor gvrðrÞ3. This introduces
a prefactor of ðgvr0Þ3n in front of the original Det½MðnÞðμÞ�,
which clearly does not affect the locations of the pole-
skipping points ðωn; μn;qÞ or the validity of our recon-
struction method. With this extra factor, the new functions
Aðr;ω; μÞ, Bðr;ωÞ, and CðrÞ are given by

11Given that both rh and Tb are positive, the equation
r2h ¼ −f1T

2=z
b necessitates f1 < 0.
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Aðr;ω; μÞ ¼ −
�
m2gvrðrÞ3 þ

μ

r2
gvrðrÞ3 þ

idω
r

gvrðrÞ2
�
;

Bðr;ωÞ ¼ −2iωgvrðrÞ2 þ
dgvvðrÞgvrðrÞ

r
− gvvðrÞg0vrðrÞ

þ g0vvðrÞgvrðrÞ;
CðrÞ ¼ gvvðrÞgvrðrÞ: ðB2Þ

These functions can be expanded around the horizon as
follows:

Aðr;ω; μÞ ¼ A0ðω; μÞ þ A1ðω; μÞðr − rhÞ
þ A2ðω; μÞðr − rhÞ2 þ…;

Bðr;ωÞ ¼ B0ðωÞ þ B1ðωÞðr − rhÞ
þ B2ðωÞðr − rhÞ2 þ…;

CðrÞ ¼ C1ðr − rhÞ þ C2ðr − rhÞ2 þ… ðB3Þ

Analogous to Sec. VI D, each element of MðnÞðμÞ
[associated with Eqs. (B1) and (B2)] can be expressed
in terms of the expansion coefficients of Aðr;ω; μÞ,
Bðr;ωÞ, and CðrÞ,

MðnÞ
ij ¼ Ai−jðωn; μÞ þ ðj − 1ÞBi−jþ1ðωnÞ

þ ðj − 2Þðj − 1ÞCi−jþ2; ðB4Þ

where MðnÞ
ij represents an element of MðnÞðμÞ located at

the ith row and jth column. Similiar to Eq. (6.27), we
can also isolate the dependence on μ from Ai−jðωn; μÞ,
leading to,

Ai−jðωn; μÞ ¼ ai−jμþ Ai−jðωn; 0Þ; ðB5Þ

where ai−j denotes a coefficient composed of gvrm
with m ≤ i − j.

We then analyze which elements MðnÞ
ij among Mij

contain gvvn and gvrn−1 . This involves examining the
dependence of Ai−j, Bi−jþ1, and Ci−jþ2 on gvvn and
gvrn−1 according to Eq. (B4).
We start by examining the dependence of gvrn−1 in An−1,

which is the coefficient of ðr − rhÞn−1 in the near-horizon
expansion of Aðr;ω; μÞ. According to Eq. (B2), a term in
Aðr;ω; μÞ that contributes gvrn−1 to An−1 is gvrðrÞ3. The
expansion coefficients of this term in front of ðr − rhÞn−1
take the form gvrl1gvrl2gvrl3 with l1 þ l2 þ l3 ¼ n − 1.
Among all possible combinations of l1, l2, and l3, gvrn−1
only appears in the term g2vr0gvrn−1 , making it linear in gvrn−1
since gvrm<n−1

are treated as constants. Terms with gvrm
where m > n − 1 are impossible because l1, l2, and l3
cannot be negative. Other possible terms in Aðr;ω; μÞ that
contribute gvrn−1 to An−1 are

gvrðrÞ3
r2 and gvrðrÞ2

r . Similar to our

analysis for gvrðrÞ3, the only terms containing gvrn−1 in the

ðn − 1Þth expansion coefficients of gvrðrÞ3
r2 and gvrðrÞ2

r are
g2vr0gvrn−1

r2h
and

gvr0gvrn−1
rh

, respectively, (up to a constant factor).

Furthermore, gvrn−1 is the highest possible near-horizon
expansion coefficient of gvrðrÞ that may appear in the

ðn − 1Þth expansion coefficients of gvrðrÞ3
r2 and gvrðrÞ2

r . Hence,
An−1 is linear in gvrn−1 and contains no terms with gvrm
where m > n − 1.
Applying an analog derivation to Bn−1 and Cn, we can

prove that both are linear in gvvn and gvrn−1 and do not
contain any terms involving gvvm and gvrm−1

where m > n.
From the above demonstration, we can analyze the

dependence of MðnÞ
ij on gvvn and gvrn−1 according to

Eq. (B4). Specifically, for the first term Ai−jðωn; μÞ to
have linear gvrn−1 dependence, we require i − j ¼ n − 1,
which is the maximum value for i − j and can only be
achieved by taking i ¼ n and j ¼ 1. Similarly, the second
term ðj − 1ÞBi−jþ1ðωnÞ contributes linear terms in gvvn
and gvrn−1 only when i ¼ n and j ¼ 2, so that i − jþ 1 ¼
n − 1. Finally, the last term ðj − 2Þðj − 1ÞCi−jþ2 does not
contribute any linear terms in gvrn−1 or gvvn for any i and j
because for j ≥ 3 there is no solution for i satisfying
i − jþ 2 ¼ n. The combination of these analyses for terms
Ai−j, Bi−jþ1, and Ci−jþ2 indicates that linear terms involv-

ing gvrn−1 or gvvn only appear in the nth (last) row of MðnÞ
ij ,

while elements in the preceding rows only contain gvrm−1

or gvvm with m < n, which are constants as per our
assumption.
We then compute Det½MðnÞðμÞ� via cofactor expansion

along the nth row, yielding

Det½MðnÞðμÞ� ¼
Xn
j¼1

MðnÞ
nj Mnj; ðB6Þ

where Mnj are the corresponding cofactors. From earlier
analysis, linear dependence on gvrn−1 and gvvn appears only

in MðnÞ
n1 and MðnÞ

n2 , while each cofactor Mnj is polynomial
in gvvm and gvrm−1

with m < n, i.e., constants.

Noting that MðnÞ
ij ¼ 0 for i − j ≤ −2, we can explicitly

write,

MðnÞ
n1 Mn1 ¼ MðnÞ

n1 M
ðnÞ
12 M

ðnÞ
23 � � �MðnÞ

n−1n;

MðnÞ
n2 Mn2 ¼ MðnÞ

n2 M
ðnÞ
11 M

ðnÞ
23 � � �MðnÞ

n−1n: ðB7Þ

According to Eq. (B4), only elementsMðnÞ
ij with i ≥ j carry

μ dependence; all other elements are independent of μ. This
allows us to extract all the μ dependence explicitly in the
following form:
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MðnÞ
n1 Mn1 ¼

�
an−1μþ An−1ðωn; 0Þ

�
MðnÞ

12 M
ðnÞ
23 � � �MðnÞ

n−1n;

MðnÞ
n2 Mn2 ¼

�
an−2μþ An−2ðωn; 0Þ þ Bn−1ðωnÞ

��
a0μþ A0ðωn; 0Þ

�
MðnÞ

23 � � �MðnÞ
n−1n: ðB8Þ

All remaining terms within cofactor expansion (B6),

MðnÞ
nj Mnj with j > 2, only involve gvrm−1

and gvvm for
m < n, and thus do not contribute any linear terms in gvvn
or gvrn−1. Combining this with Eq. (B8), we conclude that
only vn;0 and vn;1, corresponding to the constant and linear-
in-μ terms in Eq. (3.2), respectively, depend linearly on gvvn
and gvrn−1 . Moreover, since vn;n depends solely on rh
[see Eq. (6.30)], we prove that both Enðμn−1Þ − vn;1

vn;n
and

EnðμnÞ − vn;0
vn;n

are indeed linear in gvvn and gvrn−1 .

The same derivation applies directly to both the massless
Klein-Gordon equations (3.1) and (4.6). It also extends
to cases where the equation of motion takes the form
of the master equation (6.2). The only adjustment required
is to replace the m2gvrðrÞ3 term in Aðr;ω; μÞ with
VðrÞgvrðrÞ3, which does not affect the validity of the
original derivation.

APPENDIX C: DERIVATION OF THE SCALAR
GREEN’S FUNCTION UNDER TT̄

DEFORMATION

In this appendix, we derive the scalar retarded Green’s
function GO

rc at a finite cutoff r ¼ rc using the extended
holographic dictionary proposed in [122]. According to this
dictionary, we have

he
R

JOiEFT ¼
Z
r<rc

DϕeiSbulk½ϕ�: ðC1Þ

In standard quantization, the boundary value of ϕ corre-
sponds to a source J for a scalar operatorO of dimensionΔ
in the dual boundary EFT,

ϕðrc; xÞ ¼ rΔ−d−1c J: ðC2Þ

We consider a free, massive, and probe scalar field ϕ of
mass m in the bulk, which leads to the following action:

Sbulk ¼ Sþ Sct;

S ¼ −
1

2

Z
ddþ2x

ffiffiffiffiffiffi
−g

p �ð∂ϕÞ2 þm2ϕ2
�
;

Sct ¼
1

2

Z
r¼rc

ddþ1x
ffiffiffiffiffiffi
−γ

p
κϕ2; ðC3Þ

where κ ¼ −Δþ dþ 1 is the counterterm coefficient, and
γ denotes the determinant of induced metric on the
boundary EFT, defined as γij ¼ r−2c gijjr¼rc .
The on-shell action at any finite cutoff rc is obtained via

the saddle-point approximation in the large-N limit,

Sc ¼
Z
r¼rc

dωddk
ð2πÞdþ1

�
−
1

2
ϕcΠc þ

1

2

ffiffiffiffiffiffi
−γ

p
κϕ2

c

�
: ðC4Þ

Here, ϕc is the solution to the Klein-Gordon equation with
Dirichlet boundary conditions at r ¼ rc, and Πc is the
conjugate momentum in the radial direction,

Πc ≡ −
ffiffiffiffiffiffi
−g

p
grr∂rϕ

			
ϕ¼ϕc

: ðC5Þ

The Fourier-transformed retarded Green’s function for the
dual scalar operatorO in the boundary EFT is then given by

GO
rc ¼ −

δ2Sc
δJδJ

				
J¼0

¼ ðrΔ−d−1c Þ2
�
−
Πc

ϕc
þ ffiffiffiffiffiffi

−γ
p

κ

�				
r¼rc

:

ðC6Þ

Substituting the BTZ black hole metric into the Klein-
Gordon equation and imposing the Dirichlet boundary
condition at r ¼ rc enables us to solve for ϕc explicitly as

ϕcðk;ω; zÞ ∝ ð1 − z2Þ−iω
2

�
zΔ−ΓðΔÞΓðΔ−þΩ−

2
ÞΓðΔ−−Ωþ

2
Þ2F1ðΔ−−Ωþ

2
; Δ−þΩ−

2
;Δ−; z2Þ

ΓðΔ−ÞΓðΔþΩ−
2

ÞΓðΔ−Ωþ
2

Þ − zΔ2F1

�
Δ −Ωþ

2
;
Δþ Ω−

2
;Δ; z2

��
;

ðC7Þ

where we have used the coordinate z ¼ 1=r with zh ¼ 1. Ωþ=− are defined as

Ωþ ¼ ikþ iω; Ω− ¼ iω − ik: ðC8Þ
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Finally, by substituting the solution in Eq. (C7) into Eq. (C6), we derive the explicit form of GO
zcðk;ω; zcÞ,

GO
zcðω; k; zcÞ ¼ z4−2Δc



ðz2c − 1Þ

�
z2Δc Γ

�
1

2
ðΔ −Ω−Þ

�
Γ
�
1

2
ðΔ − ΩþÞ

�

×

�
z2cðΔþ Ω−ÞðΔþ ΩþÞ2F̃1

�
1

2
ðΔþΩ− þ 2Þ; 1

2
ðΔþ Ωþ þ 2Þ;Δþ 1; z2c

�

þ 4ðΔ − 1Þ2F̃1

�
1

2
ðΔþ Ω−Þ;

1

2
ðΔþ ΩþÞ;Δ; z2c

��

− z4cðΔ −Ω− − 2ÞðΔ −Ωþ − 2ÞΓ
�
−
Δ
2
−
Ω−

2
þ 1

�
Γ
�
−
Δ
2
−
Ωþ
2

þ 1

�

× 2F̃1

�
1

2
ð−Δþ Ω− þ 4Þ; 1

2
ð−Δþ Ωþ þ 4Þ; 3 − Δ; z2c

��

=�
2z4cΓ

�
−
Δ
2
−
Ω−

2
þ 1

�
Γ
�
−
Δ
2
−
Ωþ
2

þ 1

�

× 2F̃1

�
1

2
ð−Δþ Ω− þ 2Þ; 1

2
ð−Δþ Ωþ þ 2Þ; 2 − Δ; z2c

�

− 2z2Δþ2
c Γ

�
1

2
ðΔ −Ω−Þ

�
Γ
�
1

2
ðΔ −ΩþÞ

�
2F̃1

�
1

2
ðΔþ Ω−Þ;

1

2
ðΔþΩþÞ;Δ; z2c

��

þ ðΔ − 2Þð
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2c

p
− 1Þ

z2c
þ Δþ 1

2
ð−Ω− −ΩþÞ − 2

�
; ðC9Þ

where 2F̃1 refers to the regularized hypergeometric function and we have set Tb ¼ 1
2π in Eq. (C9). It is straightforward to

verify that GO
zcðω; k; 0Þ recovers the BTZ scalar Green’s function GO

R ðω; kÞ as given in Eq. (2.15).

APPENDIX D: GENERAL FORMULAS FOR Pnðμ3Þ AND Pnðμ4Þ

1

189
ð2þ nÞð−876 − 652nþ 175n2 þ 140n3Þ

�
n
5

�
E1ðμÞ3 −

5

3
ð−177 − 35nþ 28n2Þ

�
nþ 2

7

�
E1ðμÞ2E2ðμÞ

þ 2

3
ð−228 − 91nþ 35n2Þ

�
nþ 2

7

�
E1ðμÞE2ðμÞ2 −

1

9
ð93þ 112nþ 35n2Þ nþ 1

7
E2ðμÞ3

− 56ð3þ nÞ
�
nþ 2

7

�
E1ðμÞE2ðμ2Þ þ 2ð3þ nÞð3þ 2nÞ

�
nþ 1

6

�
E2ðμÞE2ðμ2Þ

þ 2ð16þ 7nÞ
�
nþ 2

7

�
E1ðμÞE3ðμ2Þ − ð13þ 7nÞ

�
nþ 2

7

�
E2ðμÞE3ðμ2Þ

þ 432 nþ4
9

ð−3þ nÞð3þ nÞE3ðμ3Þ −
�
nþ 3

7

�
E4ðμ3Þ þ Enðμ3Þ ¼ 0: ðD1Þ

−
1

1512
ð2þ nÞð21924þ 24798n − 2021n2 − 7247n3 − 280n4 þ 560n5Þ

�
n
6

�
E1ðμÞ4

þ 8

27
ð8676þ 4056n − 1697n2 − 525n3 þ 140n4Þ

�
nþ 2

8

�
E1ðμÞ3E2ðμÞ

−
2

9
ð12198þ 7471n − 1382n2 − 819n3 þ 140n4Þ

�
nþ 2

8

�
E1ðμÞ2E2ðμÞ2
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þ 8

3
ð−657 − 563n − 63n2 þ 35n3Þ

�
nþ 2

9

�
E1ðμÞE2ðμÞ3 −

1

15
ð9þ 5nÞð127þ 126nþ 35n2Þ

�
nþ 1

9

�
E2ðμÞ4

þ 56ð−83 − 15nþ 12n2Þ
�
nþ 3

9

�
E1ðμÞ2E2ðμ2Þ − 112ð−46 − 15nþ 6n2Þ

�
nþ 3

9

�
E1ðμÞE2ðμÞE2ðμ2Þ

þ 1

15
ð3þ nÞð−573 − 516n − 56n2 þ 35n3Þ

�
nþ 1

7

�
E2ðμÞ2E2ðμ2Þ

−
1

45
ð3þ nÞð673þ 611nþ 126n2Þ

�
nþ 1

7

�
E2ðμ2Þ2 þ

1

3
ð1332þ 819n − 18n2 − 56n3Þ

�
nþ 2

8

�
E1ðμÞ2E3ðμ2Þ

þ 8

3
ð−180 − 126n − 6n2 þ 7n3Þ

�
nþ 2

8

�
E1ðμÞE2ðμÞE3ðμ2Þ −

6

5
ð157þ 144nþ 35n2Þ

�
nþ 2

9

�
E2ðμÞ2E3ðμ2Þ

þ 168

5
ð7þ 3nÞ

�
nþ 3

9

�
E2ðμ2ÞE3ðμ2Þ −

1

5
ð44þ 34nþ 7n2Þ

�
nþ 2

8

�
E3ðμ2Þ2

− 2ð4þ nÞð19þ 8nÞ
�
nþ 2

8

�
E1ðμÞE3ðμ3Þ þ 8ð2þ nÞð4þ nÞ

�
nþ 2

8

�
E2ðμÞE3ðμ3Þ

þ 8ð8þ 3nÞ
�
nþ 3

9

�
E1ðμÞE4ðμ3Þ − 4ð7þ 3nÞ

�
nþ 3

9

�
E2ðμÞE4ðμ3Þ þ

880 5þn
11

ð−4þ nÞð4þ nÞE4ðμ4Þ

−
�
4þ n
9

�
E5ðμ4Þ þ Enðμ4Þ ¼ 0: ðD2Þ
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