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We continue our series of papers where we study the quasinormal modes, and their excitation, of black
holes in the simplest beyond general relativity model in which first-principle calculations are tractable: a
nonrotating black hole in an effective-field-theory extension of general relativity with cubic-in-curvature
terms. In this theory, the equivalence between the quasinormal mode spectra associated with metric
perturbations of polar and axial parities (“isospectrality”) of the Schwarzschild black hole in general
relativity no longer holds. How does this loss of isospectrality translate into the time-domain ringdown of
gravitational waves? Given such a ringdown, can we identify the two “fundamental quasinormal modes”
associated to the two metric-perturbation parities? We study these questions through a large suite of time-
domain numerical simulations, by a prescription on how to relate the gauge-invariant master functions that
describe metric perturbations of each parity with the gravitational polarizations. Under the assumptions
made in our calculations, we find that it is in general difficult to identify either of the two fundamental
modes from the time series, although finding evidence for a non-general-relativistic mode is possible
sometimes. We discuss our results in light of our assumptions and speculate about what may occur when
they are relaxed.

DOI: 10.1103/lgfg-lvjn

I. INTRODUCTION

The response of black holes to linear perturbations is
known to be partially described by a superposition of
quasinormal modes, associated with complex-valued
frequencies [1–3]. The real and imaginary parts of these
quasinormal frequencies dictate the oscillation frequency
and damping time of each mode, respectively. The hole’s
response thus exhibits a characteristic ringdown.
In general relativity, the end state of the ringdown is a

Kerr black hole, whose mass M and spin a completely
determine its quasinormal-mode spectrum [4]. This sug-
gests the idea that the identification of two or more
quasinormal frequencies from gravitational-wave data
may be used to infer the remnant’s mass and spin. In

analogy to using spectral lines to identify atomic and
chemical elements, this idea is called black hole spectros-
copy [5]; see Ref. [6] for a review. The materialization of
this “black hole spectroscopy” program is a key scientific
goal of current and future gravitational wave observatories.
Can black hole spectroscopy be used to test fundamental

aspects of general relativity? A notable property of the
quasinormal mode spectrum of the static limit of the Kerr
solution is that the spectrum associated to the two ways
metric perturbations can transform under parity transfor-
mation [7–9], often called “axial” and “polar,” are the same
[10–12]; see also Ref. [13]. The spectra are said to be
isospectral. In vacuum general relativity, this property
persists beyond the Schwarzschild solution, holding per-
turbatively in a small-spin expansion [14].
Isospectrality is, however, fragile and known to break in

most extensions to Einstein’s theory; see Ref [6], Sec. III.
This is akin to the splitting of degenerate spectral lines by an
external electromagnetic field; see Fig. 1. (Theories that
preserve isospectrality in some cases are also known [15,16].)
In our previous work [17], we initiated a program to

understand ab initio the quasinormal modes and their
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excitation in the simplest well-motivated beyond general
relativity model in which first-principle calculations are
tractable: a nonrotating black hole in an effective-field-
theory (EFT) extension of general relativity with cubic-in-
curvature terms. Among other results, we reported the first
calculation of quasinormal-mode excitation factors beyond
general relativity and began exploring the implications of
isospectrality breaking in the ringdown of black holes in
this EFT.
The purpose of this paper is to continue that work. In

particular, we turn from frequency-domain to time-domain
calculations. We study the linear response of black holes in
the EFT to external perturbations and suggest how we can
use these results to obtain the gravitational-wave polar-
izations. These results will be used to investigate the impact
of the presence of a doublet of fundamental quasinormal
mode frequencies in the ringdown and to what extent we
can infer their presence in the waveform.
Thiswork is organized as follows. In Sec. II, we review the

EFT of general relativity, as well as the background black-
hole spacetime we study. In Sec. III, we give a concise
account of the two master equations that describe linear
metric perturbations to this black hole and discuss their
properties. Next, in Sec. IV, we carry out time-domain
numerical simulations of these master equations. We study
how different the resultingwaveforms are from their general-
relativistic limit and examine their spectral content. In Sec.V,
we give a prescription for combining these waveforms to
obtain the gravitational wave polarizations in the EFT and
discuss what information can and cannot be extracted from
them. In Sec. VI, we summarize our findings, discuss their
limitations, and entertain some conjectures. The main text is
supplemented by three Appendixes. In Appendix A, we

describe our numerical code and present convergence tests
and error estimates. In Appendix B, we discuss how a wave
equation with a variable propagation speed can be mapped
into a wave equation with a constant propagation speed but
with a modified effective potential. In Appendix C, we
present additional simulations that explore the initial-data
parameter space.
We use geometrical units c ¼ G ¼ 1 and the mostly plus

metric signature. We denote by l the length scale associated
to higher-curvature corrections to general relativity, l4

being the order of the corrections we study. We work
perturbatively to leading order in the dimensionless param-
eter ε ¼ ðl=MÞ4, where M is the black hole’s mass.

II. ACTION AND FIELD EQUATIONS

We consider the following action

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p
Rþ 1

16π

X
n⩾2

l2n−2 Sð2nÞ; ð1Þ

where l is a length scale assumed to be small compared to
the length scale associated with a black hole of mass M,
i.e.,M ≫ l, and Sð2nÞ is the action of the nth order curvature
term, which has 2n derivatives of the metric. We then call
Sð2nÞ a “dimension-2n operator.” Notice that only even
powers in l are allowed by dimensional analysis.
As long as the EFT construction is built around vacuum

general relativity and by performing field redefinitions, one
can show that no dimension-four operator exists. The first
nontrivial contribution occurs at dimension six and, at this
order, there are only two operators [18,19]. The resulting
action is

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rþ l4L �; ð2Þ

where

L ¼ λeRμν
ρσRρσ

δγRδγ
μν þ λoRμν

ρσRρσ
δγR̃δγ

μν: ð3Þ
Here, R̃μνρσ ¼ ð1=2ÞϵμναβRαβρσ , ϵμνρσ is the totally anti-
symmetric Levi-Civita tensor, and λe;o are dimensionless
constants associated to the even- (“e”) and odd-parity (“o”)
curvature terms.
The field equations of the theory, obtained by varying the

action (2) with respect to gμν, are

E αβ ¼ Gαβ þ l4S αβ ¼ 0; ð4Þ
where

S αβ ¼ PðαρσγRβÞρσγ −
1

2
gαβL þ 2∇σ∇ρPðαjσjβÞρ; ð5aÞ

Pαβμν ¼ 3λeRαβ
ρσRρσμν þ

3

2
λoðRαβ

ρσR̃ρσμν þ Rαβ
ρσR̃μνρσÞ:

ð5bÞ

FIG. 1. Illustration of isospectrality breaking. Two degenerate
quasinormal frequencies (black circle) belonging to metric
perturbations of opposite parities move apart in the complex
frequency plane when the parameter ε is tuned from zero
(“general relativity”) to a nonzero value. Only one pair of
frequencies is shown in the figure; however, this split also
occurs, not necessarily in the same way, for all other frequencies.
In our problem, ε is related to the length scale l associated with
higher-curvature terms in the EFT. Understanding how isospec-
trality breaking impacts the black-hole ringdown is the main goal
of this paper.
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As in Ref. [17], we will only consider the even-parity
operator; we set λo ¼ 0 and write λe ¼ λ. We assume λ to be
positive, though λ can have either sign a priori [20–22]. We
will work to leading order in λ, that is, to Oðl4Þ. Other
aspects of the EFT in the context of gravitational-wave
physics are discussed, for instance, in Refs. [23–32] and
references therein.
In the presence of the dimension-six operators, the

Schwarzschild solution is no longer a solution in the
EFT. Yet, an analytical black hole solution that reduces
to Schwarzschild when λ ¼ 0 can be found perturbatively.
Its line element in Schwarzschild coordinates is

ds2 ¼ −N2 f dt2 þ f−1 dr2 þ r2 dθ2 þ r2 sin2θ dϕ2; ð6Þ
where the metric functions N and f are

N2f ¼
�
1 −

rh
r

��
1 − ε

�
5M
8r

þ 5M2

4r2
þ 5M3

2r3
þ 5M4

r4

þ 10M5

r5
þ 20M6

r6

��
; ð7aÞ

f−1 ¼
�
1 −

rh
r

�
−1
�
1þ ε

�
5M
8r

þ 5M2

4r2
þ 5M3

2r3
þ 5M4

r4

þ 10M5

r5
−
196M6

r6

��
: ð7bÞ

We defined the perturbative parameter

ε ¼ λðl=MÞ4; ð8Þ
whereM is the hole’s Arnowitt–Deser–Misner mass, and rh
is the location of the event horizon,

rh ¼ 2Mð1 − 5ε=16Þ: ð9Þ
The black hole is of Petrov-type D [17]. All our calcu-
lations are carried out to leading order in ε.

III. BLACK HOLE PERTURBATIONS

A. Review of the main equations

In Ref. [17], we studied the linear gravitational pertur-
bations of the black hole solution (6) in the metric-based
formalism pioneered by Regge, Wheeler, and Zerilli [7–9],
following, in particular, the conventions from Martel and
Poisson [33]. Our approach to this problem in the EFT
differed in some aspects from that of Refs. [19,34]. We
refer the reader to Ref. [17], Sec. III for details.
In brief, the problem reduces to studying two wave

equations:

½−c−2s ðrÞ∂tt þ ∂r�r� − Vð�Þ
l ðrÞ�Xð�Þ

l ðt; rÞ ¼ 0: ð10Þ
We use the superscript (�) to denote variables associated to
metric perturbations of polar (þ) or axial (−) parity and

label them by their multipolar index l ⩾ 2. Metric pertur-
bations of polar and axial parities are completely described
by a single master function known as the Zerilli–Moncrief
(ZM) XðþÞ and Cunningham–Price–Moncrief (CPM) Xð−Þ
functions, respectively. These are close relatives of the
Zerilli [8] and Regge–Wheeler functions [7], respectively.
These two pairs of master functions satisfy the same
homogeneous differential equations both in the EFT and
in the limit of general relativity.
In Eq. (10), we also defined the tortoise coordinate r�

dr�=dr ¼ 1=ðNfÞ; ð11Þ

which maps the domain rh ⩽ r < ∞ to −∞ < r� < ∞.
Details about the tortoise coordinate can be found in

Ref. [17], Appendix D. Also in Eq. (10), cs and Vð�Þ
l

are the space-dependent propagation velocity of the per-
turbations and black-hole effective potentials, respectively.
The former is given by [19]

c2s ¼ 1 − 288 ε

�
1 −

rh
r

�
M5

r5
: ð12Þ

Note that cs approaches unity at the event horizon and
spatial infinity. It also has a single extremum at r ¼ 6rh=5,
at which the propagation speed deviates from unity by the
amount

ð1 − c2s Þjr¼6
5
rh ¼

3125

162

M5

r5h
ε ≃

3125

5184
ε ≈ 0.603ε; ð13Þ

to leading order in ε. The deviation can be super or
subluminal depending on the sign of ε [19]. We consider
the latter case only. Figure 2 shows the spatial profile of c2s
in the range ε∈ ½0; 0.05� in increments of 0.01.

FIG. 2. Deviation from unity of the propagation speed squared
of linear metric perturbations. We vary the parameter ε ¼ λl4=M4

from zero (general relativity) to 0.05 in increments of 0.01. The
maximum deviation from the speed of light happens at
r ¼ 6rh=5, near the hole’s horizon rh, and vanishes at the horizon
and at spatial infinity.
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We write the effective potential as

Vð�Þ
l ¼

�
1 −

rh
r

�
½V̄ð�Þ

l þ ε δVð�Þ
l �: ð14Þ

The general-relativistic contributions to the potential are the
Zerilli [8] and Regge–Wheeler [7] potentials,

V̄ðþÞ
l ¼ 1

ðrΛlÞ2
�
2λ2lðΛl þ 1Þ þ 18M2

r2

�
λl þ

M
r

��
; ð15aÞ

V̄ð−Þ
l ¼ 1

r2

�
lðlþ 1Þ − 6M

r

�
; ð15bÞ

respectively, where we defined:

λl ¼ ðlþ 2Þðl − 1Þ=2; and Λl ¼ λl þ 3M=r: ð16Þ

The modifications to these potentials originating from the
cubic-in-curvature terms have the form

δVðþÞ
l ¼ 1

ðrΛlÞ2
X10
k¼1

vðþÞ
kl ðrÞ

�
M
r

�
k
; ð17aÞ

δVð−Þ
l ¼ 1

r2
X7
k¼1

vð−Þkl

�
M
r

�
k
: ð17bÞ

The coefficients vðþÞ
kl depend on Λl for k > 4, hence their

dependence on r. In contrast, the coefficients vð−Þkl are

independent of r for all k. The explicit form of vð�Þ
kl can be

found in Ref. [17], Appendix E.1 Figure 3 shows the spatial

profile of Vð�Þ
2 in the range ε∈ ½0; 0.05� in increments

of 0.01.
The ε corrections to the Zerilli and Regge–Wheeler

potentials break the equivalence between quasinormal-fre-
quency spectrum of metric perturbations of polar and axial
parity that exists in general relativity [10–12]. The break-
down of isospectrality was first found through numerical
calculations inRef. [19], and its originwas discussed through
the analysis of a hierarchy of integral identities in Ref. [17];
see also Refs. [35,36]. A particular EFTof general relativity
involving quartic-in-curvature terms that preserves isospec-
trality in the geometrical optics (eikonal) limit was identified
in Ref. [15] and explored in Ref. [37].
We notice that Ref. [38] studied Eq. (10) using a hyper-

boloidal foliation of spacetime,whereasRef. [39] considered
the equivalent of Eq. (10) in the quartic-in-curvature EFT of
general relativity using double null coordinates.

B. First-order form of the wave equation
and initial data

We solve Eq. (10) using momentarily static initial data:

∂tX
ð�Þ
l jt¼0 ¼ 0; ð18Þ

with compact support, localized far from the black hole. In

particular, we assume that Xð�Þ
l has a Gaussian spatial

profile at t ¼ 0,

Xð�Þ
l jt¼0 ¼ A e−ðr�−rmed� Þ2=ð2σ2Þ; ð19Þ

of width σ, amplitude A, and centered at rmed� ≫ rh. In all
our simulations, we chose

A ¼ 1;
ffiffiffi
2

p
σ ¼ 1.5M; and rmed� ¼ 100M: ð20Þ

We rewrite Eq. (10), for each parity (�) and multipole l,
as a system of first-order-in-time coupled partial differential

FIG. 3. The effective potentials Vð�Þ
2 for perturbations of polar (left panel) and axial (right panel) parity. We vary the parameter

ε ¼ λl4=M4 from zero (general relativity) to 0.05 in increments of 0.01. Deviations from general relativity are mostly bound to the
region between the event horizon, pushed to r� → −∞, and the location of the potential peak.

1A cautionary note: the coefficients vðþÞ
kl for the corrections to

the Zerilli potential contain a typo in Ref. [17]; all coefficients
therein should be divided by four.
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equations. For brevity, in the remainder of this subsection,
we omit the scripts (�) and l. We perform the order
reduction by introducing the auxiliary variables

Π ¼ ∂tX; and Ψ ¼ ∂r�X: ð21Þ

The system of equations that follows from Eq. (10) is then

∂tΠ ¼ c2s ð∂r�Ψ − VXÞ; ð22aÞ

∂tΨ ¼ ∂r�Π; ð22bÞ

∂tX ¼ Π: ð22cÞ

We evolve these equations forward in time using the
method of lines. The waveforms are extracted from the
value of Xðt; rext� Þ at an extraction radius rext� ¼ 150M.
Specifically, our code uses finite-difference stencils that are
fourth-order accurate in space and evolves the variables in
time using the third-order accurate Runge–Kutta scheme of
Shu and Osher [40]. Details of our code are described in
Appendix A, where we also discuss the code’s numerical
convergence and give error estimates on our waveforms.

IV. NUMERICAL RESULTS

We largely explored the quadrupole perturbations
of axial and polar parity. We begin by revisiting the
Vishveshwara’s scattering experiments in general relativity
in Sec. IVA, and go beyond Einsteinian theory in Sec. IV B.
In the latter case, we first study the effect of the variable
propagation speed on the evolution of the perturbations and
how we can map this problem into a wave equation with a
constant propagation speed but with a modified effective
potential in Sec. IV B 1. We discuss how the waveforms in
the EFT differ from those in general relativity in Sec. IV B 2
and study their spectral content in Sec. IV B 3. We do so by
extracting the fundamental quasinormal frequency through a
fitting procedure, which we compare against previous
frequency domain calculations.2

A. General relativity

Surprisingly, we have not found in the literature a
scattering experiment done with the Zerilli potential, with
the exception of the somewhat related work [43]. It seems
that since Vishveshwara [1], the literature has used the
Regge–Wheeler potential exclusively. An “exception” is

Press, who performed time evolutions in the large-l limit
[2]. In this limit, however, the Regge–Wheeler and Zerilli
potentials become identical.
For the sake of completeness, we present such a

comparison in Fig. 4. We show the polar (solid line) and
axial-parity (dashed line) waveforms obtained by evolving
the same initial data described in Sec. III B. The abscissa
has been shifted by the extraction radius, rext� ¼ 150M, and
the median position of the initial data, rmed� ¼ 100M. The
two waveforms are exquisitely similar to each other, except
for a shift in time of approximately 1M. This is most easily
seen in the inset, wherein we zoom around a peak of the
waveforms. We attribute this difference to the different
travel times required by the same initial Gaussian wave

packet to reach the peak of the effective potential Vð�Þ
2 .

These peaks differ by approximatelyM, occurring at larger
values of r� for the Regge–Wheeler potential than for the
Zerilli potential. This causes the axial-parity waveform to
arrive at rext� slightly earlier than its polar-parity counter-
part. Shifting both waveforms in time according to their

maximum value of jXð�Þ
2 j makes both virtually indistin-

guishable. For this reason, wherever we show a waveform
in general relativity in the next sections, we have arbitrarily
chosen to show the axial-parity waveform. We note that
Cunningham et al. [44,45] also observed the similarity
between waves of both parities in the perturbed
Oppenheimer–Snyder collapse [46].

B. Beyond general relativity

After this brief discussion about waveforms in general
relativity, we now consider nonzero values of ε.

1. Effects of the variable propagation speed

We first study the effects of c2s on the waveforms. To
isolate the effects produced by this term, we begin by

FIG. 4. Quadrupolar axial- and polar-parity waveforms in
general relativity obtained by evolving the same initial data.
The inset zooms near the peak of the waveforms and shows that
they are offset by approximately M.

2We remark that to our knowledge, the first time-domain
analysis on isospectrality breaking was done by Chaverra et al.
[41] in the context of linear perturbations of nonrotating black
holes in nonlinear electromagnetism. The isospectrality of the
quasinormal mode spectra of axial and polar perturbations of the
Reissner–Nordström solution, shown by Chandrasekhar [42], is
generally broken in these nonlinear extensions to Maxwell’s
theory.
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artificially setting the potentials Vð�Þ
l equal to zero in the

wave equation (10) and chose ε ¼ 0.05 to maximize the
effects of c2s . Because the potentials are zero, the resulting
evolution is identical for perturbations of axial and polar
parity and is independent of l. With this setup, we followed
the evolution of the incident pulse as it entered the region
of space in which c2s deviates the most from one. Figure 5
shows a sequence of snapshots of the evolution.
Specifically, we show the incident perturbation (solid line,
rescaled by a factor of 5) as it propagates into the region of
variable speed. This region is represented in the figure by
the filled curve superimposed in each panel; cf. Fig. 2. As
the pulse enters this region, part of it is reflected. The bulk
of the incident pulse then continues moving leftward, and a
second reflection occurs when the bulk of the incident pulse
leaves the region in which cs is not one. Eventually, the
bulk of the pulse falls into the hole, leaving behind a
double-peaked wave that propagates to spatial infinity.
To understand how ε influences the amplitude of the

reflected wave, we varied ε from 0.01 to 0.05 in increments
of 0.01. Figure 6 shows the results of this exercise. We
show the waveforms extracted at a location rext� far away
from the hole. Unsurprisingly, the amplitude of the
reflected perturbation increases with ε. Through a curve
fit, we find that maximum amplitude scales linearly with ε,
as expected, and is well approximated by

max jXð�Þ
l j ≃ 0.022460 ε; ð23Þ

for the initial data and in the range of ε-values we studied.
This is approximately 5% of the amplitude of the incident
perturbation. The structure of the scattered wave exhibits a
small (but visible by eye) asymmetry. This is most easily
seen by plotting the absolute value of the wave, as we do in

the inset. The asymmetry is a consequence of the asym-
metry of c2s with respect to its maximum; cf. Fig. 2.
How much does the variable propagation speed contrib-

ute to the final waveform when we include the effective
potential in our simulations? To answer this question, we
performed a second suite of simulations, evolving both
axial and polar-parity quadrupolar l ¼ 2 perturbations
where we varied ε from 0.01 to 0.05 in increments of

0.01 and artificially set c2s ¼ 1, but including Vð�Þ
l . Next,

we ran a third set of simulations, but now including the
effect of ε on both c2s and in the potentials; that is, we
evolved the complete Eq. (10). Together with the simu-
lations discussed in Figs. 5 and 6, we thus have three sets of
simulations that we label as cases (a), (b), and (c), as
summarized below:
(a) c2s ≠ 1 and Vð�Þ

l ≠ 0,
(b) c2s ¼ 1 and Vð�Þ

l ≠ 0, and
(c) c2s ≠ 1 and Vð�Þ

l ¼ 0.
In Fig. 7, we show an illustrative waveform of each case,

namely, for quadrupolar axial perturbations and ε ¼ 0.05.
In the top panel, we plot the three waveforms for case (a)
(solid line), (b) (dashed line) and (c) (dot-dashed line,
rescaled by a factor of 50). We find that the contribution of
c2s is small [compare the waveforms for cases (a) and (b)]
and subdominant relative to the contribution of the effective
potential [compare the waveforms for case (c) against those
of cases (a) and (b).] In the bottom panel, we show the
difference between the “complete”waveform (a) to case (b)
(solid line) and when we subtract from (a) the sum of
waveforms of cases (b) and (c) (dashed line). We see that
the differences are Oð10−3Þ, comparable to the order of
magnitude of the waveform corresponding to case (c),

FIG. 5. Snapshots of the incident perturbation (solid line and
rescaled by a factor of 5) as it propagates into the region of
variable propagation speed. The filled gray curve represents
1 − c2s , for ε ¼ 0.05, as also shown in Fig. 2. As the left-moving
perturbation reaches the region in which c2s deviates from one,
part of it is reflected, as shown in the top panels. This reflected
pulse propagates rightward (see the bottom panels) and is
measured by an observer at rext� as the waveforms in Fig. 6.

FIG. 6. Waveforms with varied ε obtained by artificially setting

the effective potential Vð�Þ
l to zero while maintaining a variable

c2s . The amplitude of the reflected wave grows with increasing ε,
i.e., with the increasing deviation from unit of c2s ; see Fig. 2. In
each waveform, the peak that arrives first has larger absolute
value than the second, as shown in the inset. The asymmetry is
due to the asymmetry of c2s with respect to the location of this
maxima.
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shown in Fig. 6. These observations are also shared by the
polar-parity perturbations.
Before closing this section, we remark that the variable-

speed wave equation (10) can be recast as a constant-speed
wave equation [47],

½−∂tt þ ∂r̃ r̃ −Wð�Þ
l ðrÞ�Yð�Þ

l ðt; rÞ ¼ 0; ð24Þ

for new master functions Yð�Þ
l , coordinate r̃, and effective

potential

Wð�Þ
l ¼ c2sV

ð�Þ
l − fr�; r̃g; ð25Þ

where fr�; r̃g is the Schwarzian derivative defined as

fx; yg ¼ 1

2

d
dy

�
ẍ
ẋ

�
−
1

4

�
ẍ
ẋ

�
2

; ẋ ¼ dx=dy: ð26Þ

We present the derivation of Eq. (24), discuss the properties

of Wð�Þ
l , and report the result of an illustrative simulation

(as well as of an unsolved puzzle) in Appendix B.
Hereafter, we use Eq. (10) for our simulations.

2. Waveform comparison

We now focus exclusively on the waveforms in case (a),
the solutions to Eq. (10), and compare them against their
general-relativistic counterparts. We begin by considering
ε ¼ 0.05, the largest value of ε we considered.

In Fig. 8, we show the quadrupolar waveforms Xð�Þ
2 in

logarithmic scale. We shifted the abscissa such that the time
instant tpeak at which the maximum (absolute) value of the
waveform occurs is zero. The three curves represent the
cases of general relativity (solid line), and polar (dashed
line) and axial (dot-dashed line) perturbations in the
effective field theory with ε ¼ 0.05. After doing this
alignment in time, we see that all three waveforms are
very similar initially. They start to become visually differ-
ent as we enter the “ringdown” stage that is dominated by
the quasinormal frequencies of the black hole. After these
frequencies have been sufficiently damped, the signal is
dominated by a power-law tail that is identical for the three
waveforms. Because the damping of the quasinormal
frequencies of polar and axial perturbations is shifted
differently by ε, the power-law tail of the respective
waveforms become prominent at different times.
Specifically, it occurs later for the polar perturbations in
comparison to the axial perturbations. In the inset, we zoom
into the waveforms’ ringdown. Qualitatively, we see two
trends. First, the oscillation frequency increases (decreases)
for the axial (polar) waveform with respect to general
relativity. Second, the damping of the oscillations is faster
(slower) for the axial (polar) waveform with respect to
general relativity. These are the expected outcomes from
the frequency-domain calculations of the fundamental
quasinormal frequency carried out in Ref. [17]. We will
do a quantitative comparison between the spectral content

FIG. 7. Comparison between quadrupolar axial waveforms
calculated when we set in the wave equation (10): (a) c2s ≠ 1

and Vð�Þ
l ≠ 0, (b) c2s ¼ 1 and Vð�Þ

l ≠ 0, and (c) c2s ≠ 1 and

Vð�Þ
l ¼ 0. We consider ε ¼ 0.05 in all cases. In the top panel, we

show the three waveforms. We see that the effects of the variable
propagation speed on the waveform are subdominant relative to
the presence of the effective potential; compare the waveforms (a)
and (b), and their amplitude relative to the waveform (c), which
we rescaled by a factor of 50. In the bottom panel, we subtract
from the complete solution of Eq. (10), the result of (b) (solid
line) and the sum of cases (b) and (c) (dashed line).

FIG. 8. Comparison between waveforms in general relativity
and in the effective field theory. The solid line corresponds to the
CPM waveform in general relativity (“GR”), while the dashed
and dot-dashed lines represent the ZM, “(þ),” and CPM, “(−),”
waveforms when ε ¼ 0.05. The waveforms were shifted in time
such that their peaks occur at zero. The inset shows the wave-
forms in a time interval in which the signal is dominated by the
quasinormal frequencies of the black hole.
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of our waveforms against these frequency-domain results in
Sec. IV B 3.
Figure 9 is similar to Fig. 8 except that we include

intermediate values of ε from zero up to 0.05 in steps of
0.01. To reduce visual clutter, we separate the even- and
odd-parity waveforms into the left and right panels,
respectively. As expected, waveforms with smaller values
of ε are more similar to the general-relativistic waveform,
while the differences share the general trends shown in
Fig. 8 for ε ¼ 0.05. Finally, we see after t approximately
180M after the peak, all waveforms exhibit the same
power-law tail behavior.

3. Spectral content of the waveforms

Having gained some understanding of the different
ingredients that make up our waveforms, we now study
them in more detail. In particular, we address two items.
First, we study their spectral content. In particular, we
extract the quasinormal frequencies in the signals and
compare them against our previous frequency-domain
calculations [17]. Second, we provide a quantitative mea-
sure of how much the waveforms differ from those in the
limit of general relativity. We address these questions at the
level of the metric-perturbation master functions Xð�Þ in
this section. In Sec. V, we will discuss the observational
prospects of the results obtained herein by relating Xð�Þ to
the gravitational wave polarizations.
Let us begin with the quasinormal frequencies. Here, we

follow Ref. [48]; see also Refs. [49,50]. A comprehensive
review of quasinormal-frequency extraction strategies can
be found in Ref. [6]. We use as our fitting model for the
ðl; mÞ multipole of the waveform a linear superposition of
damped sinusoids:

QN ¼
XN
n¼0

An e−ωi;nðt−tpeakÞ sin½ωr;nðt − tpeakÞ þ ϕn�; ð27Þ

where N denotes the number n of overtones in the model,
An their amplitude, ωi;n ¼ Imωln, ωr;n ¼ Reωln, and ϕn a
phase. The fit is applied to our numerical data in a time
window

t∈ ½t0; tend�; ð28Þ

where t0 and tend are measured with respect to tpeak. Based
on the conclusions of Refs. [48,49], we focus on extracting
the fundamental quasinormal frequency only; i.e., we use
N ¼ 0. For this reason, we omit the subscript n hereafter.
To perform our fits, we keep tend ¼ 90M fixed, while

allowing t0 to vary in the interval t0 ∈ ½0; 30�M in steps of
1M; see Fig. 10 for an illustration. We found that our results
are insensitive to shifting tpeak up to 120M. For each time
window, we fit Eq. (27) against the numerical data using the
curve_fit function from SciPy [51] to perform a least-
square fitting. We use the “trust region reflective” algorithm
and set the bounds

FIG. 9. Comparison between waveforms in general relativity and in the effective field theory for various values of ε. The solid line
corresponds to the parity odd waveform in general relativity, while the blue and orange lines represent the even-parity (left panel) and
odd-parity (right panel) waveforms for ε∈ ½0; 0.05� in increments of 0.01. As in Fig. 8, the inset shows the waveforms in a time interval
in which the signal is dominated by the quasinormal frequencies of the black hole.

FIG. 10. Illustration of the variable time window in which we
perform our fits. We vary the initial time t0 in the interval
t0 ∈ ½0; 30�M, measured with respect to the time instant in which
the waveform has its largest value, tpeak. The end time is fixed
to tend ¼ 90M.
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A∈ ½0;1�; ϕ∈ ½0; 2πÞ; ωr ∈ ½0;2ωGR
r �; ωi∈ ½0;2ωGR

i �;

on the free parameters of Q0. Here, ωGR
r;i are the real and

imaginary parts of the fundamental quasinormal frequency
of a Schwarzschild black hole [10]. For l ¼ 2, they are

MωGR
r ¼ 0.373671; and MωGR

i ¼ −0.0889623: ð29Þ

We initialize the fitting algorithm by giving each free model
parameter a random initial guess by drawing a sample from
a uniform probability distribution within the bounds on our
parameters [49].
We repeat this fitting process 100 times for each value

of t0 to allow the algorithm to converge to the true minima.
We then select from these 100 fits the tuple of best-fit
parameters that gives the smallest mismatch M between
model and numerical data. Consider two signals h1;2ðtÞ. We
define their inner product in the time interval t∈ ½t0; tend� as

hh1jh2i ¼
Z

tend

t0

dt h1ðtÞh�2ðtÞ; ð30Þ

where the asterisk denotes complex conjugation. For our
purposes, the complex conjugation in Eq. (30) is incon-
sequential because our waveforms are real valued. We then
define the mismatch M as

M ¼ 1 −
hh1jh2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihh1jh1ihh2jh2i

p : ð31Þ

Note that M ¼ 0 if the waveforms are identical, h1 ¼ h2.
However, one must keep in mind that a small mismatch
does not necessarily imply a good fit to the data. For
example, if h1 and h2 differ by a nonzero multiplicative
factor, their mismatch will be zero. Moreover, a small
mismatch does not exclude the possibility that some
parameters in the fitting model are overfitting the data;
see Refs. [48,49] for a discussion in the context of linear
perturbation theory.
Figure 11 shows our results from applying this fitting

process to Xð�Þ
2 . We show the trajectories in the complex

plane of the best-fit fundamental quasinormal frequency as
we vary t0 ¼ t − tpeak from zero to 30M. The plot is
somewhat busy, so let us focus for the moment on the
solid line labeled “GR,” for “general relativity.” Each circle
along this curve represents a best-fit value ofω20 for a given
value of t0. As t0 increases, the trajectory moves from left to
right, looping around ReðMω20Þ ≈ 0.37. The trajectory
then approaches the true value (29), indicated by a filled
square, as t0 approaches 30M. The dotted-lined rectangles
represent values �1% and �2% away from (29).
We now move away from the general-relativity curve by

increasing ε. A nonzero value of ε breaks the degeneracy
between ωðþÞ and ωð−Þ that exists in general relativity.

Figure 11 shows this through the curves that branch up and
downward from the Schwarzschild frequency. The curves
terminate at ε ¼ 0.05, for which

MωðþÞ
20 ¼ 0.366287 − 0.0796875i; ð32aÞ

Mωð−Þ
20 ¼ 0.386990 − 0.0955811i: ð32bÞ

Quasinormal frequencies corresponding to the intermediate
values of ε ¼ 0.01, 0.02, 0.03, and 0.04 are indicated by the
open squares. For “internal consistency,” these values are
quoted from our previous work [17]; they agree to a few
percent with the earlier works by de Rham et al. [19] and
Cano et al. [34]. See Ref. [17], Fig. 3, in particular. We
applied the fitting procedure to the waveforms for ε ¼ 0.05.
The best-fit values for ω20 are shown by the dashed lines.
Different markers distinguish the polar and axial frequen-
cies as described in the figure’s legend. The trajectories are
similar to the case of general relativity. Satisfyingly, we

FIG. 11. Trajectories in the complex plane for the best-fit
fundamental quasinormal frequencies ω20 as t0 varies from zero
to 30M. The solid squares represent the frequencies calculated by
us in Ref. [17]. The solid square at the center of the figure
indicates ω20 of a Schwarzschild black hole, (29), and that has the
same value for axial and polar perturbations. This degeneracy is
broken by nonzero values of ε. As we increase this parameter, the
polar (axial) quasinormal frequency moves upward (downward)
in the complex frequency plane, as indicated by the solid lines;
intermediate values of the frequencies for ε ¼ 0.01, 0.02, 0.03
and 0.04 are indicated by empty squares. The two curves
terminate at ε ¼ 0.05, and we indicate the frequency values,
cf. Eq. (32), with the two additional solid squares. The dotted-
lined rectangles represent �1% and �2% away from these
frequencies. We see that as t0 approaches 30M, the best-fit
frequencies approach their expected values determined by the
frequency-domain calculation of Ref. [17].
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were able to extract from our waveforms the values in
Eq. (32) to 2% precision when t0 ¼ 30M.
We note the potential degeneracy between general

relativity and the effective field theory depending on the
time window used. Figure 11 shows that the general-
relativity curve intersects the nonzero-ε curve. This occurs
for t0 ≈ 29M. Moreover, we see that depending on the value
of t0, the nonzero-ε curves for ε ¼ 0.05 can intersect the
exact values of ω20 for other values of ε.
In Fig. 12, we show the mismatchM and best-fit values

of the parameters in our modelQ0 as a function of t0 for the
three waveforms we are analyzing. Specifically, we show
the best-fit amplitude A (top left panel), absolute error in the
quasinormal frequency δω20 (top right panel), phase ϕ
(bottom left panel), and mismatch M (bottom right panel).
Explicitly,

δω20 ¼ jωbest−fit
20 − ωnum

20 j; ð33Þ

where ωnum
20 is either numerical values (29) or (32), depend-

ing on the case. The curves are similar, both in their
qualitative behavior and in magnitude. A notable difference
is in the amplitude A, which increases (decreases) with
respect to the general-relativity curve for the axial (polar)
waveform starting around t0 ≳ 6M. We attribute this
behavior to the different damping times of the modes.
Lastly, we see that the mismatch stabilizes for t0 ≳ 10M,
although it slowly increases around 30M after tpeak.
We also calculated the mismatch (31) between our

waveforms in the EFT with respect to general rela-
tivity for different values of ε as a function of t0. To
perform this calculation, we first aligned our nonzero-ε
waveforms with the peak of the general relativistic
one. Then we evaluated the inner product (30), varying
t0 ∈ ½−20; 200�M in increments of 5M while keeping tend ¼

230M fixed. We show the results of this exercise in Fig. 13.
The behavior of the curves as a function of t0 is qualita-
tively the same for different values of ε. Increasing ε causes
the mismatches to increase, as expected [38]. At fixed value
of ε, we see that the mismatches increase with increasing t0;
i.e., by having mostly the “ringdown-plus-tail” part of the
waveforms in the inner product (30). Increasing t0 further
makes the inner product involve mostly the tail portion of
the signals, and the mismatches decrease.
In Appendix C, we show the outcome of performing this

fitting exercise to a small suite of simulations where the
median rmed� of our initial data is shifted. The upshot of our
discussion therein is that we are able to extract more
accurately the quasinormal frequencies the closer we make
rmed� to the peak of effective potential.

V. OBSERVATIONAL IMPLICATIONS

So far, we have studied the properties of the waveforms
Xð�Þ. However, to make connection with gravitational-
wave observables, we have established a relation between
the ZM and CPM functions with the gravitational wave
polarizations hþ;×. In particular, we are interested in
examining what happens when the even- and odd-parity
ringdown waveforms, each dominated by their own respec-

tive fundamental quasinormal frequencies ωðþÞ
20 and ωð−Þ

20 ,
respectively, are combined to produce hþ;×. How does, for
instance, hþ behave, in comparison to general relativity,
when we have two distinct fundamental quasinormal

frequencies ωð�Þ
20 ? Are we able to extract the frequencies

ωð�Þ
20 from this hþ as we accomplished in Sec. IV B 2 from

Xð�Þ? We investigate these questions next.

FIG. 12. Dependence of the mismatch and the best-fit param-
eters in our fitting model (27) as a function of t0 for the three
waveforms shown in Fig. 8. We see that the absolute errors δω20

between the extracted frequencies and their reference values
become nearly constant for t0 ≳ 10M, and are smaller than 1%.

FIG. 13. Mismatch between polar (top panel) and axial (bottom
panel) waveforms with respect to general relativity as a function
of beginning of the time window t0. The curves are similar,
irrespective of the value of ε. However, unsurprisingly, they shift
toward larger values of M as ε increases. Focusing on the
dependence on t0, we see thatM is largest when the time interval
contains the ringdown. As t0 ≳ 150M, the time window contains
mostly the power-law tail and the mismatches rapidly decrease;
see Fig. 9.
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A. Gravitational wave polarizations

In the context of general relativity, as discussed in
Ref. [33], the gravitational wave polarization hþ and h×
at future null infinity are related to the ZM and CPMmaster
functions as

rhþ ¼
X
lm

�
XðþÞ
lm

�
∂
2

∂θ2
þ 1

2
lðlþ 1Þ

�
Ylm

− Xð−Þ
lm

im
sin θ

�
∂

∂θ
−
cos θ
sin θ

�
Ylm

�
; ð34aÞ

rh× ¼
X
lm

�
XðþÞ
lm

im
sin θ

�
∂

∂θ
−
cos θ
sin θ

�
Ylm

− Xð−Þ
lm

�
∂
2

∂θ2
þ 1

2
lðlþ 1Þ

�
Ylm

�
; ð34bÞ

where Ylm are spherical harmonics, while r corresponds to
the distance to the black hole. In our case, r ¼ rext.
How does the EFT affect this result? Because the EFT

corrections to the propagation speed of the perturbations
[cf. Eq. (12)] and effective potentials [cf. Eq. (17)] are only
significant in the near horizon region, Equation (34) holds
in the EFT as well; all imprints of the EFT corrections are

encoded in the master functions Xð�Þ
lm evaluated at future

null infinity after they have scattered off the EFT-corrected
potential barrier. We verified that this is the case by
inspecting the field equations in the limit of large r, where
one recovers the result of general relativity [33].

B. Synthetic signal generation: A toy model

Is there a way of using the results of Sec. IV to obtain the
gravitational-wave polarizations? In a self-consistent cal-

culation, each multipole Xð�Þ
lm would be computed by

solving the inhomogeneous version of Eq. (10) with the
right-hand side of these equations being given source terms
that are responsible for driving the perturbations. For
example, these source terms could represent a particle
plunging in geodesic motion into the black hole, as studied
in the classic papers by Davis et al. [52–54] in the 1970s,
among others. We leave this ongoing calculation in the EFT
to a forthcoming paper in this series [55].
Instead, for an initial study, we will make three assump-

tions that will enable us to use the results from Sec. IV.
First, because of the spherical symmetry of our simulations

in Sec. IV, we will assume that our waveform Xð�Þ
lm was

obtained as if we had evolved a momentarily static initial
data with Gaussian profile:

Xð�Þ
lm jt¼0 ¼ Alm e−ðr�−rmed� Þ2=ð2σ2Þ cosðmϕÞ; ð35Þ

where Alm is the amplitude. Spherical symmetry guaran-
tees that the dependence on the azimuthal angle ϕ will not

affect the resulting waveform [56]. Second, because hþ;× is
real, we must include the terms �m (jmj ≤ l) when
carrying out the summation in Eq. (34). We will consider
l ¼ 2 only and assume that the amplitudes A2m are as
follows:

A22 ¼ A2;−2 ¼ 1; and A21 ¼ A2;−1 ¼ A20 ¼ 0: ð36Þ

Together with spherical symmetry, they imply that

Xð�Þ
22 ¼ Xð�Þ

2;−2 ≡ Xð�Þ
2 ð37Þ

are the only nonzero contributions to Eq. (34). Having
made this many assumptions, we do not shy away from
making a third one: To simplify the forthcoming analysis,
we will study only one polarization at a time, which we
choose to be hþ for the most part of our discussion.
Under these assumptions, Eq. (34a) reduces to

rhþ ¼ fðþÞðθ;ϕÞXðþÞ
2 þ fð−Þðθ;ϕÞXð−Þ

2 ; ð38Þ

where we defined

fðþÞ ¼ 1

4

ffiffiffiffiffiffi
15

2π

r
½3þ cos 2θ� cos 2ϕ; ð39aÞ

fð−Þ ¼
ffiffiffiffiffi
30

π

r
cos θ sinϕ cosϕ; ð39bÞ

and r is a location far from the black hole that we take to be
the extraction radius rext. We notice that once we fix the
angles θ and ϕ, the “form factors” fð�Þ are degenerate with
the amplitude Alm of our initial data (19). Moreover, hþ is
completely determined by the parity-even contribution if
θ ¼ π=2 or when ϕ ¼ 0, π=2, π, 3π=2, or 2π. Conversely,
hþ is completely determined by the parity-odd contribution
if ϕ ¼ π=4 or 3π=4.
To analyze how isospectrality breaking affects hþ, we

choose ε ¼ 0.05 and study three pairs of angles ðθ;ϕÞ as
summarized next:
(1) Comparable mixing: we set ðθ;ϕÞ ¼ ðπ=3; π=6Þ.

For these angles, fðþÞ ≈ fð−Þ ≈ 0.67. Thus, axial
and polar waveforms Xð�Þ have comparable con-
tributions to hþ.

(2) Polar dominated: we set ðθ;ϕÞ ¼ ð2π=5; π=10Þ. For
these angles, fðþÞ ≈ 1.03 and fð−Þ ≈ 0.28. Thus, the
polar waveform XðþÞ is the dominant contribution
to hþ.

(3) Axial dominated: we set ðθ;ϕÞ ¼ ðπ; π=3Þ. For these
angles, fðþÞ ≈ −0.39 and fð−Þ ≈ −1.34. Thus, the
axial waveform Xð−Þ is the dominant contribution
to hþ.

In Fig. 14, we show the resulting waveforms for each of
these cases. All waveforms are shifted in time such that
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their peaks occur at t ¼ tpeak. Moving left to right, the
columns show the comparable-mixing, polar-dominated,
and axial-dominated cases. In the top row, we compare the
gravitational-wave polarization hþ in the EFT with ε ¼
0.05 (solid line) against general relativity ε ¼ 0 (dashed
line). For each column, we show in the bottom row hþ
(again, for ε ¼ 0.05, solid line) versus the polar [(þ), dot-
dashed line], and axial [(−), dashed line] master-function
waveforms. The latter two were multiplied by the respec-
tive form-factors fð�Þ.
A common trend can be seen in the panels in the bottom

row. Let us start with the comparable-mixing case shown in
the leftmost bottom panel. As expected, we see that at the
start of the ringdown both axial and polar waveforms
contribute equally to hþ. However, as time progresses, hþ
becomes more similar to the polar waveform XðþÞ; compare
hþ and XðþÞ in the intervals 0≲ t=M ≲ 50 and 50≲ t=M ≲
100 after the peak of the waveform tpeak. This happens

because the axial fundamental quasinormal frequency ωð−Þ
20

has a smaller imaginary part than its polar counterpart;
see Eq. (32). For this reason, Xð−Þ decays faster in time,
eventually leaving XðþÞ as the dominant contribution to
ringdown. This effect is also visible in the polar-dominated
case shown in the middle bottom panel. We see that the
small difference between hþ and XðþÞ at t ¼ tpeak decreases
as the ringdown progresses, and the two curves become
virtually identical approximately 50M after tpeak. The
opposite behavior happens in the axial-dominated case
shown in the rightmost bottom panel. In this case, hþ and

Xð−Þ are very similar to one another at the beginning of the
ringdown, and differences between the two become visible
at 50M after tpeak.
What about the comparison against general relativity?

In the comparable-mixing case (leftmost top panel), hþ is
virtually indistinguishable initially in the EFT and in
general relativity. Differences between the two waveforms
only become visible at about 50M after tpeak. We interpret
this result as follows. Early in the ringdown, the polar and
axial fundamental quasinormal frequencies combine into
an “effective frequency”

Mωeff
20 ¼ M

2
½ωðþÞ

20 þ ωð−Þ
20 � ≈ 0.376639 − 0.0876343i; ð40Þ

which is approximately equal to the Schwarzschild funda-
mental quasinormal frequency (29). The axial mode decays

faster in time as discussed previously, causing ωeff
20 ≈ ωðþÞ

20

as time progresses. Indeed, the differences between the two
waveforms become apparent 50M after tpeak. In the polar-
and axial-dominated situations (middle and right panels in
the top row, respectively) the EFT corrections are, to some
extent, visible earlier in the ringdown, as expected.

C. Quasinormal frequency extraction

Having constructed the waveforms hþ, we now explore
to what extent we can extract the two fundamental
quasinormal frequencies that are predicted by EFT.

FIG. 14. Gravitational waveforms. From left to right, we show the comparable-mixing, polar-dominated, and axial-dominated cases,
respectively. In the top row, we compare rhþ in the EFT with ε ¼ 0.05 (solid line) and general relativity ε ¼ 0 (dashed line). In the
bottom row, we compare rhþ (for ε ¼ 0.05, solid line) versus the polar [(þ), dot-dashed line] and axial [(−), dashed line] master-
function waveforms. We shifted all waveform in time such that their peaks occur at t ¼ tpeak.
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1. Theory-agnostic single-frequency fits

We begin by considering the same theory-agnostic
single-frequency fit we applied to Xð�Þ in Sec. IV B 3,
but now we applied to hþ. As a sanity check, we first used
this fit to the comparable-mixing case, but in general
relativity. Unsurprisingly, we were able to recover the
fundamental Schwarzschild quasinormal frequency (29)
to within 1% for t0 ⩾ 10M. Our results are very similar to
those shown in Figs. 11 and 12.
We then applied the same fitting procedure but now for

ε ¼ 0.05 and the three cases enumerated in Sec. V B. The
results are summarized in Fig. 15. Similarly to Fig. 11, we
show the trajectories in the complex plane for the best fit
quasinormal frequencies ω20 recovered from hþ as we
varied the start of the fit time-window t0 from zero to 30M.
We were unable to recover either of the fundamental
quasinormal frequencies (32) in the three cases. In the
polar and axial-dominated cases, the curves whirl toward
the region in the complex plane where the polar and axial
quasinormal frequencies move away from their general-
relativistic values as ε increases. While the two trajectories
do seem to converge, they do so at none of the frequencies
of the black hole. Our best-fit frequencies are thus biased.
Because we were able to recover the fundamental quasi-
normal frequencies when we analyzed the individual Xð�Þ
functions, we conclude that the mixing of frequencies in hþ

is the cause of this result. Interestingly, we see that the
trajectory for the comparable-mixing case whirls toward the
Schwarzschild quasinormal frequency, being 2% away
from this frequency for 13≲ t0=M ≲ 19. This observation
supports our interpretation from Sec. V B that at least
during some time in the ringdown, the two EFT funda-
mental quasinormal frequencies behave as a single effective
frequency (40) that, in the EFT, has a numerical value close
to the general-relativity value (29).
The deterioration of our ability to recover the frequencies

in the polar and axial dominated cases is qualitative similar
to the conclusions of Ref. [57].
We also experimented using a two-frequency fit to

analyze hþ, with the hope that we could accurately extract
either of the two fundamental quasinormal frequencies
from the waveform. We used Eq. (27) with N ¼ 1,
increasing the number of free parameters in our model
from four to eight. We attempted to fit all parameters
simultaneously. The result was disastrous: Neither frequen-
cies converged as we varied the time-window parameter t0.
In light of these sobering results, we turn to a (perhaps)

more modest question: Can we infer the presence of a
nonzero value of ε?

2. Can we infer a nonzero ε?

After having performed theory-agnostic fits for the
waveform hþ, we now discuss an EFT-informed fit. This
means that the complex frequency of the fundamental mode
is not left free to vary but is assumed to take the form

predicted by our EFT: ωð�Þ
ln ¼ ωGR

ln þ εδωð�Þ
ln . For the case

of l ¼ 2 and n ¼ 0, the linear correction to the frequencies
can be evaluated to be

MδωðþÞ
20 ¼ −0.145410þ 0.166074i; ð41aÞ

Mδωð−Þ
20 ¼ þ0.250595 − 0.133418i: ð41bÞ

In order to avoid confusion, we refer to ωðþÞ in Eq. (41a) as
the even mode and to ωð−Þ in Eq. (41b) as the odd mode.
These frequencies correspond, respectively, to the polar and
axial quasinormal-frequencies. Notice that the even mode is
longer-lived compared to the odd mode.
With this procedure, we can test whether the two parities

contained in the waveform can be extracted, so to improve,
the two-frequencies fit. As we will see, even with this
procedure, the extraction of the two modes remains
difficult. On the other hand, we will show that, for
configurations dominated by a single parity mode, our fits
give a preference for the correct parity. However, for EFT
waveforms, the best-fit value for the EFT parameter ε does
not always align with the correct value. Below we will
discuss the results of our fits, obtained by following the
same procedure as in Sec. IV B 3. In the least-square fitting,
we utilize the same bounds for the amplitude and phase,

FIG. 15. Trajectories in the complex plane for the best-fit
fundamental quasinormal frequencies ω20 recovered from hþ, as
t0 varies from zero to 30M. As in Fig. 11, the squares indicate
quasinormal frequencies in general relativity and in the effective
field theory. The dotted-lined rectangles represent�1% and�2%
away from reference value of ω20 when ε ¼ 0 [Eq. (29)] and
ε ¼ 0.05 [Eq. (32).] The trajectories show that we are unable to
accurately recover either of two fundamental quasinormal
frequencies present in hþ, strikingly, even in the polar and axial
dominated cases.
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while imposing the following bound on the EFT param-
eter ε∈ ½0; 0.2�.3
First, we consider a waveform in general relativity with

comparable polar and axial components, i.e., the “compa-
rable mixing” case of Sec. V B. We then perform a single-
mode fit, first with a “even-mode” assumption for the
frequency (41) and then with an “odd-mode” assumption
(41b). We show the results for the two fits in Fig. 16. Both
models (even and odd parametrizations of the fundamental
frequency) produce similar results for the amplitude jAj,
phase ϕ and mismatch M. Regarding ε, we notice that the
odd-mode fit consistently obtains ε ≃ 0, while the even-
mode fit prefers a nonvanishing (but small) value for this
parameter. Among the two fits, the best overall fit is
achieved for the even model when ðt − tpeakÞ ≃ 12M and
with ε ≃ 0.01. This result establishes the sensitivity of our
analysis, indicating that a value of ε ≃ 0.01 is the smallest
deviation from general relativity our model can confidently
distinguish from zero.
As a second test, we consider an EFT waveform with

ε ¼ 0.05 in two configurations: the polar and axial
dominated cases of V B. In the two angular configurations,
we fit the waveform hþ with both even (41a) and odd-mode
(41b) models. For simplicity, for each angular configura-
tion, we keep the best fit between even- and odd-mode
models. The goal in these cases is to find a preference for
the correct parity and recover the correct value for ε.
We show our results for the polar and axial-dominated

configurations in the top and bottom set of panels in
Fig. 17, as indicated therein. For the polar-dominated

configuration, we obtain the smallest mismatch when
starting the fit around ðt − tpeakÞ ≃ 12M after the peak.
The best fitting model is, as expected, the even-mode
model. Moreover, the recovered value for ε (best fit) is
approximately 0.049, very close to the true value, 0.05,
indicated by the dashed horizontal line. For the axial-
dominated configuration, the smallest mismatch is again
obtained starting approximately at 12M after the peak, with
the odd-mode model correctly identified. Contrary to the
polar-dominated configuration, the recovered value for ε,
around 0.022, is not as precise.
Let us comment on the results of the fits in these two

angular configurations. First, the fitting procedure provides
stable results. Indeed, in all cases, within the time window
between 10 to 20M after the peak, the fits return constant
values for the parameters. In this region, the mismatch is
also minimized. Second, the polar-dominated configuration
provides a better reconstruction for ε. This result can be

FIG. 17. Dependence of the mismatch and the best-fit param-
eters in our fitting model as functions of t0 ¼ t − tpeak for the EFT
waveform hþ obtained using Eq. (38) in the polar-dominated (top
set of panels) and axial-dominated (bottom set of panels)
configurations. We set ε ¼ 0.05 in both cases; this value is
indicated by the horizontal dashed line in the lower-left panels. In
each case, the smallest mismatches are obtained when we use the
even (odd) ansatz for the quasinormal frequency (41) to analyze
the polar dominated (axial dominated) configuration, as expected.

FIG. 16. Dependence of the mismatch and the best-fit param-
eters in our fitting model as functions of t0 ¼ t − tpeak for the
waveform hþ in general relativity obtained using Eq. (38) in the
comparable-mixing configuration and the master function shown
in Fig. 8, assuming an EFT form for the quasinormal-mode
frequencies.

3To avoid too stringent priors on ε, we chose the upper limit to
be 0.2, which is outside of the regime where EFT corrections are
linear [17]. However, we checked that changing this value does
not alter our results.
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understood by recalling that, in the EFT, the polar mode is
longer-lived than the axial mode. This means that it is easier
to fit for the polar mode, as it contributes more at later
times. On the other hand, the axial mode decreases more
quickly and is thus less “visible.”
In addition to the two fits above, we have also tested

the EFT-informed fit in the “comparable mixing” con-
figuration, where both parities are similarly excited, with
ε ¼ 0.05. Here, the fits slightly prefer the even-mode
model, with a poorly reconstructed value of ε ≃ 0.01.
Given the general poor reconstruction for ε, we did not
attempt to perform an EFT-informed two-mode fit, i.e.,
fitting simultaneously for two amplitudes and phases
and ε, assuming the two frequencies follow Eqs. (41a)
and (41b).
As an additional test for our fits, we have repeated them

with h× instead of hþ. The former waveform is obtained
using Eq. (34b) (also in this case, we consider l ¼ 2 and
the sum over m ¼ �2). From this formula, we notice that,

compared to hþ, the roles of XðþÞ
lm and Xð−Þ

lm are switched,
and the overall sign is flipped. This means in particular that
a polar-dominated angular configuration for hþ corre-
sponds to an axial-dominated configuration for h×. We
then find consistent results with the previous analysis: In
polar-dominated configurations for h×, we are able to
recover the parameter ε accurately and identify the correct
mode, while in axial-dominated configurations, ε is poorly
reconstructed, but the mode is identified correctly.
Finally, we end by commenting on the case where ε is

not imposed to be positive, but allowed to take any sign. In
this case, we find that the fits generically degrade, and in
particular, polar (axial) dominated configurations can be
fitted better by the odd (even) model. This can be under-
stood by noticing the presence of an approximate degen-
eracy when sending ε → −ε and by exchanging the mode
parity. Indeed, by inspecting Fig. 11, one sees that by
continuing the straight trajectory for, say, ωðþÞ to negative
ε, we remain close to the ωð−Þ trajectory with ε > 0.
Therefore, fitting the waveform with ωðþÞ and ε < 0 yields
similar mismatches as with ωð−Þ and ε > 0. This further
highlights the difficulty in correctly identifying deviations
from general relativity, and in particular, isospectrality
breaking, in realistic ringdown data.

VI. CONCLUSIONS AND OUTLOOK

We presented a first study of how isospectrality break-
ing affects the time-domain gravitational-wave polariza-
tions in the ringdown of perturbed nonrotating black holes
in an EFT extension of general relativity. We began by
evolving in time the master equations that dictate the
dynamics of polar and axial perturbations using momen-
tarily static Gaussian initial data. We then proposed a
prescription on how to combine the resulting polar and
axial-perturbation waveforms to construct the complete

gravitational waveform. With these waveforms in hand,
we explored to what extent we can distinguish the
presence of the two fundamental quasinormal frequencies
in the signal, the chief implication of the loss of
isospectrality.
Our main conclusions are clear. First, it is hard to infer

the presence of these two modes when using a model
agnostic fit for the ringdown. The presence of a doublet of
fundamental quasinormal frequencies in the signal deteri-
orates our ability to recover either. Second, using a “EFT-
informed” model (in which the damping and oscillation
frequency of the quasinormal modes are written as a
perturbative expansion in the EFT parameter ε around
their Schwarzschild values), however, we were at least able
to infer the presence of a deviation of general relativity in
the signal. Still, this is only possible when the ringdown is
dominated by the polar fundamental mode, which has the
slowest damping time from the doublet.
We entertain the possibility that similar conclusions will

be shared in the ringdown of nonrotating black holes in
other theories that are perturbatively close to general
relativity and possess only massless degrees of freedom.
Examples include EFTs of general relativity with quartic-
in-curvature terms and theories that involve nonminimal
coupling of (pseudo)scalar fields with curvature scalars,
such as shift-symmetric Einstein-scalar-Gauss-Bonnet and
dynamical Chern-Simons gravity.
How do our conclusions depend on our assumptions?

First, while the relation (34) between hþ;× and the ZM
(polar) and CPM (axial) master functions hold in the EFT,
there is clearly room to improve how the latter were
computed. As discussed in Sec. V B, a self-consistent
calculation of the gravitational waveforms can be made
using a test particle, whose geodesic motion excites the
black-hole perturbations. This problem will be tackled in an
upcoming paper in this series [55]. Still, it is tempting to
conjecture that our main conclusions will be shared in such
a calculation. This is justified by the flexibility of our
construction leading to Eq. (38) in accommodating the
relative contributions of the axial and polar contributions
to the waveform. Second, we have considered only
nonrotating black holes. Quasinormal frequency calcu-
lations of rotating black holes in the EFT considered
herein show that the fundamental polar and axial qua-
sinormal frequencies can deviate more from their general-
relativity values for larger black hole spins [58,59]. It
would be important to understand how rotation affects
our findings.
In summary, there is much to be done yet to understand

the quasinormal modes, their excitation, and observational
implications in theories beyond general relativity.
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APPENDIX A: CODE DETAILS
AND VALIDATION

In this appendix, we provide details of our numerical
code and describe the convergence tests we performed to
validate it. We evolved Eq. (22) using the method of lines.
In particular, our code uses fourth order accurate-in-space
finite difference stencils and evolve the variables X, Ψ,
and Π forward in time using the third-order accurate
Rugge–Kutta scheme of Shu and Osher [40]. We also
implemented, and tested, a fourth-order accurate Rugge–
Kutta scheme. We opted to use the third-order scheme as a
compromise between accuracy and simulation run times.
The code is written in C++ and uses OpenMP for
parallelization.

1. Grid size and boundary conditions

In all our simulations, we used a uniform spatial grid
ranging from rmin� ¼ −30M to rmax� ¼ 600M, while time
integration was carried out from t ¼ 0 to t ¼ 720M. Our
choices for the grid parameters require some justification.
Let us begin with the spatial domain. Because we employ
tortoise coordinates in our spatial grid, we must compute
numerically the inverse relation

r ¼ rðr�; εÞ; ðA1Þ

to evaluate the propagation speed and effective potential
in Eq. (10). The explicit expression for r� ¼ r�ðr; εÞ can
be found in Ref. [17], Appendix D.
In general relativity, ε ¼ 0, the two coordinates are

related as follows:

r� ¼ rþ 2M ln jr=ð2MÞ − 1j: ðA2Þ

Equation (A2) can be inverted using the Lambert W
function [65,66]. This function is defined as the solution
to the equation

WðzÞ eWðzÞ ¼ z: ðA3Þ

In our problem, we find that

r ¼ 2M½1þWðzÞ�; z ¼ exp½r�=ð2MÞ − 1�: ðA4Þ

The function WðzÞ has two real values in the interval
−1=e ≤ z < 0; see Fig. 18 for an illustration. In particular,
at z ¼ −1=e, WðzÞ ¼ −1. The principal branch of the
Lambert W function is defined by −1 ≤ WðzÞ. In our case
z∈ ½0;∞Þ, and this is the branch we must use.
When ε ≠ 0, we calculate (A1) numerically by locating

the root of ϱðr�; εÞ ¼ r − rðr�; εÞ To do this, we first com-
pute a value of r using the general relativistic result (A4).
Call it r0 ¼ rðr�; 0Þ. We then calculate rL ¼ r0ð1 − δrÞ and
rR ¼ r0ð1þ δrÞ that serve as educated guesses to bracket
the root, which we determine through bisection. We found
that δr ¼ 0.1 works for this task for all values of ε
considered in this paper. When computing rL, we must
ensure that it is not located inside the event horizon, rh. To
avoid this edge case, we first check if rL ≥ rh. If this is true,
we use the foregoing expression for rL. If false, we set
rL ¼ rhð1þ 10−10Þ. In practice, our code uses the imple-
mentations for the Lambert W function and bisection
algorithm from the Boost C++ libraries [67].
When setting up the numerical grid in r�, we must be

careful with the fact that r=rh is indistinguishable from 1 at
double precision for any r�=rh ≲ −30 when ε ¼ 0, for
which rh ¼ 2M. In other words, the tortoise coordinate
rðr�Þ=rh will evaluate exactly to 1 for any value of r�=rh
smaller than approximately −30. For this reason, we restrict
ourselves to rmin� =rh > −30. In general relativity, this
translates into rðrmin� Þ=rh − 1≳ 3.5 × 10−14, which gives
us a rule of thumb of how slightly outside the event horizon

FIG. 18. The two real branches of the Lambert W functions,
W0 (solid line), and W−1 (dot-dashed line). The principal
branch W0 is defined by −1 ≤ W, this occurs for −1=e ≤ z
(dashed gray line).
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our numerical grid can begin. In practice, we choose
rmin� ¼ −30M. The reason is twofold. First, it satisfies the

above bound. Second, for this value, both c2s and Vð�Þ
l are

sufficiently close to zero for us to impose outgoing
boundary conditions at the edge of our numerical grid
as if we had a simple one-dimensional wave equation
propagating with constant velocity. This partly justifies
our choice of rmax� ¼ 600M too. The remaining justifi-
cation, and the explanation of our choice of time
integration range, is that we wish to avoid numerical
reflections from the boundaries to appear in our wave-
forms given the parameters of the initial data. We give
more details below.

2. Initial data and waveform extraction

We set the parameters of the Gaussian initial data (19)
to be

A ¼ 1;
ffiffiffi
2

p
σ ¼ 1.5M; and rmed� ¼ 100M: ðA5Þ

Thewidth σ of the Gaussian is chosen to be smaller than the
length scales associated with the spatial extension in which

the propagation speed c2s and the effective potential Vð�Þ
l

are nonzero. In this way, we can observe the effects of c2s
and Vð�Þ

l in the scattered wave.
The value of the scattered wave, that is, the waveform,

is extracted at a radius rext� ≥ σ of Oð102MÞ For these
values of rext� , σ, and rmin =max

� , we avoid the contami-
nation in our waveforms from numerical noise of small
amplitude originating from reflected waves at the boun-
daries of the spatial grid in the duration of our
simulations.

3. Convergence tests and error estimates

In Fig. 19, we show the results of our local con-
vergence test. We chose a Courant factor
C ¼ dt=dr� ¼ 0.2.4 We then performed three simulations
with increasing spatial resolution, dr� ¼ f0.05; 0.1; 0.2g,
with fixed values of the effective-field-theory parameter
ε ¼ 5 × 10−2, considering the Regge–Wheeler potential

Vð−Þ
l , and quadrupolar l ¼ 2 perturbations. The wave-

form was extracted at rext� ¼ 100M. The solid and dashed
curves shows the difference between the waveforms
produced in the coarse (drf� ¼ 0.2M) and medium
(drf� ¼ 0.1M) and medium and fine (drf� ¼ 0.05M)

resolutions, respectively. We rescaled the latter curve by
24, the expected convergence factor in our test. The resulting
overlap between the two curves demonstrates the fourth-
order convergence of the code. All the simulations presented
in the main text use the medium spatial resolution and
Courant factor C ¼ 0.2.
To tell apart the effects of the effective-field-theory

parameter ε from numerical noise, it is important to
quantify the error associated with our waveforms.
Because our code is in the convergence regime (as
shown in Fig. 19), we calculated the absolute value of
the difference between our coarse- and medium-resolu-
tion waveforms and divided by 24 − 1 [68]. Taking the
absolute value and then the mean value of this quantity,
we arrive at the error estimate of Oð10−6Þ in our
waveforms. This is smaller than the values of ε we
consider that are Oð10−2Þ. Consequently, we can interpret
the changes in the waveforms produced by varying values
of ε, while keeping the other simulation parameters fixed,
as originating from the higher-curvature corrections
instead of numerical errors.
We also performed another check of our code. Figure 20

shows the quadrupolar Regge–Wheeler waveform from the
medium resolution simulation of our local convergence
test, with the waveform extracted at three different radii,
rext� ¼ 150M (solid line), 250M (dashed line), and 350M
(dot-dashed line). Each waveform is shifted in time
according to its extraction radius, rext� , and initial location
of the Gaussian’s peak, rmed� . We see that the three wave-
forms overlap, notably in the ringdown. This demonstrates

FIG. 19. Local convergence analysis of the quadrupolar CPM
waveform extracted at rext� ¼ 150M, computed with different
spatial resolutions dr� and fixed Courant factor C ¼ 0.2. The
figure shows the difference between the waveforms obtained
using coarse (drc� ¼ 0.2M) and medium (drm� ¼ 0.1M) resolu-
tions (solid line) and medium and fine (drf� ¼ 0.05M) resolutions
(dashed line). We shifted the curves in time by the extraction
radius rext� and initial location of the Gaussian’s peak,
rmed� ¼ 100M. We rescaled the latter curve by the expected
convergence factor, 24. The overlap between the two curves
demonstrates the fourth order convergence of the code.

4Because the propagation speed cs has spatial dependence,
using the same Courant factor C across the numerical domain
may not be appropriate. That is, we should be careful and include
some information about cs, for instance, its maximum value,
when choosing the Courant factor. However, this is not an issue in
our problem because we choose a small value of C, and c2s
deviates from unity by at most by 3%; see Fig. 2.
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that numerical dissipation and dispersion are small in the
code. However, there is a small difference between the
waveforms in the (approximate) interval ðt − rext� − rmed� Þ=
M∈ ½−50; 0�. We attribute this difference to the proximity
of the smallest extraction radius to the initial data. Indeed,
we see that the difference between the waveforms decreases
as rext� increases.

APPENDIX B: THE WAVE EQUATION
WITH A POSITION-DEPENDENT

PROPOGATION SPEED

1. Change of variable to cs = 1

The evolution equation with a position-dependent speed
of sound csðxÞ can be mapped into an equation with cs ¼ 1
and a modified potential; see Eq. (24) in the main text. In
this appendix, we follow the presentation in Ref. [47] and
re-derive the transformed equation. We start with the
following frequency-domain equation:

ψ 00ðxÞ þ ω2

c2s ðxÞ
ψðxÞ − VðxÞψðxÞ ¼ 0: ðB1Þ

To achieve our goal, we change variable from x to y and
introduce a new field:

φðyÞ ¼ ψðxðyÞÞ=
ffiffiffiffiffiffiffiffiffi
ẋðyÞ

p
; ðB2Þ

where the overdot stands for the derivative with respect to y
(not to be confused with a time derivative). Let us call
gðyÞ ¼ ffiffiffi̇

x
p

. Then, we find that

g0 ¼ 1

2g
ẍ
ẋ
; ðB3aÞ

g00 ¼ 1

g3

�
1

2

d
dy

�
ẍ
ẋ

�
−
1

4

�
ẍ
ẋ

�
2
�
≡ 1

g3
fx; yg; ðB3bÞ

φ0 ¼ φ̇

g2
; ðB3cÞ

φ00 ¼ 1

g4

�
φ̈ −

ẍ
ẋ
φ̇

�
: ðB3dÞ

In Eq. (B3b), we identified the Schwarzian derivative:

fx; yg ¼ 1

2

d
dy

�
ẍ
ẋ

�
−
1

4

�
ẍ
ẋ

�
2

: ðB4Þ

Using these expressions in Eq. (B1), we obtain

φ̈þ
�
g4
�

ω2

c2s ðxðyÞÞ
− VðxðyÞÞ

�
þ fx; yg

�
φ ¼ 0: ðB5Þ

Notice that by choosing g4ðyÞ ¼ ẋ2 ¼ c2s ðxðyÞÞ, we are
effectively setting cs ¼ 1 for the field φ. This choice
implies that

yðxÞ ¼
Z

x
dx0=csðx0Þ: ðB6Þ

With this choice, we finally obtain

φ̈þ ½ω2 −WðyÞ�φ ¼ 0; ðB7Þ

with the new potential

WðyÞ ¼ c2s ðxðyÞÞVðxðyÞÞ − fx; yg: ðB8Þ

The Schwarzian derivative fx; yg in terms of the function
csðxÞ takes the form

fx; yg ¼ 1

2
cscs00 −

1

4
ðc0sÞ2: ðB9Þ

Equation (B7) can be Fourier-transformed back to the time
domain, resulting in a wave equation with uniform propa-
gation speed and potentialW. In the next section, we apply
this procedure to the wave equation that occurs in our
problem, Eq. (10).

2. The metric-perturbation case

The procedure outlined above can be applied to the case
of the metric perturbation equations (10). These equations
indeed match Eq. (B1) when identifying x with the tortoise

FIG. 20. Quadrupolar CPM waveform extracted at three differ-
ent radii rext� ¼ 150M (solid line), 250M (dashed line), and 350M
(dot-dashed line). We use a spatial grid resolution of dr� ¼ 0.1M
and a Courant factor C ¼ 0.2, i.e., the medium resolution setup in
Fig. 19. The waveforms are shifted in time according to where
they were extracted, rext� and initial location of the Gaussian’s
peak, rmed� ¼ 100M. The overlap between the waveforms dem-
onstrates that numerical dispersion and dissipation are small in
the code.
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coordinate r�. Also, the metric perturbations Xð�Þ
l corre-

spond to ψ and, by analogy, we define Yð�Þ
l as the field

variables after the transformation. Then, after the trans-

formation, both axial and polar potentials Vð�Þ
l get mapped

into new potentials

Wð�Þ
l ¼ c2s ðr�ðr̃ÞÞVð�Þ

l − fr�; r̃g; ðB10Þ

where we identify r̃ with y. Note that the Schwarzian and
the propagation-speed rescaling affect the two original
potentials in the same way, with no l dependence.5 When

formulating the equations in terms of Yð�Þ
l , the effect of

the speed of sound cs can be quantified by evaluating the
relative contribution of the Schwarzian to the potential

Wð�Þ
l . In particular, we are interested in comparing this

contribution with the EFT corrections already present in

the potential Vð�Þ
l , given in Eq. (17).

We start with the definition of the new coordinate r̃,
assigning x ¼ r�:

r̃ðr�Þ ¼
Z

r0�
dr0�

1

csðr0�Þ
: ðB11Þ

For the purpose of the code implementation, it is useful to
write r̃ ¼ r̃ðrÞ. We first perform a change of variables in the
integral:

r̃ðrÞ ¼
Z

r0

dr0
dr0�
dr0

1

csðr0Þ
¼

Z
r0

dr0
1

aðr0Þcsðr0Þ
; ðB12Þ

or in differential form:

dr̃=dr ¼ ða csÞ−1; a ¼ Nf: ðB13Þ

When cs ¼ 1, that is, when ε ¼ 0, r̃ is nothing but the
tortoise coordinate. Using the explicit forms of a and cs, we
find

1

acs
¼

�
1 −

rh
r

�
−1
�
1þ ε

�
5

8

M
r
þ 5

4

M2

r2
þ 5

2

M3

r3

þ 5M4

r4
þ 154M5

r5

�
1 −

72

77

rh
r

�
−
88M6

r6

��
ðB14Þ

to leading order in ε. We integrate the differential
equation (B13) for y. The solution has the schematic form:

r̃ ¼ rþ rh logðr=rh − 1Þ þ εδr̃ðrÞ; ðB15Þ

where we chose the integration constant such that r̃ reduces
to the familiar tortoise coordinate in Schwarzschild when
ε ¼ 0. The particular form of δr̃ is not illuminating.
We can now compute the Schwarzian derivative fr�; r̃g:

fr�; r̃g ¼ 1

2
cscs00 −

1

4
ðc0sÞ2;

¼ 1

2
cs

�
a2

d2cs
dr2

þ a
da
dr

dcs
dr

�
−
1

4

�
a
dcs
dr

�
2

;

¼ −
2160M5

r5
ε

r2

�
1 −

rh
r

��
1 −

16

15

rh
r

��
1 −

3

2

rh
r

�
:

ðB16Þ

Note that fr�; r̃g is not positive definite, has roots at

r ¼ rh; r ¼ 16rh=15; and r ¼ 3rh=2; ðB17Þ

and vanishes as r approaches infinity.

To relate the variables Yð�Þ
l and Xð�Þ

l in our problem, we
start from the analogous of Eq. (B2)

Yð�Þ
l ðr̃Þ ¼ Xðr�ðr̃ÞÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr�=dr̃

p
: ðB18Þ

Notice that

dr�
dr̃

¼ dr�
dr

dr
dr̃

¼ 1

a
ðacsÞ ¼ cs; ðB19Þ

where, recall, we defined a ¼ Nf.
In Fig. 21, we show in the top panel the Schwarzian

fr�; r̃g as a function of r�. Its shape is not affected by ε,
which gives the overall scaling. In the bottom panel, we

compare the Schwarzian with the c2sV
ð�Þ
l , which we define

as δVð�Þ
l , for l ¼ 2. This shows that the Schwarzian is

typically smaller by an order of magnitude compared to

δVð�Þ
l , except around points where the latter crosses zero.
As a final remark, we connect our result to the “para-

metrized master equation” of Ref. [69], which models
gravitational modifications through simple power-law cor-

rections to the potential. The master equation for Yð�Þ
l with

potentialWð�Þ
l [Eq. (B10)] fits directly into this formalism.

Specifically, it matches the structure of their Eq. (A.4)
[notice that the Schwarzian derivative (B16) vanishes at the
horizon], which in turn, ensures its equivalence to their

main Eq. (1) through a rescaling of Yð�Þ
l .

3. Numerical simulations

We now study the time-domain evolution of a Gaussian
pulse impinging upon the “Schwarzian potential.” That is,
we evolve Eq. (24),

5Let us assume for the moment the Schwarzian is the only
correction to the potentials of general relativity. Even though in
general relativity Vð�Þ

l are isospectral, a common shift by the
function fr�; r̃g does not necessarily lead to isospectral poten-
tials.
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½−∂tt þ ∂r̃ r̃ −Wð�Þ
l ðrÞ�Yð�Þ

l ðt; rÞ ¼ 0;

omitting the potential Vð�Þ
l in Eq. (B10), i.e.,

Wð�Þ
l ¼ −fr�; r̃g: ðB20Þ

This set up is the “Schwarzian-frame” dual to the case (c),
in which,

c2s ≠ 1; and Vð�Þ
l ¼ 0; ðB21Þ

we discussed in Sec. IV B. The initial data is similar to

Eqs. (18) to (20), except that we evolve the variable Yð�Þ
l

(not Xð�Þ
l ), and we use r̃ (not r�) for the spatial coordinate.

For example, the pulse starts at r̃med ¼ 100M.
Because our initial data is momentarily static and located

in a region where Eq. (B20) is negligible, the Gaussian
splits symmetrically into left and right-moving parts.
Figure 22 shows snapshots of the left-moving component
(solid line) as it interacts with the potential (B20) (color-
filled region). The dynamics unfolds similarly to what we
found in Fig. 5, when the pulse entered the region where its
propagation velocity is position dependent.

In Fig. 23, we show the waveforms

Yð�Þ
l ðt; r̃extÞ and Xð�Þ

l ðt; rext� Þ; ðB22Þ

extracted at r̃ext ¼ rext� ¼ 150M. Starting from t ¼ 0, we
see two pulses reaching the extraction radius. The first
peak, around t ¼ 50M, is the right-moving component
reaching the extraction radius. The second peak, around
t ¼ 250M, is the part of the left-moving component that

FIG. 22. Snapshots of the incident perturbation (solid line and
rescaled by a factor of 5) as it impinges with constant propagation
speed into the “Schwarzian potential,” for ε ¼ 0.05, represented
by the filled gray curve. As the left-moving perturbation reaches
the potential, part of it is reflected, as shown in the top panels.
This reflected pulse propagates rightward (see bottom panels) and
is measured by an observer at r̃ext as the waveform shown
in Fig. 23.

FIG. 23. The fields Xð�Þ
l (dashed line) and Yð�Þ

l (solid line)
extracted at r̃ext ¼ rext� ¼ 150M, for similar momentarily static
Gaussian initial data centered at r̃med ¼ rmed� ¼ 100M. The initial
data splits symmetrically into left and right-moving components;
the latter reaches the extraction radius around t ¼ 50M. The
peaks around t ¼ 250M are the part of the left-moving compo-
nent that was reflected after interacting with the region of variable

propagation speed, for Xð�Þ
l , or the Schwarzian potential, for Yð�Þ

l .

The waveforms are similar, but at later times: While Xð�Þ
l decays,

Yð�Þ
l becomes constant.

FIG. 21. The Schwarzian derivative and its comparison to the
EFT corrections to the gravitational potential. Top panel: The
contribution of the Schwarzian to the potential, shown in units of
M, as a function of r� for ε ¼ 0.01. Bottom panel: The absolute
value of the ratio between the Schwarzian derivative’s contribu-

tion and the EFT correction, denoted as δVð�Þ
l , for the l ¼ 2

multipole. The blue curve represents the comparison for the polar
potential (þ), while the orange curve corresponds to the axial
potential (−). The Schwarzian contribution is subleading com-

pared to δVð�Þ
l except when the latter function changes sign

leading to singular points in the plot.
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was then reflected after interacting with the region of

variable propagation speed, for Xð�Þ
l , or the Schwarzian

potential, for Yð�Þ
l . See Figs. 5 and 22, respectively. The two

waveforms are similar, except for a notable difference at

later times: While Xð�Þ
l decays, Yð�Þ

l approaches an
approximately constant value 6 × 10−5. This value is
around 5 orders of magnitudes larger than the numerical
errors in our code. (Take as reference the waves reflected at

the grid boundaries in the Xð�Þ
l curve around t ≈ 350M.)

We found that this “late-time constancy” is related to the

field Yð�Þ
l settling to a nearly constant spatial profile at the

end of our simulation. This happens as long as ε is nonzero:
The smaller ε is, the smaller the constant value the field
settles to. We did an extensive study to understand the
origin of this behavior, but ended empty handed. For this
reason, we used Eq. (10) for our simulations instead
Eq. (24).
It would be interesting to see if there is a relation

between our results and the “anomalous permanent dis-
placement” of the d’Alembert solution studied in Ref. [70].

APPENDIX C: DEPENDENCE OF THE
QUASINORMAL FREQUENCY EXTRACTION

ON THE INITIAL DATA

Throughout the main text, we used a momentarily static
Gaussian initial data in our simulations; see Eqs. (18) to (20).
In this appendix, we summarize the outcome of additional
numerical experiments where we varied the median of the
Gaussian from thevalue rmed� ¼ 100M, used in themain text,
down to 30M, while keeping the amplitude A ¼ 1 and widthffiffiffi
2

p
σ ¼ 1.5M fixed. This brings the initial data from a region

where it has negligible spatial overlap with the effective

potential Vð�Þ
l closer to the potential’s peak; see Fig. 3.

We carried out three simulations with rmed� ¼ 30M, 50M,
and 100M, and then examined the waveforms’ spectral
content using the method we described in Sec. IV B 3. We
found that we could extract more accurately the funda-
mental quasinormal frequency from our time-domain data
as rmed� decreases. Figure 24 summarizes our results for the
extraction of ω20 whose numerical value in general
relativity is given by Eq. (29). As in Fig. 11 we show
the trajectories in the complex plane for the best-fit values
of ω20 as we vary the start of the fit time window t0 from
zero up to 50M in steps of 1M. We indicate with an unfilled
marker the values obtained for t0 ¼ 30M and t0 ¼ 50M.
The three trajectories represent the three values of rmed� , as
indicated in the figure’s legend. We see that when
rmed� ¼ 30M, the curve spirals closer to the true ω20 value
(solid square) in comparison to the rmed� ¼ 50M and 100M
cases. We also find that even when we extend t0 to 50M, the
recovered values of ω20 still remain within 2% error to the
true value. This does not occur in the other two cases.

In Fig. 25, we show the dependence of the best-fit
parameters of our model (27) as a function of t0 ¼ t − tpeak.
The vertical lines at t0 ¼ 30M indicate the largest value of
t0 used in the main text. We see that the case rmed� ¼ 30M
displays less variability in its amplitude Awith respect to t0
(as long as t0 ≳ 10M) among the three cases. It is also the
case that reaches the smallest absolute error, δω20, has the

FIG. 24. Trajectories in the complex plane for the best-fit
quasinormal frequencies ω20 in general relativity as t0 ¼ t − tpeak
varies from zero to 30M (first unfilled marker following the
trajectories left to right) and 50M (second unfilled marker). The
rectangles represent values �1% and �2% away from reference
value of ω20 [filled square; cf. Eq. (29).] By decreasing rmed� , we
can better recover ω20 and also maintain less than 2% error for a
wider range of values of t0.

FIG. 25. Dependence of the mismatch and the best-fit param-
eters in our fitting model (27) as a function of t0 ¼ t − tpeak. We
see the best-fit parameters are more stable when varying t0 and
have smaller mismatches by making the peak of the momentarily-
static Gaussian initial data, rmed� , closer to the peak of the effective
potential.
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smallest mismatch, M. We were unable to identify the
reason for these results. We speculate that bringing the
Gaussian closer to the potential causes the quasinormal-
mode amplitude of the fundamental frequency to be larger
than that of its overtones. This would make the ringdown

waveform become more “fundamental-mode dominated”
and, consequently, our single-mode fits more accurate
and stable. Our study in this appendix was done in
general relativity, but we reached similar conclusions in
the EFT.
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