
Dynamical tidal Love numbers of black holes under generic perturbations:
Connecting black hole perturbation theory with effective field theory

Sumanta Chakraborty ,1,* M. V. S Saketh ,2,3,† Tanja Hinderer ,4,‡ and Jan Steinhoff 2,§

1School of Physical Sciences, Indian Association for the Cultivation of Science, Kolkata-700032, India
2Max-Planck-Institute for Gravitational Physics (Albert-Einstein-Institute),
Am mühlenberg 1, 14476 Potsdam-Golm, Germany, European Union

3International Centre for Theoretical Sciences, Tata Institute of Fundamental Research,
Bangalore 560089, India

4Institute for Theoretical Physics, Utrecht University, Princetonplein 5,
3584 CC Utrecht, Netherlands, European Union

(Received 17 May 2026; accepted 11 August 2026; published 4 September 2026)

The foundation for modeling the coupling of the internal structure of compact objects in binary systems
to their dynamics and emitted gravitational waves is a systematic effective field theory (EFT) framework,
where each compact object is replaced by a worldline endowed with a set of internal degrees of freedom.
These degrees of freedom encode finite-size effects and thereby distinguish between different classes of
compact objects. Among finite-size effects, tidal interactions play a central role, as they are associated to
various kinds of deformations of a body under the influence of external tidal fields. In this work, we analyze
the dynamical tidal response of Kerr black holes to generic-spin perturbations, focusing primarily on the
scalar and gravitational cases, and working to linear order in frequency. We establish an EFT description of
the perturbed black hole that accounts for the couplings between the spin, gravitoelectric and -magnetic
tidal fields. We match this to wavelike solutions to the full black hole perturbation equations in order to
determine the tidal response coefficients. In particular, we obtain the dynamical Love number, which
appears at linear order in frequency for spinning black holes, and derive an approximate expression for the
dynamical tidal response, including both dissipative and conservative pieces. We also examine several
technical subtleties that arise in the matching procedure, with special emphasis on the mixing of multipolar
modes induced by the spin of the compact object, which proves to be essential for a consistent treatment.
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I. INTRODUCTION

Relativistic tidal effects in binary systems of compact
objects play a key role for probing the nature, interior
structure, and strong internal gravity of the objects with
gravitational waves (GWs). During a binary inspiral, tidal
deformations lead to small but clean and cumulative GW
signatures that involve internal-structure-dependent para-
meters such as tidal Love numbers (TLNs) [1]. Love
numbers characterize the ratio of the induced deformation
of an object’s exterior spacetime to the strength of the

perturbing tidal field in the adiabatic limit, where the tidal
forcing frequency is far from resonance with a normal
mode of the object [2–4]. They were first measured in the
binary neutron star event GW170817 [5], which yielded
valuable information about the equation of state of matter at
supranuclear density. For black holes (BHs) in vacuum in
general relativity and four spacetime dimensions, the tidal
Love numbers vanish [6–10], which is a consequence of
special symmetries [11–20] (however, see [21]). Relaxing
any of these restrictions generally leads to nonvanishing
Love numbers for BHs. For a review, see [22,23].
Tidal Love numbers are only a limiting case of the richer

physics encoded in an object’s frequency-dependent
response to a tidal field. During an inspiral, the tidal
forcing frequency, related to the orbital motion, sweeps
up over many decades in magnitude. When it passes
through an interval where it approximately matches the
internal-structure-dependent mode frequency of one of the
objects, the tidal deformation is resonantly enhanced [24].
Even far from a resonance, the frequency-dependent tidal
response can be significantly larger than the strictly static
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case [25]. Such dynamic tides lead to subdominant effects
in GWs that involve additional parameters, including mode
frequencies. This opens the possibility of spectroscopic
studies of compact objects with isolated modes during the
inspiral, which is of interest for a wide range of science
goals with GWs [26–28]. As GW detectors are becoming
more sensitive and delivering more precise and larger, more
diverse datasets, and with the advent of novel detectors
such as Einstein Telescope [29], Cosmic Explorer [30] and
LISA [31], such effects are expected to become important
and must be accurately modeled. This is because the GW
data analysis for coalescing binaries relies on cross-corre-
lating template waveforms with the datastream. Although
the statistical errors for GW events detected thus far have
been relatively large, the field is already at a turning point.
Systematic uncertainties due to shortcomings in the models
are becoming noticeable [32], and they may become the
dominant limitation for precision GW physics in the future.
Including effects of dynamical tides in waveform models

has been an active area of research, with a large influx of
new methods and approaches. Obtaining the imprints on
the GW signal involves a description of the binary system
at large separation as being effectively point masses but
with extra degrees of freedom associated to each worldline
that account for finite-size effects. This is known as
skeletonization or in more modern formulations as word-
line effective theory [33,34], which we hereafter refer to as
“EFT”. The EFT involves coupling coefficients that must
be matched to results from fully relativistic calculations of a
compact object’s response to external tidal perturbations.
This matching is a key step determining the information
flow from the strong-field region of the compact object to
the much larger scales of the binary system and GWs. For
static tides, the matching identifies the Love numbers
extracted from calculations of relativistic tidal perturbations
to compact objects with Wilson coefficients that enter the
coarse-grained EFT description. However, more generally,
the matching is subtle and requires care, leading to a
nontrivial link between parameters of a perturbed object
and the coefficients appearing it its EFT; see, e.g.,
Refs. [35–38]. The EFT underpins further calculations of
the effects on binary dynamics and GWs, using e.g., post-
Newtonian theory for two-body interactions and radiation.
Incorporating tidal effects beyond the static limit in such

EFT descriptions is of particular interest for BHs, both from
a theoretical perspective to understand their peculiarities
and because they are currently the most frequently detected
GW signals [39]. For instance, tidal effects can probe
physics on horizon scales [40–43], the theory of gravity
[44–46], the number of dimensions [6,47–49], and distin-
guish Kerr BHs from other objects [43,50–56]. An under-
standing of tidal phenomena for BHs is also needed as the
baseline for identifying matter effects, for instance, in
neutron stars [57] or the BH’s environment [58–60]. The
frequency-dependent, dynamical tidal response function

(DTRF) for a given mode (characterized by l; m) of BHs is
generally nonzero and complex. The imaginary contribu-
tions relate to dissipative effects, while the real part,
hereafter referred to as the conservative tidal response
function (CTRF), encapsulates frequency-dependent cor-
rections to the Love numbers [34,61–64]. An explicit
decomposition of the DTRF into dissipative and
conservative parts is needed for calculating the effects in
GWs, as phenomena in the two sectors enter in different
ways. There has been much recent progress on computing
the DTRFs of BHs, such as for nonrotating BHs in the
scalar [62] and gravitational cases [65–68], slowly rotating
BHs [69], and rotating BHs for scalar [36] and gravitational
cases [63,69–72]; see, e.g., Refs. [73,74] for related work in
the context of neutron stars. These works used various
approaches and scenarios, and altogether revealed several
important insights: (i) the matching of BH perturbations to
an EFT is essential to extract the relevant coefficients in the
DTRF in a gauge-invariant way, (ii) the connection
between the near-horizon behavior and the EFT becomes
more subtle in the frequency-dependent case, and (iii) bas-
ing the calculations on wave scattering rather than consid-
ering stationary perturbations bypasses several difficulties,
e.g., due to the matching being carried out near null infinity.
These conclusions motivate addressing the problem in a
unified framework for the scalar, electromagnetic, and
gravitational perturbations to rotating BHs that is based
on scattering amplitudes and matching to an EFT. This
paper centers around this aim and also fills in remaining
gaps in the literature along the way, as we explain.
Specifically, we use scattering amplitudes for BH per-

turbations matched to an EFT to determine the DTRF of
rotating BHs with arbitrarily large spins up to linear order
in frequency, or more precisely to linear order in the
dimensionless quantity ðGMω=c3Þ, where M is the mass
of the black hole,G and c are the gravitational constant and
speed of light respectively, and ω is a Fourier frequency
associated to the perturbations. This regime applies to
situations far from a mode resonance, which is a
good approximation for the early inspiral as the quasi-
normal mode frequencies are typically of order f ∼ 1=M,
much higher than tidal forcing frequencies of order
forb ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM þM2Þ=d3

p
at large separation d. Here M2 is

the mass of the secondary BH, withM þM2 being the total
mass of the binary. We compute the full DTRF in this linear
approximation for generic-spin perturbations to BHs,
which encompass the scalar, electromagnetic, and gravita-
tional cases, and decompose it to extract the CTRF. We
further show explicitly that while intermediate calculational
steps in our framework appear to become singular in the
case of extremal BH spins, our final results for the DTRF in
fact apply for BHs with arbitrarily large rotation, including
extremal spins.
This paper is organized as follows. In Sec. II we discuss

the connection between the tidal coefficient in the EFT
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action and the response function in BH perturbation theory.
Subsequently, in Sec. III, we consider the scattering
amplitudes for scalar tidal perturbations to a rotating
BH. These have no closed-form solution, and we obtain
approximate solutions in the near-horizon regime and far
from the BH. We connect the information of these
approximations in Sec. III D, which determines how the
horizon boundary conditions get imprinted in properties of
the far-zone solution. Then we match the EFT coefficients
from Sec. II with those from the far-zone solution, thereby
extracting the dynamical response function and verify
agreement with previous results in limiting cases.
Section IV generalizes the methodology to generic spin
fields. We follow a similar workflow as for the scalar case
and explain several subtleties that arise along the way. We
discuss the near-horizon behavior of generic-spin BH
perturbations in Sec. IVA, the far-zone asymptotics in
Sec. IV B, the matching of this information in Sec. IV C,
and the resulting response function in Sec. IV E. We also
verify that our results for zero-spin fields agree with those
derived in Sec. III. We discuss how the results extend to
extremal BH spins in Sec. V. We summarize the key results,
discuss physical implications and compare with other
works in Sec. VI.
Notation and conventions: We use units G ¼ c ¼ 1

throughout. Overbars denote complex conjugation.
Greek letters denote covariant spacetime indices, Latin
letters i; j; k;… indicate three-dimensional spatial indices.
Capital Latin letters indicate multi-index strings, e.g.,
TL ¼ Ti1i2…il . Angular brackets around indices denote
the symmetric-trace-free (STF) projection; see [75] for
details. For quantities that are always STF, we use the
special multi-index notation TIl ¼ ThLi.

II. THE TIDAL RESPONSE IN THE EFFECTIVE
WORLDLINE THEORY

A coarse-grained effective description of a tidally per-
turbed compact object such as a BH can be obtained in an
(worldline) effective field theory (EFT), where the object is
modeled as a point-entity described by a worldline aug-
mented with certain additional multipolar degrees of

freedom to account for finite size effects. For linear tidal
effects, the multipolar degrees of freedom are chosen to be
induced by external tidal fields via a linear functional,
which in turn is characterized by tidal response functions.
These functions are a priori undetermined but can be fixed
by matching the solutions to the perturbation equations in
EFT to the solutions of the perturbation theory in the far-
zone (see Fig. 1).
In this section, we briefly outline such an EFT descrip-

tion, and the solutions to the perturbation equations in the
EFT for scalar and gravitational fields which are later used
to fix the tidal response in the low-frequency, large-wave-
length regime via matching. Some crucial but navigable
subtleties arise since the equations for BH perturbation
theory (BHPT) are most simply solved when the angular
basis is spanned by spheroidal harmonics, while the tidal
degrees of freedom in the EFT given by the multipole
moments, and the fields they couple to are more naturally
described using STF tensors which are closely related to
spherical harmonics as both are representations of the
rotation group in three-dimensions [SO(3)].
Wewill work with perturbations of different spin weights

corresponding to scalar, vector, and tensor fields, coupled
to the worldline. Although the detailed structure of the
action varies for different fields, the resulting actions
can all be written schematically as the sum of three
components as

AEFT ¼ Ap:p þAfield þAtidal: ð1Þ

Here, Ap:p contains the terms describing the dynamics of a
“point particle”. More precisely, it includes only the
couplings between the spin and four-velocity of the
representative worldline zμðτÞ and the external field, along
with any terms describing the internal dynamics of the
compact object without involving fields [76–78]. The term
Afield contains the action of the external field itself and is
therefore not localized on the worldline. Finally, Atidal
encodes the interaction between the induced tidal moments
of the compact object and the external field.

FIG. 1. Relevant zones in the problem of matching of BH perturbation theory with EFT. As illustrated, BH perturbation theory covers
two zones, the far- and near-zones, which overlap in the intermediate zone. The asymptotic limit of the far-zone is matched with the EFT
in order to obtain gauge invariant DTRFs. See text for further discussion.
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A. Scalar case

1. Tidal fields and induced multipoles

For scalar perturbations of a Schwarzschild black hole,
tidal effects can be described by setting [62],

Atidal ¼ −Ktide

Z
dτ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
−uμuμ

p X∞
l¼0

1

l!
QIl∇Ilϕ: ð2Þ

Here, uμ is the tangent to the worldline and τ the proper
time along it. FurtherQIl, is the lth multipole moment, and
Ktide is an overall constant.
We will work with scattering amplitudes near null

infinity, where we can neglect the effect of nonlinear
gravitational interactions between external tidal perturba-
tions and the stationary metric sourced by the particle.
Thus, we treat the tidal field as metric perturbations over
flat spacetime, and work in the particle’s rest frame. This
implies that ∇μ → ∂μ, and uμ ¼ ð1; 0; 0; 0Þ.
We choose the action Afield and Ap:p to reproduce the

scalar field Klein-Gordon equation [62] and the dynamics
of a generic spinning object, i.e., the Matthison
Pappapetrou Dixon equations, respectively. We further
assume that there is no nontidal or nongravitational
coupling to the scalar field. Then, the variation of the total
action in the flat spacetime limit leads to the following
equation of motion for the scalar field [62]:

∂μ∂
μΦ ¼ Ktideffiffiffiffiffiffi

2π
p

X∞
l¼0

ð−1Þl
l!

QIl∂IlδðxiÞ; ð3Þ

where Ktide is a normalization constant. Thus, away
from the worldline, which we take to be at the origin
xi ¼ 0, and assuming there are no other sources, the
scalar field satisfies the flat spacetime Klein-Gordon
equation. A general monochromatic solution can be
written as

ϕ ¼ ϕreg þ ϕirreg;

ϕreg=irreg ¼ e−iωt
X∞
l¼0

1

ωl C
Il
reg=irreg∂Ilψ reg=irreg;

ψ reg ¼
sinðωrÞ
ωr

; ψ irreg ¼
cosðωrÞ

ωr
; ð4Þ

where CIl
reg;irreg are dimensionless STF tensors. Here, ϕreg is

the part of the field that is regular at origin, i.e., satisfies the
Klein-Gordon equation everywhere including on the world-
line. This may be interpreted as the externally applied field
that induces the multipole moments. The response field on
the other hand, is the irregular part of the field ϕirreg, and it
is supported by the induced multipole moments in accor-
dance with Eq. (3).

The multipole moments are induced by the tidal fields,
EIl , which are derived from ϕreg at the worldline as1

EIl ¼ ∂Lϕregjx⃗¼0

¼ N lω
lCIl

reg; ð5Þ

where

N l ¼ 2lð−1Þll!l!
ð2lþ 1Þ! ; ð6Þ

as shown in Appendix A. We can write down an ansatz
relating the scalar tidal fields to the induced multipole
moments, consistent with the symmetries of the system as2

QIlðωÞ ¼ M2lþ1FIl
I0l
EI0lðωÞ

þ χ2½M2l−1Fð−2ÞIl
I0l
EhIl−2ðωÞŝi0l−1 ŝi0li

þM2lþ3Fð2ÞIl
I0l
EI0lþ2ðωÞŝi0lþ1

ŝi0lþ2
�

þ χ4½� � �� þ � � � ; ð7Þ

where χ is the spin parameter of the Kerr BH, and ŝi is the
unit-vector oriented along the spatial spin direction.
Note thatQIl can be induced by tidal fields at multipolar

orders l;l� 2;…. Parity invariance forbids induction by
terms at relative-odd multipolar orders (l� 1;…). The first
term, containing FIl

I0l
, parametrizes the diagonal tidal

response and is the only term which persists in the absence
of spin. We refer to the remaining tidal response tensors as
mixing tidal-response tensors. It is important to note that
Eq. (7) is not a Taylor expansion in χ, and each tidal
response tensor FðnÞ;Il

I0l
(Fð0Þ;Il

I0l
¼ FIl

I0l
), can contain

arbitrary dependence on spin-parameter χ and perturbation
frequency ω. Rather, the above should be considered as an
expansion involving all possible terms of the spin ŝi of the
point particle contracted with higher and lower multipolar
tidal field. This is indeed an infinite series and holds for

1By definition, the tidal moments originate from the regular
piece, since the regular piece is generated by the companion
object, which is the source of the tidal field. The irregular piece,
on the other hand, is generated by the deformed body itself and
hence is irregular at the location of the object. Thus, the irregular
piece is responsible for induced multipole moments, while the
regular piece arising from the companion, generates the tidal
moments. In fact, as shown in Ref. [62], the contribution from the
irregular piece to the tidal field vanishes in dimensional regu-
larization. While Ref. [62] deals with for scalar perturbations the
arguments used there should go through essentially unchanged
gravitational perturbations as well.

2Alternatively, the dynamics of the induced multipole mo-
ments may be fixed via additional terms in Ap:p, such as a
harmonic-oscillator-like action for the multipole moments. How-
ever, it is difficult to incorporate dissipative tidal effects in this
manner without the use of the in-in formalism.
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χ=≪1. This series effectively connects lth induced
multipole moments to l0th tidal moments, where l is
not necessarily equal to l0, leading to mixing tidal
coefficients [70].

2. Structure of the response functions

To proceed, we need to further specify the structure of
each FðnÞIl

I0l
. This can be done by writing all possible STF

combinations involving the spin vector, as done for
gravitational perturbations at l ¼ 2 in Refs. [34,61].
However, it is simpler to switch to the basis of scalar
spherical harmonics instead, where the axisymmetry about
the spin vector is manifest. Following [75], for any STF
tensor MIl (say M ¼ Q, C), we can write

Mlm ¼
Z

dΩMIlNIl Ȳ
lm; ð8Þ

where bar denotes complex conjugation, NIl ¼
n̂hi1 n̂i2…n̂ili is a multilinear of unit vectors, and ðθ;ϕÞ
represent the angles on a unit sphere pointed to by n̂. We
choose the z-axis to be parallel to the spin vector ŝi.
Additionally, defining a suitable basis set of STF tensors
through the relation

Ylmðθ;ϕÞ ¼ YIl
lmNIl ; ð9Þ

we can rewrite Eq. (8), and its inverse as

Mlm ¼ 4π
l!

ð2lþ 1Þ!!M
IlȲlm

Il
;

MIl ¼
Xl
m¼−l

MlmYIl
lm: ð10Þ

The up/down position of the lm labels has no physical
meaning and no summation convention applies to them.
To obtain the tidal response in the lm basis, consider

projecting out the action of a tidal response tensor on
another STF tensor (FðnÞIl

I0l
) as

4π
l!

ð2lþ 1Þ!!F
ðnÞIl

I0l
EI0lȲlm

Il

¼ 4π
l!

ð2lþ 1Þ!!F
ðnÞIl

I0l

Xl
m0¼−l

Elm0
Y

I0l
lm0Ȳlm

Il

¼
Xl
m0¼−l

FðnÞlm
lm0Elm0

; ð11Þ

where

FðnÞlm
lm0 ¼ 4π

l!
ð2lþ 1Þ!!F

ðnÞIl
I0l
Y

I0l
lm0Ȳlm

Il
: ð12Þ

The tidal response tensors FðnÞIl
I0l
linearly map STF tensors

(of rank l) to STF tensors of the same rank. Thus, their
action upon the tidal fields is akin to a rotation (and a
scaling), where different m− modes may be mixed.
However, axisymmetry prevents the mixing of different
m modes. Thus,

FðnÞlm
lm0 ¼ FðnÞ

lmδ
m
m0 : ð13Þ

Then, the last line of Eq. (11) is simply FðnÞ
lmE

lm. The

coefficients FðnÞ
lm ≡ FðnÞ

lmðϵ; χÞ may be regarded as tidal
response in the lm basis, with

ϵ ¼ Mω: ð14Þ

Finally, we need to treat STF tensors involving direct
products or contractions with the spin-vector which also
feature in Eq. (7). Consider for instance the projection onto
l; m basis of the following tensor product involving unit
spin vectors:

4π
l!

ð2lþ 1Þ!!C
hIl−k ŝil−kþ1…ŝiliȲlm

Il

¼ CIl−k ŝil−kþ1…ŝilȲlm
Il

¼ 4π
l!

ð2lþ 1Þ!!
X
m0

Cl−k;m0
YIl−k

l−k;m0 ŝil−kþ1…ŝilȲlm
Il
: ð15Þ

Since we have oriented the spin-axis to be the ẑ direction,
the spin-vector has l ¼ 1, m ¼ 0, and we can thus write

Zk
lδ

m
m0 ¼ 4π

l!
ð2lþ 1Þ!!Y

Il−k
l−k;m0 ŝhil−kþ1…ŝiliȲlm

Il
: ð16Þ

Using this, we can write Eq. (15) as

4π
l!

ð2lþ 1Þ!!C
hIl−k ŝil−kþ1…ŝiliȲlm

Il
¼ Cl−k;mZk

l: ð17Þ

Now, consider the contraction,

4πl!
ð2lþ 1Þ!!C

Ilþk ŝilþk
…ŝilþ1

Ȳlm
Il

¼ 4πl!
ð2lþ 1Þ!!

Xlþk

m0¼−l−k

Clþk;mYIlþk

lþk;m0 ŝilþk
…ŝilþ1

Ȳlm
Il
:

ð18Þ

Once again, the accompanying product must vanish when
m ≠ m0, and we can thus write

4πl!
ð2lþ 1Þ!!C

Ilþk ŝilþk
…ŝilþ1

Ȳlm
Il

¼ Clþk;mZ̄k
lþk: ð19Þ
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Now, we can finally rewrite Eq. (7) in l; m basis as

M−lQlm ¼ MϵlN lFlmClm
reg þMχ2½Z2

lN l−2ϵ
l−2Fð−2Þ

lm Cl−2;m
reg þ Z̄2

lþ2N lþ2ϵ
lþ2Fð2Þ

lmC
lþ2;m
reg � þMχ4½� � �� þ � � � ;

¼ M
X∞
l0¼0

Zðl−l0Þ
l0 N l0χ

jl−l0jϵl0Fðl0−lÞ
lm Cl0m

reg ; ð20Þ

where we have defined

Z0
l0 ¼ 1; Zk>0

l0 ¼ Zk
l0þk; Zk<0

l0 ¼ Z̄jkj
l0 ; ð21Þ

whereZ; Z̄were defined in Eq. (16) and Eq. (19) respectively.

3. Relation to amplitudes of scattering states

Now, as mentioned, the multipole moments source ϕirreg
in accordance with Eq. (3). Substituting the expression for
the irregular field from Eq. (4) into Eq. (3), we obtain

4π

ωlþ1
CIl
irreg∂Ilδ

ð3ÞðxiÞ ¼ Ktideffiffiffiffiffiffi
2π

p ð−1Þl
l!

QIl∂Ilδ
ð3ÞðxiÞ; ð22Þ

implying CIl
irreg ¼ 2Mlω

lþ1QIl , where we have defined

Ml ¼ ð−1Þlþ1ðKtideÞ=½4ð2πÞ3=2l!�: ð23Þ

Thus, we can rewrite Eq. (20) as

Clm
irreg ¼ Ml

X∞
l0¼0

Zl−l0
l0 N l0χ

jl−l0jϵlþl0þ1Fðl0−lÞ
lm Cl0m

reg : ð24Þ

Now, the right-hand side only has applied tidal field
coefficients, which we can freely tune in principle. Let
us now manually choose to set Clm

reg ≠ 0 iff l ¼ l0 for some
desired l0.

3 Then, we get

Clm
irreg ¼ MlZ

l−l0
l0

N l0χ
jl−l0jϵlþl0þ1Fðl0−lÞ

lm Cl0m
reg : ð25Þ

Furthermore, it is convenient to define a rescaled response
as

fðl−l0Þl0m
¼ MlZ

l−l0

l0
N l0F

ðl0−lÞ
lm : ð26Þ

This can be considered a convenient choice of normaliza-
tion in the tidal response. We thus have

Clm
irreg ¼ χjl−l0jϵlþl0þ1fðl−l0Þl0m

Cl0m
reg : ð27Þ

In this work, we will be primarily interested in computing

the diagonal tidal response, i.e., fl0m ¼ fð0Þl0m
. In Eq. (27),

setting l0 ¼ l yields

Clm
irreg ¼ ϵ2lþ1flmClm

reg : ð28Þ

However, this relation is not as straightforward to fix via
perturbation theory as it seems. This is because the
perturbation equations in the full theory (linear perturbation
theory of BHs) are separable in the spheroidal harmonic
basis. The full theory, which will be discussed in Sec. III
a priori yields a relation of the form,

Dlm
irreg ¼ ϵ2lþ1λlmDlm

reg ; ð29Þ

where Ds are coefficients in the spheroidal basis, and l; m
label the spheroidal modes. The computation of the λlm
coefficients will be discussed in Sec. III. We can relate the
two sets of coefficients as follows. The scalar spheroidal
and spherical harmonics are related by

Ylm¼Slmþ
X½l=2�
k¼1

ðχϵÞ2kr̃lm−2kSl−2k;mþ
X∞
k¼1

ðχϵÞ2kr̃lm2k Slþ2k;m;

ð30Þ

where r̃lm2k are the associated Clebsch-Gordon like coef-
ficients. This perturbation expansion can be generated, for
instance, using the BHPT toolkit [79] in Mathematica. We
can use this, along with the asymptotic radial solution, to
relate the sets of coefficients as

Dlm ¼ Clm þ
X½l=2�
k¼1

ðχϵÞ2krlm−2kCl−2k;m

þ
X∞
k¼1

ðχϵÞ2krlm2k Clþ2k;m: ð31Þ

The relationship between rlm2k and r̃lm2k can be determined by
imposing that the full solution be identical in spherical and
spheroidal basis. We show this explicitly in Sec. II A 5.
Equation (31) holds for both regular and irregular sets of

coefficients. As mentioned before, there is freedom to

3We would like to point out that in a realistic scenario, all the
multipolar components of the tidal field will be excited. However,
our focus here is to consider a simple but consistent setup that can
be matched between the EFT and perturbation theory so that the
tidal-response coefficients can be conveniently fixed. Once fixed,
one can investigate more complex configurations using the
coefficients.
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choose the regular fields in spherical basis. In particular, we
set that only Cl0m

reg is non-zero. Then, we have

Dlm
reg ¼ ðχϵÞjl−l0jrlml0−lC

l0m
reg ; ð32Þ

where we have defined rlm0 ¼ 1.
Now substituting Eq. (31) and Eq. (32) into Eq. (29),

using the spherical-basis induction equation(s) in Eq. (27),
and imposing l0 ≥ l we get constraint equations as

�
fðl−l0Þl0m

þ
X½l=2�
k¼1

χ4kfðl−2k−l0Þl0;m
rlm−2k

�
þOðϵ4Þ ¼ λlmrlml0−l;

l0 ≥ l: ð33Þ

These constraint equations can be solved iteratively. To
start, we set l ¼ l0 ¼ 0 or l ¼ l0 ¼ 1, where we simply
get

flm ¼ λlm;l ¼ 0; 1: ð34Þ

For l ≥ 2, we describe the relation between BHPT reponse
and the EFT response below.

4. Iterative fixing of EFT response coefficients

For say l0 ¼ 2 and l ¼ 0, we have the relation,

fð−2Þ2m ¼ λ0mr0m2 : ð35Þ

Now, keeping l ¼ l0 ¼ 2, we get

f2m þ χ4r2m−2f
ð−2Þ
2m ¼ λ2m: ð36Þ

Using the result that fð−2Þ2m ¼ λ0mr0m2 , we finally obtain

f2m ¼ λ2m − χ4r2m−2r
0m
2 λ0m: ð37Þ

Thus, we could fix the EFT response coefficient f2m. We
can similarly fix f3m as

f3m ¼ λ3m − χ4r3m−2λ1mr
1m
2 : ð38Þ

Now, consider l0 ¼ 4 and l ¼ 2, 0, for which we have the
relations,

χ2fð−2Þ4m þ χ6fð−4Þ4m r2m−2 ¼ λ2mχ
2r2m2 ; at l ¼ 2;

χ4fð−4Þ4m ¼ λ0mχ
4r0m4 ; at l ¼ 0: ð39Þ

We can solve them to get

fð−4Þ4m ¼ λ0mr0m4 ; ð40Þ

fð−2Þ4m ¼ λ2mr2m2 − χ4λ0mr0m4 r2m−2 : ð41Þ

Now, for l0 ¼ l ¼ 4, we obtain

f4m þ χ4r4m−2f
ð−2Þ
4m þ χ8r4m−4f

ð−4Þ
4m ¼ λ4m; ð42Þ

which using the previous results connecting f4m with
λ0m; λ2m, yields

f4m ¼ λ4m − χ4r4m−2λ2mr
2m
2 þ χ8r4m−2λ0mr

0m
4 r2m−2

− χ8λ0mr4m−4r
0m
4 : ð43Þ

We can similarly proceed to obtain relation between EFT
response flm and BHPT response λlm to all orders in spin
and the angular number l.
Once the coefficients fð0Þlm are fixed, we can obtain the

EFT coefficients in lm basis trivially using the definition in
Eq. (26) as

Fð0Þ
lm ¼ fð0Þlm

MlNl
¼ −

2
9
2
þlπΓð3

2
þ lÞflm

Ktide
: ð44Þ

5. Asymptotic form of the EFT scalar field

Before turning to gravitational case, it is useful to use the
relations between tensor and spherical harmonic basis to
rewrite the asymptotic field, obtained by taking the limit
ωr ≫ 1 of Eq. (4) as

ϕ ¼ e−iωt

ωr

X∞
l¼0

1

ωl ½CIl
reg∂Il sinðωrÞ þ CIl

irreg∂Il cosðωrÞ�

¼ e−iωt

ωr

X∞
l¼0

ð−1Þl
�
NIl

�
CIl
reg sin

�
ωr − l

π

2

�

þ CIl
irreg cos

�
ωr − l

π

2

���
þO

�
1

r2

�
: ð45Þ

Now, we use

CIl
reg=irregNIl ¼

Xl
m¼−l

Clm
reg=irregYlmðθ;ϕÞ; ð46Þ

to rewrite the asymptotic form of the scalar field as

ϕ ¼ e−iωt

ωr

X∞
l¼0

Xl
m¼−l

Ylmðθ;ϕÞð−1Þl
�
Clm
reg sin

�
ωr − l

π

2

�

þ Clm
irreg cos

�
ωr − l

π

2

��
þO

�
1

ω2r2

�
:

¼ e−iωt

ωr

X∞
l¼0

Xl
m¼−l

REFT
lm Ylmðθ;ϕÞ þO

�
1

ω2r2

�
: ð47Þ

This is the asymptotic results for the scalar field obtained
from EFT. Finally, using Eq. (30), we can rewrite this in
spheroidal basis as
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ϕ ≈
e−iωt

ωr

X
l;m

Slmðθ;ϕÞ
�
REFT
lm þ

X½l=2�
k¼1

ðχϵÞ2kr̃l−2k;m2k REFT
l−2k;m

þ
X∞
k¼1

ðχϵÞ2kr̃lþ2k;m
−2k REFT

lþ2k;m

�
:

¼ e−iωt

ωr

X∞
l¼0

Xl
m¼−l

Slmðθ;ϕÞð−1Þl
�
Dlm

reg sin

�
ωr − l

π

2

�

þ Clm
irreg cos

�
ωr − l

π

2

��
þO

�
1

ω2r2

�
: ð48Þ

This yields

Dlm ¼ Clm
reg þ

X½l=2�
k¼1

ðiχϵÞ2kr̃l−2k;m2k Cl−2k;m

þ
X∞
k¼1

ðiχϵÞ2kr̃lþ2k;m
−2k Clþ2k;m: ð49Þ

Comparing with Eq. (31), we obtain the relations
r̃l−2k;m2k ¼ ð−1Þkrlm−2k, r̃lþ2k;m

−2k ¼ ð−1Þkrlm2k . We can then
explicitly write the relationship between the tidal response
coefficients in spheroidal and spherical basis. For instance,
we can rewrite Eq. (37) as

f2m ¼ λ2m − χ4r2m−2r
0m
2 λ0m;

¼ λ2m − χ4r̃0m2 r̃2m−2λ0m;

¼ λ2m − χ4
ð1 −m2Þð4 −m2Þ

1620
λ0m: ð50Þ

Similarly, we can fix Eq. (38) as

f3m ¼ λ3m − χ4r3m−2r
1m
2 λ1m;

¼ λ3m − χ4r̃1m2 r̃3m−2λ1m;

¼ λ3m − χ4
ð4 −m2Þð9 −m2Þ

52500
λ1m; ð51Þ

and similarly proceed further for higher values of l.
The above shows how to obtain the EFT tidal response

coefficients given the ratio of Dlm
irreg=D

lm
reg . To compute the

ratio, we need expressions for Dlm
reg=irreg. These are obtained

by matching the asymptotic EFT solution Eq. (49) with the
corresponding far-zone solution in perturbation theory. We
work this out in detail in Sec. III E.

B. Gravitational case

In the previous subsection, we showed how scalar tidal
responses can be matched between EFT and perturbation
theory. We now review how that procedure extends to
generic (s ≠ 0) perturbations. The extension is relatively
straightforward, up to two main differences. Firstly, there

are now couplings between neighboring modes as well
since there are two parities (electric and magnetic) for a
single lm mode. Additionally, the tidal responses of
electric and magnetic parts of the perturbation need to
be related in some way. In particular, we will need to set
them equal to each other for the case of the point particle
being a Kerr BH, which is of our interest in this work. This
is because for a background Kerr BH there is only a single
second order perturbation equation governing a complex
curvature scalar in the perturbation theory, with no explicit
parity dependence. Below, we discuss the procedure in
detail for s ¼ −2, i.e., gravitational perturbations. The same
steps apply for s ¼ −1, but we do not give them explicitly.

1. EFT tidal fields and induced multipole moments

The tidal/finite size action in Eq. (2) can be generalized
for the case of gravitational perturbation as

Atidal ¼ −
Z

dτ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−uμuμ

p X∞
l¼0

1

l!
QIl

E EIl

−
Z

dτ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−uμuμ

p X∞
l¼0

1

l!
QIl

B BIl ; ð52Þ

where the gravitoelectric and -magnetic tidal fields are
related to the Riemann curvature tensor by

EμL ¼ ∇hμL−2Rμl−1jαjμliβu
αuβ;

BμL ¼ 1

2
∇hμL−2ϵjγjμl−1

αβRjαβjμliδu
γuδ; l ≥ 2; ð53Þ

are the electric and magnetic tidal fields. As before, the tidal
fields induce the multipole moments, and the induction
relation for the scalar case, see Eq. (7), is modified for the
gravitational case as

QIl
E ðωÞ ¼ M2lþ1FIl

I0l
EI0lðωÞ

þ χ
	
M2lFð−1ÞIl

I0l
BhIl−1ðωÞŝi0li

þM2lþ2Fð1ÞIl
I0l
BI0lþ1ðωÞŝi0lþ1



þ χ2½� � �� þ � � � ;

QIl
B ðωÞ ¼ M2lþ1FIl

I0l
BI0lðωÞ

− χ
	
M2lFð−1ÞIl

I0l
EhIl−1ðωÞŝi0li

þM2lþ2Fð1ÞIl
I0l
EI0lþ1ðωÞŝi0lþ1



þ χ2½� � �� þ � � � : ð54Þ

We note that coupling between multipolar orders starts at
linear order in spin, between neighboring modes. This is
allowed since the gravitoelectric (-magnetic) fields trans-
form as ð−1Þl (ð−1Þlþ1) under parity. It is also worth
noting that the tidal response tensors are not labeled as E or
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B. This is because the linear tidal response is expected to be
identical (with proper normalizations and signs) for both
parities for Kerr BHs [34,61,69,80]. This can be understood
as a symmetry under EIl → iBIl, BIl → −iEIl .

2. Relating response functions to asymptotic wave
amplitudes

Now, the metric perturbations asymptotically far away
from the object are given (for monochromatic perturba-
tions) in terms of hμν ≡ ffiffiffiffiffiffi−gp

gμν − ημν, where

hij ¼
X∞
l¼2

1

ωl−2 ðCKl
E;regΠ

kl−1kl
ij ∂Kl−2

þ ω−1CKl
B Πklm

ij ϵkl−1mn∂Kl−2nÞψ reg þ ðreg ↔ irregÞ;
ð55Þ

where the regular part is ψ reg ¼ e−iωt sinðωrÞ=ωr, and the
irregular part is ψ irreg ¼ e−iωt cosðωrÞ=ωr. The projector is
given by Πij

kl ¼ ð1=2ÞðPi
kPj

l þ Pj
kPi

l − PijPklÞ, with
Pij ¼ δij þ ∂

i
∂
j=ω2.

The tidal fields at the position of the BH, which we
choose to be the origin (xi ¼ 0), are obtained by evaluating
Eq. (53) at the origin. This yields

EIl ¼ ð−1Þlþ1N lω
lCIl

E;rege
−iωt; ð56Þ

BIl ¼ ið−1ÞlN lω
lCIl

B;rege
−iωt; ð57Þ

where N l ¼ 2−l−3ð1þ lÞð2þ lÞ ffiffiffi
π

p
=Γð3

2
þ lÞ, as shown

in Appendix B.
The tidal fields induce multipole moments via Eq. (54),

which in turn connects to the irregular coefficients CL
E=B;irreg

via the equations of motion similar to the scalar case.
Working with linearized gravity, the equations of motion
are given by [61]

∂μ∂
μhij ¼ 16πGjgjΠkl

ijTkl: ð58Þ

The stress energy tensor can be obtained from the action by
varying the metric perturbations as shown in Ref. [61]. This
yields relations between the multipole moments and the
coefficients parametrizing the irregular part of the metric
perturbation as

e−iωtCL
E;irreg ¼ 4ðl!Þ−1ð−1Þlωlþ1QL

E; ð59Þ

e−iωtCL
B;irreg ¼ i4ðl!Þ−1ð−1Þlωlþ1QL

B: ð60Þ

Thus, the relation Eq. (54) can be rewritten to relate regular
and irregular components as

CIl
E;irreg ¼

−4
l!

N lϵ
2lþ1FIl

I0l
C
I0l
E;reg

−
4

l!
iχ
	
N l−1ϵ

2lFð−1ÞIl
I0l
C
hI0l−1
B;regŝ

i0li

þN lþ1ϵ
2lþ2Fð1ÞIl

I0l
C
I0lþ1

B;regŝi0lþ1


þOðχ2Þ; ð61Þ

and an identical relation for E ↔ B. Now, it would be
convenient to combine the above relations into a single one,
suitable for comparison against the relevant quantity
governed by the Teukolsky equation. The Teukolsky
equation governs the Teukolsky scalar ψ4, which admits
a similar decomposition into regular and irregular parts.
The corresponding coefficients Creg;irreg that enters ψ4, in
the spherical basis, are related to the coefficients in the
metric perturbation as Creg;irreg ¼ CE;reg=irreg þ CB;reg=irreg

for all (lm) modes [61]. Thus, we add the electric and
magnetic parts of Eq. (54) to get

CIl
irreg ¼

−4
l!

N lϵ
2lþ1FIl

I0l
C
I0l
reg

−
4

l!
iχ
	
N l−1ϵ

2lFð−1ÞIl
I0l
C
hI0l−1
reg ŝi

0
li

þN lþ1ϵ
2lþ2Fð1ÞIl

I0l
C
I0lþ1
reg ŝi0lþ1


þOðχ2Þ: ð62Þ

Now, we can just repeat the steps as in the scalar case, with
the only difference being that we should switch to the l; m
basis corresponding to spin-weight (-2) spherical/spheroi-
dal harmonics. In this manner, all the tidal response
coefficients can be fixed iteratively. Explicit steps in the
gravitational case for l ¼ 2 and the mixing coefficients
between l ¼ 2 and l ¼ 3 modes may be found in
Refs. [61,80].

3. Structure of the response functions

To proceed further, we define

Clm ¼
Z

dΩCIlN̂hIl−2m̄il−1m̄ili−2Ȳlm; ð63Þ

where mi¼ð1= ffiffiffi
2

p Þðθ̂þ iϕ̂Þ, where θ̂:θ̂¼ ϕ̂:ϕ̂¼m:m̄¼1.
Meanwhile, m:m ¼ m̄:m̄ ¼ 0. Now, we can define, in a
similar manner as before, a tensor −2Y

Il
lm, via the relation,

−2Ylmðθ;ϕÞ ¼ −2Y
Il
lmN̂hIl−2m̄il−1m̄ili: ð64Þ

Note that we have the relation (derived in Appendix F),

Z
dΩN̂hIl−2mil−1miliN̂

hJl0−2m̄jl0−1m̄j0li

¼ δll0δ
Jl
Il

8πðl − 2Þ!
lðl − 1Þð2lþ 1Þð2l − 3Þ!! : ð65Þ
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Substituting Eq. (64) into Eq. (63), and using Eq. (65), we
get

Clm ¼ CIl−2Ȳlm
Il

8πðl − 2Þ!
lðl − 1Þð2lþ 1Þð2l − 3Þ!! ; ð66Þ

and the inverse as

CIl ¼
Xl
m¼−l

Clm−2Y
Il
lm: ð67Þ

Going forward, for convenience, we define

ζl ¼ 8πðl − 2Þ!
lðl − 1Þð2lþ 1Þð2l − 3Þ!! : ð68Þ

Now, similar to the scalar case, we can define the following
quantities:

ζlFðnÞIl
I0l
EI0l−2Ȳlm

Il
¼ ζlFðnÞIl

I0l

Xl
m0¼−l

Elm0
−2Y

I0l
lm0−2Ȳ

lm
Il

¼
Xl
m0¼−l

FðnÞlm
lm0Elm0

; ð69Þ

where

FðnÞlm
lm0 ¼ ζlFðnÞIl

I0l−2
Y

I0l
lm0−2Ȳ

lm
Il
: ð70Þ

Just as in the scalar case, axisymmetry ensures that different
m modes cannot mix, and thus,

FðnÞlm
lm0 ¼ FðnÞ

lmδ
m
m0 : ð71Þ

As before, we need to treat STF tensors involving direct
products or contractions with the spin-vector which also
feature in Eq. (7). Consider for instance the projection onto
l; m basis of the following tensor product involving unit
spin vectors:

ζlChIl−k ŝil−kþ1…ŝili−2Ȳlm
Il

¼ ζlCIl−k ŝil−kþ1…ŝil−2Ȳlm
Il

¼ ζl
X
m0

Cl−k;m0
−2Y

Il−k
l−k;m0 ŝil−kþ1…ŝil−2Ȳlm

Il
: ð72Þ

Since we have oriented the spin-axis to be the ẑ direction,
the spin-vector has l ¼ 1, m ¼ 0, and we can thus write

−2Zk
lδ

m
m0 ¼ ζl−2Y

Il−k
l−k;m0 ŝil−kþ1…ŝil−2Ȳlm

Il
: ð73Þ

Using this, we can write Eq. (72) as

ζlChIl−k ŝil−kþ1…ŝili−2Ȳlm
Il

¼ Cl−k;m
−2Zk

l: ð74Þ

Now, consider the contraction,

ζlCIlþk ŝilþk
…ŝilþ1−2Ȳ

lm
Il

¼ ζl
Xlþk

m0¼−l−k

Clþk;m−2Y
Ilþk

lþk;m0 ŝilþk
…ŝilþ1−2Ȳ

lm
Il
: ð75Þ

Once again, the accompanying product must vanish when
m ≠ m0, and we can thus write

ζlCIlþk ŝilþk
…ŝilþ1−2Ȳlm

Il
¼ Clþk;m−2Z̄k

lþk: ð76Þ

Now, we can finally rewrite Eq. (62) in l; m basis as

Clm
irreg ¼

−4
l!

N lϵ
2lþ1FlmClm

reg

−
4

l!
ðiχÞ½N l−1ϵ

2lFð−1Þ
lm −2Z

1
l−1C

l−1;m
reg

þN lþ1ϵ
2lþ2Fð1Þ

lm−2Z
−1
lþ1C

lþ1;m
reg �

þ χ2½� � �� þ � � � : ð77Þ

Here we have defined

−2Z0
l ¼ 1; −2Z

k>0
l ¼ −2Z

k
lþk; −2Z

k<0
l ¼ −2Z̄

jkj
l ;

ð78Þ

where −2Zk
l has been defined in Eq. (73). We can write the

relation between the irregular and the regular part in a more
generic manner as

Clm
irreg ¼

−4
l!

X∞
l0¼2

iβχjl−l0j−2Zl−l0
l0 N l0ϵ

lþl0þ1Fðl0−lÞ
lm Cl0m

reg ;

ð79Þ

where β is 1 when jl − l0j is odd, and 0 otherwise.
As before, switching on just one mode of regular field at

a time, at say l0 ¼ l0, we obtain

Clm
irreg¼

−4
l!

iβχjl−l0j−2Z
l−l0

l0
N l0ϵ

lþl0þ1Fðl0−lÞ
lm Cl0m

reg ; ð80Þ

and then defining a rescaled response as previously done
for the scalar case,

fðl−l0Þl0m
¼ −4

l!
iβ−jl−l0j−2Z

l−l0
l0

N l0F
ðl0−lÞ
lm : ð81Þ

This can be considered a convenient choice for the
normalization of the tidal response for the EFT. Thus,
we have the relation between irregular and regular part
using the new response function as

Clm
irreg ¼ ðiχÞjl−l0jϵlþl0þ1fðl−l0Þl0m

Cl0m
reg : ð82Þ
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This is similar to the scalar case, except that in the
gravitational case l − l0 can be odd as well.
In this work, we will be primarily interested in comput-

ing the diagonal tidal response, i.e., fl0m ¼ fð0Þl0m
. In

Eq. (82), setting l0 ¼ l yields

Clm
irreg ¼ ϵ2lþ1flmClm

reg : ð83Þ
Once again, in perturbation theory, we obtain a relationship
in spheroidal harmonic basis of spin weight ‘-2’ as

Dlm
irreg ¼ ϵ2lþ1−2λlmDlm

reg ; ð84Þ

where Dlm
reg=irregs are the coefficients from BH perturbation

theory in the spheroidal basis, and l; m label the spheroidal
modes. The computation of the λlm coefficients will be
discussed in Sec. IV. To connect BH perturbation theory
response λlm with the EFT response flm, the first thing is to
connect the spin weighted spheroidal and spherical har-
monics of spin weight “-2”,

−2Ylm ¼ −2Slm þ
Xl−2
k¼1

ðχϵÞk−2r̃lm−k −2Sl−k;m

þ
X∞
k¼1

ðχϵÞk−2r̃lmk −2Slþk;m; ð85Þ

where −2r̃lmk are the associated Clebsch-Gordon-like coef-
ficients. As in the scalar case, we can use Eq. (85) to obtain
a relationship between the coefficients of spheroidal and
spherical basis as

Dlm ¼ Clm þ
Xl−2
k¼1

ðiχϵÞk−2rlm−k Cl−k;m

þ
X∞
k¼1

ðiχϵÞk−2rlmk Clþk;m; ð86Þ

where the relationship between rlmk and r̃lmk will be fixed in
the following subsection.
The relation in Eq. (86) holds for both regular and

irregular field coefficients. Once again, there is freedom to
choose the regular fields in the spherical basis. In particular,
we set that only Cl0m

reg is non-zero. Then, we have

Dlm
reg ¼ ðiχϵÞjl−l0j−2rlml0−lC

l0m
reg ; ð87Þ

where we have defined rlm0 ¼ 1. Now substituting Eq. (86)
and Eq. (87) into Eq. (84), using the spherical-basis
induction equation(s) in Eq. (82), and imposing l0 ≥ l
we get constraint equations just as before,

�
fðl−l0Þl0m

þ
Xl
k¼1

ðiχÞ2kfðl−k−l0Þl0;m −2rlm−k
�

þOðϵ2Þ ¼ −2λlm−2rlml0−l; l0 ≥ l: ð88Þ

This provides the connection between EFT tidal response
flm with the BH perturbation theory tidal response λlm. In
what follows we will briefly illustrate the above connection
for the l ¼ 2 and the l ¼ 3 modes, respectively.

4. Iterative fixing of the tidal coefficients

Here we will solve the connection formula, Eq. (77),
iteratively. To start with, we set l ¼ l0 ¼ 2 (since for
gravitational perturbation the lowest mode is l ¼ 2), where
we simply get

flm ¼ −2λlm; l ¼ 2: ð89Þ

We can solve it similar to the scalar case for l > 2. For
instance, we can set l ¼ 2;l0 ¼ 3, to obtain

fð−1Þ3m ¼ −2λ2m−2r2m1 : ð90Þ

Subsequently, setting l ¼ 3, l0 ¼ 3, we get

f3m − χ2fð−1Þ3m −2r3m−1 ¼ −2λ3m:
f3m ¼ χ2−2λ2m−2r2m1 −2r3m−1 þ −2λ3m: ð91Þ

The above explicitly depicts the connection between EFT
and BH perturbation theory responses for the two lowest
lying modes, l ¼ 2, 3, and can be generalized to any higher
modes by using the connection formula repeatedly.
Once the coefficients fð0Þlm are fixed, we can obtain the

EFT coefficients in lm basis trivially using the definition in
Eq. (81) as

Fð0Þ
lm ¼ −l!fð0Þlm

4Nl
¼ −

2−lΓð2þ 2lÞflm
ð2þ 3lþ l2Þ : ð92Þ

5. Asymptotic form of gravitational field in EFT

We showed earlier how the asymptotic structure of the
scalar field can be used to match between EFT coefficients
Clm
reg=irreg and perturbation theory coefficientsD

lm
reg=irreg in the

far-zone. We show the equivalent matching in the gravi-
tational case below. For this purpose one needs to expand
hij in the ωr ≫ 1 region using Eq. (55). However, for the
sake of gauge invariance it is useful to perform the
computation using the Weyl scalar ψ4, rather than metric
perturbation hij, in the large r limit. This has already been
done in [61], and we obtain

ψ4 ¼ ω2
e−iωðt−rÞ

ωr

X∞
l¼2

il−2ðCKl−2ij
E;out þ CKl−2ij

B;out ÞNKl−2
m̄im̄j

þOðr−2Þ; ð93Þ

where CKl−2ij
E=B;out ¼ ð1=2ÞðCKl−2ij

E=B;irr − iCKl−2ij
E=B;regÞ. We can

decompose the above expression in spherical basis by
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using the following result:Z
dΩCKl−2ijm̄im̄jNKl−2−2Ȳlm ¼ Clm: ð94Þ

Moreover, using the normalization of −2Ylmðθ;ϕÞ, and the
completion relations,Z

−2Ylmðθ;ϕÞ−2Ȳlmðθ;ϕÞdΩ ¼ 1;

X
l;m

−2Ylmðθ;ϕÞ−2Ȳlmðθ0;ϕ0Þ ¼ 1

sin2θ
δðθ − θ0Þδðϕ − ϕ0Þ;

ð95Þ

and defining CKl−2;ij
reg=irreg ¼ CKl−2;ij

E;reg=irreg þ CKl−2;ij
B;reg=irreg, as before,

we obtain

ψ4 ¼ ω2
e−iωðt−rÞ

ωr

X∞
l¼2

il−2Clm
out−2Ylmðθ;ϕÞ;

¼ ω2
e−iωðt−rÞ

ωr

X∞
l¼2

il−2Dlm
out−2Slmðθ;ϕÞ; ð96Þ

where in the second line we have used the result from BH
perturbation theory, and in each of the lines we have
ignored termsOðr−2Þ. Using Eq. (85) on the first line of the
above expression, we can write it in terms of spheroidal
harmonics as

ψ4 ¼ ω2
e−iωðt−rÞ

ωr

X∞
l¼2

il−2
�
Clm
out

þ
Xl−2
k¼1

ð−iχϵÞk−2r̃l−k;mk Cl−k;m
out

þ
X∞
k¼1

ðiχϵÞk−2r̃lþk;m
−k Clþk;m

out

�
−2Slmðθ;ϕÞ: ð97Þ

Comparing the above expression with the last equality in
Eq. (96), we obtain the relation between EFT and BH
perturbation theory coefficients, this yields

Dlm ¼ Clm þ
Xl−2
k¼1

ð−iχϵÞk−2r̃l−k;mk Cl−k;m

þ
X∞
k¼1

ðiχϵÞk−2r̃l−k;mk Clþk;m: ð98Þ

Comparing with Eq. (86), this yields ð−1Þk−2r̃l−k;mk ¼
−2rlm−k , −2r̃

lþk;m
−k ¼ −2rlmk , where k > 0. We can now

explicitly write down the relationship between the tidal
response in spheroidal and spherical basis. For instance,
Eq. (91) can be rewritten as

f3m ¼ −2λ3m þ χ2−2λ2m−2r2m1 −2r3m−1
¼ −2λ3m − χ2−2λ2m−2r̃3m−1−2r̃2m1

¼ −2λ3m − χ2−2λ2m
4ð9 −m2Þ

567
: ð99Þ

Thus, we have shown how the ratioDlm
irreg=D

lm
reg can be used

to fix the tidal-response coefficients in EFT. But as in the
scalar case, we need to obtain expressions forDlm

irreg=reg from
perturbation theory. We obtain this by matching Eq. (96)
with the far-zone solution obtained from perturbation
theory in Sec. IV D.

III. SCALAR FIELD ON A KERR BACKGROUND:
AMPLITUDE OF SCATTERING STATES

In this section, we focus on external scalar perturbations,
playing the role of an external tidal field, on the Kerr
background. We know that such a perturbation, in the static
limit, does not lead to conservative deformations of the
Kerr multipole moments, which translates to vanishing tidal
Love numbers [6–20,81]. Here we focus on dynamical
scalar perturbations, in the frequency domain, and inves-
tigate the dynamical (frequency-dependent) tidal response.
Typically, the computations performed using BH perturba-
tion theory are not gauge invariant. This makes it essential
to include the additional step of matching the BH pertur-
bation theory with the EFT discussed in the previous
section, which provides a coarse-grained description of
the perturbed BH and is the essential baseline for comput-
ing dynamics and GWs in a binary system. We closely
follow the methods of [62], and perform the computation of
the DTRF in the following steps (also see Fig. 1)—(a)
solving the scalar perturbation in the near-zone as well as in
the far-zone regime, (b) imposing the ingoing boundary
conditions at the horizon, (c) matching the near-zone and
the far-zone solutions in the intermediate-zone, and finally
(d) taking the asymptotic limit of the far-zone solution for
the scalar field and matching with the EFT computation.
Following the above prescription, we first present the

behavior of the scalar field in the near-zone regime,
obtained with the approximation ωðr − rþÞ ≪ 1, where
rþ is the horizon radius of the BH. Subsequently, we solve
the perturbation equations in the far-zone are using the
approximation ðM=rÞ ≪ 1, whereM is the mass of the BH.
The matching of the near-zone with the asymptotic solution
determines how information on the near-horizon behavior
is imprinted in far-field amplitudes, which we in turn match
with the EFT. Throughout this computation, we use a small
frequency approximation, Mω ≪ 1 and work only up to
linear order in this quantity.

A. The basic equations

We start with BH perturbation theory for scalar pertur-
bations. Given the stationary and axisymmetric nature of
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the background Kerr geometry, we decompose the scalar
field Φ as

Φ ¼
X
l;m

Z
dωe−iωtRlmðrÞSlmðθÞeimϕ; ð100Þ

where RlmðrÞ is the radial function and SlmðθÞ the angular
function. The BH perturbation equations in this case are
equivalent to the Klein-Gordon equation for a massless
scalar field,□Φ ¼ 0. This leads to the following decoupled
radial and angular equations:

1

sin θ
d
dθ

�
sin θ

dSlm
dθ

�
−
�
a2ω2 sin2 θ þ m2

sin2 θ
− Ãlm

�
Slm ¼ 0; ð101Þ

d
dr

�
Δ
dRlm

dr

�
þ
�
ω2ðr2 þ a2Þ2 − 4arMωmþ a2m2

Δ
− Ãlm

�
Rlm ¼ 0: ð102Þ

Here, Δ ¼ r2 − 2Mrþ a2, and a ¼ ðJ=MÞ is the
rotation parameter, where J is the angular momentum
and M is the mass of the BH. The quantity Ãlm is the
separation constant between radial and angular equations.
The above angular equation can be converted to the one
obtained by Teukolsky [82] with the substitution
Ãlm ¼ Elm þ a2ω2, and the radial equation also
converts to the corresponding Teukolsky equation with
λ ¼ Ãlm − 2amω ¼ Elm − 2amωþ a2ω2, where Elm is
the separation constant between the radial and the angular
sectors in Teukolsky’s formalism. The angular equation
determines that SlmðθÞeimϕ are the spheroidal harmonics.
In what follows, we will use the parametrization used by
Teukolsky [82] for the radial equation.

B. Near-zone solution for the radial equation

In this section,wewill determine the near-zone solution to
Eq. (102).We introduce the dimensionless radial coordinate,

z ¼ ðr − rþÞ
ðrþ − r−Þ

; ð103Þ

where r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
are the event and

the Cauchy horizons. Thus it follows that
Δ ¼ ðr − rþÞðr − r−Þ ¼ ðrþ − r−Þ2zð1þ zÞ. Therefore
we obtain the following structure for the radial equation
describing scalar perturbation of the Kerr background:

d
dz

�
zð1þ zÞ dRlm

dz

�
þ ½P2þ − λzð1þ zÞ�

zð1þ zÞ Rlm ¼ 0; ð104Þ

where we have assumed ωðr − rþÞ ≪ 1 and have defined

Pþ ≡ ð2Mrþω − amÞ=ðrþ − r−Þ ¼ 2Mrþω̄=ðrþ − r−Þ;
ð105Þ

with ω̄≡ ω −mΩþ, and Ωþ ≡ ða=2MrþÞ being the angu-
lar velocity of the event horizon, located at r ¼ rþ.

The general solution of the above second order differ-
ential equation, describing the radial part of perturbations
of the Kerr background due to an external scalar field in the
near-zone regime, becomes

RðnearÞ
lm ¼ ð1þ zÞiPþ½Az−iPþ

2F1ð−l̂; l̂þ 1; 1 − 2iPþ;−zÞ
þ BziPþ

2F1ð−l̂þ 2iPþ; l̂þ 1þ 2iPþ;

1þ 2iPþ;−zÞ�; ð106Þ
where we have expressed the separation constant as
λ ¼ blðblþ 1Þ, such that the quantity bl has the following
expansion in powers of Mω,

blðblþ 1Þ ¼ Elm − 2amωþ a2ω2

¼ lðlþ 1Þ − 2amωþ a2ω2

þ 2a2ω2

�
m2 þ lðlþ 1Þ − 1

ð2l − 1Þð2lþ 3Þ
�
þOðM3ω3Þ:

ð107Þ

This can be solved to yield

bl ¼ l − f2amω=ð2lþ 1Þg þOðM2ω2Þ: ð108Þ

The fact that l̂ − l ¼ OðMωÞ, will be useful in our later
analysis. The above near-zone radial solution for scalar
tidal perturbations, presented in Eq. (106), has two
unknown constants A and B, one of which is fixed by
the relevant boundary condition condition at the BH
horizon, namely purely ingoing modes.

1. Ingoing boundary condition at the horizon

To fix one of the two arbitrary constants appearing in
Eq. (106), we consider the limit to the BH horizon (z → 0).
Using the fact that the Hypergeometric function becomes
unity as their argument vanishes, the near-zone radial
perturbation function becomes
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RðnearÞ
lm ðr → rþÞ ≃ Az−iPþ þ BziPþ

¼ Ae−iPþr� þ BeiPþr� : ð109Þ

Here, r� is the Tortoise coordinate, defined through the
differential equation: ðdr=dr�Þ ¼ ðΔ=r2Þ, which in the
near-zone region can be approximated as r� ∼ rþ ln z. As
the term eiPþr� in the decomposition of Eq. (100) belongs to
outgoing waves at the horizon, it follows that the coefficient
Bmust be set to zero, since for BHs we expect only ingoing
modes to be present. Hence the radial part of the
scalar perturbation associated with the Kerr BH takes the
form,

RðnearÞ
lm ¼ AH

inð1þ zÞiPþz−iPþ

× 2F1ð−l̂; l̂þ 1; 1 − 2iPþ;−zÞ: ð110Þ

This provides the near-zone solution for the radial pertur-
bation function due to a scalar field on the Kerr back-
ground, with AH

in being an arbitrary constant. To verify the

above result, consider Ref. [9], which yields an identical
expression for the radial function with bl → l. This is
because Ref. [9] ignores quite a few terms of OðMωÞ. In
this work, however, we have kept all such terms but ignored
terms of OðMωzÞ. This leads to Eq. (110), withbl ¼ lþOðMωÞ. In contrast, Ref. [83] retains all possible
terms and expresses the solution as an infinite series of
hypergeometric functions, which does not match with the
above result. We plan to revisit this infinite series expansion
of the hypergeometric function to determine the TLNs in
future work.

2. Limit to the intermediate zone

The same solution in the intermediate region, i.e., in the
region satisfying ðrþ=rÞ ≪ 1 can be determined by com-
puting the above radial function in the large z regime.
Given the asymptotic expansion of the hypergeometric
function, the near-zone radial function in Eq. (110), in the
corresponding limit becomes

RðnearÞ
lmðintÞ ¼ AH

in

�
Γð1− 2iPþÞΓð1þ 2blÞ

Γð1þ blÞΓð1þ bl− 2iPþÞ
rbl

ðrþ − r−Þbl ð1þ � � �Þ þ Γð1− 2iPþÞΓð−1− 2blÞ
Γð−blÞΓð−bl− 2iPþÞ

r−bl−1
ðrþ − r−Þ−bl−1 ð1þ � � �Þ

�
: ð111Þ

Thus, asymptotically the radial function consists of two
independent power law branches, namely rbl and r−1−bl. We
have only kept the leading order pieces in each branch. The
“� � �” denote subleading terms, decaying as a power law in
the radial coordinate r, denoting fractional corrections to
the leading order contribution. Since Mω ≪ 1, it follows

that bl > 0, and hence the rbl branch describes a growing

mode related to the tidal field, while the r−1−bl branch
describes a decaying mode and yields the response of the
body. For static perturbations, we have bl ¼ l and hence the
usual static tidal and response fields of the body follow. But
note that the tidal field has sub-leading terms, which might
raise concerns about ambiguities in the definition of the
response function [6,84,85]. For rotating BHs, bl is given by
Eq. (108), and it involves l corrected by a frequency-
dependent quantity. As the frequency can take arbitrary
values, it follows that bl is analytically continued and hence
those subleading terms cannot mimic the response function,
thus avoiding ambiguities. For the static case and for the
case a ¼ 0, where bl ¼ l, the ambiguity problem needs to
be avoided by an explicit analytic continuation of the
angular number l.
It is worth mentioning that the large z limit of the near-

zone solution seems a bit odd, but effectively, we need to
satisfy the following condition: ωr ≪ 1. Thus in the
dynamical scenario, the growing and decaying behavior

of the perturbing field holds true within a sphere of radius
ðωÞ−1. Thus we have three characteristic scales in the
problem: (a) the horizon at rþ, (b) the frequency scale
ω−1 and (c) the asymptotic region. The near-zone
solution is valid in a region rþ < r ≪ ω−1, while the
intermediate zone is centered about ω−1, connecting the
near-zone and the far-zone, whereas the far-zone corre-
sponds to r ≫ M (see Fig. 1). Therefore, Eq. (111)
describes the extension of the near-zone solution to the
intermediate zone.
In the next section, we will determine the far-zone

solution and shall match its small distance behavior with
the near-zone solution in the intermediate region, as
obtained above.

C. Far-zone solution

The far-zone solution is obtained by taking the asymp-
totic limit, i.e., ðr=MÞ ≫ 1, of the radial equation
Eq. (102). In the asymptotic limit, we keep the leading
order terms in front of the derivatives of Rlm, while in the
coefficient of Rlm we keep the subleading terms as well.
This is necessary because the leading order term ω2r2 is not
that large in the small frequency approximation. Thus, in
the far-zone, the radial part of the scalar perturbation
in the Kerr background satisfies the following differential
equation:
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d2RðfarÞ
lm

dr2
þ 2

r
dRðfarÞ

lm

dr
þ
�
ω2 −

λþ 2maω
r2

�
RðfarÞ
lm

¼ OðM2ω2r−2; r−3Þ: ð112Þ

Here, we assume ðr=MÞ ≫ 1. Since we are keeping
terms linear in Mω, it follows that λþ 2amω ¼
Elm þOðM2ω2Þ ¼ lðlþ 1Þ þOðM2ω2Þ. Hence, the
above differential equation has the following general
solution,

RðfarÞ
lm ¼

A∞
lðregÞffiffiffi
r

p Jlþ1
2
ðωrÞ þ

A∞
lðirregÞffiffiffi

r
p Ylþ1

2
ðωrÞ: ð113Þ

Note that the far-zone solution depends on l, rather than bl.
This will lead to additional Logarithmic terms in the
response function due to improper matching at the inter-
mediate zone. We will discuss this issue in detail later. Thus

the far-zone solution is given by the Bessel functions with
two arbitrary constants A∞

lðregÞ [since the Bessel function

JαðxÞ is regular as x → 0] and A∞
lðirregÞ [as the associated

Bessel function YαðxÞ is irregular as x → 0]. We will now
consider two limits, ωr ≪ 1, which defines the intermedi-
ate zone, and r → ∞, describing the asymptotic limit. We
will first discuss the limit to the intermediate zone and then
shall move on to discuss the asymptotic limit, which will be
used to match with the EFT.

1. Limit to the intermediate zone

The behavior of the far-zone solution in the intermediate
zone is obtained by taking the ωr ≪ 1 limit of Eq. (113).
As is well known, Bessel functions for small arguments
scale as power law for both first and second kind. Thus in
the intermediate region, the radial solution of the far-zone
behaves as

RðfarÞ
lm ðωr ≪ 1Þ ¼

A∞
lðregÞffiffiffi

r
p

Γðlþ 3
2
Þ
�
ωr
2

�
lþ1

2

−
A∞
lðirregÞffiffiffi

r
p

�
ωr
2

�
−l−1

2 Γðlþ 1
2
Þ

π

¼
A∞
lðregÞ

Γðlþ 3
2
Þ
�
ωr
2

�
l
�
1 −

A∞
lðirregÞ
A∞
lðregÞ

1

π

�
2

ω

�
2lþ1

Γ
�
lþ 3

2

�
Γ
�
lþ 1

2

�
r−2l−1

�
: ð114Þ

As evident, the far-zone solution in the intermediate regime
also has a growing mode as well as a decaying mode,
identical to the behavior observed in the asymptotic limit of
the near-zone solution, as presented in Eq. (111). There is
one important difference though, the power of the growing
and the decaying modes differ by bl − l. Wewill discuss the
implications of this in the subsequent section. This facil-
itates matching between the near-zone and the far-zone
solution, which we will discuss in Sec. III D below. Before
discussing this matching, we also consider the asymptotic
limit of Eq. (114) needed to connect with the EFT.

2. Limit to the asymptotic region

Consider now the asymptotic limit of the far-zone
solution Eq. (113), which is obtained by taking ωr ≫ 1.
In this limit, the Bessel functions can be expressed in terms
of sinusoidal functions, such that,

RðfarÞ
lm ðωr ≫ 1Þ ≃

ffiffiffiffiffiffi
2

πω

r �A∞
lðregÞ
r

sin

�
ωr −

lπ
2

�

−
A∞
lðirregÞ
r

cos

�
ωr −

lπ
2

��
: ð115Þ

Note that the above represents only the radial part of the
perturbation, which will be multiplied by the angular part

Slmðθ;ϕÞeimϕ, along with e−iωt, and then summed over l
and m in order to determine the total scalar perturbation Φ.
This result will be useful for the matching to the EFT,
which we will present below.

D. Matching in the intermediate zone

In this section we will discuss one of the most important
aspect of this computation, namely matching of the near-
zone and the far-zone solutions in the intermediate zone.
The matching is possible only if both the solutions share an
identical behavior in the intermediate zone. In our case, it
turns out that the far-zone solution in the small ωr limit, see
Eq. (114), and the near zone solution in the large (r=M)
limit, see Eq. (111), have identical behavior, i.e., they both
include a growing piece ∼rl, as well as a decaying piece
∼r−l−1, modulo the factor involving ðbl − lÞ ln r. Notice
that we are computing the ratio between arbitrary constants
and hence they cannot depend on ln r, which suggests to
express ln r ∼ lnð1=ωÞ, as r ∼ ω−1 is the region where the
intermediate zone ends. Therefore, the coefficient of rl as
well as the coefficient of r−l−1 coming from far and near-
zone must be matched. This yields both A∞

lðregÞ and A
∞
lðirregÞ

in terms of Ain
H. Thus we obtain the ratio ðA∞

lðirregÞ=A
∞
lðregÞÞ

to be,
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A∞
lðirregÞ
A∞
lðregÞ

¼ −π
�
ωðrþ − r−Þ

2

�
2lþ1 Γð−1 − 2blÞΓð1þ blÞΓð1þ bl − 2iPþÞ

Γð−blÞΓð1þ 2blÞΓðlþ 1
2
ÞΓðlþ 3

2
ÞΓð−bl − 2iPþÞ

× f1þ 2ðbl − lÞ ln ½ωðrþ − r−Þ� þOðM2ω2Þg: ð116Þ

Due to bl being noninteger, cf. Eq. (108), it follows that
Γð−blÞ is finite and hence the above ratio is nonzero. The
same argument holds for Γð−1 − 2blÞ. As we will show
later, the ratio of these two quantities will turn out to be
finite and important for determining the dynamical re-
sponse function.
At this stage, a few comments on the logarithmic term

in the above expression are in order. Such a logarithmic
term often arises in the analysis involving dynamical Love
numbers of BHs, in particular, to describe the running of
the tidal couplings with energy scale [80]. These terms are
common in the scattering approaches, as well as in BH
perturbation theory [80]. However, in the present context
the logarithmic term scales as ω lnω, since ðbl − lÞ ∼Mω,
and besides having the form of a tail term, it mainly arises
from a possible mismatch between near-zone and far-zone
computations. The origin of the mismatch possibly
arises from the linear-in-ω approximation scheme
considered here. It is likely that in approaches without
this approximation, such Logarithmic terms will not
appear. We defer such an analysis to a future work.
The tail effect, on the other hand, comes from scattering
of GW from the Newtonian potential and hence
has no contribution to tides. Thus, either way, we
ignore this logarithmic term in this analysis, while we
expect that a better understanding of this term may arise
from a proper matching procedure, e.g., the MST
method [83,86].

E. Matching with EFT

In this section we match the results obtained from BH
perturbation theory to EFT, as detailed in Sec. II. We note
that the tidal response of BH perturbation theory is denoted
by λlm, see Eq. (29) and is related to the ratio
ðA∞

lðirregÞ=A
∞
lðregÞÞ. To determine the exact relation we

compare Eq. (49) with Eq. (115). The BHPT scalar field
for a given mode ω in Eq. (115) can be rewritten as

ffiffiffiffiffiffi
π

2ω

r
Φω ¼ e−iωt

ωr

X
l;m

Slmðθ;ϕÞRlm: ð117Þ

Comparison of this expression with the EFT one in
Eq. (49), along with the expression for Rl;m from
Eq. (115) then yields the relations,

Dlm
reg ¼ ð−1ÞlA∞

lðregÞ; Dlm
irreg ¼ ð−1Þlþ1A∞

lðirregÞ; ð118Þ

Thus, the ratio Dirreg=Dreg is identical to that of A’s up to a
minus sign. In particular, we have, ðDlm

irreg=D
lm
regÞ ¼

−ðA∞
lðirregÞ=A

∞
lðregÞÞ, such that the BH perturbation theory

response function reads

λlm ¼ π

�
rþ − r−
2M

�
2lþ1 Γð1þ bl − 2iPþÞ

Γð−bl − 2iPþÞ

×
Γð−1 − 2blÞΓð1þ blÞ

Γð−blÞΓð1þ 2blÞΓðlþ 1
2
ÞΓðlþ 3

2
Þ
þOðM2ω2Þ:

ð119Þ
Note that this result is in the spheroidal basis, which need to
be converted to spherical basis in order to obtain the EFT
response function. Even though the spheroidal to spherical
transformation for the scalar perturbation appears at
OðM2ω2Þ, it follows that there are off diagonal terms in
the response function which actually contributes at those
orders. As a consequence, since for scalar perturbation, lth
mode couples to (l� 2)th modes, it follows that the EFT
response function is equal to BH response function for
l ¼ 0, 1 modes. While for l ≥ 2, the EFT response
function is given by certain linear combination of
l ¼ 2 and l ¼ 0 BH perturbation theory response func-
tion. The details of the computation follows from Sec. II. In
what follows we will massage the BH perturbation theory
response function, which, in turn can be related to EFT
response function through appropriate transformations.

F. The dynamical scalar tidal response of black holes

Through matching with the point-particle EFT, we have
been able to determine the EFT response function in terms
of λlm. In this section, we will simplify the corresponding
expression for λlm and hence will determine the scalar Love
number and dissipation number, which are defined as the
real part and the imaginary part of the response function,
respectively. For that purpose, we may first rewrite the
dynamical response function, keeping only terms which are
linear inMω, as follows (for a derivation see Appendix C):

λ̃Kerrlm ðωÞ ¼ λ̃Kerrlm jstat þ λ̃Kerrlm jdyn ×Mω; ð120Þ

where the rescaled response function λ̃ is defined by

λ̃lm ¼ 1

π

�
2M

rþ − r−

�
2lþ1

Γ½lþ ð1=2Þ�Γ½lþ ð3=2Þ�λlm:

ð121Þ
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Note that the above decomposition Eq. (120) neatly separates out the stationary and the dynamical rescaled response
functions, each of which is given by

λ̃Kerrlm jstat ¼ iPaþ
Γð1þ lÞ2

Γð2þ 2lÞΓð1þ 2lÞ
Yl
k¼1

ðk2 þ 4fPaþg2Þ; ð122Þ

λ̃Kerrlm jdyn ¼ λ̃Kerrlm jstat
�
−i cothð2πPaþÞ

�
−

2mπa
Mð2lþ 1Þ þ

4iπrþ
rþ − r−

�

þ
�
−

4ma
Mð2lþ 1Þ

��
Ψð1þ lÞ −Ψð2þ 2lÞ −Ψð1þ 2lÞ þ 1

2
Ψð1þ lþ 2iPaþÞ þ

1

2
Ψð1þ l − 2iPaþÞ

�

þ
�

4irþ
rþ − r−

�
½Ψð1þ lþ 2iPaþÞ − Ψð1þ l − 2iPaþÞ�

�
; ð123Þ

where Paþ ¼ −fam=ðrþ − r−Þg and Pωþ ¼ f2Mrþω=
ðrþ − r−Þg. It is evident that the above expression has
both real and imaginary parts for generic values of the
rotation parameter a, the angular number l and the
frequency ω, and hence will provide non-trivial scalar tidal
responses. Before jumping onto the most general case, let
us consider a few specific cases, which we summarize
below.

(i) Static scalar response of Schwarzschild BHs ob-
tained by setting a → 0, Pþ ¼ 2Mω → 0, r− ¼ 0,bl ¼ l∈Z. This leads to λSchl ð0Þ ¼ 0. For analyti-
cally continued l, and using Eq. (C9) from Appen-
dix C we can also express the rescaled response
function as

λ̃Schl jstat ¼
1

24lþ2

tanðπlÞfΓð1þ lÞg2
Γðlþ 1

2
ÞΓðlþ 3

2
Þ : ð124Þ

If we now consider l to be an integer, the above
response function identically vanishes, which is
consistent with previous findings in the literature
[8,9,69]. Further, the above result matches with
Eq. (3.122) of Ref. [62] modulo our rescaling of
the response function. Thus static TLNs as well as
static dissipation numbers of a Schwarzschild BH
vanish identically.

(ii) Dynamical scalar response of Schwarzschild BHs
obtained by setting, a → 0, Pþ ¼ 2Mω, r− ¼ 0,bl ¼ l∈Z. In that case, there is a nonzero dynamical
piece given by

λ̃Schl jdyn ¼
2iMωΓð1þ lÞ2

Γð2þ 2lÞΓð1þ 2lÞ
Yl
k¼1

ðk2Þ: ð125Þ

This result, using Eq. (C9) from Appendix C, can
also be expressed as

λ̃Schl jdyn ¼
2πiMω

24lþ1

Γðlþ 1Þ2
Γðlþ 1

2
ÞΓðlþ 3

2
Þ : ð126Þ

This result matches with Eq. (3.125) of [62] pro-
vided we rescale the result of Eq. (126) by using the
factor introduced in Eq. (121). Further, as the
response function is purely imaginary, it corresponds
entirely to absorption effects and implies that
Schwarzschild BHs have vanishing induced non-
dissipative tidal deformations at linear order in the
frequency. This is consistent with other results as
well [63,80]. In the nonspinning limit, the dissipa-
tion function reduces to

ν̃l ¼ 2MωΓð1þ lÞ2
Γð2þ 2lÞΓð1þ 2lÞ

Yl
k¼1

ðk2Þ: ð127Þ

For l ¼ 2 this becomes: ν2 ¼ Mω=90, which is
consistent with other results in the literature, e.g.,
those from the scattering-amplitude [70] and from
the perturbative [68] approaches.

(iii) Stationary scalar responses of Kerr BHs are ob-
tained by keeping a ≠ 0, while setting ω ¼ 0. Thus
we have Pþ ¼ Paþ ¼ −fam=ðrþ − r−Þg, andbl ¼ l∈Z. This yields a nonzero result, given by
Eq. (122). Using Eq. (C9) from Appendix C we
reexpress the rescaled response function as

λ̃Kerrlm jstat ¼ −
iamπ

24lþ1ðrþ − r−Þ

×

Q
l
k¼1 ½k2 þ 4ðPaþÞ2�
Γðlþ 1

2
ÞΓðlþ 3

2
Þ : ð128Þ

As the response function is imaginary, the stationary
TLNs of Kerr BHs vanish identically, while the
dissipation function becomes nonzero. From the
imaginary part of the response function, we obtain

DYNAMICAL TIDAL LOVE NUMBERS OF BLACK HOLES UNDER … PHYS. REV. D 114, 064011 (2026)

064011-17



ν̃lm ¼ −
amπ

24lþ1ðrþ − r−Þ

×

Q
l
k¼1 ½k2 þ 4ðPaþÞ2�
Γðlþ 1

2
ÞΓðlþ 3

2
Þ : ð129Þ

Therefore, Kerr BHs have a nonzero dissipation
number at zeroth order in frequency. This arises
from the dragging of space due to rotation near the
horizon, where for Kerr BHs one replaces ω by the
corotating frequency ω̄ ¼ ω −mΩH.

(iv) Dynamical scalar response of Kerr BHs at linear
order in the frequency. The coefficients of the linear-
in-frequency piece of the conservative tidal response
are given by half of the real part of the response
function. Given the decomposition of the response
function from Eq. (120), a similar decomposition

applies for the conservative piece, with the leading
order static piece vanishing. Thus from the
dynamical response, we obtain the following non-
dissipative tidal response for the scalar case,
k̃lm ¼ Mωk̃dynlm , while the dissipative part reads,
ν̃lm ¼ ν̃statlm þMων̃dynlm where, each of these coeffi-
cients are given by

ν̃statlm ¼ Paþ
Γð1þ lÞ2

Γð2þ 2lÞΓð1þ 2lÞ
Yl
k¼1

ðk2 þ 4fPaþg2Þ;

ð130Þ

k̃dynlm ¼ −mχ
π

ð2lþ 1Þ ν̃
stat
lm ð131Þ

ν̃dynlm ¼ ν̃statlm

�
4rþ

ðrþ − r−Þ
½π cothð2πPaþÞ − ImfΨð1þ lþ 2iPaþÞ −Ψð1þ l − 2iPaþÞg�

−
4ma

Mð2lþ 1Þ
�
fΨð1þ lÞ −Ψð2þ 2lÞ −Ψð1þ 2lÞ þ 1

2
RefΨð1þ lþ 2iPaþÞ þΨð1þ l − 2iPaþÞg

��
: ð132Þ

Here, χ ≡ ða=MÞ is the dimensionless spin parameter of the
Kerr BH. It is evident that the above expression for the
scalar tidal response depends on the frequency linearly
through the term maω. Thus in the case of axisymmetric
perturbations (m ¼ 0), the scalar response vanishes iden-
tically. This dependence on a is further boasted by the
result that Paþ cothð2πPaþÞ ∼ 1, for small rotation.
It is evident that the above expression is not well behaved

in the extremal limit. This is because of the explicit
ðrþ − r−Þ−1 terms in the response functions. The inverse

powers of ðrþ − r−Þ terms in Paþ, on the other hand are
canceled by the scaling factor in Eq. (121), which involves
ðrþ − r−Þ2lþ1. This ill-behaved nature of the above dis-
sipation and tidal Love numbers in the extremal limit arises
due to the assumption that Pωþ ¼ ð2Mrþω=rþ − r−Þ ≪ 1,
which does not hold in the extremal limit, even ifMω ≪ 1.
Thus the above results are valid only in the nonextremal
case. To rectify this issue we present another alternative
form of the response function,

λextremal
lm ¼ iP̃þ

�
π

Γðlþ 1
2
ÞΓðlþ 3

2
Þ
�Yl

j¼1

�
j2
�
rþ − r−
2M

�
2

þ 4P̃2þ

� ðl!Þ2
ð2lþ 1Þ!ð2lÞ!

�
1þ i

2πamω

2lþ 1
cothð2πPþÞ

�

×

�
1 −

2amω

2lþ 1
f2Ψð1þ lÞ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg

�
; ð133Þ

where P̃þ ¼ rþω − ðam=2MÞ. In arriving at the above expression, we have expressed Γð1þ bl� 2iPþÞ as
Γð1þ l� 2iPþÞ, since in the extremal limit Pþ ≫ 1, hence the OðMωÞ terms inside the gamma functions can be
ignored. Now in the extremal limit, rþ → r−, P̃þ is finite and appears in the expression for the response function as P̃2lþ1

þ ,
which can be expressed as, −ðam=2MÞ2lþ1f1 − ð2lþ 1Þð2M2ω=amÞg. Similarly, in the extremal limit Pþ → ∞, leading
to cothð2πPþÞ → 1. Thus the response function in the extremal limit becomes

λextremal
lm ¼ −im2lþ1

�
π

2Γðlþ 1
2
ÞΓðlþ 3

2
Þ
��

1 − ð2lþ 1Þ 2Mω

m

��
1þ i

2πamω

2lþ 1

�

×

�
1 −

2amω

2lþ 1
f2Ψð1þ lÞ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg

�
: ð134Þ
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In what follows we will show that this expression is
identical to the one obtained from a separate calculation for
extremal spins.
To summarize, the scalar Love number vanishes for both

Schwarzschild and Kerr BH geometries in the stationary
configuration. In the dynamical case, the conservative
scalar Love number vanishes for Schwarzschild BHs,
but is non-zero for Kerr BHs and scales as amω. On the
other hand, the dissipation numbers are nonzero for Kerr
BHs under stationary perturbations and for both
Schwarzschild and Kerr BHs under dynamical perturba-
tions. These results are consistent with previous findings in
the literature [64,87,88]. Note that the same holds for the
EFT response functions as well.

IV. GENERIC SPIN PERTURBATION OF THE
NONEXTREMAL KERR BACKGROUND

In this section, we discuss the spin-s perturbations of a
Kerr background due to external tidal fields and the
associated dynamical response functions. Owing to the
gauge invariance of scalar functions, the gravitational
perturbations are best described by the Weyl scalars ψ0

and ψ4, in terms of which the perturbations are separable in
the radial and the angular parts. The same approach will
work for scalar and electromagnetic perturbations as well
and all of them can be expressed in the following manner
[82,89]:

ρs−jsjΨ−sþjsj ¼
X
lm

Z
dωe−iωteimϕ

sSlmðθÞsRlmðrÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ψ−sþjsj

; ð135Þ

where s ¼ �2 denotes gravitational perturbation, s ¼ �1
denotes electromagnetic perturbation and s ¼ 0 denotes
scalar perturbations. We have introduced the quantity
ψ−sþjsj, which is the frequency-space Weyl scalar. The
radial part sRlmðrÞ satisfies the following differential
equation [82,89]:

Δ
d2sRlm

dr2
þ ðsþ 1ÞΔ0 dsRlm

dr

þ
�
K2 − isΔ0K

Δ
þ 4irsω − λ

�
sRlm ¼ 0: ð136Þ

Here, λ ¼ Elm − 2amω − sðsþ 1Þ þOðM2ω2Þ is the sep-
aration constant between radial and angular equations, and
K ≡ ðr2 þ a2Þω − am. The angular equation, on the other
hand, can be expressed as [82,89,90]

1

sin θ
d
dθ

�
sin θ

dsSlm
dθ

�
þ
�
a2ω2cos2θ −

m2

sin2θ

− 2aωs cos θ −
2ms cos θ
sin2θ

−
s2

sin2θ
þ Elm

�
sSlm ¼ 0;

ð137Þ

where Elm¼lðlþ1Þ−2maωfs2=lðlþ1ÞgþOðM2ω2Þ
and the solutions of the above differential equation for the
angular function are the spin-weighted spheroidal harmonics.
These spheroidal harmonics can be expressed in terms of
spherical harmonics, which we have already discussed
in Sec. II.

A. The near-zone solution

In this section, we derive the solution of the radial
equation in the near-zone and apply the appro-
priate boundary condition at the horizon. Introducing the
radial coordinate z defined in Eq. (103) it follows
that, Δ ¼ ðrþ − r−Þ2zð1þ zÞ, and Δ0 ¼ ðdΔ=drÞ ¼
ðrþ − r−Þð1þ 2zÞ. On substituting the above results in
Eq. (136), and ignoring terms OðMωzÞ, we obtain the
following radial differential equation:

zð1þ zÞ d
2
sRlm

dz2
þ ðsþ 1Þð1þ 2zÞ dsRlm

dz

þ
�

P2þ
zð1þ zÞ −

isPþð1þ 2zÞ
zð1þ zÞ − λþ 4iωsrþ

�
sRlm ¼ 0:

ð138Þ

Use of the near-zone approximationMωz ≪ 1, allows us to
write K ≈ ðr2þ þ a2Þω − am ¼ 2Mωrþ − am. Further, the
quantity Pþ appearing in the radial equation is defined as
Pþ ≡ ð2Mrþω − amÞ=ðrþ − r−Þ. We further introduce a
quantity bls, which is defined as λ − 4iωsrþ≡blsðbls þ 1Þ − sðsþ 1Þ, such that Elm ¼ λ þ 2amωþ
sðs þ 1Þ þ Oða2ω2Þ ¼ blsðbls þ 1Þ þ 2amω þ 4iωsrþþ
Oða2ω2Þ. From the above expression, note that bls¼0 ¼ bl,
the quantity that we have used to describe the near-zone
physics in the scalar case. Therefore, it follows that

blsðblsþ1Þ¼Elm−2amω−4iωsrþ

¼lðlþ1ÞþMω

�
−
4isrþ
M

−
2am
M

−
2ams2

Mlðlþ1Þ
�
;

ð139Þ

implying, bls ¼ lþOðMωÞ. With this parametrization, the
above equation can be solved exactly, yielding
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sR
ðnearÞ
lm ¼ C1

�
z

1þ z

�
iPþ

2F1ð−l̂s þ s; 1þ l̂s þ s; 1þ sþ 2iPþ;−zÞ

þ C2z−iPþ−sð1þ zÞ−iPþ
2F1ð−l̂s − 2iPþ; 1þ l̂s − 2iPþ; 1 − s − 2iPþ;−zÞ: ð140Þ

The above solution involves two arbitrary constants C1 and
C2, which need to be fixed by an appropriate boundary
condition at the horizon. This is discussed in the next
section.

1. Boundary condition at the horizon

As we are studying perturbations of a BH spacetime,
whose distinguishing feature is the presence of an event
horizon, the appropriate boundary conditions are that there
are only purely ingoing modes at the BH horizon.
Considering the z → 0 limit of Eq. (140), we obtain

sR
ðnearÞ
lm ¼ C1ziPþ þ C2z−iPþ−s

≃ C1eiω̄r� þ
C2

Δs e
−iω̄r� : ð141Þ

When combining this near-horizon radial behavior with the
time-dependence in the decomposition of the Weyl scalars
Eq. (135), we see that the term C1 describes purely
outgoing waves near the horizon, while C2 corresponds
to purely ingoing waves [89]. Thus, it follows that C1 ¼ 0
and the near-zone solution becomes

sR
ðnearÞ
lm ¼ Cin

Hz
−iPþ−sð1þ zÞ−iPþ

× 2F1ð−l̂s − 2iPþ; 1þ l̂s − 2iPþ;

1 − s − 2iPþ;−zÞ; ð142Þ

where Cin
H is an overall arbitrary constant. This provides the

near-zone radial perturbation, consistent with the ingoing
boundary condition at the horizon.

2. Solution in the intermediate zone

Having derived the near-zone solution, with appropriate
boundary condition at the horizon, let us consider its
asymptotic limit, in order to determine the solution to
the radial equation in the intermediate zone. In the z → ∞
limit, i.e., in the intermediate zone, the above solution,
presented in Eq. (142), yields

sR
ðnearÞ
lmðintÞ ¼

Cin
HΓð1−s−2iPþÞΓð1þ2l̂sÞ

Γð1þ l̂s−2iPþÞΓð1þ l̂s−sÞ
rl̂s−s

ðrþ−r−Þl̂s−s

þCin
HΓð1−s−2iPþÞΓð−1−2l̂sÞ
Γð−l̂s−2iPþÞΓð−s−l̂sÞ

r−1−l̂s−s

ðrþ−r−Þ−1−l̂s−s
:

ð143Þ

Note that the above solution in the limit of s → 0, exactly
matches with Eq. (111), derived in the context of scalar
perturbations. Thus, the near-zone solution has a growing

mode rbls−s as well as a decaying mode r−bls−1−s, and the
coefficients of these modes must be matched with the
corresponding far-zone solution. Thus, we next consider
the far-zone radial equation.

B. The solution in the far-zone

Consider now the radial Teukolsky equation for generic
spin in the far-zone,

r2
d2sRlm

dr2
þ2ðsþ1ÞrdsRlm

dr
þ½ω2r2þ2isωr−2amω−2isMω−λ�sRlm¼0; ð144Þ

where λ is defined below Eq. (136). At this stage, we
introduce l̃, which is defined as, l̃ðl̃þ 1Þ ¼ λþ 2amωþ
2isMωþ sðsþ 1Þ, such that we obtain

l̃ðl̃þ 1Þ ¼ Elm þ 2isMωþOðM2ω2Þ

¼ lðlþ 1Þ þMω

�
2is −

2ams2

Mlðlþ 1Þ
�

þOðM2ω2Þ; ð145Þ

such that l̃ ¼ lþOðMωÞ, as well as for s ¼ 0,
l̃ ¼ lþOðM2ω2Þ, which is consistent with our results
derived in Sec. III. Given the above definition of l̃, the
solution of the radial Teukolsky equation in the far-zone
becomes

sR
ðfarÞ
lm ¼ e−iωrrl̃−s½B1Uð1þ l̃ − s; 2þ 2l̃; 2iωrÞ

þ B̃2Lð−1þ s − l̃; 1þ 2l̃; 2iωrÞ�: ð146Þ

Here Uða; b; xÞ is the confluent hypergeometric function,
Lða; b; xÞ is the Laguerre polynomial, and B1; B̃2 are
integration constants. It is possible to express the
Laguerre polynomial in terms of the other confluent
hypergeometric functionMða; b; xÞ, yielding the following
expression for the radial function in the far-zone,

sR
ðfarÞ
lm ¼ e−iωrrl̃−s½B1Uð1þ l̃ − s; 2þ 2l̃; 2iωrÞ

þ B2Mð1 − sþ l̃; 2þ 2l̃; 2iωrÞ�: ð147Þ

The confluent hypergeometric function Uða; b; xÞ can be
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expressed in terms of Mða; b; xÞ using Eq. (D1) in Appendix D, and hence we obtain the above far-zone radial function
solely in terms of Mða; b; zÞ as

sR
ðfarÞ
lm ¼e−iωrrl̃−s

��
B2þB1

Γð−1−2l̃Þ
Γð−l̃−sÞ

�
Mð1þ l̃−s;2þ2l̃;2iωrÞþB1

Γð1þ2l̃Þ
Γð1þ l̃−sÞð2iωrÞ

−1−2l̃Mð−s− l̃;−2l̃;2iωrÞ
�
:

ð148Þ

Anticipating that we will ultimately need to identify the
regular and irregular pieces of the radial solution, we
change the integration constants to two new constants
B∞
lm;reg and B∞

lm;irreg defined as linear combinations of B1

and B2,

B2 þ B1

Γð−1 − 2l̃Þ
Γð−l̃ − sÞ ≡ B∞

lm;reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

; ð149Þ

B1ð2iωÞ−1−2l̃
Γð1þ 2l̃Þ

Γð1þ l̃ − sÞ≡ −
�
B∞
lm;irreg

π

�
Γðμ̄Þ

�
ω

2

�
−μ̄
;

ð150Þ

where we have introduced the two constants ν̄ ¼ l̃ − jsj þ
ð1=2Þ and μ̄ ¼ l̃þ jsj þ ð1=2Þ, such that ν̄þ μ̄ ¼ 2l̃þ 1.
In terms of these newly defined constants, B∞

lm;reg and
B∞
lm;irreg, the radial solution for generic spin perturbation in

the far-zone reads

sR
ðfarÞ
lm ¼ e−iωrrl̃−s

×

�
B∞
lm;reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

Mð1þ l̃ − s; 2þ 2l̃; 2iωrÞ

−
B∞
lm;irreg

π

Γðμ̄Þ
r1þ2l̃

�
2

ω

�
μ̄

Mð−s − l̃;−2l̃; 2iωrÞ
�
:

ð151Þ

To determine the integration constants explicitly in terms of
properties of the perturbed BH, we first take the limit of the
far-zone solution to the intermediate zone, where we match
it with the near-zone solution. We also need the limit to the
asymptotic region to match with the EFT.
Note that in the s → 0 limit, ν̄ ¼ lþ ð1=2Þ ¼ μ̄.

Further, we can use Eq. (D4) in Appendix D in order to
express the far-zone solution in terms of Bessel functions of
order lþ ð1=2Þ. One can show that such a computation
directly produces Eq. (113), the far-zone solution for scalar
perturbations. Thus our results are consistent with the
scalar limit.

1. Solution in the intermediate zone

Having derived the general solution to the radial equa-
tion in the far-zone, let us consider the ωr ≪ 1 limit and
determine the solution in the intermediate zone. For this

purpose, we can use the results presented in Eq. (D2) of
Appendix D, such that Eq. (151) reduces to

sR
ðfarÞ
lmðintÞ ¼

B∞
lm;reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

rl̃−s

−
B∞
lm;irreg

π
Γðμ̄Þ

�
ω

2

�
−μ̄
r−1−l̃−s: ð152Þ

Note that, alike the near-zone solution, the above far-zone
solution also has a growing mode ð∼rl̃−sÞ and a decaying
mode ð∼r−1−l̃−sÞ in the intermediate zone. Expressing,
l̃ ¼ bls þ ϵsMω, with

ϵs ¼
�

1

2lþ 1

��
2is

�
1 −

2rþ
M

�
þ 2am

M

�
; ð153Þ

the above intermediate zone solution can be expressed as

RðfarÞ
lmðintÞ ¼

B∞
lm;reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

rbl−sðrþ − r−Þl̃−bl
×

�
1þ ϵsMω ln

�
r

rþ − r−

��

−
B∞
lm;irreg

π
Γðμ̄Þ

�
2

ω

�
μ̄

r−1−bl−sðrþ − r−Þ−l̃þbl
×

�
1 − ϵsMω ln

�
r

rþ − r−

��
: ð154Þ

Note that the power of the growing mode and the decaying
mode in the intermediate zone is identical for both far-zone
and near-zone solutions, and hence the respective coef-
ficients can be properly matched to order OðMωÞ. The
appearance of the ln r term is not new, as it had appeared in
the case of scalar perturbations as well, which can be seen
by noticing that ϵs¼0 ≠ 0. As usual, after matching between
far and near-zone the arbitrary constants cannot be a
function of radius, and hence it seems appropriate to set
r ∼ ω−1. Thus, in the general spin case also there is a
correction of Oðω lnωÞ. As we have already emphasized
earlier, this term can either be a tail effect, with no
connection to the tidal field, or, it can arise from possible
mismatch between near-zone and far-zone computation
within the linear-in-ω approximation scheme. Hence, we
will ignore the logarithmic piece and, hopefully, this can be
better understood in the future using the MST method [83].
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2. Solution in the asymptotic region

In order to find the matching of the perturbation theory
approach with the EFT techniques we need to consider the
asymptotic limit of the far-zone solution. For this purpose,
we will first reexpress the far-zone solution in terms of
Bessel functions, and then we will take the asymptotic
limit. Therefore, to obtain the far-zone solution in terms of
Bessel functions one can use the identities within
Appendix D, presented in Eq. (D6) and Eq. (D7). Using
these relations, we obtain, for generic spin,

Mð1þ l̃ − s; 2þ 2l̃; 2iωrÞ ¼ Γðν̄þ 1Þeiωr
�
iωr
2

�
−ν̄

×
X2jsj
k¼0

gkIν̄þkðiωrÞ; ð155Þ

where, IαðxÞ is the modified Bessel function, ν̄ ¼ l̃ − jsj þ
ð1=2Þ has already been introduced earlier and the coef-
ficient gk has the following expression:

gk ≡
�
s
jsj
�

k ðν̄þ kÞ
ν̄

Γð2ν̄þ kÞ
Γð2ν̄Þ

×
Γð2ν̄þ 1þ 2jsjÞ

Γð2ν̄þ 1þ 2jsj þ kÞ
ð−2jsjÞk

k!
; ð156Þ

where ðaÞk is the Pochhammer symbol. Along identical
lines, the other confluent hypergeometric function appear-
ing in Eq. (151) can also be written as

Mð−s − l̃;−2l̃; 2iωrÞ ¼ Γð1 − μ̄Þeiωr
�
iωr
2

�
μ̄

×
X2jsj
k¼0

g̃kI−μ̄þkðiωrÞ; ð157Þ

where μ̄ ¼ l̃þ jsj þ ð1=2Þ has also been defined earlier,
and the coefficient g̃k reads

g̃k ¼
�
s
jsj
�

k ð−μ̄þ kÞ
−μ̄

Γð−2μ̄þ kÞ
Γð−2μ̄Þ

×
Γð−2μ̄þ 1þ 2jsjÞ

Γð−2μ̄þ 1þ 2jsj þ kÞ
ð−2jsjÞk

k!

¼
�
s
jsj
�

k ðμ̄ − kÞ
μ̄

Γð1þ 2μ̄Þ
Γð1þ 2μ̄ − kÞ

Γð2μ̄ − 2jsj − kÞ
Γð2μ̄ − 2jsjÞ :

ð158Þ

Therefore, using Eq. (155) and Eq. (157) in Eq. (151),
the far zone solution in the asymptotic regime takes the
form,

sR
ðfarÞ
lmð∞Þ ¼ i−ν̄B∞

lm;regr
jsj−s−1

2

X2jsj
k¼0

gkIν̄þkðiωrÞ

− iμ̄
B∞
lm;irreg

π
Γðμ̄ÞΓð1 − μ̄Þrjsj−s−1

2

×
X2jsj
k¼0

g̃kI−μ̄þkðiωrÞ: ð159Þ

We next use the following relations between the
modified Bessel functions and the Bessel functions of
the first and second kinds given by Iν̄þkðiωrÞ ¼
ikþν̄Jν̄þkðωrÞ and I−μ̄þkðiωrÞ ¼ i−μ̄þkJ−μ̄þkðωrÞ, and the
identity Γðμ̄ÞΓð1 − μ̄Þ ¼ fπ= sinðπμ̄Þg. Upon using these
identities, the far-zone solution can be expressed in terms of
Bessel functions as

sR
ðfarÞ
lm ¼ B∞

lm;reg

r−jsjþsþ1
2

X2jsj
k¼0

ikgkJν̄þkðωrÞ

−
B∞
lm;irreg

r−jsjþsþ1
2

X2jsj
k¼0

ikg̃k
J−μ̄þkðωrÞ
sinðπμ̄Þ : ð160Þ

This explains the labeling of the constants B∞
lm;reg and

B∞
lm;irreg, as these are the coefficients of Jν̄þkðωrÞ (regular in

the ωr → 0 limit), and J−μ̄þkðωrÞ (irregular in the
ωr → 0 limit), respectively. In the s → 0 limit, only k ¼
0 contributes to the sum, and g0 ¼ 1 ¼ g̃0. Moreover, in the
case of s → 0, Jν̄þkðωrÞ → Jlþ1=2ðωrÞ, as well as
J−μ̄þkðωrÞ= sinðπμ̄Þ → Ylþ1=2ðωrÞ. Thus it follows that
we get back the results of Eq. (113), and our results are
consistent with the scalar perturbation derived earlier.
Having expressed the far-zone solution in terms of

Bessel function, we will now consider the large r limit.
Expressing l̃ ¼ lþ ϵlMω, where

ϵl ¼
�

1

2lþ 1

��
2is −

2ams2

Mlðlþ 1Þ
�
; ð161Þ

we obtain the following asymptotic expansion of the Bessel
functions:

Jν̄þkðωrÞ ¼
ffiffiffiffiffiffiffiffi
2

πωr

r �
sin

�
ωr −

π

2
ðl − jsjÞ

�
cos

�
π

2
ðkþ ϵlMωÞ

�
− cos

�
ωr −

π

2
ðl − jsjÞ

�
sin

�
π

2
ðkþ ϵlMωÞ

��
; ð162Þ
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J−μ̄þkðωrÞ ¼
ffiffiffiffiffiffiffiffi
2

πωr

r �
cos

�
ωr −

π

2
ðl − jsjÞ

�
cos

�
π

2
ðkþ ϵlMωÞ

�
− sin

�
ωr −

π

2
ðl − jsjÞ

�
sin

�
π

2
ðkþ ϵlMωÞ

��
× ð−1Þlþk:

ð163Þ

Therefore, the asymptotic behavior of the far-zone radial function can also be expressed in terms of sinusoidal functions.
This is useful in the context of EFT in order to deal with the issue of mode mixing, as discussed below. Substituting the
asymptotic expansions Eq. (162) and Eq. (163) into Eq. (160) leads to the following asymptotic behavior of the radial
function:

sR
ðfarÞ
lmð∞Þ ¼

ffiffiffiffiffiffi
2

πω

r
sin½ωr−π

2
ðl− jsjÞ�

r−jsjþsþ1

�
B∞
lm;reg

X2jsj
k¼0

ikgkcos

�
π

2
ðkþϵlMωÞ

�
þð−1ÞjsjB∞

lm;irreg

X2jsj
k¼0

ð−iÞkg̃k sin
�
π

2
ðk−ϵlMωÞ

��

−
ffiffiffiffiffiffi
2

πω

r
cos½ωr−π

2
ðl− jsjÞ�

r−jsjþsþ1

�
B∞
lm;reg

X2jsj
k¼0

ikgk sin
�
π

2
ðkþϵlMωÞ

�
þð−1ÞjsjB∞

lm;irreg

X2jsj
k¼0

ð−iÞkg̃kcos
�
π

2
ðk−ϵlMωÞ

��
:

ð164Þ
In the limit s → 0, the summations in the above expression no longer exists and gkðs ¼ 0Þ ¼ g0 ¼ 1 ¼ g̃kðs ¼ 0Þ ¼ g̃0.
Further, as ϵl → 0 for scalar perturbation, as well as cos½πðl̃þ jsjÞ� → ð−1Þl, it follows that the asymptotic radial function
reduces to the one presented in Eq. (115), thus verifying that the s → 0 limit correctly recovers the results of the previous
section for scalar perturbation of Kerr BHs.

C. Matching in the intermediate zone

The limit of the far-zone solution in the intermediate zone, given by Eq. (154), can be matched with the limit of the near-
zone solution in the intermediate zone, presented in Eq. (143). This yields the following relations between the coefficients of
the growing and decaying modes in the near and the far-zone solutions:

B∞
lm;reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

¼ Cin
H

ðrþ − r−Þl̃−s
�

Γð1 − s − 2iPþÞΓð1þ 2blsÞ
Γð1þ bls − 2iPþÞΓð1þ bls − sÞ

�
; ð165Þ

B∞
lm;irreg

π
Γðμ̄Þ

�
2

ω

�
μ̄

¼ −
Cin
H

ðrþ − r−Þ−1−l̃−s
�
Γð1 − s − 2iPþÞΓð−1 − 2blsÞ
Γð−bls − 2iPþÞΓð−s − blsÞ

�
: ð166Þ

From the far-zone solution Eq. (154), we note that D∞
lm;irreg is the coefficient of the decaying mode in r and D∞

lm;reg is the
coefficient of the growing mode in r, and hence the ratio of the decaying to the growing mode must be related to the
response function. Thus we explicitly state the corresponding ratio between the growing and the decaying mode,

B∞
lm;irreg

B∞
lm;reg

¼ ð−1Þsþ1

�
ωðrþ − r−Þ

2

�
2l̃þ1 sin½πbls þ 2iπPþ�

2 cosðπblsÞ

×

�
Γð1þ bls − 2iPþÞΓð1þ bls − sÞΓð1þ bls þ sÞΓð1þ bls þ 2iPþÞ

Γð2þ 2blsÞΓð1þ 2blsÞΓðμ̄ÞΓð1þ ν̄Þ

�
: ð167Þ

This provides the desired relation between the regular and the irregular piece for generic spin perturbations arising from BH
perturbation theory alone. In the s → 0 limit, we obtain l̃ → l, bls → bl and ν̄ ¼ μ̄ ¼ lþ ð1=2Þ, such that the right-hand
side of Eq. (167) reproduces Eq. (119). We now proceed to discuss the connection of the asymptotic limit of the far-zone
solution to the EFT.

D. Matching with EFT

We now want to match the EFT radial function in Eq. (96) with the asymptotic expression of the BH perturbation theory
radial function in the far-zone in Eq. (164), for the gravitational case (s ¼ −2). The electromagnetic case follows in a similar
fashion and is thus not discussed in detail here. In order to match BH perturbation theory and EFTwe note that Eq. (164) can
also be expressed as
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−2R
ðfarÞ
lmð∞Þ ¼ i−lω2

e−iωðt−rÞ

ωr

�
B∞
lm;reg

32ilðl − 1Þ
ð3þ 8lþ 4l2Þω

þB∞
lm;irreg

32lðlþ 1Þ
ð3 − 8lþ 4l2Þω

�
: ð168Þ

The regular and irregular pieces match directly with those
in Eq. (96) after expanding spin weighted (s ¼ −2)
spheroidal harmonics into spin weighted spherical
harmonics.
To proceed further, it is convenient to redefine the

integration constants in Eq. (168) as

B̄∞
lm;reg ¼ B∞

lm;reg
64lðl − 1Þ

ð3þ 8lþ 4l2Þω ;

B̄∞
lm;irreg ¼ −B∞

lm;irreg
64lðlþ 1Þ

ð3 − 8lþ 4l2Þω : ð169Þ

Then, we can write

ψ4 ¼ ð−1Þlω2
e−iωðt−rÞ

ωr

X∞
l¼2

il−2B̄lm
out−2Slmðθ;ϕÞ; ð170Þ

where B̄lm
out ¼ ð1=2ÞðB̄lm

irreg − iB̄lm
regÞ. The coefficients can

now be directly identified by comparing with Eq. (96). This
yields

Dlm ¼ ð−1ÞlB̄lm; ð171Þ

which is valid for both regular and irregular coefficients.
One can then follow the analysis in Sec. II B to compute the
tidal-response coefficients in EFT which are a priori
defined in spherical harmonic basis. Here, we will restrict
to computing the tidal response coefficients in the sphe-
roidal harmonic basis.

E. Tidal response function

The determination of the dynamical tidal response
function of a Kerr BH under generic spin perturbation
follows an identical route to that adopted in the scalar case.
The regular solution encodes the tidal field, while the
irregular solution, which is sourced by a delta function at
the origin, corresponds to the quadrupole moment. Using
the results obtained by matching with the EFT, provided in
the previous section, BH perturbation theory tidal response
function reads

−2λlm ¼ ðMωÞ−2l−1 D
lm
irreg

Dlm
reg

¼ ðMωÞ−2l−1 B̄
lm
irreg

B̄lm
reg

¼ −ðMωÞ−2l−1 ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

�
Blm
irreg

Blm
reg

¼
�
rþ − r−
2M

�
2lþ1

�
ωðrþ − r−Þ

2

�
2ðl̃−lÞ ðlþ 1Þ

ðl − 1Þ
�
3þ 8lþ 4l2

3 − 8lþ 4l2

�
sin½πbls þ 2iπPþ�

2 cosðπblsÞ

×

�
Γð1þ bls − 2iPþÞΓð1þ bls − sÞΓð1þ bls þ sÞΓð1þ bls þ 2iPþÞ

Γð2þ 2blsÞΓð1þ 2blsÞΓðμ̄ÞΓð1þ ν̄Þ

�
: ð172Þ

Note that fωðrþ − r−Þg2ðl̃−lÞ ¼ 1þ 2ϵlMω lnfωðrþ−
r−Þg ≃ 1, as we are ignoring terms of Oðω lnωÞ. Given
the above, we first consider a rescaled response function

sF̃ lm, related to the original response function as

−2λ̃lm ¼ 1

π

�
2M

rþ − r−

�
2lþ1 ðl − 1Þ

ðlþ 1Þ
�
3 − 8lþ 4l2

3þ 8lþ 4l2

�
× Γðlþ 5=2ÞΓðl − 1=2Þ−2λlm: ð173Þ

Using the results from Appendix E, and ignoring terms of
Oðω lnωÞ and OðM2ω2Þ we obtain up to linear order in
Mω,

−2λ̃lm ¼ −2λ̃statlm þ −2λ̃
dyn
lmMω; ð174Þ

where the stationary response function yields (see
Appendix E)

−2λ̃statlm ¼ iPaþ
ðl − sÞ!ðlþ sÞ!
ð2lþ 1Þ!ð2lÞ!

Yl
n¼1

fn2 þ 4ðPaþÞ2g; ð175Þ

with Paþ defined in Eq. (E2). This result matches with
earlier results in the literature [8,64,69]. As evident, the
above expression is purely imaginary and hence the tidal
Love numbers of a Kerr BH under general perturbations
identically vanish. The dynamical response function, as in
Eq. (174), reads (see Appendix E)
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−2λ̃
dyn
lm ¼Paþ

ðl−sÞ!ðlþsÞ!
ð2lþ1Þ!ð2lÞ!

Yl
n¼1

fn2þ4ðPaþÞ2g
��

πΔlþ2iπPωþ
Mω

�
cothð2πPaþÞ

−
�
2Pωþ
Mω

�
fΨð1þlþ2iPaþÞ−Ψð1þl−2iPaþÞg− iϵlfΨðμ̄eÞþΨð1þ ν̄eÞg

þ i

�
Δl
Mω

�
fΨð1þl−2iPaþÞþΨð1þl−sÞþΨð1þlþsÞþΨð1þlþ2iPaþÞ−2Ψð2þ2lÞ−2Ψð1þ2lÞg

�
:

ð176Þ

Given the above response functions, the conservative and dissipative tidal responses are the real and imaginary parts of
Eq. (174). We substitute the expressions for the quantities ϵl, Δl, Pωþ from Eq. (161), Eq. (E3), and Eq. (E2) respectively,
and define the dissipative coefficients to linear order in frequency by

−2ν̃statlm þMω−2ν̃
dyn
lm ¼ Im½−2λ̃lm�: ð177Þ

We find that the stationary part of the response function is purely imaginary and

−2ν̃statlm ¼ Paþ
ðl − sÞ!ðlþ sÞ!
ð2lþ 1Þ!ð2lÞ!

Yl
n¼1

fn2 þ 4ðPaþÞ2g: ð178Þ

The dynamical part of the dissipation function from Eq. (176) is

−2ν̃
dyn
lm ¼ −2ν̃statlm

��
4πsrþ

Mð2lþ 1Þ þ
4πrþ

rþ − r−

�
cothð2πPaþÞ −

�
4rþ

rþ − r−

�
Im fΨð1þ lþ 2iPaþÞ −Ψð1þ l − 2iPaþÞg

þ 2ams2

Mlðlþ 1Þð2lþ 1Þ fΨðμ̄eÞ þ Ψð1þ ν̄eÞg −
2am

Mð2lþ 1Þ
�
1þ s2

lðlþ 1Þ
�
fΨð1þ l − 2iPaþÞ þ Ψð1þ l − sÞ

þΨð1þ lþ sÞ þ Ψð1þ lþ 2iPaþÞ − 2Ψð2þ 2lÞ − 2Ψð1þ 2lÞg
�
: ð179Þ

Similarly, the conservative part of the response has the low-frequency expansion,

−2k̃lm ¼ 1

2
Re½−2λ̃lm� ¼ −2k̃statlm þMω−2k̃

dyn
lm : ð180Þ

As discussed above, −2k̃statlm ¼ 0 for a Kerr background, while the dynamical coefficient reads

−2k̃
dyn
lm ¼−2 ν

stat
lm

�
−

mχ

ð2lþ 1Þ
�
1þ s2

lðlþ 1Þ
�
π cothð2πPaþÞ

þ s
2lþ 1

fΨðμ̄eÞ þ Ψð1þ ν̄eÞg þ
2srþ

Mð2lþ 1Þ fΨð1þ l − sÞ þ Ψð1þ lþ sÞ

þ Re½Ψð1þ l − 2iPaþÞ þΨð1þ lþ 2iPaþÞ� − 2Ψð2þ 2lÞ − 2Ψð1þ 2lÞg
�
: ð181Þ

Here Ψ denotes the digamma function. One can straightforwardly check that the above expression reduces to Eq. (130) in
the limit s → 0. Moreover, note that in the limit of a → 0, the dynamical coefficient at linear order inMω vanishes, which is
also consistent with the previous results in the literature [37,68,80]. In addition, for axisymmetric perturbations, i.e., for
m ¼ 0, we obtain Paþ ¼ 0, and hence the dynamic tidal response function vanishes identically up to linear order in Mω.
Note that unlike the case of the dynamical tidal Love number, the dynamical dissipation number depends explicitly on
ðrþ − r−Þ−1, and hence is ill-behaved in the extremal limit. We will discuss these issues in a subsequent paragraph. All in
all, the above provides the complete expressions for the stationary as well as dynamic Love numbers and dissipation
numbers for a Kerr BH under arbitrary perturbations.
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We would like to point out one interesting feature
of the above dynamical response function in this regard.
First of all, note that the term involving sinusoidal functions
in Eq. (172) can be expressed as ð1=2Þ sinhð2πPþÞ
½1þOðMωÞ�. Similarly, the following combination of
gamma functions becomes Γð1 þ bls þ 2iPþÞΓð1 þ bls−
2iPþÞ ¼ f2πPþ= sinhð2πPþÞg

Ql
k¼1ðk2 þ 4P2þÞ ½1þ

OðMωÞ�. Hence the overall scaling of the dynamical
response function and of the dynamical TLNs becomes
iPþ

Ql
k¼1ðk2 þ 4P2þÞ. Recalling the definition of Pþ from

Eq. (105), this shows that the response function changes

sign as the frequency crosses the superradiant bound
mΩH.
Finally note that the expression for the dynamical

response function as in Eq. (176) is ill-behaved in the
extremal limit. This is a consequence of the fact that in the
extremal limit, fPaþ; Pωþg → ∞, and rþ → r−. The diver-
gent behavior of the response function in Eq. (176) in the
extremal limit arises from the fact that in deriving Eq. (176)
we had assumed Pωþ ≪ 1, which is not true in this limit.
However, the physical response is finite for extremal spins,
as can be seen from an alternative expression for the
dynamical response function we calculated

−2λlm ¼ iP̃þ

�
π

Γðlþ 5=2ÞΓðl − 1=2Þ
� ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

� ðl − sÞ!
ð2lþ 1Þ!ð2lÞ!

Yl
j¼1

�
j2
�
rþ − r−
2M

�
2

þ 4P̃2þ

�

× ½1 − iπΔls cothð2πPþÞ�½1þ Δlsf2Ψð1þ l − sÞ − 2Ψð2þ 2lÞ − 2Ψð1þ 2lÞg
− ϵlfΨðlþ 5=2Þ þΨðl − 1=2Þg�: ð182Þ

The well-behaved-ness can be first apprehended from the definition of the quantity P̃þ ¼ rþω − ðam=2MÞ, which
approaches finite values in the extremal limit. In fact, in the extremal limit, rþ → r− → M, along with a ¼ M, the above
response function for gravitational perturbation becomes

−2λlm ¼ −im2lþ1

�
1 − ð2lþ 1Þ 2Mω

m

��
π

2Γðlþ 5=2ÞΓðl − 1=2Þ
� ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

� ðl − sÞ!
ð2lþ 1Þ!ð2lÞ!

× ½1 − iπΔls�½1þ Δlsf2Ψð1þ l − sÞ − 2Ψð2þ 2lÞ − 2Ψð1þ 2lÞg − ϵlfΨðlþ 5=2Þ þΨðl − 1=2Þg�; ð183Þ

where we have used the result that in the Pþ → ∞ limit,
cothð2πPþÞ → 1, and at the same time we have replaced
Γð1þ bls � 2iPþÞ by Γð1þ l� 2iPþÞ, where we have
ignored theOðMωÞ term as Pþ ≫ 1. We will compute now
the extremal case in an explicit manner and shall match the
respective results with the expression of the dynamical
response function as presented above.

V. GENERIC SPIN PERTURBATION OF AN
EXTREMAL KERR BLACK HOLE

In this section we would like to briefly touch upon the
dynamical tides for an extremal Kerr BH. In this case, the
spin length a is the same as the mass a ¼ M and the two
horizons coincide. Thus, we have Δ ¼ ðr − rþÞ2, with
rþ ¼ M ¼ a. Note that, since for an extremal Kerr BH
rþ ¼ r−, the coordinate z introduced in Eq. (103) and
used in all previous calculations vanishes and thus cannot
be used for studying the extremal case. Instead, we
introduce a new radial coordinate y≡ ðr=rþÞ − 1 and
express the Teukolsky equation in the Boyer-Lindquist
coordinate as

y2
d2sR

ðBLÞ
lm

dy2
þ 2ðsþ 1Þy dsR

ðBLÞ
lm

dy
þ
�
K2 − 2isKrþy

r2þy2

þ 4isωrþð1þ yÞ − λ

�
sR

ðBLÞ
lm ¼ 0: ð184Þ

Here, the superscript to the radial coordinate denotes that
the radial function is expressed in the Boyer-Lindquist
coordinate system. It turns out that in the near-zone region,
the above equation does not admit an analytic solution.
However, when switching to advanced null coordinates
ðv; r; θ; ϕ̃Þ, where dv ¼ dtþ fðr2 þ a2Þ=Δgdr and
dϕ̃ ¼ dϕþ ða=ΔÞdr, the Teukolsky equation can be
solved in the near-zone region. On the other hand, the
solution of the Teukolsky equation in the far-zone is best
solved in Boyer-Lindquist coordinates, rather than in
advanced null coordinates. Thus we will solve the near-
zone Teukolsky equation in null coordinates, while the far-
zone Teukolsky equation is considered in Boyer-Lindquist
coordinates.
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A. Near-zone solution

Under the near-zone approximation (Mω ≪ 1 and
Mωy ≪ 1), we have, K ≈ ðr2þ þ a2Þω − am, and
ωr ≈ ωrþ, such that the radial Teukolsky equation
Eq. (184) in the ingoing null coordinates becomes

y2
d2sR

ðEFÞ
lm

dy2
þ ½2ðsþ 1Þy − 2iP̃þ�

dsR
ðEFÞ
lm

dy

þ
�
−
4isP̃þ

y
− λ

�
sR

ðEFÞ
lm ¼ 0: ð185Þ

Here, the superscript implies the use of Eddington-
Finkelstein like coordinates. In addition, we have intro-
duced P̃þ ¼ 2Mω̄, where ω̄ ¼ ω − ðma=2M2Þ is the fre-
quency in the co-rotating frame of reference. Moreover, the

radial function sR
ðEFÞ
lm in ingoing null coordinates is related

to the radial function sR
ðBLÞ
lm in the Boyer-Lindquist

coordinate system through the following transformation:

sR
ðBLÞ
lm ¼ e−iωr�eimr̃

sR
ðEFÞ
lm , where r� is the Tortoise coor-

dinate and dr̃≡ ða=ΔÞdr. Further note that, the separation
constant λ is given by λ ¼ bleðble þ 1Þ − sðsþ 1Þ.
Therefore, the radial Teukolsky equation in the near zone,
in ingoing null coordinates, takes the following final form:

y2
d2sR

ðEFÞ
lm

dy2
þ½2ðsþ1Þy−2iP̃þ�

dsR
ðEFÞ
lm

dy

þ
�
−
4isP̃þ

y
− l̂eðl̂eþ1Þþsðsþ1Þ

�
sR

ðEFÞ
lm ¼0; ð186Þ

which has the following solution in terms of confluent
hypergeometric functions:

sR
ðEFÞ
lm ¼ Ayble−sM�

−ble − s;−2ble;−
2iP̃þ
y

�

þ By−1−s−bleM�
1þ ble − s; 2þ 2ble;−

2iP̃þ
y

�
:

ð187Þ

Here, Mða; b; zÞ is the confluent hypergeometric function
and ble is related to the angular momentum such that

ble ¼ l −
2Mω

2lþ 1

�
mχ

�
1þ s2

lðlþ 1Þ
��

þOðM2ω2Þ:

ð188Þ

Note that, ble − l ¼ bls − l, which for s ¼ 0 reduces tobl − l. Thus the renormalized angular momentum in the
extremal case behaves identically to that in the nonextremal
case. Given the near-zone solution we will now take the
near-horizon limit and hence impose appropriate boundary

conditions at the horizon, and then we take the asymptotic
limit for matching with the far-zone solution at the
intermediate zone.

1. The limit to the horizon

We first consider the near-horizon limit, which corre-
sponds to y → 0. In this case, using Eq. (D3) in
Appendix D, the radial function in the limit towards the
horizon becomes

sR
ðEFÞ
lm jhor ¼ y−2s

�
A
Γð−2bleÞ
Γðs − bleÞ

e�iπðbleþsÞð−2iP̃þÞbleþs

þB
Γð2þ 2bleÞ

Γð1þ ble þ sÞ
e∓iπð1þble−sÞð−2iP̃þÞ−1−bleþs

�

þ e−
2iP̃þ
y

�
A

Γð−2bleÞ
Γð−s − bleÞ

ð−2iP̃þÞble−s
þB

Γð2þ 2bleÞ
Γð1þ ble − sÞ

ð−2iP̃þÞ−1−ble−s
�
: ð189Þ

For an extremal BH, the ingoing solution of the radial
Teukolsky function behaves as Δ−s ≈ y−2s, and the out-
going solution takes the form e−2iP̃þ=y. Since for BHs there
are no outgoing solutions at the horizon, it follows that the
coefficient of expð−2iP̃þ=yÞ must vanish. Hence the ratio
(B=A) takes the following form:

B
A
¼ −

Γð−2bleÞΓð1þ ble − sÞ
Γð−ble − sÞΓð2þ 2bleÞ

ð−2iP̃þÞ1þ2ble : ð190Þ

Therefore, by substituting the ratio (B=A) in Eq. (187), the

radial function sR
ðEFÞ
lm , purely ingoing at the BH horizon,

becomes

sR
ðEFÞ
lm ¼ Ayble−s�M�

−ble − s;−2ble;−
2iP̃þ
y

�

−
Γð−2bleÞΓð1þ ble − sÞ
Γð−ble − sÞΓð2þ 2bleÞ

�
−2iP̃þ

y

�
1þ2ble

×M

�
1þ ble − s; 2þ 2ble;−

2iP̃þ
y

��
: ð191Þ

This yields the solution of the radial Teukolsky equation in
the near-zone, which is purely ingoing at the BH horizon.
The next step is to take the asymptotic limit and hence
determine the behavior of the radial solution in the inter-
mediate-zone, to be matched with the far-zone solution.

2. Extension to the intermediate zone

In order to arrive at the intermediate zone, we take the
limit y → ∞ of Eq. (191), which implies that the argument
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of the confluent hypergeometric functions must vanish, and
since limz→0Mða; b; zÞ ¼ 1, we obtain

sR
ðEFÞðintÞ
lm ¼ A

�
r
rþ

�
l̂e−s

�
1þ Γð−2l̂eÞΓð1þ l̂e − sÞ

Γð−l̂e − sÞΓð2þ 2l̂eÞ

×

�
rþ
r

�
1þ2l̂eð2iP̃þÞ1þ2l̂e

�
: ð192Þ

Here, we have expressed y ≈ ðr=rþÞ, leading to the
standard behavior of the radial function, with one part

growing as rble−s, and another part is decaying as r−1−ble−s.
Since ble is a complex quantity, the analytical continuation
is automatically satisfied, and hence the above neatly
separates the tidal part from the response.

B. Far-zone Solution and matching at intermediate zone

The far-zone solution, on the other hand, is identical for
nonextremal and extremal BHs, as the asymptotic behavior
is identical with the rotation parameter a set to be equal to

the massM everywhere. Therefore, the far-zone solution is
still given by Eq. (151), but in Boyer-Lindquist coordi-
nates. The small r limit of the far-zone solution is then
explicitly given by

sR
ðBLÞ
lmðintÞ ¼

C∞
reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

rl̃−s

−
C∞
irreg

π
Γðμ̄Þ

�
ω

2

�
−μ̄
r−1−l̃−s; ð193Þ

where μ̄ ¼ l̃þ jsj þ ð1=2Þ and ν̄ ¼ l̃ − jsj þ ð1=2Þ, with
l̃ being defined by Eq. (145). The above small r expansion
of the far-zone solution can now be matched with Eq. (192),
yielding

C∞
reg

Γðν̄þ 1Þ
�
ω

2

�
ν̄

¼ AMs−l̃; ð194Þ

C∞
irreg

π
Γðμ̄Þ

�
ω

2

�
−μ̄
M−1−l̃−s ¼ A

Γð1 − sþ bleÞ
Γð−s − bleÞ

Γð−2bleÞ
Γð2þ 2bleÞ

ð−2iP̃þÞ2bleþ1: ð195Þ

We note that there are extra factors of expð−iωr�Þ and expðimr̃Þ in the connection formulae, due to converting the radial
function in Boyer-Lindquist to advanced null coordinates, where ðdr�=drÞ ¼ fðr2 þ a2Þ=Δg and ðdr̃=drÞ ¼ ða=ΔÞ.
However, in the far-zone, neither of these contributes. From the above connection formulas, we finally obtain

C∞
irreg

C∞
reg

¼ Γð1 − sþ bleÞ
Γð−s − bleÞ

Γð−2bleÞ
Γð2þ 2bleÞ

ð−4iMω̄Þ2l̂eþ1
π

Γðμ̄ÞΓðν̄þ 1Þ
�
Mω

2

�
2l̃þ1

: ð196Þ

Using the identities involving gamma functions, we can reexpress the above expression as

C∞
irreg

C∞
reg

¼ Γð1 − sþ bleÞ
Γð2þ 2bleÞ

Γð1þ sþ bleÞ
Γð1þ 2bleÞ

ð−4iMω̄Þ2l̂eþ1
πð−1Þsþl

2Γðμ̄ÞΓðν̄þ 1Þ
�
Mω

2

�
2l̃þ1

: ð197Þ

This provides the matching between the two zones in BH
perturbation theory. We now consider matching of the far-
zone in BH perturbation theory with the EFT solution and
hence obtain the gauge invariant dynamical response
function.

C. EFT and asymptotic matching: The response
functions

The EFT action and the subsequent computations per-
formed in Sec. II can be directly applied here, or, in other

words, the EFT of an extremal BH is identical to that in the
context of nonextremal BHs. Hence all the results from the
EFT calculations also hold in the extremal case. Below we
discuss the case for scalar, as well as for gravitational
perturbation.

1. Scalar perturbation

For scalar perturbations, using the EFT results from
Sec. II, the BH perturbation theory tidal response function
turns out to be
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λextlm ¼
�

1

Mω

�
2lþ1 Γð1þ bleÞ

Γð2þ 2bleÞ
Γð1þ bleÞ
Γð1þ 2bleÞ

ð−4iMω̄Þ2bleþ1
πð−1Þlþ1

2Γðlþ 1=2ÞΓðlþ 3=2Þ
�
Mω

2

�
2lþ1

¼ ð−1Þlþ1π

22lþ2
×

�
Γð1þ bleÞ
Γð2þ 2bleÞ

Γð1þ bleÞ
Γð1þ 2bleÞ

�
×

ð2im − 4iMωÞ1þ2ble
Γðlþ 1=2ÞΓðlþ 3=2Þ : ð198Þ

Expanding ble in powers of Mω, we can rewrite the above response function up to linear orders in Mω as

λextlm ¼ −im2lþ1 ×
π

2
×

� ðl!Þ2
ð2lÞ!ð2lþ 1Þ!

�
×

f1 − ð2lþ 1Þ 2Mω
m g

Γðlþ 1=2ÞΓðlþ 3=2Þ
× ½1þ Δlef2Ψð1þ lÞ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg�ð1 − iπΔleÞ: ð199Þ

Further, since Δle ¼ Δl, a comparison between Eq. (199) and Eq. (134) shows that the scalar response for extremal BH
matches with the extremal limit of nonextremal BH.

2. Gravitational perturbation

The response function associated with the gravitational perturbation of an extremal Kerr BH, using the EFT matching
used in Sec. IV D, takes the following form:

−2λextlm ¼ −ðMωÞ−2l−1 ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

�
C∞
irreg

C∞
reg

¼ −ðMωÞ−2l−1 ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��
Γð3þ bleÞΓðble − 1Þ

Γð2þ 2bleÞΓð1þ 2bleÞ

�

× ð−4iMω̄Þ2bleþ1
πð−1Þl

2Γðμ̄ÞΓðν̄þ 1Þ
�
Mω

2

�
2l̃þ1

: ð200Þ

This can be further simplified to yield

−2λextlm ¼ πð−1Þlþ1

22lþ2

ð2im − 4iMωÞ1þ2l̂e

Γðlþ 5=2ÞΓðl − 1=2Þ
ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��ðlþ 2Þ!ðl − 2Þ!
ð1þ 2lÞ!ð2lÞ!

�
× ½1þ ΔlefΨð3þ lÞ þ Ψðl − 1Þ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg�½1 − ϵlMωfΨðΨðlþ 5=2Þ þ Ψðl − 1=2Þg�

¼ −i
πm2lþ1

2

ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��ðlþ 2Þ!ðl − 2Þ!
ð1þ 2lÞ!ð2lÞ!

�
×

1

Γðlþ 5=2ÞΓðl − 1=2Þ
× ½1þ ΔlefΨð3þ lÞ þ Ψðl − 1Þ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg�½1 − ϵlMωfΨðlþ 5=2Þ þΨðl − 1=2Þg�

ð201Þ

× ½1 − iπΔle�
�
1 −

2Mωð1þ 2lÞ
m

�
: ð202Þ

Note that the above expression exactly matches with the result obtained in Eq. (183), and hence for gravitational
perturbation as well the response function for extremal BH coincides with the response function of nonextremal BH in the
extremal limit.
The above response function can also be expressed as −2λextlm ¼ −2λ

ext ðstatÞ
lm þMω−2λ

ext ðdynÞ
lm . Substituting ω ¼ 0 in the

above expression for the dynamical response function, we obtain the stationary case, for which the response function
becomes

−2λ
ext ðstatÞ
lm ¼ −i

πm2lþ1

2

ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��ðlþ 2Þ!ðl − 2Þ!
ð1þ 2lÞ!ð2lÞ!

�
×

1

Γðlþ 5=2ÞΓðl − 1=2Þ : ð203Þ

As evident, this response function is purely imaginary, thereby leading to vanishing stationary TLNs for extremal Kerr BH.
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The dynamical response function, on the other hand, is given by

−2λ
ext ðdynÞ
lm ¼ −2λ

ext ðstatÞ
lm

�
−
2ð2lþ 1Þ

m
−
�

1

2lþ 1

��
−4i −

8m
lðlþ 1Þ

�
fΨðlþ 5=2Þ þ Ψðl − 1=2Þg

−
2m

ð2lþ 1Þ
�
1þ 4

lðlþ 1Þ
�
fΨð3þ lÞ þΨðl − 1Þ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞ − iπg

�
: ð204Þ

Since the static response function is purely imagniary, it follows that the dynamical response function has both real and
imaginary parts, i.e., atOðMωÞ, extremal BH has non-zero TLNs as well as nonzero dissipation numbers. Starting with the
TLNs, we obtain

−2kextlm ¼ −2k
ext ðstatÞ
lm þMω−2k

ext ðdynÞ
lm ; ð205Þ

where, −2kextlm ¼ ð1=2ÞRe−2λextlm. As already discussed, the static part of the response function is purely imaginary, and hence
the static TLNs vanish identically. The dynamical part is given by

−2k
ext ðdynÞ
lm ¼ πm2lþ1

2

ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��ðlþ 2Þ!ðl − 2Þ!
ð1þ 2lÞ!ð2lÞ!

�
×

1

Γðlþ 5=2ÞΓðl − 1=2Þ

×

��
8

2lþ 1

�
fΨðlþ 5=2Þ þ Ψðl − 1=2Þg þ 2mπ

ð2lþ 1Þ
�
: ð206Þ

The dissipation numbers, on the other hand, are defined as, −2νextlm ¼ Im −2λ
ext
lm. This has a nonzero static and dynamical

parts, these are given by

−2ν
ext ðstatÞ
lm ¼ −

πm2lþ1

2

ðlþ 1Þ
ðl − 1Þ

�
3þ 8lþ 4l2

3 − 8lþ 4l2

��ðlþ 2Þ!ðl − 2Þ!
ð1þ 2lÞ!ð2lÞ!

�
×

1

Γðlþ 5=2ÞΓðl − 1=2Þ ; ð207Þ

−2ν
ext ðdynÞ
lm ¼ −2ν

ext ðstatÞ
lm

�
−
2ð2lþ 1Þ

m
þ
�

1

2lþ 1

�
8m

lðlþ 1Þ fΨðlþ 5=2Þ þ Ψðl − 1=2Þg

−
2ma

Mð2lþ 1Þ
�
1þ 4

lðlþ 1Þ
�
fΨð3þ lÞ þ Ψðl − 1Þ − 2Ψð1þ 2lÞ − 2Ψð2þ 2lÞg

�
: ð208Þ

FIG. 3. Dependence on l of the OðMωÞ coefficients of the
tensor responses for m ¼ 2. Blue tones indicate the quadrupole,
red-pink the octupole, with darker/lighter hues corresponding to
the conservative/dissipative coefficients. Dashed lines indicate
the coefficients from black hole perturbation theory (BHPT).
Circles indicate the values for extremal spins. Note that the
conservative coefficient (darker blue and red curves) has a non-
trivial behavior near extremality, including a change in sign.

FIG. 2. The figure depicts Octupolar conservative tidal re-
sponses(l ¼ 3) for gravitational perturbation (s ¼ −2) for differ-
ent choices of m. Dashed curves indicate the BHPT results
(identical to the EFT for jmj ¼ l), see Eq. (181). The other
conservative responses are obtained from EFT, and follow from
substitution of Eq. (181) in Eq. (99) and then in Eq. (92),
respectively. Dots indicate the values for extremal spins, obtained
from the above procedure.
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Note that the vanishing of static TLNs, and existence of
nonzero dynamical TLNs hold for Kerr BHs in general,
irrespective of the spin of the BH. The above analysis is for
gravitational perturbation but also holds for s ¼ 0.
Furthermore, the dynamical TLNs vanish for either zero
rotation (a ¼ 0) or for axisymmetric perturbations (m ¼ 0).
Otherwise, the dynamical TLNs of an extremal/nonextre-
mal Kerr BH under generic tidal perturbations are nonzero.

VI. SUMMARY OF KEY RESULTS AND
DISCUSSION

In summary, we have calculated the dynamical tidal
response function characterizing the ratio of a BH’s
induced multipoles to the strength of the tidal perturbation
to linear order in frequency. Our method is based on
defining the response via a worldline EFT and then linking
it to BH perturbation theory for fields with generic spin s.
The worldline EFT describes a (perturbed) compact object
on large scales and is the essential foundation for further
calculations of GWs from binary systems. The matching
between EFT and strong-field BH perturbation is an
important step towards computing GW signatures on a
binary system due to tidal effects. In particular, this
determines the tidal response function in terms of the ratio
of wave amplitudes that are regular and irregular at the
location of the BH, taken to be the origin, where the regular
parts correspond to modes of the external tidal field, and the
irregular parts are related to the induced multipole
moments. While similar calculations had already been
performed in previous literature, our work filled in gaps
in the methodology of linking the worldline EFT with the
BH perturbation theory for generic spins, both in term of
angular momentum of the BH and the spin weights of the
tidal perturbation fields, and providing explicit, ready-to-
use results for the relevant response coefficients.
A complication in relating BH perturbation theory

results to those of the EFT arose from the fact that the
EFT formulation is based on symmetric-trace-free tensors,
corresponding to a spherical-harmonic basis, while BH
perturbation theory calculations are naturally decomposed
into spheroidal harmonics. Connecting the different bases
generally leads to mode mixing. In addition, the off
diagonal components of the EFT tidal response couples
with these mode mixing coefficients in such a manner, that
even after keeping only linear order terms in Mω, the BH
perturbation theory response function gets related to the
diagonal and off diagonal EFT response function through
mixing coefficients.
As far as BH perturbation theory is considered, one can

relate the regular and irregular coefficients of BH pertur-
bation theory in the far-zone (ωr ≫ 1) to the regular and
irregular coefficients in the EFT. Keeping in mind the
contribution of both diagonal and off diagonal response
coefficients of EFT to the BH perturbation theory response
coefficient, one can invert the relation and hence each EFT

response coefficient can be determined in terms of diagonal
and off diagonal BH response coefficients. Following this
which we computed the BH response coefficients for scalar
and gravitational perturbations, both for nonextremal and
extremal Kerr BH.
Throughout the text, we have discussed several checks of

our results in the limiting cases, such as against the zero-
frequency computations by Refs. [7–9], the nonspinning
results of Refs. [62,65,68,91], and the dissipative coeffi-
cients in Refs. [61,70,91]. We also note here that our results
differ from those of Refs. [71] and in the case of extremal
BHs from [72], We attribute this discrepancy to different
definitions of the response. Specifically, the work of
[71,72] extracted the response based on BH perturbations,
while here, we defined it at the level of the worldline EFT.
As mentioned, the matching to the worldline EFT involves
nonlinearities such as mode mixing, leading to nontrivial
mappings between results from BH perturbation theory and
relevant EFT quantities.

A. Features of the dynamical tidal response function

Our main results are that to linear order in frequency, the
tidal response function for a nonextremal BH computed
from perturbation theory is given by Eq. (172), while for an
extremal BH the response function becomes Eq. (200) for
gravitational perturbations. The corresponding cases for
scalar perturbations can be obtained from Eq. (119) and
Eq. (198), respectively. The EFT response, which is closely
linked to physical effects in the binary system, is then
obtained by using the results of Eq. (99) and Eq. (92) for the
gravitational case, and those described in Sec. III E for the
scalar case.
We also find that an interesting pattern that was

previously noticed for the Oðω2Þ response of a
Schwarzschild BH, namely that all the response coeffi-
cients are directly proportional to the leading-order dis-
sipation coefficient, also holds for the OðωÞ response of
spinning BHs. To elucidate the parameter dependencies of
the response coefficients, we exhibit results in a few
limiting cases, recalling that our results are also truncated
at OðMωÞ. The dissipative piece of the response for the
tensor quadrupole case with s ¼ −2;l ¼ 2 has the follow-
ing limiting behavior:

lim
χ→1

−2ν2mðωÞ ¼ −
2m5

45
−
2m5

45
ðMωÞ

×

�
−
10

m
þ 4m

15
fΨð9=2Þ þΨð3=2Þg

−
2m
3

fΨð1Þ −Ψð5Þ − 2Ψð6Þg
�
; ð209aÞ

lim
χ→0

−2ν2mðωÞ ¼
25Mω

225
: ð209bÞ
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The EFT response, which underpins physical effects in the
dynamics and gravitational waves, is then obtained by
using the identification Eq. (89) and the normalization
factor Eq. (92). Note that in the Mω → 0 limit, the
dissipation number for Schwarzschild vanishes, while
the dissipation number for extremal Kerr BH is nonzero.
For the conservative response associated with the tensor
quadrupole moments are obtained by substituting s ¼ −2
and l ¼ 2 in respective equations, they yield

lim
χ→1

−2k2mðωÞ¼Mω

�
2m5

45

��
8

5
fΨð9=2ÞþΨð3=2Þgþ2mπ

5

�
;

ð210aÞ

lim
χ→0

−2k2mðωÞ ¼ 0: ð210bÞ

This shows that for spinning BHs, a nonvanishing
conservative response first appears at linear order in
Mω. For nonspinning BHs, this contribution vanishes
and a nontrivial conservative response starts only at
OðM2ω2Þ [65,68]. We present below a few for interesting
results arising out of the above expressions.
Effect of the azimuthal number m: From Eq. (210), we

see that the sign of −2k2m is primarily the negative of the
sign of m and that jsklmj is larger for larger jmj, i.e., for a
fixed multipole, the largest conservative response for a
given χ occurs for jmj ¼ l. For high BH spins, the factor of
m5 in the conservative response, see Eq. (210a), causes
lower m contributions to be very strongly suppressed. The
dependence of the dissipation numbers on m is more
complicated, but the OðMωÞ term remains the same under
m → −m. Another interesting feature is depicted by Fig. 2,4

as it clearly shows for l ¼ 3,m ¼ 2mode, the conservative
response dominates all the othermmodes, including l ¼ 3,
m ¼ 3 mode. This shows that the off diagonal entries are
more important than diagonal entries in tidal response
for l ≥ 3.
Dependence on BH spin: The largest conservative

response, i.e., the largest dynamical TLNs arise for
extremal BHs. In the tensor quadrupole case, it is given
by Eq. (210a). The spin dependence of the conservative and
dissipative numbers are complicated, while the leading
order spin effect in the dissipation number is due to
superradiance, as already shown in previous work and also
in our discussion; see Sec. IV E.
Effect of the multipolar number l: The dependence of

conservative and dissipative parts on the multipole l is
shown in Fig. 3. We see that in the tensor case, the
responses of higher multipoles are suppressed compared
to the cases of jmj ¼ l ¼ 2, which maximize the response

in each cases. Also from Fig. 3 it is clear that the magnitude
of the dissipative part of the response is always larger than
the conservative part for moderately high spins but inter-
estingly not for the extremal case. Moreover, in the
conservative as well as in the dissipative case, the response
coefficient changes sign between different multipoles, with
the even-l quadrupole/odd-l octupole leading to a pos-
itive/negative sign for m ¼ 2. Finally the response of the
conservative sector always crosses zero to reach the
extremal limit.

B. Outlook

Our work made several simplifying assumptions that we
plan to relax in future work. On the side of BH perturbation
calculations, we took the approach to solve the radial
Teukolsky equation both in the near-horizon regime and
the far-zone to determine the relation between integration
constants in the far-zone to imprints of near-horizon proper-
ties on asymptotic fields. We informally verified that this
agrees with the leading-order results using theMano-Suzuki-
Takasugi (MST) method, which provides much more refined
solutions with wider validity. More detailed full calculations
using the MST solutions are an important next step left to
future work and will also elucidate logarithmic frequency
dependencies and tail effects, all of which could be neglected
at the leading-order to which we were working.
On the side of the matching with the worldine EFT, we

have fully established the leading-order link to the BH
perturbation results based on wave amplitudes for scalar as
well as gravitational perturbations. Our matching involves
diagonal as well as nondiagonal and mixing coefficients
from spherical to spheroidal transformation. This leaves
next-to-leading order matching in OðM4ω4Þ as an impor-
tant aspect of future work.
Our aim in this work was not only to obtain explicit

results for the tidal response of spinning black holes but
also to flesh out the methodology and address issues such
as the mode mixing. The methodology has broad appli-
cability and several immediate extensions, for instance, to
higher order in frequency and more generally, to describe
full tidal resonance effects, and to go beyond the linear
response. Applications to other kinds of compact objects,
effects of dark matter, and scenarios beyond four-dimen-
sional general relativity are also left for future work.
Finally, a main objective of our work is to provide inputs

for use in GW measurements of BH binary inspirals. The
results developed here can already be used in existing
parametrized waveform models and will serve as a basis for
future refinements and inclusion of more realistic tidal
effects in full inspiral-merger-ringdown waveform models.
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APPENDIX A: COMPUTATION OF SCALAR
TIDAL FIELDS USING WORLDLINE EFT

The part of scalar perturbations which are regular at
origin are given by

ϕreg¼e−iωt
X∞
l¼0

1

ωlC
Il
reg∂Ilψ reg; ψ reg¼

sinðωrÞ
ωr

; ðA1Þ

where CIl
reg are symmetric trace-free (STF) tensors. Now,

we use the formula given in [62], which is

∂hIlifðrÞ ¼ xhIli

�
1

r
∂

∂r

�
l
fðrÞ: ðA2Þ

This yields

ϕ ¼ e−iωt
X∞
l¼0

1

ωl C
Il
regxIl

�
1

r
∂

∂r

�
l
ψ reg: ðA3Þ

Now, we use the taylor expansion sinðρÞ=ρ ¼P∞
k¼0ð−1Þkρ2k=ð2kþ 1Þ!, which leads to

ϕ ¼ e−iωt
X∞
k¼0

Xk
l¼0

ωlCIl
regxIl

ð−1Þk2lk!
ðk − lÞ!ð2kþ 1Þ! ðωrÞ

2k−2l:

ðA4Þ

Now, the tidal fields are given by

EJl0 ¼ ∂hJl0 iϕregjx⃗¼0

¼ e−iωt
X∞
k¼0

Xk
l¼0

ωlCIl
reg

ð−1Þk2lk!
ðk − lÞ!ð2kþ 1Þ!

× lim
x⃗→0

∂hJl0 ixhIliðωrÞ2k−2l: ðA5Þ

It is clear that only those terms which satisfy l0 þ l ¼ 2k
can contribute by counting powers of x and derivatives.
Moreover, in the limit where we take it to origin, the result
can only depend on invariant tensorial combinations or that
of n̂i ¼ xi=r, but the latter would be ill-defined at origin,
and thus eliminated (in favor of invariant tensorial combi-
nations) upon a suitable averaging procedure on a sphere.
Thus, only those terms with l0 ¼ l can contribute, as
otherwise, the quantity limx⃗→0 ∂hJl0 ixhIliðωrÞ2k−2l, would
need to depend on terms involving the unit vector n̂i. Now,
if l0 ¼ l ¼ k, then we simply have

EJl ¼ ∂hJliϕregjx⃗¼0 ¼ e−iωtωlCIl
reg

ð−1Þl2ll!
ð2lþ 1Þ! limx⃗→0

∂hJlixhIli:

ðA6Þ

We can proceed as follows: In Eq. (A6), we use the
formula,

∂hIli ¼ ∂Il − ∂
2
∂ðIl−2δil−1ilÞ þ…; ðA7Þ

where (...) represents symmetrization. Now, note that these
derivatives act upon xIl (where we drop the h…i because it
is contracted with an STF tensor CIl

reg). Thus, when any
term with fewer than l derivatives acts on xIl , it will leave
behind some powers of x and thus such terms vanish at the
origin. Thus, we can simply write

EJl ¼ ∂hJliϕregjx⃗¼0 ¼ e−iωtωlCIl
reg

2lð−1Þll!
ð2lþ 1Þ! limx⃗→0

∂hJlixIl ¼ e−iωtωlCIl
reg

2lð−1Þll!
ð2lþ 1Þ! limx⃗→0

∂JlxIl

¼ e−iωtωlCIl
reg

2lð−1Þll!l!
ð2lþ 1Þ! δJl;ðIlÞ ¼ e−iωtωlCJl

reg
2lð−1Þll!l!
ð2lþ 1Þ! : ðA8Þ

This concludes the computation. We now show the analogous computation for gravitational case.
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APPENDIX B: COMPUTATION OF
GRAVITATIONAL TIDAL FIELDS FOR

WORLDLINE EFT

Given metric perturbations on flat spacetime,

hij ¼
X∞
l¼2

ðCKl
E;regΠ

kl−1kl
ij ∂̂Kl−2

þ ω−1CKl
B Πklm

ij ϵkl−1mn∂̂Kl−2nÞψ reg þ ðreg ↔ irregÞ;
ðB1Þ

where ∂̂i ¼ ∂i=ω. Note that since ψ reg satisfies the

homogeneous wave equation, we have ∂̂i∂̂i ¼ −1. In this
appendix, we will show how the electric tidal field may be
computed from the expression for the linearized metric
perturbation. An analogous procedure can be followed for
magnetic tidal fields. We begin by rewriting the regular and
electric part (terms containing CE;reg) of the above expres-
sion in a suitable form.
For convenience, we drop the “reg” label, and keep all

indices as subscripts going forward. Now, using
Πkl

ij ≡ Πkl;ij ¼ ð1=2ÞðPkiPlj þ PkjPli − PklPijÞ, where

Pij ¼ δij þ ∂̂i∂̂j, and the fact that CKl
E;reg ≡ CKl

is an STF
tensor, we can write (for a given multipolar mode l)

CKl
Πkl−1kl;ij∂̂Kl−2

¼ CKl

�
Pkl−1iPklj −

1

2
∂̂kl−1 ∂̂klPij

�
∂̂Kl−2

;

¼ CKl−2ij∂̂Kl−2
þ 2CKl−1ði∂̂jÞ∂̂Kl−1

− CKl

1

2
δij∂̂Kl

þ CKl

1

2
∂̂i∂̂j∂̂Kl

; ðB2Þ

where (...) implies symmetrization over contained indices. We need to simplify the second and fourth terms in the above
expression. Let us simplify the second term first as follows:

CKl−1ði∂̂jÞ∂̂hKl−1iψ reg ¼ CKl−1ði∂̂jÞx̂hKl−1i

�
∂̂r

r̂

�l−1
ψ reg

¼ ðl − 1ÞCKl−2ijx̂Kl−2

�
∂̂r

r̂

�l−1
ψ reg þ CKl−1ðix̂jÞx̂Kl−1

�
∂̂r

r̂

�l

ψ reg: ðB3Þ

Similarly, the last (fourth) term can be simplified as

CKl
∂̂i∂̂j∂̂hKliψ reg ¼ CKl

∂̂i∂̂jx̂Kl

�
∂̂r

r̂

�l

ψ reg

¼ 2lCKl−1ðix̂jÞx̂Kl−1

�
∂̂r

r̂

�lþ1

ψ reg þ ðlÞðl − 1ÞCKl−2ijx̂Kl−2

�
∂̂r

r̂

�l

ψ reg

þ δijCKl
x̂Kl

�
∂̂r

r̂

�lþ1

ψ reg þ CKl
x̂ix̂jx̂Kl

�
∂̂r

r̂

�lþ2

ψ reg: ðB4Þ

We can now rewrite the last line of Eq. (B2) as

CKl
Πkl−1kl;ij∂̂Kl−2

¼ CKl−2ijx̂Kl−2

�
∂̂r

r̂

�l−2�
1þ 2ðl − 1Þ

�
∂̂r

r̂

�
þ 1

2
lðl − 1Þ

�
∂̂r

r̂

��

þ 2CKl−1ðix̂jÞx̂Kl−1

�
∂̂r

r̂

�l�
1þ l

2

�
∂̂r

r̂

��
−
1

2
δijCKl

x̂Kl

�
∂̂r

r̂

�l�
1 −

�
∂̂r

r̂

��

þ 1

2
CKl

x̂ix̂jx̂Kl

�
∂̂r

r̂

�lþ2

: ðB5Þ

Now, we want to argue that the tidal fields only receive contributions from the first term. The definition of electric tidal
field is given by

EIl ¼ lim
x⃗→0

∂hIl−2Ril−1j0jilij0 ¼ −lim
x⃗→0

ω2

2
∂hIl−2hil−1ili: ðB6Þ
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Now, consider how the derivatives will act on the expression in Eq. (B5). Just as in the scalar case, nonzero contributions in
the limit x⃗ → 0 can only arise if the number of derivatives (l − 2) match the number of position vectors x̂i. However, when
the position vectors contain x̂i or x̂j, then the derivative acting on them will lead to delta functions of the derivative-index
with i or j, which will be eliminated when we symmetrize and remove traces. Similarly, the term with δij can also be
dropped as it is eliminated upon trace-removal. The magnetic part of the metric perturbations will not contribute due to
parity considerations. Thus, only the first term in Eq. (B5) will contribute, and we can write

EIl0
¼ −

ωl0

2

X∞
l¼2

lim
x⃗→0

CKl−2hil0−1il0 ∂̂Il0−2ix̂Kl−2

�
∂̂r

r̂

�l−2�
1þ 2ðl − 1Þ

�
∂̂r

r̂

�
þ 1

2
lðl − 1Þ

�
∂̂r

r̂

��
ψ reg: ðB7Þ

We can evaluate this similar to the scalar case. Once again, let us first consider evaluating the above expression without
symmetrization and trace-removal, and take it at the final stage. We have

−
ωl0

2

X∞
l¼2

lim
x⃗→0

CKl0−2il0−1il0
∂̂Il0−2

x̂Kl−2

�
∂̂r

r̂

�l−2�
1þ 2ðl − 1Þ

�
∂̂r

r̂

�
þ 1

2
lðl − 1Þ

�
∂̂r

r̂

��
ψ reg: ðB8Þ

Now, as reasoned before in the scalar case, only terms where l0 ¼ l can contribute at the origin, as any other terms will
produce terms that will be eliminated upon symmetrization and trace-removal later, and thus we can drop the sum. Further
more, using the Taylor expansion of sinðxÞ=x ¼ P∞

k¼0ð−1Þkρ2k=ð2kþ 1Þ! as before, we have

−
ωl0

2
lim
x⃗→0

CKl0−2il0−1il0
ð∂̂Il0−2 x̂Kl0−2

Þ
X∞

k¼l0−2

ð−1Þkk!
ð2kþ1Þ! r̂

2k−2l0

�
2l0−2

ðk−l0þ2Þ! r̂
4þ ðl0−1Þ2l0

ðk−l0þ1Þ! r̂
2þl0ðl0−1Þ2l0−1

ðk−l0Þ!
�
: ðB9Þ

Now, again, the relevant terms at origin are obtained when k ¼ l0 − 2 in first term, k ¼ l0 − 1 in second, and k ¼ l0 in the
last term, yielding

−
ωl0

2
CKl0−2il0−1il0

ð∂̂Il0−2 x̂Kl0−2
Þð−1Þl02−l0−2 ð1þ l0Þð2þ l0Þ

ffiffiffi
π

p
Γð3

2
þ l0Þ

: ðB10Þ

Finally, evaluating the derivatives (and removing traces and
symmetrization which is trivial) we get

EIl0
¼ ð−1Þl0þ1ωl0CIl0

2−l0−3
ð1þ l0Þð2þ l0Þ

ffiffiffi
π

p
Γð3

2
þ l0Þ

:

ðB11Þ

The magnetic field can be evaluated similarly.

APPENDIX C: DYNAMICAL SCALAR RESPONSE
FUNCTION

From the EFT matching with the BH perturbation theory
computation of the dynamical response function for Kerr
BH under scalar tidal perturbation, one obtains the expres-
sion in Eq. (119). Also here, bl¼lþf2maω=ð2lþ1Þg þ
OðM2ω2Þ. To simplify the above expression, we may use
the following identities:

Γð−1 − 2blÞ ¼ π

sinð2πblÞΓð2þ 2blÞ ; ðC1Þ

Γð−blÞ ¼ −
π

sinðπblÞΓð1þ blÞ ; ðC2Þ

Γð−bl − 2iPþÞ ¼ −
π

sinðπblþ 2iπPþÞΓð1þ blþ 2iPþÞ
;

ðC3Þ

to obtain the following expression for rescaled response
function:

λ̃Kerrl ðωÞ ¼ sinðπblþ 2iπPþÞ
2π cosðπblÞ

×
Γð1þ blþ 2iPþÞΓð1þ bl − 2iPþÞΓð1þ blÞ2

Γð2blþ 1ÞΓð2blþ 2Þ
:

ðC4Þ

Expressing ðbl − lÞ ¼ −2amω=ð2lþ 1Þ≡ δl, and also
decomposing Pþ ¼ Paþ þ Pωþ, where Paþ ¼ −fam=ðrþ −
r−Þg and Pωþ ¼ f2Mrþω=ðrþ − r−Þg, such that Pωþ ≪ 1,
we obtain the ratio of the sinusoidal functions appearing
above as
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sinðπblþ 2iπPþÞ
2π cosðπblÞ ¼ sinðπlþ πδlþ 2iπPaþ þ 2iπPωþÞ

2π cosðπlþ πδlÞ ¼ sinðπlþ 2iπPaþÞ þ cosðπlþ 2iπPaþÞðπδlþ 2iπPωþÞ
2π cosðπlÞ

¼ 1

2π
½sinð2iπPaþÞ þ cosð2iπPaþÞðπδlþ 2iπPωþÞ�: ðC5Þ

Similarly, the following combination of gamma functions yield

Γð1þ blþ 2iPþÞΓð1þ bl − 2iPþÞ
¼ Γð1þ lþ δlþ 2iPaþ þ 2iPωþÞΓð1þ lþ δl − 2iPaþ − 2iPωþÞ
¼ Γð1þ lþ 2iPaþÞΓð1þ l − 2iPaþÞ½1þ ðδlþ 2iPωþÞΨð1þ lþ 2iPaþÞ þ ðδl − 2iPωþÞΨð1þ l − 2iPaþÞ�

¼ 2πPaþ
sinhð2πPaþÞ

Yl
k¼1

ðk2 þ 4fPaþg2Þ½1þ ðδlþ 2iPωþÞΨð1þ lþ 2iPaþÞ þ ðδl − 2iPωþÞΨð1þ l − 2iPaþÞ�: ðC6Þ

Other gamma functions can also be expanded as Γðlþ ΔlÞ ¼ ΓðlÞf1þ δlΨðlÞg. Using all of these relations, we can
express the redefined/rescaled response function as

λ̃Kerrl ðωÞ ¼ ½i sinhð2πPaþÞ þ coshð2πPaþÞðπδlþ 2iπPωþÞ�
Paþ

sinhð2πPaþÞ
Yl
k¼1

ðk2 þ 4fPaþg2Þ

× ½1þ ðδlþ 2iPωþÞΨð1þ lþ 2iPaþÞ þ ðδl − 2iPωþÞΨð1þ l − 2iPaþÞ�

×
Γð1þ lÞ2

Γð2þ 2lÞΓð1þ 2lÞ × ½1þ 2δlΨð1þ lÞ − 2δlΨð2þ 2lÞ − 2δlΨð1þ 2lÞ�: ðC7Þ

This is the result used in the main text. Further, using the identity,

Γð2zÞ ¼ 22z−1ffiffiffi
π

p ΓðzÞΓ
�
zþ 1

2

�
; ðC8Þ

we can express the gamma functions appearing above as

Γð1þ lÞ2
Γð2þ 2lÞΓð1þ 2lÞ ¼

Γð1þ lÞ2
½22lþ1ffiffi

π
p Γðlþ 1ÞΓðlþ 3

2
Þ�½22lffiffi

π
p Γðlþ 1

2
ÞΓðlþ 1Þ�

¼ π

24lþ1Γðlþ 3
2
ÞΓðlþ 1

2
Þ : ðC9Þ

APPENDIX D: USEFUL MATHEMATICAL IDENTITIES

(1) The confluent hypergeometric function Uða; b; zÞ can be expressed in terms of the other function Mða; b; zÞ, as
follows [DLMF (13.2.42)]:

Uða; b; zÞ ¼ Γð1 − bÞ
Γða − bþ 1ÞMða; b; zÞ þ Γðb − 1Þ

ΓðaÞ z1−bMða − bþ 1; 2 − b; zÞ: ðD1Þ

(2) The limit of the confluent hypergeometric functions in the zero limit takes the following form:

lim
z→0

Mða; b; zÞ ∼ 1; lim
z→0

Uða; b; zÞ ∼ π

sinðπbÞ
�

1

ΓðbÞΓð1þ a − bÞ −
z1−b

ΓðaÞΓð2 − bÞ
�
: ðD2Þ
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(3) The asymptotic limit of the confluent hypergeometric function Mða; b; zÞ becomes

lim
z→∞

Mða; b; zÞ ¼ ΓðbÞ
Γðb − aÞ e

∓iπaz−a þ ΓðbÞ
ΓðaÞ e

zza−b:

ðD3Þ

(4) For a confluent hypergeometric functionMða; b; zÞ, if the coefficients a and b satisfies the relation b ¼ 2a, then we
have

M

�
νþ 1

2
; 2νþ 1; 2z

�
¼ Γð1þ νÞez

�
z
2

�
−ν
IνðzÞ; ðD4Þ

U

�
νþ 1

2
; 2νþ 1; 2z

�
¼ 1ffiffiffi

π
p ezð2zÞ−νKνðzÞ: ðD5Þ

(5) For a confluent hypergeometric function Mða; b; zÞ, if the coefficients a and b satisfies the relation
b − 2a is an integer, then we have two useful identities,

M

�
νþ 1

2
; 2νþ 1þ n; 2z

�
¼ Γðνþ 1Þez

�
z
2

�
−νXn

k¼0

ð−nÞk
k!

Γð2νþ kÞ
Γð2νÞ

Γð2νþ 1þ nÞ
Γð2νþ 1þ nþ kÞ

νþ k
ν

IνþkðzÞ; ðD6Þ

M

�
νþ1

2
;2νþ1−n;2z

�
¼Γðν−nþ1Þez

�
z
2

�
n−νXn

k¼0

ð−1Þk ð−nÞk
k!

Γð2ν−2nþkÞ
Γð2ν−2nÞ

Γð2νþ1−nÞ
Γð2νþ1−nþkÞ

ν−nþk
ν−n

IνþkðzÞ:

ðD7Þ

(6) These identities relate the modified Bessel functions to Bessel functions of first and second kind,

IνðzÞ ¼ e∓iπν=2Jνð�izÞ; KνðzÞ ¼
π

2

�
I−νðzÞ − IνðzÞ

sinðπνÞ
�
; J−ðmþ1

2
ÞðxÞ ¼ ð−1Þmþ1Ymþ1

2
ðxÞ: ðD8Þ

APPENDIX E: DYNAMICAL RESPONSE FUNCTION: GENERIC SPIN

In this appendix, we will present all the results for the simplification of the dynamical response function of a Kerr BH
under generic spin perturbation. The starting point is Eq. (172) in the main text, and here we will simplify parts of that result.
First of all, the collection of the gamma functions yield,

Γð1þ bls − 2iPþÞΓð1þ bls − sÞΓð1þ bls þ sÞΓð1þ bls þ 2iPþÞ
Γð2þ 2blsÞΓð1þ 2blsÞΓðμ̄ÞΓð1þ ν̄Þ

¼ Γð1þ l − 2iPaþÞΓð1þ l − sÞΓð1þ lþ sÞΓð1þ lþ 2iPaþÞ
Γð2þ 2lÞΓð1þ 2lÞΓðμ̄eÞΓð1þ ν̄eÞ

× ½1þ ΔlfΨð1þ l − 2iPþÞ þ Ψð1þ l − sÞ þΨð1þ lþ sÞ þ Ψð1þ lþ 2iPaþÞ − 2Ψð2þ 2lÞ − 2Ψð1þ 2lÞg
þ 2iPωþfΨð1þ lþ 2iPaþÞ −Ψð1þ l − 2iPþÞg − ϵlMωfΨðμ̄eÞ þ Ψð1þ ν̄eÞg�; ðE1Þ

where

Paþ ¼ −am=ðrþ − r−Þ; Pωþ ¼ 2Mrþω=ðrþ − r−Þ; ðE2Þ

and Δls has the following expression:

Δls ¼ ω

�
4isrþ
2lþ 1

−
2am
2lþ 1

−
2ams2

lðlþ 1Þð2lþ 1Þ
�
: ðE3Þ
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The leading order contribution from the gamma function turns out to be,

Γð1þl−2iPaþÞΓð1þl−sÞΓð1þlþsÞΓð1þlþ2iPaþÞ
Γð2þ2lÞΓð1þ2lÞΓðμ̄eÞΓð1þ ν̄eÞ

¼ 2πPaþ
sinhð2πPaþÞ

ðl−sÞ!ðlþsÞ!
ð2lþ1Þ!ð2lÞ!

Q
l
n¼1fn2þ4ðPaþÞ2g
Γðμ̄eÞΓð1þ ν̄eÞ

: ðE4Þ

Similarly, the combination of the sinusoidal functions appearing in the response function, given by Eq. (172), can be
reexpressed as

sin½πbls þ 2iπPþ�
2 cosðπblsÞ

¼ i
2
sinhð2πPaþÞ þ

�
πΔlþ 2iπPωþ

2

�
coshð2πPaþÞ: ðE5Þ

Combining all of these, the dynamical response function of a Kerr BH under generic spin perturbation reduces to

−2λ̃lm ¼ ðl− sÞ!ðlþ sÞ!
ð2lþ 1Þ!ð2lÞ!

Yl
n¼1

fn2 þ 4ðPaþÞ2g½iPaþ þ ðπΔlþ 2iπPωþÞPaþ cothð2πPaþÞ�

× ½1þΔlfΨð1þ l− 2iPþÞþΨð1þ l− sÞ þΨð1þ lþ sÞ þΨð1þ lþ 2iPaþÞ− 2Ψð2þ 2lÞ− 2Ψð1þ 2lÞg
þ 2iPωþfΨð1þ lþ 2iPaþÞ−Ψð1þ l− 2iPþÞg− ϵlMωfΨðμ̄eÞ þΨð1þ ν̄eÞg�: ðE6Þ

This is the result we have used in the main text.

APPENDIX F: NORMALIZATION RELEVANT FOR SPHEROIDAL HARMONIC DECOMPOSITION

Here, we show how to derive Eq. (65), restated below.Z
dΩNhIl−2mil−1miliN

hJl0−2m̄jl0−1m̄j0li ¼ δll0δ
Jl
Il

8πðl − 2Þ!
lðl − 1Þð2lþ 1Þð2l − 3Þ!! ; ðF1Þ

where δJlIl ¼ δhj1i1
δj2i2…δjliil

. We will use the following facts:

NiNi ¼ 1; Nimi ¼ 0; mimi ¼ 0; mim̄i ¼ 1: ðF2Þ

We start by establishing Z
dΩNhIl−2mil−1miliN

hJl0−2m̄jl0−1m̄j0li ¼ αδl
0

l δ
Jl
Il
: ðF3Þ

This follows simply from symmetries. The answer must be STF in Il and J0l separately. It must comprise of invariant
tensors δij and ϵijk with coefficients determined by the dot products between the various vectors. These two statements,
along with the orthogonality of Ni andmi are sufficient to establish this result. Now, let us contract both sides for l0 ¼ l asZ

dΩNhIl−2mil−1miliN
hIl−2m̄il−1m̄ili ¼ αδIlIl ¼ αð2lþ 1Þ;Z

dΩNIl−2mil−1milN
hIl−2m̄il−1m̄ili ¼ αð2lþ 1Þ;Z

dΩNIl−2mil−1milN
ðIl−2m̄il−1m̄ilÞ ¼ αð2lþ 1Þ;

ðl − 2Þ!2!
l!

Z
dΩNIl−2N

Il−2 ¼ αð2lþ 1Þ; ðF4Þ

where in the third line we used the fact that NIl−2 is already STF, and second relation from the identities in Eq. (F2) to

replace the STF brackets with symmetrization. In the last line, we once again used the orthogonality of N⃗ and m⃗, along with
the last relation in Eq. (F2).
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Finally, we use the equation in Ref. [75], Z
dΩNIlN

Il ¼ 4πl!
ð2lþ 1Þ!! ; ðF5Þ

to further evaluate Eq. (F4) as

ðl − 2Þ!2!
l!

Z
dΩNIl−2N

Il−2 ¼ αð2lþ 1Þ;
ðl − 2Þ!2!

l!
4πðl − 2Þ!
ð2l − 3Þ!! ¼ αð2lþ 1Þ ⇒ α ¼ 8πðl − 2Þ!

lðl − 1Þð2lþ 1Þð2l − 3Þ!! : ðF6Þ
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