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Dynamical tidal Love numbers of black holes under generic perturbations:
Connecting black hole perturbation theory with effective field theory
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The foundation for modeling the coupling of the internal structure of compact objects in binary systems
to their dynamics and emitted gravitational waves is a systematic effective field theory (EFT) framework,
where each compact object is replaced by a worldline endowed with a set of internal degrees of freedom.
These degrees of freedom encode finite-size effects and thereby distinguish between different classes of
compact objects. Among finite-size effects, tidal interactions play a central role, as they are associated to
various kinds of deformations of a body under the influence of external tidal fields. In this work, we analyze
the dynamical tidal response of Kerr black holes to generic-spin perturbations, focusing primarily on the
scalar and gravitational cases, and working to linear order in frequency. We establish an EFT description of
the perturbed black hole that accounts for the couplings between the spin, gravitoelectric and -magnetic
tidal fields. We match this to wavelike solutions to the full black hole perturbation equations in order to
determine the tidal response coefficients. In particular, we obtain the dynamical Love number, which
appears at linear order in frequency for spinning black holes, and derive an approximate expression for the
dynamical tidal response, including both dissipative and conservative pieces. We also examine several
technical subtleties that arise in the matching procedure, with special emphasis on the mixing of multipolar
modes induced by the spin of the compact object, which proves to be essential for a consistent treatment.
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I. INTRODUCTION

Relativistic tidal effects in binary systems of compact
objects play a key role for probing the nature, interior
structure, and strong internal gravity of the objects with
gravitational waves (GWs). During a binary inspiral, tidal
deformations lead to small but clean and cumulative GW
signatures that involve internal-structure-dependent para-
meters such as tidal Love numbers (TLNs) [1]. Love
numbers characterize the ratio of the induced deformation
of an object’s exterior spacetime to the strength of the
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perturbing tidal field in the adiabatic limit, where the tidal
forcing frequency is far from resonance with a normal
mode of the object [2—4]. They were first measured in the
binary neutron star event GW170817 [5], which yielded
valuable information about the equation of state of matter at
supranuclear density. For black holes (BHs) in vacuum in
general relativity and four spacetime dimensions, the tidal
Love numbers vanish [6—10], which is a consequence of
special symmetries [11-20] (however, see [21]). Relaxing
any of these restrictions generally leads to nonvanishing
Love numbers for BHs. For a review, see [22,23].

Tidal Love numbers are only a limiting case of the richer
physics encoded in an object’s frequency-dependent
response to a tidal field. During an inspiral, the tidal
forcing frequency, related to the orbital motion, sweeps
up over many decades in magnitude. When it passes
through an interval where it approximately matches the
internal-structure-dependent mode frequency of one of the
objects, the tidal deformation is resonantly enhanced [24].
Even far from a resonance, the frequency-dependent tidal
response can be significantly larger than the strictly static
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case [25]. Such dynamic tides lead to subdominant effects
in GWs that involve additional parameters, including mode
frequencies. This opens the possibility of spectroscopic
studies of compact objects with isolated modes during the
inspiral, which is of interest for a wide range of science
goals with GWs [26-28]. As GW detectors are becoming
more sensitive and delivering more precise and larger, more
diverse datasets, and with the advent of novel detectors
such as Einstein Telescope [29], Cosmic Explorer [30] and
LISA [31], such effects are expected to become important
and must be accurately modeled. This is because the GW
data analysis for coalescing binaries relies on cross-corre-
lating template waveforms with the datastream. Although
the statistical errors for GW events detected thus far have
been relatively large, the field is already at a turning point.
Systematic uncertainties due to shortcomings in the models
are becoming noticeable [32], and they may become the
dominant limitation for precision GW physics in the future.

Including effects of dynamical tides in waveform models
has been an active area of research, with a large influx of
new methods and approaches. Obtaining the imprints on
the GW signal involves a description of the binary system
at large separation as being effectively point masses but
with extra degrees of freedom associated to each worldline
that account for finite-size effects. This is known as
skeletonization or in more modern formulations as word-
line effective theory [33,34], which we hereafter refer to as
“EFT”. The EFT involves coupling coefficients that must
be matched to results from fully relativistic calculations of a
compact object’s response to external tidal perturbations.
This matching is a key step determining the information
flow from the strong-field region of the compact object to
the much larger scales of the binary system and GWs. For
static tides, the matching identifies the Love numbers
extracted from calculations of relativistic tidal perturbations
to compact objects with Wilson coefficients that enter the
coarse-grained EFT description. However, more generally,
the matching is subtle and requires care, leading to a
nontrivial link between parameters of a perturbed object
and the coefficients appearing it its EFT; see, e.g.,
Refs. [35-38]. The EFT underpins further calculations of
the effects on binary dynamics and GWs, using e.g., post-
Newtonian theory for two-body interactions and radiation.

Incorporating tidal effects beyond the static limit in such
EFT descriptions is of particular interest for BHs, both from
a theoretical perspective to understand their peculiarities
and because they are currently the most frequently detected
GW signals [39]. For instance, tidal effects can probe
physics on horizon scales [40—43], the theory of gravity
[44-46], the number of dimensions [6,47-49], and distin-
guish Kerr BHs from other objects [43,50-56]. An under-
standing of tidal phenomena for BHs is also needed as the
baseline for identifying matter effects, for instance, in
neutron stars [57] or the BH’s environment [58—-60]. The
frequency-dependent, dynamical tidal response function

(DTRF) for a given mode (characterized by £, m) of BHs is
generally nonzero and complex. The imaginary contribu-
tions relate to dissipative effects, while the real part,
hereafter referred to as the conservative tidal response
function (CTRF), encapsulates frequency-dependent cor-
rections to the Love numbers [34,61-64]. An explicit
decomposition of the DTRF into dissipative and
conservative parts is needed for calculating the effects in
GWs, as phenomena in the two sectors enter in different
ways. There has been much recent progress on computing
the DTRFs of BHs, such as for nonrotating BHs in the
scalar [62] and gravitational cases [65-68], slowly rotating
BHs [69], and rotating BHs for scalar [36] and gravitational
cases [63,69-72]; see, e.g., Refs. [73,74] for related work in
the context of neutron stars. These works used various
approaches and scenarios, and altogether revealed several
important insights: (i) the matching of BH perturbations to
an EFT is essential to extract the relevant coefficients in the
DTRF in a gauge-invariant way, (ii) the connection
between the near-horizon behavior and the EFT becomes
more subtle in the frequency-dependent case, and (iii) bas-
ing the calculations on wave scattering rather than consid-
ering stationary perturbations bypasses several difficulties,
e.g., due to the matching being carried out near null infinity.
These conclusions motivate addressing the problem in a
unified framework for the scalar, electromagnetic, and
gravitational perturbations to rotating BHs that is based
on scattering amplitudes and matching to an EFT. This
paper centers around this aim and also fills in remaining
gaps in the literature along the way, as we explain.
Specifically, we use scattering amplitudes for BH per-
turbations matched to an EFT to determine the DTRF of
rotating BHs with arbitrarily large spins up to linear order
in frequency, or more precisely to linear order in the
dimensionless quantity (GMw/c?), where M is the mass
of the black hole, G and c are the gravitational constant and
speed of light respectively, and @ is a Fourier frequency
associated to the perturbations. This regime applies to
situations far from a mode resonance, which is a
good approximation for the early inspiral as the quasi-
normal mode frequencies are typically of order f ~ 1/M,
much higher than tidal forcing frequencies of order

foo ~ /(M + M,)/d* at large separation d. Here M, is
the mass of the secondary BH, with M + M, being the total

mass of the binary. We compute the full DTRF in this linear
approximation for generic-spin perturbations to BHs,
which encompass the scalar, electromagnetic, and gravita-
tional cases, and decompose it to extract the CTRF. We
further show explicitly that while intermediate calculational
steps in our framework appear to become singular in the
case of extremal BH spins, our final results for the DTRF in
fact apply for BHs with arbitrarily large rotation, including
extremal spins.

This paper is organized as follows. In Sec. II we discuss
the connection between the tidal coefficient in the EFT
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Relevant zones in the problem of matching of BH perturbation theory with EFT. As illustrated, BH perturbation theory covers

two zones, the far- and near-zones, which overlap in the intermediate zone. The asymptotic limit of the far-zone is matched with the EFT
in order to obtain gauge invariant DTRFs. See text for further discussion.

action and the response function in BH perturbation theory.
Subsequently, in Sec. III, we consider the scattering
amplitudes for scalar tidal perturbations to a rotating
BH. These have no closed-form solution, and we obtain
approximate solutions in the near-horizon regime and far
from the BH. We connect the information of these
approximations in Sec. III D, which determines how the
horizon boundary conditions get imprinted in properties of
the far-zone solution. Then we match the EFT coefficients
from Sec. II with those from the far-zone solution, thereby
extracting the dynamical response function and verify
agreement with previous results in limiting cases.
Section IV generalizes the methodology to generic spin
fields. We follow a similar workflow as for the scalar case
and explain several subtleties that arise along the way. We
discuss the near-horizon behavior of generic-spin BH
perturbations in Sec. IV A, the far-zone asymptotics in
Sec. IV B, the matching of this information in Sec. IV C,
and the resulting response function in Sec. IV E. We also
verify that our results for zero-spin fields agree with those
derived in Sec. III. We discuss how the results extend to
extremal BH spins in Sec. V. We summarize the key results,
discuss physical implications and compare with other
works in Sec. VL.

Notation and conventions: We use units G =c¢ =1
throughout. Overbars denote complex conjugation.
Greek letters denote covariant spacetime indices, Latin
letters i, j, k, ... indicate three-dimensional spatial indices.
Capital Latin letters indicate multi-index strings, e.g.,
TL = Tii2+i - Angular brackets around indices denote
the symmetric-trace-free (STF) projection; see [75] for
details. For quantities that are always STF, we use the
special multi-index notation 7% = T),

II. THE TIDAL RESPONSE IN THE EFFECTIVE
WORLDLINE THEORY

A coarse-grained effective description of a tidally per-
turbed compact object such as a BH can be obtained in an
(worldline) effective field theory (EFT), where the object is
modeled as a point-entity described by a worldline aug-
mented with certain additional multipolar degrees of

freedom to account for finite size effects. For linear tidal
effects, the multipolar degrees of freedom are chosen to be
induced by external tidal fields via a linear functional,
which in turn is characterized by tidal response functions.
These functions are a priori undetermined but can be fixed
by matching the solutions to the perturbation equations in
EFT to the solutions of the perturbation theory in the far-
zone (see Fig. 1).

In this section, we briefly outline such an EFT descrip-
tion, and the solutions to the perturbation equations in the
EFT for scalar and gravitational fields which are later used
to fix the tidal response in the low-frequency, large-wave-
length regime via matching. Some crucial but navigable
subtleties arise since the equations for BH perturbation
theory (BHPT) are most simply solved when the angular
basis is spanned by spheroidal harmonics, while the tidal
degrees of freedom in the EFT given by the multipole
moments, and the fields they couple to are more naturally
described using STF tensors which are closely related to
spherical harmonics as both are representations of the
rotation group in three-dimensions [SO(3)].

We will work with perturbations of different spin weights
corresponding to scalar, vector, and tensor fields, coupled
to the worldline. Although the detailed structure of the
action varies for different fields, the resulting actions
can all be written schematically as the sum of three
components as

Agrr = App + Afiela + Agidgar- (1)

Here, A, , contains the terms describing the dynamics of a
“point particle”. More precisely, it includes only the
couplings between the spin and four-velocity of the
representative worldline z#(7) and the external field, along
with any terms describing the internal dynamics of the
compact object without involving fields [76—78]. The term
Agelq contains the action of the external field itself and is
therefore not localized on the worldline. Finally, A4y
encodes the interaction between the induced tidal moments
of the compact object and the external field.
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A. Scalar case

1. Tidal fields and induced multipoles

For scalar perturbations of a Schwarzschild black hole,
tidal effects can be described by setting [62],

|
Aida = —Ktide/d’[\/ —MM””ZEQI"VM}"- (2)
="

Here, u, is the tangent to the worldline and 7 the proper
time along it. Further Q'¢, is the #th multipole moment, and
K;4e 1s an overall constant.

We will work with scattering amplitudes near null
infinity, where we can neglect the effect of nonlinear
gravitational interactions between external tidal perturba-
tions and the stationary metric sourced by the particle.
Thus, we treat the tidal field as metric perturbations over
flat spacetime, and work in the particle’s rest frame. This
implies that V, — d,, and u* = (1,0,0,0).

We choose the action Ageq and Ay, to reproduce the
scalar field Klein-Gordon equation [62] and the dynamics
of a generic spinning object, i.e., the Matthison
Pappapetrou Dixon equations, respectively. We further
assume that there is no nontidal or nongravitational
coupling to the scalar field. Then, the variation of the total
action in the flat spacetime limit leads to the following
equation of motion for the scalar field [62]:

0,00 — Fiie i CL’ Q' 0;,6(x"), (3)
H \/2_”{:0 fy ¢

where K4, i1s a normalization constant. Thus, away
from the worldline, which we take to be at the origin
x' =0, and assuming there are no other sources, the
scalar field satisfies the flat spacetime Klein-Gordon
equation. A general monochromatic solution can be
written as

¢ = d)reg + ¢irregv

0
. I
— p—lwt 14
¢reg/irreg =e E _fcreg/irrega[ﬂ//reg/irreg’
@
£=0
sin(wr) cos(wr)
reg — or Virreg = or (4)
I, . . .
where C.(, ;... are dimensionless STF tensors. Here, ¢, is

the part of the field that is regular at origin, i.e., satisfies the
Klein-Gordon equation everywhere including on the world-
line. This may be interpreted as the externally applied field
that induces the multipole moments. The response field on
the other hand, is the irregular part of the field ¢;.,, and it
is supported by the induced multipole moments in accor-
dance with Eq. (3).

The multipole moments are induced by the tidal fields,
E;,, which are derived from ¢, at the worldline as'

Elf = aLCbreg'E:O
= N0’ Cily, (5)

where

20(=1)%L1¢!
N, ="~ """ 6
T+ 1) (6)
as shown in Appendix A. We can write down an ansatz
relating the scalar tidal fields to the induced multipole
moments, consistent with the symmetries of the system as®

Qlf(w> _ M2f+1FI/1;E1’f(w)
2 Ap20-1 (-2 | Fllea (o)) Ries 200

+ M F T BV (w)8ie180

4 M2£+3F<2)1f1;E12’+2 (w)g,i

!
£+1

+)(4[...]+...’ (7)

where y is the spin parameter of the Kerr BH, and §' is the
unit-vector oriented along the spatial spin direction.

Note that Q' can be induced by tidal fields at multipolar
orders 7,7 + 2, .... Parity invariance forbids induction by
terms at relative-odd multipolar orders (Z & 1, ...). The first

term, containing Fﬁ," , parametrizes the diagonal tidal
¢

response and is the only term which persists in the absence
of spin. We refer to the remaining tidal response tensors as
mixing tidal-response tensors. It is important to note that
Eq. (7) is not a Taylor expansion in y, and each tidal
response tensor F(")/r n (F ©).1 = F"p), can contain
arbitrary dependence on spin-parameter y and perturbation
frequency @. Rather, the above should be considered as an
expansion involving all possible terms of the spin §; of the
point particle contracted with higher and lower multipolar
tidal field. This is indeed an infinite series and holds for

'By definition, the tidal moments originate from the regular
piece, since the regular piece is generated by the companion
object, which is the source of the tidal field. The irregular piece,
on the other hand, is generated by the deformed body itself and
hence is irregular at the location of the object. Thus, the irregular
piece is responsible for induced multipole moments, while the
regular piece arising from the companion, generates the tidal
moments. In fact, as shown in Ref. [62], the contribution from the
irregular piece to the tidal field vanishes in dimensional regu-
larization. While Ref. [62] deals with for scalar perturbations the
arguments used there should go through essentially unchanged
gravitational perturbations as well.

Alternatively, the dynamics of the induced multipole mo-
ments may be fixed via additional terms in A, such as a
harmonic-oscillator-like action for the multipole moments. How-
ever, it is difficult to incorporate dissipative tidal effects in this
manner without the use of the in-in formalism.
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x#&1. This series effectively connects ¢th induced
multipole moments to ¢’th tidal moments, where £ is
not necessarily equal to ¢, leading to mixing tidal
coefficients [70].

2. Structure of the response functions

To proceed, we need to further specify the structure of
each F("ls “r,- This can be done by writing all possible STF
combinations involving the spin vector, as done for
gravitational perturbations at Z =2 in Refs. [34,61].
However, it is simpler to switch to the basis of scalar
spherical harmonics instead, where the axisymmetry about
the spin vector is manifest. Following [75], for any STF
tensor M’ (say M = Q, C), we can write

‘m _ 1 4
M = /dQM ‘N Y™, (8)
where bar denotes complex conjugation, N;, =
i fy,...7,, is a multilinear of unit vectors, and (6, ¢)

represent the angles on a unit sphere pointed to by 7. We
choose the z-axis to be parallel to the spin vector 3.
Additionally, defining a suitable basis set of STF tensors
through the relation

Yom(0.4) = VN, . (9)

we can rewrite Eq. (8), and its inverse as

1!
Mim = 4 My
”(21 T i
Ml = Z Myl (10)
m=—¢

The up/down position of the £m labels has no physical

meaning and no summation convention applies to them.
To obtain the tidal response in the #m basis, consider

projecting out the action of a tidal response tensor on

another STF tensor (F("!¢ 1) as

£ ]
IR ~((()] ¥ , I, \m
e Y BN

Z! n)l a em' \ile Yrem
=t D B

m'=—

where

e Vi i (12)

The tidal response tensors F(")/¢ r, linearly map STF tensors

(of rank ) to STF tensors of the same rank. Thus, their
action upon the tidal fields is akin to a rotation (and a
scaling), where different m— modes may be mixed.
However, axisymmetry prevents the mixing of different
m modes. Thus,

FO s = FLA8. (13)

Then, the last line of Eq. (11) is simply FU’E‘". The

coefficients F ;’2 = F;’ZBL(S, ) may be regarded as tidal

response in the £m basis, with
€ =Mow. (14)

Finally, we need to treat STF tensors involving direct
products or contractions with the spin-vector which also
feature in Eq. (7). Consider for instance the projection onto
¢, m basis of the following tensor product involving unit
spin vectors:

A .
Qr—""  CUrkGirrr  Gie)Ylm
"eernn- 7 i
—= Cle-k§lie-r+1 ..gifj}fm
I " s
N (2f+ HZ CImm Y 8l sy, (15)

Since we have oriented the spin-axis to be the Z direction,
the spin-vector has £ = 1, m = 0, and we can thus write

4

ZEe", = dg————
Om =Ry )N

Vi e SOPm.(16)

Using this, we can write Eq. (15) as

dn L C<[f—k Sie—ker |

27+ Sy = cohrze (17)

Now, consider the contraction,

4nf) A
@z i S i
4nf) &t emdes
2f+ 1 Z; kC - yfﬁlkcm’ [ 1f+1y

(18)

Once again, the accompanying product must vanish when
m # m', and we can thus write

AP

W Lovk” if+1j)i”n = Cerk’mZ];Hc' (19)
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Now, we can finally rewrite Eq. (7) in £, m basis as

M—sz,’m _ MefoFfngg +MZ [Zsz 2€f ZF(fm)Crigzm

=t 4 4 ' m
:MZZ;/ N N eyl?=7 fFfm )Crig
£'=0
where we have defined
20, =1, 2=z, zZ0=Z1 (1)

where Z, Z were defined in Eq. (16) and Eq. (19) respectively.

3. Relation to amplitudes of scattering states

Now, as mentioned, the multipole moments source ;o
in accordance with Eq. (3). Substituting the expression for
the irregular field from Eq. (4) into Eq. (3), we obtain

4 i Kiige (_l)f i
wT 1rregalf6( >( ) - \/—277 Qlfalf5(3)(x )? (22)

implying C/_ = 2M,0’*' Q' where we have defined

M = (1) (Kiae) /[4(22)221]. (23)

Thus, we can rewrite Eq. (20) as

Cim, =My Y 20N

C—C| L+ +1 (' =E) ~'m
irreg f’)(l |€ Ffm Creg . (24)
£'=0

Now, the right-hand side only has applied tidal field
coefficients, which we can freely tune in principle. Let
us now manually choose to set Creg # 0iff £ = £, for some
desired z,”o. Then, we get

cim = MKZ;;foNf(x|f—fn|€f+fo+lF;fs—f)criogm. (25)

irreg

Furthermore, it is convenient to define a rescaled response
as

(£=¢y) f 4 (¢
ffom v ONfo fn[; . (26)

This can be considered a convenient choice of normaliza-
tion in the tidal response. We thus have

3We would like to point out that in a realistic scenario, all the
multipolar components of the tidal field will be excited. However,
our focus here is to consider a simple but consistent setup that can
be matched between the EFT and perturbation theory so that the
tidal-response coefficients can be conveniently fixed. Once fixed,
one can investigate more complex configurations using the
coefficients.

+ Z§+2Nf+2€f+2F(frzC1i§2 m] + M)(4[. . ] o,

(20)

_ £—£4)
Cir"ég _pr f0|€f+fo+1f)(/pom o)Cré)gm' (27)

In this work, we will be primarily interested in computing

the diagonal tidal response, i.e., fz ,, = f<f(;>m- In Eq. (27),

setting £, = ¢ yields

Clﬁﬁg = €2f+1f Creg . (28)
However, this relation is not as straightforward to fix via
perturbation theory as it seems. This is because the
perturbation equations in the full theory (linear perturbation
theory of BHs) are separable in the spheroidal harmonic
basis. The full theory, which will be discussed in Sec. III
a priori yields a relation of the form,

D, = e 2.,Dig, (29)
where Ds are coefficients in the spheroidal basis, and £, m
label the spheroidal modes. The computation of the 4.,
coefficients will be discussed in Sec. III. We can relate the

two sets of coefficients as follows. The scalar spheroidal
and spherical harmonics are related by

[2/2] o
Yim=Sem+ > (&) F S s akm+ Y0 FS patems
k=1 k=1
(30)
where rg,’c” are the associated Clebsch-Gordon like coef-
ficients. This perturbation expansion can be generated, for
instance, using the BHPT toolkit [79] in Mathematica. We

can use this, along with the asymptotic radial solution, to
relate the sets of coefficients as

[£/2]
Cfm + Z(Xe 2krzf’mkcf—2k,m

+ Z()(e)ZkrngcfHk'm- (31)
k=1
The relationship between 5" and 7" can be determined by
imposing that the full solution be identical in spherical and
spheroidal basis. We show this explicitly in Sec. II A 5.
Equation (31) holds for both regular and irregular sets of
coefficients. As mentioned before, there is freedom to
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choose the regular fields in spherical basis. In particular, we
set that only Creg is non-zero. Then, we have

Dy = (xe)hl rim—lc@gm’ (32)

where we have defined rf m—1.

Now substituting Eq. (31) and Eq. (32) into Eq. (29),
using the spherical-basis induction equation(s) in Eq. (27),
and imposing ¢, > £ we get constraint equations as

[1/2)
(I-1y) (£=2k~£,)
{ fomo +Z 4kffom 2 frznk] +0O(e") —/lfm”gom—f’
lo 27t (33)
These constraint equations can be solved iteratively. To
start, we set £ = ¢y = 0 or £ = £, = 1, where we simply
get

ffm - lfm’ f - 0, 1 (34)

For Z > 2, we describe the relation between BHPT reponse
and the EFT response below.

4. Iterative fixing of EFT response coefficients

For say 7, =2 and £ = 0, we have the relation,

-2 m
Fo = dourd. (35)

Now, keeping ¢ = £, = 2, we get
me +/’{/ rsz2m = 2m' (36)

Using the result that fgn = /10mr2 , we finally obtain

Fom = Ao — 17 zro’"ﬂ (37)

Thus, we could fix the EFT response coefficient f»,,. We
can similarly fix f3,, as

f3m = )“3m _Z4r3_r3/?'lmrém' (38)

Now, consider #, = 4 and £ = 2, 0, for which we have the

relations,

2.2m

r%’é’:/lz,n)( 3", atd =2,

at=0. (39)

-2 —4
Pl + 25 f )
-4
We can solve them to get

1ol = dry, (40)

I = Do ¥ = gt (41)

Now, for £y = £ = 4, we obtain

f4m +)(4rir£lf4_m2) +ZS rir:{f4:n4) = /14m9 (42)

which using the previous results connecting f,, with
Aoms Aoms yields

Om ,.2m

Sam = am — X r_2/12m +)(8riml mla 125

Do, (43)

We can similarly proceed to obtain relation between EFT
response f,,, and BHPT response 4,,, to all orders in spin
and the angular number f

Once the coefficients f »n are fixed, we can obtain the
EFT coefficients in £m basis trivially using the definition in
Eq. (26) as

fon _ BTG ) fom
M/N; Kiige '
5. Asymptotic form of the EFT scalar field
Before turning to gravitational case, it is useful to use the
relations between tensor and spherical harmonic basis to

rewrite the asymptotic field, obtained by taking the limit
wr> 1 of Eq. (4) as

FY) = (44)

—1 [Se]
e ot

1 .
§ =) —[Cieds, sin(wr) + Cify 01, cos(r)
=0

—1 [Se]
e 1o

— —1)Y {f . _ E
- ;( ) [N,K<Cegsm<a)r f2>

+Cle, cos (a)r - f%) )} + 0(%) (45)

Now, we use

4
Creg/lrregNIf - Z Crirg/irregyfm (0’ ¢)’ (46)

m=—¢

—la)t Sl

to rewrite the asymptotic form of the scalar field as
o 2 > Venl0.)(-

1) {Cf;’g sin <a)r - fz>
2
=0 m=—¢
n 1
Cﬁﬁg cos (a)r - f§> } + O(w r2>
—twt S
$3 RETY,, (0.9) +0(s). @)
OF 720 m—¢
This is the asymptotic results for the scalar field obtained
from EFT. Finally, using Eq. (30), we can rewrite this in
spheroidal basis as
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e—iwt [1/2]

~0—=2k,
b2 S SO RET 3 PR,
[ k=1

o0
2k ~f+2k,m pEFT
+§ (re) 75 Rf+2k,m}'
k=1

e—iwt S 2 ] T
= Z Z Sem(6, gb)(—l)f{Df;’g sin (wr— f§>
=0 m=—¢
cem ¢r o} 48
+ Clireg €08 | @wr — 3 + =3 (48)
This yields
[1/2]
Dfm — Clzf’erg 4 Z(i)(e)2k’~,§1:2kmcf—2k,m
=1
+ > (iye)HF etk (49)

k=1

Comparing with Eq. (31), we obtain the relations
Pk = (=Rl I = (—1)krfm. We can then
explicitly write the relationship between the tidal response
coefficients in spheroidal and spherical basis. For instance,
we can rewrite Eq. (37) as

— 4_2m ,Om
f2m - ﬂZm —X T /10mv

= ﬂZm —)(47’3"17’%’3/10%
L (L=m?)(4—m?)
1620

= ﬂZm —X /IOm' (50)

Similarly, we can fix Eq. (38) as
f3m = ﬂ3m _)(4"3—’5"%’"}']111’
= A3 —)(47’5"173—"21’11%

L (4= m?)(9 — m?)
52500

=M =X Ams (51)
and similarly proceed further for higher values of 7.

The above shows how to obtain the EFT tidal response
coefficients given the ratio of D7 / ngg. To compute the

irreg
ratio, we need expressions for D’ These are obtained

reg/irreg”
by matching the asymptotic EFT solution Eq. (49) with the
corresponding far-zone solution in perturbation theory. We
work this out in detail in Sec. III E.

B. Gravitational case

In the previous subsection, we showed how scalar tidal
responses can be matched between EFT and perturbation
theory. We now review how that procedure extends to
generic (s # 0) perturbations. The extension is relatively
straightforward, up to two main differences. Firstly, there

are now couplings between neighboring modes as well
since there are two parities (electric and magnetic) for a
single #Zm mode. Additionally, the tidal responses of
electric and magnetic parts of the perturbation need to
be related in some way. In particular, we will need to set
them equal to each other for the case of the point particle
being a Kerr BH, which is of our interest in this work. This
is because for a background Kerr BH there is only a single
second order perturbation equation governing a complex
curvature scalar in the perturbation theory, with no explicit
parity dependence. Below, we discuss the procedure in
detail for s = —2, i.e., gravitational perturbations. The same
steps apply for s = —1, but we do not give them explicitly.

1. EFT tidal fields and induced multipole moments

The tidal/finite size action in Eq. (2) can be generalized
for the case of gravitational perturbation as

Aiaa == [ ey 0LE,
=0""
=1
_/drw/—uﬂu“ ZEQII;BIW (52)
=0""

where the gravitoelectric and -magnetic tidal fields are
related to the Riemann curvature tensor by

EML = v(ﬂszRﬂfflMM)ﬂuauﬂ’
1
_ 5
By, =5V e, P Riapiu st 1,

=3 £>2, (53)

are the electric and magnetic tidal fields. As before, the tidal
fields induce the multipole moments, and the induction
relation for the scalar case, see Eq. (7), is modified for the
gravitational case as

(@) = M 1FY B (@)

+ M2f+2F(1)1f1;’Blg+l (Q))Airf“]
+)(2[,..]+...’
IBf(w) _ M2f+1FIt’1,/B1/t’(a))
— M2V Bl ()50
Z[M F! ‘rE ()3’
PR o), |
b2l (54)

We note that coupling between multipolar orders starts at
linear order in spin, between neighboring modes. This is
allowed since the gravitoelectric (-magnetic) fields trans-
form as (=1) ((=1)*") under parity. It is also worth
noting that the tidal response tensors are not labeled as E or
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B. This is because the linear tidal response is expected to be
identical (with proper normalizations and signs) for both
parities for Kerr BHs [34,61,69,80]. This can be understood
as a symmetry under E'v — iBls, Bl — —jE"",

2. Relating response functions to asymptotic wave
amplitudes

Now, the metric perturbations asymptotically far away
from the object are given (for monochromatic perturba-
tions) in terms of A" = ,/—gg"* — n**, where

[s+]
1 K ky_1k,

_ E ¢ r-1ke

hij - w’2 (CE reng/ aK/Lz
=2

1 K ek )
+w 1CB”HijfmekanaKf,ﬂ)l//reg + (reg <> irreg),

(55)

where the regular part is ., = ¢~ sin(wr)/wr, and the
irregular part is Wiy, = e~ cos(wr)/wr. The projector is
given by ;cjl:(1/2)(PikPj[+ijPi[—Piijl), with
P =57+ 00 /0’

The tidal fields at the position of the BH, which we
choose to be the origin (x; = 0), are obtained by evaluating
Eq. (53) at the origin. This yields

Elf — ( )K’Jrl_/\/' wfc —m)t7 (56)

& reg
Blr — i(—l)f/vfwfcgmge—fw, (57)

where Ny = 2773(1 + £)(2 + ¢)/z/T (3 + £), as shown
in Appendix B.

The tidal fields induce multipole moments via Eq. (54),
which in turn connects to the irregular coefficients C é /Birreg
via the equations of motion similar to the scalar case.
Working with linearized gravity, the equations of motion
are given by [61]

9,0"h;; = 162G |glTI4IT . (58)

The stress energy tensor can be obtained from the action by
varying the metric perturbations as shown in Ref. [61]. This
yields relations between the multipole moments and the
coefficients parametrizing the irregular part of the metric
perturbation as

el = 4(£1) N (—1) o Ok, (59)
—t(utCBIrreg 4(f!)_1(—1)fa)f+1Qé. (60)

Thus, the relation Eq. (54) can be rewritten to relate regular
and irregular components as

cle.

—4 1/
- 2041 i, 3
Eirreg T I Nfe F /I}C&reg

—il')([./\[f_l(:'ZKF( )If C< -1 i )

B, eg
+Nf 1€2f+2F( )1/ le § ]4_0()(2)’ (61)

Breg?i
and an identical relation for £ < B. Now, it would be
convenient to combine the above relations into a single one,
suitable for comparison against the relevant quantity
governed by the Teukolsky equation. The Teukolsky
equation governs the Teukolsky scalar y,, which admits
a similar decomposition into regular and irregular parts.
The corresponding coefficients Ceg imeg that enters yy, in
the spherical basis, are related to the coefficients in the
metric perturbation as Cregirreg = Cé reg/imreg T CBireg/irreg
for all (Zm) modes [61]. Thus, we add the electric and
magnetic parts of Eq. (54) to get

i, _—4 2041 pl, ol
Cirreg = WN{G F f,ffCreg
4

— iy [N DI, g

Al
+ Ny €¥H2FWIe, Crggls o). (62)

Now, we can just repeat the steps as in the scalar case, with
the only difference being that we should switch to the £, m
basis corresponding to spin-weight (-2) spherical/spheroi-
dal harmonics. In this manner, all the tidal response
coefficients can be fixed iteratively. Explicit steps in the
gravitational case for £ =2 and the mixing coefficients
between £ =2 and £ =3 modes may be found in
Refs. [61,80].

3. Structure of the response functions

To proceed further, we define
cim = / dQC Ny i, iy oY e (63)

where m; = (1/v/2)(0+i}), where 0.0=d.p=m.m=1.
Meanwhile, m.m = m.m = 0. Now, we can define, in a
similar manner as before, a tensor 72321;,", via the relation,

Y en(0.¢) = _zy;%NW_zmif_.mif)- (64)

Note that we have the relation (derived in Appendix F),

87(£ —2)!

= 6031, 1)(2¢ + 1)(2¢ =-3)1°

1, Lp(f (65)

064011-9



CHAKRABORTY, SAKETH, HINDERER, and STEINHOFF

PHYS. REV. D 114, 064011 (2026)

Substituting Eq. (64) into Eq. (63), and using Eq. (65), we
get

- 8n(£—2)!
Cz,’m — le_ ‘m , 66
2V, £(¢—1)(26 +1)(2¢ = 3)! (66)
and the inverse as
¢
Cle= " C™ )y, (67)
Going forward, for convenience, we define
8n(£ —2)!
¢ = -2 (68)

26 -1)(2¢ + 1) (2 =311

Now, similar to the scalar case, we can define the following
quantities:

LoF™Iey Bl ) 35m = ¢, Fole, Z E Y e

m:—f
= D FOm, B, (69)
m=—¢
where
n)tfm n ! \)X'm
FOim = FWley Yz, Vi, (70)

Just as in the scalar case, axisymmetry ensures that different
m modes cannot mix, and thus,

Foem,  — Fgm (71)

As before, we need to treat STF tensors involving direct
products or contractions with the spin-vector which also
feature in Eq. (7). Consider for instance the projection onto
¢, m basis of the following tensor product involving unit
spin vectors:

CfCUf-kgif-kH 5l _nym
— Cfclf—k Sie-kr | Gle _2y

= Z_:fch_k’ml_ ylf”,’; /Slf_k“ ..Aif_zj}ffm. (72)
m’

Since we have oriented the spin-axis to be the Z direction,
the spin-vector has # = 1, m = 0, and we can thus write

L ZEST, = Lo VT Sl 5 Yim o (73)

Using this, we can write Eq. (72) as
gfc<1f—k§if—k+l =

§iel L ypm = crkm_yzk (74)

Now, consider the contraction,

loik§.
Z_,’fC Slf+k..
‘+k

_ E ¢+k,m L 3
=& C —ny+k ' Sivere
m'=—¢—k

A \)‘m

'sif+1—2ylf

P \)¢
siKH—Zylt”n' (75)

Once again, the accompanying product must vanish when
m # m', and we can thus write

J P ‘m __ (E+k, k
é’fc f+ksif+k Sl/+1 zy m_ +k,m Zf+k (76)

Now, we can finally rewrite Eq. (62) in £, m basis as

-4
Cim, = aN o€ F,, Cl
4 —1i.m
7l ()N e 1€2fF(fm>—2Z,}ﬂ—1Crigl'
1
+Nf+1€2f+2Fz(fn)1 2Zfilcr§grl "
_;_)(2[...}4_.... (77)

Here we have defined

0 _ >0 _ k k<0 _  lkl
722f - 1’ —ZZf - —ZZf+k’ ZZf - 7ZZK ’

(78)

where 722’; has been defined in Eq. (73). We can write the
relation between the irregular and the regular part in a more
generic manner as

irreg

_4 - . o _ o ’ ' —¢ 7
Clng = 7 2 P2 L2 N e FG O Ol
T =2
(79)

where 8 is 1 when |£ —¢'| is odd, and O otherwise.
As before, switching on just one mode of regular field at
a time, at say £/ = ¢, we obtain

—4 /
C?rgg_fy lﬂ)(\f ol 2Zf fo_/\/’ €f+f0+1F(f0 )Criognv (80)

and then defining a rescaled response as previously done
for the scalar case,

(=¢)) 4 4 i
f 0 —El/’7 ‘f fo‘_z

— (¢o—¢)
Zom - Zf’o ONfoFfmo . (81)
This can be considered a convenient choice for the
normalization of the tidal response for the EFT. Thus,
we have the relation between irregular and regular part
using the new response function as

= ()l an (. (82)

irreg ‘om
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This is similar to the scalar case, except that in the
gravitational case £ — ¢, can be odd as well.
In this work, we will be primarily interested in comput—

ing the diagonal tidal response, ie., fyz ., = ffom In
Eq. (82), setting £, = ¢ yields
Cf;r";g =¥ rf, Creg (83)

Once again, in perturbation theory, we obtain a relationship
in spheroidal harmonic basis of spin weight ‘-2’ as

m 20+ ¢
Dife, =€ A Diy (84)
where Dre’g JimegS AT€ the coefficients from BH perturbation

theory in the spheroidal basis, and #, m label the spheroidal
modes. The computation of the A,,, coefficients will be
discussed in Sec. IV. To connect BH perturbation theory
response 4., with the EFT response f,,, the first thing is to
connect the spin weighted spheroidal and spherical har-
monics of spin weight “-27,

=)
2 Yem = 2Sem + Z()(e)k—zif';clzsf—k,m

+ Z()(e)k 2T 58k (85)

where _,7 f’” are the associated Clebsch-Gordon-like coef-

ficients. As in the scalar case, we can use Eq. (85) to obtain
a relationship between the coefficients of spheroidal and
spherical basis as

£-2

m=Com 4 Z(i)(e)k_2r
k=1

+ Y (ixe)*

k=1

cm ~C—k,m
e

_2rimct’+k,m, (86)

where the relationship between r "™ and 7 ”ﬂ " will be fixed in
the following subsection.

The relation in Eq. (86) holds for both regular and
irregular field coefficients. Once again, there is freedom to
choose the regular ﬁelds in the spherical basis. In particular,
we set that only Creg is non-zero. Then, we have

Dl = (i)™l yrim Gy (87)
where we have defined rg’” = 1. Now substituting Eq. (86)
and Eq. (87) into Eq. (84), using the spherical-basis
induction equation(s) in Eq. (82), and imposing £y > ¢
we get constraint equations just as before,

¢
I=ly) 2k (6—k=2ty) pom
|:f0m + )" fegm | —ath
kl

(62) fm zri(r)n A fo > 7. (88)

This provides the connection between EFT tidal response
fem with the BH perturbation theory tidal response 4,,,. In
what follows we will briefly illustrate the above connection
for the £ = 2 and the £ = 3 modes, respectively.

4. Iterative fixing of the tidal coefficients

Here we will solve the connection formula, Eq. (77),
iteratively. To start with, we set £ = ¢, =2 (since for
gravitational perturbation the lowest mode is £ = 2), where
we simply get

ffm - —ZAfm7 =2 (89)
We can solve it similar to the scalar case for £ > 2. For
instance, we can set £ = 2,7, = 3, to obtain

f 3m = o 2’” 1 - (90)

Subsequently, setting £ = 3, £, = 3, we get

S3m —)(zfzm _z”_1 = A3

Fam =12 oy o 1" o1 + oy (91)
The above explicitly depicts the connection between EFT
and BH perturbation theory responses for the two lowest
lying modes, £ = 2, 3, and can be generalized to any higher
modes by using the connection formula repeatedly.

Once the coefficients f(f> are fixed, we can obtain the
EFT coefficients in £m basis trivially using the definition in
Eq. (81) as

27T(2428) ftm

0
FO _ ~\ i _ _
(2432 +?)

‘AN,

(92)

5. Asymptotic form of gravitational field in EFT

We showed earlier how the asymptotic structure of the
scalar field can be used to match between EFT coefficients

L iereg and perturbation theory coefficients Di’g Jimeg 10 the

far-zone. We show the equivalent matching in the gravi-
tational case below. For this purpose one needs to expand
h;; in the wr > 1 region using Eq. (55). However, for the
sake of gauge invariance it is useful to perform the
computation using the Weyl scalar y,, rather than metric
perturbation /;;, in the large r limit. This has already been
done in [61], and we obtain

_,w 0
K ij K, »ij _
Yy = Z’f 2(Ceom” + Cilon )Nk, i,
=2
+0(r2), (93)
where cg;;;{n = (1/2)( g‘/fgj; - c’g;’g;;g) We can

decompose the above expression in spherical basis by
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using the following result:
/dQCKfzijﬁ’liﬁleKt,_zszm - Cfm. (94)

Moreover, using the normalization of _,Y,,, (6, ¢), and the
completion relations,

/ Yo (0.0) Y, (0.4)dQ =1,

5(0-0)5(¢ = ¢'),

> Y eu(0.4) 5, (0.4) = 29
£.m n
(95)
and defining Ciapn? = Cpiil o+ Cyilil . as before,
we obtain
Y4 = w?

sz 2Co0 Y eu(6, ),
=2
o0

—la)

Z ZDQK ZSfm (97 ¢)’ (96)

where in the second line we have used the result from BH
perturbation theory, and in each of the lines we have
ignored terms O(r~2). Using Eq. (85) on the first line of the
above expression, we can write it in terms of spheroidal
harmonics as

—lm

—r)
wr Z |:ng[l
=

—k,m ~C—k,m
rk Cout

wy = @?

AN

-2

+ > (=ixe)*_

g

+

NgE

(ize)t 7 c] LSen(0.4). (97)

=~
Il
—_

Comparing the above expression with the last equality in
Eq. (96), we obtain the relation between EFT and BH
perturbation theory coefficients, this yields

‘-2
m_— Cctm 4 Z(—i)(e)k_zii_
k=1
+ Z(i)(@kfz
k=1

Comparing with Eq. (86), this yields (—
i, _Z?Qk‘m = ,ri™ where k>0. We can now
explicitly write down the relationship between the tidal
response in spheroidal and spherical basis. For instance,

Eq. (91) can be rewritten as

k.m Cf—k,m

Flm etk (98)

l)k ~I kom

Fam = _adap T X A 11" o1
= o =X a2 ST
4(9 —m?)
= Ay, =Xy, 99
—2M3m X 2%om 567 (99)
Thus, we have shown how the ratio D% _/ Dreg can be used

irreg
to fix the tidal-response coefficients in EFT. But as in the

‘m
scalar case, we need to obtain expressions for D{ 70, ., from

perturbation theory. We obtain this by matching Eq. (96)
with the far-zone solution obtained from perturbation
theory in Sec. IV D.

III. SCALAR FIELD ON A KERR BACKGROUND:
AMPLITUDE OF SCATTERING STATES

In this section, we focus on external scalar perturbations,
playing the role of an external tidal field, on the Kerr
background. We know that such a perturbation, in the static
limit, does not lead to conservative deformations of the
Kerr multipole moments, which translates to vanishing tidal
Love numbers [6-20,81]. Here we focus on dynamical
scalar perturbations, in the frequency domain, and inves-
tigate the dynamical (frequency-dependent) tidal response.
Typically, the computations performed using BH perturba-
tion theory are not gauge invariant. This makes it essential
to include the additional step of matching the BH pertur-
bation theory with the EFT discussed in the previous
section, which provides a coarse-grained description of
the perturbed BH and is the essential baseline for comput-
ing dynamics and GWs in a binary system. We closely
follow the methods of [62], and perform the computation of
the DTRF in the following steps (also see Fig. 1)—(a)
solving the scalar perturbation in the near-zone as well as in
the far-zone regime, (b) imposing the ingoing boundary
conditions at the horizon, (c) matching the near-zone and
the far-zone solutions in the intermediate-zone, and finally
(d) taking the asymptotic limit of the far-zone solution for
the scalar field and matching with the EFT computation.

Following the above prescription, we first present the
behavior of the scalar field in the near-zone regime,
obtained with the approximation w(r—r,) <1, where
r, is the horizon radius of the BH. Subsequently, we solve
the perturbation equations in the far-zone are using the
approximation (M/r) < 1, where M is the mass of the BH.
The matching of the near-zone with the asymptotic solution
determines how information on the near-horizon behavior
is imprinted in far-field amplitudes, which we in turn match
with the EFT. Throughout this computation, we use a small
frequency approximation, M@ < 1 and work only up to
linear order in this quantity.

A. The basic equations

We start with BH perturbation theory for scalar pertur-
bations. Given the stationary and axisymmetric nature of
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the background Kerr geometry, we decompose the scalar
field @ as

o= Z/da)e_i“’tR,fm(r)Sfm(H)ei""’ﬁ, (100)

‘.m
|

sin 6 do do

1 2
d (sin 6 de'") - <a2w2 sin% 0 + n

where R, (r) is the radial function and S, (6) the angular
function. The BH perturbation equations in this case are
equivalent to the Klein-Gordon equation for a massless
scalar field, [J® = 0. This leads to the following decoupled
radial and angular equations:

sin2 0 _Afm>Sfm =0, (101)

dr dr

Here, A =r>-2Mr+a®, and a=(J/M) is the
rotation parameter, where J is the angular momentum
and M is the mass of the BH. The quantity A,,, is the
separation constant between radial and angular equations.
The above angular equation can be converted to the one
obtained by Teukolsky [82] with the substitution
Apy = Epp 4+ a*@?, and the radial equation also
converts to the corresponding Teukolsky equation with
A=A, —2amw = E,;, —2amw + a*»?, where E,, is
the separation constant between the radial and the angular
sectors in Teukolsky’s formalism. The angular equation
determines that Sy, (0)e™? are the spheroidal harmonics.
In what follows, we will use the parametrization used by
Teukolsky [82] for the radial equation.

B. Near-zone solution for the radial equation

In this section, we will determine the near-zone solution to
Eq. (102). We introduce the dimensionless radial coordinate,

I Gl £ (103)

(ry—r-)
where r. =M+ VM?>—-a*> are the event and
the Cauchy horizons. Thus it follows that
A=(r—r)(r—r_)=(r.—r_)*z(1+z). Therefore

we obtain the following structure for the radial equation
describing scalar perturbation of the Kerr background:

P2 —2z(1 +z))]
z(1 +z)

Rbﬂm - O,

d dem} (104)

p= {z(l +z) iz

where we have assumed w(r — r,.) < 1 and have defined

P.=02Mrow—am)/(r. —r_) =2Mr @/(r_ —r_),
(105)

with® = w — mQ., and Q, = (a/2Mr, ) being the angu-
lar velocity of the event horizon, located at r = r .

d (A dem> N [wz(r2 +a?)? —darMom + a*>m?

- Afm] Ry, = 0. (102)

The general solution of the above second order differ-
ential equation, describing the radial part of perturbations
of the Kerr background due to an external scalar field in the
near-zone regime, becomes

RUS™ — (1 4 2)iP+ [Az7 P F (2.2 + 1;1 = 2iP,; —2)
+ BziP+,F (=€ + 2iP,. ¢ + 1 +2iP,;

1 +2iP;—z)], (106)

where we have expressed the separation constant as

o~ o~

A=¢(¢+ 1), such that the quantity ¢ has the following
expansion in powers of Mw,

o~ o~

£(€+1) = Egy — 2ameo + a*@?
=£(¢+1) = 2amw + a*&*

m*+£(£+1)-1

(2¢-1)(2¢+3)

+2d°0? + O(M3w?).

(107)
This can be solved to yield

¢ =¢—{2amw/(2¢ + 1)} + O(M*0*).  (108)
The fact that ] — [ = O(Mw), will be useful in our later
analysis. The above near-zone radial solution for scalar
tidal perturbations, presented in Eq. (106), has two
unknown constants A and B, one of which is fixed by
the relevant boundary condition condition at the BH
horizon, namely purely ingoing modes.

1. Ingoing boundary condition at the horizon

To fix one of the two arbitrary constants appearing in
Eq. (106), we consider the limit to the BH horizon (z — 0).
Using the fact that the Hypergeometric function becomes
unity as their argument vanishes, the near-zone radial
perturbation function becomes
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Ry (r — r,) = Az P 4 B2iP

= Ae™P+7 4 BetPir-, (109)
Here, r, is the Tortoise coordinate, defined through the
differential equation: (dr/dr,) = (A/r?), which in the
near-zone region can be approximated as r, ~r, Inz. As
the term e'"+" in the decomposition of Eq. (100) belongs to
outgoing waves at the horizon, it follows that the coefficient
B must be set to zero, since for BHs we expect only ingoing
modes to be present. Hence the radial part of the
scalar perturbation associated with the Kerr BH takes the
form,

RE = AR(1 4 2)iP 270

x ,F\ (=€, +1;1 =2iP,;—z). (110
This provides the near-zone solution for the radial pertur-
bation function due to a scalar field on the Kerr back-
ground, with Al being an arbitrary constant. To verify the

|

~

Rnean) _ 4H r{ —A2iP+)F£1 +2¢) -
¢m(int) — “Hin C(14£)0(1 + £ -2iP,) (ry—r_)

Thus, asymptotically the radial function consists of two
independent power law branches, namely r* and r~'=¢. We
have only kept the leading order pieces in each branch. The
“...” denote subleading terms, decaying as a power law in
the radial coordinate r, denoting fractional corrections to
the leading order contribution. Since Mw < 1, it follows

that £ > 0, and hence the * branch describes a growing

mode related to the tidal field, while the r~'=¢ branch
describes a decaying mode and yields the response of the

body. For static perturbations, we have ¢ = ¢ and hence the
usual static tidal and response fields of the body follow. But
note that the tidal field has sub-leading terms, which might
raise concerns about ambiguities in the definition of the

response function [6,84,85]. For rotating BHs, Zis given by
Eq. (108), and it involves £ corrected by a frequency-
dependent quantity. As the frequency can take arbitrary

values, it follows that ?is analytically continued and hence
those subleading terms cannot mimic the response function,
thus avoiding ambiguities. For the static case and for the

case a = 0, where t=¢ , the ambiguity problem needs to
be avoided by an explicit analytic continuation of the
angular number 7.

It is worth mentioning that the large z limit of the near-
zone solution seems a bit odd, but effectively, we need to
satisfy the following condition: wr < 1. Thus in the
dynamical scenario, the growing and decaying behavior

=(1+--)+

above result, consider Ref. [9], which yields an identical

expression for the radial function with ¢ — ¢. This is
because Ref. [9] ignores quite a few terms of O(Mw). In
this work, however, we have kept all such terms but ignored
terms of O(Mwz). This leads to Eq. (110), with

£=¢+ O(Mw). In contrast, Ref. [83] retains all possible
terms and expresses the solution as an infinite series of
hypergeometric functions, which does not match with the
above result. We plan to revisit this infinite series expansion
of the hypergeometric function to determine the TLNs in
future work.

2. Limit to the intermediate zone

The same solution in the intermediate region, i.e., in the
region satisfying (r,/r) < 1 can be determined by com-
puting the above radial function in the large z regime.
Given the asymptotic expansion of the hypergeometric
function, the near-zone radial function in Eq. (110), in the
corresponding limit becomes

o~

I(1=2iP)T(=1-27) ! (14
D(=A)0(=£ =2iP.) (r, -y )1 '

(111)

|
of the perturbing field holds true within a sphere of radius
(w)~!. Thus we have three characteristic scales in the
problem: (a) the horizon at r,, (b) the frequency scale
o' and (c) the asymptotic region. The near-zone
solution is valid in a region r, <r < w~!, while the
intermediate zone is centered about @', connecting the
near-zone and the far-zone, whereas the far-zone corre-
sponds to r> M (see Fig. 1). Therefore, Eq. (111)
describes the extension of the near-zone solution to the
intermediate zone.

In the next section, we will determine the far-zone
solution and shall match its small distance behavior with
the near-zone solution in the intermediate region, as
obtained above.

C. Far-zone solution

The far-zone solution is obtained by taking the asymp-
totic limit, i.e., (r/M)>1, of the radial equation
Eq. (102). In the asymptotic limit, we keep the leading
order terms in front of the derivatives of R,,,, while in the
coefficient of R,,, we keep the subleading terms as well.
This is necessary because the leading order term @”r? is not
that large in the small frequency approximation. Thus, in
the far-zone, the radial part of the scalar perturbation
in the Kerr background satisfies the following differential
equation:
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f: fe
dZR;,;’;) ng(fl":lr) e A+ 2maw R
dr? rodr r2 em

= O(M*w*r72,r73). (112)
Here, we assume (r/M)> 1. Since we are keeping
terms linear in Mw, it follows that 1+ 2amw =
Epp + O(M?*0?) = €(€ + 1) + O(M?»?). Hence, the
above differential equation has the following general
solution,

: Aoore Aooirre
R(fdf) _ t(reg) Jf+%(a)r)+ £(irreg)

‘m \/; \/; Yf+%(wr)'

Note that the far-zone solution depends on 7, rather than l.
This will lead to additional Logarithmic terms in the
response function due to improper matching at the inter-
mediate zone. We will discuss this issue in detail later. Thus

|

(113)

A ‘45
far £ (re, wr 2
R;m)(a)r <1)= \/—F((fg—i)- ) < > -

AOO

As evident, the far-zone solution in the intermediate regime
also has a growing mode as well as a decaying mode,
identical to the behavior observed in the asymptotic limit of
the near-zone solution, as presented in Eq. (111). There is
one important difference though, the power of the growing
and the decaying modes differ by ¢ — ¢. We will discuss the
implications of this in the subsequent section. This facil-
itates matching between the near-zone and the far-zone
solution, which we will discuss in Sec. III D below. Before
discussing this matching, we also consider the asymptotic
limit of Eq. (114) needed to connect with the EFT.

2. Limit to the asymptotic region

Consider now the asymptotic limit of the far-zone
solution Eq. (113), which is obtained by taking wr > 1.
In this limit, the Bessel functions can be expressed in terms
of sinusoidal functions, such that,

AOO
(far) 2 [Af(reg) . ‘n
R > 1 —|— -—
om (@ )~ ﬂw[ - sin <a)r > >

A, £
_ _Climeg) s (m__”ﬂ .
r 2

Note that the above represents only the radial part of the
perturbation, which will be multiplied by the angular part

(115)

A;?irreg) <a)_> ~f= F(l’ﬁ+ )

\/;

re d Aooirre 1/2 26+1 3 1
_ g)3 wr 1 — C(irreg) L [ & rle+2\0(¢+=) 21,
¢+ 3) 2 A;‘Zreg 7 \w 2 2

the far-zone solution is given by the Bessel functions with
two arbitrary constants A°° [smce the Bessel function

Jo(x) is regular as x — 0] and Allireg) (88 the associated

£ (irreg)
Bessel function Y, (x) is irregular as x — 0]. We will now
consider two limits, wr < 1, which defines the intermedi-
ate zone, and r — oo, describing the asymptotic limit. We
will first discuss the limit to the intermediate zone and then
shall move on to discuss the asymptotic limit, which will be
used to match with the EFT.

1. Limit to the intermediate zone

The behavior of the far-zone solution in the intermediate
zone is obtained by taking the wr <« 1 limit of Eq. (113).
As is well known, Bessel functions for small arguments
scale as power law for both first and second kind. Thus in
the intermediate region, the radial solution of the far-zone
behaves as

2

T

(114)

[

Sem(0,¢)e™?, along with e~ and then summed over #
and m in order to determine the total scalar perturbation ®.
This result will be useful for the matching to the EFT,
which we will present below.

D. Matching in the intermediate zone

In this section we will discuss one of the most important
aspect of this computation, namely matching of the near-
zone and the far-zone solutions in the intermediate zone.
The matching is possible only if both the solutions share an
identical behavior in the intermediate zone. In our case, it
turns out that the far-zone solution in the small wr limit, see
Eq. (114), and the near zone solution in the large (r/M)
limit, see Eq. (111), have identical behavior, i.e., they both
include a growing piece ~r, as well as a decaying piece
~r~~1, modulo the factor involving (? — ) Inr. Notice
that we are computing the ratio between arbitrary constants
and hence they cannot depend on In r, which suggests to
express Inr ~In(1/w), as r ~ w™! is the region where the
intermediate zone ends. Therefore, the coefficient of r* as
well as the coefficient of #“~! coming from far and near-

zone must be matched. This yields both A°°(reg) and A°‘Emg)

in terms of A}}. Thus we obtain the ratio (A% /A°°

to be,

¢(irreg)/ “ ¢ (reg) )
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r(-1-22)r(1 +

~

T(1+ 7 —2iP,)

i __y (ol =)
Allrer 2 I(-

x {1+2(Z=¢)In[w(r,

Due to 7 being noninteger, cf. Eq. (108), it follows that
['(=¢) is finite and hence the above ratio is nonzero. The

same argument holds for ['(—1 — 2?) As we will show
later, the ratio of these two quantities will turn out to be
finite and important for determining the dynamical re-
sponse function.

At this stage, a few comments on the logarithmic term
in the above expression are in order. Such a logarithmic
term often arises in the analysis involving dynamical Love
numbers of BHs, in particular, to describe the running of
the tidal couplings with energy scale [80]. These terms are
common in the scattering approaches, as well as in BH
perturbation theory [80]. However, in the present context
the logarithmic term scales as @ In w, since (£ — ¢) ~ Mo,
and besides having the form of a tail term, it mainly arises
from a possible mismatch between near-zone and far-zone
computations. The origin of the mismatch possibly
arises from the linear-in-w approximation scheme
considered here. It is likely that in approaches without
this approximation, such Logarithmic terms will not
appear. We defer such an analysis to a future work.
The tail effect, on the other hand, comes from scattering
of GW from the Newtonian potential and hence
has no contribution to tides. Thus, either way, we
ignore this logarithmic term in this analysis, while we
expect that a better understanding of this term may arise
from a proper matching procedure, e.g., the MST
method [83,86].

E. Matching with EFT

In this section we match the results obtained from BH
perturbation theory to EFT, as detailed in Sec. II. We note
that the tidal response of BH perturbation theory is denoted
by A, see Eq. (29) and is related to the ratio
(Alimeg)/ Aflreg))- To determine the exact relation we

compare Eq. (49) with Eq. (115). The BHPT scalar field
for a given mode w in Eq. (115) can be rewritten as

J —l(ut

2w

ZSfm 9 ¢ Rfm (117)

Comparison of this expression with the EFT one in
Eq. (49), along with the expression for R,, from
Eq. (115) then yields the relations,

Dfm _ ( 1)/Aoo Dfm — (_1)/+1Aoo

reg £ (reg)’ irreg £ (irreg)’ (1 1 8)

2)T(1 + 20)0(¢ + )T(¢ +
— )]+ O(M*a?)}.

I0(—7 - 2iP.)
(116)

|

Thus, the ratio Djyey/ Dy, is identical to that of A’s up to a
minus sign. In particular, we have, (Dli’r’;g /D) =
—(A;‘zimg Plreg) ) such that the BH perturbation theory

response function reads
<r+ - r_>2f+1 I(1 47 -2iP,)
j.f =7 =
M [(-¢ —2iP.)
y (-1 -22)(1+7)
D(=A)T(1 4 22)I(£ + )£ +3)

+ O(M?e?).

(119)

Note that this result is in the spheroidal basis, which need to
be converted to spherical basis in order to obtain the EFT
response function. Even though the spheroidal to spherical
transformation for the scalar perturbation appears at
O(M?®?), it follows that there are off diagonal terms in
the response function which actually contributes at those
orders. As a consequence, since for scalar perturbation, £th
mode couples to (£ &£ 2)th modes, it follows that the EFT
response function is equal to BH response function for
¢ =0, 1 modes. While for # > 2, the EFT response
function is given by certain linear combination of
¢ =2 and £ = 0 BH perturbation theory response func-
tion. The details of the computation follows from Sec. II. In
what follows we will massage the BH perturbation theory
response function, which, in turn can be related to EFT
response function through appropriate transformations.

F. The dynamical scalar tidal response of black holes

Through matching with the point-particle EFT, we have
been able to determine the EFT response function in terms
of 1,,,. In this section, we will simplify the corresponding
expression for 4,,, and hence will determine the scalar Love
number and dissipation number, which are defined as the
real part and the imaginary part of the response function,
respectively. For that purpose, we may first rewrite the
dynamical response function, keeping only terms which are
linear in Mw, as follows (for a derivation see Appendix C):

AKCH( ) - A'Kerr|§tat + j"f;lrr|dyn X Mo, (120)

where the rescaled response function A is defined by

~ 1 2M
j't”m :(

ro—r_

2041
) L2 + (1/2)]0[€ + (3/2)])A¢m-

(121)

064011-16



DYNAMICAL TIDAL LOVE NUMBERS OF BLACK HOLES UNDER ...

PHYS. REV. D 114, 064011 (2026)

Note that the above decomposition Eq. (120) neatly separates out the stationary and the dynamical rescaled response

functions, each of which is given by

Kerr| — jpa (1 + f ﬁ k2 +4{P (122)
s = T 2T (1 v 20) L
err . . 2mra 4izr
K |dyn fm |slat{ lCOth<2”P+) (_ M(2f + 1) - :_)
+ M4 N N1 f) — (2 20) = W(1 4 26) 4o W(1 + £+ 20PY) 1 w(1 4 £ = 2iP2)
- - - = i = —2i
M(Q2¢ +1) 2 ) +
4i
+< RES )[‘P(l+f+2iPi)—‘I‘( + £ —2iP* )]} (123)
ry—r_
where P% =—{am/(r, —r_)} and P9 ={2Mr, w/ Sch 2riMw T(£ +1)?
(ro —r_)}. It is evident that the above expression has 42" ayn = (126)

both real and imaginary parts for generic values of the
rotation parameter a, the angular number # and the
frequency @, and hence will provide non-trivial scalar tidal
responses. Before jumping onto the most general case, let
us consider a few specific cases, which we summarize
below.
(1) Static scalar response of Schwarzschild BHs ob-
tained by setting a — 0, P, =2Mw — 0, r_ =0,
7 = ¢ €Z. This leads to A5"(0) = 0. For analyti-
cally continued ¢, and using Eq. (C9) from Appen-
dix C we can also express the rescaled response
function as

1 tan(zf){T(1 +2£)}?
2412 (¢ + PI(£ +3)

zgdl |stat = ( 124)

If we now consider ¢ to be an integer, the above
response function identically vanishes, which is
consistent with previous findings in the literature
[8,9,69]. Further, the above result matches with
Eq. (3.122) of Ref. [62] modulo our rescaling of
the response function. Thus static TLNs as well as
static dissipation numbers of a Schwarzschild BH
vanish identically.

(i) Dynamical scalar response of Schwarzschild BHs
obtained by setting, a - 0, P, =2Mw, r_ =0,
¢ =¢€Z. Inthat case, there is a nonzero dynamical
piece given by

2iMol’(1

chh| _
¢l T PR 1 24)T

4
(k). (125)
5 k[{

This result, using Eq. (C9) from Appendix C, can
also be expressed as

(iif)
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This result matches with Eq. (3.125) of [62] pro-
vided we rescale the result of Eq. (126) by using the
factor introduced in Eq. (121). Further, as the
response function is purely imaginary, it corresponds
entirely to absorption effects and implies that
Schwarzschild BHs have vanishing induced non-
dissipative tidal deformations at linear order in the
frequency. This is consistent with other results as
well [63,80]. In the nonspinning limit, the dissipa-
tion function reduces to

2M. r1 ‘

7 127
Y T2 +20)r +2f (127)

1

For # =2 this becomes: v, = Mw/90, which is
consistent with other results in the literature, e.g.,
those from the scattering-amplitude [70] and from
the perturbative [68] approaches.

Stationary scalar responses of Kerr BHs are ob-
tained by keeping a # 0, while setting @ = 0. Thus
we have P, =P%=—{am/(r,—r_)}, and
¢ =¢eZ. This yields a nonzero result, given by
Eq. (122). Using Eq. (C9) from Appendix C we
reexpress the rescaled response function as

iamn
24f+l(,,+ _ r_)
[T, [ +4(Py)7
D +5T(E+3)

Kerr | stat —

(128)

As the response function is imaginary, the stationary
TLNs of Kerr BHs vanish identically, while the
dissipation function becomes nonzero. From the
imaginary part of the response function, we obtain
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B amr
Ve ———5—F———
‘m 24¢+1 (r+ — r_)
[T, [ +4(P4)°
L&+ Hre+3)

(129)

Therefore, Kerr BHs have a nonzero dissipation
number at zeroth order in frequency. This arises
from the dragging of space due to rotation near the
horizon, where for Kerr BHs one replaces @ by the
corotating frequency @ = @ — mQy.

(iv) Dynamical scalar response of Kerr BHs at linear
order in the frequency. The coefficients of the linear-
in-frequency piece of the conservative tidal response
are given by half of the real part of the response
function. Given the decomposition of the response
function from Eq. (120), a similar decomposition

|

i'/dyﬂ ptat 4r+
tm — Y¢m ( _
ry r

4ma
M2¢+1)

Here, y = (a/M) is the dimensionless spin parameter of the
Kerr BH. It is evident that the above expression for the
scalar tidal response depends on the frequency linearly
through the term maw. Thus in the case of axisymmetric
perturbations (m = 0), the scalar response vanishes iden-
tically. This dependence on «a is further boasted by the
result that P4 coth(2zP%) ~ 1, for small rotation.

It is evident that the above expression is not well behaved
in the extremal limit. This is because of the explicit
(r. —r_)~! terms in the response functions. The inverse

J
Abeﬂxtremal _ i]3+< T ) ﬁ |:J2 <r+ -
" L&+ )T +3)) 11 2M

2amw
- 2W(1+£) - 29(1 +26) — 29(2 +2
17 N+ ) =201 +20) - 2%z 20) .
where P, = r, o — (am/2M).

[z coth(2zP%) — Im{¥(1 + £ + 2iP%)

applies for the conservative piece, with the leading
order static piece vanishing. Thus from the
dynamical response, we obtain the following non-

dissipative tidal response for the scalar case,
kpw = Mok®", while the dissipative part reads,
Do = D2+ MwD®" where, each of these coeffi-

cients are given by

( 14
~stat __ Pa k2 4 Pa
Yo =N T2 g 20)T + 20) g T
(130)
]}dyn _ z ~stat (131)

em — TIMY m”m

—Y(1 + £ -2iP%)}]

[{‘I’( FO) =2 +20) - P(1+20) + %Re{‘l‘(l F 4 2iPY) + (1 + £ — 2iPi)}] } (132)

|
powers of (r, —r_) terms in P4, on the other hand are
canceled by the scaling factor in Eq. (121), which involves
(ry —r_)?**!. This ill-behaved nature of the above dis-
sipation and tidal Love numbers in the extremal limit arises
due to the assumption that P = 2Mr w/r, —r_) < 1,
which does not hold in the extremal limit, even if Mo < 1.
Thus the above results are valid only in the nonextremal
case. To rectify this issue we present another alternative
form of the response function,

) 4P } (2f(—|))!2(2f>!{1 n iii;af?coth(ZﬂP+)}

(133)

In arriving at the above expression, we have expressed I'(1 +?:l:2iP+) as

(1 +¢+£2iP,), since in the extremal limit P, > 1, hence the O(Mw) terms inside the gamma functions can be
ignored. Now in the extremal limit, , — r_, P is finite and appears in the expression for the response function as P> *1,

which can be expressed as, —(am/2M)* {1

— (2¢ + 1)(2M*w/am)}. Similarly, in the extremal limit P, — oo, leading

to coth(2zP, ) — 1. Thus the response function in the extremal limit becomes

/Iextrema.l — _im2f+l < d
(¢ +Hre +3)
2amw
1- 2¥(1 -
x { 2z 112X+

(- 028 (14

P(1+2¢) - 292 + 2f)}} .

2ramw
20+ 1

(134)
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In what follows we will show that this expression is
identical to the one obtained from a separate calculation for
extremal spins.

To summarize, the scalar Love number vanishes for both
Schwarzschild and Kerr BH geometries in the stationary
configuration. In the dynamical case, the conservative
scalar Love number vanishes for Schwarzschild BHs,
but is non-zero for Kerr BHs and scales as am®. On the
other hand, the dissipation numbers are nonzero for Kerr
BHs wunder stationary perturbations and for both
Schwarzschild and Kerr BHs under dynamical perturba-
tions. These results are consistent with previous findings in
the literature [64,87,88]. Note that the same holds for the
EFT response functions as well.

IV. GENERIC SPIN PERTURBATION OF THE
NONEXTREMAL KERR BACKGROUND

In this section, we discuss the spin-s perturbations of a
Kerr background due to external tidal fields and the
associated dynamical response functions. Owing to the
gauge invariance of scalar functions, the gravitational
perturbations are best described by the Weyl scalars
and v, in terms of which the perturbations are separable in
the radial and the angular parts. The same approach will
work for scalar and electromagnetic perturbations as well
and all of them can be expressed in the following manner
[82,89]:

PN = / dwe™e™ S,,,(0),Rp, (1), (135)
‘m

Yosts|

where s = 42 denotes gravitational perturbation, s = £1
denotes electromagnetic perturbation and s = 0 denotes
scalar perturbations. We have introduced the quantity
W_s4|s|» Which is the frequency-space Weyl scalar. The
radial part (R,,(r) satisfies the following differential
equation [82,89]:

d’R, d,R,
A K m 1 A/ K m
dr? +(s+1) dr

K? —isA'K

A + 4irsw — | Ry, = 0.

(136)

Here, 1 = E;,, — 2amw — s(s + 1) + O(M?@?) is the sep-
aration constant between radial and angular equations, and
K = (r* + a*)w — am. The angular equation, on the other
hand, can be expressed as [82,89,90]

1 d d vSf m2

- in@ sTim 2,2 20 _

5in6 do (Sm 0 ) N (“ @S Ging
2mscos®  s?

—2aws cosl — -
sin%@ sin%6

+ Efm) sSfm =0,
(137)

where E;,=¢(f+1)=2maw{s*/{(£+1)}+O(M?*w?)
and the solutions of the above differential equation for the
angular function are the spin-weighted spheroidal harmonics.
These spheroidal harmonics can be expressed in terms of
spherical harmonics, which we have already discussed
in Sec. II.

A. The near-zone solution

In this section, we derive the solution of the radial
equation in the near-zone and apply the appro-
priate boundary condition at the horizon. Introducing the
radial coordinate z defined in Eq. (103) it follows
that, A= (r,—r_)?z(1+z), and A’ = (dA/dr)=
(ry —r_)(1+2z). On substituting the above results in
Eq. (136), and ignoring terms O(Mwz), we obtain the
following radial differential equation:

d*R,,, d,Ryy,
Z(1+72) ‘dZ§ —l—(s—l—l)(l—&-ZZ)%

P isP(1+22)

* z(1+2) zZ(1+z2)

—A+4diosr, | Ry, =0.
(138)

Use of the near-zone approximation Mwz < 1, allows us to
write K ~ (r2 + a*)ow — am = 2Mwr,. — am. Further, the
quantity P, appearing in the radial equation is defined as
P.=2Mr,w—am)/(r, —r_). We further introduce a

quantity #,, which is defined as 1-—4iwsr, =
2‘.(?_&. +1)—s(s+1), such that E,, =1+ 2amw +
s(s + 1) + O(Pa?) = £,(Z, + 1) + 2amw + diwsr, +
O(a?@?). From the above expression, note that #,_, = ¢,

the quantity that we have used to describe the near-zone
physics in the scalar case. Therefore, it follows that

-~

fs(25+1):Efm—2ama)—4ia)sr+

4isry 2am_ 2ams® )

M M M)
(139)

:f(f+1)+Ma)(—

implying, 7, = ¢ + O(Mw). With this parametrization, the
above equation can be solved exactly, yielding
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iP, n o
SRSZ”):G( Z > (=t s 1+ 85,145 +2iP,—2)

14z

+ Coz7 PS5 (1 + )P F (=8 = 2iP,, 1 + 2 = 2iP ;1 — 5 — 2iP; —2).

The above solution involves two arbitrary constants C; and
C,, which need to be fixed by an appropriate boundary
condition at the horizon. This is discussed in the next
section.

1. Boundary condition at the horizon

As we are studying perturbations of a BH spacetime,
whose distinguishing feature is the presence of an event
horizon, the appropriate boundary conditions are that there
are only purely ingoing modes at the BH horizon.
Considering the z — 0 limit of Eq. (140), we obtain

R(near) — CIZiP+ + CZZ—iP+—s

s em

~ C el +%e‘i‘7’r*. (141)
When combining this near-horizon radial behavior with the
time-dependence in the decomposition of the Weyl scalars
Eq. (135), we see that the term C; describes purely
outgoing waves near the horizon, while C, corresponds
to purely ingoing waves [89]. Thus, it follows that C; =0
and the near-zone solution becomes

SRE = Cha P (14 )7
X F\ (=, = 2iP,, 1+, —2iP,;

1 —s—2iP.;—2), (142)

where Cif is an overall arbitrary constant. This provides the
near-zone radial perturbation, consistent with the ingoing
boundary condition at the horizon.

2. Solution in the intermediate zone

Having derived the near-zone solution, with appropriate
boundary condition at the horizon, let us consider its
asymptotic limit, in order to determine the solution to
the radial equation in the intermediate zone. In the 7 — oo
limit, i.e., in the intermediate zone, the above solution,
presented in Eq. (142), yields

(nea'r) _ CEF(IA_S_2ZP+)F<1T22‘Y) r;’S—s A
s ¢m(int) F(l+fs—2iP+)F(1+fs—s) (r+—r_)fs—5

Ch(1—s—2iP [ (=1-22,)  r =0
[(=Z=2iP )T(=s=2,) (r,—r_

(143)

)—1—2\-—&“

(140)

|
Note that the above solution in the limit of s — 0, exactly
matches with Eq. (111), derived in the context of scalar
perturbations. Thus, the near-zone solution has a growing

mode r/+~% as well as a decaying mode r~“~'=%, and the

coefficients of these modes must be matched with the
corresponding far-zone solution. Thus, we next consider
the far-zone radial equation.

B. The solution in the far-zone

Consider now the radial Teukolsky equation for generic
spin in the far-zone,

d’R d,R

2 &sN¢m 2 1 sNCm
rge TS

+[@w?r? + 2iswr —2amw —2isMw—];R;,, =0,  (144)
where 4 is defined below Eq. (136). At this stage, we
introduce Z, which is defined as, (7 + 1) = A + 2amw +
2isMw + s(s + 1), such that we obtain

£(€+1) = Eyy, + 2isMw + O(M?@?)

2ams®

=2+ 1)+ Mol 2is—————

(+1)+ a)< is Mf(f+1)>
+ O(M*e?), (145)
such that #=¢+ O(Mw), as well as for s=0,
¢ = ¢ + O(M?®?), which is consistent with our results
derived in Sec. III. Given the above definition of #Z, the
solution of the radial Teukolsky equation in the far-zone
becomes

R<fal')

s m

— pior f=s [Bi\U(1 47 — 5,2 +27; 2iwr)

+ B, L(=1 45— 2,14 27;2iwr)]. (146)
Here U(a, b; x) is the confluent hypergeometric function,
L(a,b;x) is the Laguerre polynomial, and B;,B, are
integration constants. It is possible to express the
Laguerre polynomial in terms of the other confluent
hypergeometric function M(a, b; x), yielding the following
expression for the radial function in the far-zone,

R (far)

ST m

= et [BIU(1 4+ £ — 5,2 + 27; 2iwr)
+ BoM(1 — s+ 2,2 4 27;2iwr)). (147)

The confluent hypergeometric function U(a, b;x) can be
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expressed in terms of M(a, b; x) using Eq. (D1) in Appendix D, and hence we obtain the above far-zone radial function

solely in terms of M(a, b;z) as

[(-1-27)

(far) _ _iwr f—
R, T=e B,+B
" H FT(=2-y)

Anticipating that we will ultimately need to identify the
regular and irregular pieces of the radial solution, we
change the integration constants to two new constants
Bg,, rep and B, ... defined as linear combinations of B;

and B,

(-1-27) _ B, <a)>’7

B,+B = = =, 149
22 —s) TTE+1)\2 (149)

. . T(1+27) B3 [\

B, Riw)™ 17 7 = _ <4mmg r — ,

@i+ L o (S (5

(150)
where we have introduced the two constants 7 = £ — |s| +

(1/2)and i = Z + |s| + (1/2), such that & + i = 27 + 1.
In terms of these newly defined constants, By, ., and
B2, ireg» the radial solution for generic spin perturbation in

the far-zone reads

R — oy
« B;om,reg w DM(1+2 2—}—2? 2i )
__dmreg (T -, 2iwr
r@+1)\2
Boom irr [z 2)\# 7 7
_ Blives D) (_) M(=s = 2,-22:2iar) .
T r1+2b" w

(151)

To determine the integration constants explicitly in terms of
properties of the perturbed BH, we first take the limit of the
far-zone solution to the intermediate zone, where we match
it with the near-zone solution. We also need the limit to the
asymptotic region to match with the EFT.

Note that in the s -0 limit, v =7+ (1/2) =p
Further, we can use Eq. (D4) in Appendix D in order to
express the far-zone solution in terms of Bessel functions of
order £ + (1/2). One can show that such a computation
directly produces Eq. (113), the far-zone solution for scalar
perturbations. Thus our results are consistent with the
scalar limit.

1. Solution in the intermediate zone

Having derived the general solution to the radial equa-
tion in the far-zone, let us consider the wr < 1 limit and
determine the solution in the intermediate zone. For this

} (147 —s5,2+27;2iwr) + B,

I'(1427)

157y 2on M=

-2, —2;”;2ia)r) .

(148)

[

purpose, we can use the results presented in Eq. (D2) of
Appendix D, such that Eq. (151) reduces to

(far) B3, geg (@ Er;ﬂ_s
ST ¢m(int) — F(I/ 4 1) 2
B;Om Jirreg

) (7)o

Note that, alike the near-zone solution, the above far-zone

solution also has a growing mode (Nr? ~%) and a decaying
—1—?—3)

(152)

mode (~r in the intermediate zone. Expressing,
¢ =¢, +eMw, with

B 1 2 2ry +2am
ST\ )" ") T |

the above intermediate zone solution can be expressed as

B U o~ o~
f m.re @ —s
R;ngint) SR <2> rf (r+ - r- )f ‘
[1 + egMa)ln<

R )
Py (o

‘m i 1rregF
[1 —esMwln( )} (154)
ry—r_

Note that the power of the growing mode and the decaying
mode in the intermediate zone is identical for both far-zone
and near-zone solutions, and hence the respective coef-
ficients can be properly matched to order O(Mw). The
appearance of the In r term is not new, as it had appeared in
the case of scalar perturbations as well, which can be seen
by noticing that ¢,_y # 0. As usual, after matching between
far and near-zone the arbitrary constants cannot be a
function of radius, and hence it seems appropriate to set
r~w~'. Thus, in the general spin case also there is a
correction of O(wInw). As we have already emphasized
earlier, this term can either be a tail effect, with no
connection to the tidal field, or, it can arise from possible
mismatch between near-zone and far-zone computation
within the linear-in-w approximation scheme. Hence, we
will ignore the logarithmic piece and, hopefully, this can be
better understood in the future using the MST method [83].

(153)

r_)—?+?
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2. Solution in the asymptotic region

In order to find the matching of the perturbation theory
approach with the EFT techniques we need to consider the
asymptotic limit of the far-zone solution. For this purpose,
we will first reexpress the far-zone solution in terms of
Bessel functions, and then we will take the asymptotic
limit. Therefore, to obtain the far-zone solution in terms of
Bessel functions one can use the identities within
Appendix D, presented in Eq. (D6) and Eq. (D7). Using
these relations, we obtain, for generic spin,

- - ) : -7
M(1+7¢—s5,242¢2ior) =T+ 1)e”‘”<ﬂ>

2
2s|
x nglwk(iwr)» (155)
k=0
where, I,,(x) is the modified Bessel function, 7 = Z — |s| +

(1/2) has already been introduced earlier and the coef-
ficient g, has the following expression:

_ <i>k(17—|—k)l“(217—|—k)
|5 U I'(2p)
(2o +1+2|s|)

T(20+ 1 +2s| +k)

(=2lsx
Ko

(156)

where (a), is the Pochhammer symbol. Along identical
lines, the other confluent hypergeometric function appear-
ing in Eq. (151) can also be written as

5~z  Lior\ R
M(—s —¢,=2¢;2iwr) =T(1 — p)e™” <la)2r)
2s|

Gl _pi(icor),
=0

(157)

where i = Z + |s| + (1/2) has also been defined earlier,
and the coefficient g, reads

([ s\F (=4 K)T(=2a+ k)
gk_(ll) - T(=2a)
(=28 +1+20sl) (=20s]),
T(—2fi+1+2s|+k) &
(2 )(u N T(+28) TEa-2s-K)
s) & TO2a-8 @2

(158)
|

Josr(wr) =

Therefore, using Eq. (155) and Eq. (157) in Eq. (151),
the far zone solution in the asymptotic regime takes the
form,

2s|
fe iVB® s|—s—1 :
SR(f,j,lI()oo) =i"7B%, regr‘ s|—s Z;lewk(’wr)
.7 B;om,irreg - =\ |s|—s—1
— i ———=T (@) (1 — p)r==
V4
2|s
<Y Gl _piiior). (159)

We next use the following relations between the
modified Bessel functions and the Bessel functions of
the first and second kinds given by [, (iwr) =
VT (wr) and 1 (iowr) = i77*J_; 1 (wr), and the
identity I'(z)['(1 — 1) = {xn/ sin(zfz)}. Upon using these
identities, the far-zone solution can be expressed in terms of
Bessel functions as

2]s|

f: f e
sR,(f:lr = T:rjlzl 9l i1 (@r)
Fovines 3 - Jen(@7)
_ “?miirreg o~ Y =itk wr (160)
prlsltsts £~ sin(7jt)
This explains the labeling of the constants BS, reg and

B S”om Jirreg?
the wr— 0 limit), and J_; (wr) (irregular in the
wr — 0 limit), respectively. In the s — 0 limit, only k =
0 contributes to the sum, and gy, = 1 = §,. Moreover, in the
case of s—0, Jy(or) = Jopp(or), as well as
J_gir(or)/sin(zfi) = Yy p(wr). Thus it follows that
we get back the results of Eq. (113), and our results are
consistent with the scalar perturbation derived earlier.
Having expressed the far-zone solution in terms of
Bessel function, we will now consider the large r limit.

Expressing 7 = ¢ + ¢,Mw, where
2ams?

= (aert) Coiaern) 0o

we obtain the following asymptotic expansion of the Bessel
functions:

as these are the coefficients of J; ,; (wr) (regular in

2 Lsin[r =20 = )] os 6+ ] - cosfor = Z ¢ = o) sn[B 0+ ran] . 162
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J_poalor) = %{cos[a)r—g(f—M)} cos[ (k—i—efMa))] —sm{wr——(/ s |)] sm{ (k—&—e,,oMa))]}x(—l)”k.
(163)

Therefore, the asymptotic behavior of the far-zone radial function can also be expressed in terms of sinusoidal functions.
This is useful in the context of EFT in order to deal with the issue of mode mixing, as discussed below. Substituting the
asymptotic expansions Eq. (162) and Eq. (163) into Eq. (160) leads to the following asymptotic behavior of the radial
function:

. - 2s| 2|s|
far 2 sinjor—2%(¢—| - =
SRE”m()oo): —\S\Z'FS+1 rf’m regzl 9k COs | = k+€wa) +( )I ‘Bfm Jirreg (_l)kng]n E(k_ewa)
Tw.or k=0
2 cos|wr—5(¢—s|)] 2ls] . oo 23| . -
_ i B, regZz gpsin |= k—i—efMa)) + (=B, . imreg (—=i)*gycos E(k—ewa) .
W r —

(164)

In the limit s — 0, the summations in the above expression no longer exists and g;(s = 0) = gy = 1 = G (s = 0) = Go.
Further, as e, — 0 for scalar perturbation, as well as cos[z(Z + |s|)] — (=1)7, it follows that the asymptotic radial function
reduces to the one presented in Eq. (115), thus verifying that the s — 0 limit correctly recovers the results of the previous
section for scalar perturbation of Kerr BHs.

C. Matching in the intermediate zone

The limit of the far-zone solution in the intermediate zone, given by Eq. (154), can be matched with the limit of the near-
zone solution in the intermediate zone, presented in Eq. (143). This yields the following relations between the coefficients of
the growing and decaying modes in the near and the far-zone solutions:

To+1)\2 (ry —r ) \L(1 + 2, - 2iP)T(1 + 2, —s))

B?’m Jirreg g K _ _ Cﬁl F(l i 2LP+)F(—1 - 2?5)
T F( )<w> (r+ _ r_)—l—?—s ( F(_/{?s _ 2lP+)F(—S _ /I/’?S) ) (166)

From the far-zone solution Eq. (154), we note that DS

mimeg 18 the coefficient of the decaying mode in r and Dy}, ., is the

coefficient of the growing mode in r, and hence the ratio of the decaying to the growing mode must be related to the
response function. Thus we explicitly state the corresponding ratio between the growing and the decaying mode,

B, ireg _ (—1yH {w(m - r_)] 2041 sin[zz?s + 2Air:P+]
B reg 2 2 cos(nty)
y <r(1 +2,=2iPT(1+ 2, —)[(1 + 2, + [ (1 + 2, + 2iP+))
(2 + 22,)0(1 + 22,)0(R)0(1 + D)

(167)

This provides the desired relation between the regular and the irregular piece for generic spin perturbations arising from BH
perturbation theory alone. In the s — 0 limit, we obtain Z — ¢, #; — £ and o = i = £ + (1/2), such that the right-hand
side of Eq. (167) reproduces Eq. (119). We now proceed to discuss the connection of the asymptotic limit of the far-zone
solution to the EFT.

D. Matching with EFT

We now want to match the EFT radial function in Eq. (96) with the asymptotic expression of the BH perturbation theory
radial function in the far-zone in Eq. (164), for the gravitational case (s = —2). The electromagnetic case follows in a similar
fashion and is thus not discussed in detail here. In order to match BH perturbation theory and EFT we note that Eq. (164) can
also be expressed as
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—ia(t=r) 32it(¢ - 1)
(far) _ 26 &) l
R = B
N m(e) = H @ r ( £m reg (3 + 84 + 42w
324(¢+ 1)
- 168
B e (3-8/+4%)w ) (168)

The regular and irregular pieces match directly with those
in Eq. (96) after expanding spin weighted (s = —2)
spheroidal harmonics into spin weighted spherical
harmonics.

To proceed further, it is convenient to redefine the
integration constants in Eq. (168) as

644(¢ — 1)
B> — B
‘m.reg ‘m.reg (3 187+ 4f2)
64¢(¢ + 1)
B® —-B2 —— 169
‘m i 1rreg “m irreg (3 87 + 4f2) ( )
Then, we can write
e—iw(t—r) ©
vy = (-1)'0* ——— ) "B 1S (0.4).  (170)
wr —

where Bili = (1/2)(Bjn, — iBig). The coefficients can
!

Dfm Bfm
_0p— irre irre
_2/1fm = (Ma)> 2f 1D—{ﬁ¢;g = (Ma)) 2f ! Bfn;g

reg

—(Mw)~

now be directly identified by comparing with Eq. (96). This
yields

Dy, = (_l)fom’ (171)

which is valid for both regular and irregular coefficients.
One can then follow the analysis in Sec. II B to compute the
tidal-response coefficients in EFT which are a priori
defined in spherical harmonic basis. Here, we will restrict
to computing the tidal response coefficients in the sphe-
roidal harmonic basis.

E. Tidal response function

The determination of the dynamical tidal response
function of a Kerr BH under generic spin perturbation
follows an identical route to that adopted in the scalar case.
The regular solution encodes the tidal field, while the
irregular solution, which is sourced by a delta function at
the origin, corresponds to the quadrupole moment. Using
the results obtained by matching with the EFT, provided in
the previous section, BH perturbation theory tidal response
function reads

sy (EH1) (3486 + 462\ B,
(¢—1)\3-8¢+472) Bim

reg

= (ﬂz;lr—)z“l [w(7+2— r—)] 2=

(€ +1) (34 8¢ + 472\ sin[nt, + 2inP.]
(¢-1)

3-8/ +4¢0° 2 cos(n?,)

5 (r(1 42, = 2P (147, —s)T(1 + 2, + )L (1 + £, + 2iP.)
(2 +2Z,)T(1 +2Z,)T(@)T(1 + D)

Note that {w(r, —r_)}*"=") =1+ 2¢,Mon{w(r,—
r_)} =1, as we are ignoring terms of O(wIn®). Given
the above, we first consider a rescaled response function
F sm» related to the original response function as

= L 2M \¥+ (£ 1) (3-80+472
—2m = e \ry =1 (¢ +1)\3 + 8¢ +4¢2
X T(£ +5/2)0(£ = 1/2) .

(173)

Using the results from Appendix E, and ignoring terms of
O(wlnw) and O(M?*w?*) we obtain up to linear order in
Mo,

T = DA I Mo, (174)

>. (172)

where the stationary response function yields (see
Appendix E)

(¢ =) +9)!

ZStat — ~Pa
—2%m l (2f—|—

with P{ defined in Eq. (E2). This result matches with
earlier results in the literature [8,64,69]. As evident, the
above expression is purely imaginary and hence the tidal
Love numbers of a Kerr BH under general perturbations
identically vanish. The dynamical response function, as in
Eq. (174), reads (see Appendix E)
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sdyn _ pg (£=8)1(€+s)! , AL +2inP? .
ohim =PL mn{ +4(P)*} e coth(2zP4)

<?‘5w){\11(1+5+21P") W(1+¢-2iP%)} —ie AP (R.) +P(1+D,)}

A
+1<M >{‘P(1 +7-2iPL)+VY(1+C—s5)+¥(1++5)+¥Y(1+£42iP1) -2¥(242¢) -2¥(1+2¢) }|.
(176)
Given the above response functions, the conservative and dissipative tidal responses are the real and imaginary parts of

Eq. (174). We substitute the expressions for the quantities €., AZ, P¢ from Eq. (161), Eq. (E3), and Eq. (E2) respectively,
and define the dissipative coefficients to linear order in frequency by
LT+ Mo _yig = Im[_yl ). (177)

We find that the stationary part of the response function is purely imaginary and

~Sstal ll (f f—i'_ s ll

The dynamical part of the dissipation function from Eq. (176) is

—dvn o drsr 4rr . 4r o . a
L = U {(M(Zf ++ 0 + " —+r_ coth(2zP4) — P, —+r_ Im{¥(1+7+2iP})-Y(1+7¢—-2iP%)}

2ams® ) ) am
Mz D2e 1 1) {¥(a,)+¥(1+0,)} -

2

s
—— 1+ {Y(1 + 7 =2iP%) + (1 + ¢ -
M(2zf+1)( +zf(f+1)){ (147 -2iPL) + ¥(1 47 =)
+P(1+2+s5)+ (1 + 2 +2iPy) —2¥(2+27) - 2¥(1 + 25)}} . (179)
Similarly, the conservative part of the response has the low-frequency expansion,

~ 1
ke = ERC[ 2hem) = oK+ Mo,k (180)

As discussed above, _zkStat 0 for a Kerr background, while the dynamical coefficient reads

2
]}d)’" _ stat nty 1 s th(27zP¢
—2%m —nym|: (2f—|—1)( +£(f—|—1> 7 Co (” +)
2sr
y Y(l+7 ——* __{y(1 - P(1
+2f+1{ () + ¥( +”f)}+M(2f+1){ (I4+2¢-5)+¥(1+7+5)
+Re[‘P(1+f—2iPi)+‘I’(1+f+2iPi)]—2‘P(2+2f)—2‘P(l+2f)} . (181)

Here ¥ denotes the digamma function. One can straightforwardly check that the above expression reduces to Eq. (130) in
the limit s — 0. Moreover, note that in the limit of a — 0, the dynamical coefficient at linear order in M vanishes, which is
also consistent with the previous results in the literature [37,68,80]. In addition, for axisymmetric perturbations, i.e., for
m = 0, we obtain P{ = 0, and hence the dynamic tidal response function vanishes identically up to linear order in M.
Note that unlike the case of the dynamical tidal Love number, the dynamical dissipation number depends explicitly on
(r, —r_)~!, and hence is ill-behaved in the extremal limit. We will discuss these issues in a subsequent paragraph. All in
all, the above provides the complete expressions for the stationary as well as dynamic Love numbers and dissipation
numbers for a Kerr BH under arbitrary perturbations.
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We would like to point out one interesting feature
of the above dynamical response function in this regard.
First of all, note that the term involving sinusoidal functions
in Eq. (172) can be expressed as (1/2)sinh(2zP,)
[1 + O(Mw)]. Similarly, the following combination of
gamma functions becomes I'(1 + £, + 2iP (1 + £i—
2iP,) = {2zP,/ sinh(2zP,)} T]5_,(kK* + 4P2)[1 +
O(Mw)]. Hence the overall scaling of the dynamical
response function and of the dynamical TLNs becomes
iP, T]5_, (k* + 4P%). Recalling the definition of P, from
Eq. (105), this shows that the response function changes

sign as the frequency crosses the superradiant bound
m.Q.H.

Finally note that the expression for the dynamical
response function as in Eq. (176) is ill-behaved in the
extremal limit. This is a consequence of the fact that in the
extremal limit, {P%, P?} — oo, and r, — r_. The diver-
gent behavior of the response function in Eq. (176) in the
extremal limit arises from the fact that in deriving Eq. (176)
we had assumed P9 < 1, which is not true in this limit.
However, the physical response is finite for extremal spins,
as can be seen from an alternative expression for the
dynamical response function we calculated

o) (ot Goverie) me el P () +47)

x [1 —izrAZ coth(2zP | )][1 + AZ{2¥(1 + ¢ — )

—eAY(C+5/2) +¥(¢-1/2)}].

The well-behaved-ness can be first apprehended from the definition of the quantity P, = r @ —

—2W(2+2¢)

—2%(1 +2¢)}
(182)

(am/2M), which

approaches finite values in the extremal limit. In fact, in the extremal limit, r, — r_ — M, along with a = M, the above

response function for gravitational perturbation becomes

oM
= —im2f+1{1 —(f+1) “’}( r
m

20( +5/2)0(¢ - 1/2)

x [1 —inAZ[1 + AC{2¥(1 + ¢ — )

where we have used the result that in the P, — oo limit,
coth(2zP_,) — 1, and at the same time we have replaced
I(1+ 7, +2iP.) by (1 + ¢ +2iP.,), where we have
ignored the O(Mw) term as P, > 1. We will compute now
the extremal case in an explicit manner and shall match the
respective results with the expression of the dynamical
response function as presented above.

V. GENERIC SPIN PERTURBATION OF AN
EXTREMAL KERR BLACK HOLE

In this section we would like to briefly touch upon the
dynamical tides for an extremal Kerr BH. In this case, the
spin length a is the same as the mass a = M and the two
horizons coincide. Thus, we have A = (r—r,)?, with
r, = M = a. Note that, since for an extremal Kerr BH
r, = r_, the coordinate z introduced in Eq. (103) and
used in all previous calculations vanishes and thus cannot
be used for studying the extremal case. Instead, we
introduce a new radial coordinate y = (r/r,)—1 and
express the Teukolsky equation in the Boyer-Lindquist
coordinate as

—2P(2 +2¢)

(£ +1) (3+8C+47  (£—5)!
)( )(3 8f+4f2>(2£+1)!(2f)!

—2W(1 +20)} — e, {W(£ +5/2) +W(£ — 1/2)}]. (183)

2 dQSRS?nL) 4 2( +1 s fm |: ZiSKr+y
dy’ riy?
+ diswr, (14 y) - z} BL) — 0. (184)

Here, the superscript to the radial coordinate denotes that
the radial function is expressed in the Boyer-Lindquist
coordinate system. It turns out that in the near-zone region,
the above equation does not admit an analytic solution.
However, when switching to advanced null coordinates
(v,7,0,9), where dv=dt+{(r*+a?)/A}dr and
dp = d¢p+ (a/A)dr, the Teukolsky equation can be
solved in the near-zone region. On the other hand, the
solution of the Teukolsky equation in the far-zone is best
solved in Boyer-Lindquist coordinates, rather than in
advanced null coordinates. Thus we will solve the near-
zone Teukolsky equation in null coordinates, while the far-
zone Teukolsky equation is considered in Boyer-Lindquist
coordinates.
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A. Near-zone solution

Under the near-zone approximation (Mo < 1 and
Mwy < 1), we have, K=~ (r2 +a*)w—am, and
or =~ or,, such that the radial Teukolsky equation
Eq. (184) in the ingoing null coordinates becomes

&Ry, o
szyz +2(s+1)y— 21P+]Ty
4isP
+ [—”*—/1] RE . (185)
; .

Here, the superscript implies the use of Eddington-
Finkelstein like coordinates. In addition, we have intro-
duced P, = 2M&, where @ =  — (ma/2M?) is the fre-
quency in the co-rotating frame of reference. Moreover, the

radial function SR%:) in ingoing null coordinates is related

to the radial function ‘YR%L) in the Boyer-Lindquist
coordinate system through the following transformation:
SR%L) = e""*”*e"”’ingf), where r, is the Tortoise coor-
dinate and d7 = (a/A)dr. Further note that, the separation
constant A is given by A=7,(Z,+1)—s(s+ 1)
Therefore, the radial Teukolsky equation in the near zone,
in ingoing null coordinates, takes the following final form:

d* R - d,RED
y27+[2(s+1)y—21P+] dy
4isP, ~
+[— 1 +—zfe(fejul)jts(sﬂ)} R —0,  (186)
5 ‘

which has the following solution in terms of confluent
hypergeometric functions:

> ~ ~  2iP
RED :Ayff‘SM<—£e—s,—2fe;— : *)
y

- ~ ~  2iP
+By—1—s‘feM<1—|—f€—s,2+2f€;— ! *).
y

(187)

Here, M(a, b;z) is the confluent hypergeometric function
and 7, is related to the angular momentum such that

-~ 2Mw 5? s 2
fe_bﬂ_2f—|—1 |:n’l)(<1+m>:| +O(M(x) )

(188)

Note that, ?e -7 = a — ¢, which for s =0 reduces to

¢ — ¢. Thus the renormalized angular momentum in the
extremal case behaves identically to that in the nonextremal
case. Given the near-zone solution we will now take the
near-horizon limit and hence impose appropriate boundary

conditions at the horizon, and then we take the asymptotic
limit for matching with the far-zone solution at the
intermediate zone.

1. The limit to the horizon

We first consider the near-horizon limit, which corre-
sponds to y — 0. In this case, using Eq. (D3) in
Appendix D, the radial function in the limit towards the
horizon becomes

R;EF>|hor — y—25 |:A F(_zl/if) eiiﬂ(?e+s)(_2ip+)?e+s
oo I'(s—=72,)
B F(2 t2£e) e:Fiﬂ(lJr/L;e—S)(_2i}~)+>—1—?e+5:|
rl+7<,+s)
w. [ T(=27 .-
e {A T22) (oip, s
F(—S - l’ﬂe)
rQ2+27¢ .o
BM(—zim)—l—fﬂ}. (189)
rt+¢,-s)

For an extremal BH, the ingoing solution of the radial
Teukolsky function behaves as A~ =~ y~2*, and the out-
going solution takes the form ¢~2P+/y_Since for BHs there
are no outgoing solutions at the horizon, it follows that the

coefficient of exp(—2iP, /y) must vanish. Hence the ratio
(B/A) takes the following form:

B_ D214 0e=9) oy,
A I(=Z,- (2 +27,) i

(190)

Therefore, by substituting the ratio (B/A) in Eq. (187), the
radial function SR%:)
becomes

, purely ingoing at the BH horizon,

. 2if’+>
y
I(=2Z,)0(1+7, ) (-2#;) 1+2¢,

(=Z, -T2 +2Z,) \ ¥

~ ~  2iP
xM<1+fe—s,2+2fe;— ! *)}
y

XR;]::‘::) = Ayfg |:M <_2e -, _2267 -

(191)

This yields the solution of the radial Teukolsky equation in
the near-zone, which is purely ingoing at the BH horizon.
The next step is to take the asymptotic limit and hence
determine the behavior of the radial solution in the inter-
mediate-zone, to be matched with the far-zone solution.

2. Extension to the intermediate zone

In order to arrive at the intermediate zone, we take the
limit y — oo of Eq. (191), which implies that the argument
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of the confluent hypergeometric functions must vanish, and
since lim,_o M(a, b;z) = 1, we obtain

- Ze=s 0(=22,)0(1+ ¢, -
REERin) :A<L> {1 L IE22)T(A + 2, = 5)
‘ ry I(—Z, — s)[(2+22,)

r. 1427, .
x | — (2iP )12 .
r

Here, we have expressed y= (r/r.), leading to the
standard behavior of the radial function, with one part

(192)

-~

£o—S —1-C,—s

growing as r“<~*, and another part is decaying as r
Since 7, is a complex quantity, the analytical continuation
is automatically satisfied, and hence the above neatly

separates the tidal part from the response.

B. Far-zone Solution and matching at intermediate zone

The far-zone solution, on the other hand, is identical for
nonextremal and extremal BHs, as the asymptotic behavior
is identical with the rotation parameter a set to be equal to

the mass M everywhere. Therefore, the far-zone solution is
still given by Eq. (151), but in Boyer-Lindquist coordi-
nates. The small r limit of the far-zone solution is then
explicitly given by

(BL) Ce AP
R i = — | —
ST ¢m(int) F(17—|— 1) (2) r

C® —i 5
- mgr(g)(%) roi=tes o (193)

T

where i = Z + |s| 4+ (1/2) and o = £ — |s| + (1/2), with
Z being defined by Eq. (145). The above small r expansion
of the far-zone solution can now be matched with Eq. (192),
yielding

c® —jt y
irreg F(ﬁ) <w> M—l—f—s —A
n 2

I(-s—7,) T(2+27,)

Cree o\? 7
PN Ap? 194
F(v+1) <2> o
|
r(l-s+7¢,) (=22, (_21.;)”22“. (195)

We note that there are extra factors of exp(—iwr,) and exp(im7) in the connection formulae, due to converting the radial
function in Boyer-Lindquist to advanced null coordinates, where (dr,/dr) = {(r* + a*)/A} and (d¥/dr) = (a/A).
However, in the far-zone, neither of these contributes. From the above connection formulas, we finally obtain

Cree T(1=5+2,) T(=27,)
CRe T(-s-7,) T(2+27,)

Using the identities involving gamma functions, we can reexpress the above expression as

Cheg T(I=s+2)T(1+5+7,)
CR  T(2+27,) TI(1+27,)

This provides the matching between the two zones in BH
perturbation theory. We now consider matching of the far-
zone in BH perturbation theory with the EFT solution and
hence obtain the gauge invariant dynamical response
function.

C. EFT and asymptotic matching: The response
functions

The EFT action and the subsequent computations per-
formed in Sec. II can be directly applied here, or, in other

(—4iMa)2 ! F(ﬁ)r’(; ey (@) MH, (196)
e ﬂ.(_l)s-s-t’ Mo\ 27+1
oo e (2) o

[
words, the EFT of an extremal BH is identical to that in the
context of nonextremal BHs. Hence all the results from the
EFT calculations also hold in the extremal case. Below we
discuss the case for scalar, as well as for gravitational
perturbation.

1. Scalar perturbation

For scalar perturbations, using the EFT results from
Sec. II, the BH perturbation theory tidal response function
turns out to be
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1 \¥" T(1+2,) T(1+7 ~ e Moo\ 2641
Aom = (—) (1+e) Mi+7,) (—4iM@)¥+! #(-1) <—“’>
Mao r(2+22,)T(1 +22,) 202 +1/2)0(¢ +3/2) \ 2
_ =y < r(l+72,) r(1+72,) ) _(2im = 4iMw)' 2 (198)
2202 r(2+22,)0(1+22,)) T(€+1/2)0(+3/2)
Expanding 26 in powers of Mw, we can rewrite the above response function up to linear orders in M as
2Mw
2ot — i+l B (£1)? « {1-(2¢+1)2}
Zm 27\ 2012+ 1)) TT(¢+1/2)T(¢ +3/2)
X [1 4+ AZ2¥(1 +7) = 2¥(1 +2¢) = 2¥(2 + 27)}|(1 — inAZ,). (199)

Further, since AZ, = AZ, a comparison between Eq. (199) and Eq. (134) shows that the scalar response for extremal BH
matches with the extremal limit of nonextremal BH.

2. Gravitational perturbation

The response function associated with the gravitational perturbation of an extremal Kerr BH, using the EFT matching
used in Sec. IV D, takes the following form:

o s 3+ 8¢ + 4%\ CS.
=iy D (S 440 G

3-8/ +47%) C,
(3 + 87 + 4f2> < rG+72,)r, -1) )
3-8/ +402)\1(2+27,)I(1 +27,)

o A+1 ﬂ<_1)f Mo 20+1
X (—4iM®)* - 2)<2> . (200)

This can be further simplified to yield

o _ A= (2im 4iMw) e (£ +1) <3 + 8¢+ 4/2) ((f +2)1(¢ - 2)!)
—2%m —

207 (£ 1+ 520 —1/2) (7 =1) \3=82+472 ) \ (1 +2£)1(27)!

X[+ ALLPG 4+ 6) +W(E —1) = 29(1 +26) = 292 + 22)M[1 — e, Mo {¥(¥(£ + 5/2) + ¥(£ - 1/2)}]

am* T+ 1) (3484487 ((£+2)1(€-2)! 1

T =) <3-8/+4f2><(1+2f)z(2f)z>Xr(f+5/2)r(f—1/2)

) [1 4+ AL PGB+ 6) + (= 1) = 2¥(1 +26) — 2¥(2 + 22)M[1 — e,Mo{¥(£ +5/2) + ¥(£ — 1/2)}]
(201)

(202)

x [ — izAZ,) {1 —M].

Note that the above expression exactly matches with the result obtained in Eq. (183), and hence for gravitational
perturbation as well the response function for extremal BH coincides with the response function of nonextremal BH in the
extremal limit.

The above response function can also be expressed as _,A%" = _2/1%;(“&{) + M w_zﬂi’:;(dyn). Substituting @ = 0 in the
above expression for the dynamical response function, we obtain the stationary case, for which the response function
becomes

ext (sta (11 £+ 477 £+2)(-2)! 1

2hem T ) \3 =87 + 477 (1+2f)!(2f)!>Xr(f+5/2)r(f—1/2)'

As evident, this response function is purely imaginary, thereby leading to vanishing stationary TLNs for extremal Kerr BH.
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FIG. 2. The figure depicts Octupolar conservative tidal re-
sponses(¢ = 3) for gravitational perturbation (s = —2) for differ-
ent choices of m. Dashed curves indicate the BHPT results
(identical to the EFT for |m|=1), see Eq. (181). The other
conservative responses are obtained from EFT, and follow from
substitution of Eq. (181) in Eq. (99) and then in Eq. (92),
respectively. Dots indicate the values for extremal spins, obtained
from the above procedure.

[ T T T T T T T T T T T T T ‘4

10f ]

N L ]

1] L L

S / h

3 ¥ 1

g ¥ 1

7] [ ]

& o x

[eX [ ]
(7]
Q

- -5 ) o]

g P /=2 cons /=2 diss ]

% -10f —— /=3 cons /=3 diss ]

2 [ ----- /=3 cons BHPT ----- /=3 diss BHPT ]

(@] ~15F ]

: n n n 1 n n n 1 n n n 1 n n n 1 n n n ?:

0.0 0.2 0.4 0.6 0.8 1.0

BH spin x
FIG. 3. Dependence on ¢ of the O(Mw) coefficients of the

tensor responses for m = 2. Blue tones indicate the quadrupole,
red-pink the octupole, with darker/lighter hues corresponding to
the conservative/dissipative coefficients. Dashed lines indicate
the coefficients from black hole perturbation theory (BHPT).
Circles indicate the values for extremal spins. Note that the
conservative coefficient (darker blue and red curves) has a non-
trivial behavior near extremality, including a change in sign.

The dynamical response function, on the other hand, is given by

ext (dyn)
—2/1fm

2m

(2¢+1)

- ext (stat) _2(2f + 1) _ 1 —4i —
- —Z/Ifm |: m 20 + 1 !

8m

m) (£ +5/2) + (¢~ 1/2)}

4 .
_ <1 e 1)> (PB+0)+P(—1)=2%(1 +2¢) =292 +2¢) —in}|.  (204)

Since the static response function is purely imagniary, it follows that the dynamical response function has both real and
imaginary parts, i.e., at O(Mw), extremal BH has non-zero TLNs as well as nonzero dissipation numbers. Starting with the

TLNs, we obtain

kext (stat)

ext
72kfm - 2%m

ext (dyn
+ Ma_, k™, (205)

where, kS = (1/2)Re_,AZ%. As already discussed, the static part of the response function is purely imaginary, and hence
the static TLNs vanish identically. The dynamical part is given by

(£ +2)1(¢ - 2)! 1

pextam) _ am* (¢ + 1) (3 + 8¢ + 4/2> <

=2%¢m - 2

(¢ -1)\3-8¢+472

x Kzzi 1) (W(£+5/2) +¥(¢—-1/2)} + D

(1+200120)! ) “T(¢ 1 5/2)0(7 - 1)2)

2ma ] . (206)

The dissipation numbers, on the other hand, are defined as, _21/;};}! = Im _2/1?;‘1. This has a nonzero static and dynamical

parts, these are given by

extisa)  am (4 1) (348 + 4% (€ +2)1(£ - 2)! 1 -
S T P2 (3—8f+4f2><(1+2f>!(2f)!)Xr(f+5/z)r(f_1/z)’ (207)

™ = [—2(2";+ S <2 . x - (¥ +5/2) + (e -1/2))
—Mé?i ) (1 +f(f4+ 1)>{‘I‘(3+f)+‘11(f— 1) =2¥(1+26) - 2%(2+2£)}|.  (208)
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Note that the vanishing of static TLNs, and existence of
nonzero dynamical TLNs hold for Kerr BHs in general,
irrespective of the spin of the BH. The above analysis is for
gravitational perturbation but also holds for s =0.
Furthermore, the dynamical TLNs vanish for either zero
rotation (@ = 0) or for axisymmetric perturbations (m = 0).
Otherwise, the dynamical TLNs of an extremal/nonextre-
mal Kerr BH under generic tidal perturbations are nonzero.

VI. SUMMARY OF KEY RESULTS AND
DISCUSSION

In summary, we have calculated the dynamical tidal
response function characterizing the ratio of a BH’s
induced multipoles to the strength of the tidal perturbation
to linear order in frequency. Our method is based on
defining the response via a worldline EFT and then linking
it to BH perturbation theory for fields with generic spin s.
The worldline EFT describes a (perturbed) compact object
on large scales and is the essential foundation for further
calculations of GWs from binary systems. The matching
between EFT and strong-field BH perturbation is an
important step towards computing GW signatures on a
binary system due to tidal effects. In particular, this
determines the tidal response function in terms of the ratio
of wave amplitudes that are regular and irregular at the
location of the BH, taken to be the origin, where the regular
parts correspond to modes of the external tidal field, and the
irregular parts are related to the induced multipole
moments. While similar calculations had already been
performed in previous literature, our work filled in gaps
in the methodology of linking the worldline EFT with the
BH perturbation theory for generic spins, both in term of
angular momentum of the BH and the spin weights of the
tidal perturbation fields, and providing explicit, ready-to-
use results for the relevant response coefficients.

A complication in relating BH perturbation theory
results to those of the EFT arose from the fact that the
EFT formulation is based on symmetric-trace-free tensors,
corresponding to a spherical-harmonic basis, while BH
perturbation theory calculations are naturally decomposed
into spheroidal harmonics. Connecting the different bases
generally leads to mode mixing. In addition, the off
diagonal components of the EFT tidal response couples
with these mode mixing coefficients in such a manner, that
even after keeping only linear order terms in Mw, the BH
perturbation theory response function gets related to the
diagonal and off diagonal EFT response function through
mixing coefficients.

As far as BH perturbation theory is considered, one can
relate the regular and irregular coefficients of BH pertur-
bation theory in the far-zone (wr > 1) to the regular and
irregular coefficients in the EFT. Keeping in mind the
contribution of both diagonal and off diagonal response
coefficients of EFT to the BH perturbation theory response
coefficient, one can invert the relation and hence each EFT

response coefficient can be determined in terms of diagonal
and off diagonal BH response coefficients. Following this
which we computed the BH response coefficients for scalar
and gravitational perturbations, both for nonextremal and
extremal Kerr BH.

Throughout the text, we have discussed several checks of
our results in the limiting cases, such as against the zero-
frequency computations by Refs. [7-9], the nonspinning
results of Refs. [62,65,68,91], and the dissipative coeffi-
cients in Refs. [61,70,91]. We also note here that our results
differ from those of Refs. [71] and in the case of extremal
BHs from [72], We attribute this discrepancy to different
definitions of the response. Specifically, the work of
[71,72] extracted the response based on BH perturbations,
while here, we defined it at the level of the worldline EFT.
As mentioned, the matching to the worldline EFT involves
nonlinearities such as mode mixing, leading to nontrivial
mappings between results from BH perturbation theory and
relevant EFT quantities.

A. Features of the dynamical tidal response function

Our main results are that to linear order in frequency, the
tidal response function for a nonextremal BH computed
from perturbation theory is given by Eq. (172), while for an
extremal BH the response function becomes Eq. (200) for
gravitational perturbations. The corresponding cases for
scalar perturbations can be obtained from Eq. (119) and
Eq. (198), respectively. The EFT response, which is closely
linked to physical effects in the binary system, is then
obtained by using the results of Eq. (99) and Eq. (92) for the
gravitational case, and those described in Sec. Il E for the
scalar case.

We also find that an interesting pattern that was
previously noticed for the O(w?) response of a
Schwarzschild BH, namely that all the response coeffi-
cients are directly proportional to the leading-order dis-
sipation coefficient, also holds for the O(w) response of
spinning BHs. To elucidate the parameter dependencies of
the response coefficients, we exhibit results in a few
limiting cases, recalling that our results are also truncated
at O(Mw). The dissipative piece of the response for the
tensor quadrupole case with s = =2, = 2 has the follow-
ing limiting behavior:

2md  2m® (
45 45

X —;1—0—%4:—’;1{‘1’(9/2) +W¥(3/2)}

im0 () = Mow)

_sz{\ya) —W(5)—2%(6)}|, (209)

VMo
225

lim v () = (209)
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The EFT response, which underpins physical effects in the
dynamics and gravitational waves, is then obtained by
using the identification Eq. (89) and the normalization
factor Eq. (92). Note that in the Mw — 0 limit, the
dissipation number for Schwarzschild vanishes, while
the dissipation number for extremal Kerr BH is nonzero.
For the conservative response associated with the tensor
quadrupole moments are obtained by substituting s = —2
and £ = 2 in respective equations, they yield

5
lim ol (0) o (5 ) [21000/2) -3/} + 227
(210a)
lim_ykap (@) = 0. (210b)
x—0

This shows that for spinning BHs, a nonvanishing
conservative response first appears at linear order in
Mw. For nonspinning BHs, this contribution vanishes
and a nontrivial conservative response starts only at
O(M?*w?) [65,68]. We present below a few for interesting
results arising out of the above expressions.

Effect of the azimuthal number m: From Eq. (210), we
see that the sign of _,k,,, is primarily the negative of the
sign of m and that | k,,,| is larger for larger |m|, i.e., for a
fixed multipole, the largest conservative response for a
given y occurs for |m| = ¢. For high BH spins, the factor of
m® in the conservative response, see Eq. (210a), causes
lower m contributions to be very strongly suppressed. The
dependence of the dissipation numbers on m is more
complicated, but the O(Mw) term remains the same under
m — —m. Another interesting feature is depicted by Fig. 2,
as it clearly shows for £ = 3, m = 2 mode, the conservative
response dominates all the other m modes, including £ = 3,
m = 3 mode. This shows that the off diagonal entries are
more important than diagonal entries in tidal response
for £ > 3.

Dependence on BH spin: The largest conservative
response, i.e., the largest dynamical TLNs arise for
extremal BHs. In the tensor quadrupole case, it is given
by Eq. (210a). The spin dependence of the conservative and
dissipative numbers are complicated, while the leading
order spin effect in the dissipation number is due to
superradiance, as already shown in previous work and also
in our discussion; see Sec. IV E.

Effect of the multipolar number ¢: The dependence of
conservative and dissipative parts on the multipole ¢ is
shown in Fig. 3. We see that in the tensor case, the
responses of higher multipoles are suppressed compared
to the cases of |m| = ¢ = 2, which maximize the response

“We would like to emphasize that the limiting expressions in
Eq. (209), Eq. (210) are for the BH perturbation theory response,
while the plots show the EFT response.

in each cases. Also from Fig. 3 it is clear that the magnitude
of the dissipative part of the response is always larger than
the conservative part for moderately high spins but inter-
estingly not for the extremal case. Moreover, in the
conservative as well as in the dissipative case, the response
coefficient changes sign between different multipoles, with
the even-¢ quadrupole/odd-£ octupole leading to a pos-
itive/negative sign for m = 2. Finally the response of the
conservative sector always crosses zero to reach the
extremal limit.

B. Outlook

Our work made several simplifying assumptions that we
plan to relax in future work. On the side of BH perturbation
calculations, we took the approach to solve the radial
Teukolsky equation both in the near-horizon regime and
the far-zone to determine the relation between integration
constants in the far-zone to imprints of near-horizon proper-
ties on asymptotic fields. We informally verified that this
agrees with the leading-order results using the Mano-Suzuki-
Takasugi (MST) method, which provides much more refined
solutions with wider validity. More detailed full calculations
using the MST solutions are an important next step left to
future work and will also elucidate logarithmic frequency
dependencies and tail effects, all of which could be neglected
at the leading-order to which we were working.

On the side of the matching with the worldine EFT, we
have fully established the leading-order link to the BH
perturbation results based on wave amplitudes for scalar as
well as gravitational perturbations. Our matching involves
diagonal as well as nondiagonal and mixing coefficients
from spherical to spheroidal transformation. This leaves
next-to-leading order matching in O(M*w*) as an impor-
tant aspect of future work.

Our aim in this work was not only to obtain explicit
results for the tidal response of spinning black holes but
also to flesh out the methodology and address issues such
as the mode mixing. The methodology has broad appli-
cability and several immediate extensions, for instance, to
higher order in frequency and more generally, to describe
full tidal resonance effects, and to go beyond the linear
response. Applications to other kinds of compact objects,
effects of dark matter, and scenarios beyond four-dimen-
sional general relativity are also left for future work.

Finally, a main objective of our work is to provide inputs
for use in GW measurements of BH binary inspirals. The
results developed here can already be used in existing
parametrized waveform models and will serve as a basis for
future refinements and inclusion of more realistic tidal
effects in full inspiral-merger-ringdown waveform models.
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APPENDIX A: COMPUTATION OF SCALAR
TIDAL FIELDS USING WORLDLINE EFT

The part of scalar perturbations which are regular at
origin are given by

Now, the tidal fields are given by

EJ/« = a (I ¢reg|i—0

—twt fCI/ )szk'
X hm0< <1K>(a)r)2k_2f. (AS)

x—=0

It is clear that only those terms which satisfy £/ + # = 2k
can contribute by counting powers of x and derivatives.
Moreover, in the limit where we take it to origin, the result
can only depend on invariant tensorial combinations or that
of a' = x'/r, but the latter would be ill-defined at origin,
and thus eliminated (in favor of invariant tensorial combi-
nations) upon a suitable averaging procedure on a sphere.
Thus, only those terms with ¢/ = ¢ can contribute, as
otherwise, the quantity limg_d(; )X, (0r)*~*, would
need to depend on terms involving the unit vector 71;. Now,
if ¢/ = ¢ = k, then we simply have

=1 sin(wr
d)reg e~iot Z_fcrggalfl//reg Yieg = a()r )’ (Al)
/=0
A —-1)727¢!
E; =01 (Preelzo = e @ w? Ck, (—hma
where C{gg are symmetric trace-free (STF) tensors. Now, Je o) Preli-o T+ 1) i~ e Xite)-
we use the formula given in [62], which is (A6)
10
1,, f(r) = X, or f(”)- (A2)
We can proceed as follows: In Eq. (A6), we use the
This yields formula,
=1 4 10
_ ,—iwt _Crf - A3 .
r=e ;wf eHle <r 51’) Viree ( ) a<1f> - alf - aza<lf—25if—lit’> + (A7)
Now, we use the taylor expansion sin(p)/p =
o o (=1)kp* /(2k + 1)!, which leads to where (...) represents symmetrization. Now, note that these
derivatives act upon x;, (where we drop the (...) because it
o k M . - I
_,w,zzwf reng (=1)*2%k! (wr 2. is cont.racted with an STE tensor Ciéo). Thus? when any
—D!1(2k+1)! term with fewer than ¢ derivatives acts on x;,, it will leave
k=0 £=0 . .
behind some powers of x and thus such terms vanish at the
(A4) origin. Thus, we can simply write
|
27(=1)%¢! (=)’
—io 1, . —iw 1
Ej, = 0,y breglig = ¢ "0’ Ciéy m}{%@(mm = fcrggﬁhma,fx,f
—1)721¢) . 2/(=1)7 212!
— —iwt fcﬁg ( _ —iwt fcrfef A8
¢ e e+ 1)1 el) =€ 20+ 1) (A8)

This concludes the computation. We now show the analogous computation for gravitational case.
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APPENDIX B: COMPUTATION OF homogeneous wave equation, we have 0,0; = —1. In this
GRAVITATIONAL TIDAL FIELDS FOR appendix, we will show how the electric tidal field may be
WORLDLINE EFT computed from the expression for the linearized metric

perturbation. An analogous procedure can be followed for
magnetic tidal fields. We begin by rewriting the regular and
© A electric part (terms containing Cg¢ .,) of the above expres-
_ K, tyke_ik reg
hij = Z(CS.?egHif "ok, sion in a suitable form.
=2 . . For convenience, we drop the “reg” label, and keep all
+ @ ORI € Ok 0 )Wreo + (Teg <> irTeg), indices as subscripts going forward. Now, usin
B ij Cke ) g gomng g
(B1) Hff =Tyyi5 = (1/2)(PyiPij + PPy — PuyPij),  where
A P;j = 6;; + éiéj, and the fact that Cg‘;eg = (g, is an STF
where 0; = 0;/w. Note that since ., satisfies the  tensor, we can write (for a given multipolar mode £)
|

Given metric perturbations on flat spacetime,

1

CKt’ka—lkfvijéKf—Z = CK/ (Pkt’liPkfj - )

9’%4 3kt’Pi/> 91(/72’
. . 1 . L nn s
= CkijOk,, + 2Ck,, 199k, = Ck, 50k, + Cx, 59:0;0x,. (B2)

where (...) implies symmetrization over contained indices. We need to simplify the second and fourth terms in the above
expression. Let us simplify the second term first as follows:

~

A A ar -1
CK{’—I(iaﬂa(Kf—l)wreg = CKf—l(iaj>x<Kffl> <?) Vreg
a -1 a 3
= (l - I)CK,f,zijjeK/,z (?) Vreg + CKf,l(i)ACj))ACKf,I (7) Vreg- (B3)

Similarly, the last (fourth) term can be simplified as

A A A AN A ar f
CKfaiaja(Kf>Wreg = CKfaiaijf <7> Yreg

41 o\ ¢
= 2fckz«_](i5€j)5€Kﬁ_] (?) Vreg + (f) (l/ﬂ - I)CKf_zij)AcK,«_z <?> Vieg

AN A+1 8 42
+6;;Ck Xk, <?r> Wieg + Ci, XXXk, (é) Yreg- (B4)

We can now rewrite the last line of Eq. (B2) as

A . 0,\ 2 0,\ 1 0,
CK,ka/,]k/,ijaKf,z = CK/,ziijf,z ? 1 + 2(l - 1) ? +Ef(f— 1) ?
14

e o (0N, (0] 1 . (0, 9,
wn e (3) 15 (3)] -amenn () [1- (3)]

N

1 a 42
AAA r
+ 5 Ck, X% 3k, <—?> . (B5)

Now, we want to argue that the tidal fields only receive contributions from the first term. The definition of electric tidal
field is given by

2
. . a)
E;, =1limdy, ,R;, jojipyo = —lim—=-9

h (B6)

Lo ip_yig):
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Now, consider how the derivatives will act on the expression in Eq. (B5). Just as in the scalar case, nonzero contributions in
the limit X — O can only arise if the number of derivatives (Z — 2) match the number of position vectors %;. However, when
the position vectors contain %; or %;, then the derivative acting on them will lead to delta functions of the derivative-index
with i or j, which will be eliminated when we symmetrize and remove traces. Similarly, the term with §;; can also be
dropped as it is eliminated upon trace-removal. The magnetic part of the metric perturbations will not contribute due to
parity considerations. Thus, only the first term in Eq. (B5) will contribute, and we can write

~ A

0’0 & A~ 0,\"? 0\ 1 0,
Elfo = _TthCKKZ lfo_ll-foalfo_Z)fo_z <7) |:1 +2(1— ])(7) +§f(f— ])( >:|l[/reg (B7)

X=0

=2

We can evaluate this similar to the scalar case. Once again, let us first consider evaluating the above expression without

symmetrization and trace-removal, and take it at the final stage. We have

0’0 & A 0,\" 2 0, 1 0,
TZ}E C’(fo—”fo Woa’fo 2x’Q 2 <7> [1 + 2(l - 1) (?) + il’ﬂ(f - 1)< >:|Wreg

Now, as reasoned before in the scalar case, only terms where £, =

(B8)

¢ can contribute at the origin, as any other terms will

produce terms that will be eliminated upon symmetrization and trace-removal later, and thus we can drop the sum. Further

more, using the Taylor expansion of sin(x)/x = > % (-

‘o LS

g H A2k 24,
5 imCx Z 2k+1

5 fo-21¢4-117, 1{ -2 K/ 2
750 0-2tey-11y 0~ 0~ o

Now, again, the relevant terms at origin are obtained when k = £, —

last term, yielding

1)%p?/(2k + 1)! as before, we have

2f0—2

k—Zo+2)!

(o—1)200 £4(£y—1)200""
(kff0+1)!r2+ ) (z—fo)! > (B9)

2 in first term, k = £, — 1 in second, and k = 7, in the

w’o A . L (1+720)2+ %)V
_TCKfU—zifo—]ifo (61f072XKf072)(—1)f 27002 F(%—f—fo) . (BIO)
Finally, evaluating the derivatives (and removing traces and
symmetrization which is trivial) we get F(—? _2ipL) = —— : T )7;(1 - | :
sin(n? + 2inP +7+2iP,
1+7)24+7
Elt’o :( 1)f0+l f()c 2 f 3( + 0)( + 0)\/_ (C3)

G+ 4)
(B11)

The magnetic field can be evaluated similarly.

APPENDIX C: DYNAMICAL SCALAR RESPONSE
FUNCTION

From the EFT matching with the BH perturbation theory
computation of the dynamical response function for Kerr
BH under scalar tidal perturbation, one obtains the expres-
sion in Eq. (119). Also here, £ =¢+{2maw/(2¢+1)} +
O(M?®?). To simplify the above expression, we may use
the following identities:

T
sin(272)0(2 +27)

r(-1-2¢)=

F(—?) = —%;

= (C2)
sin(z£)['(1 + ¢)

to obtain the following expression for rescaled response
function:

sin(#f + 2ixP.)
21 cos(n?)
T(1+7 4 2iP)T(1 + £ = 2iP )T (1 + 7)?
(27 + )27 +2)

75 (w) =

(C4)

Expressing (£ — ) = —2amw/(2¢ + 1) = §¢, and also
decomposing P, = P + P9, where P% = —{am/(r, —
r_)} and P? = {2Mr, w/(r, —r_)}, such that P¢ < 1,
we obtain the ratio of the sinusoidal functions appearing
above as
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sin(ﬂ? +2izP,)  sin(zf + w6t + 2P + 2ixP?)  sin(al + 2inP%) + cos(xf + 2inP ) (ndC + 2inP?)
2wcos(nf) 27 cos(nt + ndt) B 27 cos(nt)

1
=5 [sin(2izP%) + cos(2inP%)(ndf + 2inP?)]. (C5)
n

Similarly, the following combination of gamma functions yield

(142 +2iP,)T(1 + 7 — 2iP.)
=T(1 + £+ 6 + 2P + 2iP*)T(1 + £ + 5¢ — 2iP% — 2iP%)

T(1 4 £ + 2iP4)T(1 + £ = 2iP%)[1 4 (62 + 2iP? )W (1 + £ + 2iP%) + (8¢ — 2iP?)W(1 + £ — 2iP%))]
14

2n P4

=T K>+ 4{PUI))[1 + (6 + 2iP)¥(1 + £ + 2iP¢ ot —2iPY)¥(1 + ¢ —2iPY%)]|.
(2] LL 0+ 4P+ (0 5 2PN+ £ 4 2P1) + (67 = 2iPLW(1 +£ = 2P (o)

1

Other gamma functions can also be expanded as I'(£ + AZ) = T'(£){1 + 6¢¥(¢)}. Using all of these relations, we can
express the redefined/rescaled response function as

2T () = [i sinh(22P%) + cosh(2zP% ) (75¢ + 2ixP?)] Snh(22P7) iPi) k]jl (K +4{P4}?)

X [1 4 (8¢ + 2iPL)¥Y(1 + ¢ + 2iP%) + (6¢ — 2iPY)¥(1 + £ — 2iPY)]

“ Ié;;; Z )1 37y 1+ 2009(1 40) = 200%(2 +26) = 260%(1 +20)]. (C7)
This is the result used in the main text. Further, using the identity,

221 1
I'(2z) = NG I'(z)r <z + 5), (C8)
we can express the gamma functions appearing above as
Ir(1+47)? - r(1+¢)?
L2 +200(1+26)  EZT(¢ + DI(Z +3))BET( + YT + 1))
T

2T 4T +5)

APPENDIX D: USEFUL MATHEMATICAL IDENTITIES

(1) The confluent hypergeometric function U(a, b; z) can be expressed in terms of the other function M(a, b;z), as
follows [DLMF (13.2.42)]:

Ul(a,b;z) :%M(cz,b;z) +

r(b-1)
I'(a)

(2) The limit of the confluent hypergeometric functions in the zero limit takes the following form:

ZPM(a—b+1,2-b;7). (D1)

. T 1 A
limM (a, b;z) ~ 1; limU(a, b;z) ~ — — . D2
limM(a, b; 2) limUla. b:2) ~ sy [T £ a=b)  T(@r(2 = b) (D2)
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(3) The asymptotic limit of the confluent hypergeometric function M(a, b;z) becomes

r . r
imM a, b;z) = &eimaz—a 4 (b) eiz0 b,

200 I'(b-a) I'(a)
(D3)
(4) For a confluent hypergeometric function M(a, b; z), if the coefficients a and b satisfies the relation b = 2a, then we
have
1 -V
M<u+§,21/+1;2z> :F(1+u)ez<§> 1,(2), (D4)
U(v+2204 1522 ) = —— e (22)K, (2) (Ds)
vig.avt 2z = \/]_Te z ,(2).

(5) For a confluent hypergeometric function M(a,b;z), if the coefficients a and b satisfies the relation
b —2a is an integer, then we have two useful identities,

Ve~ (—n), TQv+k) TQu+1+4+n) v+k
Z> Z( )i I( ) I )

1
M{vt= 2041 4m2z) =T+ 1)er( = L(2),
<”+2 vl Z) v+ )e< 0 T Taritnth o lenl

; (Do)

k=0

1 2\ (=n) FQv-2n+k) TQuv+1-n) v—n+k
M(v+- 204+ 1=n2z ) =T(w—n+1)e?( = —1)k .
<”+2’ vl Z) (v=n+l)e ( ) 2 (D' F2o—2n) TQuti-n+k) v—n ‘vt

(D7)

(6) These identities relate the modified Bessel functions to Bessel functions of first and second kind,

R R G ) IR E S U A

APPENDIX E: DYNAMICAL RESPONSE FUNCTION: GENERIC SPIN

In this appendix, we will present all the results for the simplification of the dynamical response function of a Kerr BH
under generic spin perturbation. The starting point is Eq. (172) in the main text, and here we will simplify parts of that result.
First of all, the collection of the gamma functions yield,

(142, = 2iP)T(1+ 2, —$)T(1 + 2, + $)[(1 + &, + 2iP.)
[(2 4 27,)0(1 +2Z2,)T())(1 + D)
T+ =2iPOC(1+ £ —5)T(1+ £ +5)D(1 + £ + 2iP4)
r+22)ri+2)r{@E)ri+o,)
X[+ AL{P(1 + £ =2iP ) + W1+ =) +P(1 + £ +5) + (1 + £ 4+ 2iP%) = 2%(2 +2¢) = 2%(1 +2¢)}
+2iP?{W(1 + £ +2iP%) = W(1 + £ = 2iP.)} — e,Mw{¥(g,) + ¥Y(1 +1,)}]. (El)

where
P4 =—am/(r, —r_), P? =2Mr w/(r, —r_), (E2)
and AZ, has the following expression:

disr,  2am 2ams?

A, = - - .
TOe 1 2041 6+ )20+ 1)

(E3)

064011-37



CHAKRABORTY, SAKETH, HINDERER, and STEINHOFF PHYS. REV. D 114, 064011 (2026)

The leading order contribution from the gamma function turns out to be,

L(14+¢=2iPO)T(14+¢—s)T(1+£4+)T(1+£+2iP%)  2zP%  (£—s)W(+ )15 {n* +4(P9)*}
[(24+2)0(1+26)0(f,)T(1+17,) “sinh(22P%) 27 +1)!(2¢)!  T(a)(1+17,)

(E4)

Similarly, the combination of the sinusoidal functions appearing in the response function, given by Eq. (172), can be
reexpressed as

sinfZ, + 2inP,] _ i —sinh(27P%) + (M> cosh(27P%). (ES)
2 cos(mfs) 2 2

Combining all of these, the dynamical response function of a Kerr BH under generic spin perturbation reduces to

. ¢
—ohem = (<2f+—(H{ +4(P4)?}iP% + (wA¢ + 2ixP?) P4 coth(2zP%)]

X[1+A{¥Y(1+£-2iP )+ Y1+ —5)+ YA+ +5)+ V(1 +£+2iP%) - 2¥(2+2¢) - 2¥(1 +2¢)}
+2iP2{¥Y(1 4+ ¢ +2iPL) —=¥(1+ £ -2iP,)} —e,Ma{¥(f,) + ¥(1 +,)}]. (E6)

This is the result we have used in the main text.

APPENDIX F: NORMALIZATION RELEVANT FOR SPHEROIDAL HARMONIC DECOMPOSITION

Here, we show how to derive Eq. (65), restated below.

8rz(£ —2)!
Uy it ) s
/dQNUf My, i) N7 e = 5”6” 2(¢-1)2¢641)(2¢ =3)11" (F1)
where 5;; = 55{ ‘5{225{; ). We will use the following facts:
NiNl' = 1, Nimi = 0, mimi = O, m’ﬁli =1. (F2)
We start by establishing
/ dQNj, m;,_ mi \NVe-2micimie) = ad) 8. (F3)

This follows simply from symmetries. The answer must be STF in I, and J/, separately. It must comprise of invariant
tensors §;; and €'/F with coefficients determined by the dot products between the various vectors. These two statements,
along with the orthogonality of N’ and m' are sufficient to establish this result. Now, let us contract both sides for £/ = ¢ as

lp—y

/dQNUf Jmy, m; >N<’f*2rh"f*1ﬁ1"f> = aéﬁi =a(2¢+1),

Lr-1

/dQN,mm m;, NUezmic-imic) = (26 + 1),

/dQNIf m;,m; NUe2pie-ipie) = a(2¢ + 1),

L1

(£ —2)12!

2 / dQN, N'- =a(2¢ + 1), (F4)

where in the third line we used the fact that N;,_, is already STF, and second relation from the identities in Eq. (F2) to

replace the STF brackets with symmetrization. In the last line, we once again used the orthogonality of N and 7, along with
the last relation in Eq. (F2).
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Finally, we use the equation in Ref. [75],

4l
Q, [ F

/d NN = Ge o (F5)
to further evaluate Eq. (F4) as
£ —2)12!

(f!)/dQN]f_lef_z :a(2f—|- 1),
—-2)1214 -2)! -2)!
(C=2)24n(0 =2 opi1) o o= 82(¢ ~2) (F6)
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