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Constraints on axionlike particles using lattice QCD calculations
of the rate for J/y — ya
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A key search mode for axionlike particles (ALPs) that couple to charm quarks is J/y — ya. Here we
calculate the form factor that allows the rate of this process to be determined using lattice QCD for the first
time. Our calculations use the relativistic highly improved staggered quark (HISQ) action for the valence
charm quarks on gluon field configurations generated by the MILC collaboration that include u, d, s and ¢
HISQ quarks in the sea at four values of the lattice spacing and both unphysical and physical sea quark
masses. We determine the form factor as a function of ALP mass with an uncertainty of less than 2% across
our full range of ALP masses from zero up to 95% of the J/w mass. This represents a substantial
improvement in accuracy of the theoretical picture of this decay compared to the previously used tree-level

and O(a;) perturbation theory. We use our form factor to determine constraints on ALP masses and
couplings to charm quarks and photons in several different scenarios using recent experimental data from
BESIIIL. Our calculation paves the way for further lattice QCD input on new physics constraints from

radiative decays.
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I. INTRODUCTION

Axions and axionlike particles (ALPs) frequently appear
in extensions of the Standard Model (SM) as pseudo
Nambu-Goldstone bosons associated with spontaneous
breaking of global symmetries. Although the parameters
of the QCD axion [1-4] introduced to solve the strong CP
problem are highly constrained, light pseudoscalar relics of
new physics can occupy a much broader parameter space.
In general the ALP will couple to all SM particles with
couplings suppressed, at leading-order, by one power of the
scale of the global symmetry breaking, assumed to be much
larger than the electroweak scale. The couplings will then
be weak, and the impact of ALPs consequently small, for a
heavy new physics sector. This means that several different,
complementary, search modes are required that are each
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capable of relatively high precision and allow constraints to
be placed under a variety of ALP scenarios. Astrophysical
observations and beam dump experiments can probe very
light (sub-MeV) ALP masses (see, e.g., [5,6]) and high-
energy collider experiments can search for heavy (multi-
GeV mass) ALPs (e.g., [7]), but for masses in the few MeV
to few GeV range flavor physics observables provide the
best constraints even if the underlying theory is flavor
conserving (e.g., [8—10]). It is this range that we will focus
on here.

It is important that the ALP constraints derived are
reliable, using an accurate theoretical understanding of the
process in the particular scenario being considered. For
flavor physics processes involving hadron decays or hadron
to hadron transitions, nonperturbative QCD effects are
important. Calculations using lattice QCD are then needed
to take such effects fully into account.

For ALPs with masses in the range of 100 MeV/c? to a
few GeV/c? an important search process is the radiative
decay of a heavyonium vector meson V produced, for
example, in e" e~ annihilation. The decay V — ya, where y
is a real photon and a a real ALP, can proceed via two
routes. In one the vector meson annihilates to a virtual
photon that decays to ya via the ayy coupling. In the second
a photon is radiated from the valence quark or antiquark in
V and the resulting pseudoscalar heavyonium configuration
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annihilates to a via the agg coupling. The relative strength
of the two amplitudes depends on the quark and photon
couplings of the ALP but also on the hadronic quantities
that parametrize the strong interaction physics inside V. In
the first case this is the vector meson decay constant; in the
second case this is a form factor that is a function of the
photon virtuality and the ALP mass.

Here we study the process J/w — ya and provide the
first results using lattice QCD for the form factor for this
process via the acc coupling. Previous ALP constraints
from this process either set the acc coupling to zero (for
example [11]), or used tree-level [12,13] or O(a;) NRQCD
perturbation theory [10,14,15] to approximate the form
factor with an expression relating it to the J/w decay
constant and mass. Our results provide instead the first fully
nonperturbative analysis of the form factor, which allows us
to quantify how well the perturbative approximation works.
We are also able to provide the first accurate complete
calculation of the rate for J/yw — ya as a function of ALP
mass, combining the amplitudes that depend on the ayy and
acc couplings. We use this along with recent experimental
results from the BESIII collaboration to provide improved
constraints on ALP parameters.

The layout of the paper is as follows: Sec. II defines the
form factor that we will calculate in lattice QCD and
derives the perturbative approximations that have been used
for it previously; Sec. III describes the lattice QCD
calculation with Sec. III C giving the results for the form
factor in the continuum limit; Sec. IV derives constraints on
ALP parameters combining the lattice QCD results for the
expected rate with experimental search limits and Sec. V
gives our conclusions and prospects for future calculations.

II. COMPARING LATTICE QCD TO THE
CURRENT PERTURBATIVE APPROACH

The effective Lagrangian describing the interaction of an
ALP with fermions and photons is

ZfaZcff fyﬂy5f+c7],4 7 F JE (1)

Here the ALP energy scale f, (known as the ALP decay
constant) is assumed to be independent of (and typically
much larger than) its mass m, and ¢y and c,, are
dimensionless effective couplings. The scale dependence
of these couplings will be discussed in Sec. IV. We can
rewrite the first term of Eq. (1) using the anomaly equation
for the divergence of the axial vector current to give [7]

02,2
mecrr() - NeQre“a -
E f ff afly5f+cfijz{;‘f_FﬂyFﬂ +, (2)

The first term shows the ALP coupling to a pseudoscalar
fermion current multiplied by the fermion mass, the second
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FIG. 1. Diagrams contributing to the decay V — ya for
heavyonium vector meson V' with valence quarks gg. The form
factor parametrizing the amplitude for the left-hand diagram in
which the ALP couples to ¢g is calculated here for the process
J/w — ya using lattice QCD.

term gives a loop correction’ to ¢y and ...
terms for gluons and weak gauge bosons.

The two diagrams of Fig. 1 show the two routes for the
process V — ya: on the left via the ¢y coupling (where f is
the flavor of the valence quark ¢ in V) and on the right
via ¢,,. Our lattice QCD calculation provides an improved
analysis for the diagram on the left for J/y — ya with g a
charm quark, and we first discuss that case.

As mentioned in Sec. I, the processes of Fig. 1 depend
on the internal structure of the J/w meson, which is
determined by nonperturbative strong-interaction physics.
Appropriate hadronic parameters, calculable in lattice
QCD, should be defined for each diagram. We define
the form factor F for the left-hand diagram of Fig. 1 from
the matrix element, M, by2

gives similar

2F qz,ma B
M(J Jy = ya) = EVI ) s Ppapjes el
J/w
m.c
<eQ, (3)
< fa >

where p is the 4-momentum of the J/y, p’ that of the ALP
and ¢ = p — p’. The dimensionless form factor F is a
function of photon virtuality, g%, and the ALP mass. Here we
will only consider real photons with ¢g> = 0. /% and &’ are
the polarization vectors of the J/y and photon respectively.
The factor of 2 in Eq. (3) allows for the fact that there are
two diagrams each giving the same contribution. Only one
diagram is drawn on the left in Fig. 1 and we will only
calculate one correlation function on the lattice. The second
diagram has the photon and ALP interchanged.

The width for the decay to a real photon-ALP pair is then

c2. aQ? m2 \3
[=-5"—=“m2[F(0,m,)|*M (1 a)
fz 6 Iy Mg/x//
aQZM m>
= — 2 (1= ) leo P2, (4)
242 M3,

"This correction applies in the limit that m; < m,. In general
there is a mass-dependent function in the coefficient which has
the effect of decoupling heavier fermions, see Sec. IV.

Symmetry considerations show there is only a single form
factor, as for the process J/w — yn, [16].
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where

2m,
My

F=

rom)(1-)

J/w

is introduced to facilitate the comparison with perturbation
theory.

F is known from NRQCD perturbation theory through
lowest and first order [10,14,17]:

- 12 20
Fraio = 20O [37- (1252 ap(2) + O(ad)
J/w

(6)

where |y(0)| is the J/y nonrelativistic wave function at the
origin and x = 1 —mg /M7, . ap varies from ap(0) = 2 to
ap(l) = 6.62 [10] and a, ~ 0.25 at scale y = M, giving
substantial first order corrections at small m,,. Note that m,.
does not appear in this expression because it has been set
equal to M, /2 in leading-order NRQCD.

The wave function at the origin can be estimated
from the decay rate for J/y — e*e™ which has also been
calculated through first order in perturbation theory [1 8]

oy A, 2f3/w
I'(J/w — ete )E?a QCW (7)
J/w

2
= 167’ Q? w(0)] (l - 16:“ + (9(0{?)).

2
MJ/V/

3
(8)

This equation allows us to express the wavefunction at the
origin in terms of the J/y decay constant, f,:

MJ/I/I 80,'?
1+—4... ).
12 ( * 3z * ) ©)

The decay constant can be determined from the measured
leptonic decay rate of the J/y or, more accurately, from
lattice QCD calculations [19]. Substituting Eq. (9) into
Eq. (6) for FPMLNLO gives us finally

fJ/lll (1 _ 2as(ﬂ)
3z

() = fap

bp(x) + ) (10)

where bp =ap(x) —4 varies between bp(0) = -2 and
bp(1) = 2.62. The first order correction given by bp is
then smaller than that given by ap (at small m,) but, as we
have seen, it results from the combination of two large

*Note that there is a typographical error of a factor of 16 in
Refs [10,14] in reporting this result.

corrections so the implications for further corrections to the
perturbative result at higher order in a, are not clear.

The leading order result above for F pertNLO 18
2f /My, = 0.265(1) using the lattice QCD result for
Sy from [19] and the experimental J /w mass [5]. Note
that this result has no dependence on m,. F pert,NLO develops
dependence on m, through bp(x). In Sec. Il we will
examine, by comparison to the lattice QCD results of
Eq. (5), how well the perturbative approach works, both
without and with the O(a) corrections. We might expect
the perturbative approach to work best at small values
of m,, where momenta flowing inside the perturbative
diagram are relatively high and well away from bound-
state effects that will appear as m, approaches the mass of
the 7. [20,21].

A further issue for the perturbative approach is that
of relativistic corrections. In principle these could be of
O(v?/c?) = 30% for the J/y, where v?/c? is the squared
velocity of the quark inside the meson. The largest such
corrections, however, are those that affect y(0) and these
will be removed when y(0) is expressed in terms of f,.
The remaining corrections should be significantly smaller.
Such corrections have been assessed for the similar process
n. — yy using lattice QCD calculations [22] and again
taking a ratio of the form factor to the decay constant
(calculated in lattice QCD) to compare to expectations from
leading-order nonrelativistic QCD. By studying both #, and
1, wWhich have very different values for v?/c?, it can be
seen that the relativistic corrections are much smaller than
might initially have been expected.

We now return to the calculation of the full rate for
J/w — ya. The righthand diagram of Fig. 1 is straightfor-
ward to analyse, because the annihilation of V, governed by
QCD, factorizes from the interactions of the virtual photon
produced. The amplitude can therefore be simply expressed
in terms of the J/y decay constant, by definition of the
decay constant (see Eq. (7) for the J/y — eTe™ case). The
total rate for J/y — ya is then given by

aQ?M3

2
1% my
U(J/w = ya) = / <1— >
242 M3,

In Sec. IV we will use this expression, with the lattice QCD
results for F and f, /y» t0 determine constraints on ALP
parameters from recent experimental searches.

III. THE LATTICE CALCULATION

We determine the matrix element for J/y — ya [Eq. (3)]
from the correlation function between an operator that
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creates a charmonium state at rest with vector quantum
numbers and currents that couple to an ALP and a photon
(with chosen values of equal and opposite spatial momen-
tum). The correlation function is constructed from charm
quark propagators calculated as solutions of the Dirac
equation on background gluon field configurations gen-
erated with the appropriate probability distribution for the
Feynman path integral. So far this is a standard lattice QCD
calculation of a “3-point” correlation function. At the next
stage we use a technique from the study of the process
n. — vy [23,24]. We imagine coupling an external photon
to the correlation function and form a weighted sum over
the time insertion point of the electromagnetic current to set
the photon to a fixed energy, so that the photon is on-shell.
This then sets the energy and momentum of the external
ALP to those corresponding to a chosen mass. Fitting the
resulting 2-point correlation function, along with a standard
vector charmonium 2-point correlator, allows us to extract
the matrix element, and form factor, that we need here. By
combining results as a function of ALP mass on gluon field
configurations corresponding to a range of different values
of the lattice spacing we can determine the form factor in
the continuum (zero lattice spacing) physical limit.
Those uninterested in the details of the lattice QCD
calculation should skip to Sec. III C where we show the
final lattice QCD results for the J/w — ya form factor.

A. Calculational details

We use the highly improved staggered quark (HISQ)
formalism [25] for all the quarks in this calculation. The
HISQ discretization of the Dirac action is improved to
remove all discretization errors at O(a?), where a is the
lattice spacing. This leaves discretization errors at higher
order in a [i.e.,, O(a*)] and those generated at a® by
radiative corrections. The high level of improvement and
consequent small size of discretization errors is important
for calculations, such as this one, involving heavy charm
quarks because discretization errors can be inflated by the
presence of the relatively large scale of the charm quark
mass. The HISQ action includes an improved discretization
of the Dirac derivative using a 3-link Naik term. For the
charm quarks (both sea and valence) we use a coefficient
for the Naik term [25,26] that further improves the action
by removing tree-level discretization errors at O((am,)*).

We work on gluon field configurations that include u, d,
s and ¢ HISQ quarks in the sea generated by the MILC
collaboration [27,28], with parameters given in Table I. The
different sets of gluon field configurations have values for
the lattice spacing ranging from 0.15 fm to 0.06 fm. This
wide range of values allows us to assess the discretization
errors and remove them accurately when we take the a — 0
continuum limit in Sec. III B. Table I gives the masses of
the sea quark masses included in the gluon field configu-
rations. The s and ¢ sea quark masses are close to their
physical values on all sets but the u and d quark masses

TABLE I. Parameters of the gluon field configurations [27,28]
that we use. The lattice spacing is given in the second column in
units of wy [29] where wy = 0.1715(9) fm is determined from
lattice QCD calculations of the pion decay constant, f, [30]. Sets
labelled vc are very coarse (a=0.15fm), ¢ are coarse
(a=~0.12 fm), f are fine (a~0.09 fm), and sf are superfine
(a =~ 0.06 fm). 5 or phys refer to the ratio m{*/mj** (the physical
ratio is #27). The HISQ action is used for both the sea quark masses,
m$ . (m, = mg = my) and the valence charm quark masses, am™.
Their masses are expressed in lattice units. L and L, give the extent
of the lattice in spatial and time directions. Sets denoted vc-5, c-5,
c-phys and -5 include 1000 gluon field configurations each and we
used two different positions for the time origin to increase statistical
precision. On f-phys we used 200 gluon field configurations and on
sf-5, 500, with a single time origin.

sea
Set wo/a am;

ve-5 1.1119(10) 0.013
c-5 1.3826(11) 0.0102

am®  ami® am‘,ﬁ"‘l L, L,

0.065 0.838 0.888 16 48
0.0509 0.635 0.664 24 64

c-phys 1.4149(6) 0.00184 0.0507 0.628 0.643 48 64
-5 1.9006(20) 0.0074 0.037 0.440 0.450 32 96
f-phys 1.9518(7) 0.00120 0.0363 0.432 0.433 64 96

st-5 2.8960(60) 0.00480 0.0240 0.286 0.274 48 144

(taken to be the same) cover a range. Most ensembles have
the u/d sea mass unphysically heavy at one-fifth of the
corresponding s quark mass but two have a value close to
the physical value for the u/d average of m,/27. Again
this range allows us to assess the impact of the u/d sea
quark mass on the results so that we can also take all sea
masses to their physical values along with the continuum
extrapolation.

Table I also gives the valence ¢ quark masses used on
each set. These were determined in [19] so that the J/y
mass determined on each set of gluon field configurations
is equal to its experimental value [5]. The values for the
Naik coefficient for each valence ¢ mass are also given
in [19]. The sea ¢ mass is not tuned as accurately and so
differs slightly from the valence ¢ mass. We expect the sea ¢
quarks to have very little effect on the form factor so this is
not a significant issue. We will in any case include a term to
correct for the mistuning of the sea ¢ mass when we fit the
lattice results to obtain the form factor at the physical point
in Sec. III B.

Propagators for the valence ¢ quarks are calculated on
each gluon field configuration and then combined into
correlation functions, inserting appropriate operators at
different time points and summing over spatial positions.
The simplest correlation function is the vector charmonium
2-point correlator that creates charmonium states with
vector quantum numbers at =0 and destroys them
atr =t

Capi(1) = (005, (0005, (1)[0). (12)
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0 tj T

FIG. 2. Schematic diagram of the connected 3-point correlation
function between O,,,, and a vector current, j, and pseudoscalar
current, j,. The lines between the operators represent ¢ quark
propagators. We do not include any quark-line disconnected
correlation functions in our calculation.

Oy, is a staggered-quark implementation of cy,c and we
sum over spatial positions at r =0 (using a random
wall source for the propagators) and at t = ¢ to set the
vector charmonium states at rest on the lattice. All values
of t on the lattice are obtained in a single calculation.
The J/w is the lightest state that will appear in this
correlation function.

The 3-point correlation function that we need for

J/w = ya,

Cape(t,.T) = (0114(0)), (1) 05, (D)]0),  (13)
is shown schematically in Fig. 2. This now includes
operators Oy, to create vector charmonium states, j, to
couple to an external photon and j, to couple to an external
ALP. j, is a staggered-quark implementation of cy,c
(without the electric charge factor of eQ,.) and j,, of
¢ysc. In staggered quark spin-taste notation we use the
point-split operator 7.y, ® ysy, for O;,, the local y, ® 7,
operator for j, and the local ys ® ys operator for j,. This
configuration of spin-tastes was previously used to calcu-
late the form factor for J/y — yn, [24]. Note that O, ,, and
J, have orthogonal spin polarizations.

It is convenient to construct the 3-point correlation
function by positioning the pseudoscalar current at the
time origin as in Fig. 2. A ¢ quark propagator with source
at the origin is then used as the source, at 7, for another
propagator using the standard sequential source tech-
nique. This second propagator is then tied up, at ,, with
another ¢ quark propagator from the origin to make the
3-point correlator. Each value of T requires a separate
calculation. We use 6, 8, or 12 values of T, split evenly
both sides of the time origin, and ranging from =~1.2 fm
upward (see [24] (Appendix B) for a test of this
approach). The T values are listed in Table II (for one
side of the origin only).

To achieve the physical configuration in which the
photon and ALP have equal and opposite spatial momen-
tum, we introduce momentum into the ¢ quark propagator
connecting t =0 and 7 = ¢,. This is done using twisted

TABLE II. Values of T used on each ensemble. In each case
there are additional values on the other side of the time origin,
1e., at —7T.

Set T

ve-5 10, 11, 12, 13, 14, 15
ve-5 (m, = 2.5 GeV) 15, 16, 17, 18, 19, 20
c-5 10, 13, 16, 19

c-phys 10, 13, 16

f-5 16, 19, 22, 25

f-phys 16, 19, 22, 25

sf-5 24,29, 34, 39

boundary conditions [31,32]. The magnitude of the spatial

MJ/ 2
g = M (1 M ) (14)
2 MJ/!//

for an on-shell photon and ALP. To cover the range of
accessible ALP masses we choose m, values to be 0, 1, 2
and 2.5 GeV. We evaluate the |q| values needed using the
experimental value of the J/y mass. The small difference
between the J/y mass from experiment and its value as
measured on each lattice ensemble means the values of m,,
are slightly different from our four target values.

The spatial momentum is inserted using a twist (phase)
applied to the gluon fields. Since we have chosen polar-
izations x and z for the J/y and photon, Eq. (3) shows that
we need a component of the spatial momentum to be in the
y direction. In fact we simply take the spatial momentum to
be entirely in the y-direction (see Supplemental Material
of [22] for a test of a different momentum arrangement).
The twist @ is then set as

alq|L,

0=(0,0,0; 0= (15)

z
Values of 8 used on each ensemble are listed in Table III.

The 3-point correlation function Cj,(t,,T) is then
converted to a 2-point function, Czp,, between 0 and T
by performing a weighted sum over all values of 7, from
—-L,/2+1 to +L,/2— 1. This sum, with its weighting
of exp(—wt,), sets the photon energy to w [16,24,33,34].
For our kinematics, @ = |q|. We have

Cop(T —aZe 1 Cype(1,. T). (16)

The summand is strongly peaked around 7, = 0 (i.e., where
Jy and j, are close together in time) and 7" values are chosen
to lie outside this peak [24]. This results in a good
projection onto the ground-state J/w meson and a large
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TABLEIII. Twist, 8, used for each momentum insertion for our
target ALP masses of 0 GeV, 1 GeV, 2 GeV, and 2.5 GeV. On set
sf-5, we have included two additional @ values of 6.3066 and
3.7685 from a slightly mistuned test calculation.

Twist, 0
Set m, =0 GeV 1 GeV 2 GeV 2.5 GeV
ve-5 6.1642 5.5215 3.5933 2.1472
c-5 7.4360 6.6607 4.3347 2.5902
c-phys 14.5325 13.0172 8.4715 5.0622
-5 7.2125 6.4605 4.2044 2.5123
f-phys 14.0465 12.5820 8.1882 4.8929
st-5 7.1048 6.3640 4.1416 2.4748

time separation between the J/y and the pseudoscalar and
vector currents. This enables us to extract the matrix
element for J/y — ya cleanly from C,,,(T). For further
discussion on this point, see the Appendix. This shows that,
for ALP masses up to about 0.9M,,, the summand for
Eq. (16) is well-behaved as described above. For ALP
masses very close to M, with very small photon energy,
this picture breaks down, however. This provides a practical
upper bound on the ALP mass we can use in the calculation
of the form factor but this is close to the point where
ALP/#n,. mixing, not allowed for in our calculation (or in
the perturbation theory), would start to be an issue in
any case.

We simultaneously fit the averaged values of CZ[)Z(T)
and C,,,(t) on each ensemble to a sum of exponentials
representing the tower of vector charmonium states gen-
erated by O,

C2pt(t> = Za%e_M"t; CZpt(T) = Zanbne_M”T' (17)

In the expression above we have not shown the oscillatory
terms that result from using a staggered quark formalism,
but they are included in our fit. The tower of states labelled
by n starts at the ground-state, n = 0, with the J/y. The
higher states are radial and other excitations with the same
quantum numbers but larger masses. We are only interested
in results for the ground-state here, but it is important to
include the other states in the fit to remove excited-state
contamination from the ground-state parameters and to
make sure that the uncertainties on those parameters from
the fit are reliable. We use a standard Bayesian fitting
approach [35], including 5 standard and 5 oscillating
exponentials and checking that ground-state fit results
are stable under a change in the number of exponentials.
The J/y mass in lattice units, aM, /> 18 the ground-state
mass (M) from the fits using Eq. (17) and the ground-state
amplitude, ag, is related to the J/w decay constant

(although we will not use that here). The ground-state
amplitude, b, is then related to the matrix element for the
J/y to decay to an on-shell photon and an on-shell ALP
in our lattice calculation. From b, we construct the raw
(unnormalized) lattice form factor through

261MJ y
Fia(0,m,) = by Y—"1% (18)

aq”

using Eq. (3) and remembering that, as previously noted,
we only calculate one of two possible diagrams for the
decay with our single 3-point correlation function. ag” is the
y-component of the photon momentum since our configu-
ration uses x and z polarizations for J/y and photon.

We need to renormalize the currents j, and j, to match
their continuum counterparts in order to determine physical
results. The renormalization factor Zy, for the local vector
current that we use for j, was determined using the
RI-SMOM intermediate scheme in [36,37]. We use the
values determined at a scale of 4 = 2 GeV but note that
the small p-dependence seen is purely a lattice artefact,
vanishing in the continuum limit. To normalize the
pseudoscalar current j, we note that the HISQ action
obeys the same partially conserved axial current relation
as in the continuum and hence 2am!*¢ysc has the
same normalization as its continuum counterpart (for
the ys ® 75 spin-taste pseudoscalar current). Here am)® is
the bare lattice ¢ mass from Table 1.

The normalized result for £ on each set of gluon field
configurations is then obtained from

. 2aM,;, 2amy™ m
Flae = by i ZV< a)v

ag” aMJ/,I,

\/2aM,, 2am¥
= by e 207, (19)
ag®  aM,;,,
In the last line we used Eq. (14). For our momentum
configuration [¢* = |q|, Eq. (15)], this can be simplified to

val

- dam
Fiaw = vaoy/zaMJ/x,/m- (20)
W

Table IV gives the values we obtain for F},, on each set
of gluon field configurations and for each target value
of m,. Note the small statistical uncertainties on these
values from the fits, typical of calculations for ground-state
charmonium mesons from lattice QCD [19,24]. In the next
subsection we will discuss how we use these numbers to
obtain a curve for Fy,, as a function of m, in the physical
continuum limit that can be used to determine constraints
on ALP parameters from experimental data.
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TABLEIV. Raw lattice results for aM;,, and F from our correlator fits for each set of gluon field configurations
and each target value for ALP mass, m,. On sf-5, the two additional points (at m, = 1.04 GeV and 2.12 GeV) have

F = 0.20706(66) and 0.22906(75).

F

Set aMy,, m, =0 GeV 1 GeV 2 GeV 2.5 GeV

ve-5 2.43375(37) 0.2423(11) 0.24406(80) 0.26016(81) 0.30420(99)
c-5 1.94504(23) 0.22158(58) 0.2263(12) 0.23661(57) 0.26974(47)
c-phys 1.90218(14) 0.22125(43) 0.22283(44) 0.23703(44) 0.26960(47)
-5 1.41600(14) 0.20860(44) 0.21115(39) 0.22644(43) 0.25763(43)
f-phys 1.37859(13) 0.20938(41) 0.21225(37) 0.22828(42) 0.26060(49)
st-5 0.93001(16) 0.20340(67) 0.20683(68) 0.22429(76) 0.25594(93)

B. Determining the physical result
for the form factor

Our lattice results consist of values for F at 4 different
ALP masses at 4 different values of the lattice spacing and 2
different values of the sea u/d quark mass, along with their
correlations. We need to convert these into a curve for F as
a function of m,, at zero lattice spacing and physical quark
masses. This means interpolating between the m, values
and extrapolating to a = 0 and at the same time adjusting
for quark mass mistuning. To do this, we fit our lattice data
using cubic splines, choosing Steffen splines [38] since
they are monotonic between points.4 We use the following
fit form:

Fiu(a. X.my)

= So(X) + D Kim (am)¥' s (X)
i=1

+ Kval.cS2(X)5Zal + Ksea.cS3 (X)5§ea

+ K0S {00 + k0 (ame 28 ()

sea,uds” uds sea,uds

+ s lam)*'sP ) | (1)

where X = mg /M3, (0 < X < 1)and S,(X) are the cubic

splines. The leading spline Sy(X) gives the result for F in
the continuum limit with all quark masses fully tuned to
their physical values. The value of X associated with each

“A spline S(X) defines a function whose values S(X ;) are
specified for each of a discrete set of knots X;. The function is
modeled by cubic polynomials between knots whose coefficients
are adjusted so that the function is continuous and has continuous
first derivatives at the knots. A monotonic spline, like the Steffen
spline, increases or decreases monotonically between knots;
maxima and minima can only occur at the knots. The Steffen
spline is a particularly robust implementation of a monotonic
spline [38]. We used spline software from the GVAR Python
module in our fits [39].

lattice data point is determined from our input value of 8
and our fitted result for aM;,, (Table IV). By combining
Egs. (14) and (15), we have

270

X=1-—"C_,
aMJ/V,L_Y

(22)

We include discretization effects in our fit through the

S§l>(X ) splines, taking the scale of discretization effects to
be the ¢ quark mass (the largest scale present). Only even
powers of a appear for the HISQ action [25]. Mistuning of
sea and valence quarks are accounted for by the § terms and

the splines S,(X), S3(X) and Sgk) (X). The & values are
defined as

gvale — amzal — amtcuned (23)
- tuned ’
am,.
sea __ tuned
5%€ac — ame amec (24)
- tuned ’
am,;
2amse + amsed — Zamtuned _ amtuned
5sea,uds _ [ s / s (25)
lOamtuned ’

N

where the charm quark is tuned so that the J/y mass is
equal to its experimental value. The valence ¢ quark masses
are already very well tuned but we provide fine adjustments
using

Mexpt 1.5
J/y
am"d = amyd <—/ ") . (26)

Mj’;‘;/t = 3.0969 GeV from [5], and lattice masses aM,

are taken from Table III in [19]. The power of 1.5 in the
above expression is determined from results in [19], and is
greater than 1 because of the J/y binding energy. We also
use the above tuned values to allow for the mistuning of the
¢ sea masses.
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The mass of the s quark is tuned using the (unphysical)
s5 pseudoscalar meson called the #,. The physical value of
the 7, mass is 688.5(2.2) MeV, determined from lattice
QCD in terms of 7 and K masses [30]. When available we
take the values for the tuned s quark masses from Table V
of [40]. The only ensemble on which this is not possible is
f-5 where we take the 77, mass (for the same valence s mass)
from [41] and use

physy 2
amguned — am}/a.l s . (27>
MnS

This results in a 545 yalue of 0.0297(17) for f-5.
The tuned values for am,; are obtained from the tuned s
masses and the ratio [42]

m;;hys
—— = 27.18(10). (28)
mt™

In performing the fit of Eq. (21) [43] we choose two
knots for the spline functions just outside our data region at
either end. We then test how many additional knots are
required by looking at the Bayes factor. Here the Bayes
factor indicates that a single additional interior knot is
optimal. Based on this, we set priors for the position of the
knots as X = —0.22(2), 0.40(2) and 0.80(2). All coeffi-
cients « take priors of 0.0(5) and spline values at the knots
0.0(3). We include discretization terms up to (m.a)®, taking
imax = 4. The y?/dof value for our fit is 0.76 for 26 degrees
of freedom.

The final curve for F as a function of m, at zero lattice
spacing will be discussed in Sec. III C. Here we show the
dependence of F at two values of m,, as a function of lattice
spacing to demonstrate how the discretization effects are
resolved. Figure 3 shows our results at two ends of our
range, m, = 0 GeV and m, = 2.5 GeV as a function of
(m.a)?, along with the fit curve for those values of m,. The
fit curve plotted is the first two terms of Eq. (21) evaluated
at an X value equal to the ratio of the squares of our target
ALP mass and the experimental J/y mass. We see that
discretization effects are relatively mild in both cases, with
almost linear dependence on (m.a)? giving way to higher
orders in (m.a)* as m, is increased.

We close this subsection by showing tests of the robust-
ness of our final result. In Fig. 4 we test the impact on our
final results of making changes to the preferred base fit we
have described above. We test decreasing and increasing
the widths of the priors in the fits to the correlators
[Eq. (17)], and we similarly change the widths of the
priors for the coefficients « in our continuum fit [Eq. (21)]
(keeping the priors on the knot positions and spline values
the same). We also change the number of discretization
terms and drop gluon field ensembles at either end of our
lattice spacing scale. The variations all give results well

2

(am)

-5

f-phys

ve-5

S bH BH

b st-5

HHHI

0.34 c-phys

0.32

0.30

mg = 2.5 GeV

0.0 0.2 0.4 0.6 0.8 1.0
(am,)?

FIG. 3. Plots showing the continuum extrapolation of our
results for F at two values of m,. At the top, m, = 0 GeV
(X = 0) and below, m, = 2.5 GeV (X = 0.65). The data points
show our lattice results and the green curve is our fit as a function
of lattice spacing given in units of the lattice ¢ quark mass. The fit
curves shown are the first two terms of Eq. (21) for the specific
values of X.

within a standard deviation of the base fit for the four
illustrated values of X that cover the range over which our
data extends (0 < X < 0.65).

As noted earlier, our preferred fit uses cubic spline
functions with 3 knots. In Fig. 5 we show a comparison of
our preferred fit with a fit that uses 4 knots. The two interior
knots are given priors of 0.20(2) and 0.55(2). The 4-knot fit
has a poorer y?/dof at 1.1 and a considerably lower Bayes
factor. The two fits nevertheless agree well for X values
within the data range 0 < X < 0.65. Above X = 0.65 they
start to pull apart. This illustrates the robustness of our fits
for 0 < X < 0.65 but also that we must take care in
extrapolating results above X = 0.65. The difference
between the 3-knot and 4-knot fits for X > 0.65 provides
a measure for the size of systematic error that can arise from
the extrapolation. Since the two fits agree well within 1o up
to X = 0.8 we consider extrapolation to be safe up to this
point, but we add an additional (symmetric) systematic
error to our F(X) values for 0.65 < X < 0.8 that is equal to
the size of the difference between the 3-knot and 4-knot fit
in that region.
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FIG. 4. Stability plot for F for three selected values of

mg/Mj,, (from top to bottom: X =0, 0.4 and 0.65) after

adjustments to our base fit shown by the leftmost points and
the blue bands. From left to right: we reduce and increase the
widths on the priors in the correlator fits, and similarly reduce and
increase the prior width on the coefficients x in our spline fit,
increase the largest power of am, included in our discretization
effects from 8 to 10 and drop successively our coarsest and finest
gluon field ensemble.

0.40

B 3 knots D op
BRI 4 knots EF 5
M v * fp
0351 @ T s

iy
0.25
0.20 (S
0495 0:2 0.4 0.6 08 1.0
m2 /M j n
FIG. 5. A comparison of 3-knot and 4-knot cubic spline fits

for F. Our preferred 3-knot fit is given by the green band and the
4-knot fit, with poorer > and lower Bayes factor, by the blue
hashed band. The two fits agree well for X = m2/M 3 Ty wthin our
data region (0 < X < 0.65) and start to pull apart outside that
region. The data points are our lattice results on the different sets
of gluon field configurations given in Table I.

C. Results

Figure 6 shows our lattice results for the form factor F
[Eq. (5)] as the data points. The curve, along with its
uncertainty, that we obtain for F' in the physical continuum
limit as a function of the ratio mg /M3, is the green band.
The data points consist of results at four values of m, (six
values for our finest lattices) on six different sets of gluon
field configurations with different values of the lattice

0.40

B 3 kuots T 5
@O v *
D o I st

0351 © o

0.30

E LO pert. th.

0.25 g S
e e

0.20 H’

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
m2/M?

I/
FIG. 6. Results for the form factor F plotted against the ratio
mg /M3, The points show our lattice data for the different sets of
gluon field configurations given in Table I. The green band gives
our final result in the physical continuum limit from our fit using
cubic splines described in the text. The blue dashed line and the
corresponding band give the results from leading order NRQCD
perturbation theory, while the red dashed line and band includes
the first order O(a,) corrections [see Eq. (10)]. The bands
represent the uncertainty in the perturbative results, taken as
1 x a, for leading-order and 1 x a2 for first order, with a; = 0.25.

spacing and sea u/d quark masses. The data points show
smooth monotonic curves for each set with the values
of F falling slightly on the finer lattices. By interpolating
between the points using cubic splines and allowing for
discretization and quark-mass mistuning effects as
described in Sec. III B we obtain the green curve at zero
lattice spacing and physical quark masses. The green curve
takes much the same shape as the results on the individual
sets of gluon fields but lies below them because of the
extrapolation to zero lattice spacing. We note that the green
curve extends somewhat above our data region (up to
X =mg/Mj,, = 0.8) and we include an additional sys-
tematic uncertainty in the green band for 0.65 < X < 0.8 to
allow for the uncertainty associated with the extrapolation,
as described in Sec. III B.

Figure 6 also shows a comparison to the results from
leading-order and next-to-leading-order nonrelativistic per-
turbation theory from Eq. (10). The leading-order result is
given by the blue dashed line with an uncertainty band
of +25% for missing O(a,) effects. Besides this large
uncertainty, which does encompass the full result from the
lattice QCD calculation, we see that the leading-order
perturbative result is completely flat and so does not have
the correct shape as m, varies. The red dashed line and
band gives the first-order result, now including O(«y)
corrections with coefficient bp which depends on m,.
We see that the perturbative curve now has a better shape,
more in line with the lattice QCD result. The values of F are
not in very good agreement with the green curve, however,
even allowing for the uncertainty given by the red band.
This uncertainty was taken as 1 X [a,(M,,)]?, and the
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TABLE V. Upper table: results for F in the physical continuum
limit at selected values of X = m/M7, . Lower table: correla-

tion matrix for the values in the upper table.

2 /02 7
mg/M; ” F
0 0.2017(32)
0.4 0.2209(31)
0.65 0.2544(32)
F(0) F(0.4) F(0.65)
F(0) 1.000 0.962 0.909
F(0.4) 0.962 1.000 0.982
F(0.65) 0.909 0.982 1.000

disagreement indicates sizeable higher-order corrections
are present. Some of the disagreement could be down to
relativistic corrections missing from the perturbative cal-
culation, as discussed in Sec. II. Going forward, the lattice
QCD result should be used to set ALP constraints rather
than the perturbative curves because it incorporates QCD
and relativity effects fully.

Note that we have truncated the x-axis of Fig. 6 at
X = 0.8. As discussed in Sec. III there is a practical limit to
how high X can go in the lattice QCD calculation. There is
also a limit in principle on all calculations coming from
neglected mixing between the ALP and the 7. as their
masses approach each other. X = 0.8 corresponds to
m, = 2.770 GeV, which is 214 MeV, or 7T(.), below
the 77, mass. It should be safe to neglect mixing up to this
X value.

We give numerical results for F for a choice of three values
of m; /M3, covering our data region in Table V. The values

for F are correlated at different values of m, and we also
give the correlation matrix for these values. The correlation
matrix is not normally needed to set ALP constraints from
experimental data but we include it for completeness.
Table VI gives the error budget for F at each of these X
values. The largest sources of uncertainty are from statistics

TABLE VI.  Error budget for £ from our fit of the lattice data to
cubic splines. The errors are given as a percentage of the final
answer. The uncertainty labelled spline priors is from priors on S,
values and the knot positions. For a discussion of the negligible
additional systematic uncertainties from missing quark-line dis-
connected diagrams and QED effects, see text.

F(0) F(0.4) F(0.65)
Statistics 0.68 0.58 0.56
a’ -0 1.26 1.14 0.98
Valence mistuning 0.00 0.00 0.00
Sea mistuning 0.67 0.62 0.55
Spline priors 0.04 0.12 0.07
Total (%) 1.58 1.43 1.26

and the extrapolation to the physical point. The total
uncertainty is less than 2% in all cases. There are additional
systematic uncertainties from quark-line disconnected dia-
grams and the effect of electric charge of the ¢ quarks, both
of which are missing from our calculation (as well as from
the earlier perturbative calculations). We expect both of
these uncertainties to be negligible. The total impact of
quark-line disconnected diagrams on the J/w can be
judged from its very small decay width via 3 gluons to
hadrons. Quark-line disconnected diagrams allow the
mixing of the J/y with other flavor-singlet vector mesons,
such as the ¢, that could then decay to ya and this would be
a systematic error here. The very small probability with
which this happens is indicated by the branching fraction
for J/y decay to KK (the channel dominating ¢ decay),
which is less than 0.1%. Light meson decay to ya is also
expected to be suppressed by the appearance of the quark
mass in the ALP-quark coupling in Eq. (2). We therefore
expect the systematic uncertainty in F from missing quark-
line disconnected diagrams to be well below 0.1%. The
impact of the electric charge of the ¢ quark on the internal
structure of the J/y meson can be assessed from the effects
measured in lattice QCD + QED for the J/w decay
constant in Ref. [19]. There a 0.2% change in f,/,, was

seen, which would translate to a 0.2% effect in F using the
tree-level perturbative formula [Eq. (10)]. This is also a
negligible uncertainty.

As Supplemental Material [44] we provide a text file
containing our lattice QCD results for F as a function
of X = mg/Mj,, covering the range from 0.0 to 0.8 in

increments of 0.01. The total uncertainty on the value of F
is also given.

IV. ALP CONSTRAINTS USING LATTICE
QCD RESULTS

The process J/y — ya has been searched for at collider
experiments, most recently at BESIII [11,45,46]. In this
section we study the resulting constraints on ALP param-
eter space, highlighting differences in constraints calculated
using our new lattice QCD result with those calculated with
perturbation theory.

For an ALP which couples only to charm quarks, the
branching ratio of J/y — ya is shown in Fig. 7, normalized
by the coupling c..(p.) and the ALP decay constant f,,.
This has been obtained by evaluating Eq. (11) with ¢,, =0
and dividing by the experimental total width of the J /y [5].
We use a = 1/134.02, appropriate to charmonium scales in
the on-shell scheme [19]. The branching ratios from
perturbation theory use Eq. (10) taking f,,, from lattice
QCD [19]. The errors on these results have been estimated
by applying a multiplicative error of a,(m,,,) = 0.25 to
the leading order amplitude, and of [a(m;,)]* = 0.06 to
the O(a,) amplitude. We see that, for most of the ALP mass
range, the branching ratio from lattice QCD is below those
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FIG. 7. Branching ratio for the process J/w — ya for an ALP
coupled only to charm quarks, normalized by (f,/c..)>. The
lattice QCD result based on the calculations presented here in
Fig. 6 is shown in green, while results calculated in the
perturbative approach at leading order (LO) and at O(a,) are
shown in blue and red respectively.

obtained in perturbation theory, i.e., the perturbative
expressions overestimate the branching ratio.

A. Couplings and decay modes of the ALP

The sensitivity of different searches in radiative J/y
decays on ALP parameter space depends on the decay
mode and lifetime of the ALP. In general, the ALP can
decay to a charged lepton pair, a pair of photons, or hadrons
@if m, > 3m,). The widths for ALP decay to leptons and
photons are

2 4ml2
Fla—1T7) = 2 f2 a1 = o~ (29)
and
2.3 N
F(a - J’y) = 647[3}% ‘ ;y (ﬂa)l . (30)

For light ALPs below the 37z threshold these two decay
modes dominate. For ALPs with masses above 1.5 GeV but
below the ¢c threshold, decay to light hadrons dominates;
the inclusive hadronic decay rate is given by [10,47]

2 3
F(a—)had):%a}ma{ +§M} efoc(//‘a)| (31)

We make simple assumptions on the couplings of
the ALP at the high scale A =4xf,, and calculate its
branching ratios and lifetimes by evolving these couplings
down to p, using their renormalization group equations
(RGEs) [48-50].

The couplings of the ALP to gauge bosons are scale
independent [51]. However, the a — yy and a — GG decay
rates receive important contributions from finite loop

graphs involving light fermions and gluons. These can
be accounted for by defining an effective coupling cetf in
the decay rate of Eq. (30), and an effective coupling ceff
in the decay rate of Eq. (31). If the ALP has a mass Well
above the QCD scale, then these are calculated as [7]

?]f/f l’la = cyy + ZN chff /"u (Tf)v (32)
#

C?}ffG(Mu) = CGG +5 Zcqq :ua B ( )’ (33)
2

where N{ = 3 for quarks, and N. = 1 for leptons, O ¢ is the
electric charge of fermion f, and 7, = 4m7/mg, with

arcsini\f T2>1,
Bi(t) =1-1f*(1), f(r)=
i (7) ) i oo
(34)

This function behaves as B(z;) = 1 for m; < m,, and
By(zy) »
mions lzghter than the ALP contribute significantly to ¢y
(and ¢4), but charged fermions heavier than the ALP
decouple. For ALP masses below the QCD scale, the light
quark contributions to ¢&ff can be calculated using chiral
perturbation theory as [7]

w4 for my > m,, meaning that charged fer-
eff

2
1 mg

£
¢y (Ha) = ¢y T2
T a

(Cuu(ﬂa) - Cdd()ua)) + .. (35)

where omitted terms include contributions from ALP-gluon
couplings, and contributions from leptons and heavy
quarks, which are as in Eq. (32). The phenomenological
implication of the mass dependence of ¢&if (x,) is that an
ALP produced in J/y decays with flavor-universal cou-
plings to up-type quarks can decay to photons via its up-
quark coupling (assuming m, > m,). On the other hand, if
an ALP with mass m, < m, couples only to charm quarks,
its decay rate to photons will be very small, and it is likely
to be long-lived.

The ALP-fermion couplings are scale-dependent, and
their one-loop RGEs depend in general on all other Wilson
coefficients in the dimension-five effective Lagrangian.
However, many terms are suppressed by small Yukawa
couplings. Neglecting all Yukawas except y,, the RGE
(above the electroweak scale) for the ALP-lepton couplings
is (for [ = e, u, 7) [49,50]

d 3
mczz(ﬂ) T 2( 2)’:%( )+3a%CWW+5a%CBB)’ (36)
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where ¢y and cpp are the Wilson coefficients multiplying
the Lagrangian terms a,aW,W*4/(4nf,) and
alaBﬂyE””/ (4zf,) respectively, which couple the ALP
to the electroweak gauge bosons.” The presence of the term
proportional to ¢, (u) means that an ALP with flavor-
universal couplings to up-type quarks at A will inherit a
sizeable coupling to charged leptons at lower scales,
allowing its decay to electrons and muons. Specifically,
the numerical solution to the RGE for flavor-diagonal
couplings when running from A = 4zTeV to yy = 2 GeV
is [10]

culpo) = cu(A) +0.12¢,(A) + ... (37)

where additional terms denoted by “...” are proportional to
the gauge boson couplings and the other fermionic cou-
plings, with prefactors of O(107*) or smaller.

To calculate the branching ratio of J/w — ya, it is
important to also understand the running of the ALP-charm
couplings. The form of this is very similar to that for the
ALP-lepton couplings (36), but with different prefactors
corresponding to its different electroweak couplings and
color charge [49,50]

4
dln,uccc

32
(u) (2%2% (u) + 3 aicge

- 1672

17
+3a3cww + g“%%g)- (38)

The numerical solution to this RGE when running from
A =4xTeV to ug =2 GeV is [10]

Cee(lo) & Coo(A) = 0.12¢,(A) = 0.04c6 + ... (39)

where additional terms denoted by “...” are proportional to
the electroweak gauge boson couplings and the other
fermionic couplings, with prefactors of O(10~*) or smaller.
Similar to the case of the leptonic couplings, we see that the
top coupling c,, has the largest impact on the running of c....

B. Confronting experimental searches

The BESIII search of Ref. [46] looked for J/y —
y + invisible, making it sensitive to ALPs which are stable
on detector scales and in the mass range m, < 1.2 GeV.
This is the case for an ALP which couples only to charm
quarks, since its loop-induced photon decay [see Eq. (32)]
is suppressed to the extent that it is long-lived across the
parameter space relevant for the search. The coupling c... is
also essentially scale-invariant in this scenario since its self
renormalization is proportional to the square of the small
charm Yukawa [see Eq. (39)]. Upper limits on c.. can

>The coefficient Cyy
ny = Cww + Cgg [50]

is expressed in terms of cyy and cpp as

T

0.2 L Lattice ]

[ Pert. th. LO ]
0.0 r BESIII 20, a-»inv Pert. th. O(a,) 1
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FIG. 8. Constraints on ALP parameter space from a BESIII
search [46] for an invisible particle produced in radiative J/y
decays, assuming that the ALP has only couplings to charm
quarks. In this case, the ALP is naturally long-lived across all
relevant parameter space (with proper decay lengths of at least
several metres). The green region is excluded by the lattice QCD
results reported here; the blue and red dashed lines give the
central value of the boundary of the excluded region using the
earlier perturbative calculation.

therefore be found by comparing the theoretical branching
ratio (Eq. (11) with ¢,, = 0 and Fig. 7) to the experimental
(90% confidence level) upper limit for the J/y branching
fraction at each value of ALP mass. The resulting excluded
region for ¢.. shown in green in Fig. 8 is calculated using
the lattice result in this work, while those in dotted blue and
red are calculated using the central values of the perturba-
tive calculation at leading order and to O(«), respectively.
It can be seen that using the perturbative result leads to a
significant overestimate of the sensitivity, especially in the
leading order case.

An arguably more realistic ALP model has flavor
universal couplings to up-type quarks at scale A, along
with tree level couplings to photons, but with couplings to
down-type quarks and leptons set to zero at A. In this case,
the J/w — ya decay proceeds through both diagrams in
Fig. 1. Through renormalization group running, Eq. (36),
an ALP coupling to top quarks at the UV scale A will
generate a sizeable coupling to charged leptons at the ALP
mass scale, allowing a — [T/~ decays. Such an ALP can
therefore be constrained by the BESIII search for a
pseudoscalar particle produced in radiative J/y decays
and decaying to a pair of muons [45]. If the ALP also has
couplings to photons, then the BESIII search for an ALP
decaying to a photon pair in the J/w — yyy process [11]
provides additional constraints. We set the low scale for the
couplings as p, = . = 2 GeV, and solve for the couplings
at the low scale in terms of the couplings at the scale A,
which we take to be fixed at A = 4zTeV. The solutions to
the RGEs for the leptonic and charm couplings are then as

114513-12



CONSTRAINTS ON AXIONLIKE PARTICLES USING LATTICE ...

PHYS. REV. D 111, 114513 (2025)

—

o [Ma=025 GeV i

T oenlew>0 3
0.6F i
04F .

eI/ f [TeV!

o
S}

0.1

ey I/ fo [TeV

FIG. 9. Constraints from BESIII searches for J/w — ya as-
suming an ALP mass of 0.25 GeV, with the ALP decaying into
utpu™ [45] (in teal) and with the ALP decaying into yy [11] (in
green). Constraints are shown on the absolute value of the
couplings, under the assumption that they have the same sign,
ie., ¢, /cu(A) > 0. The solid teal and green exclusion regions
were found using our new lattice QCD results for F. Correspond-
ing bounds found using the central value of the LO (blue) and
O(a,) (red) perturbation theory calculations are shown with
dotted lines. The coupling of the ALP is assumed to be flavor
universal to up-type quarks, i.e., ¢, (A) = c.e(A) = ¢, (A).

given in Egs. (37) and (39) (with c¢gs = 0). This enables us
to convert the experimental 90% CL upper limits on the
branching fractions into upper limits on a combination of
Cee(A) and c,,.

The resulting limits in the 2-d plane of these couplings
using our lattice results for F are shown in Figs. 9 and 10,
for an ALP mass of m, = 0.25 GeV (below the 3z
threshold). In teal is the excluded region from the search
in the muonic final state [45], while the green region
is excluded by the search for an ALP decaying to

1F .;

08 [m,=0.25 GeV 1 g
B R $

0.6F i

% 04 ¥

= 1

s F 0%

5 A

]

= 02

0.1 . .

ley I/ fo [TeV

FIG. 10. As in Fig. 9, but now taking the couplings to be of
opposite signs; c,, /¢, (A) <O0.

photons [11]. The quark coupling plotted on the vertical
axis is assumed to be flavor universal, i.e., ¢, (A) =
cee(N) = c,(A). The difference between Fig. 9 and
Fig. 10 is only in the relative sign of the couplings. As
can be seen in the width formula, Eq. (11), if the charm
coupling and the photon coupling are of the same sign, their
contributions can cancel in the rate, which is the reason for
the unconstrained area which extends toward the top right
of the plot in Fig. 9. No such cancellation can occur if the
couplings have opposite signs, hence the different form of
the excluded regions in Fig. 10. Excluded regions calcu-
lated using the perturbative approach are shown on these
plots with dotted lines; blue lines correspond to the central
value of the leading order calculation, while red lines
correspond to the central value of the O(ay) calculation. In
some regions of parameter space it can be seen that there is
a significant difference between the lattice and perturbative
approaches. As expected, this difference is smaller in
regions where the quark couplings are smaller and/or the
photon coupling is larger, since in this case the J/y — ya
decay is proceeding predominantly through the right-hand
diagram in Fig. 1, which is unaffected by the new lattice
calculation of F.

Figures 11 and 12 shows the same constraints as in
Figs. 9 and 10, but now for an ALP mass of m, =2 GeV.
At this heavier ALP mass, the constraints from both
searches are not as strong in the ¢,, — ¢, parameter space
as they were for a lighter ALP mass. This is mostly due to
the fact that a heavier ALP can decay at tree level to
hadrons through its quark couplings [see Eq. (31)], which
significantly reduces its branching ratios to photons and
muons. It can also be seen that the differences between the
constraints found with the lattice calculation and those
found with the perturbative calculations are less significant
at this mass range, as would be expected from the fact
that the central values of the respective branching ratio

R
m,=2.0 GeV '\
CyylCuu>0

lcw(MI/ f [TeV

ley I/ fa [TeVT

FIG. 11. As in Fig. 9, but for an ALP mass of m, =2 GeV.
Couplings are assumed to be of the same sign; c,,/c,,(A) > 0.
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FIG. 12. As in Fig. 11, but now taking the couplings to be of
opposite signs; c,, /¢, (A) <O0.

calculations are closer at intermediate ALP masses than at
low ALP masses, as seen in Fig. 7. The different overall
shapes of the constraints in Figs. 11 and 12 are again due to
the different assumptions on the relative signs of the
couplings; if ¢.. and c,, have the same sign, their effects
can (partially) cancel in I'(J/y — ya), leading to the
unconstrained area extending to large couplings toward
the top right of Fig. 11.

V. CONCLUSIONS

The calculation presented here is the first lattice QCD
determination of the form factor for J/w — ya, allowing
for experimental searches for ALPs that couple to ¢ quarks
from J/y radiative decay, for example by BESIII. The
result we obtain for the quantity F, defined in Eq. (5), is
much more accurate than the perturbative calculations used
previously. We see from the comparison plot given in Fig. 6
that ' shows mild dependence on the ALP mass and this is
missing entirely in tree-level perturbation theory and only
partially generated at O(ay). The J/y branching ratios for
an ALP coupling only to ¢ quarks are compared in Fig. 7.

In future the results for F from lattice QCD along with
Eq. (11) should be used to set ALP constraints from
J/w = ya. For this purpose our lattice QCD F values
are provided in a text file, HPQCD_Ftilde.txt, given in the
Supplemental Materials [44].

Here we show the constraints on ALP masses and
couplings using the lattice QCD results along with
experimental data from BESIII in Figs. 8-12. These
figures show that the previously used perturbative
approach to the theoretical calculation of the rate over-
estimates the constraints obtained for almost all of the
ALP mass range covered.

This calculation opens the way for further use of lattice
QCD for form factors needed for ALP searches. One

obvious extension is to calculate the form factors for
T — ya which covers a somewhat larger range of ALP
masses than J/y decay. This could be done using the
techniques demonstrated here and working at b quark
masses on very fine lattices with the HISQ formalism as
used for the study of 1, — yy decay in [22].

Further possibilities include charged pseudoscalar lep-
tonic decay with ALP radiation, such as B — £va or
D, — ¢va. The calculation of the form factor for this in
lattice QCD would proceed in the same way as here, but
now with a range of ¢> values for the virtual W for each
ALP mass. An additional complication is that there
are separate form factors for emission of the ALP
from the quark and antiquark of different flavor. The
computational cost is then substantially larger than that
for J/w — ya but clearly tractable. The results would
provide complementary information on ALP-quark cou-
plings to that from other processes. Currently approxi-
mate methods are being used to determine the relevant
form factors [52] and, as here, constraints would be made
significantly more compelling with accurate lattice QCD
results. In addition this would provide the incentive for
improved experimental searches.
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APPENDIX: RANGE OF ACCESSIBLE m,
VALUES ON THE LATTICE

One way to monitor the lattice QCD calculation is to plot
the normalized summand that enters the determination of
Czpt(T) from Cs,,(t,T) using Eq. (16). The normalized
summand is defined as

e—mty C3pt(ty’ T)

—M,T ) (A1)

Rt,) = age
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FIG. 13. Normalized summand in lattice units for the case of

an m, =0 GeV ALP plotted as a function of L, the time
separation between j, and j, (see Fig. 2) in fm. Results are
shown for two values of T (the time position of O,,) corre-
sponding to 10 (= 1.24 fm) and 19 (= 2.36 fm) on the c-5
ensemble. The oscillations are a consequence of using a staggered
quark formalism.

for each value of T used. Here the ground-state parameters
ay and M, come from the correlator fit and they remove
the exponential dependence of the summand on 7T so that
different T values can be compared directly to each other.

At low ALP masses, the summand is very strongly
peaked around 7, ~ 0, i.e., where the vector (coupling to
photon) and pseudoscalar (coupling to ALP) current
insertions coincide in time. This is illustrated in Fig. 13
for the case of an ALP of zero mass on the c-5 ensemble. It
is then easy to arrange for the position of the vector current
coupling to the J/y to be outside this time region. Indeed in
the case illustrated in Fig. 13 we use 7 values ranging from
10 to 19 (see Table II) corresponding to 1.24 to 2.36 fm. We
see from Fig. 13 that all of the T values lie well outside the
peak of the summand and the normalized summand is
independent of the T value. This means that there is plenty
of lattice time for the 3-point function to project out the
charmonium vector states before the operators coupling
to y and a are reached. The resulting 2-point correlation
function C, ¢ then has a clean multiexponential form with
amplitudes that are the product of the amplitude to form a
particular vector charmonium state from the vacuum and
for it to decay to ya. We are only interested in the vector
ground-state here, but we fit to a multiexponential form to
remove excited-state contamination from the ground-state
parameters.

The summand is strongly peaked in the case of Fig. 13,
and independent of T, because once the J/y emits a photon
with large energy (close to M, /2) the resulting charmo-
nium system is pushed far off-shell and decays exponen-
tially fast in z,.

The picture changes as the ALP mass grows to be closer
to that of the J/y. Consider the situation where the j,
(photon) operator is between the O,,, and j, (ALP)

S2R

t, [fm]

FIG. 14. As for Fig. 13 but for the case of an ALP with
m, = 2.5 GeV.

operators in time (see Fig. 2). Now the emitted photon
has smaller energy and the intermediate state between the
photon and ALP operators is closer to being on-shell and
can “live” for a longer time. This means that the summand
is no longer as sharply peaked but becomes asymmetric,
with a longer time extent out in the direction toward the
position of the J/y operator. When the photon operator is
on the other side of the ALP operator the intermediate state
is again off-shell so the summand has a shorter time extent
in that direction. Figure 14 illustrates this case for an ALP
mass of 2.5 GeV which is 0.81M,,. Now the peak extends
on the positive side of the origin to a point close to our
smallest 7' value of 1.24 fm. The normalized summand is
still independent of 7. This case still allows for accurate
results for the ground-state amplitude and the form factor
because we use multiple T values, extending to 2.36 fm for
this case.

Pushing the ALP mass too close to the J/y mass,
however, results in 2-point correlation functions which are
difficult to fit and which do not allow a form factor value to
be extracted. This is illustrated in Fig. 15 for an ALP mass
of 2.985 GeV, close to the n, mass and 0.96M,,,. Now the
intermediate state between the photon and ALP operators is

0.025

§ T =10
00207 _H- 719 e99
: Bi%a,
oo ARANAR
CIRRTANRYY, fﬁai =
« 0010 A é’é éé g Vi
By nry w i 1
S 0.005 :"I"éeé::‘: i
LA ‘-.
0.000 R SBcoocoocsier
—0.005
—0.010 - - 5 : 3
£y [fm]
FIG. 15. As for Fig. 13 but for the case of an ALP with

m, = 2.985 GeV. Notice that the normalized summand now
extends up to the value of 7.
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very close to being on-shell and can live for a long time,
limited only by the position of O,,,. The normalized
summand now depends on 7 because the peak structure
extends up to 7. We do not use such large values of m, in

our calculation. These would in any case be close enough to
M, for the ALP and 5. to mix, an effect which is not
included in our calculation (nor is it included in the
perturbative calculations).
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