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We investigate the critical behavior of the first four cumulants of the net-baryon number near the
deconfinement critical point in QCD in the limit of heavy quarks. By connecting baryon-number
fluctuations to Polyakov loop susceptibilities, we analyze their mean-field scaling properties at zero and
nonzero baryon chemical potentials. In the mean-field approximation we derive critical exponents via the
Landau theory and validate them through explicit numerical calculations in an effective Polyakov loop
model. Using a Ginzburg-Landau criterion as a diagnostic of beyond-mean-field effects, we estimate the size
of the critical region and find that it shrinks with increasing baryon density. By utilizing the exact scaling
function in the 3D Ising model, we estimate critical exponents beyond the mean-field approximation.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is expected to have a
rich phase structure, determination of which is an ongoing
experimental [1-4] as well as theoretical effort [5-9].
Besides physically relevant parameters, such as temper-
ature and baryon chemical potential, or the magnetic field
[10-13], the phase diagram is often investigated in the
range of parameters which cannot be modified in the
physical setting, such as quark mass and number of colors
or flavors. While not directly relevant to the experiment,
such studies are useful for understanding particular features
of QCD. One possibility is to investigate QCD with larger
than physical quark masses. Such choice is particularly
suited for studying deconfinement because the effects due
to the chiral physics become less prominent.

In the limit of infinite quark mass, deconfinement is a
first-order phase transition [14] which can related to the

“Contact author: michal.szymanski@uwr.edu.pl

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/114(7)/074007(15)

074007-1

spontaneous breaking of the center symmetry [15,16] with
the Polyakov loop [15,17,18] serving as an order param-
eter. While the center symmetry is broken explicitly by
dynamical quarks, the transition remains first-order unless
the critical quark mass value is reached, at which the
deconfinement becomes a second order phase transi-
tion [19]. This marks the deconfinement critical point,
properties of which have been investigated using lattice
QCD (LQCD) simulations [20-22], functional methods
[23] as well as effective models [24-29].

When calculated on the lattice, the Polyakov loop suffers
from the renormalization scheme dependence [30,31] which
calls into question validity of physical results extracted from
this observable. Thus, it is important to investigate also other
quantities sensitive to deconfinement, such that a consistent
picture can be obtained. One of possibilities is to investigate
susceptibilities of the baryon number. On the lattice, these
quantities have been extensively studied for physical quark
masses [32-35] and are the cornerstone of experimental
searches of the QCD critical point [2,4,36]. Recently,
properties of these quantities in the heavy quark mass limit
at the first-order phase transition were examined theoreti-
cally using hopping parameter expansion [37]. It has been
found that these quantities should have a discontinuity at the
critical temperature. This suggests that susceptibilities of the

Published by the American Physical Society
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baryon number are indeed useful for studying QCD in the
heavy-quark limit.

The aim of this work is to explore utility of net-baryon
number susceptibilities for investigating properties of the
deconfinement critical point. For physical quark masses
these quantities are expected to diverge at the critical point
with the strength of divergence increasing with the order of
the susceptibility [38]. We investigate the critical behavior
of the first four cumulants of the net-baryon number in the
proximity of the deconfinement critical point at zero and
nonzero net-baryon densities. In the mean-field (MF)
approximation, these quantities are calculated using an
effective Polyakov loop model. To investigate their MF
criticality, we connect the fluctuations of the net-baryon
number with the susceptibilities of Polyakov loop. Using the
Landau-type potential we extract the MF critical exponents
and confirm our prediction with the explicit numerical
calculation. We also investigate critical exponents beyond
the MF approximation using the scaling function approach.

While critical exponents are determined by the univer-
sality class of the system, the size of the critical region
(inside which the MF approximation breaks down) is
nonuniversal. Reliable estimates of this region are relevant
for phenomenology. One possible prescription is to inves-
tigate the contours of the net-baryon number susceptibil-
ities relative to the free susceptibilities around the critical
point [39,40]. Here, we estimate the size of the critical
region using the Ginzburg criterion [41,42] (see also
Ref. [43] for the discussion regarding the critical region
of QCD). In Ref. [44] the MF formulation of this criterion
has been discussed. Following that work we formulate the
Ginzburg criterion for our model and discuss the size of the
critical region. Particularly, we find that it shrinks with
increasing baryon density.

The paper is organized as follows: in Sec. II we present
details of the model used in this work. Section III shows
numerical results for net-baryon number fluctuations at
zero and nonzero baryon chemical potential. In Sec. IV we
discuss the critical behavior near the deconfinement critical
point: Sec. IVA contains analytic predictions on MF
critical exponents, in Sec. IV B we confirm these predic-
tions numerically, in Sec. IV C we discuss the role of the
dynamical quark mass generation, and in Sec. IVD we
|

apply the scaling function approach to obtain the prediction
on the critical behavior of net-baryon number susceptibil-
ities in the Z, universality class. In Sec. V the estimate of
the critical region based on the Ginzburg criterion is
discussed and in Sec. VI we present our conclusions.

II. EFFECTIVE POLYAKOV LOOP MODEL

To model thermodynamics of QCD with heavy quarks
we use an effective Polyakov loop potential [24,25]

U(.0)=Ug(¢.€)+ Uy(Z.7), (1)

where 7, £ are the traced Polyakov loop and its conju-
gate [17,45]

R 1 . (P >
£(3) = 5 Trce! I e, 2)
where Tr stands for the trace over color and f = 1/T. Ug
is the pure gauge part and U, contains the contribution due
to the dynamical quarks. For the former, we choose the
potential obtained in Ref. [46],

Ug(t.?) _

T A()¢f + B(t)inMy(¢,7)

+-C(O)(A+ )+ D) (¢?)>,  (3)

N = DN =

where r = T/T, with T, = 270 MeV being the deconfine-
ment temperature of the pure SU(3) theory, and

My(£.0) =1 =660 +4(° +03) =3(¢6)>  (4)

is the SU(3) Haar measure [47]. Coefficients of this
potential were determined using the LQCD data on the
pure SU(3) equation of state, Polyakov loop expectation
value and its susceptibilities (see Ref. [46] for their func-
tional form and further discussion).

To model the quark contribution we employ the one-loop
fermion determinant in the A4 background which in terms
of Polyakov loop and its conjugate reads [24,25]

_ & _
Up(M.t,f) = =2TN; / ﬁ [In (1 + 3¢ PEH 4 372 E-1) 4 o=3(E-n))
T
+1n (1 4 37 PEH) - 3pe 2P E+) 4 p=3(E+u))] (5)

where E =

q*> + M?. Given that the heavy-quark current mass dominates over the expected in-medium shift, we treat the

mass as constant in the following. The robustness of this approximation is verified numerically in Sec. IV C.
We employ a MF approximation in which the expectation values of the Polyakov loop and its conjugate are determined

from the gap equations
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At finite density, the expectation values of # and £ are both
real, but different which is the consequence of the complex
nature of the fermion determinant [47,48]. Furthermore,
fluctuations of the order parameter are linked to the inverse
curvature of the potential

y=C, (7)
where C is the curvature matrix
*u/T?
= A (8)
0¢;0ph;

with ¢, = 7, ¢p, = £. These susceptibilities can be related
to susceptibilities of the real (y;) and imaginary parts (y7)
of the Polyakov loop [25]

1 1
Xr =75 [Zf; ) (xer +)(;;)} ,

1 1

1= e+ 3 e + 277 )
We refer the reader to Refs. [25,49] in which the expect-
ation value of Polyakov loop and its conjugate as well
as their susceptibilities near the deconfinement critical
point were investigated for the effective Polyakov loop
potential (3). Particularly, it has been observed that at
up = 0 the real susceptibility diverges while the imaginary
one stays finite.

The aim of this work is to examine cumulants of the net-
baryon number, defined as

0.012 M =090 —— pup =0 ]
M=1.00 ----
0.01 F V[ = 1.05 --oeeeeees 1

0.008

a/
= 0.006

0.004

0.002

0.270

J'p

B

)(n = ~ n ’ ( 10)
a(/"B) T=const.

where p = P/T* and fig = up/T. In the current approach
the pressure is linked to the effective potential via P =
~U(T,p, (T, u), ¢(T,u)) with (T, u) and £(T, ) being
the solutions of the gap equations, and thus the
up-dependence of MFs has to be taken into account when
performing the derivatives. Although y% can be computed
numerically, it may be useful to express these cumulants in
terms of Polyakov loop susceptibilities (8). Following the
strategy outlined in Ref. [47], we obtained explicit expres-
sions for y8, n = 1, ..., 4 (see Appendix A for summary of
the results). As an example, we apply these formulas to
investigate the MF critical exponents of net-baryon number
susceptibilities near the deconfinement CP (see Sec. IV).

III. NET-BARYON NUMBER SUSCEPTIBILITIES

In this section we present numerical results on net-baryon
number fluctuations near the deconfinement critical point.
We consider Ny =2 case with degenerate quark masses.
For up =0, we find the critical quark mass to be
M¥=0 = 135160 GeV and critical temperature T4 =
261.67 MeV (see Appendix B for details of determination
of the CP location) which gives M’é’}fo / T’é’}fo ~5.16.
Assuming that in the limit of heavy quarks the mass of
the lightest pseudoscalar meson can be approximated by 2
times the quark mass, we find this value to be lower than
recent LQCD estimations, which find M pg/T . ~ 18 [21,22]
(these results were not continuum extrapolated). The values
of the critical temperature and quark mass depend also
sensitively on the used Polyakov loop potential [24].

The corresponding results for y% (left) and % (right) for

different values of M = M/ M’é’}zo can be seen in Fig. 1.
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FIG. 1. x5 (left) and % (right) in function of temperature for the vanishing chemical potential in case of the crossover (M = 0.9, green
solid lines), critical point (M = 1, orange dashed lines), and first-order phase transition (M = 1.05, dotted violet line).
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FIG. 2. The 42/, in function of temperature at the vanishing
chemical potential for # = 0.8 (blue dash-dotted line), 0.9 (green
solid line), 1.0 (orange dashed line), 1.05 (violet dotted line) and
1.5 (black double-dot dashed line).

Green solid lines correspond to the crossover with
M = 0.9, orange dashed ones to M = 1 and violet dotted
lines M = 1.05, the first-order phase transition. We observe
that % becomes increasingly steeper as the quark mass tends
toward the critical value, but it does not diverge at the critical
point. For masses larger than the critical value, the system
undergoes a first-order phase transition and, in con-
sequence, ;(g 1s discontinuous. On the other hand, the fourth
order cumulant has a clear peak structure at the crossover and
diverges at the critical point. As in the previous case, it is
discontinuous at the first-order phase transition. We also
observe that both quantities become suppressed with the
increasing quark mass.

In Fig. 2 we show the kurtosis of the net-baryon number,
28/x5, calculated for M = 0.8 (blue dash-dotted line),

0.020 —— T T b T
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M = 1.05 -eeeeeees 1
0.015 !
1
1
1

oA
b 0.010

-
-
-----

0.005

o
““““
............

0.27

0.9 (green solid line), 1.0 (orange dashed line), 1.05 (violet
dotted line) and 1.5 (black double-dot dashed line). Far
from the (pseudo)critical temperature the )(f / )(f ratio stays
nearly constant, and is approximately equal to 1 in the
confined and 1/9 in the deconfined phase. The sharp peak
develops for T~ T, which follows from the critical
behavior of y%. As the quark mass exceeds the critical
value, the net-baryon number kurtosis approaches a step-
function behavior which indicates that it may be an
excellent probe of deconfinement also in the heavy-quark
limit (such behavior was discussed in Ref. [47], see also
Ref. [37] for a recent lattice QCD discussion).

Nonzero baryon chemical potential enhances the
explicit center symmetry breaking [25] and thus the
critical value of the quark mass should be larger than
the corresponding pp =0 value. Indeed, for up =

1.5GeV we find M2 %Y = 178911 GeV  and

T’g},zlj 9V — 262.08 MeV. We observe that in this case
the behavior of y% substantially changes, see the left panel

of Fig. 3 (with M =M /M’gjfl'5 9V and the color con-
vention being the same as in Fig. 1): it has a prominent
peak at the crossover and becomes divergent at the CP.
The fourth order cumulant (the right panel of Fig. 3)
remains divergent at the CP but shows a more complicated
structure than its zero-density counterpart, as it acquires a
double-peak structure and may become negative (the green
solid line).

A further insights into the structure of the fourth order
cumulant at zero and nonzero densities can be obtained
from Fig. 4 where a two-dimensional projection on (M, T')
plane is shown. Green color corresponds to positive values
and purple to negative ones. The solid red line is the line of
the first-order phase transition, the red dot marks the critical
point and the red dashed line is the tangent to the critical
line at the CP (see the discussion in Sec. IV B). At uz =0
(left), x2 is positive and gradually increases as the CP is
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FIG. 3. The same as in Fig. 1 but for uz = 1.5 GeV with M = M /M2 9V,
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FIG. 4. Fourth order baryon number cumulant in the proximity of the critical point in function of quark mass and temperature for yz = 0
(left) and up = 1.5 GeV (right). Solid red line—first-order phase transition, dot—deconfinement critical point, dashed line—line tangent
to the critical line at the critical point. Color intensity indicates the magnitude in the positive (green) and negative (purple) values.
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FIG. 5. 4% in function of temperature for yp = 1.5 GeV with
the same values of M as in Fig. 3.

approached. At finite density (right) the qualitative behav-
ior of this quantity changes—a region where it is negative
develops. We also note that the divergence is considerably
stronger than in the previous case.

Additionally, at finite density the third order cumulant is
nonzero (see Fig. 5, with the color convention the same as
in Fig 3). We observe that it diverges to +co depending on
the direction of approach to CP (the orange dashed line).
This is further confirmed from the two-dimensional pro-
jection of this quantity on the (M, T) plane which shows
two regions with the different signs of y3, see Fig. 6.

IV. CRITICAL BEHAVIOR OF NET-BARYON
NUMBER CUMULANTS

A. MF critical exponents

To investigate the MF criticality of the net-baryon
number fluctuations, we consider a Landau-type potential

which captures the MF criticality of the Ising model

U(p,t,h 1 1
L: Uy + = urt® + —ugp* — hep,  (11)

T4 2 4
where u, and u, are parameters of the potential and ¢ and &
are reduced temperature and magnetic field of the Ising
model which are functions of the physical variables T, up
and M. We assume that close to CP they can be approxi-
mated as

T-T U3 M-M
HT, ug, M) = A c+ BB C ¢
( HB ) T, + T%+ M,
T-T U3 M-M
WT, up, M) =D CH+ELBLF <, 12
(T, pp. M) T + T%Jr M, (12)

where A, ... , I are coefficients which determine the
direction of the approach to the CP (with AF — CD # 0).
The particle-antiparticle symmetry requires that P(ug) =
P(—pp) and thus the term linear in pp vanishes [50].

Furthermore, critical exponents depend on the direction
from which the critical point is approached [43]. For the
path which is asymptotically tangential to the critical line,
susceptibility diverges as |d|™ (where d quantifies the
distance to the CP), while for other directions the
divergence is weaker, |[7|7¢, where &=y/(#5) and
t=(T-T,)/T,.. Particularly, in the MF approximation
y=1,p=1/2 and 6 = 3 and thus ¢ = 2/3. Additionally
in this approximation, the order parameter scales as |d|’
for paths asymptotically tangential to the critical line and
|t|'/% for other directions.

To investigate the critical behavior of the net-baryon
number cumulants, we apply Egs. (A7), (Al1), and (A12)
to the potential (11). At up =0 we find that the critical
contribution to the second order cumulant is proportional
to the order parameter and thus it stays finite at the critical
point
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FIG. 6. Third order baryon number susceptibility in the
proximity of the critical point for up = 1.5 GeV. Solid red
line—first-order phase transition, dot—deconfinement critical
point, dashed line—Iline tangent to the critical line at the critical
point. Color intensity indicates the magnitude in the positive
(green) and negative (purple) values.

13 | < @, (13)

the third order cumulant vanishes and the critical contri-
bution to the fourth order one is proportional to the order
parameter susceptibility

X3l <2 (14)

At the finite chemical potential the critical behavior of net-
baryon number cumulants is modified considerably. For the
second-order cumulant we obtain

13 |erie > - (15)

For the third-order cumulant the leading singularity is

X5 |erie. < 01 (16)

and thus for paths that are not asymptotically tangential
to the critical line, the critical exponent is 3y/(f8) —
1/6 =5/3. For paths asymptotically tangential to the
critical line, the direction of the approach has to be taken
into account—since the leading singularity is proportional to
the order parameter, this term is nonzero only in the ordered
phase (¢ < 0) and vanishes in the disordered phase (¢ > 0).
For the former, the critical exponent is 3y — = 2.5 For the
latter, the subleading term has to be considered

)(g'sub. 0‘)(2 (17)

and the expected critical exponent is 2y = 2. Finally, for the
fourth order cumulant we find

i = et + ™+, (18)

where ¢;, ¢, are the corresponding coefficients and ...
denote less singular terms. For the MF values of critical
exponents of both terms diverge with the same rate—the
critical exponent of y% is 4 for paths asymptotically
tangential to the critical line and 8/3 for other directions.

B. Numerical determination of MF critical exponents

To test predictions from the previous section, we numeri-
cally investigate the net-baryon number cumulants near the
critical point for up = 0 and 1.5 GeV. We first discuss a
case of the path which is not tangential to the critical line.
To this end, for a given chemical potential we set the quark
mass to the corresponding critical value and approach the
critical point along the temperature direction. To extract the
critical exponents, we perform a linear fit

logio x5 = —&; logio[(Tcp —T)/Tcp) + b~ (19)
for T < T¢p and
logioxs = =& 1ogio[(T = Tep)/Tepl +b* (20)

for T > Tcp.

In Fig. 7 we show y2 for yp = 0. Red squares correspond
to T < Tcp and the green dots to T > T ¢p (for the latter the
results were multiplied by 5 to improve the readability of
the figure). The red solid and green dashed lines show
the corresponding linear fits. We find e; ~ 0.665 and
€5 ~ 0.668, consistently with the MF prediction (14).

Next, we discuss pup # 0 case. In Fig. 8 we show x5
(red squares), ;(f (green dots), and )(ff (blue triangles) for

3.00 T T T T T T T
logiox® T < T. "
2.00 [, e; ~0.6647 _
Y B
® logio(5xs) T >Te o

1.00 e ~0.6684 -----
0.00
-1.00

-2.00

-3.00

-4.00 L L L L L L L
-9.00 -8.00 -7.00 -6.00 -5.00 -4.00 -3.00 -2.00 -1.00

10g10|T — Tc‘/Tc

FIG. 7. 4th order susceptibility of net-baryon number in the
proximity of the critical point for fixed M = Mcp and for
T < Tcp (red squares) and T > T¢p (green dots, results were
scaled to improve readability of the figure) at the vanishing
baryon chemical potential. Solid red and dashed green lines are
the corresponding linear fits (19) and (20), respectively.
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loglo[(T — TC)/TC}

2nd (red squares), 3rd (green dots) and 4th (blue triangles) order susceptibilities of net-baryon number in the proximity of the

critical point for fixed M = Mp and for T < T ¢p (left panel) and T > T p (right panel). Solid red, dashed green, and dash-dotted blue
lines show the corresponding linear fits (19) and (20), respectively.

T < T, (left panel) and T > T (right panel). The red solid,
green dashed and blue dash-dotted lines show the corre-
sponding linear fits. For y% we find &5 ~0.665 and
€5 ~0.668, for ¥% 5 ~1.664 and £ ~ 1.669 (where we
multiplied y% by — sign to keep the logarithm well-defined),
and for y% we obtain &; ~2.663 and & ~2.669. These
values are consistent with predictions (15), (16), and (18),
respectively.

Next, we investigate the critical exponents along the
tangent to the critical line, which is parametrized as

T =acp(M—Mcp) + Tcp, (21)

where the slope, acp, is determined from Eq. (B11) in
Appendix B. The tangents are marked by red dashes in
Figs. 4 and 6.

We quantify the distance to the CP as

d(T.M) = \[(T/Tep =102 + (M/Mcp 17 (22)
and extract the critical exponents by performing the linear fit

logioxi = —€,logiod(T, M) + b, (23)
Since the distance to CP defined in this manner is always
positive, we denote the critical exponent obtained by
approaching the CP from the disordered phase (T < T¢p
and M < Mp) by €2 and the one obtained by approaching
the CP from the ordered phase (T > T¢cp and M > M p)
by 9.

For pp = 0, the fourth order cumulant is shown in Fig. 9.
Red squares correspond to the approach from the direction
of the disordered phase and green dots to the approach from
the ordered phase side. The red solid and green dashed lines

show the corresponding linear fits to Eq. (23). We find
e? ~0.9999 and & ~ 1.0033. As previously, these pre-
dictions are consistent with the MF values (14).

For finite chemical potential (uz = 1.5 GeV) the results
are shown in Fig. 10 where red squares correspond to x5,
green dots to x5, and blue triangles to y%. The left panel
corresponds to the approach from the disordered phase
direction and the right panel to the approach from the
ordered phase. Where necessary, we multiplied the corre-
sponding susceptibilities by —1 to keep the logarithm well-
defined. The red solid, green dashed, and blue dash-dotted
lines show the corresponding linear fits to Eq. (23). For y%

3.00 T T T T

T < Tcp 5 M < Mcp L]

D ~

2.00 €D ~ 0.9999

T>Tcp, M > Mcp °

€9 ~ 1.0033 -----
1.00
0.00
-1.00 |
-2.00 |
log1ox} o)
-3.00 L L L L d
-6.00 -5.00 -4.00 -3.00 -2.00 -1.00

lOglo d(r:[‘7 M)

FIG. 9. The 4th order susceptibility of the net-baryon number
calculated along the tangent to the critical line when the CP is
approached from the disordered (red squares) and ordered (green
dots) phases. Solid red and dashed green lines show the
corresponding linear fits.
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20.00 T T T

N, logioxs =
*\\ €D ~ 0.9989 ——
15.00 A\\ 10810(—X3B) ° E
‘\,\ e? ~2.0001 -----
A
B
10.00 | g logio(—xzg) 4 |
. N, P R4.0017 ——
’1.._..
B
5.00 «
0.00
-5.00 1 1 1 1 1
-6.00  -5.00  -4.00  -3.00  -2.00  -1.00

lOg]_() d(’]:‘7 M)

20-00 T T T T T
N logioxy =
. e ~ 1.0034
15.00 [ ’\A\' logio(—xB) .
N €9~ 2.5084 - - -
S logioxf 4
10.00 ‘.’ '\ 4 b
e, ~, e? =~ 4.0136 —:—:-
‘.‘. \
5.00
0.00
-5.00 1 1 1 1 1
-6.00  -5.00  -4.00  -3.00  -2.00  -1.00

lOg]_() d(T, M)

FIG. 10. 2nd (red squares), 3rd (green dots) and 4th (blue triangles) order susceptibilities of net-baryon number in the proximity of the
critical point, calculated along the tangent to the critical line when the CP is approached from the disordered (left panel) and ordered
(right panel) phases. Solid red, dashed green, and dash-dotted blue lines show the corresponding linear fits.

we find € ~0.9989 and €9 ~ 1.0034, in case of y% we
obtain e ~2.0001 and £ ~ 2.5084, and for ¥ the critical
exponents read €9 ~4.0017 and ¢ ~ 4.0136. These values
are consistent with predictions (15), (16), and (18). In
particular, we observe different critical exponent for %,
depending on the direction of the approach to the CP. We
summarized results on the MF criticality in Table 1.

C. Effect of dynamical quark masses

To justify the assumption of constant heavy quark masses,
we examine the dynamical mass contribution AM arising
from spontaneous chiral symmetry breaking. In the light-
quark sector, this contribution (AM ~ 300 MeV) dominates
the total constituent mass. Conversely, for heavy quarks,
such a shift is negligible relative to their large current masses.
Nonetheless, it is important to quantify this expectation to
assess its potential influence in the vicinity of the deconfine-
ment CP.

In a standard Nambu—Jona-Lasinio (NJL)-type model
[51,52] (see also Refs. [53,54] for reviews), the quark-
quark interaction is described by the Lagrangian

ﬁquark—quark = G[(Z]CI)z + (511}’5?61)2}’ (24)
from which the mean-field expression for the constituent
quark mass is derived as
M =my - 2G(qq), (25)
where my is the current quark mass and (gq) is the
expectation value of the quark condensate, which depends
on the temperature as well as other parameters.
To evaluate the in-medium mass shift for heavy quarks,
we adopt the parametrization proposed in Ref. [26]
where AM, = 350 MeV represents the vacuum value of

the dressing. The temperature dependence is controlled by
the function F(T), defined as

B 3.47
247 + AT/

F(T) (27)

TABLE 1. Summary of the critical exponents of baryon number susceptibilities obtained in the MF approximation.
up =0 up #0

Path M= Mcp Tangent M =Mcp Tangent
Direction T<T, T>T, Disordered phase Ordered phase T<T, T>T, Disordered phase Ordered phase

Prediction Fit Prediction Fit Prediction Fit Prediction Fit Prediction Fit Prediction Fit Prediction Fit Prediction Fit
75 Finite Finite Finite Finite 2/3  0.6647 2/3  0.6679 1 0.9989 1 1.0034
Ve 5/3 1.6640  5/3 1.6693 2 2.0001 5/2  2.5084
yei 2/3  0.6647 2/3  0.6684 1 0.9999 1 1.0033  8/3  2.6631 8/3  2.6694 4 4.0017 4 4.0136
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FIG. 11. Phase diagram for different choices of the quark mass

function. Red: constant quark mass. Gray: dynamical quark mass
with 7y = 159 MeV and n = 6 in Eq. (27). Green: dynamical
quark mass with 7, =230 MeV and n =4 in Eq. (27). Solid
lines: first-order phase transition, dashed lines: crossover, dots:
critical point.

with Ty = 159 MeV and n = 6. This functional form was
fitted to LQCD data for the chiral condensate at physical
quark masses [55]. With these parameters, the bulk chiral
crossover occurs at low temperatures. Since the character-
istic temperatures of the problem considerably exceed this
scale, the condensate has already melted, AM(T) ~ 0, and
the fluctuation results coincide with the constant-mass case.

Chiral models admit a broad range of parameters, and
the in-medium mass shift may vanish more gradually
than the LQCD fit suggests. To accommodate these
scenarios, we artificially delay the crossover by modify-
ing the dressing parameters to 7y = 230 MeV and n = 4.
The effective mass then remains larger in the relevant
temperature window. Figure 11 shows the phase diagram
at up =0 for the constant mass (red), the LQCD fit
(gray, Ty =159 MeV, n =6), and the delayed profile
(green). For the delayed profile, the critical mass shifts
while the critical temperature remains constant. This
behavior follows directly from the model structure [25].
The dressed quark mass enters only the quark potential (5).
The critical point condition requires a fixed total
mass Mcp = M(T¢p). The critical current mass is there-
fore m§* = M¢ep — AM(Tcp). The in-medium  shift
AM(Tp) displaces the critical point strictly along the
mass axis.

A full Polyakov loop-extended NJL. model [56] calcu-
lation with heavy quarks confirms that net-baryon number
fluctuations near the deconfinement critical point are
qualitatively similar to the n = 4 line. Because this setup
includes only heavy quarks in the medium, it overestimates
the chiral mass shift and thus provides a reasonable upper
bound on the effect. Having bracketed the systematic

TABLE II. Prediction on critical exponents obtained from the
scaling function (29).

up =0 up #0
78 Finite y~1.2371
25 2y + f ~2.8006
et y =~ 1.2371 3y + 25~ 4.3641

uncertainty, we confirm that the in-medium mass shift
introduces no new features into the fluctuation observables.
These conclusions apply to NJL-type models. A definitive
assessment requires a more complete QCD treatment at
high density, in particular dynamical gluons, which are
essential for a realistic heavy-quark sector.

D. Critical exponents beyond the MF approximation

To investigate critical properties of the net-baryon number
fluctuations near the deconfinement critical point beyond the
mean field approximation, we follow the scaling function
approach. We assume that close to the deconfinement CP,
the free energy can be written as [50,57]

F(T M, ppg) = f (T, M,ug) + f(T.M,ug), (28)

where f, is the regular, noncritical contribution, and f is the
singular part. The latter can be written in terms of the scaling
function [57] which we parametrize as

h
e = (e ). 9

where a ~ 0.11008 and f = 0.32641 are the 3D Ising model
critical exponents,1 and ¢ and & are the reduced temperature
and magnetic field, for which we employ the same para-
metrization as in the MF case, Eq. (12). The critical
exponents are obtained by taking the subsequent jig-deriv-
atives of the scaling function and extracting the most singular
terms. We observe that the qualitative behavior of suscep-
tibilities is the same as in the MF approximation but the
divergences are stronger. Particularly, we find that at yz = 0
% remains finite while y% diverges as y. At finite density we
predict that % diverges as y, ¥% as  + 2y ~ 2.8006 and %
as 2f + 3y ~4.3641. These results are summarized in
Table II.

V. ESTIMATES OF THE SIZE OF CRITICAL
REGION

In this section we discuss the estimation of the size
of the critical region within the current model. The

'"These were determined from the scaling dimensions A, =
1/2+n/2~0.5181149 and A, = 3 — 1 /v~ 1.41263 calculated
using the conformal bootstrap [58].
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FIG. 12. Estimate of critical region based on GL ratio for upz = 0 (left) and up = 1.5 GeV (right). Solid red lines correspond to the

first-order phase transition and dashed ones to the crossover.

Ginzburg-Landau (GL) criterion is based on the ratio

_ (a0 0

where ¢ denotes the order-parameter field and ¢ its mean
value. When Rgp > 1, fluctuations dominate over the
mean field and the MF approximation ceases to be reliable.
In standard textbook treatments [41], this ratio is primarily
used to estimate the upper critical dimension. In Ref. [44],
however, it is repurposed as a quantitative diagnostic of the
size of the critical region.

In this work, we compute Rg; for the present model to
assess how robustly it characterizes the extent of the
fluctuation-dominated regime. As a measure of the fluctua-
tions of the order parameter we consider the susceptibility of
the real part of the Polyakov loop, y; [see Eq. (9)]. The
center symmetry is broken at high temperature, in contrast to
a typical pattern of spontaneous symmetry breaking in which
the ordered phase occurs below the critical temperature. This
is taken into account by setting ¢p = 1 — £. Thus, the R,
in the present model can be written as

s ey

Rqr
We emphasize that the size of the critical region is not
fixed by universality alone. While critical exponents are
universal, the extent of the region in which non-MF
behavior is visible depends on nonuniversal details, includ-
ing regular contributions to the free energy. In this sense,
the size of the critical region may be more directly relevant
for phenomenology than the values of the critical exponents
themselves. A reliable estimate of this region provides a
realistic assessment of the range of validity of effective
modeling.

We evaluate the GL ratio for phase diagrams at vanishing
and finite baryon chemical potential. Figure 12 shows Rg;,
within the MF model considered here. The ratio provides a
systematic characterization of the fluctuation-dominated
region. Although the absolute size of the critical region
depends on the operational definition of what constitutes a
“large” ratio (here taken to be of order unity), meaningful
comparisons can be made using a fixed criterion. Applying
the same threshold at different chemical potentials, we find
that the fluctuation-dominated region shrinks at finite up.
This can be seen in Fig. 13, where contours of constant
value of the GL ratio (R;;, = 0.8, 1, and 2) have been
plotted relative to the corresponding critical points at zero
(solid lines) and nonzero (dashed lines) baryon chemical
potential.

0.01
>
[
© ot
o
O
=
|
g 0.01
‘ Rgr = 2.0
pup=15GeV ----
Rgr =0.8
Reor =1.0 =---
R =20 ====
7002 1 1 1 I GL 1 1
—0.6 —-0.4 —-0.2 0 0.2 0.4
(M — Mcp) (GeV)
FIG. 13. Contours of the GL ratio for uz = 0 (solid lines) and

up = 1.5 GeV (dashed lines) relative to the corresponding
critical point (red dot).
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If one accepts that the GL criterion provides a reasonable
proxy for the size of the critical region, this reduction at
finite density may partly explain the practical difficulty of
observing critical behavior. It underscores the importance
of quantitatively controlling noncritical contributions. For
effective models, this observation challenges the common
argument that agreement at the level of universality class
alone suffices for phenomenological relevance.

VI. CONCLUSIONS

In this work we examined the critical behavior of the first
four cumulants of the net-baryon number in the vicinity of
the deconfinement critical point with an effective Polyakov
loop model. Using the Landau theory we derived the
critical exponents in the MF approximation and confirmed
our predictions with the numerical calculations performed
using the effective model.

At the vanishing baryon chemical potential y% remains
finite while y% diverges. At the finite density, this patter
changes as both the second-order susceptibility as well as
the higher-order ones diverge. Divergences become
stronger as the order of the susceptibility increases, in
accordance with general expectations regarding the critical
behavior of the net-baryon number susceptibilities [38].
The same pattern is expected when fluctuations are
included, as suggested by the scaling-function approach.
The critical exponents obtained in this case are larger than
the ones in the MF approximation. We also explored the
critical region using the Ginzburg criterion and found that it
shrinks with increasing baryon chemical potential.

Our results show that y; and y, exhibit nontrivial
behavior for heavy quarks. Combined with existing studies
in the physical and chiral mass regimes [4,59], these
susceptibilities provide a useful probe of the phase structure
across different quark masses. Nonperturbative methods
such as LQCD can test this mass dependence directly.

Connecting these results to experiment is, however, not
straightforward. Direct measurements probe total baryon
fluctuations through hadronic observables, not flavor-
specific contributions. Isolating the heavy-quark compo-
nent therefore requires additional theoretical modeling. The
present framework quantifies this contribution. Because
chiral and deconfinement dynamics both contribute to these
susceptibilities, comparing results across mass scales helps
distinguish their relative roles in the QCD phase structure.

The standard approach to critical phenomena assumes a
separation between the critical contribution and a smooth,
noncritical background. Our results indicate that this base-
line is far from featureless. Higher-order cumulants exhibit
complex structure across a broad parameter range, even in
the absence of a critical point. Moreover, these fluctuations
are not tied to a specific symmetry; their behavior reflects
the bulk properties of the thermal medium. This highlights
the need for frameworks that treat the noncritical back-
ground dynamically, rather than as a simple subtractive

baseline. Estimating the extent of the critical region in
parameter space is one such exercise: noncritical fluctua-
tions are used to check the GL criteria.

The critical-region estimate presented here employs a
Landau MF approximation and therefore neglects spatial
fluctuations of the order parameter. As emphasized in
Ref. [44], omission of the kinetic term is not a harmless
approximation: it can lead to misleading conclusions already
at the level of locating the critical point and assessing its
surrounding region. The present calculation provides a
concrete realization of such a MF analysis in heavy-quark
QCD, but simultaneously illustrates its intrinsic limitations.
A faithful discussion of the critical region requires control
over spatial correlations, which are encoded in the kinetic
term of the effective action. For the Polyakov loop this term is
difficult to construct due to its composite nature [60], which
largely explains its absence in most effective treatments. See
Ref. [61] for a recent attempt. Our results, together with the
observations of Ref. [44], indicate that neglecting this
contribution can qualitatively distort the interpretation of
critical behavior in heavy-quark QCD. Addressing this issue
in a controlled effective description remains an important
open problem and will be revisited in the future.
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APPENDIX A: EXPLICIT FORM OF THE MF
NET-BARYON NUMBER CUMULANTS
In this appendix we present the main steps of derivation of
the explicit formulas for the net-baryon number cumulants.”
We consider a general case of P = P(T, ug, ¢(T, pu)), where

-

(T, p) is the vector of order parameters, satisfying a set of

*We follow the strategy outlined in Ref. [47].
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gap equations,

op
o,

Because of the jiz-dependence of the order parameters, the
fip-derivative acts as a total derivative. Thus, for the first
derivative of the pressure we find

dp 0¢;
p 9 :p(l) (A2)

0p; Oji ’

where the second term vanishes because of Eq. (A1) which
holds for any baryon chemical potential. We also introduce a
shorthand notation

= 0. (A1)

o _ o
Oiig

9o"(P/T*)

— 7 : (A3)
a(ﬂB) T,(Ezconst.

P —

i.e., the pp-derivative of the pressure is taken at the constant
value of mean-fields.
The second derivative reads

Pp_

opV
Ry s

Ojig

ap<1) op;
op; Opg

(A4)

To evaluate d¢;/djiz we take jip-derivative of the gap
equations (Al),

o, ap(l)
~— = Xij 3, (A6)
jip 0p;

and the second-order cumulant can be written as

8p( 0p 1)
op; xij op;

B

28 =p?P+— (A7)

In order to calculate higher-order cumulants, the derivative
of the susceptibility matrix has to be found. It can be cal-
culated by differentiating both sides of the following
relation with respect to jfip,

Cij)(jk = Oix (AS)
which leads to
uij dCy
a//t/ —Xik ()A )(lj (A9)

After calculating the derivative of the curvature matrix this
relation becomes

0 (a2p<1> N
=~ Xij = Xi
Oiig ! ¢ by

a3p ap(l)
Xmn
0¢k0¢la¢m a¢n

))(,j. (A10)

By repeating these steps, higher order net-baryon number
cumulants can be evaluated. Particularly,

a ap _oplV)  Pp g,
OO, Op;  Op;Op; Ofip )(BZP(3>+3)(--ap(2) opV a2p())( Map< JopV)
aph) o, } Y o 0g; 00" 0 o,
J
o6~ Cign, 0, (AS) . Fp ety ap ap gpM) (ALL)
. . 00 0p,,” """ o Op; b,
where C;; = —0*p/(0p;0¢;) is the curvature matrix.
Hence, and
|
op@ ap ap® ap) *p@ apM apM) #?pW opM ap@
B— p#) 43, “0 "0 4y 6 y 12 ’
X p Xi X i + XijX + XijX
! Top; op; Y o oy oo o oy opiog” " og; o
A @ pM apM apM gpM) 6 p apM apM 9p?
+ a0 o XijXkiXmn + XiiXkiXmn <7
;00" " Oy oy o, T 0o, " o oy o,
D *?pW » *?pW o apM ap) p - apMapM apM gpM)
a¢1a¢k a¢la¢m e a¢] a¢n a¢la¢ja¢k0¢l PR a¢p ad)q a¢r a¢?
32 ())(z *p e ap( ) opt) ap)
k ijAmnArs
0¢,0¢k 0p,0¢p,,,06p,” ¢,~ o, 0
’p *p apM apM ap gp)
+3 Xm XkiX 1iX gnX rs . A12
0010, " 0p, 00,0, I oy ogp; oy, b, (A12)
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APPENDIX B: NUMERICAL DETERMINATION
OF THE CRITICAL POINT LOCATION

In this appendix we discuss how the location of the
critical point can be obtained precisely in a class of models
described by an effective Polyakov loop potential (1). We

assume that in the proximity of CP, ¢ and ¢ can be
approximated as

¢="Ccp+o,

bﬁ:bﬁcp‘FX(p, (Bl)
where #p and £ p are values of the Polyakov loop and its
conjugate at the CP, and x is the proportionality constant
which takes into account the difference between # and # at
finite up. Consequently, close to the CP the full effective
potential is approximated as

u(£.?)

1 1 1
~ P R N BT Y B
T ~u0+2a(p +3!bgo +4!C(,0 hp. (B2)
The coefficients read
2 T4 2 T4 2 T4
ot 0£0f ot
> WU/T?) > U/T?) , P (U/T)
b= 3 X 5= X —
ot~ ot>o¢ 00t
>Uu/T)
+ X ==, B4
X (B4)
a'(u/T*) a(u/r) o' U/T)
¢ = I X 3 6x 22
ot ot°of or=of
a'(u/T*) a*(U/T*)
+ 43 — — B5
Y e T o (BS)
ou/T* oU/T*
p= U/ O/ (B6)

ot ot

These coefficients are functions of temperature, quark
mass, and baryon chemical potential. In this work, the
latter is treated as an parameter, and thus for a given pup
the values of T¢p, Mcp, £cp, Lcp, and x,, need to be
determined.

To formulate a closed set of equations we note that at the
critical point the potential becomes flat, i.e., a =b = 0.
Two additional constraints arise from the gap equations (6)
(which sets & = 0). The last equation can be obtained from
the requirement that at the critical point, the inverse of the
curvature matrix of the original potential becomes singular,
ie.,

cp

X (U/T*) *(U/T* 0*(U/T*)\?
deiicy = PUIT W/ >_< (/1 >) .
ot ot 00t
(B7)

Using these equations, Tcp, Mcp, £cp, € cp, and xcp can be
determined in function of ug. For ug = 0, Ny = 2 we find

770 % 0.26167 GeV,

M5 % 135160 GeV,

0 = =0 ~0.17332,

Xt =1 (BS)

Critical mass and temperature agree with Ref. [25]. For
ug = 1.5 GeV Ny =2 we find

74719 6V 5 0.26208 GeV,
M1 9V 178911 GeV,
=19 0V 5016384,
213GV 50.18772,

K19 GV 5 0.87087. (B9)

The slope of the critical line at the CP can be determined
from the linear term,

_ow/T) | ou/T)

h = B10
ot ot (B10)

The solutions of #(T, M) = hy yield the lines of constant .
Particularly, the 4 = 0 line is tangent to the line of the first-
order phase transition at the CP and thus its slope can be
obtained from

*U/T) /T
acp = dr _ _ oMot +x oMot (Bll)
- *U/T) Pw/rH|
dM|cp oTor . T X g7 CP

where subscript CP denotes that derivatives are evaluated

using the CP values of T, M, ¢, ¢, and x. For ug =0,
Nyp=12 we find

450 ~0.01993 (B12)
and for ugp = 1.5 GeV Ny =2
a1 9V %0.02070. (B13)
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