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In this work, we construct a locally inertial reference system adapted to a geodesic observer in stationary,
axisymmetric dust solutions of the Einstein equations employed as effective models of a portion of a
galactic disc. To ensure a consistent spatial orientation among different local observers, we also introduce
the radially locked reference system, in which one spatial axis is aligned with the radial direction defined by
null geodesics passing through the galactic center. Within this framework, we analyze how the dust
configuration is described by such observers by computing the frequency shift of photons exchanged
between pairs of dust geodesics. Building on this construction, we outline a procedure to reconstruct
spectroscopic and astrometric relative velocities with respect to locally inertial observers, providing a
coherent foundation for the study of galactic kinematics in a fully general relativistic context.
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I. INTRODUCTION

General relativity (GR) is, to date, the most precise and
well-tested theory of gravitation [1,2]. It has consistently
passed all experimental and observational challenges, from
Solar System dynamics to the detection of gravitational
waves [3] and the study of black holes at galactic centers
[4], with remarkable accuracy. In regimes of weak gravi-
tational fields and low velocities, GR is expected to reduce
to Newtonian gravity, with relativistic corrections that can
be systematically incorporated through an expansion in
powers of v/c, where v is the characteristic velocity of the
system and ¢ the speed of light [S]. This has justified the
longstanding use of Newtonian mechanics to model galac-
tic dynamics, as galaxies typically exhibit low velocities
and weak gravitational potentials. However, a critical
discrepancy emerges: Newtonian gravity fails to explain
the observed dynamics of galaxies. In particular, the
rotational velocities of stars and gas in the outer regions
of disc galaxies do not decline as expected from the visible
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mass distribution, but instead remain approximately con-
stant with increasing radius, giving rise to the well-known
flat rotation curves [6—8]. This non-Keplerian behavior may
point either to a limitation in the theory of gravitation being
used or to the need for additional matter beyond what is
observed [9].l The dominant view has been to uphold
Newtonian gravity as the appropriate weak-field, slow-
motion limit of GR, while postulating the existence of a
nonbaryonic form of matter interacting primarily gravita-
tionally with the ordinary Standard Model particles. This
hypothetical component, known as dark matter (DM), is
invoked to account for the observed flat rotation curves by
surrounding galaxies with extended halos possessing suit-
able density profiles [10]. Beyond galactic rotation curves,
DM has been used to explain a broad range of astrophysical
and cosmological phenomena that appear to require more
gravitational mass than what is directly observed, becom-
ing a central component in the prevailing A Cold Dark
Matter (ACDM) cosmological model. Supporting evidence
includes virial estimates of galaxies within galaxy clusters
[11-13], gravitational lensing patterns [14], thermody-
namic emissions of x-rays in galaxy clusters [15], the

"This is a well-known pattern in the history of science: think
about the 43" century™! residual in the perihelion precession of
planet Mercury orbit around the Sun, known since 1859, well
before the introduction of GR. Possible explanations to this
discrepancy at the time included a further, heretofore unknown,
planet and a modification of the Newtonian law of universal
gravitation.
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dynamics of the bullet cluster [16,17], measurements of the
deceleration parameter [18], large-scale structure forma-
tions [19], and the peaks observed in the cosmic microwave
background [20]. A wide variety of DM candidates have
been proposed, ranging from weakly interacting massive
particles and axionlike particles to massive compact halo
objects [21]. Yet despite decades of theoretical modeling
and experimental effort, the precise nature of DM remains
elusive. Alongside the challenges posed by dark energy,
this quest to comprehend the dark sector invites a re-
examination of the ACDM model and its implications for
our understanding of the Universe [22].

Importantly, all current evidence for DM comes from
gravitational phenomena.2 This motivates an alternative
approach; the mismatch between visible mass and observed
dynamics might point not to unseen matter, but to a
breakdown of our current theory of gravity on galactic
and cosmological scales. This insight led to the formulation
of modified Newtonian dynamics (MOND) [24-26], sug-
gesting that Newton’s law of gravitation ceases to hold in
regions of very low acceleration (below a certain scale
aop ~ 10719 m/s?), like galaxy edges, where gravity would
weaken more slowly than predicted by the inverse-square
law. This empirical modification can explain flat rotation
curves without DM and has had notable success on galaxy
scales with a single additional parameter a, [27]. However,
MOND is not a relativistic theory by itself, and while
relativistic extensions exist, they face challenges, particu-
larly in matching cluster- and cosmological-scale observa-
tions and in providing a consistent description of
gravitational lensing and cosmic microwave background
data [27].

Another approach is provided by modified gravity
theories (MOGs) [28], which seek to extend or revise
GR by altering the Einstein-Hilbert action, either through
modifications to the geometric sector or by introducing
additional fields that mediate the gravitational interaction.
These models aim to explain cosmic acceleration and
galactic dynamics without invoking DM or dark energy.
For instance, some f(R) models can produce galaxy-scale
effects that mimic DM by effectively modifying the
Newtonian potential in the weak-field, slow-motion limit
[29]. However, these theories often come with extra degrees
of freedom and parameters, whose choices can be some-
what arbitrary, and they must be carefully tuned to satisfy
the stringent experimental tests of GR in the Solar System
[30]. Furthermore, in their weak-field limit, they still rely
on essentially Newtonian concepts.

It is interesting to notice that most of the information which
can be gained on gravitational dynamics comes from electro-
magnetism, i.e., from the light we receive from distant objects.
Indeed, one can trace the origin of DM models in the context of
galactic dynamics in an attempt to reconcile the knowledge of
galactic luminosity with that of mass density distribution (see
e.g., Ref. [23]).

However, since the currently accepted theory for gravi-
tation, i.e., GR, already departs significantly from
Newtonian theory, it is worthwhile to explore the potential
of fully general relativistic models of galaxies. Galaxies,
unlike the Solar System, are large-scale, rotating mass
distributions, and the assumptions underlying the post-
Newtonian framework, while highly successful in describ-
ing Solar System dynamics, may not readily extend to such
regimes. This is due to the fact that GR possesses features
absent in the Newtonian theory, which could, in principle,
cumulatively affect dynamics over large scales. Notably,
the Einstein equations (EE) are nonlinear, and GR encom-
passes a broader set of dynamical degrees of freedom,
encoded in the spacetime metric, compared to the single
scalar gravitational potential of Newtonian gravity. An
important example is the gravitomagnetic frame-dragging
effect arising from off-diagonal components of the metric
that can be comparable in magnitude to the Newtonian
potential in stationary axisymmetric systems [31-34].
Direct evidence for the actual existence of frame-dragging
effects has been accumulating in the past decades, based on
the advances in space geodesy techniques [35-38]. GR also
permits nontrivial global topology, allowing for spacetimes
that are locally flat but globally conical, exhibiting angular
deficits or excesses far away from the rotation axis [39].
Such a topological feature has no analog in Newtonian
gravity, which is formulated on a flat Euclidean space.
These considerations suggest that, even in weak-field,
slow-motion regimes, general relativistic effects that cannot
be treated as small corrections to Newtonian gravitation,
might play a significant role. It is therefore worthwhile to
seek exact solutions of the EE suited to modeling extended
rotating systems, in order to identify genuine relativistic
contributions that survive in this regime and might account
for the observed phenomena beyond the reach of
Newtonian gravitation alone. Finding exact, physically
viable solutions of the EE for realistic galaxies is notori-
ously difficult. In the general case of a rotating, extended
mass distribution, the resulting equations are analytically
intractable without imposing strong symmetry and matter
assumptions. A widely used simplification is to model a
galaxy as a stationary axisymmetric solution of the EE
sourced by a pressureless perfect fluid (dust). This approxi-
mation is expected to hold in a portion of the galactic disc,
which exhibits approximate axial symmetry and where the
mean time between stellar encounters greatly exceeds the
galaxy’s age, rendering collisional effects negligible [40].
Early attempts to build galaxy models of this sort [41-44]
sparked controversy by claiming that GR effects might
explain flat rotation curves without DM. However, those
solutions suffered from unphysical features, such as vio-
lation of the weak energy condition on the galactic plane.
A step forward came with the Balasin-Grumiller (BG)
model [45], which describes a rigidly rotating, thin dust
disc. This framework was subsequently extended to allow
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for differential rotation of the dust, representing more
faithfully the dynamics of a galaxy in which stars at
different distances from the rotation axis move with differ-
ent angular velocities [46]. The resulting class of solutions,
known as (1, H) models, is characterized by an arbitrary
function 7 and a related negative function H(n). It encom-
passes the full set of stationary axisymmetric dust solutions
to the EE [47-50], including BG as a limiting case. These
generalizations have been inspired by recent studies which,
beyond the DM distribution in Newtonian approximation
and MOND, tested the BG velocity profile relative to zero
angular momentum observers (ZAMOs) with Gaia DR2
and DR3 data for the Milky Way, spanning radii between 5
and 19 kpc, and showed that it reproduces the observations
without invoking DM, yielding results statistically indis-
tinguishable from state-of-the-art halo models [51,52].
These results suggest looking for more general solutions
yielding explicit expressions of the velocity of dust with
respect to a properly defined class of observers, which
could be interpreted as describing galaxy rotation curves.

It is important here to stress that two different types of
problems are to be faced. In the dynamic one, some type of
law of motion for the galactic components (e.g., stars) is to
be found from the EE. In the kinematic one, the focus is
shifted to the observation of this motion from a specific
point of view, which is in practice inside the Solar System.
As we are going to see, in a general relativistic setting, these
two problems are inextricably connected due to the
dynamic nature of spacetime.

In standard astronomical practice, observations are
referenced to the Barycentric Celestial Reference System
(BCRS) [53-55]. This system is centered at the Solar
System barycenter, with spatial axes fixed relative to
distant, kinematically nonrotating sources. Its underlying
metric relies on a post-Newtonian approximation that treats
the Solar System as an isolated entity. However, applying
this framework to exact general relativistic galaxy models
presents two fundamental challenges. First, the metric of a
stationary axisymmetric dust configuration introduces rela-
tivistic effects that cannot be captured by a standard post-
Newtonian expansion, rendering the “isolated Solar
System” assumption inconsistent. While one might attempt
to address this point by constructing a reference system in
the full theory adapted to static observers with asymptoti-
cally fixed axes [56], a second, critical issue remains. Since
GR is inherently a local theory, defining asymptotically
fixed spatial directions implicitly requires the solution to
extend to infinity. This extrapolation is physically unjus-
tified for galaxy models, which are intended as effective
descriptions valid only within a restricted spacetime
domain. Moreover, it is worth noting that the need for
asymptotic structure is not unique to galactic models and
also underlies the relativistic description of the Solar
System. The crucial difference, however, is the presence
of a clear scale separation in the latter case; the Sun

dominates the gravitational field and the weak-field regime
allows for a controlled post-Newtonian expansion around
an effectively isolated system. Galactic models, by contrast,
describe collective self-gravitating matter distributions
without a comparable hierarchy or controlled asymptotic
regime. In this setting, the assumption of asymptotically
fixed spatial directions is much less physically justified. In
this work we investigate the interpretation of kinematic
observations within stationary axisymmetric dust solutions
of the EE, employed as effective models for a portion of a
galactic disc describing averaged motions of its constitu-
ents. The analysis is carried out in a fully local framework,
without reference to distant nonrotating objects. We con-
struct a dynamically nonrotating reference system associ-
ated with locally inertial observers, which can be
operationally realized by a triad of mutually orthogonal
gyroscopes undergoing Fermi-Walker transport along the
observer’s worldline. This construction should be under-
stood as an effective, averaged description of motion within
the galactic disc, since it neglects the proper motions of
individual stars and other substructures. Nevertheless, it
already highlights the intrinsic difficulty of interpreting
kinematic observations in GR and underscores the essential
differences with the Newtonian framework commonly
adopted in galactic dynamics.

In the Newtonian framework, time is absolute and space
is treated as a fixed Euclidean background in which
dynamics unfolds. Within this setting, inertial coordinate
systems cover the entire spacetime and are related by
Galilean transformations, which leave the physical descrip-
tion invariant. They agree on the notions of simultaneity
and spatial distance, and free particles follow straight-
line trajectories indefinitely. This universal inertial
structure underlies the classical treatment of dynamics
and enables a straightforward interpretation of astronomical
measurements.

In GR, the situation changes fundamentally. The curva-
ture of spacetime prevents the existence of globally inertial
reference frames. Inertial frames can only be defined
locally, within regions small enough that tidal effects are
negligible.” Beyond these neighborhoods, the influence of
spacetime curvature becomes significant, and inertial
motion cannot be globally defined. As a result, the
interpretation of motion becomes inherently local, and
comparisons between different spacetime events must be
treated with care [57-59].

A central challenge is then determining how to consis-
tently compare measurements performed by distinct local
observers, each operating within a limited region where
their reference frame is valid. This issue is particularly
relevant in astronomy, where observational quantities, such
as velocities and angles, must be referred to well-defined

3This is the essence of the equivalence principle as Einstein
conceived it in the formulation of GR.
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spatial directions. A possible approach involves exploiting
the propagation of light to establish a common directional
standard between different local frames. This leads to the
concept of a radially locked reference system: one con-
structed by rotating the spatial triad of a locally inertial
observer so that one axis aligns with the direction of radial
null rays, as perceived within the local frame. Such a
construction provides a physically meaningful way to
match local observations across curved spacetimes.

Finally, it is important to recognize that galactic rotation
curves, which express the radial velocity as a function of
the distance from the galactic center, are inherently
Newtonian constructs. Their interpretation assumes the
existence of global inertial frames and relies on Galilean
addition of velocities to convert Doppler shifts measured
within the Solar System into velocities relative to the
galactic center [8]. Such procedures break down in curved
spacetime, where tangent spaces at different events cannot
be directly compared due to the absence of a global notion
of parallelism. Moreover, the interpretation of the observed
Doppler shifts in terms of physical radial velocities is
model-dependent and in general requires a full description
of the observational process [60]. A consistent general
relativistic formulation must therefore redefine rotation
curves in terms of locally measurable quantities, taking
into account that all astronomical observations involve the
propagation of light. These include spectroscopic and
astrometric relative velocities [61], which shall be evaluated
and compared within locally inertial frames, providing a
coherent framework for interpreting observational data in a
fully general relativistic setting.

Before proceeding, we stress that the present construc-
tion is internal to the galaxy being modeled; both the
emitter and the observer are idealized as dust particles of
the same (1, H) spacetime. The framework thus describes a
single galaxy observed from within, and its most natural
and immediate application is the Milky Way, whose
rotation curve has indeed been measured from inside the
disc with Gaia data [51,52]. The extension to external
galaxies, to which most of the historical rotation curve
evidence for dark matter refers, is a distinct problem that we
leave for future work.

The paper is organized as follows. In Sec. II we introduce
the general form of a stationary, axisymmetric spacetime
coupled to dust, restricting to the particular case of rigidly
rotating dust in Sec. II A. Section III is devoted to reference
systems and relative velocities. In particular, Sec. III A
outlines how reference systems are constructed in GR,
while Sec. III B defines the relevant notions of relative
velocity. The BCRS and ZAMOs are introduced and
analyzed in Secs. III C and III D, where their interpretation
of a self-gravitating disc of dust is discussed. Section IITE
presents a general procedure for constructing a locally
inertial reference system, which is then implemented for the
models under consideration in Secs. I E 1, IITE 2, IIT E 4,

and I[ITE 5. In Sec. III' F we introduce the radially locked
reference system, in which one spatial axis of the locally
inertial system is aligned with the radial direction.
Section IV analyzes the frequency shift measured by locally
inertial observers, and Sec. V proposes a method for
computing the spectroscopic and astrometric relative veloc-
ities of a dust disc with respect to a locally inertial observer.
Finally, Sec. VI contains our conclusions, while additional
mathematical details are provided in Appendixes A—C.
Notation. We adopt the metric signature (— + ++) and
work in geometrized units where ¢ = G = 1. The scalar
product of two vectors u and v is denoted by g(u,v)
without referring to a particular coordinate system, or by
guwu'v* when working in component notation; the spatial
norm of a vector v is denoted by ||v||. The partial derivative

of a scalar function f, %, is denoted by f ,.

II. STATIONARY AXISYMMETRIC SELF-
GRAVITATING DUST

We consider a disc of self-gravitating dust, modeled as a
stationary and axisymmetric solution of the EE. Such
spacetimes admit two Killing vector fields; a timelike
vector & associated with stationarity, and a spacelike vector
y associated with axial symmetry, whose Killing product
vanishes. Physically, this expresses the intuitive fact that
performing a rotation followed by a time translation yields
the same result as performing them in the opposite order.
Such a property characterizes isolated systems in equilib-
rium and has been proven to hold for asymptotically flat
stationary axisymmetric spacetimes [62]. In addition, we
assume that the circularity condition holds. Specifically, a
spacetime is said to be circular if it admits 2-spaces, called
meridional surfaces, orthogonal to the orbits of the Killing
vectors. According to Frobenius’ theorem, this geometric
requirement can be reformulated as a condition on the Ricci
tensor; a stationary axisymmetric spacetime admits such
orthogonal 2-spaces if and only if [63]

éaRg[bfcl//d] — l//aRa[bel//d] =0. (2 1)

These conditions are fulfilled in most stationary axisym-
metric spacetimes of physical interest. In particular, they
hold for perfect fluid solutions provided that the four-
velocity of the fluid u satisfies

u[aébl//c] =0. (22)

This is also called circularity condition for such matter
configurations [64]. The equivalence between the geo-
metric and physical forms of the circularity condition
illustrates the close correspondence between matter and
geometry in GR; roughly speaking, circular sources give
rise to circular spacetimes.
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For spacetimes satisfying the condition (2.1), one can
introduce coordinates adapted to the foliation by transitivity
and meridional surfaces, (f,r,z,¢), such that £ = 9, and
w = d,. In these coordinates, the metric takes the general
Lewis-Papapetrou-Weyl (LPW) form [50,58],
ds®> = —e*dt* + e¥ (dp — ydt)* + e*(dr* + dz?), (2.3)
where, by virtue of the Killing equations, all metric
functions depend only on r and z.

The stress-energy tensor of the dust is

T,, = pu,u,, (2.4)
where p is the matter density. The circularity condition (2.2)

constrains u to lie in the surfaces of transitivity spanned by
the two Killing vectors, so that it can be written as

1
u=——(0,+Qd,),

= (2.5)

where Q = % is the dust angular velocity. The function
H(r,z) is determined by the normalization condition
w'u, = —1, yielding
H=—e"+e¥(y — Q)% (2.6)
Each Killing vector field gives rise to a conserved
quantity along geodesics. Therefore, for a particle with
four-velocity u (2.5) moving in a stationary axisymmetric
spacetime, there exist two conserved quantities; the specific
energy and the specific angular momentum,
E:= _glwgﬂul/’ L= gﬂl/‘/]’luv' (27)
The metric, as well as the dust density and four-velocity,
can be conveniently expressed in terms of an arbitrary
function #(r, z) and a related negative function H(5(r,z))
[46,50]. More precisely,

2 H 2
62’“ = r— = —2—’.2, (288)
9o rr—=n
2 _ 2
W = gpy=—— 2.8b
Yo H ( )
H
9p¢ rr—n
1 2 2
M= Z [gtt,rg(/)(/),r —Y91.z9pp.z — (gt(p,r) + (gt{/),z) ]» (Z'Sd)
1
Moz = ; [gtt,zg(/)d),r ~ 9ur9pp.z — thd).zgt(/),r]’ (286)

where

| [dHd
Q:/" (2.9)
2) dnn

gives the angular velocity of the dust.* Correspondingly, the
energy density of the dust is

nr2(2 —nl)? = r*Pn.k +n.?
2

8rp = , 2.10
44,, n (2.10)
with
H/
[=—. 2.11
¥ .11)

Here a prime denotes differentiation with respect to #.

Finally, notice that # and H cannot be chosen independ-
ently, in the sense that for an arbitrary choice of H (), one
can introduce the auxiliary function,

H' dn H'
F =2 2| ——— [ —ndn, 2.12
(T /Hn n. (2.12)
which is constrained by the EE to satisfy
1
For= FortFz =0, (2.13)

Replacing (2.12) into (2.13), one gets an equation for
n(r,z),

1
(rlw =y 1l > Q2=nt) + (i —n2)(nt" = ¢)
r2> 4 3
x (145 +r2—<n,rr+—f1,r+f7, >—0- 2.14
( s n r - 21

Given a function H(#), it is then possible to solve the
above equation for # and thus specify all the metric
quantities, as well as the dust density and four-velocity.
Analytical solutions exist for rigidly rotating dust, corre-
sponding to [ = 0O (see Sec. Il A), while for the general case
of differentially rotating dust (/ # 0) only approximate
solutions have been proposed [34,46,65]. the availability of
only approximate solutions in the differentially rotating
case is not a limitation in the present context; the (1, H)
class is itself an effective, coarse-grained description of the
galactic disc rather than an exact representation of the
observed system, so that an approximate solution of the
field equations is entirely adequate at the level of accuracy
of the model. Moreover, all the constructions developed in

“For clarity, we report the explicit expressions of the metric
2 2
components; g, = —e* + e*y? = H —-"F-Q* - 2Q, g, =

2

—(32[’/)( = ;;129 + , g¢¢ = ez"’.
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the following sections are formulated for the entire (1, H)
class, with every quantity expressed explicitly as a function
of 7 and H. A specific metric is therefore not required as an
input of the framework: it is the confrontation with
observations that determines, as its output, the model
functions and hence the metric itself.

A. Rigidly rotating self-gravitating dust

We now consider the case of rigidly rotating dust,
characterized by a constant angular velocity Q =
constant [66,67]. By performing a rigid rotation of the
coordinate system, one can adopt the comoving frame in
which Q = 0, so that the dust four-velocity becomes

(2.15)

This follows directly from the general expression of the
four-velocity (2.5) obtained from the circularity condition.
The EE imply that imposing a constant angular velocity
also forces the function H to be constant, as can be seen
directly from Eq. (2.9). By a suitable rescaling of the time
coordinate, one may then set H = —1. As a result, the
metric (2.3) simplifies to
ds®* = —(dt —nd)* + r’dg* + e (dr* + dz?).  (2.16)

From Eq. (2.12) we also have F = 27, so that Eq. (2.13)
reduces to the Grad-Shafranov equation for 7,

1
n,r,—;n,, +n,,. = 0. (2.17)

Equations (2.8d) and (2.8e) which determine the func-
tion u, and Eq. (2.10) for the dust matter density take the
form,

1
Hor = =5 (1.7 =1.%), (2.18a)
1
/’t’z:_;rlarrlaz3 (218b)
e H
8ap = —(n.; +n.2). (2.18¢)

r2

It follows that any solution of (2.17) completely specifies
a class of rigidly rotating dust solutions of the EE for
stationary axisymmetric spacetimes. Among these, we seek
a solution that can effectively describe a dust disc within an
appropriate regime of validity. To solve (2.17) we apply a
spectral separation of variables and impose the physical
boundary conditions #(r,z) — 0 for r - oo and |z| — o,

n(r.z) = Am R(r, 1) Z(z. 2)dA. (2.19)

This approach leads to

rr [ \ .
1(r2) =5 [T W07+ P (e 4P

(2.20)

which is expressed in terms of an arbitrary spectral function
C(x). In the spirit of [45], we impose the following, less
restrictive, conditions:

(i) vz(r,0)  r for small values of r, and

(i) v4(r,0) } asymptotically, well outside the disc,
where v, is the rotation velocity as measured by zero
angular momentum observers; see Sec. III D. These boun-
dary conditions single out a specific rigidly rotating dust
configuration, known as Balasin-Grumiller (BG) model
[45], whose velocity profile, relative to this class of
observers, reproduces the main observed features of galac-
tic rotation curves [51,52]. Different choices of boundary
conditions would correspond to solutions with distinct
phenomenological behavior.

The simplest spectral function that provides a velocity
profile satisfying the above conditions is

C(x) = (x=ro)vo[0(x—ro) =O(x—R)]+ (R—ro)0(x—R),
(2.21)

where 0(x) is the Heaviside step function, v, is a constant
velocity (relative to the speed of light), r( is an internal
radius, and R is the radius of the disc of dust [45]. With this
choice, Eq. (2.20) becomes

v
1(r.2) = v0(R = 1) + 2 [/ (2 + 7o) 4+ 12

+\/(z—r<))2+r2—\/(Z—FR)z—Fr2

—\/(z—R)errZ]

It is important to emphasize that this solution has a
limited range of applicability within the dust approxima-
tion, which requires sufficiently small departures from the
galactic plane. In particular, for |z| > ry, it occurs that
r?> < n?, causing the ¢ coordinate to become timelike. In
such cases, the orbits of the Killing vector 6,/, (circles of
constant r and z) become closed timelike curves; therefore,
to avoid this issue, we will restrict the analysis to the
galactic plane z = 0, on which the function # reads

n(r,0) =ve(R—rq) + v [\/r%JrrZ—\/ R2+r2] (2.23)

A plot of the function 5(r,0) is shown in Fig. I,
evaluated with the parameter values adopted in [45].

(2.22)
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6O
sof
aof
n(r, 0)

—— (kpc) 3

Yo

“““““““““““

FIG. 1. 7(r,0) as a function of r. The parameters values are
vo =200 kms™ ' =7 x 107, ry =1 kpc, and R = 100 kpc, as
in [45].

Restricting to the galactic plane and assuming reflection
symmetry with respect to it, Egs. (2.18a) and (2.18b)
reduce to

_ni
2r°

u,, =0, U,y = (2.24)
The first is trivial, while the second can be integrated

using the expression (2.23) for 7,

2 1
u(r,0) = —% [Eln(r2 +7r3) + Eln(r2 +R?)

2
—In(y/r* +r5+Vr*+R?) }

2
vg Rry
+—=In| ———5 | + po, 2.25
<(R + r0)2> Ho (2.25)

2

where u, = u(0,0) is an integration constant. A plot is
shown in Fig. 2.

The function w(r) determines the geometry of the
galactic plane (z = 0). Setting py =0, it is possible to
remove the conical singularity along the rotation axis, but

u(r, 0)-ax

0]

0 20 40 60 80 100
r (kpc)

FIG. 2. u(r,0) as a function of r. The parameters values are
v = 200 kms™! ~7 x 107, ry = 1 kpc, and R = 100 kpc, as
in [45].

this does not eliminate all global angular defects; a conical
structure reappears asymptotically, far from the axis. This
feature is intrinsic to the geometry and cannot be removed
by any choice of boundary conditions. It represents one
of the genuinely non-Newtonian aspects of general rela-
tivistic self-gravitating dust configurations, absent in the
Newtonian approximation [39].

We can then complete the characterization of the model
by computing the dust matter density on the galactic plane
from Eq. (2.18c), by direct substitutions of Egs. (2.23) and
(2.25),

]

vt

2 2 S22 2
0 - Bem [EE Y TERERY
8n rOR(\/r2+r%+\/r2+R2)2

(2.26)

x( 1 1 >2
\/1’2—|—R2 \/rz—&—r% ’

A plot is shown in Fig. 3.
00 (R—r()*
87 R’r)

+ O(r?), approaching a

2
constant value at the center; for ro < r < R, p x r‘2+70;
and for r > R, p o« =5, showing an asymptotic power-law
decay. Some comments on the physical viability of the BG
solution are in order. The model should be regarded as a
simplified toy model, as it relies on several idealizations.
Like other exact solutions of the EE used to describe
galactic discs, it assumes stationarity and axial symmetry,
and treats the stellar component as a continuous, pressure-
less perfect fluid, an approximation valid only for the outer
stellar disc, beyond the central bulge. Moreover, the
assumption of rigid rotation is unphysical, since stars at
different radii are observed to rotate with distinct angular
velocities. Despite these limitations, the BG model is
simple enough to allow for a fully analytic treatment while
still capturing essential general-relativistic features of self-
gravitating galactic configurations, which persist in more
realistic, differentially rotating models.

For r<ry, p=~

III. OBSERVERS AND RELATIVE VELOCITIES

The physical interpretation of exact solutions to the EE is
notoriously challenging, in part because of the difficulty of
establishing suitable coordinate systems in GR. In
Newtonian mechanics, all clocks measure the same abso-
lute time, and space is treated as a fixed Euclidean back-
ground. In this framework, it is possible to define global
inertial observers related by Galilean transformations,
involving constant translations, rotations, and uniform
velocities, all providing the same physical description of
the process under consideration. They share the same
notions of time, distance, and simultaneity, and free
particles move along straight lines indefinitely. This global
inertial structure forms the basis of the Newtonian formu-
lation of dynamics.
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FIG. 3.
Tx107%, rg=1 kpc, and R = 100 kpc, as in [45].

In GR, on the contrary, it is not possible to define
globally inertial observers due to the spacetime curvature.
The best one can do is to set up locally inertial reference
systems covering a limited portion of the spacetime.
Astronomical practice, by contrast, still relies on the
existence of quasi-inertial frames based on a post-
Newtonian approximation, a prominent example being
the Barycentric Celestial Reference System (BCRS)
[53,54]. In this section, we first review the notion of
reference systems in GR, with particular emphasis on
the BCRS and zero angular momentum observers, and
the various possible definitions of relative velocity. We then
present the construction of a locally inertial reference
system adapted to an observer following a dust geodesic
in a (n,H) spacetime, intended to model the averaged
dynamics of a galactic disc. Finally, we propose a pro-
cedure to define a shared spatial direction across the
different local patches covering the disc, without relying
on the existence of distant nonrotating objects, by identi-
fying radial photons passing through the galactic center.

A. Reference systems

An observer is represented by a timelike worldline I"
with four-velocity field u. At each event p €T, the tangent
space T, M splits into the temporal direction spanned by u
and the local rest space ut = {veT,M|g(u,v) =0},
which is the three-dimensional subspace containing all
the vectors orthogonal to u. Any vector lying in ut is
purely spatial from the point of view of u. Within its local
rest space, the observer introduces a set of spatial axes e;,
whose transport law along the observer’s worldline is in
principle arbitrary. Together with the four-velocity, this
construction yields a tetrad {e, = u, e;} which can be used
to measure tensor components.

To locate events in spacetime, a coordinate system x* =
{x%, x'} is required. Such systems arise naturally from the
construction outlined above; when the basis vector g is
timelike, it is tangent to an observer’s worldline, while the

2010 F— 77— 777 7T T T T T T T T T T T T T T T T
151078+

p(r, 0) 1.0x10°8

5.0x10°

Left panel: p(r,0) as a function of r. Right panel: enlarged view near the origin. The parameter values are v, = 200 km s~ ~

projections of the spacelike coordinates basis vectors 0;
onto the observer’s rest space provide a system of spatial
axes in u. A coordinate system then serves to label
spacetime events, with x' specifying the position relative
to the spatial axes and x° indicating the corresponding time
along the observer’s worldline.

In the context of relativistic astronomy, any observation
involves four essential elements: the motion of the observer
along its worldline, the motion of the observed object, the
propagation of light between them, and the act of meas-
urement itself. Each of these components must be described
consistently within the relativistic framework. The refer-
ence system provides the theoretical and operational con-
ventions® needed to assign coordinates to physical events,
ensuring a coherent treatment of light propagation, motion
of celestial bodies, and time synchronization [68].

B. Relative velocities

Once an observer and its adapted reference system have
been defined, one must specify how to measure the relative
velocity of another observer or particle with respect to it. In
Newtonian mechanics, this notion is unambiguous: all
velocities can be compared directly because they are
defined in a common Euclidean space and share the same
absolute time. In GR, however, the situation is more subtle.
The four-velocities of observers at different spacetime
points belong to distinct tangent spaces and therefore
cannot be compared directly. A well-defined notion of
relative velocity exists only when the two observers
coincide at the same event [61].

It is useful to draw here a distinction and appreciate the
difference between reference system and frame. While the first
refers to the theoretical definition for a system of coordinates, the
second relates to its practical implementation, specifying e.g., a
procedure to assign and calculate coordinates to physical points/
events.
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1. Observers at the same event
Given two observers u, u’ at the same event p there exists
a unique vector v € u (rest space of u) and a unique real
number y such that
u' =y(u+v). (3.1)
As a consequence, 0 < ||v|]| <1 and y = —g(«/, u) =

1 1” = We say that v is the relative velocity of u’ observed
e

by u and y is the gamma factor corresponding to the
velocity ||v||. It is possible to obtain ||v|| directly from the
gamma factor,

yr—1
o

oIl = (3.2)

Intuitively, an observer moving with four-velocity u
would measure v as the special relativistic three-velocity
of ' in its local inertial frame because v is a purely spatial
vector from the point of view of u since it belongs to its
rest space.

2. Kinematic relative velocity

As already remarked, if the two observers are at different
events, it is not possible to uniquely define their relative
velocity. A straightforward generalization of the concept of
relative velocity between two observers at different events
is the kinematic relative velocity, which rests on the concept
of spacelike simultaneity [61,69]. In particular, considering
an observer u at p € M we define ¢: M — R such that
@(q) = g(exp,' q.u), where exp,: T,M — M is the
exponential map.® The set L pu =@ '(0) is a regular
three-dimensional submanifold, called the Fermi surface.
Intuitively, L, , is the subset of M containing the points
that are connected to p by a spacelike geodesic with tangent
vector in ut. In this sense, an event in such space is
spacelike simultaneous with p. Physically, the events in
L, , cannot influence the observer at p, since any causal
interaction, whether mediated by electromagnetic or gravi-
tational waves, propagates at the speed of light.

Consider now two observers u, u’ at p, g, respectively,
such that g€ L, ,. The kinematic relative velocity of u’
with respect to u is the unique vector vy, € u™ such that

qubl/ = 7(” + Ukin)7 (33)

®Let (M, g) be a smooth manifold, let V be the corresponding
Levi-Civita connection, and p € M. For any vector v €T, M
consider the unique geodesic y,: I — M satisfying y,(0) = p,
7(0) = v, where I €R is a maximal interval of existence, with
[0,1] C I. The exponential map at p is the map exp,: T,M —
M defined by exp,(v) = y,(1).

FIG. 4. Schematic illustration of the definition of the kinematic
relative velocity (adapted from [61]).

where 7, is the parallel transport operator from ¢ to p, and
y is the gamma factor corresponding to the velocity ||viy||-
Basically, we consider an observer u at p and an observer u’
at ¢, with p and ¢ spacelike simultaneous, which means
that there exists a spacelike geodesic from ¢ to p with
tangent vector in the rest space of u. Then, we parallel
transport ' from ¢ to p along the spacelike geodesic
connecting these two points. In this way, we obtain the
vector 7,,u’ which belongs to the same tangent space of u
(T, M). The kinematic relative velocity of u’ with respect
to u is then the standard relative velocity of z,,u’ with
respect to u. A schematic representation of this construction
is shown in Fig. 4.

3. Spectroscopic relative velocity

The measurements of the velocities of celestial bodies is
made through light rays; it involves events connected by
null geodesics, meaning that they are lightlike simulta-
neous. Therefore, it makes sense to seek for definitions of
relative velocities based on lightlike simultaneity that can
be related to physical observables, such as the spectro-
scopic relative velocity [61,69].

A light ray is represented by a lightlike geodesic 4 and a
future-pointing null vector field F tangent to A and parallel
transported along it, i.e., Ve F = 0. Given p €1 and u an
observer at p, there exists a unique vector w € u* and a
unique real positive number v such that

F,=v(u+w). (3.4)

As consequences we have ||w|| = 1 and v = —g(F . u).
We say that w is the relative velocity of 4 observed by u, and
v is the frequency of A observed by u. Before introducing
the spectroscopic relative velocity, there are two other
important concepts that need to be defined. Let p € M and
@: M — R defined by ¢(q) := g(exp,' ¢.exp,' g). Then
the set E, :=¢~'(0) — p is a regular three-dimensional
submanifold called horismos submanifold of p. An event
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q isin E,, if and only if ¢ # p and there exists a lightlike
geodesic connecting p and ¢g. Basically, it is the preimage
of the lightlike cone of p through the exponential map. E,,
has two connected components, E,, and E;;. E}, (E})) is the
past-pointing (future-pointing) horismos submanifold of p
and it is the connected component of £, in which for each
g€E, (E}) the preimage exp;,1 g is a past-pointing
(future-pointing) null vector.

Then, given u an observer at p and an observed event
q € E, U p, the relative position of g observed by u is the
projection of exp;,' ¢ onto ut, i.e.,

Sobs = Py expy,' g = exp},' g + glexp,' q.u)u,  (3.5)
where P, = g + u ® u projects onto u~. This corresponds
to the line-of-sight direction.

We now have all the elements to characterize the
spectroscopic relative velocity. Let u, u’ be two observers
at p, g such that ¢ € E7, and let 1 be a light ray from ¢ to p.
The spectroscopic relative velocity of u’ with respect to u is
the unique vector vy, € ut such that

qpu/ = 7(“ + Uspec)’

T (3.6)
where 7, is the parallel transport operator from g to p, and
y is the gamma factor corresponding to the velocity ||vgpec||.
A schematic representation of this construction is shown
in Fig. 5.

Intuitively, we consider two events p and ¢ that are
lightlike simultaneous, which means that there exists a light
ray from g to p. Then, consider an observer u at p and an
observer ' at g. To compute the spectroscopic velocity of
u' with respect to u, we have to parallel transport u’ from
the “emission event” ¢ to the “observation event” p along
the null geodesic connecting these two points. In this way,
we obtain the vector 7,,u’ which belongs to the same
tangent space of u (T, M). The spectroscopic relative

]
quu

FIG. 5. Schematic illustration of the definition of the spectro-
scopic relative velocity (adapted from [61]).

velocity of u’ with respect to u is then the relative velocity
of z,,u’ with respect to u. This can in turn be decomposed
into a line-of-sight (radial) component and a tangential
component. In particular, if s, is the relative position of ¢
with respect to u at p, the spectroscopic radial velocity of
with respect to u is the component of v parallel to sy,
ie.,

N N
d ._ obs obs
v;?)ec = g<vspec’ ) (37)

sobs” ||S0bs||‘

The spectroscopic tangential velocity of u’ with respect
to u is the component of v,.. orthogonal to sy,

tan . rad
Uspec *= Uspec — Uspec-

(3.8)

The importance of this definition lies in its direct
connection with measurable frequency shifts.

Let A be a light ray from ¢ to p and let u, u’ be two
observers at p, g, respectively. Then,

V= 7(1 _g(vspemw»y’ (39)

where o/, v are the frequencies of 1 observed by u, o/,
respectively, v, is the spectroscopic relative velocity of u’
observed by u, w is the relative velocity of A observed by u,
and y is the gamma factor corresponding to ||vgpec||. This
can be proven by recalling that parallel transport preserves
the metric, so that

V==g(F,u')==g(t,,F 7 u')=—9g(F,.7,u'), (3.10)

where the last step follows from the fact that F' is parallel
transported along 4. Substituting the expressions (3.4) and
(3.6) one obtains

/

V= —glv(u+w).y(u+ vgpec)]- (3.11)

The result (3.9) then follows from the fact that
glu,u) = =1, g(u,w) = g(u, vgee) = 0since w, vy € ut.
Equation (3.9) is the general expression of the Doppler shift
that includes gravitational redshift. Note that that w = — e

- HsobsH,

where s, is the relative position of g observed by u.
Therefore, the spectroscopic radial velocity of u’ with respect
to u can be also written as

vg?,‘gc = 9(Vgpec, W)W. (3.12)
Taking the norm of this vector, one obtains
||’Usp‘:c||2 = g(”spec’ W)27 (313)

which substituted in (3.9) yields the familiar formula,
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TABLE I. Summary of the main definitions of relative velocity in GR and their physical interpretation.

Type Definition Meaning/properties

Same event u=yu+v),ve ut Standard local definition; coincident observers.

Kinematic T = y(u+vyy) gEL,, Based on spacelike simultaneity.

Spectroscopic Toptl = y(u+ vspec) qEE, Defined along null geodesics; related to redshift.

Astrometric Vast = VauSobs + 9(ViuSons, U) U From apparent position; describes proper motion.
v 1+ ||oB.|| them, within the post-Newtonian approximation. This effort
v - E : (3.14) ultimately was integrated into the formulation of the BCRS

~ 1 Vspec

It is important to notice that it is not possible to obtain
Vgpec directly from the frequency shift unless one of the two
components of v, is negligible with respect to the other.

The spectroscopic relative velocity is neither symmetric
nor transitive. Consequently, it is not well-suited to obtain a
galaxy rotation curve in the Newtonian sense, where
Galilean velocity addition rules are used to compute
velocities relative to the center of a galaxy from measure-
ments made in the Solar System. Nevertheless, in Sec. V,
we propose a possible general relativistic version of such
concepts based on the construction of a locally inertial
reference system.

4. Astrometric relative velocity

To that end, we introduce yet another definition of
relative velocity based on lightlike simultaneity, namely
the astrometric relative velocity [61,69]. Let u, u’ be two
observers at p, g such that g € £/, and let s, be the relative
position of g observed by u. The astrometric relative
velocity of ' with respect to u is the projection of
V,Sops ONtO ut, ie.,

Vast = vusobs + g(vusobsv u)u' (315)

Intuitively, it gives the four-velocity of ' at g relative to
u at p by measuring the variation of the relative position of
q with respect to u in its proper time and projecting it in its
rest space. As usual, the astrometric relative velocity can be
decomposed into a component parallel to s, (the astro-
metric radial velocity) and one orthogonal to s, (the
astrometric tangential velocity).

The various definitions of relative velocity are summa-
rized in Table I.

C. The BCRS

The construction of a reference system suitable for
astronomical observations made on Earth or by near-Earth
satellites within the framework of GR requires a precise
measurement model. Earlier studies [55,70-73] developed
both barycentric and geocentric inertial and noninertial
reference systems, along with the transformations between

and of the Geocentric Celestial Reference System (GCRS)
[53,54,68]. Adopted by the International Astronomical
Union (IAU) in their 2000 resolutions, the BCRS provides
a global framework for describing the positions and motions
of Solar System bodies as well as galactic and extragalactic
sources. The IAU resolutions prescribe the form of the metric
tensor for both the barycentric and geocentric reference
systems, and specify the coordinate transformations that
relate them. More precisely, the BCRS is defined within GR
by idealizing the Solar System as an isolated gravitating
system, that is, neglecting all matter and fields external to it
and assuming that the metric approaches the Minkowski
form at infinity.” While this assumption is adequate for most
Solar System applications, it is an idealization from the
standpoint of cosmology and galactic dynamics; the mass-
energy distribution of the Galaxy and other extragalactic
sources, which introduce frame dragging and nonlinear
contributions, is ignored. Such effects become essential in
the context of exact general relativistic galactic models,
where non-Newtonian features of the metric cannot be
treated as small perturbations.

The BCRS employs coordinates (¢, x'), where ¢ is the
barycentric coordinate time. The metric tensor is given by a
post-Newtonian approximation,

goo = —1 +2w° —2(w°)? + O(6), (3.16a)
goi = —4w' + O(5), (3.16b)
gij = 8;(1+2w") + O(4), (3.16¢)

where w? is a scalar potential generalizing the Newtonian

gravitational potential, and w' is a vector potential asso-
ciated with mass currents, corresponding to the standard
gravitomagnetic potential. Here, O(n) = O(e"), where € is
a small dimensionless parameter such that U ~ €2, with U
minus the Newtonian potential. The metric is written in the
harmonic gauge, ¢TI, =0, under which the post-
Newtonian EE take the form

"Relaxing this hypothesis, a series of issues arise, e.g., the
degree at which the cosmological expansion influences local
dynamics and kinematics [74].
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(=0? + V))W® = —dno + O(4), (3.17)

V2wl = —4zo' + O(2), (3.18)
where 6 =T% + T/, ¢! =T represent the effective
mass and mass-current densities, respectively. Under the
assumption of asymptotic flatness, the formal solutions are

t,x 1
WO(t, ) :/IG( X’)I d3x/+—a$/a(t,x')x—x'|d3x/,
X—X

2
(3.19)
. i(t,x'
wi(1,x) = TX(_Z‘(,) B, (3.20)

which can equivalently be expressed in terms of the
retarded time 7, = 7 — |x — x|. A great advantage of this
approach is that the field equations are formally linear,
allowing the application of the superposition principle to
obtain the potentials generated by an N-body system,

N N
wO(ex) = wh(Lx). wi(tx)=> wi(Lx). (321)
A=l A=l

The metric tensor does not fix the orientation of the
spatial axes uniquely, but only up to some constant, time-
independent, rotation about the origin. In the IAU realiza-
tion, the axes are chosen to be kinematically nonrotating
with respect to distant quasars and active galactic nuclei,
which are assumed to have no proper motion, resulting in
the International Celestial Reference System (ICRS).

The construction of the BCRS highlights a conceptual
limitation of the post-Newtonian approach. The nonlinear
character of GR is incorporated only perturbatively;
although quadratic and higher-order terms appear in the
metric, the field equations governing the potentials are
formally linear and therefore admit superposition at the
level of w° and w'. The entire framework is built upon a
fixed Minkowski background and a hierarchical expansion
in powers of a small parameter, so that the fully nonlinear
structure of the EE is recovered only order-by-order, rather
than being treated exactly from the outset. By contrast, in
stationary axisymmetric solutions of the EE, such non-
linearity manifests through frame dragging and nontrivial
asymptotic conical geometry that have no consistent
Newtonian analog. The BCRS, therefore, provides an
accurate relativistic reference system only within the
weak-field, quasi-isolated regime of the Solar System; its
extension to galactic scales cannot be assumed.

A further obstacle to the use of the BCRS in the context
of general relativistic galaxy models is that its definition
presupposes a spacetime metric valid globally and the
existence of objects with vanishing proper motion, which,
within GR, can only be regarded as idealized, purely

mathematical constructs. What is instead required is a
genuinely local reference system applicable beyond the
Solar System, covering the region of spacetime in which
the general relativistic galactic models are assumed to be
valid, and operationally realizable through astronomical
observations, that can be defined without assumptions
about motion outside the domain of validity of the model
and without imposing any asymptotic structure on the
spacetime.

D. Zero angular momentum observers

In the context of stationary, axisymmetric solutions of
the EE, a commonly adopted reference system is that of
ZAMOs. One of its advantages is that the existence and
definition of ZAMOs rely only on the local geometry of the
spacetime, independent of any asymptotic condition. One
does not need to invoke distant stars or an inertial frame at
infinity to define a ZAMO; the condition of zero angular
momentum is purely local. This makes ZAMOs well-
defined even in spacetimes that are not asymptotically
flat or when focusing on a localized region of a galaxy.
These observers follow spatial circular orbits and have
zero angular momentum, implying that their four-velocity
is orthogonal to the hypersurfaces ¢ = const. The four-
velocity of a ZAMO can be written as

1
Uy = ———=(0, +x9,), 3.22
V4 /—_H( t T X b ) ( )
where the angular velocity y is fixed by the condition

L = 0, with L denoting the conserved angular momentum
(2.7) associated to the spacelike Killing vector y = d,,

1
L = g, y'uy = N (99 +x999)-  (3.23)
Enforcing L = 0 yields y = —{%j. In the case of the BG
model this reads yz; = —nz%rz. Notice that the ZAMOs

cannot be defined globally, since they become spacelike in
the region 5 < r. Indeed,

af_ r -0
JupUzlly; = —— =
aptzUz g¢(/,H r2—l’]2

ifn<r. (3.24)

This limitation, however, is not a problem since the
domain 7 < r is already excluded by the assumptions
underlying the validity of the model, as discussed in
Sec. ITA.

Considering a congruence of ZAMOs, the expansion
vanishes: § = V, u®* = 0. The shear is then given by

1
Gaﬂ = v(ﬂua) = E (6auﬂ + Oﬂua — ZFZﬂuﬂ), (325)

whose nonvanishing components are
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1
Ot — E (e”y,r _e2l//—y){ sr )
1
Oy = D) (e”y,z _eZW—u){ 2z )’ (3'26)
1 2y —v 1 2y —v
O'¢r zie sr s G¢Z zie 'z . (327)

Since the ZAMOs are hypersurface orthogonal, their
vorticity vanishes. The nonzero components of the accel-
eration are

a, ="v,,, a, =v,,. (3.28)
In the case of rigid rotation the acceleration vanishes,
while the shear is different from zero, as occurs also for the
BG model. As a consequence, ZAMOs are not inertial
observers.
An orthonormal tetrad associated to ZAMOs is

\/g b u
ey = rM (0 +x9y), ep =e20,,
" 1
e, = e710,, e3 = ————0,. (3.29)
) N

Because the ZAMO congruence is well defined through-
out the spacetime wherever it is timelike, at each such
event, there exists a ZAMO observer against which the dust
four-velocity can be computed. The relative velocity of the
dust with respect to a ZAMO at the same event follows
from (3.1),

u VI
Vg =——Uz = %(at + (2 —x)dy).

. (3.30)

vz = —g(eo, u) (3.31)

r
a \% _H\/g(/)u ‘

From here one can obtain the relative velocity of the dust
with respect to a ZAMO at the same event using (3.2),

vy = g (3.32)

By evaluating this local quantity along circular dust
orbits at different radii, one obtains a profile v,(r), which is
often interpreted as the general relativistic analog of a
galactic rotation curve. This has been tested on the
Milky Way from 5 up to 19 kpc from the Galactic center
by fitting the data of a subsample made of 719 143 stars
(including 241918 OBA stars, 475520 RGB giants, and
1705 Cepheides) selected from a sample of nearly 33 mil-
lion stars from the Gaia DR2 and DR3 catalogs [51,52].
The results show that the BG velocity profile is statistically
indistinguishable from its state-of-the-art DM analogs.

This analysis relies on a rigorous formulation of the
attitude reference system used to relate mathematical
quantities to astronomical observables, accounting for all
corrections due to the position and motion of the Gaia
satellite with respect to the BCRS, which has been
developed in e.g., Refs. [75-78].

E. Locally inertial reference system

A locally inertial reference system translates the
Newtonian notion of an inertial framework to the neigh-
borhood of an observer’s worldline, providing the most
appropriate setting in which to describe physical quantities.
Because all measurements are performed in a small
neighborhood of the observer, one introduces a rest frame
adapted to that motion, consisting of a clock measuring
proper time and a triad of orthonormal spatial axes. The
orientation of this triad is, in principle, arbitrary, but can be
set according to the physical situation under study. A
natural choice is to require the system to remain locally
inertial, so that no fictitious forces appear in the equations
of motion. This condition is ensured by Fermi-Walker
transport of the spatial triad along the observer’s trajectory,
which can be operationally realized by means of three
mutually orthogonal gyroscopes.

This approach contrasts with reference systems whose
spatial axes are tied to distant sources with negligible
proper motion, of which the BCRS described in Sec. III C
is the archetype. Strictly speaking, the BCRS is defined on
the post-Newtonian metric of an isolated Solar System; in the
(n,H) spacetimes considered here, the same operational
prescription can nevertheless be realized, once assumptions
on the asymptotic structure of the spacetime are made,
yielding a system of kinematically nonrotating axes [56]. In
this work we instead construct a dynamically nonrotating
reference system: its spatial axes follow the torque-free
directions defined by gyroscopes, ensuring a genuinely local
inertial frame. This yields a laboratory reference system that
can be operationally defined within the spacetime region of
interest, without relying on assumptions about the behavior
of the spacetime outside the domain of validity of the model.

The procedure to construct the locally inertial reference
system can be summarized as follows [57,79]:

(1) Consider x*, a€{0,1,2,3}, a generic coordinate
system in terms of which the expression of the
metric is known. Let x*(z) describe the world line of
an observer parametrized by the proper time 7 and let
its timelike tangent unit vector u®* = % be the
observer’s four-velocity (see Sec. IIIE 1).

(2) Build the tetrad adapted to the observer. We choose a
local basis such that at the point p(z) occupied by
the dust particle the metric is the flat one; the
timelike vector is the vector tangent to the observer’s
trajectory e, = u, while the spatial triad e¢;, i = 1, 2,
3 (orthogonal to u) is obtained by Fermi-Walker
transport along the observer’s worldline,
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de?
- —(a“uz — u“aﬁ)e?

- , (3.33)

where a* = % is the observer’s acceleration. For an

observer following a geodesic, the acceleration is
zero, and the above equation reduces to parallel
transport. Since the metric has vanishing Fermi-
Walker derivative along any curve, in addition to
preserving the orthogonal decomposition of the
tangent space parallel and perpendicular to u along
the curve, all inner products are invariant under this
transport. We are interested in Fermi-Walker trans-
port because it describes the behavior of the spin
vector of a torque-free gyroscope carried by an
observer along its world line. Therefore, the spatial
vectors e; of a Fermi frame along the world line are
locally nonrotating with respect to a set of three
independently oriented gyroscopes carried by the
observer and span the associated local rest space (see
Sec. I[ITE2).

(3) Consider now all spacelike geodesics which pass
through the generic point p(r) on the observer’s
world line and which are orthogonal to u at p(z).
These spacelike geodesics form a hypersurface in a
normal neighborhood of the observer’s world line.
Let g with coordinates x* be a generic spacetime
point in the vicinity of p on such a hypersurface and
consider the unique spacelike geodesic segment
from p to g of proper length s. The Fermi coor-
dinates (T, X', X2, X3) of ¢ are then given by

T=r,

X = sgaﬂn“ef " (3.34)
where 7 is the unit tangent vector to the spacelike
geodesic segment at p(r) satisfying the condition
gaﬂn“uﬂ \ g =0 (see Sec. IIIE4). A schematic rep-
resentation of the construction is shown in Fig. 6.

(4) In the points around p(z), up to distances A such that

R,up0|A* < 1, the metric takes the form

. 4 ‘
ds* = —=(1 4+ Ryjp X/ X*)dT? — gRTﬂkXJX"deX’

1 .
+ (5,,1,1 3R j,,kx-ka> dxmdx",  (3.35)

where R,,., is the Riemann tensor in the Fermi
frame.® Equation (3.35) gives the metric in a
neighborhood of an observer up to second order
in the Fermi coordinates (see Sec. IIT E 5). The form
(3.35) holds only for an observer in geodesic
motion carrying a nonrotating spatial triad, i.e.,

SWith | - | for a tensor, we intend the maximum of the modulus
among the components of the tensor at every point.

one Fermi-Walker (here parallel) transported along
the worldline, as in the construction above. For an
accelerated observer, or for a triad rotating with
respect to the gyroscope-defined directions, addi-
tional terms appear already at first order in the spatial
Fermi coordinates associated with the inertial accel-
eration and with the rotation of the axes [79,80].
The applicability of Fermi coordinates is restricted by the
local curvature of spacetime. When comparing measure-
ments performed by observers at widely separated locations
within the Galaxy, or even in different galaxies, different
local coordinate patches must be matched consistently. This
requires the corresponding observers to adopt a common
convention for the orientation of their spatial axes. In
Sec. III F we propose to achieve this by locking the triad of
locally inertial observers to the radial direction defined by
photons coming from the galactic center. This construction
defines what we call a radially locked tetrad. Physically, the
radial direction should be identified with the spatial
component of the four-momentum of photons passing
through the center with zero angular momentum. Due to
frame dragging, this direction does not coincide with 9,.
From an operational standpoint, it may therefore be more
convenient to rotate the spatial triad of the locally inertial
frame of a geodetic observer so that one axis always points
toward the galactic center as represented in its own Fermi
coordinates.

1. Geodetic motion in the galactic plane

The construction of a locally inertial reference system
begins with the identification of the observer’s worldline. In
our case, the observer is attached to a dust particle moving
along a geodesic confined to the galactic plane z = 0. We
therefore start by examining the geodesic equations asso-
ciated with the metric (2.3), which are explicitly reported in
Appendix B. As discussed in Sec. II, stationarity and axial
symmetry imply that ¢ and ¢ are cyclic variables, giving
two constants of motion

E=e¥t+ e (p—yi)y. (3.36)

L=e¥(p—yt). (3.37)

Eliminating ¢ one finds 7 = e=*(E — Ly). Moreover,
we can choose the affine parameter such that

—1 timelike geodesic
dx* dx”

—_— = 3.38
Guv 4l di ( )

€ = ¢ Onull geodesic,

+1 spacelike geodesic

which explicitly reads
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—e(E—yL? +e¥L> e (i +22) =e.  (3.39)
This relation can be interpreted as a generalized “energy
balance” equation, where the first two terms play the role of
an effective potential containing both gravitoelectric and
gravitomagnetic contributions, while the last term repre-
sents the kinetic energy in the meridional plane [81]. It
serves as a first integral of the radial geodesic
equations (B1lc), so that the system reduces to

t=e(E-yL), (3.40a)
@ =ye (E—yL)+ Le™, (3.40b)
—eW(E—yL)? + e WL 4 eH(i2+72) =e, (3.40c)

together with (B11d).

We now focus on planar motions characterized by 7 = 0,
and in particular on the timelike geodesics (¢ = —1) since
these describe the orbits of dust particles forming the disc,
and to which local observers can be attached. In stationary,
axisymmetric dust configurations such trajectories are
indeed admissible, as the symmetry guarantees confine-
ment to the planes z = const. From conservation of the
stress-energy tensor (V#T,, = 0) we obtain

V¥ (pu,) =0, u,Vtu, = 0. (3.41)

The circularity condition (2.2) forces the four-velocity of
the dust to be of the form (2.5), corresponding to circular
trajectories at constant z. We can therefore conclude that
dust particles follow geodesics restricted to such planes. By
setting z = const. in the z component of the geodesic
equations we obtain

Vy; e (E - L)()z — VY. eVL?

Ly (B~ Ly) =g R =0, (34)
Equation (3.42) is thus not an evolution equation but a
consistency condition: it guarantees that a worldline with
z = const. is a genuine geodesic, i.e., that the net accel-
eration in the z-direction vanishes and the orbit remains in
the plane. This equation, together with the constraint (3.39)
and the conserved quantities specify the planar motion. As
a consistency check, the geodesics of dust particles are
recovered as special solutions specified by

. 1 . Q
t:\/j, ¢:m, r=ry, Z= 20, (343)
with corresponding constants of motion
L= J% . E=QL+V-H|_, ... (344)
r=ry,2=2g

2. Gyroscopes

After specifying the observer’s worldline, the next step in
constructing an adapted locally inertial reference system is
to introduce an orthonormal tetrad, with the spatial vectors
aligned with the directions of orthogonal gyroscopes. For a
torque-free gyroscope carried along a geodesic, Fermi-
Walker transport reduces to the parallel transport of its spin
four-vector S¥ [57],

SH 4 T,83% = 0. (3.45)

The explicit form of this equation adapted to a dust
geodesic (3.43) is reported in Appendix A. For a dust
geodesic, all the functions are evaluated at r = ry, 7 = z,
and are therefore constant. The gyroscope equations can
thus be solved straightforwardly. It is interesting to notice
that $% is different from zero in general (also for the BG
model), leading to precession in the z-¢p plane. This is
expected, since the z-gradient of the velocity of the particles
is nonzero in general. However, if we restrict to motions in
the equatorial plane (z = 0) and assume symmetry with
respect to it, then at z = 0 we have v,, = 0 and the equation
for $% reduces to §% = 0. In what follows, we shall impose
this restriction only later, and for now, solve the gyroscope
equations for an arbitrary circular motion of a dust particle.

After introducing the vector,

S[
SZ
Sr
kY4

(3.46)

we can write the equations in the form,

S =MS, (3.47)
where M is the constant (along the circular orbits) matrix
(A3). The solution of Eq. (3.47) is then

S(z) = eM*S,, (3.48)
where S is the initial configuration (at 7 = 0), and the
matrix eM? specifies its evolution. We refer the reader to
Appendix A for the details of the derivation and the
definitions of the quantities appearing in the above
expression.

This result is completely general and applies to the
motion of gyroscopes attached to any dust particle.
However, as remarked in Sec. Il E 1, we restrict to motions
on the equatorial plane, assuming reflection symmetry with
respect to it. In this case, all z derivatives vanish, and the
exponential matrix simplifies to
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Qn(cos(wr)—1)

n(1—cos(wr))

Wi Ly g
0 1
Mt =0 — Qre sin(wr) 0
vV-H
Q(Qn—H)(1—cos(wr))
_ 7 a cos 0

This analysis provides the exact evolution law for
gyroscopes transported along the geodesics of the dust
congruence. We stress that the triad of mutually orthogonal,
Fermi-Walker transported gyroscopes constitutes, by def-
inition, the local standard of nonrotation; the spin vectors
do not rotate in any dynamical sense. It is only when seen
from the kinematically nonrotating reference system given
by the coordinate basis that such gyroscopes appear to
precess. Accordingly, the matrix e expresses the com-
ponents of the spin vector in the coordinate basis, and the
frequency w is the angular velocity at which the coordinate
(kinematically nonrotating) axes rotate with respect to the
gyroscope-defined inertial directions. In the equatorial
plane this relative rotation takes place in the r-¢ plane.
Operationally, an axis kept pointing toward the symmetry
axis is seen from the locally inertial frame to rotate with
constant angular velocity @. Equivalently, keeping it
aligned with a gyroscope would require continuously
counter-rotating it. Physically, this relative rotation between
the dynamically and the kinematically nonrotating refer-
ence systems represents the general relativistic frame-
dragging effect produced by the galaxy’s rotating mass
distribution, namely the fully relativistic generalization of
the Lense-Thirring precession that arises in the weak-field,
slow-motion limit [35,82,83]. Hence, the relative rotation
of the two standards of nonrotation along dust worldlines
provides a direct probe of the non-Newtonian structure of
the spacetime, revealing how the kinematically nonrotating
axes are twisted by the global rotation of the source.

3. Tetrad adapted to locally inertial observers

We now have all the elements to construct the tetrad
adapted to a locally inertial observer comoving with a dust
particle in the galactic plane. This tetrad defines the locally
inertial reference system carried by a geodesic observer, in
which all kinematical quantities vanish identically. This is
in contrast with the kinematically nonrotating axes and the
ZAMO reference system, which are only asymptotically
inertial; their kinematical quantities vanish far from the
source but not in its interior, where their axes rotate with
respect to gyroscopes due to frame dragging. We start by
choosing a point on the dust geodesic corresponding to
7 = 0 and imposing the metric there to be the Minkowski
one. Then set the timelike vector of the tetrad to be the

r—H H
0 0
5 in(wr 3.49
cos(wr) - % (3.49)
(Qn—l;l\)/e;f_;in(wr) Qn(l—i})s(wr)) + COS(CUT)
I
tangent to the geodesic at that point,
1

V=H

The remaining three vectors defining the reference
system follow from the orthonormality condition, g,,|; =

ga,ﬁ/efj/e{f = > giving

e; = e, (3.51a)
e, = e, (3.51b)
1 n nQ—H
=—— (%0, +—9, ). 3.51
€3 \/j <r t + r q > ( C)

As described previously, the spatial triad at any proper
time 7 is determined by the solution of the gyroscope
equations S(z) = eM*S,, with eM" restricted to the galactic
plane as in Eq. (3.49) and S° given by the initial tetrad
above. The result is

1
ey = ——=(0, + Qdy), 3.52a
0 \/;—H( t (f?) ( )
e; = e, (3.52b)
er(1) = r\/n——H sin (w7)0, + 73 cos (w7)0,
Q—-H
Msin (w7)0,, (3.52¢)
rv—H
n .
e3(r) = cos (wt)d, — e2sin (w7)0,
3( ) rm ( ) t ( )
Q—-H
LU= o (wr)a, (3.52d)

r—H

The time dependence of e, and e; reflects the rotation, at
angular frequency ®, of the kinematically nonrotating
spatial axes with respect to the gyroscope-defined inertial
directions. This is directly seen by expressing the coor-
dinate basis in terms of the locally inertial tetrad as
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, :Q\’}_‘_: co— ﬁLH(sin (@7)es+cos(@r)es),  (3.53a)
0, :%eo +\/+_H(Sin (@7)es +cos(wr)es),  (3.53b)
0, = e'*(cos (wr)e, — sin (wz)es).  (3.53¢)

The particular case of rigidly rotating dust, including the
BG model, is simply obtained by setting Q = 0, H = —1 in
the above expressions, yielding

eo =9, (3.54a)
ey = e, (3.54b)
. 1.

e, = i (w7)0,+e2cos(wr)0, +—sin(wr)d,,  (3.54c)
r r
v 1

e3= Teos (w7)d, — e 2sin (w7)d, +—cos (wr)d,.  (3.54d)
r r

The relative rotation between the gyroscopic triad and
the kinematically nonrotating axes reveals that the latter are
not inertial in the interior of the solution; although anchored
to distant nonrotating objects, they rotate locally with
respect to gyroscopes as a consequence of frame dragging.

4. Fermi coordinates in the galactic plane

We now construct the coordinate system naturally
associated with a locally inertial observer. Unlike the
cylindrical coordinates used to describe the global geom-
etry, Fermi coordinates provide a local description of
spacetime from the viewpoint of a locally inertial observer
(here, a dust particle moving on a circular spatial trajectory
in the galactic plane) with spatial axes aligned with
mutually orthogonal gyroscopes. In these coordinates,
the metric reduces locally to its Minkowskian form, and
curvature effects appear only at second order in the spatial
distance from the observer’s worldline. This coordinate
system thus represents the most faithful general relativistic
analog of the Cartesian coordinates of an inertial observer
in Newtonian mechanics [57,79]. As discussed above, the
time coordinate is the proper time of the observer along its
worldline. For a dust particle geodesic (3.43), we have

d— _1_ 5o that

dtr = J-H’

T=1= \/—Hol,

where H := H(ry,zo = 0). The spatial coordinates are
defined by projecting the tangent vector of the unique
spacelike geodesic, orthogonal to the observer’s world-
line and connecting the observer to the event whose
coordinates are to be assigned, onto the observer’s triad,

X' = sg,ntef|,, see Fig. 6. Here s is the proper distance

(3.55)

€

FIG. 6. Schematic illustration of the construction of the locally
inertial reference system.

along the spacelike geodesic and n its tangent vector. To
obtain n we integrate the equations for spacelike geodesics,
corresponding to the ¢ = 1 case in (3.40a)—(3.40c), which
directly yield the components of the tangent vector to an
arbitrary spacelike geodesic in the galactic plane,

dt
o e (E —yL), (3.56a)
dz
— =0, 3.56b
s (3.56b)
dr oy 2 2yr2 1
i te2le™(E—yL)* —e L* + 12,  (3.56¢)
2—45 =e WL+ ye *(E—yL). (3.56d)

N

Remember that we only care about spacelike geodesics
orthogonal to the observer’s worldline, namely those whose
tangent vector satisfies g, n*u” = 0, corresponding to

i(.gtl =+ Q'gtqb) + ¢(9t¢ + ngf)d)) =0, (3-57)

which implies

i e (Q-y)
A ey (3.58)

On the other hand the geodesic equations (3.40a)—
(3.40c) give

r e (E—yL)
¢ xe*(E—yL)+Le’

(3.59)

Equating the two expressions and substituting the metric
components in terms of n and H yields the following
relation between E and L in terms of the metric functions,
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E=0QL, (3.60)

which defines the spacelike geodesics orthogonal to the
observer’s worldline. The tangent vector in the coordinate
basis is therefore

n Qn—-H  [H
n:ﬁLat_FTLaqu:ez ﬁLM—la,. (3.61)

The Fermi spatial coordinates are then given by

v—HyL
X= sgaﬁn“eg|q =s [ 0 sin(wy7)
o
HoL?
+4/1+ 2 cos(wy7) |, (3.62)

v—HyL
Y = sgaﬁn”e§|q = s[ 9= cos(wyr)
7o
HoL? .
—1/1+ o sin(wyz) |,  (3.63)

Z = sggm’ey|, =0, (3.64)

where the subscript indicates quantities evaluated at the
point g. Instead of using Cartesian Fermi coordinates
(X,Y,Z) it is often convenient to introduce local polar
coordinates (s, 6), where s is the proper distance,

s=VX>+Y?

while @ is the angle between n and the local X-axis e,,

(3.65)

n = cos fe, + sin fe;. (3.66)

Both s and @ depend on the conserved energy and
angular momentum along the spacelike geodesic, which
are related by (3.60). Expressing the tangent vector n
in the local basis {eg,e,,e3} on the galactic plane via
Egs. (3.53a)—(3.53c) gives

H v—H
n= (i\ | 5L?+1cos(w7) + Lsin(an))ez
r r

H v—H
+ (ZF \/=L*+1sin(w7)+ Lcos(wr)) e3. (3.67)
r r
Comparing with (3.66), we then obtain
H v—H
cosf =+ /= L>+1cos (wr) + Lsin(wz), (3.68)
r r
H v—H
sin =F (/= L*+ 1sin(wr) +——Lcos(wr),  (3.69)
r r

so that

T /EL*+1sin (1) +@Lcos (1)
+/BL*+1cos(wr) +YH [ sin (wr) '

Inverting this relation shows that § and L are not in
one-to-one correspondence. Indeed,

f—=arctan

(3.70)

L=+

sin (0 + wr). (3.71)

’
N

Thus, for a given value of L there correspond two angles
0 separated by z. This reflects the fact that points on
opposite sides of the observer’s worldline are connected by
the same spacelike geodesic. The equivalence of n and —n
as tangent vectors, evident in (3.67), implies that this
ambiguity in labeling symmetric points is also inherited
by the local angular coordinate 6.

5. Metric tensor in Fermi coordinates

We can now write the metric in a neighborhood of the
observer’s geodesic as an expansion in Fermi coordinates.
By construction, the metric reduces to the Minkowski form
on the observer’s geodesic, while its first derivatives vanish,
ensuring that no inertial forces appear at the observer’s
position. The leading corrections therefore arise at quad-
ratic order in the spatial Fermi coordinates and are entirely
determined by the components of the Riemann tensor
evaluated along the geodesic.

To write the metric up to second order in the Fermi
coordinates, as in Eq. (3.35), we need first to write the
Riemann tensor in the locally inertial reference system,

Ruped = R,,ﬂ”yegelge’ée’:,, (3.72)
with  {a,b,c,d}e{T,X,Y,Z} and {a.p.uv}e
{t,z,r,¢}. The explicit expression of the components of
the Riemann tensor is reported in Appendix C. The
calculation is restricted to the galactic plane by setting
Z =0 [see Eq. (3.64)] and imposing reflection symmetry
with respect to it, resulting in dZ = 0. The corresponding
metric is

ds?|;—o = =[1 + RyxrxX* + 2RrxryXY + RyyryY?]dT?

4
- g [RTXXYXY + RTynyz]deX
4
—3 [RrxxyX* + RryxyXY]dTdY
! 1
+ {1 - 3RXYXYY2:| dx* + {1 - 3nyXyX2] dy?

2
+3 Ry XYdXay. (3.73)
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where all the quantities are expressed in terms of the Fermi
coordinates obtained in Sec. III E 4.

The coefficients R;; correspond to the gravitoelectric
part of the curvature [80], associated with tidal acceler-
ations between neighboring free-falling particles, as
expressed by the geodesic deviation equation. They thus
describe stretching or compression of the locally inertial
congruence. The mixed terms Ry;j correspond to the
gravitomagnetic part of the curvature, encoding rotational
effects. They govern the precession of gyroscopes, and thus
of locally inertial spatial axes. In the standard weak-field,
slow-motion limit, they reduce to spatial derivatives of the
gravitomagnetic field, providing the fully relativistic gen-
eralization of the Lense-Thirring effect (frame dragging).
Finally, to the second order in the Fermi coordinates, g;;
represents the metric induced on the observer’s rest space.
The terms R; j;; thus describe the intrinsic curvature of these
local spatial hypersurfaces, quantifying the deviations from
Euclidean geometry experienced by the observer’s labo-
ratory frame.

The expression (3.73) can be specified to the case of
rigidly rotating dust, yielding

ds*|pG.7—0 = —[1 + RrxrxX*+ RyyryY?]dT?

4
BE) [RrxxyXY + RryxyY*|dTdX

4
-3 [RrxxyX? 4 RyyxyXY]dTdY

1 1
+ [1 —gRXYXYYZ} dx®+ [1 —§RXYXYX2} dy?

2
+ZRyyxyXYdXdy.

. (3.74)

This construction completes the characterization of the
locally inertial system associated with an observer follow-
ing a dust geodesic in the galactic plane of stationary
axisymmetric dust solutions of the EE without the need to
extend them to asymptotic regions that lie outside their
domain of validity when applied to model disc galaxies.

F. Radially locked reference system

To interpret spectroscopic and astrometric measurements
of photons coming from distant regions of a galaxy, or from
other galaxies, one must compare observations made by
different locally inertial observers. This requires a consis-
tent prescription for relating their local reference frames.
Since each locally inertial tetrad is constructed along a
single worldline and is valid only within a limited neigh-
borhood, a rule for fixing their relative orientation is
necessary to build a coherent description across the
spacetime.

In practice, physical quantities are first computed in the
locally inertial system adapted to the observer performing

the measurement, its proper laboratory system, and then
transformed to a coordinate system sharing a common,
operationally defined direction. In the BCRS the axes are
tied to distant nonrotating sources (see Sec. III C). This
approach, however, suffers from a fundamental limitation;
such sources lie outside the spacetime domain described by
the general relativistic dust models of galaxies, and the
static coordinates themselves may lose meaning depending
on the external matter distribution. To overcome this
limitation, we seek a purely local prescription allowing
different observers to share a common spatial direction. A
natural choice is to align one axis with a radial direction
defined locally by light propagation. This direction differs
from the coordinate vector d,, aligned with the kinemat-
ically nonrotating axes, because of frame dragging, and it is
defined instead by radial null geodesics with zero angular
momentum passing through the galactic center. This con-
struction defines what we shall call the radially locked
reference system.9

Setting ¢ =0 and L =0 in the geodesic equa-
tions (3.40a)—(3.40c) gives

t=eE, (3.75a)
¢ = e 2yE, (3.75b)
i= e 2|E| (3.75¢)

This definition is meaningful only if these equations
admit a unique solution under suitable boundary condi-
tions. In particular, photons emitted from the galactic center
must reach the spacetime point of interest along a unique
trajectory. Local existence and uniqueness follow from the
Picard-Lindelof theorem [84] if the metric derivatives
satisfy a local Lipschitz condition. Global uniqueness
requires a global Lipschitz condition, satisfied when the
derivatives of the metric remain bounded throughout
spacetime. Physically relevant metrics are C* and often
analytic, so global Lipschitz continuity holds provided no
singularities are present [50,85]. In (17, H) spacetimes with
asymptotic flatness, potential singularities may occur along
the rotation axis. Imposing regularity there guarantees
global existence and uniqueness of the radial geodesics.
Specifically, near r = 0 we require g,; — 72, which holds
if 7~ r?, and finiteness of the angular velocity Q =~ Q,,
which implies H ~ H + ar’. Under these conditions, the
galactic plane is regular and the metric components

9Identifying these photons operationally does not require
knowledge of the metric, but only the assumed symmetries:
since the axial Killing vector d;, vanishes on the symmetry axis
and L = g(9,. k) is conserved, every null ray reaching the center
carries L = 0 identically. The zero angular momentum rays are
thus simply the light rays received from the galactic center. They
are nevertheless dragged (¢ # 0), see Eq. (3.75b), which is why
their observed direction differs from 0,.
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analytic, so the geodesic equations are globally Lipschitz
continuous. The global version of the Picard-Lindelof
theorem then ensures the uniqueness of radial null geo-
desics for each value of E. The tangent vector to such
geodesics is

k= Ee™(e™0, + e™y0, + e*/*sign(E)o,).  (3.76)

Performing the change of basis as in (3.53a)—(3.53c), it
becomes

k= \/%_H {eo —1—% {(—17 sin(wr)
+1/r? — n*sign(E) cos(an)) e — (ry cos(wr)
+1/r* —n’sign(E) sin(an)) 63} }

Projecting k onto the rest space of the local observer via
P, =g+ u ® u yields the spatial direction measured in
the observer’s frame,

1 Q
k()bs = Puk = E|:<e_2” +H> at + < _ZD)( H> ad)

+ e‘”_”/zsign(E)dr}

(3.77)

(3.78)

The unit vector pointing in the observed radial direction
is then obtained by normalizing the projection,
kobs = kobs/Hk 11 ||kobs|| = _g(k’ u) = |E|/m
Performing the change of basis (3.53a)—(3.53c) to express
the line of sight in the locally inertial reference system, we
obtain

VI Gon(E) cos (a)T)) e

sign(E) sin (wr)) e,

(3.79)

where everything is expressed in Fermi coordinates
(T,X,Y), or equivalently (7,s,0).

Finally, we perform a Lorentz transformation, namely a
rotation in the e,-e; plane, to bring the spacelike vector e,
in the radial null direction. Let us call the transformed tetrad
{ef, €|, ¢, e5}. Then,

e, = Abe,, (3.80)

where

1 0 0 0
0 1 0 0
A= ' (3.81)
0 0 «cosO(r) sind(r)
0 0 -—sinf(z) cosf(z)

Imposing €} = k,ps We obtain

cosd(r) :% [(—77 sin (wz) + 1/ r? —n*sign(E) cos (wr))} ,

(3.82)
sinf(7) = —% [(ncos (wt) + 1/ r* —n?sign(E) sin (wr))} .
(3.83)

This yields a tetrad e/, adapted to a geodesic observer
with a spatial axis pointing along the radial null direction,
defining the radially locked frame,

(0, + Q0,), (3.84a)

e(7) = f

7) = €710,

—~

(3.84b)

!
€]

i[( —nsin (w7) \/jmgn ) cos ( ))]62
_; [(,YCOS (w7) + m sign(E) sin wr))}q,

(3.84c¢)
—(ncos(wr) + /7~ Psign(E)sin >)}e2
+1[( —psin (@) + ﬁm cos (1)) | 3.

(3.84d)

ey(7) =

Although this reference system is obtained by a time-
dependent rotation of the locally inertial tetrad, and is
therefore not inertial, it provides a physically meaningful
way to align the orientation of neighboring laboratory
frames through the propagation of light. At this stage, it
should be regarded as a mathematical construction rather
than a complete observational recipe; operationally, it
requires identifying the luminous galactic center and
measuring the direction of its incoming light in the locally
inertial triad, in terms of direction cosines of the kind
delivered by astrometric missions (see Sec. V). Its ori-
entation is thus fixed by local, operationally measurable
quantities, yielding a kinematically nonrotating reference
system that dispenses with distant fixed sources, asymp-
totic structure, and idealized objects of vanishing proper
motion. It can thus be regarded as a general relativistic
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analog of a celestial coordinate system, constructed from
the intrinsic geometry of light propagation and independent
of any external background. The main disadvantage of such
construction is that the galactic center, an extended and
dust-obscured region, is observationally harder to identify
than bright, pointlike quasars. However, other local direc-
tions could in principle be adopted, possibly easing the
implementation.

Finally, one may envisage generalizing this construction
to larger configurations containing multiple galaxies. Once
a procedure to glue together different galactic spacetimes is
prescribed, the corresponding radially locked frames could
be consistently aligned across the intervening space. This
would allow for a meaningful comparison of measurements
performed by locally inertial observers in different gal-
axies, without invoking asymptotic inertial directions or
distant fixed sources.

IV. FREQUENCY SHIFT

A central observable in galactic dynamics is the fre-
quency shift of photons exchanged between different
regions of the system. This quantity is typically used to
compute the radial velocity of stars in galaxies and under-
lies the definition of spectroscopic velocity [60]. In GR,
frequency shifts encode not only the kinematical Doppler
effect associated with the relative motion between the
emitter and the receiver, but also purely gravitational effects
arising from spacetime curvature and frame dragging
[57,58]. Its computation therefore provides a direct means
of distinguishing general relativistic models of disc gal-
axies from their Newtonian counterparts [86].

k = (E—QL)eO

1
W

HL?

2

+ {_ \/—1_Hr [((E—-QL)p— HL]cos (wr) F [

Therefore, we have

[(E—QL)n— HL]sin (w7) £ [ﬁ,ﬁ -

HL?
P2 — 172 Hr?

Consider the ideal situation in which a photon is emitted
by a star with frequency v,, as measured by a locally inertial
observer attached to it, and propagates along a radial light
ray until it reaches another star, where a second observer
measures the frequency v, in its locally inertial reference
system. The affine parameter along the lightlike geodesic
with tangent vector k can always be chosen such that v =
—g(u, k) yields the photon frequency as measured by an
observer with four-velocity u. Then, the frequency mea-
sured by the locally inertial observer at the emission event
can be computed as

(4.1)

_ H
Ve = =G Uek”,

where g,, is the metric in a neighborhood of the emitting
star geodesic in Fermi normal coordinates (3.74), u, = e,
is the observer’s four-velocity in its own reference system,
and k is the tangent vector to the light ray. Restricting to the
galactic plane, the latter is obtained by setting ¢ = 0 and
z =0 in Eqgs. (3.402)—(3.40c),

k= e (E~zL), + [y (E~yL)
+ Le )0, + eHe (B - yL)? - e Lo, (42)

where £ and L are the photon conserved energy and
angular momentum, respectively. Performing the change of
basis to the locally inertial system as in (3.53a)—(3.53c¢), it
becomes

2 _ 2 H 271
rHrzn <E—QL— 5 nzL) }Zcos(an')}ez

n-—r
2

_ 2 H 2714
i (E—QL— . ”2L> ]zsin(wr)}e3. (4.3)
n-—=r

Ve = (—goou2k® — gopuok* — gosulk?®), = [1 + Ropa (X2)?* + 2Rp03 X2 X3

R X3 2
+ Ro303(X2)7] =z

1
X {m[(E_QeL)ﬂe —H, L]sin(w,7,) £ [
2
+§ [Rooo3 (X3)* 4 Ross Xe X3

(E-Q,L)n, — H,L]cos(w,z,) F [

1
) {_ V_Here

2
(E-Q.L) +§ [Rox23 X2X3 4 Ros3 (X3)?]

HL> ri—n’ H 273
5> 2_’”6 Te (E—QEL— e L> Tcos(were)}
e =MNe

2
Here

H LZ 2__ 2 H 271
- nz—r;{ T (E—QEL— 26”32L> Tsin(a)ere)}, (4.4)
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where the subscripts indicate that all the functions are
evaluated at the emission event X*.

An analogous expression holds at the observation event,
with all quantities evaluated there. If both the emitter and
the observer are dust particles following geodesics, then the
emission and observation events occur on their respective
trajectories, where the locally inertial metric reduces to the
Minkowski one. In this case, X = 0 and X}, = 0, so that

1
= —(E - Qe/()L)'

4.5
_He/o ( )

Ve/o

Therefore, as the photon moves from the emission to the
observation point along its worldline, it experiences a
frequency shift that can be expressed through the redshift

factor,
v, H,E—-Q,L |
T T\HE-QL

In a rigidly rotating dust model, such as the BG model,
Q =const. and H = —1. As a consequence, also the
combination £ — QL is constant along the photon geo-
desic, implying that photons exchanged between different
rigidly rotating dust elements exhibit no redshift.

From a kinematical perspective, the absence of redshift
follows from the way local inertial frames are related along
the null geodesic. The frequency measured by each
observer is determined by the time component of the
photon wavevector in their local rest frame. A nonvanishing
redshift arises only if the emitter’s local frame, when
parallel transported along the light ray, is Lorentz-boosted
with respect to the receiver’s local frame. In the case of
rigid rotation, the parallel transport of the emitter’s tetrad
along the null geodesic preserves the alignment of the time
axes. As a consequence, the photon wave vector has
identical time components in the two local frames, yielding
a vanishing redshift. We stress that such a vanishing
redshift does not imply vanishing relative motion between
the emitter and the observer, since the interpretation of a
frequency shift in terms of a radial velocity requires
additional assumptions on the transverse motion.

(4.6)

V. RECONSTRUCTING RELATIVE VELOCITIES
FROM OBSERVATIONS IN A LOCALLY
INERTIAL REFERENCE SYSTEM

We now outline an operational procedure to reconstruct
the relative velocities of a dust element in a (n, H)
spacetime with respect to a locally inertial observer,
directly from spectroscopic and astrometric observables.
Such an observer moves around the galactic center within a
spacetime that describes the averaged motion of a portion
of the disc, and does not coincide with the worldline of any
specific star or satellite. These, in general, do not follow

circular trajectories in a stationary axisymmetric spacetime
but have their own peculiar motions with respect to such a
background. Consequently, in order to extract rotation
curves, one must also account for the motion of the
observer relative to a nonrotating reference system. To
this end, one would have to identify a representative dust
element whose motion anchors that of a real observer to the
effective model.

Rotation curves, which express radial velocities of stars
as a function of the distance from the galactic center, are
originally Newtonian constructs. Their definition relies on
the existence of global inertial reference systems and on
Galilean addition rules to translate Doppler shifts observed
in the Solar System into velocities referred to the galactic
center [8]. In this framework, the radial velocity is the
object’s motion along the line of sight, as deduced from
spectral line shifts. This concept was reformulated within
the BCRS framework in the TAU 2000 resolutions [60].
There, the barycentric radial velocity measure czp was
introduced as the outcome of a spectroscopic measurement,
with zp denoting the redshift reduced to the Solar System
barycenter. This definition avoids identifying czz with a
physical radial velocity. Translating the spectroscopic
barycentric radial velocity measure into the physical
velocity of the object is model-dependent since czp is just
a quantification of the spectroscopic shift, not a physical
velocity. The interpretation of czp as a spectroscopic radial
velocity relies on the full description of the astronomical
event, consisting of the motion of the emitting star, the
propagation of light through the observer, the motion of the
observer, and the measurement of the signal. Moreover,
since the spectroscopic velocity measure is defined in the
BCRS, it inherits the limitations associated with that
reference system. In the following, we propose a method
to obtain a physical radial spectroscopic velocity as
measured by a locally inertial observer in a stationary
axisymmetric dust solution of the EE.

As discussed in Sec. III B, reconstructing vg‘}‘,‘éc from a
measured redshift is not trivial, since in a generic configu-
ration the redshift depends on both the radial and tangential
components of the relative motion. For distant galaxies and
stars, however, the contribution of the transverse motion
enters only at second order in v/c. Under these conditions,
and assuming an approximately Minkowskian background,
the total frequency shift is dominated by the radial term, so
that vgpec ~ vgg‘éc, and the latter can be obtained directly
from the redshift using Eq. (3.14).

However, as already remarked in the Introduction I, in
the general relativistic dust models considered here both the
observer and the source move on circular orbits within the
galactic plane of the same galaxy, so the radial and
tangential components of the spectroscopic velocity are
of comparable magnitude.

In this regime, the redshift alone does not allow one to

isolate vﬁ%‘éc. Astrometry provides the complementary
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information by measuring the rate of change of the apparent
direction of the incoming light ray with respect to the
observer’s locally inertial tetrad. In practice, this quantity
can be obtained from high-precision satellite missions such
as Gaia, which provide the measure of the direction cosines
of the photon’s spatial momentum with respect to the axes
of a local reference system adapted to the satellite [78],

P(u)aﬂk“eg
cosy, 1 =

obs_ia[)’l’ a:1’2’3’
[P(u) kK2

(5.1)

1
O Werk = V—-Hr

[((E—QL)yp— HL]sin (wr) £ [—

cos w€3~f<obs =

V=Hr

Differentiating these angles with respect to the observ-
er’s proper time gives the apparent proper motion of the
source and therefore the astrometric relative velocity.

To reconstruct the full relative velocity of a dust particle
with respect to a locally inertial observer, the spectroscopic
and astrometric velocities must be combined. In general
curved spacetimes, there is no exact algebraic relation
between vy, and v,y. However, within a Fermi neighbor-
hood around the observer’s geodesic, the metric is
Minkowskian up to quadratic tidal corrections, and to
leading order, one can employ the flat space relation

1
Vast = 1+ g(” Sobs ) Uspec>

spec? HsobsH

(5.5)

where s, is the relative position of the source relative to
the observer, and the observer is geodetic. Combining this
expression with the redshift formula (3.14) then yields the
radial spectroscopic velocity of the dust with respect to the
locally inertial observer.

The validity of this reconstruction is limited by the range
of the Fermi expansion, i.e.,

|Raﬂﬂv|||sobs||2 <1,

so that the error induced by using the flat-space relation
remains of order O(|R .| ||obs||?). A more accurate treat-
ment would require including curvature corrections to
Eq. (5.5), which can, in principle, be computed from the
expansion of the photon geodesic in Fermi coordinates. An
equivalent construction can be performed after transform-
ing to the radially locked reference system introduced in
Sec. III F, where the common orientation of spatial axes
simplifies the comparison of velocities measured by differ-
ent local observers.

[(E—-QL)p—HL]cos (wz) F [_

where P(u) = g+ u ® u projects onto the observer’s rest
space, and k is the tangent vector to the photon’s geodesic.
Specializing to the galactic plane and using the locally
inertial reference system defined previously, with k given
by Eq. (4.3), one obtains

cosy, i = P(u)aﬂl%“eg = naﬂlngseg. (5.2)
Therefore,
HL> 7P - Hp 273
m — Hr2 <E - QL — ’72 — r2 L) :| COS (COT) (53)
HL> - H 273
—2_% <E—QL— 5 1 2L> Tsin(a)‘:). (5.4)
-7 Hr n-—r

[

With these ingredients, once the radial component of the
spectroscopic velocity has been reconstructed from com-
bined redshift and astrometric data, one may, in principle,
construct a general relativistic analog of a rotation curve.
This is achieved by consistently combining the motion of the
actual observer performing the measurement relative to the
locally inertial observer attached to a representative dust
element, with the motion of that locally inertial observer
relative to the galactic center. This, as well as a full treatment
of proper-motion reconstruction and curvature corrections
along null geodesics, will be the subject of subsequent work;
our aim here is to set up the locally inertial framework and
clarify how, in principle, observational procedures map onto
the GR notions of relative velocity.

VI. CONCLUSIONS

In this work, we have constructed a locally inertial
reference system adapted to geodesic observers in sta-
tionary, axisymmetric self-gravitating dust solutions of the
EE. Within this framework, we have outlined a consistent
procedure to reconstruct relative velocities of the dust with
respect to such observers using spectroscopic and astro-
metric observables. The guiding principle was to account
for the intrinsically local character of general relativistic
galactic models, without relying on post-Newtonian
approximations that treat the Solar System as isolated or
on the existence of distant nonrotating reference objects. To
this end, we adopted locally inertial observers, which
provide the closest relativistic analog of Newtonian inertial
frames, corresponding to the local laboratory frames in
which measurements are actually performed. The associ-
ated reference system is constructed by identifying the
timelike axis with the tangent vector to the observer’s
worldline and defining the spatial axes through Fermi-
Walker transport along dust geodesics in the galactic plane.

064076-23



FONTANA, CACCIATORI, and PERON

PHYS. REV. D 114, 064076 (2026)

We then obtained the corresponding Fermi coordinates and
the explicit form of the metric in a neighborhood of the
observer’s trajectory. Unlike the BCRS and ZAMO con-
structions, this procedure yields a dynamically nonrotating
reference system, whose spatial axes are operationally set
up by a triad of mutually orthogonal gyroscopes trans-
ported along the observer’s worldline.

To enable different locally inertial observers to consis-
tently compare the orientation of their spatial axes, we
introduced the radially locked reference system, in which
one spatial axis is aligned with the radial direction defined
by photons passing through the galactic center with zero
angular momentum. Unlike the BCRS, which relies on the
existence of distant objects with negligible proper motion,
this construction yields a kinematically nonrotating refer-
ence system that can be established entirely locally by
orienting one spatial axis along the observed direction
connecting the dust observer to the galactic center.

Having established the reference system, we then exam-
ined how such observers describe a (17, H) galaxy starting
from the frequency shift of photons exchanged between two
points. We considered the idealized configuration in which a
photon is emitted with a given frequency measured in the
locally inertial frame comoving with the emitting dust
particle, propagates along a null geodesic, and is sub-
sequently received by another dust particle, where its
frequency is measured in the corresponding locally inertial
frame. As expected, the associated redshift vanishes for
rigidly rotating dust configurations, while it is generically
nonzero in the presence of differential rotation. In GR,
frequency shifts encode not only the kinematical Doppler
contribution arising from the relative motion of emitter and
receiver, but also genuinely gravitational effects due to
spacetime curvature and frame dragging. Their explicit
computation, therefore, provides an opportunity to test the
need for a general relativistic description of the spacetime. In
observational practice, redshift measurements are used within
the BCRS to define the radial velocity measure that underlies
the construction of galactic rotation curves. Interpreting the
redshift as a physical radial velocity, however, requires
modeling the full observational process and, in general,
cannot be achieved from the frequency shift alone without
additional assumptions or approximations. This motivated us
to address how relative velocities in GR can be employed to
define a spectroscopic radial velocity with respect to locally
inertial observers. To this end, we proposed a procedure that
combines spectroscopic and astrometric measurements per-
formed in the observer’s locally inertial frame, yielding a
physically meaningful radial velocity within stationary,
axisymmetric self-gravitating dust solutions.

Much work remains to assess this proposal in practice. A
central aspect concerns the use of a stationary axisymmetric
dust solution of the EE as an effective model of a portion of
the galactic disc. Such solutions are understood as describ-
ing an average motion in regions where their underlying

assumptions are expected to hold, while necessarily neglect-
ing the peculiar motions of individual disc constituents. As a
consequence, the locally inertial reference system con-
structed here, together with the associated radially locked
frame, are adapted to idealized dust geodesics that do not, in
general, coincide with the trajectory of an actual observa-
tional platform. A key step for the practical application of
this framework to the reconstruction of galactic rotation
curves is therefore the identification of a suitable reference
dust worldline that can serve as a representative anchor
between the effective stationary, axisymmetric spacetime
and the motion of a real observer, such as Gaia. While the
present construction has the advantage of not relying on
asymptotically defined “fixed stars™ and instead refers only
to the galactic center and to a local dust congruence, the
explicit operational identification of such a reference dust
element remains open. At present, the motion of an actual
observer can still only be characterized relative to distant
sources, and bridging this description with the effective dust
geometry adopted here is an essential ingredient for direct
comparison with observational data.

From a more technical perspective, an explicit imple-
mentation of the proposed strategy also requires the
detailed computation of the spectroscopic radial velocity
relative to locally inertial observers. This entails a careful
reconstruction of proper motions and their consistent
combination with redshift measurements within the observ-
er’s local neighborhood. Completing these steps would
make it possible to extract velocity profiles calculated in a
fully consistent general relativistic framework that could be
directly confronted with observed galactic rotation curves.
This confrontation would, in turn, allow one to constrain
the underlying metric: since all the quantities derived in this
work are expressed as functions of # and H, the con-
struction provides the map from the model functions to the
observables, and fitting the latter to kinematic data deter-
mines the former.
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APPENDIX A

In this appendix we derive explicitly the solution to
the gyroscope equation (3.45), which can be written
explicitly as
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As discussed in Sec. IIIE2, such equations can be
written in the form,

§=MS, (A2)
where M is the constant matrix
0 a p 0
a% rre H 0 0 —a’n—ze‘”
M= , A3
ﬂ%rze_” 0 0 —ﬂ%e"‘ (A3)
0 a(Q—%) ﬂ(Q—%) 0
with
2
v, n
a:ﬁ(l—p) (A4)
1 ”\
ﬁ:z_H<y,,<1—r2>+r3 . (A5)

Since all matrix elements are independent from z (being
evaluated at constant r and z), the solution of the equation is
simply

S(r) = eMs,, (A6)
where
S
Sy = 5o (A7)
0 — SS ’
st

is the initial configuration (at 7 = 0).

In order to compute ™7, it is convenient to write

M = RDR™!, (A8)
where D is the diagonal form of M, so that
eM* = ReP*R1. (A9)

The eigenvalues of M can be determined as follows.
Notice that since the first and last rows of M are linearly
dependent, the matrix has one zero eigenvalue. Similarly,
the second and third rows are linearly dependent, yielding a
second zero eigenvalue. As the trace of M vanishes, the
remaining two eigenvalues must be one the opposite of the
other. In particular, they satisfy

22 =TrM?*> =2(a® + f*)(x—yz).  (Al0)
where we have introduced
Q 2
X ==r2eH, y:r—e‘”, z=Q—-—. (All)
n n n
Observe that
)
X—yz= ?e‘”H (A12)

is negative, so that 4 is imaginary. The four eigenvalues are
then

(A13)

The eigenvectors corresponding to the 0 eigenvalues are

y 1

0 2 0
v = = —e_” s

0 n 0

X Q

0 0

P

- 1 ”’f( ) G
Uy = = — , Al4
2 a V-H |y, (1 _,Z_z) (A14)

0
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Moreover, if v5 is the eigenvector corresponding to 4,
then v, = 75 is its complex conjugate. A direct calculation
gives

Therefore, the diagonalizing matrix is

y 0 Vet o+ p
/2 2 0 —f ia/yz—x —ia/yz—x
a+p R = (v1v0304) = 0 . .
ia\/m (AIS) a lﬁ\/yZ—x —lﬂ\/yZ—x
Vr =
3 iByT =% x 0 z/a+p z/a+ P
z\/a2+ﬁ2 (A16)
The inverse matrix is
z 0 0 _ 1
yz—x yZ—x
0 e azLsz 0
R_l = _x 1 _ i _ ip y 1 . (A17)
2\ 1p(zy-x) 2a’ ) /yi=x AT 2\ fa R 2y )
_x 1 ia if y 1
2 V@ (2y-x) 2(?+4%)\/yz—x 2 +p%)yi—x 2 V2 (2y-x)
If we conveniently introduce @ such that 1 = iw, 1 0 0 0
0 1 0 0
r 2\ 2 2\ \2 eM* =R 00 dor o R (A19)
w =€ [V 1—? + (v, l_ﬁ +F ; €
1 00 0 o
(A18)
Substituting the explicit expressions for R and its
we finally get inverse, we obtain
__xcos(wr) | yz asin(wr) Psin(wr) __ y(1—cos(wr))
yZ—x yZ—x \/a2+ﬂ2\/m \/a2+ﬂ2\/§z——f yzI—x
ax sin(wr) B a’ cos(wr) __ap(1—cos(wr)) ___ aysin(wr)
eMT _ \/a2+/32 = a2+ﬂ2 a2+ﬂ2 az+ﬂ2 /a2+ﬂ2 =% (Azo)
fx sin(wr) __ ap(1—cos(wr)) o2 + [ cos(wr) __ Pysin(wr)
NN @+ @+ NN
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APPENDIX B

We report the metric quantities used in this work.

1. Christoffel symbols

The Christoffel symbols can be obtained directly from
the definition

1
FZZ/ = Egaﬂ(gﬂ/)’,v =+ gy/i,y - g;w./)’)' (Bl)

Using the metric (2.3) we get for the nonzero coefficients,

1
F;r = Iﬂtrt =VU, _5 32(1//—1/))0(” 5

1
Ch=Th=ve—g s (B2)
It =1t = l 2(p—v) .
¢r — T r¢p T 2 ¢ Hors
I =1t = 1 2(p—v) . B3
¢z T T zp T 5 € Xz ( )
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2. Geodesics equations

(B10)

The geodesic equations associated with the metric

(2.3) are

. 1 . 1 . . .
e (v,, —3 e, ) e <” —3¢v ) 4 Wy, g+ PV g =0, (Blla)
! L 2wv),2 ! L 2,2
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+2 (43, )+ 2 (k5 Y ) =0, (B11b)
. . . . RO
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. ; . : RO
L4 P =y (P =i+ g (P = )i = S e (P = ) + g 7 =, (B11d)
where an overdot indicates differentiation with respect to an @’ A el + 0% A e? 4+ a5 A e
ffi ter.
Atiine patameiet =ew, e Ae +ew, e A e, (B14)
3. Ricci’s coefficients | o ' ) | , 1 e
We choose the vierbein forms @oNne oy Nettwzne :E'u” elne? (B15)
L =evdt, e'=ed et =cidr, > =e¥(dp—ydr) 2 0, 2 1 2 ;1 £ 2 1
; Z . xat).  wgAne’+w Ae w3 Ae =ohceTie Ne, (B16)
(B12)
a)30 A eo+a)31 A el —|—a)32 A e?
The Ricci’s coefficients 1-forms @, are defined by the o 3 | _u 3 )
structure equation, TeW e e Feny, e ne
+ev iy el A+ ey, e A el (BIT)
de® = -, A e’, (B13)
This has solution
together the metric condition @,, = —,, (and the indices
lowered with the flat Minkowski’s metric #,;, with signature 6001 _ 6010 _ e_gy,z 0+ % i . o3, (B18)

(=, +.+,+)). Explicitly,
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i 1
0¥y = w?y = e"w,, e + ie‘/’_g_”)(,r e3,  (B19)
0 3 1 y—5—v 1 2
W'y =Wy = eV (r..e' +yx..e7), (B20)
1 > L I 2
@y = —W7 :Ee Z(H?re K.z € )’ (le)
1 3 1 y—5—v 0 £ 3
W'y == =Sy - ey e (B22)
3 1 w—b-v : 3
W3 = —wh =Sy — ey e (B23)

4. Riemann tensor

Let us start from the computation of the curvature
2-form,

Q4 =dw, + 0. N @, (B24)
It satisfies Q,, = —Q,,,. Moreover, if we set
QY = %Q“,,L.dec A e, (B25)
one also has
Qubed = Ledabs (B26)
Quped = ~abde (B27)
Quped T Lacap + Lagpe = 0. (B28)

These coefficients are easily calculated directly from
(B24). We get

1
- 2 -
Qo1 = €7V, +e T ; +§e 2y

1 3
—5 ¢ = eIy 2 (B29)

Qo020 = € v, +e v, v, — E e, p.,

1 3

- 5 e_ﬂyaz Hor — Z ezw_ﬂ_2y)(ﬂz)(’r B (B3O)
1 H" H"
Qo113 = —Ee_faz(el"_i_")(’z)
- Z el//—ﬂ—l/)(’r Hir —eVThY Wz (B31)
[P o
90123:—56 20, (e sz)‘ie W

1 1

+ Z el[/_ll_l/)(’r l'lvz - 5 elll_ﬂ_b sr Wsz ) (B32)

1
Qo1 = e, ey, v, _Ee 2y

1 3
_Ee_ﬂl/’r,uaz_Zezyl_”_zyx,z){,r, (B33)
1
Quoop = €7 v,,, +eH .} +§€_”V’z e
1 —H 3 2p—pu—2v,, 2
_Ee U’r:u’r_ze s (B34)
1 w—5—v 1 W—p—v
Q0213:—5‘3 20, (e )(’r)_ie r Wz
1 1
+ Z evTITY sz Msr — 5 eV sz Wors (B35)

1 1
Qo3 = _Ee_%ar(ew_%_b)(’r) —ew—”_”)(,rll/,r—Ze"'_”_”%zﬂ,z’

(B36)
l y—b—v 1 W—p—v
Qo312 =3¢ 20,(e¥ ’z)‘f'ze KX oy
1 1
— ie_%az(ellf_%_b)(w ) — ZelI/—//l—I/ o foz s (B37)
- 1 2u—pu—2v,, 2
Q0303 =e ﬂl/?z l//7z +Z€ H 'z
1
+e‘”u,,l//,,+zez”"”‘2” 2, (B33)
1 — 1 i
Qo = —5‘3 Horr _Ee Hizzs (B39)
| | R
Q03 = Ee"' H U,Z)(,r—ie"’ L Vi
| |
+§€"’ " x,zw,r—ze”’ W (B40)

1 1
Q301 = —56‘501(6""%‘”)(,1) —e""”‘”x,zW,Z—Ze""”‘”)(,rﬂ,r,

(B41)

1 . w—toy 1 P

Q300 = —5¢ 20.(e" "y, ) 3¢ W
1
+ Z evTrTY sz Msr — 5 eV sz Wsrs (B42)
Q313 = _e_%az(e_gl//’z) - 6_”1//,%
1 1
- Z 621/1—;4—21/)(’% - 5 6_”/,{,, Yrs (B43)
Qs = —e720, (e 2y, ) — e My y,,
1 1

- Z ezy/_ﬂ_zy)(’z Xor T 5 e_ﬂ/'hz Virs (B44)
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“_

1 1
Q301 = —56_%@(6"/_2 “Yoe) — Eel"_"_y){,z Y,y

1 1
+Zev’_ﬂ_y){7rﬂvz —Ee'l/_ﬂ_’//}l/’r l//,z ) (B45)
1 K _H_ i
92302 = _Ee 26r(ew 2 D)(ar) — ey s Wsr
1
VG ST (B46)
Qi3 = —e20,(e72y,. ) — ey y,,
1 1
- Zezw_ﬂ_zy)(’z){:r +§e_”,u,z Vo (B47)
Qy33 = _e_%ar<e_%l//7r) — ety
1 1
— Z 621//—/4—21/)(7% _ E etu, y,. . (B48)

These simplify when restricting to the equatorial plane
and assuming symmetry,

Qoro1 = 5 €7V oy (B49)
Lo —v
Qi3 = —ZE‘" Ko Mo s (B50)
—H 21 - 2y—p—2v,, 2
Qoo = €71, te My’r_ie ”y’rﬂ’r_zew ! r s
(B51)
1 £ !//—K—l/ Y—p—v
Qomy = —7e 20,(eV 2y, ) —e W, (B52)
- L
Q3 = €7"v, y,, +Z€ LR P (BS3)
1 _
Qpypp = —5¢ “horr s (B54)
L - -v
Q301 = —Ze"’ K e Moy s (B55)
1 _
Q313 = —5¢ Klsr Wor s (B56)
1 £ (//—K—l/ Y—p—v
Q2302 = _Ee Zar(e 2 )(vr) —e o Wors (B57)

1
Qyp3 =—e730,(e 2y, ) — ey 2 —Zez""”‘z’“;(,% . (B58)

The Riemann tensor is then related to the coefficients of
the curvature form by

Rype = eﬁefe;egﬂabcd. (B59)

The independent, nonvanishing components of the
Riemann tensor are

Ry =Q0101€% T +2Q0, 136" TV y + Q31562 %, (B60)

17tz

_ 2u+ +,
R = Qoio0e™ ™ + (Qo123 + Qoiz) e ¥y

+ Qa3 T, (B61)
Rip = Qoiize” ™V + Qe ™y, (B62)
Rirp = Qoize” MV + Quzpze ™y, (B63)

_ 2u+, v4pu+ +2y .2
Rty = Quopae™ ™ + 2Qpp03e" ™V g + Qozo3el ™ 7,

(B64)

Riyop = Quoize” ™V + Qpy3e ™y, (B65)
Ry = Quopze MV + Qppyel T2y, (B66)
Rigip = Qo332 2V, (B67)

Ry = Qozpe? v, (B68)

R = Quappe™, (B69)

Ry p = Q33eH Y, (B70)

Ryprp = Q™20 (B71)

Restricting to the galactic plane and imposing symmetry
with respect to it we obtain

sztz = Q0101€2u+ﬂ + 2901136D+M+I[/Z + 91313€”+2V’)(2,
(B72)
Riop = Qopize” ™™ + Qa4 ™y, (B73)

_ 2u+ V+p+ +2y ,,2
Rty = Q™™ + 2Qpp03e" ™V y + Qozoze ™y,

(B74)
Ry = Quooze” MV + Qppyel T2y, (B75)
Ripp = Quz3e> 2, (B76)

R, = Qppppe%, (B77)

Ry = Q33eH TV, (B78)

Ryprp = Qozpzet ™. (B79)
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APPENDIX C

The Riemann tensor in the local inertial frame is given by

B
Rabcd = R(l/)’ﬂyezelbelgef[’ (Cl)

with {a, b, c,d} €{0,1,2,3} and {«, B, u,v} €{t,z, 1, ¢}. The calculation is performed in the galactic plane and assuming

reflection symmetry with respect to it. There are twelve non-vanishing, independent components:

e H
RO]O] = ﬁ{ezw(x - Q)L“ar)(sr +(Iu7r W, +2l//’zz )()( - Q) + 2)(azz] - ezy(/’t’r U,y +2l/vzz )}’ (Cz)

e #sin(wr) » )
R0112 = T {2’76 (zy’zz U Vs ) —-e W[zﬂ()( - Q)[zﬂf’zz U X +(Z - Q) (2W’zz U Y, )}

+ Hp)(’zz TH Xor +2(Z - Q) (21//’22 T Wy )H}’ (C3)

e cos (wr
T) {27]621'(21/’ZZ +ﬂ’r D’r ) - ezy/ [27]& - Q) [2X’ZZ +M’7‘Z’V +(X - Q) (2VI’ZZ +M’r W’r )]

+H[2)(’zz U X +2()( - Q) (2W’zz U Y, )H}’ (C4)

(C5)

Roii3 =

—p—2v
Ropn = eéerH {eM7? cos? (wr) (y — Q)%y.2 +2e%[2e* H sin(w7)v,, y,, +12 cos?(w7) [, v, —2(v,2 +1,,, )]

+ 2 eV Hsin(wr)y.7 =17 cos?(@7) [r., (=200 = Q) (ko +20,, ) + 31, ) = 200 = Qs 0]
+4r? cos®(07) (r = Q) 3y, Wor Horr T = Qw7+ )11 (C6)
e #% sin(2wr)
8r*H
+ U [ Hy 24207 — Q) (o +20,, ) = 31 o +2(1 — Q) w0,
—41’2(){ - Q)B)(’r Vor T +(X - Q)(W’% Yoy )H}’ (C7)

R0203 = {6_4'//}"2()( - Q)z)(?% +2e4y[262WHer Yr +r2(_ﬂ7r U,y +2(U’% +V’rr ))]

e M cos(wr
T() {e_2D_2W[H + 77()( - Q)]()( - Q))(’% +2€2(D_W>’1[_Mvr Uy +2(1/,% TV )]

- H[_[(/'l7r +2V7r ))(vr] + 2[3)(7r _()( - Q)(Mvr _21//7r ]l//vr +2)(7rr +4(Z - Q)err ]
- 7][3)(’% _29[_)(7r (ﬂvr +2y7r _6W7r ) + 2Zvrr} + 2)([-[(#, —r+ 21/7;’ ))(’r]
+ 203 QU =20 )W A2 =4 |+ 20 gy, 2007 + Q) (W Ay )] (C8)

Ryxs =

e—p—Zb

0303 — 47‘2H
+ eV H cos® (wr)y.7 —r* sin® (w7) [r., (=2(r = Q)) (o +20.,) + 37, ) = 200 = Q) . |

+4r7 sin®(w7) (r = Q) B wor 4 + 00 = Qw7 ., 1]} (C9)

{eMr? sin?(wr)(y — Q)%y,2 +2e*[2e* H cos? (wt)v,, y,, +1* sin®(w7) [, v,, —2(v,2 +v,,, )]]

e * 2 sin(wr
R0323 = - T() {6—20—21// [H + 770( - Q)] ()( - Q))(?% +262(l/—y/)n[_”’r U,y +2(U’% +U7rr )]

— H[~[(u., 20, )., ] + 20837, =00 = Q) (o =20 o + 200 +4 00 = )y, ]

— 0312 =29y, (or +20, =6y, ) + 24, |

F 2 [~y =1 + 203, 0 | 4 237, +Q =20 ) +20 0 —4Qp,,, |

20wy 2007 + Q) (wid +wy, )] (C10)
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e
2r?
+62W(Z - Q) [2)(’zz Thy Xor +(){ - Q) (21//711 U W, )H

+H{€2W Sinz(wT)r][zX’ZZ FH Xor +2(Z - Q) (zw’zz TH Wy )] —r cosz(wr) (ﬂ’zz Ty )]}’ (Cl 1)

m
R = q {eszz Sinz(m)(Zl//,zz i, w., ) + sin? (wT)ﬂz[_ezy(ZV,zz ., v.,)

e #sin(2wr)

Ripi3 = 20 {eVH* 2y, +p., v, ) + 17 [=e* (v, +ptp v,y )

+ (f = Q)2 ze o or (0 = Q)20 )]

FH[e020 oo o or 200 = Q) (29 Fp W )] A 7 (e a2 )]} (C12)
e H

Rl3l3 = {82V/H2 COSZ(COT) (21/1111 TH Wy ) + COSZ(a)T)nZ {_ezy(zy’zz Tl sy )

2r°H
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(C14)

e—y—Zu

R2323 = 4r2H {841// [H + ’/I(}{ - 9)2})(7% +2641/772Luw U,y _2(1/9% +I/vrr )]

+ U 2HR = [( +20, 100 ]+ 2320 =00 = Q) (lor =200, )W 42000 400 = Q]
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For the BG model one finds ]
e M[sin*(@7)p., +1cos® (@) (e +ie: )]

. R — ,
Ro e #sin(wt) (20, +1., ., ) 16 1212 5
ol =~ = , (C16) o)
_ et COS(wT) <2'77zz 1. sy )
Roii3 = 4r ; (C17) Rips = — e sin(2t)[—ptyy +1(Hrr +Hszz )] ©23)
4r ’
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R e #[cos?(wt)u,, +rsin®(07) (Uspr sz, )]
_ et cos(wr)(=n., (2 + rp, ) + 21, ) 1313 = > ,
Rons = 472 , (C19) c24
—p,, 2
Rpzo3 = e_z,,’ (C20) (32 12,
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