PHYSICAL REVIEW D 112, 034007 (2025)

DB dynamics in chiral effective field theory

Zhe Liu®,"*>" Hao Xu®,"" and Xiang Liu®'**>*

'School of Physical Science and Technology, Lanzhou University, Lanzhou 730000, China
*Lanzhou Center for Theoretical Physics, Key Laboratory of Theoretical Physics of Gansu Province,
Key Laboratory of Quantum Theory and Applications of MoE, Gansu Provincial Research Center
for Basic Disciplines of Quantum Physics, Lanzhou University, Lanzhou 730000, China
3MoE Frontiers Science Center for Rare Isotopes, Lanzhou University, Lanzhou 730000, China
*Institute of Theoretical Physics, College of Physics and Electronic Engineering,
Northwest Normal University, Lanzhou 730070, China
*Research Center for Hadron and CSR Physics, Lanzhou University
and Institute of Modern Physics of CAS, Lanzhou 730000, China

® (Received 16 March 2025; accepted 16 July 2025; published 13 August 2025)

In this work, we systematically study the interactions of the S-wave D*)B™) systems within the
framework of chiral effective field theory in heavy hadron formalism. We calculate the D) B*) effective
potentials up to next-to-leading order, explore the bound state formations, and investigate the D) B(*)
scattering properties, such as scattering rate, scattering length, and effective range. Our results show that all
I = 1 D™ B™ potentials are repulsive, preventing the formation of bound states, while the I = 0 potentials
are generally attractive. Specifically, we get two important observations: first, the shallow bound state is
more likely to exist in the DB[I(J”) = 0(0%)] system than in the DB*[I(J¥) = 0(1%)] system; second,
D*B*[I(J*) = 0(07)] and D*B*[I(J¥) = 0(17)] systems possess relatively large binding energies and
positive scattering lengths, which suggests strong bound state formations in these channels. So, the
attractions in the D*B*[I = 0] systems are deeper than those in the DB*)[I = 0] systems, thus we strongly
recommend the future experiment to search for the D*B*[I = 0] tetraquark systems. We also investigate the
coupled-channel effects on the J = 0, 1 systems and conclude that the inclusion of the coupled channels
introduces small but visible influences. In addition, we also investigate the dependencies of the DB™)
binding energies on the contact low-energy coupling constants.
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I. INTRODUCTION

The study of exotic hadrons has become a vibrant
frontier in particle physics, offering profound insights into
the nonperturbative regime of strong interactions. In recent
years, LHCb collaboration has made groundbreaking dis-
coveries that have significantly advanced our understand-
ing of multiquark states. In 2020, LHCb reported the
observation of two resonances, X((2900) and X,(2900),
in the D™K™ invariant mass spectrum of the BT —
DTD™K™ decay process [1,2]. These states, with quantum
numbers JP =0t and J” = 1T, respectively, were
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identified as the first tetraquark candidates with the exotic
quark content uds ¢. This discovery was followed in 2021
by the observation of the double-charm tetraquark state
T¢. in the DDz invariant mass spectrum [3,4]. Shortly
thereafter, LHCb reported two additional open heavy-flavor
tetraquark candidates, 7%,(2900)** and 7%,(2900)°, in
the D} z* final states of the B — D™ D{z" and B’ —
DD decays [5,6]. These states are believed to have the
quark content c3ud.

These experimental discoveries have spurred extensive
theoretical investigations into the nature of open heavy-
flavor multiquark states. Various approaches, including
QCD sum rules, lattice QCD, and effective field theories,
have been employed to explore their properties and
structures (see Refs. [7-34] for comprehensive reviews).
These studies have deepened our understanding of the
exotic hadron spectrum and highlighted the importance of
investigating the interactions of dimeson systems, particu-
larly those involving doubly heavy quarks.

Doubly heavy dimeson systems have attracted signifi-
cant theoretical interest due to their potential to form stable

Published by the American Physical Society
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or quasistable molecular states. For instance, Li et al
explored the possibility of deuteronlike molecular states in
DD BXBX and D®B™) systems, identifying sev-
eral promising candidates [35]. QCD sum rules have been
applied to study exotic open-flavor tetraquark states, such
as bcqq, bess, qegb, and scsb, revealing that some of these

states lie below the D®B® and DB thresholds,
making them susceptible to decay via fall-apart mecha-
nisms [36]. The color-magnetic interaction model has also
been used to calculate mass splittings for ggQQ tetraquark
states [37], while the molecular picture has been employed
to investigate the binding energies of T, and its bottom and
strange partners [38]. Additionally, the complex scaling
method has been utilized to study doubly heavy tetraquark
bound and resonant states [39].

The stability of doubly heavy tetraquarks, particularly
those involving bottom and charm quarks, remains a topic
of active debate. While some studies suggest that states
such as bbid, bbiis, and bbds are stable against strong
decay [40], others argue that bottom-charm tetraquarks
may not be stable [41-47]. The production mechanisms
and detection prospects for these states at colliders have
also been explored, with estimates suggesting significant
production cross sections for double-bottom and mixed
bottom-charm tetraquarks at the LHC [48].

Recent lattice QCD studies have provided further
insights into the properties of doubly heavy tetraquarks.
Meinel ef al. found no evidence for QCD-stable bcud
tetraquark states [49], while Alexandrou et al. and
Padmanath et al. reported shallow bound states for isoscalar
beud systems [50,51]. These findings, along with the
identification of subthreshold poles in the DB scattering
amplitude [52], significantly advanced our understanding
of the weak decay behaviors of DB molecules [53].

In this work, we investigate the interactions of S-wave
DB, DB*, and D*B* systems using chiral effective field
theory (ChEFT) in the heavy hadron formalism. ChEFT, a
low-energy effective theory of QCD, has proven to be a
powerful tool for studying hadronic interactions, particu-
larly in the context of nucleon-nucleon systems [54,55]. By
incorporating heavy-quark and chiral symmetries, ChEFT
provides a robust framework for analyzing the interactions
of heavy mesons. Previous studies have applied ChEFT to
systems such as D)D) [56,57], B®¥)B™) [58,60], and
hidden-charm systems [59], as well as to the interactions of
heavy pentaquark molecular states [61-63]. These inves-
tigations have demonstrated the effectiveness of ChEFT in
describing the low-energy dynamics of heavy hadrons.

This paper is organized as follows: In Sec. II, we
introduce the chiral effective Lagrangians with SU(2)
flavor symmetry used in our calculations. In Sec. III, we
present the scattering amplitudes and derive the effective
meson-meson potentials. In Sec. IV, we analyze the
numerical results, examining the behaviors of the effective

potentials and searching for possible bound states by
solving the Schrodinger equation. We also examine the
coupled-channel effects. We discuss the scattering 7-matrix
and extract physical quantities, such as the scattering rate,
scattering length, and effective range. Finally, in Sec. V, we
summarize our findings and discuss their implications for
future studies of doubly heavy tetraquark systems.

II. EFFECTIVE LAGRANGIANS

Within the framework of ChEFT in the heavy hadron
formalism, the low-energy D) — B*) scattering ampli-
tudes are expanded order by order in terms of a small
parameter € = g/A,, where g represents the momentum
of a Goldstone boson, the mass difference between D* and
D mesons (or B* and B mesons), or the residual momentum
of a heavy meson. The parameter A, denotes the chiral
symmetry broken scale or the mass of the heavy mesons.

A. Lagrangians at the leading order
At leading order (LO), the Lagrangian describing the LO
contact D) B™) interaction is
£ = D, Tr[Hy, H|Tr[Hy"H)
+ Dy Tr[Hy,ysH|Tr[Hy*ysH|
+ E,Tr[Hy,wH|Tt[Hy"z,H|
+ E,Tr[Hy,yst*H]Tr[Hy*yst,H], (1)
where D,, D,, E,, and E, are independent low-energy
coupling constants (LECs), and z* represents the Pauli
matrix in isospin space. The heavy meson doublet (D, D*)

or (B, B*) is described by the H field in the heavy hadron
formalism [56,58,59],

L+¢

H = ——(Pur* + iPys),

H=y°H"Y" = (P'y" + iPys) #
P=(D°.D%) or (BB,

P, = (D*,D*"), or (B*,BY), (2)

where » = (1,0,0,0) is the four-velocity of the heavy
mesons. For the D*B* system, the scattering amplitudes
receive contributions from the one-pion-exchange inter-
actions at LO. The Lagrangian for the LO D*D*x vertex or
B*B*m vertex is given by [56,58,59]

Ly, = ~{(iv-0H)H) + (Hv -TH) + g(HysH)

1 _
—§A<H6"”H0'ﬂy>, (3)

Lo=3.0.8,  w=3(08. @
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where A in the last term represents the mass splitting
between D and D* (or B and B*), I, is the chiral
connection, u, is the axial vector current, and &=
exp(i¢p/2f). Here, f is the bare pion decay constant,
and the pion field ¢ is
o= 2V )
V2= -n® )

B. Lagrangians at next-to-leading order

At next-to-leading order (NLO), the scattering ampli-
tudes receive contributions from one-loop corrections to the
LO contact interaction, one-loop corrections to LO one-
pion exchange (OPE), and the two-pion-exchange (TPE)
terms. To renormalize these loop contributions, we employ
the contact Lagrangians at NLO as follows:

L3 = DITe[Hy, H]Te[Hy" H|Tr ()
+ DyTt[Hy,ysH]Tr[Hy'ysH|Tr(x ;)
+ ETr[Hy, = H|Tr[Hy*7, H]|Tr(y, )

+ ERTe[Hy,yst* HTr[Hy*ysz H Te (), (6)

ﬁ = {D' Tr[(v -DH)y,(v- DH)|Tr[Hy"H|
,Tr[(v- DH)y, H|Tr[(v- DH)y"H|
T4((0 - DH)y, HITe{Hy* (v D)
Tt[((v- D)*H)y,H|Tr[Hy" H]
+DZ1TI‘[(U DH)y,ys(v- DH)|Tr[Hy*ysH] + - -

E\Tr[(v- DH)y,7*(v - DH)|Tr[Hy*t H] + - - -
+ EblTr[(U - DH)y,yst(v - DH)|Tt[Hy"ys7,H]
+---}+Hec, (7)

L7 = {DITe[(D"H)y, s (D*H)|Tx [Hy, ysH]
+ DITr[(D*H)y,ysH]Tr[(D*H)y,ysH|
+ DSTr[(D*H)y,ysH|Tr[Hy,ys(D*H)]|
+ DZTI[(D”D”H)}’y}’sH]Tr[Hh%H]
+ E{Tt[(D*H)y,yst*(D*H)|Tt[Hy,ys7,H|
+---}+Hec., (8)

where

B 1
T+ =X+~ ETrb(i]’ b = ETpEl + Eyé, X =mz.

The low-energy constants appearing in the above equa-
tions are split into finite and infinite parts. The infinite parts

are used to cancel the divergences of the loop contributions
at NLO. The finite parts also contribute but are not
determined here due to the lack of data input. Therefore,
we just discard them.

After the scattering amplitudes for the D) B*) systems
are calculated using the above Lagrangians, the effective
potentials in momentum space can be obtained via the
relation

V(g) = ———. (10)

where the factor —1/4 comes from the Breit approximation.
To understand the interactions and further investigate
whether the D*B) systems can form stable molecular
states, we need the potentials in coordinate space. Fourier
transformations of the momentum-space potentials allow
for their derivation,

Vo= [ %v<q>e—fq-ff<q>, (1)

where F(q) is a regulator function. To avoid ultraviolet
(UV) divergence in the integral, we use a Gaussian
regulator function F(q) = exp(—q>*/A?"), and an ade-
quately large n is adopted so that the powers generated by
the regulator are beyond the order at which our calculation
is performed so that it does not affect the accuracy at the
given order [56,58,59,64,65]. Therefore, we chose 2n > ¢
for the contact terms at order . Here, we take n = 2. Based
on the potentials in coordinate space, we can solve the
Schrodinger equations to search for the possible bound
states.

Simultaneously, according to the effective potentials in
momentum space, we can also solve the Lippmann-
Schwinger equations to calculate the partial-wave two-
body scattering amplitudes 7,

Tk, k') =V(k,K)

+/%V(k q)G(E,q)T\(q. k'), (12)

where E = p?/(2u) is the energy and u is the reduced
mass. The Green’s function G(E, ¢) is given by

1
—(q*/2u) +ie’

G(E.q) = 3 (13)

The relation between the 7 matrix and the phase shift  is
Tl = ¢l Sin5l. (14)

Considering the S-wave, in the low-energy limit the
k cot 8,(k) can be expanded in powers of k2,
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I 1
kcotéo(k):—5+§r0k2+...’ (15)

where a is the scattering length and ry is the effective range.
The ellipsis represents higher-order terms in k. The S-wave
scattering cross section is proportional to the phase shift,

V¥4

oo(k) = 2 sin?§y (k). (16)
To facilitate a comparison with lattice QCD results [50],

we will also compute the scattering rate ko (k).

I11. EFFECTIVE POTENTIALS OF
THE D“B*) SYSTEMS
A. DB systems
As shown in Fig. 1, at LO, there is only a tree-level
contact diagram for the scattering process D(p;)B(p,) —
D(p3)B(p,). Using the Lagrangians in Eq. (1), the ampli-
tudes can be written as follows:

MY = 4D, +E,) (17)

for isospin / = 1, and for isospin I = 0,
(0)
M, =4(D, - 3E,). (18)
Next, we consider NLO contributions illustrated in
Fig. 1. There are two types of NLO diagrams. The diagrams

in Fig. 1 represent one-loop corrections to the LO contact
interaction, and the corresponding amplitudes are given by

MP, = —aa(d-1)2 3 (19)

(al.1)

(al.3)

g1

Mfl)z = —4A(d - 1)7;]52, (20)
M)y =4A(d-1) 9}22 7. (21)
M )4 = 4A(d 1)9}212 5. (22)
My ==3aa-0 %o @)
Mg = —A(d— 1) fza 5. (24)

Here, d represents the space-time dimension, and the
coefficient A depends on each diagram and isospin I,
which is listed in Table 1. The coupling constants g; and
g, refer to the bare coupling constants for the DD*x and
BB*r vertices, respectively.

Using the Lagrangians in Eq. (3), the amplitudes for the
TPE diagrams in Fig. 1 can be written as

1

2

M<cl).1 = 4f [A (CIOJO +J22)

—As(qgdty + a5, + J5,)
— Asi(q3J%) + a5, +J5,)

+ As(qgJh + 29577, + agth +75,)]. (25)

(al.4) (al.5) (al.6)

(cll) (clv.2) (c1.3)

FIG. 1.

‘(01.4)‘ (c1.5)

LO contact (al), NLO contact (al.1-al.6) and NLO TPE (c1.1—c1.5) diagrams of the process DB — DB. The thin solid,

double-thin solid, solid, thick solid, and dashed lines stand for the B, B*, D, D*, and a pion, respectively.
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TABLE I. The coefficients appearing in the contact amplitudes TABLE II. The coefficients appearing in the TPE amplitudes
[Egs. (19)-(24)]. [Egs. (25)—(29)]. Note that we have As; = Ajs.
I=1 I1=0 I=1 I1=0

A A W 2} Ay As Ajs A As Ajs W w2
AalAl 0 0 —52 —52 ACH % % —% —% _13_6 13_6 0 0
A2 0 0 =4 =0, Auax § —-§ 0 -3 ¥ 0 -5 0
Aals L(Dy + Ey) 1 (=3Dy, +9E}) -0y =&  Aasz  § —i 0 -3 3 0 =0y 0
Al 1(Dy + Ey) 1(=3D, +9E) =4 =6  Aqs £ O 0 = 0 0 -6 -6
Auls D,+E, D, -3E, -0 0 A % 0 0 —% 0 0 )
Aa1.6 Da +Ea Da _3Ea _52 0

2
MEBz = _4’_{A [90G%T%, + G254 — (d — 1)qoJ7,

+ 610612J32 + U= (d=-1)J3]

—AS[quZJT (d = 1)goJ%,

+240G° 05, + 3203 — (d = 1)goJ3,

+ 0§75 + G — (d = 1)J3]}, (26)

2
M£1).3 = _4’_{A [90G%T%, + G234 — (d — 1)qoJ7,

+ quzJT +475 = (d = 1)J3]

—AS[quZJT (d = 1)goJ%,

+2q0G° 5 + GJ5 = (d = 1)qoJ3;

+ @I + G — (d = 1)J3,]}, (27)

i
+2g"J% + (d* = 1)J4,
= 2(d+ 1)g*J§ + 5], (28)

MZ, = =320% + 3% - 2(d + DT,

ME) = -4 ﬁ—f%A[—aszl +q*'J%, —2(d + 1)q*J%,

+ 248, + (? - 1)J%
=2(d+ 1)1 + §H). (29)

where coefficients Ay, Ays, As;, and A5 for each amplitude
can be found in Table II.
In the above amplitudes (19)—(29), the loop functions

J‘f/h(m

h T/S
ij a))’ J;J// (mva)]va)Z)’ Jg(mlsty CI), Jl]/ (m]1m29

,q), and JB/R(m, , My, Wy, w5, q) are abbreviated as J“/h

q/h F T/S B/R
Ju s Ju’ J,] s andJ
and m, denote the plon mass, while the mass-splitting-

dependent variables @; and ®, for every amplitude

, respectively. The variables m, m,

are collected in Tables I and II. Here, we define §; =
Mp- —Mp and 8, = My — My as the D* — D and B* — B
mass differences, respectively. We list the definitions of the
loop functions in Appendix B, and the calculation proce-
dures of these loop functions follow the Refs. [56,59].

B. DB* systems

We now focus on the DB* system. As in the DB system,
a contact term contributes to the DB* scattering ampli-
tudes at LO, as shown in Fig. 2. For the process
D(p,)B*(p,) = D(p3)B*(p4), the scattering amplitude
is given by

MY = —4(D, +E,)(e, - €5), (30)
with isospin / = 1, and
MY = —4(D, = 3E,)(e, - €). (31)

with isospin / = 0, where €, and ¢, are the polarization
vectors of the initial B* and final B*, respectively.

Next, in Fig. 2, we present the one-loop corrections to the
contact diagram and the TPE diagrams of the DB* system
at NLO. We can calculate the amplitudes for these diagrams
using the Feynman rules derived from the Lagrangian (3).
The one-loop correction terms are

MG, =42 7 AJ32<e2 €3). (32)
M. — 45 (4= 3)(d = AT (s - € 33
a2 — fz ( )( ) 22(62 €4), ( )

2) g% g .
Ma2.3 = 4]72 (d - 1)AJ22(€2 : '54)’ (34)
MG, = —4%AJ (e €3). (35)
/\/1222)5 =—4=7 99 AJ22(€2 64)v (36)

f2
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(021) (c2.2) (c2.3) ,(02.4) ‘((22.5) |

(c2.6) ( (02.7)\ (c2.8)

FIG. 2. LO contact (a2), NLO contact (a2.1-a2.10) and NLO TPE (c2.1-c2.8) diagrams of the process DB* — DB*. The thin solid,
double-thin solid, solid, thick solid, and dashed lines stand for the B, B*, D, D*, and a pion, respectively.

MY = 4%(01 3)(d = 2)AT (e €}).  (37)

a26 —
MY, = z4f (A1 (GoTS, + T34 + qoT3, + J33)
2 _ _ M _ _ h e
My =42 (a=3)(d=2)Al (e ). (39) —As(aol + 24008, + s
o) 38 + 405 +I33)(q - €)(q - €)
b b
Mz (s:9) =5 fZAKd 20007 5(@1) + 00 (@2)] + [Ai(q0T3, + 34)
x (&5 - €), (39) = As(qol5, + aod3; + J3))(€2 - €3)}. (42)
2 3g1
M =3pd=2A0 (e ). 40) o )
Mz = —’4]T4(d— 3)[A(qod3, + 54 + QOJ§2 +J33)
The TPE diagrams consist of football, triangle, planar, and A 7S 420 JS 4 JS
crossed box diagrams. The corresponding amplitudes are —As(q0/1 + 29073 + T2
given by + 4073 +I33))(q-€)(q- €))

b 1
M<c2?1 =4— (A (g8 + %) = 3){A1lq0q* I3, + G234

f
+ Ais(qg/T) + q0)5 +I5) +(2 d)qoJ3) + 90q* 5 + 33
_ASI(‘I(Z)Jfl + qOng +J5) + (2= d)J3,] - As[qoq* I3,
+As(qpJ§ + 24577, +(2=d)qo(J3, +J3)) + 29037 I35 + G5,
+

+ q3J%, + J5) e - €5, (41) QoG I + I35+ (2= d)J3y]} e -€)),  (43)

034007-6
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2
.9
M3, = —H A 0@ T, + P+ (1= Do

+ qoq* I, + T + (1 - d)J%,] — As[qog? ],
+ (1 =d)qo(J3, + %) +2q0G° 5, + G°J%,
+ 407 V5 + I+ (1 =)L)} (e €;),  (44)

2 .2
2 aq19 -
M= AT AL = P+ (d+ 3R + )

- Zf_izjgz - 52153](4 - 6)(q - €})
P I - (L e )} (49)
2 2
2 919 .

Mgz?é = 4% (d—-3)A{[J5 - G*J5, + (d+3)J5
—2q°0% + (d+3)05 — I (q - e)(q - €)
+ [ I8 + §* % — (2d + )G (J5 + TE)
+2g" 0% + (d + 1)(d = 2)J5 + §* %] (e, - €5) .

(46)

2.2
2 919 o
MG, = ASE AV - @I + (@ + 30K +T8)
- 2‘?2J§2 - Z[’QJﬁ](q : €2)(Q : €Z)
-5 - (L +d)J5 + @I (e - €5)}. (47)

M, = 4998 (g A (78— P + (d 1 3
c2. f4 21 22 31
—-2¢°7% + 375 - I (q - ) (q - €5)
+ [=¢2 5 + g* % — (2d + 1) (J5, +T15)
+2g%% + (d+ 1)(d = 2)J5 + G5 (62 - €3)}-
(48)

TABLE III.  The coefficients in the NLO contact amplitudes in
Eqgs. (32)—(40).

I=1 I1=0
A A [oN w,
Ani 13D, —E,) 1(Da + E,) 2 62
Apn 13D, - E,) 1D, + E,) 0 0
Ans 0 0 = =6
Apa 1(D, +E) = (D, —3Ey) 0 =0y
Aps 1(Dy + Eyp) 2 (D, - 3E,) =J 0
Aps 1(Dy, +Ep) = (D, —3Ey) 5 =0
A7 1(Dy + Ep) 2 (D —3Ey) =0y 5
Au2.(849) D,+E, D, -3E, 0 125
Au2.10 D,+E, D,-3E, =d 0

TABLE 1IV. The coefficients in the TPE amplitudes
[Egs. (41)—(48)]. Note that we have A5; = As.

I = I1=0

A As Ajs Ay As Ajs wy >
A2i %5 1% "% 16 "% 1w O 0
Ann é —@’ 0 - % % 0 0 0
Aoz é - é 0 - % % 0 0y 0
Aca 4 —h 0O =¥ F 0 -5 0
Ao % 0 0 19—6 0 0 -0 0
Ans % 0 0 1% 0 0 -0 Oy
Ao % 0 0 - 13—6 0 0 -0, 0
Ansg 1% 0 0 T_g 0 0 -0, Oy

The coefficients in the above expressions are listed
in Tables III and IV. In this work, we focus on the
S-wave interactions, so we replace the terms €, - €; and
(q-€)(q-€;) in the equations with [56,58,59]

(¢ e)q-e) > ——F.  (49)

C. D*B* systems

Next, we consider the D*B* systems. At LO, both the
contact and OPE diagrams contribute to the scattering
amplitudes, as shown in Fig. 3. At NLO, there are one-loop
corrections to the LO diagrams and newly appeared TPE
diagrams shown in Fig. 3. Compared to the DB and
DB* systems, the D* B* systems include significantly more
diagrams, resulting in more complex interactions. The
corresponding scattering amplitudes for these diagrams
are listed in Egs. (50)—(53) and (57)—(98).

At LO, utilizing the Lagrangian presented in Eqgs. (1) and
(3), the contact and OPE contributions of the scattering
process D*(p,)B*(p,) = D*(p3)B*(p,) depicted in Fig. 3
read

Mi(? =4[(D, + E,)O, = (D, + E,)O,

+ (D, + E;)Os), (50)
0 9192 Q(q,61,€2,€§,ej)
Mb3 - f2 q2 _ m}z{ (51)

for isospin / = 1, and we have

M (0)

(a3) = 4[(Du + Ea)ol - (Dh + Eb)OZ

+ (D + E;) O3], (52)
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(b?.)_'l) (b3.2) (b33) (b3;.4) (b?;.5) (b36) (b3.7)

(b3.8) (b3.9) (b3.10) (b3.11)‘ (b3.12) (b3.13) (b3.14)
4,,;'->‘«\:; 2T //'->‘\“

(b3.15‘) (b3.16‘) (b3.175

(c3.1) (c3.2) (c3.3) (c3.4) (c3.5) (c3.6) (c3.7)

(c3.8)‘ ‘(c3.9) | (c3.10j @3.115 (lc3.125 ,(03.13)\

FIG. 3. LO contact (a3), LO OPE (b3), NLO contact (a3.1-a3.20), NLO OPE (b3.1-b3.17), and NLO TPE (c3.1-c3.13) diagrams of
the process D*B* to D*B*. The thin solid, double-thin solid, solid, thick solid, and dashed lines stand for the B, B*, D, D*, and a pion,
respectively.
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0192G(q.€1.€2,€5,€})

0 _
M(b3) - fz qz _ m%

(53)

for isospin / = 0.

Here, ¢ (¢;) and €}(e}) stand for the polarization vectors
of the initial D*(B*) and final D*(B*) mesons, respectively.
For convenience, we define

= (€1 €3)(e2 - €3), O, = (&1 - €3)(e2 - €3),
O; = (e1 - )(€5 - €}), O3 = (q-€3)(q - e)(er - €}),
O} =(q-e1)(q-€;) (e - €3),
05 = (q-€3)(q - €x)(er - €2),
O} =(q-€)(q- )€ - €). (54)
and

G(g.€1.€2.65.€;) = G*(Or — O3) + (OF — 0F)
+ (03 - 0%). (55)

Similar to the definitions in (54), we also define

Of =(q-e)(q-€5)(e2-€}).

0117 = (q-e)(q-€3)(e - €3),

Of =(q-€1)(q-€3)(q-€)(q-€}),

05 =(q-€1)(q-€)(q €)(q-€). (56)

The one-loop corrections to the contact amplitudes are
listed as follows:

2

M), = —49—§[<d— 3)(d —2)A,0, - (d - 3)4,0,
+ (d = 3)A;05)7%,, (57)
MP = sz (0,75, (58)
MG, = f (d 3)[A,0, = A, 05105, (59)
ME, = f (d 3)[A,0, = A, 05175, (60)

M) = —49—%[(d—3)(d—2)A O, = (d —3)4,0

azs — f2 1Y1 272
+ (d = 3)A505)75,, (61)

2

Mszzz)s = —4%A1(’)1J’2’2, (62)

2
M), = —4% (d=3)[4,0, — A 03)7%,.  (63)

2
M5123)8 = —4% (d - 3)[A1(92 - A2(93]J‘(2]2’ (64)

a19
Mgl = 4%(“’ -3)[A,0, - 4,0, +A3(’)3]J£‘2, (65)
@) g "

Mz10= 4FA103J22, (66)

2) 9%
Mg = 4F(d -3)[A,0, — A,0,)1%,,  (67)

(2) 9%
M= 4F(d -3)[A0; —A,0,)1%,,  (68)
MG = 49}92 (d=3)[A,0, = A0, + A;05]75,,  (69)
Mﬂz 14— g}ng 03‘132’ (70)
ME = 4%@ A0, - A0, (T1)

M£123.)16 = 4% (d - 3)[A101 - Azoz]-’gr (72)

2 39
My = =3 pAil(d =200, I(1) + 0Ty (2]
(73)
2 39
MEZ3.)(19+20) = 2f12A [(d - 2)6(1)‘]2272(0)0 + 6111J32(w2)],

(74)

where coefficients appearing in the above contact ampli-
tudes are shown in Table VI

Next, we consider the NLO one-pion-exchange inter-
actions in the D*B* systems. The corresponding diagrams
are illustrated in Fig. 3, and the amplitudes

3 * ok
2 919 G(q.€1.6:, €5, €
Ml(ﬁ).l =4 122A1J~‘2’2 ( ;_2 23 4)’ (75)
f ny
3 x ok
2 9192 g<qv€17€27€37€4)
Mz, =—4 IZ Aljgz ¢ —m2 . (76)
3 * ok
2 g1g G(g, €1, 6,65, €
Mzs)s = —4712 A7, (.61 2,63, i) (77)

2 2 2 ’
f q- —mg
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3 * %
2 919 G(g.€1.6, €5, €3)
M1(93).4 =4 2AJ5 S

7 gom
3 * x
2 _ 4919 ’ G(q.€1, 6, €3, €;)
Mb3.5 =4 fz Angz qz _ mizz (79)
3 *
@ _ 9P G(q.€1, 6,65, €;)
Mb3.6 =4 fz Al‘]gz 6]2 _ m}z{ ’ (80)
2) 8919, , .9(q.€1,€,¢€5,€))
Myz7 == 372 A @ - mz3 : (81)
@ _ 8019, ,.9(q.€,6€5,€)
Mh3.8 = - 3f2 AlJ() q2 — m23 4 (82)
2 2
2 8919 m m
Mh3.9 = _—3f2 Al |:2m2L +@10g <ﬂ—2):|
. 9 e;, €, 62’3‘, €;) (83)
q - —myz
) _ 3919% b b
Mh3.(10+11) - 2f2 Al [(d - 2)607‘]22(6‘)1) + 011)122(602)]
G(q.€1, €. 65, €4)
xR (84
> 39195
M573).(12+13) = 2}22141 [(d =2)0,J5,(w1) + 0I5, (@5)]

» G(g.€1.€, €5, €5)

2 2
q- — my

(85)

2 2 2 2
M(b3).14 = M§;3).15 = M(bS).16 = M§;3).17 =0. (86)

The amplitudes for the TPE diagrams shown in Fig. 3 are
calculated to be

1
2
M£3).1 = _4]74 [A(q575, + J5,)
— (Ais + Asi + As)(q5J1, + q3J5, + T%)
+ As(q3J5 + q3/11)]01, (87)

2
2 g
Mgz = —’4f_i{[A1(‘ZOJ§2 + 5+ qod3 + %)
= As(qoJ3) +2q003, + I35, + qoJ3; + J33)]0f
+ [A1(q0J5, + J34)
— As(qoJ3, + qod3; +J34)]O: (88)

2
2 . g
M(c3).3:’4]731(d_3)[A1(%J§2 +J3,+ 4093, +753)
—As(qod}) +2q003 + 54+ qod 3 +I5)]OF
2
9
+14JTi(d—3){A1[(CIOCYQJ§2+Q_2J§4+(2—d)%J§1

+q0q° I3 + G5+ (2—d)qeJ3,)]
_AS[QOq_ijI+(2_d)QOJ§1+q_)2‘,§4+(2_d)QOJ§1
+ 490G 5, + G35+ (2—d) g5, O), (89)

2
2 .9
M£3).4 = 14]5_411{[A1(CI0J§2 + 7%+ q0d% + %)

— As(qod 1) +2q005 + I3, + qoJ 5 + I5)]OF
+ [A1(qod5; + J5y)
— As(qoJ3, + qol%, + J3,)]0: (90)

p
2 .9
M(c3).5 :_14#(‘1_3)[‘41(‘10'];2+J§4+CIOJ?{2+J§3)

_AS(‘IOJ1T1 "’2‘10ng"‘J§4+CIOJ3T2"'inTs)](l)LlZ
2
L9
—l4JTi(d—3){A1[(510672];24‘5”;4

+2=d)qol% +q0q I + I+ (2= d)qT},)]
~Aslqoq* I, + (2 ~d)qo )5 + 35,
+(2-d)god5 + 9037+ G5
+(2-d)qol3,1} 01, (91)

)
Mg)s = —4%&[(01 + O, + 03)J5,

+ O5(J5, + 275 +J%,)
+ (Of + Olf + 05 "‘0227)(]?1 + %) + 04J%,
+ O5(J5, + 275 + %)), (92)

@ _ 9% s
M7= _47@1—3) A{[(d=2)(d-1)0O,
+ 0, + 035 + (G0, + G2 0F
+ GO0 + O (JE, + 275, + JB,)
— (O, + 04+ 08 —02) 5,
~[2dg* O, + (d+2)Of + (d +2)O) - O3
=03 = O3|(J5, +J5,) + O %, + 0375}, (93)
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M= 9}92 (d = 3)A{(=dO, + O, + O3)J8,
(_’ZOb + O5)(J5, + 275, + J%,)
+(Of - ON)JE, + 20, + 0% -

+ 08+ 05+ O35, + )

(d+2)0%

+ O35 + 0375}
(94)

M, =488 - 3,{(~d0, + 0, + 0

+ (7207 + O5)(J5, + 295, + %)

+ (05 = O1)J5, +[3°0, = (d +2)0f

+O7 + 05 + 05 + O3](J5, + T5)

+ 0375 + O34

Mg).w = 5M£~?6/-{JB - ]R}’
Mg)‘n = SM(C%%)]/‘{JB - JR}v

Mgzz)lz = 49192 (d=3)A{(-dO, + O, + O3)J%

TABLE V. The values of the products of polarization vectors in
the S-wave effective potentials with total angular momentum
J =0,1, and 2, respectively [58].

Terms J=0 J=1 J=2
O, 1 1 1
0, 1 -1 1
O, 0
M@B:f?%d3M{<%n+@+og&
+ (F208 + O5)(JE, + 2J8, + JK)
+ (05 - ON) I + (¢ Oy + Of — (d +2)O}
+ 05 4+ 05 + O§](J5, +J5,)
+ OJ8 + OLJE, (98)

The coefficients in the above NLO OPE and TPE ampli-
tudes are listed in Tables VII and VIII, respectively. To further
evaluate the calculated amplitudes, we should deal with the
terms in (54) according to the partial wave we considered. In
the S-wave, for the terms like (¢ - €;)(q - €}) (e - €] ), we can
make the following substitutions:

f4
o , | B
(6]20}1) + OE)(J§2 +27% + ) (ei-€)(q-e)(q-e) Td-1 g (e €;)(€x - €1),
+ (05— ONJE + G20, 4+ Of — (d +2)0% ( )a-e) ) ) 1 e e )
q-€)q-€;)\q-€)\g €)= ——5q (€ €;) €€
+ 05 + 03 + O} (U5, +5) ’ (d—1)?
b TR
+ O35 + 03751 (97) together with Table V.
TABLE VI. The coefficients appearing in the contact term amplitudes at NLO [Egs. (57)—-(74)].
I=1 I1=0
A] A2 A3 A] A2 A3 (O3] (0}
Asa 13D, ) 13D, - Ey) 1(3D, - E}) 3(D,+E,) 3(D,+E,) 3(Dy, +E,) 0 0
Aua (3D, —E,) 0 0 3(D, +E,) 0 0 5 5
Adz3() 1(3D, - E,) (3D, - E}) 0 2(Dy+Ey)  3(Dy+Ep) 0 0(5,) 6,(0)
A 0 0 0 0 0 0 0 0
Auns 0 0 0 0 0 0 5 5
Az 0 0 0 0 0 0 0(6;) 6,(0)
Ao Y(Dy+E,) i(D,+E,) 1ld-3)(D,+E,) F(D,-3E,) #(D,-3E,) Z[(d-3)(D,—-3E,) 0 0
+(Da+Ea)] +(Da_3Ea)]
Aa3.10 %(Db + Eb) 0 0 _T:’ (Db - 3Eb) 0 0 51 52
Az 3(Dy+Ep)  1(Dy+Ep) 0 2 (D, —3E,) 3 (D, —3Ep) 0 0(5,) 6,(0)
EPERE 1Dy +Ey) (D,+E,) il(d=3)(Dy+E,) F(D,-3E,) 3(D,-3E,) F[(d-3)(D,—-3E,) 0 0
+(Da + Ea)] +(Da - 3Ea)]
A4 1 (Dy + Ey) 0 0 7 (D, = 3E,) 0 0 o &
Apisae) 5Dy +Ep)  5(Dy+ Ep) 0 2 (D, —3E,) F(Dy—3Ey) 0 0(6,) 8,(0)
Aur41e) Do+ E, D, +E, D, +E, D, -3E, Dy, —3E, Dy, - 3E, 0 125
Ap94200 Do+ E, Dy, +E, D, + E, D, -3E, D, —3E, Dy, —3E, 0 d
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TABLE VII. The constants A (as well as @, ;) appearing in the OPE amplitudes [Eqgs. (75)—-(86)].
Apsn Apoz) Aps Apse) Awr Aws Ao Awgorny Aw2rz) Apzasas) Awzie(?)
=t & & & % -k -k 4 4 ! 0 0
ST S N T N T S -3 0 0
W, 0 5,(0) 0 0(5,) 0 0 0 0 0 0 0
TABLE VIII. The constants appearing in the TPE amplitudes saturation model [56,58,59,66-69]:
[Egs. (87)-(98)]. Note that we have As; = As.
4 S D, =—1323 GeV2, E,=—1149 GeV-2.  (99)
I1=1 1=0
AL As A A A As o Other parameters include m, = 0.139 GeV, the pion decay
: : | ; ; ; constant f, = 0.086 GeV, the renormalization scale
Asl % 6~ —i¢ -~ i O 0 u=dxf,, 5 =0.142 GeV, 5, =0.045 GeV, and the
Ao t -1 0 -3 3 0 5, 0 coupling constants g; = 0:65 and g, = 0.52' [56,.58].
i i 30 3i Then, we will substitute the potentials into the
Ac3 g 8 0 3 ) 0 0 0 ! _
4 ; ; 0 py py 0 5 0 Schrodinger equation and search for the bound states. In
34 8 78 _f 3§ ! this work, we regularize the effective potentials using the
Acss s s O -3 % 0 0 0 Gauss regulator F(q) = exp(—q**/A*") to prevent the
A = 0 0 = 0 0 5y 5, divergence at high-momentum transfer. Usually, the value
A L 0 0 9 0 0 0 0 of the cutoff parameter A in chiral effective field theory is
€. 1 16
Asg L 0 0 2 0 0 5, 0 around 0.5 GeV [54,61,70].
1 9 —
Agso 16 0 0 16 0 0 0 & 1. DB systems
A S -3 . . .
€3.10 156 0 0 lf 0 0 o % Firstly, we analyze the behaviors of the effective poten-
Asi 5 0 0 16 0 0 0 0 tials of the DB systems, which receive contributions from
Asn & 0 0 -2 0 0 5y the contact and the TPE terms. There are two channels:
Asis 20 0o - 0 0 o s I(JP)=1(0") and I(J") =0(0"), and their effective

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Potentials in coordinate space and possible
bound states

After obtaining the scattering amplitudes, we now
evaluate the effective potentials and analyze their behavior
in coordinate space. To obtain the numerical results, we
use the following LECs, determined by the resonance

potentials in coordinate space are shown in Figs. 4(a)
and 4(b), respectively. Here, we adopt the cutoff parameter
A with 0.5 GeV.

For the I(J¥) = 1(0") state in Fig. 4(a), we observe that
although attractive, the TPE interaction is much weaker
than the repulsive contact interaction, resulting in an overall
repulsive potential. Accordingly, no bound states are found
in this system.

For the I(J7) = 0(0") system, the effective potentials
are shown in Fig. 4(b). Compared to the I(J*) = 1(0T)

0.06

(b)

e
=
=

@

o
=
st

o
=3
S

0.05

0.00

V(r) [GeV]
V(r) [GeV]

~0.04f=""

~0.02 /

V(r) [GeV]

—-0.05

-0.10

15 20 0 5

r [GeV]

10 15 20
r [GeV™]

FIG. 4. S-wave potential of the DB systems and the dependence of the total potential on the cutoff parameter, namely, (a) the potential
of the I(J¥) = 1(0%) DB system at A = 0.5 GeV, (b) the potential of the 1(J”) = 0(0") DB system at A = 0.5 GeV, and (c) the total
potential of the DB[1(0*)] system with different cutoffs. The green dashed, red dashed, and purple solid lines represent the contact, TPE,

and full potential, respectively.
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system, we can find that the TPE potential is weakly
repulsive, while the contact potential is attractive. However,
the summed attraction is too weak, so no bound state is
found in this system.

It is worth noting that the effective potentials of the
1(JP) = 1(0") DB system have similar behaviors with the
potentials of the /(J*) = 1(0*) B B system in Ref. [58],
which is a consequence of heavy flavor symmetry between
the charm and bottom quarks. As shown in Fig. 4(c), the
total potentials become more and more attractive as the
cutoff parameter A increases. The bound states emerge at
A=0.7GeV and A =1.0GeV, lying 0.8 MeV and
3.6 MeV below the DB mass threshold, respectively.
However, if we change the cutoff to 0.54 GeV, the very
shallow bound state can emerge in the DB[0(0")] channel.

2. DB* systems

In this section, we investigate the interactions of the DB*
systems with I(J*) = 1(17) and I(J¥) = 0(17). As shown
in Fig. 2 before, only the contact diagram contributes to the
amplitudes at LO. The one-loop corrections to the contact
diagrams and TPE diagrams appear at NLO. Their results
are shown in Figs. 5(a) and 5(b), where we adopt the cutoff
parameter A with 0.5 GeV.

Comparing Fig. 5(a) with Fig. 4(a), we observe that the
behavior of the DB*[1(17)] effective potential is similar to
the DB[1(07)] effective potential. For the DB*[1(1%)]
system, the repulsive contact interaction is much stronger
than the attractive TPE interaction, which leads to a net
repulsive potential. As a result, no bound state exists in this
system.

In the case of the DB*[0(17)] system, the effective
potentials are shown in Fig. 5(b). Compared to the 1(17)
system, the behaviors of the 0(1") contact and TPE potential
are both reversed, which results in an overall attractive
interaction. However, this potential is weaker even than the
one in the previous DB[0(0")] system. As shown in
Fig. 5(c), the total potentials at A = 0.7 GeV and at
A =0.5 GeV are of similar strength. However, when

A = 1.0 GeV, the effective potential is repulsive near the
origin but becomes attractive at intermediate distances. This
behavior appears because the TPE contribution at large
momentum is more sensitive to cutoff A variations, which
leads to a repulsive potential at short distances. In our
calculation, no bound state is found in the DB*[0(17)]
system.

Therefore, we conclude that the interaction in the
DB*[0(17%)] system is weaker than that in the DB[0(0")]
system. This is consistent with the predictions of the one-
boson-exchange potential model [35], but contrasts with
the conclusions drawn from lattice QCD calculations [50].

3. D*B* systems

In this section, we explore the possibility of bound states
in the D*B* systems, which includes six different isospin-
spin states: 1(0"), 0(0"), 1(11), 0(1"), 1(21), and 0(27).
At LO, both contact and OPE contribute to the effective
potential. At NLO, the one-loop corrections to the contact
and OPE diagrams shown in Fig. 3 as well as TPE diagrams
all contribute.

First, we focus on the J© = 01 D*B* state. The effective
potentials are shown in Figs. 6(a) and 6(b), where we adopt
the cutoff parameter A with 0.5 GeV. In Fig. 6(a), we observe
that both the contact and OPE interactions are repulsive,
while the TPE interaction is attractive. However, the total
potential is repulsive, meaning no bound state can exist in
the 1(07)D*B* system. In contrast, for the 0(0") system in
Fig. 6(b), the contact and OPE interactions provide an
attractive force, while the TPE interaction is repulsive. The
repulsive TPE contribution partially counteracts the attrac-
tive contact interaction, but the OPE interaction remains
strong enough to form a bound state. The resulting binding
energy is AE = 6.0 MeV. As shown in Fig. 6, the OPE
terms can contribute to the total interaction of D* B* systems,
which is a departure from the DB systems.

The A dependence of the I(J¥) = 0(0") total potential is
shown in Fig. 6(c). We find that the total interaction is
sensitive to the cutoff, particularly near the origin, which

0.06

0.20

oost (@) ooal (® L (©
015

o 0.04f _ : _
% 008 E 0.02 - 3 0.10
T o0m T 000p = 005
> o0l > / N

4 -0.02 0.00 —

0.00 o N

~0.01 —0.04 p-=~" ~0.05 M’

15 20 0 5 10 15 20 0 5 10 15 20
r [GeV r [GeV]

FIG.5. S-wave potential of the DB* systems and the dependence of the total potential on the cutoff parameter, namely, (a) the potential
ofthe I(J¥) = 1(17) DB* system at A = 0.5 GeV, (b) the potential of the I(J*') = 0(1*) DB* system at A = 0.5 GeV, and (c) the total
potential of the DB*[0(17)] system with different cutoffs. The green dashed and red dashed lines represent the contact and TPE

contributions, respectively. The purple solid lines stand for the full

potential.
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FIG. 6. S-wave potential of J = 0 D*B* systems and the dependence of the total potential on the cutoff parameter, namely, (a) the
potential of the I(J”) = 1(0")D*B* system at A = 0.5 GeV, (b) the potential of the I(J) = 0(07)D*B* system at A = 0.5 GeV, and
(c) the total potential of the D* B*[0(0")] system with different cutoffs. The green dashed, blue dashed, and red dashed lines represent the

contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.

0.06 (b) ( )
c =
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FIG. 7. S-wave potential of J = 1 D*B* systems and the dependence of the total potential on the cutoff parameter, namely, (a) the
potential of the I(J*) = 1(17)D*B* system at A = 0.5 GeV, (b) the potential of the I(J©) = 0(17)D*B* system at A = 0.5 GeV, and
(c) the total potential of the D*B*[0(17)] system with different cutoffs. The green dashed, blue dashed, and red dashed lines represent the

contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.

stems from the TPE contribution. As the cutoff increases to
1.0 GeV, the binding energy becomes 35.9 MeV.

Next, we analyze the interactions in the D* B*[1*] system.
For the 1(17) state, as seen in Fig. 7(a), the OPE contri-
bution is largely offset by the TPE contribution, with the
repulsive contact potential remaining. It results in a fully
repulsive total potential, meaning no bound state exists in the
D*B*[1(1%)] system. For the D*B*[0(17)] system, the
effective potentials, shown in Fig. 7(b), exhibit similar
behaviors to those of the D*B*[0(0")] system. Although
the attraction is not as strong as in the D*B*[0(07)] system,

it is still sufficient to form a shallow bound state. By solving
the Schrodinger equation, we obtain the D*B*[0(17)] bind-
ing energy AE = 0.6 MeV at A = 0.5 GeV.

Finally, we examine the possibility of bound state
formations in the J¥ = 2% D*B* system. In Fig. 8(a),
for the 1(27)D*B* system, both the OPE and TPE
potentials are mildly attractive, while the dominant contact
potential remains repulsive, resulting in a repulsive total
potential.

We also calculate the effective potentials for the
D*B*[0(2")] system, with the potential profiles shown in

0.06 1.2
(@) ()
. - . 1.0f,
_ 004f , - 08f %
o . S = H
o N o s o
g n S 3 06
o) = T 04
> ~ > —0.02 S =~
0.00 = 02k %
[ —0.04} .= 0.0 —*ﬁﬁ
~0.02 - T
0 s 10 15 20 006 10 15 20 0% s 10 15 20
7 [GeV™H] r [GeV] 7 [GeVT]
FIG. 8. S-wave potential of J = 2 D*B* systems and the dependence of the total potential on the cutoff parameter, namely, (a) the

potential of the I(J”) = 1(2*)D*B* system at A = 0.5 GeV, (b) the potential of the I(J) = 0(27)D*B* system at A = 0.5 GeV, and
(c) the total potential of the D* B*[0(27)] system with the different cutoffs. The green dashed, blue dashed, and red dashed lines represent
the contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.
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TABLEIX. The bound states in the five D*) B(*) systems with I = 0. The cutoff parameter A, state mass M, and binding energy E are

in units of GeV, MeV, and MeV respectively. - -

-’ means that there is no bound state.

DB DB D*B*(J =0) D'B*(J=1) D*B*(J =2)
A M E M E M E M E M E
0.5 s o 7235.7 6.0 7241.1 0.6
0.7 7143.6 0.8 7230.6 1.1 7240.0 1.7 " o
1.0 7140.8 3.6 7205.8 35.9 72323 9.4 7237.4 43

Fig. 8(b). In this situation, both the OPE and TPE act as
repulsive forces that counter the attractive force from the
contact term, leading to an overall repulsive potential. This
behavior contrasts with the attractive effective potential of
the other D*) B*) systems with I = 0. Consequently, there
is no evident bound state in the D*B*[0(2")] system.

Similarly, the effective potentials of D*B*[0(21)] at
different cutoff parameters are shown in Fig. 8(c).
Although the total interaction is repulsive at small dis-
tances, as seen in other channels, the potential becomes
attractive in the intermediate range at A = 1.0 GeV. This
attraction allows the D* — B* mesons to form a bound state,
which lies 4.3 MeV below the threshold.

Based on the above calculations and analyses, we have
obtained the coordinate potentials and determined the
possible bound states by solving the Schrodinger equation.
The total interactions are repulsive in the / = 1 channels
and attractive in the / = O channels. Then, we focus on the
I =0 DB systems to search for bound states. For the
DB[0(0")], DB*[0(17)], and D*B*[0(2")] systems, the
attractive potentials are too weak to bind the mesons, and
no definite bound states are found in these channels at a
cutoff of A = 0.5 GeV. However, if we change the cutoff to
0.54 GeV, the very shallow bound state can emerge in the
DB[0(0")] channel. As for the DB*[0(17)], the bound state
appears at A = 1.02 GeV, and the binding energy will
increase as the A gets larger.

Besides, in the D*B*[0(0")] and D*B*[0(1")] channels,
two shallow bound states are found with binding energies
of 6.0 MeV and 0.6 MeV, respectively. Therefore, we
suggest that future theoretical and experimental studies
should focus on these two systems to find new heavy
tetraquark states. Compared to the total potentials of the
five I =0 channels, we can also conclude that the
interaction in the D*B*[0(0")] channel is more attractive
than the other four channels. The mass and the binding
energy of each D™BM[I = 0] system under different
cutoffs are listed in Table IX.

B. Coupled-channel effects

We have considered interactions of the D*)B™) systems
in the single-channel case. In this section, we will inves-
tigate how much their coupled-channel effects affect the
above results. We categorize the I = 0 coupled-channel

DWBX) systems into two groups according to their
0(J*) quantum numbers: {DB('S,), D*B*(1S,)}[0(07)]
and {DB" (*S,). D"B(’S,). D"B* (S, }o(1).

We first consider the D*)B*)[0(0*)] system composed
of {DB(!S,), D*B*('S})}. In this case, the effective poten-
tials of the inelastic scattering process DB — D*B* and
D*B* — DB are needed. We depict the DB — D*B*
diagrams in Fig. 12. At LO, the contact and OPE diagrams
contribute to the scattering amplitudes. At NLO, there are
one-loop corrections to these LO diagrams and TPE
diagrams. The calculated scattering amplitudes for these
diagrams are listed in Appendix A 1. The D*)B®)[0(0*)]
coupled-channel potential in the coordinate space is

( Vpi-pB

Vpb-np )
9
Vps—pB

Vo -pp

where the inelastic scattering DB — D*B* and D*B* —
DB appear as nondiagonal elements in the 2 x 2 potential
matrix. Then, we solve the coupled-channel Schrodinger
equation and obtain the numerical results, including the
binding energy E and the probability of the individual
channel P;, which are shown in Table X.

Here, we consider the variation on the cutoff A just as in
the single-channel case. Compared with the single-channel
DB[0(0"] results in Table IX, we find coupled channels
somewhat strengthen the binding energy: from 0.8 GeV in
the single channel to 1.1 GeV in the coupled channels at
A = 0.7 GeV, for example. Also, because of the large mass
gap (about 190 MeV) between the DB and D*B* thresh-
olds, the contribution of D*B*(!S,) is 0.1% at
A =05 GeV. If we raise the cutoff to 0.7 GeV and

TABLE X. The numerical results for Dt B()[0(0")] systems
in the S-wave. The cutoff parameter A and binding energy E
relative to the threshold of DB are in units of GeV and MeV,

respectively. - --” means that there is no bound solution.

A 0.5 0.7 1.0
E e 1.1 73
P, 99.9% 99.7% 99.1%
P, 0.1% 0.3% 0.9%
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TABLE XI. The numerical results for D*)B®*)[0(1%)] systems
in the S-wave. The cutoff parameter A and binding energy E
relative to the threshold of DB* are in units of GeV and MeV,

respectively. “---” means that there is no bound solution.

A 0.5 0.7 1.0
P, 99.9% 99.7% 99.5%
P, 0.1% 0.3% 0.5%
P3 0.0% 0.0% 0.0%

1.0 GeV, the probability of D*B*(!S,) increases to 0.3%
and 0.9%, respectively.

For the D®B®[0(1%)] state, all the coupled-channel
diagrams and corresponding scattering amplitudes are
shown in Appendix A I-A5. Using these amplitudes,
we can obtain a 3 x 3 coupled-channel potential matrix,

Vog-pg Vor-ps Vob-pB
Voo Vob-p'B Vob-pB
Vos-pp Voe-ps Vor-pp

We still take the values of the cutoff parameter at 0.5 GeV,
0.7 GeV, and 1.0 GeV to evaluate binding energy and
probability P;, respectively. The numerical results are
listed in Table XI. We find no bound state in the
D®BM[0(1%)] system, which is consistent with the
single-channel DB*[0(17)] calculation. The dominant
channel is DB*(3S}), with a probability of 99.9%-99.5%.

According to the above analyses, we can find that the
coupled-channel effects do not change our main conclu-
sions obtained in the single-channel case.

C. Two-body scattering of D*)B*) systems

In addition to the binding energies, we further derive
information about D) B*) elastic scattering by solving the
Lippmann-Schwinger equation. In quantum theory, the
scattering rate represents the probability per unit time for
a scattering event, and it is proportional to the cross section,
the number of targets, and the flux [71]. Using Egs.
(12)—(16), we now calculate the scattering rates between
D™ and B™). The variations of the scattering rates ko (k)
with cutoffs are shown in Figs. 9 and 10, as functions of the
center-of-mass energy.

The scattering length and effective range can be related
to the interaction between particles through the scattering
amplitude or phase shift [73]. Based on Eq. (15), we also
evaluate the scattering lengths and effective ranges at
different cutoff values A, with numerical results listed in
Table XII.

Let us focus on the scattering rates ko(k) for the
DB[0(0T)] and DB*[0(1")] systems in Figs. 9(a) and
9(b). The enhancement of ko(k) near the threshold is
gradual, which is insufficient to confirm the presence of a
bound or virtual state. Looking at the scattering lengths and
effective ranges in Table XII, we find that the scattering
lengths a for different cutoffs are negative, which indicates
that the phase shifts satisfy 0 < 6 < z/2 [72]. As a result,
there are no evident bound states in the two systems, which

0.02 0.04 0.06

V3 — Mp — Mg [GeV]

0.08

0.04 0.06
V5 — Mp — M. [GeV]

0.08 0.10

FIG. 9. The dependencies of the S-wave scattering rates for the DB[0(0T)] system and DB*[0(17)] system on the cutoff A.
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The dependence of the S-wave scattering rate ko for the D*B*[0(0)], D*B*[0(17)], and D*B*[0(2*)] systems on the
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TABLE XII. The scattering length a and effective range  in the five D*) B(*) [I = 0] scattering channels. The cutoff parameters A, a,

and r are in units of GeV, fm, and fm, respectively.

DB DB* D*B*(J =0) D*B*(J =1) D*B*(J =2)
A a r a r a r a r a r
0.5 —-1.64 2.60 -1.86 2.05 6.37 1.91 -9.87 0.54 -1.25 11.05
0.7 -2.12 2.21 -2.03 1.97 448 1.97 —24.06 0.71 -1.76 7.97
1.0 -2.74 1.85 -2.22 2.08 4.38 0.92 140.94 1.19 -7.31 3.67

aligns with the outcomes found in the previous section by
solving the Schrodinger equation.

We now move to the scattering of the two vector meson
systems. The scattering rates for the D*B*[0(07)],
D*B*[0(17)], and D*B*[0(2%)] systems are shown in
Fig. 10. Near the thresholds, there are significant enhance-
ments, which may indicate the presence of possible bound
or virtual states.

In Table XII, we find that, in the D*B*[0(0")] system,
the scattering lengths are positive for different cutoff
values, indicating the presence of unambiguous bound
states, which supports the calculations in the above section.

For the D*B*[0(1")] system, the scattering length is
negative at A = 0.5 GeV and A = 0.7 GeV, but it takes on
a large positive value at A = 1.0 GeV, signaling the
existence of a shallow bound state.

Additionally, we evaluate the corresponding phase shifts
for these S-wave bound systems according to Eq. (14). We
find that

il_l’)%&) =z, (100)
which is consistent with Levinson’s theorem [73], describ-
ing the physical connection between phase shifts and the
existence of bound states.

For the D*B*[0(2%)] system at different cutoffs, the
effective interaction is attractive at small momentum (large
distance) but repulsive at large momentum (small distance).
It initially causes a positive phase shift at low momentum
and then a negative phase shift at high momentum, so that
the scattering rate drops to zero, and then gradually increases
against the center-of-momentum energy. The negative scat-
tering length indicates that the attractive effect is not strong
enough to bind D* and B* together in the 0(2") channel.

D. Estimation of the contact term LECs

For the DB[0(0")] and DB*[0(1")] systems, the above
calculations show that the total potentials are not strong
enough to form bound states for the heavy mesons.
However, this does not imply that no bound state can exist
in these systems. Note that the contact terms are determined
using the resonance saturation model, therefore, we now
explore alternative methods to redetermine the LECs of the
contact terms in this work.

Recently, a lattice QCD study conducted by Alexandrou
et al. [50] found shallow bound states for both J = 0 and
J=1 btud tetraquarks, with binding energies of
0.51)4 MeV and 2.4 MeV, respectively. Padmanath
et al. reported a lattice QCD study indicating that an
I(J?) = 0(17) b ¢ ud bound state with a binding energy of
43(1))(TH) MeV can exist below the B*D threshold [51].
And, they presented another study searching for tetraquark
candidates with exotic quark content bcii d in the I = 0 and
JP = 0% channels, and found a subthreshold pole in the
S-wave DB scattering amplitude, which corresponds to the
binding energy of 39(*¢)(*%) MeV below the DB thresh-
old [52]. The above results provide valuable references for
redetermining the contact terms’ LECs.

To ascertain the possible parameter region which allows
bound states to exist in the DB[0(0")] and DB*[0(1%)]
systems at A = 0.5 GeV, we can vary the LECs D, and E,
within the ranges [-80, 10] GeV~2 and [-50, —10] GeV~2,
respectively. We find that when the LECs satisfy the
relation

D, -3E, =222 GeV?, (101)
a bound state forms with almost zero binding energy. When
the LECs satisfy

D, —3E, = 69.0 GeV?, (102)
a bound state with a binding energy of 30 MeV below the
DB threshold can be obtained. The green band in Fig. 11
represents the corresponding parameter region. Similarly,
we can also determine the contact term LECs for the
DB*[0(17)] system. For binding energy of 0 MeV, we have

D,—3E, =273 GeV~?, (103)
and for a binding energy of 30 MeV,
D,—3E, =726 GeV~2. (104)

The corresponding parameter variations are shown as the
purple band in Fig. 11. The arrow indicates the direction in
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FIG. 11. The binding energies of the DB[0(0")] and

DB*[0(17)] states vary with the redetermined contact LECs
D, and E, with cutoff A = 0.5 GeV. The purple and green bands
correspond to the DB and DB* systems, respectively. The black
solid line represents the contact LECs determined by the
resonance saturation model. The parallel dashed (dotted) lines
at the boundaries of the purple (green) band stand for the regions
of parameters within the binding energies 0 MeV and 30 MeV.
The arrow stands for the direction that binding energy increases
in for both DB[0(07)] and DB*[0(17)] systems.

which the binding energy increases for both the DB[0(0™)]
and DB*[0(17)] systems.

Notably, in this analysis, the attraction between D and B
is stronger than that between D and B*. This contrasts the
results reported in Ref. [50] but is consistent with the results
obtained using the one-boson-exchange model [35].

V. SUMMARY

In this work, we systematically investigated the inter-
actions of the S-wave D*)B*) systems within the frame-
work of ChEFT using the heavy hadron formalism. We
calculated the effective potentials, including contributions
from the contact, OPE, and TPE terms, up to NLO at the one-
loop level, adopting Weinberg’s formalism. By performing a
Fourier transformation, we analyzed the behaviors of the
effective potentials in coordinate space in detail and
employed the Gauss form factor to regularize the divergence
in the integral at large momentum. We then inserted the
coordinate space potentials into the Schrodinger equation to
search for potential D) B®*) bound states.

The results showed that all total potentials in the I = 1
channels were repulsive, whereas those in the I =0
channels were attractive. Further calculations examined
the variation of interactions with the cutoff parameter
A across five I =0 D®B®) channels. We found that

bound states are more likely to exist in the DB[0(0")],
D*B*[0(07)], and D*B*[0(1")] channels. Notably, the
TPE contributions were more sensitive to the cutoff in
the I = 0 D*B* channels and played a dominant role in
these channels, unlike the case in DB[0(0T)]. We list the
mass and binding energies in Table IX.

We also discussed the S-wave coupled-channel effects of
DHB®[0(0%)] and D) B™[0(1+)] systems. The numeri-
cal results listed in Table X indicated that, for the
DWB®[0(0")] system, the DB[0(0F)] channel is domi-
nant, and the coupled channels can somewhat strengthen
the binding of the single channel. For the D) B()[0(1+)]
system, DB*[0(17)] is dominant, and we obtained no
binding solution, which is consistent with the single-
channel calculation. In a word, the inclusion of the coupled
channels did not change our main conclusions given in the
single-channel case.

By substituting the momentum space potentials into the
Lippmann-Schwinger equation, we calculated the scattering
T-matrices and the associated scattering phase shifts. To gain
further insight into the S-wave D®B®) interactions, we
calculated the scattering rate, scattering length, and effective
range, and provided their numerical results in Table XII
based on the 7-matrix and scattering phase. Accordingly, we
studied the dependence of these physical quantities on the
cutoff parameter A. In our investigation, the shallow bound
state was more likely to exist in the DB[I(JF) = 0(07)]
system than in the DB*[I(J¥) = 0(17)] system.

Based on the above calculations, we found that the
interactions in the D* B*[I = 0] system were more attractive
than those in the DB™)[I = 0] systems, and D*B*[I(J") =
0(0%)] and D*B*[I(J*) = 0(1")] systems possessed large
binding energies and positive scattering lengths, which
suggests strong bound state formations in these channels.
Therefore, we strongly recommend the experiment to find
the D*B*[I = 0] tetraquark systems.

Considering other theoretical and lattice QCD studies,
we redetermined the contact term LECs and calculated the
effective potentials for the 0(0") DB system and the 0(17)
DB* system. In Fig. 11, we present the dependencies of the
binding energies of these two charm-bottom systems on the
redetermined contact LECs D, and E,.

Building on our calculations and analysis, we can
comprehensively compare previous theoretical and lattice
QCD studies. Our results provide valuable insights to
inform future experimental research.
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APPENDIX A: COUPLED-CHANNEL
CALCULATIONS

In this appendix, we show the coupled-channel calcu-
lations of D) B(*) systems. The effective potentials derived
from Lagrangians in Egs. (1) and (6) for DB — D*B* and
D® B — D*B* scattering are presented in this appendix.

1. DB - D*B*
For the D(p,)B(p,) = D*(p3)B*(p,) process, the cor-

responding diagrams are illustrated in Fig. 12. The scatter-
ing amplitudes of LO diagrams are given by

ML) = ~4(D, + E,)(e5 - €3). (A1)
0 N9 9.9, v
W=t e ) p), (A2)
with isospin / = 1, and
M) = -4(D, -3E,) (e - €3). (A3)
0 aq 949, « v
My = S e (e (py). (A4)

with isospin / = 0, where €; and ¢, are the polarization
vectors of the final D* and B*, respectively.

The one-loop corrections to the contact amplitudes are
listed as

2
2 g * *
M3 = 43 (d=3)(d = ATG(e ). (AS)
2
2 g -
M£44).2 = 47%AJ52’2(€3 '64)’ (A6)
M, = a9 (4 3)(d - AT (5 ¢ A7
ad3 =~ f2 - - 2 63‘64)v (A7)

(24.2) (ad.7) (a4.8) (a4.9)
(bzi.1) (b4.2) (b4.3) (b4.4) (b4.5) (b4.6) (b4.7) oL8) L)
ST ‘ : R e - T : P L LT LT ,.—“\\:
bi10) ‘(b4.11) (b4.12) (})4.13)_ (b4.14) (b4.15) (b4.16) b117)
‘((:4.1)‘ (c4.2)\

FIG. 12. LO contact (a4), LO OPE (b4), NLO contact (a4.1-a4.15), NLO OPE (b4.1-b4.17), and NLO TPE (c4.1—c4.2) diagrams of

the process DB — D*B*.
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9i

M3, =4 AT - €)) (A8)
Mfzi)j =—4 g}gz Ajzz( GZ), (A9)
Mlo= 4520 ). (A10)
My = 453 (d=3)(d = DAT(e ). (AID)
My =M =0, (A12)
ijl).(lo+1 = ;—ﬁA[(d ~2)0,J5(@1) + 9,,J5 (@,)]
x (€5 €3). (A13)
Mo =2 (a0l ). (AL
M1(124).(13+14> = ;—]géA[(d =2)0,J%, (1) + 0,75, (,)]
x (5 - €3). (AL5)
M3 = 2% (4= 1)A0, By )5 ). (AL6)

212

where coefficients appearing in the above contact ampli-
tudes are shown in Table XIII. The NLO OPE diagrams are
illustrated in Fig. 12, and the corresponding amplitudes

2 919 Qv sy 4
MEA).I =—4 f22 A‘Igz 5 . — 2 €3”€4 ) <A17)
3
2 919 9.4y KU sy
Mézt).z: f—zz(d—3)(d 2)AJ3, 2” ) Jei. (AR
2 %o Gy s,
M =4 }2 AJS, qz’i et (A19)
2 R Qv sy
MG =4702(d=3)(d=2)AT, 0 seley, (A20)
919 Gy
M =412 AT e, (a21)
2 9192 Qv sy 4
M/(b4).6 =4= 72 A‘qu i 2€3M€4 ) (A22)
(2) Sglgz 2 m 9u4v
= A|2m~L —1
Misr =3 [ T g< ﬂ 7 —m?
x '€}, (A23)

TABLE XIII. The coefficients in the NLO contact amplitudes
for the DB — D*B* process.
A A (] ()
Aus12) 0 0 =6, 0(3,)
Auss@4) 0 0 =6, 0(d1)
Aus 1(Dy + Ep) 2 (D, - 3E)) gl )
Auss (D, +E, 2D, -3E, -8 -5
+2D,+2E,) + 2D,, —6E),)
Aun 0 0 0 0
Ags.(10+11) D, +E, D, -3E, 0 0
Aunn D, +E, D, - 3E, =0 0
Aus.(13414) D, +E, D, -3E, 25 0
Aus D, +E, D, —3E, 0 )
M) 49192 p[(d = 29,08 (o) + 0
ba.(8+9) T T g2 @) + 0,05 (@,)]
99y sy
7 —m? ey'ey’, (A24)
3
@ _ 3919 94
Mh4.10 = 12 (d - I)Aaw-ﬂz?z(wl) ) e )
g —m
x ey'e}, (A25)
M2 4 9B A ld - 2)0, 18 0,J
ba(11+12) — 72 [( )95 (@1) + 0,5 (5))]
Gy oy,
x 7 = :nz €€y, (A26)
M2 3919 1A 4.4y
pa13 = 7 212 (d-1) awjzz(wl) 7 —m
x ey'e}, (A27)
M(z) _ 89192A 2m2L m21 m 9uqy
b= T m +8_7r2 0g N P —m?
x €3 €y, (A28)
M(z) _ 89192A 2m2L m21 m 9uqv
p1s = T m +8_”2 0g N P —m?
x '€}, (A29)
M2 899 [, o m? (] 94
P16 = g m +@Og i) |-
x e, (A30)
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TABLE XIV. The coefficients in the NLO OPE amplitudes for
the DB — D*B* process.

I1=1 1=0

A A o W,
Aps1(2) - = -6, 0(5,)
Apy ) - = =4 0(31)
Apas(6) -5 i 0
Apaz : -3 0
Ap4.(849) X -3 41
Aparo ! -3 = 0
Apa(11112) i -3 0 )
Aps13 X -3 -5, 0
Apa14(15) ! -3 0
Apar6(17) X -3 0

2 89192 m? m mp
M) = 7 A {2m2L +8_7r210g <—)] =

w)lq—m
x eyl (A31)
The TPE amplitudes at NLO are given by
@ 919
Mear = =470 (d—-3)Al(q-€3)(q - €})
+4*(€5 - €3)15) (=61, =82), (A32)
@ _ .99
Min = 47 (d—-3)Al(q - €3)(q - €})
+ ¢ (€5 - €3)]J5 (=61, =63). (A33)

In Table XIV, we _list the_ coefficients of the OPE
amplitudes in the DB — D*B* process. For the TPE
amplitudes, the coefficients are

Ay =1/16, Ay =5/16, (A34)
with I = 1, and
A =9/16, A = =3/16, (A35)
with 7 = 0.
2.D'B - DB

For the D*(p;)B(p,) = D*(p3)B(p,) process, the scat-
tering amplitude of the LO contact diagram is

M) = -4(D, + E) (e - €3). (A36)

with isospin / = 1, and

M ==4(D, =3E)(e-€)).  (A37)
with isospin / = 0, where €, and €, are the polarization
vectors of the initial D and final B*, respectively. Next, we
consider the NLO interactions in the D*(p,)B(p,) —
D*(p3)B(p,) process. The corresponding diagrams are
illustrated in Fig. 13. The one-loop corrections to the
contact term are

2
2 g *
M, =471 (d=3)(d - 2)AI% (e - 63),

A38
7 (A38)
2
g %
M, =4 AT ), (A39)
2) 9%
Ma5.3 = 4F (d - 1)AJ§}2(€1 '€§)’ (A40)
ME, = —4%@1— 3)(d=2)Al(e, - €)),  (Ad1)
919 «
M = —4%«1 —3)(d-2)ATl(e; - €3),  (A42)
2 a19 *
M= —4}—22AJ’;2<e1 .63, (A43)
2 a9 «
MEJS)J = _4%‘4]32(61 '63)’ (A44)
@ 3% , .
MaS.S = 2_fz (d - 1)A0w122(€, '63)’ (A45)
2 392
MZioi10) = 3 Al = 20,7 01) + 0,5 (w2)]
x (€1 -€§), (A46)

where coefficients appearing in the above contact ampli-
tudes are shown in Table XV. The TPE amplitudes at NLO
are given by

1
2
M(CS?I = ‘Ljﬁ[f\l(CI(Z)J(I)r + ng)

+Ais(q0d Ty + q0d5 +I5)

—Asi(qoJT) + qpJ% + %)

+ As(q0J6 +2q577) + 4551 + I5)]er - €,
(A47)
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(a5.6) (ab.7) (a5.8) (a5.9) (a5.10)
(05.1) (c5;.2) /(05.3)\ (c5.4)\ | (c5.5)‘
(c5.6) (c5.7) (c5.8)

FIG. 13. LO contact (a5), NLO contact (a5.1-a5.10) and NLO TPE (c5.1—5.8) diagrams of the process D*B — D*B.

2
Mgs)z = ’4f4 {A1l90q*I%, + G*J5, + (1 = d)qoJ7, M£54 f4 {[ 1(q093, + 54 + g3, + J33)
+ q0q* I, + ¢ + (1 = d)J3,] — As(qoJ7) + 29073, + I35 + 9073
_AS[quz']Tl + (1 - d)‘]o(Jm + ng) + J§3)](q : 51)(‘] ’ €§) + [Al(f]ojgl +J§4)
+2q0G°I% + I + 90§, + G5, — As(qod3) + qod3; + I5)(er - €3)}, (A50)
+ (1 =d)J3,]} (e - €3), (A48)
2
99 .
; M5 =478 (d =3 {8 = P + (d 4+ 34
2 _ _ s s s s .
Miss = l4f 7 (d=3)[A1(q0)% + T34 + 40)3 +J33) — 23278, + (d+3)J8, — 328 (q - €))(q - €5)
= As(qoli) + 24073, + I3, +[=¢27% + G495 — (2d + 1) (I3, + )
s+l e)(a-€) 24+ (1A= 2) 4 e )

>
.9 - - (A51)
- 141741; (d=3){A[q0d°J3, + G*J5,

+ (2= d)qol3) + q0d* T35, + G5 + (2 - d)J3,] @ ey e . .
Mise = 4= A3 — ¢ T5 + (d+3)(J3, +T3)

—As [quZJfl (2 - d)‘IO(J§1 + J ) f4
+2q0G*T5, + 323, + 905, + 323 -23%0% - I (g - €1)(q - €5)
+ 2= d)J5,]} (e - €3), (A49) — (U5 +I%) — (1 +d)J5 (e -€5)},  (A52)
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TABLE XV. The coefficients in the NLO contact amplitudes
for the D*B — D*B process.

I1=1 1=0
A A (] (1))
AaSAl 0 0 0 0
Aa5.2 0 0 51 61
Aa5A3 0 0 _52 _62
Aa5.4 %(Db +Eb) _TX(DI, — 3Eb) _52 0
Auss 1Dy + Ey) 2 (D, - 3E)) 0 =0
Ause 1(Dy + Ep) 3 (D = 3E,) —0, o1
Agsg 1(Dy + Ep) 2 (Dy - 3E)) g =6,
AaS.S Da + Ea Da - 3Ea 0 _52
AaS.(9+]0) Da + Ea Da - 3Ea 5] 0
2 9 9 =
MB, =4 }42 (d =3)A {5 = 3% + (d+3)J%
=2q°J% + 305 — %) (q €1)(q - €)
+ [=q2I5 + §* % - (2d + D) (5, + T
+2g% + (d+ 1)(d = 2)J% + G5 (e €3)},
(A53)
MO — 49193 TR = GRIR, + (d+3) (%,
c5.8 f4 {[ + ( + )( )
-2q J32 —52153](4'61)(Q'€§)
(@I~ L+ Al + @I (er )} (AS4)

where coefficients appearing in the above contact ampli-
tudes are shown in Table XVI.

TABLE XVI. The coefficients in the TPE amplitudes for the

D*(p,)B(p,) = D*(p3)B'p,s) process. Note that we have
Asp = Ajs.

I=1 =0

A As As A, As As (2 (]
Asi & & ok - % % 00
Acso é %’ 0 —% % 0 -8, 0
Acss é —é' 0 —% % 0 0 0
Aisa é —é 0 —% % 0 oy 0
Asss 1—16 0 0 % 0 0 0 )
Asss ]1—6 0 0 % 0 0 oy -0,
A5 % 0 0 —1—36 0 0 0 )
Acsg % 0 0 —% 0 0 0 -0,

3.DB* > D'B
Now, we focus on the process D(p,)B*(p,) —
D*(p3)B(p,), and the corresponding diagrams are illus-
trated in Fig. 14. The scattering amplitudes of LO diagrams
are given by

MY = 4Dy + E)(es - €3), (A55)

My = =T e (A5
with isospin / = 1, and

MY =4(D, - 3E,) (e, ). (AS7)

Mg = 3‘?}29 el (A58)

with isospin / = 0.
The one-loop corrections to the contact amplitudes are

Mi%?l=4§§<d 3)(d—2)ATs(e-€).  (AS9)
MY, = 4B As (e 65 A60
a62 — f2 22(52 63), ( )
Mi%3—4 L(d=3)(d=2)ATY(es - ¢5). (A6D)
M£¢26)4__4f2AJ22(€2 63) (A62)

919 «
M= 4% (d=3)(d—2)Al(er-€5).  (A63)

a9
Mz(z())() 4%‘4]22( 2" €z) (A64)
(2) 9192

Ma6.7 f (d 3)(d Z)Ajzz(ez 63)’ (A65)
Mié?szétg}gzmzz(ez &), (A66)

2 39
Mis).(%m) ZféA[(d 2)0,J%,(01) + 9,5 (@3)]
x (€3 - €3), (A67)
) 397 b \
M1 = _sz (d— ])Aawjzz(ez : €3), (A68)
M? 3P aid— 29,08 0,J%
a6.(12+13) — 212 [( )03 (@1) + 0,05, ()]
x (€ €3), (A69)
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(26.7) (a6.8) (26.9)
(bé.1) (bé.2) (b6.3) (b6.4) (b6.5) (b6.6) (b6.7) ) (b6.9)
(b6.10) (bﬁ.ll)_ (b6.12)_ (b6.13) (b6.145 7@6 15) @.16) (b6.17)‘
‘((:6.1) ‘ ,((:6.2)\

FIG. 14. LO contact (a6), LO OPE (b6), NLO contact (a6.1-a6.14), NLO OPE (b6.1-b6.17), and NLO TPE (c6.1-c6.2) diagrams of

the process DB* — D*B.

2 392 *
Mgy = =33 (d= A0, /5 e+ ). (AT0)

From Fig. 14, we can obtain the scattering amplitudes of
NLO OPE diagrams,

2 g g 9.9y *U

Migh =422 (d=3)(d=DAT, et (AT1)

2 glg 9.9y U
Méﬁéz =4 f22 Ang P . ) 6ﬂ2€3 ) (A72)
M — 49102 (d=3)(d=2)AJ—Trr_pen  (A73
b6.3 = fz ) JATS, P ey ( )

3

> 99 G 4.,
ME;6).4 =4 }22 AJ22 2 . ) €§,€3 > (A74)
MEL = R8s S e (a7

9192 q.49 .
Mh66:_4 12 Ajoiq a ;1 ehex, (A76)

2

2) 8919 m CI qv
X ehed, (A77)
2 3919
Méé).(8+9) - 2}22 [(d - 2)00)Jh (1) + a,,,J§2(a)2)]
9.9y K
- v A78
7 —m 263 (A78)
~ 3gq19 949, w
Mb6 0= 2}22 (d— 1)A6m122ﬁe’2‘e3 . (A79)
2 3919
nge).(nﬂz) = 2}2 A[(d =2)0,J5 (1) + 0I5, ()]
qﬂql/ €/4 *
Y, AR0
e (A80)
2 3919 9,4, »
Ml(76).13 = 2—}2(‘1— 1)Ao,, Jzzﬂimzegeg . (A81)
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> 8919 , [ m?* m\1 4.4,
Mg)6).14 = - f2 A 2m2L + @log ; ﬁ
X €h€e8Y, (A82)
@ 8qg [, ., m? oo™\ _4ud
Myeis = — 12 A 2mL+QOg i) =
x e, (A83)
2 80192 [y o, , M m\] 4.9,
Mg =~ 7 A|2m°L +Qlog A
x ehex, (A84)
2 8919 5, m? m\1 4.9,
M7 =— 7 Al2m L—l—@log ; -
x ehexr. (A8S)

The TPE amplitudes are given by

M2, =~ f%d3>me¢@

+ 612(62 . 53)]151(—51 .—6), (A86)
MQTA@%M 3)Al(g-e)(q - €3)

+ q* (€2 - €5)J5 (=61, =6,). (A87)

In Tables XVII and X VIII, we list the coefficients of the
contact amplitudes and OPE amplitudes at NLO, respec-
tively. For the TPE terms, the coefficients are

Agr=1/16, Ay, =5/16, (A88)

with I/ = 1, and

TABLE XVII. The coefficients in the NLO contact amplitudes
for the DB* — D*B process.

=1 I1=0

A A o W,
Aus.1(2) 0 0 (62) =6,
Au6.34) 0 0 =0 0(s)
Auss YDy +E,)  F(Dy-3E,) 0 =6,
A6 1D, +E,) F(D,-3E,) ) =6
Ausr LDy +E,)  F(Dy-3E,) 0 =0y
Auss 1D, +E,) F(D,-3E,) g =02
Au6.(9410) D, +E, D, - 3E, 0 0
Ags.11 Dy +E, D, -3E, =0y 0
Aue.(12+13) D, +E, Dy, —3E, 0 %)
Aus.14 D, +E, Dy, - 3E, =6 0

TABLE XVIII. The coefficients in the NLO OPE amplitudes
for the DB* — D*B process.

I1=1 1=0
A A | ()

Ap6.1(2) -% = 0(5,) -0,
Ape.3(4) -% = =6 0(31)
Ape.5(6) -5 : 0
Aps7 : -3 0
Apo.(8+9) : -3 g
Ap6.10 : -3 =J 0
Ap.(11412) i -3 0 0y
Ap6.13 : -3 -5, 0
Aps.14(15) 1 -3 0
Ap6.16(17) : -3 0

A1 = 9/167 Ar = _3/16’ (A89)
with 1 = 0.

4. DB* — D*B*

For the process D(p,)B*(p,) = D*(p3)B*(p,), the
contact, OPE, and TPE diagrams are shown in Fig. 15.
We can write the scattering amplitudes of LO diagrams as

MG =4(Dy + E,)ef (e x €5),,  (A90)
0 9192 49,49
577) = % : 25’5(64 x €3)", (A91)
with isospin / = 1, and
M) = 4D, =3E,)ef (e x €)),.  (A92)
0 39192 9.9y * *\U
My === R e x ) (A99)

with isospin / = 0.
The one-loop corrections to the contact amplitudes are
listed as

e . )

M, = 4}72 (d=3)AT%e (e % €;),,  (A94)
M, =0, (A95)

M, =4 ﬁM%%wq> (A96)

M), = 47 zAfzes@zxe4> (A97)

f
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(a7.3) (a7.4) (a7.7) (a7.8) (a7.9)

(a712) (a{?}%) (az._{t’)) (a7.16) (-(17.‘1.?)
v e Tw Tw we F?;T?_
(b7.10) (b7.11)‘ %(137.12)% (b?.lf)“) (1)7‘14‘) (b7.15‘) (‘b7‘16)
y(c7. 1)‘ | (c7.2) | ‘ (c7.3) ‘ /((:7.4; ,((:7.5)‘

FIG. 15. LO contact (a7), LO OPE (b7), NLO contact (a7.1-a7.17), NLO OPE (b7.1-b7.16), and NLO TPE (c7.1-c7.5) diagrams of the
process DB* — D*B*.

) 395
M£127)5 = —S%Ajgzeg”(ez X €4) (A98) M7 (13414 = 2f2A{ (d =2)0, I3, (@) + 9,5 (@)
x [e5 (e, % )l (A106)
2 *, *
M<a7)6 = 4f2 AJ%263”(€2 X 64)ﬂ, (A99) 302
2 g * .
, 910 M£z7).15 = Zifé(d — 1)Ad,J5es" (e x €),.  (A107)
M — —4%14.]}1263 (€2 X €5), (A100)
395
M 2 Al(d = 2)0, 8 (@1) + 0,08 (@
My = —4ZF AT (e xep), (Alon) T e
x [e3' (€2 x €}),]. (A108)
2 _ 9192 4 X
Mars = 4" 12 A122€3 (e2 % 64)’“ (A102) For the one-loop corrections to the OPE amplitudes, we

have

Mﬁm—4%ﬂw 3)ATLe (e x €5),,  (A103)

2 99 9.9,
M(b7).1_ —4= 2(d 3)“‘@2%%(64)@%)’ (A109)

2
2 f
M5,7>.11 =0, (A104)
2 glg 9,9y * *\v
M,%).lz = 49}92 AJh2€3 (€2 x 52);4’ (A105) M§a7?2 =4 f22 AJ3, 7 - —m2 e (&1 x €3)", (A110)
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@ J% | .
/\/11;7.3—_8 12 AJ22q2 ) [q €3ﬂ(€2><€4)ﬂ
+quq.64" (e2x€}) —quq,64 (€1 x€2)"],  (A111)
2 g g qudy
M§77).4 =—4 }22 A‘lgz 72— . 265(64 x€3),  (Al12)
9192 9uqv * *\v
M§77)5 =4 }2 AJO : 26/5(64 x €3)", (A113)
2 9192 4 1¢ q qv y
MY, = 4—}2 AJ el x e (Alld)
M) 89192 ZmzL—f—m—zlog 2| e
b71.7 3f2 871'2 U qZ _ m2
x [ x €5)"], (A115)

> 3919
M(b7).(8+9) == 2}22‘4[(‘1 —2)0,J5 (@1) + 0,75, (0,)]
9.4, C
ﬁdﬁ(% x €3)", (Al16)
MO 309 g g e
b7.10 2f2 22 q2 m2
x [e5(e5 x €3)"], (A117)
2 3019
ME)7)4(11+12) 2}22A[(d - 2’)6(1)‘11272 (6()1) + aa)']32 (0)2)]
e e (A118)
2) 89192 2 m\| 4.4,
P Ay
Mi71304) 7 { T2 0g< )] 7 —
x [h(e; x €3)"], (A119)
MO 899 [ e ()] e
b7.15(16) IZ 82 W) & —m?
x [ (€] x €3)"]. (A120)

In Tables XIX and XX, we list the coefficients of the
above contact amplitudes at NLO and OPE amplitudes at
NLO, respectively. The TPE amplitudes are given by

ME, =0, (A121)
2 9% .
M£7)2 =—4 } ZA{(J% + ]31)‘1 63 #(ey x 64)ﬂ(J§1
+J8)q,q.€5 (€5 x €5)" + [J5, + (d —2)J5)]
X quque3 (€2 X €)'}, (A122)

TABLE XIX. The coefficients in the NLO contact amplitudes
for the DB* — D*B* process.

I1=1 1=0

A A W W,
Au7q 0 0 0 0
Ag734) 0 0 0(5,)  6,(0)
Au15(6) 0 0 -0, 0(51)
Agr7 1D, +E,) F(D,-3E,) ) =6
Aurg 1Dy +Ey)  F(Dy—3E) 0 b,
Aaro (p,+E, F(D,-3E, 0 -5

£D,+E)  +D,=3E)

Agr10 YDy +E,)  F(Dy- 3Eh) 0 0
Ag12 (D, +E,) _T%(Du E,) 0 g
Aur.(13114) D, +E, D, - 3Eb 0 0
Auris D, +E, Dy, - 3E, =0 0
Au7.(16417) D, + E, D, -3E, 0 1)

TABLE XX. The coefficients in the NLO OPE amplitudes for
the DB* — D*B* process.

=1 1=0

A A o, -
Apr.102) e & 0(5,) 0
Ap134) -x 2 -5 0(5,)
Ap5(6) -5 : 0
Apr7 i -3 0
Ap7.819) : -3 5
Ap1.10 i -3 =0y 0
Ab7A(11+12) i —;3; )
Apr.13014) i -3 0
Ap7.15016) : -3 0 0

M2, = 49D 48 4 IR )g g, 5
13 = Iz (V3 + 31)‘];4% 3 (62 x €})

+J514,9.65 (€5 x €2)"], (A123)

2 g g *
M, =4 SEAMUR + IR )ge e x )+ (U

+ J31)q/4%/€/24(62 X €§)U - [ng + (d - 2)‘]13?1]

X q,q,€5" (€} X €)'}, (A124)
M, = 49 A8 1 IR )g g6 (e x )
15 = 7 [(J3; + 31)%%63 (€5 x €)
+ J§1%%€I3M (62 X 62)1/]- (A125)
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TABLE XXI. The coefficients in the TPE amplitudes for the
DB* — D*B* process.
I=1 I1=0

A A (O] ()
Aga L s - 0
A3 & = =0y )
AL‘7.4 % —% —51 0
Aas % —% -0 1

The coefficients in the above TPE amplitudes are listed
in Table XXI.

5.D'B - D*B*
For the process D*(p,)B(p,) = D*(p3)B*(ps), the

contact, OPE, and TPE diagrams are shown in Fig. 16.
The scattering amplitudes of LO diagrams are given by

MY = —4(D, + E,)él(e; x €;),,  (A126)

0 _ 9192

9.9y " £\
b8 —?qz!_mzelf(%)(ee.) . (A127)
with isospin / = 1, and
MY = —4(D, =3E,)ék (e x ), (A128)
0 309192 9.9y e e
./\/l(bg) = 7 i m2€’f(€4 x €3), (A129)

with isospin / = 0.
The one-loop corrections to the contact amplitudes are
listed as follows:

2
2 g * *
MZ, = AR =IALA( x el (AI30)
M, =0, (A131)
M2, = 4T A0 e A132
a83 = 5,6 (€5 x 64),;7 ( )

f2

(28.9)
R
w) - Twa Twe Tm) Tme w9 wo wy e
\(bB.lO)l (b8.11) (b8.12) (b813) ?38.143 (3b8.15) (Ls.w)

(cz;.1) | (c8.2) | ‘ (c8.3)‘ l(08.5)\ ,(08.6)\

FIG. 16. LO contact (a8), LO OPE (b8), NLO contact (a8.1-a8.17), NLO OPE (b8.1-b8.16), and NLO TPE (c8.1-¢8.5) diagrams of

the process D*B — D*B*.
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5 2 _ ,919% qﬂq,, N A
- . Mg =4=—~AJ§ el(es xe)r,  (A150)
Mz(128).4 = _4f_§AJ‘2]2€J14(€3 X 64),4’ (A133) P8 f? 0 q* —m? I
2
(2) 8919 2 m m 9.4y
ME:?.S = 8f2 AT (€5 X €7, (A134) Miss 3f? A [2 L @log <ﬂ)] q* —m?
gz x (e x 5] (A151)
2 * *
Mis).s = 4J712AJ32€’14(€3 X 54);47 (A135) @ 3¢30, ,
Mg (319) 21 A[(d =2)0,J5 (@) + 0y (@2)]
M = 492 A gk (et x e A136
087 7 An (e5x€),,  (A136) qzqiqy r— (A152)
2 919
MG = 4D AT (e; x ey, (A137)
f TABLE XXII. The coefficients in the NLO contact amplitudes
for the process D*B — D*B*.
2 9192 * *
ME:8)9 = _4f—AJ§2€’f(€3 X 54),47 (A138) I—1 I—0
A A 0] [
2 g192 « « 1 H
Mg 10 =—4—75" f (d— 3)AJ22€”(€3 X 64)ﬂ, (A139) A 5 5 5, 5
Aug2(3) 0 0 =5,(0)  5,(0)
M2 =o, A140
a8.11 ( ) A, 0 0 0(s)) 5
M2 = 4—9}22 ATlnél (e % €3),. (A141)  Auss \(D,+E) =2(D,-3E) & -5
Auss 1(Dy+E,)  F(D,-3E) 0 8
@ _ 39 Auso YD, +E, 3(D,-3E 0 -5
A d-2)o,J 0y 4\ Ha a 4 \Pa a
a8.(13+14) ~ 32 [( )90 % (1) + 0,75, (0,)] YDyt E) D, —3E,)
x [e(es x €}),], (A142)  Aasao $(Dy+Ey)  F(Dy=3E,) 0 0
A1z %(Da +Ea) _T3(Da 3Ea) 0, 0
MP ﬁ —1)A,J5e" (¢} x €5),. Al43 Aus.(13+14) D, + E, Dy, - 3E, 0 1
a8.15 — 2 2 22 3 4/u
/ Agg.(15+16) Dy + E, D, -3E, 0 )
3 A D E D, —3E -0
i6r17) = zfi%AKd =20, (@1) + 0T (2)] e v Ol I

x [€) (€3 x €3),].

The one-loop corrections to the OPE amplitudes are

given by
2 glg 1 * *
MEJS).I =-8 fzzAfzz P —m? [q°€] (€3 X€4)ﬂ

—q4,9,€1 (€ % €3)" +q,q,€5" (€} x€1)"].

M3y =408 sy B0t x e

M= 4D (a3 2 e,
M, = 482 g, B e e,
Mgws)s 4%‘4]0(1%[];12 €i(e3 x €3)",

(A144)

TABLE XXIII.
for the process D*B — D*B*.

The coefficients in the NLO OPE amplitudes

I1=1 I=0
A A (O] ()
Aps.1(2) -% & -5, 0(5,)
(A145)  Asssw -% 3 0(8;) 0
Aps5(6) -5 : 0 0
(A146)  Asss i -3 0
Aps (8+9) i -3 g1
(A147) Aps (10+11) i -3 0 2
Aps.12 i -3 =6, 0
Aps.13 i -3 0 0
(A148)  Aug,s ! -3 0 0
Aps.1s 3 -3 0 0
(A149) Apg 16 i -3 0 0

034007-29



ZHE LIU, HAO XU, and XIANG LIU

PHYS. REV. D 112, 034007 (2025)

2 39195
M;;8)4<10+11) == 2}22‘4[(‘1 —2)0,J%, (@) + 0,5, ()]
4pdv * *\V
X ﬁe’f(q x €}), (A153)
M2, = =399 (4 1yag, 18, s
b8.12 2f2 w22 q2 —_ m2
X elel x €5)), (Als4)
MO 899 [ e ()] e
bB13(14) T 12 872 2 )| =
x [elet x €5)), (A155)
M(z) o 89192A 2m2L m21 m 4u4y
pIS(16) ~ g2 m +8_7[2 0g w) &=
x [éf (&5 x €5)"]. (A156)

The coefficients appearing in the NLO contact and OPE
amplitudes are listed in Tables XXII and XXIII, respec-
tively, and the TPE amplitudes

ME, =0, (A157)
2
2 g 92 " "
MG, = 4E AL+ R)ge e x e,
+ (J5 + ng)qﬂql/elll(ez x €})" + [J5,
+(d=2)78]49,9.€ (e; x €5)*}, (A158)

TABLE XXIV. The coefficients in the NLO TPE amplitudes for
the process D*B — D*B".

~
Il
—_
~
Il
=)

A A ) W,
Acga & = =0, 0
Acg3 T = =6, g
Acsa & - —6, 0
Acgs G -Z =6, g1

2
2 919 s
M£8?3 =—4 }42AK~]§1 + J?l)‘]y‘]ueﬁl(‘% X €3)

+J514,9.€5" (€3 x €1)"], (A159)
2 2
2 919 * *
MES)A = 4%/‘{(]51 + IR gPef (¢5 x €1),
+ (‘]§1 + ng)Qﬂdelll (62 X GZ)D + [‘I§1
+ (d = 2)J5\lq,q.€ (€5 x €1)"}, (A160)
22
2 919 e
M(c8?5 = _4%’4[(]51 —|—J§1)qﬂqye’3‘ (€1 % €p)
+ J§1qﬂ61y€/f(€ﬁ X €§)D]- (A161)

The coefficients in the above TPE amplitudes are listed
in Table XXIV.

APPENDIX B: DEFINITIONS OF SOME LOOP
FUNCTIONS

The various loop functions used in amplitudes are
defined as

(1,10, 1218, 121P 17}

./le'uét—D
"] TP (/)0 i+ o+ ie] (B —m? + ie)

= {757 T oIS 4 T (g )T+ 0P T ().

) le//l4_D
l/ 2m)P (v 1+, +ie)[(+/=)v - |+ w, + ie](I> — m? + ie)

= {Jg/h, v“J?{h, U”v/”J%h + g"ﬂJgéh,

(1,12, 108 121P 17}

le'u4—D
l/ @m)P (P —m7 +ie)[(q + 1)* — m3 + ie]

(B1)

(1,1, 1908, 12 1P 17
(gv 0)J4" + v P I (m, w, ,). (B2)
(9v a)J5 + q*q g T5, } (my, my, q), (B3)

= {J§.q"J\. "¢ I5, + g5,
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i/le/t4_D {1,000, 1P, 1°1PIr 1P}
2m)P [(+/=)v -1+ o + ie](2 — m? +ie)[(q + [)* — m3 + ie]
= (JIIS, qug IS 1 omfTIS gub IS - qugBTTIS 4 v TS 4 (qvo)dLI5, (gva) TS + grgPqr TS
+(@PVo)l® + <gvv>J”S + (qvo) I3 + oo T (Vo) il + (VeI + 4 T35
+ (gviA)JS + v"vﬂvVU‘SJT/S +(¢° \/11)J4/S + (VRIS 4+ (gvid)JilS
+ (QV(IVU)J49 Hmy,my, @, ), (B4)

i/le,Lt4_D {1,010, 1P, 1°PL  1°1P I 1P
2m)P (v-l+ o, +ie)[(+/=)v- 1+ oy + ie](I> — m? +ie)[(qg + [)* — m3 + ie]
= {152 q I " + v I P g IS+ gt P I+ v P IR+ (qvo) I (gva) IS + ¢ g T5SE
+ (V)T + (gvo)ayy” + (qvet) 8" + vl v 5P (vl + (v )T + ¢t da T s"
+ (gviR)IRB o Pyt JRIB L (Pv)IEIB 4 (2v?)IRE 4 (gvd)aRE
+ (gvgvo) P Himy.my. 0. 5. q)., (B5)
with
qvv =g’ + v gvg=gPq + 97" +gPq",  gve =g + gTP + g,
Vv = ¢ g v + g P + ¢l gvv? = g v + gPv*ur + g P,
NvVa=g"g° + g% + 7 v ="+ PP+ "9+ 7P + P + g
gVt = 0P g0 + v® PPt + v g 4 TP g + PP g+ Pt g,
PV = Pg P+ @ PP+ PP P+ P, GV = PP + g P ® 4 P ® + e oPure?,
g*Vv? = @ v + ¢ v + PP + ¢ g v + g P’ + g% qP P,
gvavo = gPvg® + gV g + @ + g v PP + g + 0 P + P g+ PP g+ qP g

+ g g + @G + P g?. (B6)
|
J? is related to J¢, J5(v-q)=JI(-v-q), I(v-q)=JT(=v-q).
Jh(v-q) = =J{(=v-q), By =I5 (-v-q),
Jo=Ji In=dhe o Ja=dh Povq)=Th(=v-q),  s(v-q)=Jh(v-q),
T3 =75, T = =4 J5=-J%.  (B7) J5,(v-q) ==J,(-v-q), S5 (v-q)=J%(-v-q),
Fa(v-q)=Th(-v-q),  Js(v-q) = -J5(-v-q),
JY and J" can be deduced to 22 ? 33s 3T3
(v q) = =J34(=v- q), J3s(v-q) = J3s(=v - q),
1 Ji(v - q) = =J5y(=v - q), Th(v-q) =Ji(=v-q),
Plonor) = —— (@)~ (o)), (@3 0T jatr =
Wy =@ Jip(v-q) =Jp(-v-q), Ji(v-q) =J(-v-q),
Tas(v - q) = Tiy(—v - q). Tis(v-q) = Jis(-v - q),
1 S (n.onq) — —JT (—a. S(v-a)=J(=p-
Jh(a)l,a)z):w s [J4 (@) + Jb(w,)].  (BY) Jig(v-q) = —J46(=v - q). Jip(v-q) = Jia(=v-q).
2 Ts(v-q) = =Jig(=v-q),  T(v-q) = ~Jis(-v-q).

JS is related to J7, (B10)
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JR and JB can be deduced to

I (@n,0) = e (1) = (2],

(B11)

PP (@1.02) = ——— [T (@) + ().

B12
W) + W ( )
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