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In this work, we systematically study the interactions of the S-wave Dð�ÞB̄ð�Þ systems within the
framework of chiral effective field theory in heavy hadron formalism. We calculate the Dð�ÞB̄ð�Þ effective
potentials up to next-to-leading order, explore the bound state formations, and investigate the Dð�ÞB̄ð�Þ

scattering properties, such as scattering rate, scattering length, and effective range. Our results show that all
I ¼ 1Dð�ÞB̄ð�Þ potentials are repulsive, preventing the formation of bound states, while the I ¼ 0 potentials
are generally attractive. Specifically, we get two important observations: first, the shallow bound state is
more likely to exist in the DB̄½IðJPÞ ¼ 0ð0þÞ� system than in the DB̄�½IðJPÞ ¼ 0ð1þÞ� system; second,
D�B̄�½IðJPÞ ¼ 0ð0þÞ� and D�B̄�½IðJPÞ ¼ 0ð1þÞ� systems possess relatively large binding energies and
positive scattering lengths, which suggests strong bound state formations in these channels. So, the
attractions in the D�B̄�½I ¼ 0� systems are deeper than those in the DB̄ð�Þ½I ¼ 0� systems, thus we strongly
recommend the future experiment to search for theD�B̄�½I ¼ 0� tetraquark systems. We also investigate the
coupled-channel effects on the J ¼ 0; 1 systems and conclude that the inclusion of the coupled channels
introduces small but visible influences. In addition, we also investigate the dependencies of the DB̄ð�Þ

binding energies on the contact low-energy coupling constants.

DOI: 10.1103/l9pk-hqx1

I. INTRODUCTION

The study of exotic hadrons has become a vibrant
frontier in particle physics, offering profound insights into
the nonperturbative regime of strong interactions. In recent
years, LHCb collaboration has made groundbreaking dis-
coveries that have significantly advanced our understand-
ing of multiquark states. In 2020, LHCb reported the
observation of two resonances, X0ð2900Þ and X1ð2900Þ,
in the D−Kþ invariant mass spectrum of the Bþ →
DþD−Kþ decay process [1,2]. These states, with quantum
numbers JP ¼ 0þ and JP ¼ 1þ, respectively, were

identified as the first tetraquark candidates with the exotic
quark content uds̄ c̄. This discovery was followed in 2021
by the observation of the double-charm tetraquark state
Tþ
cc in the D0D0πþ invariant mass spectrum [3,4]. Shortly

thereafter, LHCb reported two additional open heavy-flavor
tetraquark candidates, Ta

cs̄0ð2900Þþþ and Ta
cs̄0ð2900Þ0, in

the Dþ
s π

� final states of the Bþ → D−Dþ
s π

þ and B0 →
D̄0Dþ

s π
þ decays [5,6]. These states are believed to have the

quark content cs̄ud̄.
These experimental discoveries have spurred extensive

theoretical investigations into the nature of open heavy-
flavor multiquark states. Various approaches, including
QCD sum rules, lattice QCD, and effective field theories,
have been employed to explore their properties and
structures (see Refs. [7–34] for comprehensive reviews).
These studies have deepened our understanding of the
exotic hadron spectrum and highlighted the importance of
investigating the interactions of dimeson systems, particu-
larly those involving doubly heavy quarks.
Doubly heavy dimeson systems have attracted signifi-

cant theoretical interest due to their potential to form stable
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or quasistable molecular states. For instance, Li et al.
explored the possibility of deuteronlike molecular states in
Dð�ÞDð�Þ, B̄ð�ÞB̄ð�Þ, and Dð�ÞB̄ð�Þ systems, identifying sev-
eral promising candidates [35]. QCD sum rules have been
applied to study exotic open-flavor tetraquark states, such
as bcq̄q̄, bcs̄s̄, qcq̄b̄, and scs̄b̄, revealing that some of these

states lie below the Dð�ÞBð�Þ and Dð�Þ
s Bð�Þ

s thresholds,
making them susceptible to decay via fall-apart mecha-
nisms [36]. The color-magnetic interaction model has also
been used to calculate mass splittings for qqQ̄Q̄ tetraquark
states [37], while the molecular picture has been employed
to investigate the binding energies of Tþ

cc and its bottom and
strange partners [38]. Additionally, the complex scaling
method has been utilized to study doubly heavy tetraquark
bound and resonant states [39].
The stability of doubly heavy tetraquarks, particularly

those involving bottom and charm quarks, remains a topic
of active debate. While some studies suggest that states
such as bbūd̄, bbūs̄, and bbd̄s̄ are stable against strong
decay [40], others argue that bottom-charm tetraquarks
may not be stable [41–47]. The production mechanisms
and detection prospects for these states at colliders have
also been explored, with estimates suggesting significant
production cross sections for double-bottom and mixed
bottom-charm tetraquarks at the LHC [48].
Recent lattice QCD studies have provided further

insights into the properties of doubly heavy tetraquarks.
Meinel et al. found no evidence for QCD-stable b̄c̄ud
tetraquark states [49], while Alexandrou et al. and
Padmanath et al. reported shallow bound states for isoscalar
b̄c̄ud systems [50,51]. These findings, along with the
identification of subthreshold poles in the DB̄ scattering
amplitude [52], significantly advanced our understanding
of the weak decay behaviors of DB̄ molecules [53].
In this work, we investigate the interactions of S-wave

DB̄, DB̄�, and D�B̄� systems using chiral effective field
theory (ChEFT) in the heavy hadron formalism. ChEFT, a
low-energy effective theory of QCD, has proven to be a
powerful tool for studying hadronic interactions, particu-
larly in the context of nucleon-nucleon systems [54,55]. By
incorporating heavy-quark and chiral symmetries, ChEFT
provides a robust framework for analyzing the interactions
of heavy mesons. Previous studies have applied ChEFT to
systems such as Dð�ÞDð�Þ [56,57], B̄ð�ÞB̄ð�Þ [58,60], and
hidden-charm systems [59], as well as to the interactions of
heavy pentaquark molecular states [61–63]. These inves-
tigations have demonstrated the effectiveness of ChEFT in
describing the low-energy dynamics of heavy hadrons.
This paper is organized as follows: In Sec. II, we

introduce the chiral effective Lagrangians with SUð2Þ
flavor symmetry used in our calculations. In Sec. III, we
present the scattering amplitudes and derive the effective
meson-meson potentials. In Sec. IV, we analyze the
numerical results, examining the behaviors of the effective

potentials and searching for possible bound states by
solving the Schrödinger equation. We also examine the
coupled-channel effects. We discuss the scattering T-matrix
and extract physical quantities, such as the scattering rate,
scattering length, and effective range. Finally, in Sec. V, we
summarize our findings and discuss their implications for
future studies of doubly heavy tetraquark systems.

II. EFFECTIVE LAGRANGIANS

Within the framework of ChEFT in the heavy hadron
formalism, the low-energy Dð�Þ − B̄ð�Þ scattering ampli-
tudes are expanded order by order in terms of a small
parameter ϵ ¼ q=Λχ, where q represents the momentum
of a Goldstone boson, the mass difference between D� and
Dmesons (or B̄� and B̄mesons), or the residual momentum
of a heavy meson. The parameter Λχ denotes the chiral
symmetry broken scale or the mass of the heavy mesons.

A. Lagrangians at the leading order

At leading order (LO), the Lagrangian describing the LO
contact Dð�ÞB̄ð�Þ interaction is

Lð0Þ
4H ¼ DaTr½HγμH̄�Tr½HγμH̄�

þDbTr½Hγμγ5H̄�Tr½Hγμγ5H̄�
þ EaTr½Hγμτ

aH̄�Tr½HγμτaH̄�
þ EbTr½Hγμγ5τ

aH̄�Tr½Hγμγ5τaH̄�; ð1Þ
where Da, Db, Ea, and Eb are independent low-energy
coupling constants (LECs), and τα represents the Pauli
matrix in isospin space. The heavy meson doublet ðD;D�Þ
or ðB̄; B̄�Þ is described by the H field in the heavy hadron
formalism [56,58,59],

H ¼ 1þ =v
2

ðP�
μγ

μ þ iPγ5Þ;

H̄ ¼ γ0H†γ0 ¼ ðP�†
μ γμ þ iP†γ5Þ

1þ =v
2

;

P ¼ ðD0; DþÞ or ðB−; B̄0Þ;
P�
μ ¼ ðD�0; D�þÞμ or ðB�−; B̄�0Þμ; ð2Þ

where v ¼ ð1; 0; 0; 0Þ is the four-velocity of the heavy
mesons. For the D�B̄� system, the scattering amplitudes
receive contributions from the one-pion-exchange inter-
actions at LO. The Lagrangian for the LO D�D�π vertex or
B̄�B̄�π vertex is given by [56,58,59]

Lð1Þ
Hϕ ¼ −hðiv · ∂HÞH̄i þ hHv · ΓH̄i þ ghH=uγ5H̄i

−
1

8
ΔhHσμνH̄σμνi; ð3Þ

Γμ ¼
i
2
½ξ†; ∂μξ�; uμ ¼

i
2
fξ†; ∂μξg; ð4Þ
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where Δ in the last term represents the mass splitting
between D and D� (or B̄ and B̄�), Γμ is the chiral
connection, uμ is the axial vector current, and ξ ¼
expðiϕ=2fÞ. Here, f is the bare pion decay constant,
and the pion field ϕ is

ϕ ¼
 

π0
ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

!
: ð5Þ

B. Lagrangians at next-to-leading order

At next-to-leading order (NLO), the scattering ampli-
tudes receive contributions from one-loop corrections to the
LO contact interaction, one-loop corrections to LO one-
pion exchange (OPE), and the two-pion-exchange (TPE)
terms. To renormalize these loop contributions, we employ
the contact Lagrangians at NLO as follows:

Lð2;hÞ
4H ¼ Dh

aTr½HγμH̄�Tr½HγμH̄�TrðχþÞ
þDh

bTr½Hγμγ5H̄�Tr½Hγμγ5H̄�TrðχþÞ
þ Eh

aTr½Hγμτ
aH̄�Tr½HγμτaH̄�TrðχþÞ

þ Eh
bTr½Hγμγ5τ

aH̄�Tr½Hγμγ5τaH̄�TrðχþÞ; ð6Þ

Lð2;vÞ
4H ¼ fDv

a1Tr½ðv ·DHÞγμðv ·DH̄Þ�Tr½HγμH̄�
þDv

a2Tr½ðv ·DHÞγμH̄�Tr½ðv ·DHÞγμH̄�
þDv

a3Tr½ðv ·DHÞγμH̄�Tr½Hγμðv ·DH̄Þ�
þDv

a4Tr½ððv ·DÞ2HÞγμH̄�Tr½HγμH̄�
þDv

b1Tr½ðv ·DHÞγμγ5ðv ·DH̄Þ�Tr½Hγμγ5H̄� þ � � �
þ Ev

a1Tr½ðv ·DHÞγμτaðv ·DH̄Þ�Tr½HγμτaH̄� þ � � �
þ Ev

b1Tr½ðv ·DHÞγμγ5τaðv ·DH̄Þ�Tr½Hγμγ5τaH̄�
þ � � �g þ H:c:; ð7Þ

Lð2;qÞ
4H ¼ fDq

1Tr½ðDμHÞγμγ5ðDνH̄Þ�Tr½Hγνγ5H̄�
þDq

2Tr½ðDμHÞγμγ5H̄�Tr½ðDνHÞγνγ5H̄�
þDq

3Tr½ðDμHÞγμγ5H̄�Tr½Hγνγ5ðDνH̄Þ�
þDq

4Tr½ðDμDνHÞγμγ5H̄�Tr½Hγνγ5H̄�
þ Eq

1Tr½ðDμHÞγμγ5τaðDνH̄Þ�Tr½Hγνγ5τaH̄�
þ � � �g þ H:c:; ð8Þ

where

χ̃� ¼ χ� −
1

2
Tr½χ��; χ� ¼ ξ†χξ† � ξχξ; χ ¼ m2

π:

ð9Þ
The low-energy constants appearing in the above equa-

tions are split into finite and infinite parts. The infinite parts

are used to cancel the divergences of the loop contributions
at NLO. The finite parts also contribute but are not
determined here due to the lack of data input. Therefore,
we just discard them.
After the scattering amplitudes for the Dð�ÞB̄ð�Þ systems

are calculated using the above Lagrangians, the effective
potentials in momentum space can be obtained via the
relation

VðqÞ ¼ −
MðqÞ
4

; ð10Þ

where the factor−1=4 comes from the Breit approximation.
To understand the interactions and further investigate
whether the D�B̄ð�Þ systems can form stable molecular
states, we need the potentials in coordinate space. Fourier
transformations of the momentum-space potentials allow
for their derivation,

VðrÞ ¼
Z

d3q
ð2πÞ3 VðqÞe

−iq·rF ðqÞ; ð11Þ

where F ðqÞ is a regulator function. To avoid ultraviolet
(UV) divergence in the integral, we use a Gaussian
regulator function F ðqÞ ¼ expð−q2n=Λ2nÞ, and an ade-
quately large n is adopted so that the powers generated by
the regulator are beyond the order at which our calculation
is performed so that it does not affect the accuracy at the
given order [56,58,59,64,65]. Therefore, we chose 2n > ϵ
for the contact terms at order ϵ. Here, we take n ¼ 2. Based
on the potentials in coordinate space, we can solve the
Schrödinger equations to search for the possible bound
states.
Simultaneously, according to the effective potentials in

momentum space, we can also solve the Lippmann-
Schwinger equations to calculate the partial-wave two-
body scattering amplitudes T,

Tlðk; k0Þ ¼ Vlðk; k0Þ

þ
Z

q2dq
ð2πÞ3 Vlðk; qÞGðE; qÞTlðq; k0Þ; ð12Þ

where E ¼ p2=ð2μÞ is the energy and μ is the reduced
mass. The Green’s function GðE; qÞ is given by

GðE; qÞ ¼ 1

E − ðq2=2μÞ þ iϵ
: ð13Þ

The relation between the T matrix and the phase shift δ is

Tl ¼ eiδ sin δl: ð14Þ

Considering the S-wave, in the low-energy limit the
k cot δ0ðkÞ can be expanded in powers of k2,
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k cot δ0ðkÞ ¼ −
1

a
þ 1

2
r0k2 þ � � � ; ð15Þ

where a is the scattering length and r0 is the effective range.
The ellipsis represents higher-order terms in k. The S-wave
scattering cross section is proportional to the phase shift,

σ0ðkÞ ¼
4π

k2
sin2δ0ðkÞ: ð16Þ

To facilitate a comparison with lattice QCD results [50],
we will also compute the scattering rate kσðkÞ.

III. EFFECTIVE POTENTIALS OF
THE Dð�ÞB̄ð�Þ SYSTEMS

A. DB̄ systems

As shown in Fig. 1, at LO, there is only a tree-level
contact diagram for the scattering process Dðp1ÞB̄ðp2Þ →
Dðp3ÞB̄ðp4Þ. Using the Lagrangians in Eq. (1), the ampli-
tudes can be written as follows:

Mð0Þ
a1 ¼ 4ðDa þ EaÞ ð17Þ

for isospin I ¼ 1, and for isospin I ¼ 0,

Mð0Þ
a1 ¼ 4ðDa − 3EaÞ: ð18Þ

Next, we consider NLO contributions illustrated in
Fig. 1. There are two types of NLO diagrams. The diagrams
in Fig. 1 represent one-loop corrections to the LO contact
interaction, and the corresponding amplitudes are given by

Mð2Þ
a1.1 ¼ −4Aðd − 1Þ g

2
2

f2
Jg22; ð19Þ

Mð2Þ
a1.2 ¼ −4Aðd − 1Þ g

2
1

f2
Jg22; ð20Þ

Mð2Þ
a1.3 ¼ 4Aðd − 1Þ g1g2

f2
Jh22; ð21Þ

Mð2Þ
a1.4 ¼ 4Aðd − 1Þ g1g2

f2
Jh22; ð22Þ

Mð2Þ
a1.5 ¼ −

3

2
Aðd − 1Þ g

2
1

f2
∂ωJb22; ð23Þ

Mð2Þ
a1.6 ¼ −

3

2
Aðd − 1Þ g

2
1

f2
∂ωJb22: ð24Þ

Here, d represents the space-time dimension, and the
coefficient A depends on each diagram and isospin I,
which is listed in Table I. The coupling constants g1 and
g2 refer to the bare coupling constants for the DD�π and
B̄B̄�π vertices, respectively.
Using the Lagrangians in Eq. (3), the amplitudes for the

TPE diagrams in Fig. 1 can be written as

Mð2Þ
c1.1 ¼ −4

1

f4
½A1ðq20JF0 þ JF22Þ

− A15ðq20JF11 þ q20J
F
21 þ JF22Þ

− A51ðq20JF11 þ q20J
F
21 þ JF22Þ

þ A5ðq20JF0 þ 2q20J
F
11 þ q20J

F
21 þ JF22Þ�; ð25Þ

FIG. 1. LO contact (a1), NLO contact (a1.1–a1.6) and NLO TPE (c1.1–c1.5) diagrams of the process DB̄ → DB̄. The thin solid,
double-thin solid, solid, thick solid, and dashed lines stand for the B̄, B̄�, D, D�, and a pion, respectively.
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Mð2Þ
c1.2 ¼ −4i

g22
f4

fA1½q0q⃗2JT22 þ q⃗2JT24 − ðd − 1Þq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 − ðd − 1ÞJT34�
− A5½q0q⃗2JT11 − ðd − 1Þq0JT21
þ 2q0q⃗2JT22 þ q⃗2JT24 − ðd − 1Þq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 − ðd − 1ÞJT34�g; ð26Þ

Mð2Þ
c1.3 ¼ −4i

g22
f4

fA1½q0q⃗2JT22 þ q⃗2JT24 − ðd − 1Þq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 − ðd − 1ÞJT34�
− A5½q0q⃗2JT11 − ðd − 1Þq0JT21
þ 2q0q⃗2JT22 þ q⃗2JT24 − ðd − 1Þq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 − ðd − 1ÞJT34�g; ð27Þ

Mð2Þ
c1.4 ¼ −4

g21g
2
2

f4
A½−q⃗2JB21 þ q⃗4JB22 − 2ðdþ 1Þq⃗2JB31

þ 2q⃗4JB32 þ ðd2 − 1ÞJB41
− 2ðdþ 1Þq⃗2JB42 þ q⃗4JB43�; ð28Þ

Mð2Þ
c1.5 ¼ −4

g21g
2
2

f4
A½−q⃗2JR21 þ q⃗4JR22 − 2ðdþ 1Þq⃗2JR31

þ 2q⃗4JR32 þ ðd2 − 1ÞJR41
− 2ðdþ 1Þq⃗2JR42 þ q⃗4JR43�; ð29Þ

where coefficients A1, A15, A51, and A5 for each amplitude
can be found in Table II.
In the above amplitudes (19)–(29), the loop functions

Ja=bij ðm;ωÞ, Jg=hij ðm;ω1;ω2Þ, JFijðm1; m2; qÞ, JT=Sij ðm1; m2;

ω; qÞ, and JB=Rij ðm1; m2;ω1;ω2; qÞ are abbreviated as Ja=bij ,

Jg=hij , JFij, J
T=S
ij , and JB=Rij , respectively. The variables m;m1,

and m2 denote the pion mass, while the mass-splitting-
dependent variables ω1 and ω2 for every amplitude

are collected in Tables I and II. Here, we define δ1 ¼
MD� −MD and δ2 ¼ MB̄� −MB̄ as the D� −D and B̄� − B̄
mass differences, respectively. We list the definitions of the
loop functions in Appendix B, and the calculation proce-
dures of these loop functions follow the Refs. [56,59].

B. DB̄� systems

We now focus on the DB̄� system. As in the DB̄ system,
a contact term contributes to the DB̄� scattering ampli-
tudes at LO, as shown in Fig. 2. For the process
Dðp1ÞB̄�ðp2Þ → Dðp3ÞB̄�ðp4Þ, the scattering amplitude
is given by

Mð0Þ
a2 ¼ −4ðDa þ EaÞðϵ2 · ϵ�4Þ; ð30Þ

with isospin I ¼ 1, and

Mð0Þ
a2 ¼ −4ðDa − 3EaÞðϵ2 · ϵ�4Þ; ð31Þ

with isospin I ¼ 0, where ϵ2 and ϵ�4 are the polarization
vectors of the initial B̄� and final B̄�, respectively.
Next, in Fig. 2, we present the one-loop corrections to the

contact diagram and the TPE diagrams of the DB̄� system
at NLO.We can calculate the amplitudes for these diagrams
using the Feynman rules derived from the Lagrangian (3).
The one-loop correction terms are

Mð2Þ
a2.1 ¼ −4

g22
f2

AJg22ðϵ2 · ϵ�4Þ; ð32Þ

Mð2Þ
a2.2 ¼ 4

g22
f2

ðd − 3Þðd − 2ÞAJg22ðϵ2 · ϵ�4Þ; ð33Þ

Mð2Þ
a2.3 ¼ 4

g21
f2

ðd − 1ÞAJg22ðϵ2 · ϵ�4Þ; ð34Þ

Mð2Þ
a2.4 ¼ −4

g1g2
f2

AJh22ðϵ2 · ϵ�4Þ; ð35Þ

Mð2Þ
a2.5 ¼ −4

g1g2
f2

AJh22ðϵ2 · ϵ�4Þ; ð36Þ

TABLE I. The coefficients appearing in the contact amplitudes
[Eqs. (19)–(24)].

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa1.1 0 0 −δ2 −δ2
Aa1.2 0 0 −δ1 −δ1
Aa1.3

1
4
ðDb þ EbÞ 1

4
ð−3Db þ 9EbÞ −δ1 −δ2

Aa1.4
1
4
ðDb þ EbÞ 1

4
ð−3Db þ 9EbÞ −δ1 −δ2

Aa1.5 Da þ Ea Da − 3Ea −δ1 0

Aa1.6 Da þ Ea Da − 3Ea −δ2 0

TABLE II. The coefficients appearing in the TPE amplitudes
[Eqs. (25)–(29)]. Note that we have A51 ¼ A15.

I ¼ 1 I ¼ 0

A1 A5 A15 A1 A5 A15 ω1 ω2

Ac1.1
1
16

1
16

− 1
16

− 3
16

− 3
16

3
16

0 0

Ac1.2
i
8

− i
8

0 − 3i
8

3i
8

0 −δ2 0

Ac1.3
i
8

− i
8

0 − 3i
8

3i
8

0 −δ1 0

Ac1.4
1
16

0 0 9
16

0 0 −δ1 −δ2
Ac1.5

5
16

0 0 − 3
16

0 0 −δ1 −δ2

Dð�ÞB̄ð�Þ DYNAMICS IN CHIRAL EFFECTIVE … PHYS. REV. D 112, 034007 (2025)

034007-5



Mð2Þ
a2.6 ¼ −4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ2 · ϵ�4Þ; ð37Þ

Mð2Þ
a2.7 ¼ −4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ2 · ϵ�4Þ; ð38Þ

Mð2Þ
a2:ð8þ9Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ2 · ϵ�4Þ; ð39Þ

Mð2Þ
a2.10 ¼

3g21
2f2

ðd − 2ÞA∂ωJb22ðϵ2 · ϵ�4Þ: ð40Þ

The TPE diagrams consist of football, triangle, planar, and
crossed box diagrams. The corresponding amplitudes are
given by

Mð2Þ
c2.1 ¼ 4

1

f4
½A1ðq20JF0 þ JF22Þ

þ A15ðq20JF11 þ q20J
F
21 þ JF22Þ

− A51ðq20JF11 þ q20J
F
21 þ JF22Þ

þ A5ðq20JF0 þ 2q20J
F
11

þ q20J
F
21 þ JF22Þ�ϵ2 · ϵ�4; ð41Þ

Mð2Þ
c2.2 ¼ i4

g22
f4

f½A1ðq0JS22 þ JS24 þ q0JS32 þ JS33Þ

− A5ðq0JS11 þ 2q0JS22 þ JS24

þ q0JS32 þ JS33Þ�ðq · ϵ2Þðq · ϵ�4Þ
þ ½A1ðq0JS31 þ JS34Þ
− A5ðq0JS21 þ q0JS31 þ JS34Þ�ðϵ2 · ϵ�4Þg; ð42Þ

Mð2Þ
c2.3 ¼ −i4

g22
f4

ðd− 3Þ½A1ðq0JS22 þ JS24 þ q0JS32 þ JS33Þ

−A5ðq0JS11 þ 2q0JS22 þ JS24

þ q0JS32 þ JS33Þ�ðq · ϵ2Þðq · ϵ�4Þ

− i4
g22
f4

ðd− 3ÞfA1½q0q⃗2JS22 þ q⃗2JS24

þ ð2− dÞq0JS31 þ q0q⃗2JS32 þ q⃗2JS33

þ ð2− dÞJS34�−A5½q0q⃗2JS11
þ ð2− dÞq0ðJS21 þ JS31Þ þ 2q0q⃗2JS22 þ q⃗2JS24

þ q0q⃗2JS32 þ q⃗2JS33 þ ð2− dÞJS34�gðϵ2 · ϵ�4Þ; ð43Þ

FIG. 2. LO contact (a2), NLO contact (a2.1–a2.10) and NLO TPE (c2.1–c2.8) diagrams of the process DB̄� → DB̄�. The thin solid,
double-thin solid, solid, thick solid, and dashed lines stand for the B̄, B̄�, D, D�, and a pion, respectively.
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Mð2Þ
c2.4 ¼ −i4

g21
f4

fA1½q0q⃗2JT22 þ q⃗2JT24 þ ð1− dÞq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 þ ð1− dÞJT34�−A5½q0q⃗2JT11
þ ð1− dÞq0ðJT21 þ JT31Þ þ 2q0q⃗2JT22 þ q⃗2JT24

þ q0q⃗2JT32 þ q⃗2JT33 þ ð1− dÞJT34�gðϵ2 · ϵ�4Þ; ð44Þ

Mð2Þ
c2.5 ¼ 4

g21g
2
2

f4
A1f½JB21 − q⃗2JB22 þ ðdþ 3ÞðJB31 þ JB42Þ

− 2q⃗2JB32 − q⃗2JB43�ðq · ϵ2Þðq · ϵ�4Þ
− ½q⃗2ðJB31 þ JB42Þ − ð1þ dÞJB41�ðϵ2 · ϵ�4Þg; ð45Þ

Mð2Þ
c2.6 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1f½JB21 − q⃗2JB22 þ ðdþ 3ÞJB31

− 2q⃗2JB32 þ ðdþ 3ÞJB42 − q⃗2JB43�ðq · ϵ2Þðq · ϵ�4Þ
þ ½−q⃗2JB21 þ q⃗4JB22 − ð2dþ 1Þq⃗2ðJB31 þ JB42Þ
þ 2q⃗4JB32 þ ðdþ 1Þðd − 2ÞJB41 þ q⃗4JB43�ðϵ2 · ϵ�4Þg;

ð46Þ

Mð2Þ
c2.7 ¼ 4

g21g
2
2

f4
A1f½JR21 − q⃗2JR22 þ ðdþ 3ÞðJR31 þ JR42Þ

− 2q⃗2JR32 − q⃗2JR43�ðq · ϵ2Þðq · ϵ�4Þ
− ½q⃗2JR31 − ð1þ dÞJR41 þ q⃗2JR42�ðϵ2 · ϵ�4Þg; ð47Þ

Mð2Þ
c2.8 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1f½JR21 − q⃗2JR22 þ ðdþ 3ÞJR31

− 2q⃗2JB32 þ 3JB42 − q⃗2JB43�ðq · ϵ2Þðq · ϵ�4Þ
þ ½−q⃗2JR21 þ q⃗4JR22 − ð2dþ 1Þq⃗2ðJR31 þ JR42Þ
þ 2q⃗4JR32 þ ðdþ 1Þðd − 2ÞJR41 þ q⃗4JR43�ðϵ2 · ϵ�4Þg:

ð48Þ

The coefficients in the above expressions are listed
in Tables III and IV. In this work, we focus on the
S-wave interactions, so we replace the terms ϵ2 · ϵ�4 and
ðq · ϵ2Þðq · ϵ�4Þ in the equations with [56,58,59]

ðϵ2 · ϵ�4Þ ↦ −1; ðq · ϵ2Þðq · ϵ�4Þ ↦
1

d − 1
q⃗2: ð49Þ

C. D�B̄� systems

Next, we consider the D�B̄� systems. At LO, both the
contact and OPE diagrams contribute to the scattering
amplitudes, as shown in Fig. 3. At NLO, there are one-loop
corrections to the LO diagrams and newly appeared TPE
diagrams shown in Fig. 3. Compared to the DB̄ and
DB̄� systems, the D�B̄� systems include significantly more
diagrams, resulting in more complex interactions. The
corresponding scattering amplitudes for these diagrams
are listed in Eqs. (50)–(53) and (57)–(98).
At LO, utilizing the Lagrangian presented in Eqs. (1) and

(3), the contact and OPE contributions of the scattering
processD�ðp1ÞB̄�ðp2Þ → D�ðp3ÞB̄�ðp4Þ depicted in Fig. 3
read

Mð0Þ
a3 ¼ 4½ðDa þ EaÞO1 − ðDb þ EbÞO2

þ ðDb þ EbÞO3�; ð50Þ

Mð0Þ
b3 ¼ −

g1g2
f2

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
ð51Þ

for isospin I ¼ 1, and we have

Mð0Þ
ða3Þ ¼ 4½ðDa þ EaÞO1 − ðDb þ EbÞO2

þ ðDb þ EbÞO3�; ð52Þ

TABLE III. The coefficients in the NLO contact amplitudes in
Eqs. (32)–(40).

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa2.1
1
4
ð3Da − EaÞ 3

4
ðDa þ EaÞ δ2 δ2

Aa2.2
1
4
ð3Da − EaÞ 3

4
ðDa þ EaÞ 0 0

Aa2.3 0 0 −δ1 −δ1
Aa2.4

1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 −δ1

Aa2.5
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ −δ1 0

Aa2.6
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ δ2 −δ1

Aa2.7
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ −δ1 δ2

Aa2:ð8þ9Þ Da þ Ea Da − 3Ea 0 δ2

Aa2.10 Da þ Ea Da − 3Ea −δ1 0

TABLE IV. The coefficients in the TPE amplitudes
[Eqs. (41)–(48)]. Note that we have A51 ¼ A15.

I ¼ 1 I ¼ 0

A1 A5 A15 A1 A5 A15 ω1 ω2

Ac2.1
1
16

1
16

− 1
16

− 3
16

− 3
16

3
16

0 0

Ac2.2
i
8

−i
8

0 − 3i
8

3i
8

0 0 0

Ac2.3
i
8

− i
8

0 − 3i
8

3i
8

0 δ2 0

Ac2.4
i
8

− i
8

0 − 3i
8

3i
8

0 −δ1 0

Ac2.5
1
16

0 0 9
16

0 0 −δ1 0

Ac2.6
1
16

0 0 9
16

0 0 −δ1 δ2

Ac2.7
5
16

0 0 − 3
16

0 0 −δ1 0

Ac2.8
5
16

0 0 −3
16

0 0 −δ1 δ2
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FIG. 3. LO contact (a3), LO OPE (b3), NLO contact (a3.1–a3.20), NLO OPE (b3.1–b3.17), and NLO TPE (c3.1–c3.13) diagrams of
the process D�B̄� to D�B̄�. The thin solid, double-thin solid, solid, thick solid, and dashed lines stand for the B̄, B̄�, D, D�, and a pion,
respectively.
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Mð0Þ
ðb3Þ ¼ −

g1g2
f2

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
ð53Þ

for isospin I ¼ 0.
Here, ϵ1ðϵ2Þ and ϵ�3ðϵ�4Þ stand for the polarization vectors

of the initialD�ðB̄�Þ and finalD�ðB̄�Þmesons, respectively.
For convenience, we define

O1 ¼ ðϵ1 · ϵ�3Þðϵ2 · ϵ�4Þ; O2 ¼ ðϵ1 · ϵ�4Þðϵ2 · ϵ�3Þ;
O3 ¼ ðϵ1 · ϵ2Þðϵ�3 · ϵ�4Þ; Oa

2 ¼ ðq · ϵ�3Þðq · ϵ2Þðϵ1 · ϵ�4Þ;
Ob

2 ¼ ðq · ϵ1Þðq · ϵ�4Þðϵ2 · ϵ�3Þ;
Oa

3 ¼ ðq · ϵ�3Þðq · ϵ�4Þðϵ1 · ϵ2Þ;
Ob

3 ¼ ðq · ϵ1Þðq · ϵ2Þðϵ�3 · ϵ�4Þ; ð54Þ

and

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ ¼ q⃗2ðO2 −O3Þ þ ðOa
2 −Oa

3Þ
þ ðOb

2 −Ob
3Þ: ð55Þ

Similar to the definitions in (54), we also define

Oa
1 ¼ ðq · ϵ1Þðq · ϵ�3Þðϵ2 · ϵ�4Þ;

Ob
1 ¼ ðq · ϵ2Þðq · ϵ�4Þðϵ1 · ϵ�3Þ;

Oc
1 ¼ ðq · ϵ1Þðq · ϵ�3Þðq · ϵ2Þðq · ϵ�4Þ;

Oc
3 ¼ ðq · ϵ1Þðq · ϵ2Þðq · ϵ�3Þðq · ϵ�4Þ: ð56Þ

The one-loop corrections to the contact amplitudes are
listed as follows:

Mð2Þ
a3.1 ¼ −4

g22
f2

½ðd − 3Þðd − 2ÞA1O1 − ðd − 3ÞA2O2

þ ðd − 3ÞA3O3�Jg22; ð57Þ

Mð2Þ
a3.2 ¼ −4

g22
f2

A1O1J
g
22; ð58Þ

Mð2Þ
a3.3 ¼ −4

g22
f2

ðd − 3Þ½A1O2 − A2O3�Jg22; ð59Þ

Mð2Þ
a3.4 ¼ −4

g22
f2

ðd − 3Þ½A1O2 − A2O3�Jg22; ð60Þ

Mð2Þ
a3.5 ¼ −4

g21
f2

½ðd − 3Þðd − 2ÞA1O1 − ðd − 3ÞA2O2

þ ðd − 3ÞA3O3�Jg22; ð61Þ

Mð2Þ
a3.6 ¼ −4

g21
f2

A1O1J
g
22; ð62Þ

Mð2Þ
a3.7 ¼ −4

g21
f2

ðd − 3Þ½A1O2 − A2O3�Jg22; ð63Þ

Mð2Þ
a3.8 ¼ −4

g21
f2

ðd − 3Þ½A1O2 − A2O3�Jg22; ð64Þ

Mð2Þ
a3.9 ¼ 4

g1g2
f2

ðd − 3Þ½A1O1 − A2O2 þ A3O3�Jh22; ð65Þ

Mð2Þ
a3.10 ¼ 4

g21
f2

A1O3Jh22; ð66Þ

Mð2Þ
a3.11 ¼ 4

g21
f2

ðd − 3Þ½A1O1 − A2O2�Jh22; ð67Þ

Mð2Þ
a3.12 ¼ 4

g21
f2

ðd − 3Þ½A1O1 − A2O2�Jh22; ð68Þ

Mð2Þ
a3.13 ¼ 4

g1g2
f2

ðd− 3Þ½A1O1−A2O2þA3O3�Jh22; ð69Þ

Mð2Þ
a3.14 ¼ 4

g1g2
f2

A1O3Jh22; ð70Þ

Mð2Þ
a3.15 ¼ 4

g1g2
f2

ðd − 3Þ½A1O1 − A2O2�Jh22; ð71Þ

Mð2Þ
a3.16 ¼ 4

g1g2
f2

ðd − 3Þ½A1O1 − A2O2�Jh22; ð72Þ

Mð2Þ
a3:ð17þ18Þ ¼ −

3g22
2f2

A1½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�;

ð73Þ

Mð2Þ
a3:ð19þ20Þ ¼ −

3g21
2f2

A1½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�;

ð74Þ

where coefficients appearing in the above contact ampli-
tudes are shown in Table VI.
Next, we consider the NLO one-pion-exchange inter-

actions in the D�B̄� systems. The corresponding diagrams
are illustrated in Fig. 3, and the amplitudes

Mð2Þ
b3.1 ¼ 4

g31g2
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð75Þ

Mð2Þ
b3.2 ¼ −4

g31g2
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð76Þ

Mð2Þ
b3.3 ¼ −4

g31g2
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð77Þ
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Mð2Þ
b3.4 ¼ 4

g1g32
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð78Þ

Mð2Þ
b3.5 ¼ 4

g1g32
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð79Þ

Mð2Þ
b3.6 ¼ 4

g1g32
f2

A1J
g
22

Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ
q2 −m2

π
; ð80Þ

Mð2Þ
b3.7 ¼ −

8g1g2
3f2

A1Jc0
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð81Þ

Mð2Þ
b3.8 ¼ −

8g1g2
3f2

A1Jc0
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð82Þ

Mð2Þ
b3.9 ¼ −

8g1g2
3f2

A1

�
2m2Lþ m2

16π2
log

�
m2

μ2

��

×
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð83Þ

Mð2Þ
b3:ð10þ11Þ ¼

3g1g32
2f2

A1½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð84Þ

Mð2Þ
b3:ð12þ13Þ ¼

3g1g32
2f2

A1½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
Gðq; ϵ1; ϵ2; ϵ�3; ϵ�4Þ

q2 −m2
π

; ð85Þ

Mð2Þ
b3.14 ¼ Mð2Þ

b3.15 ¼ Mð2Þ
b3.16 ¼ Mð2Þ

b3.17 ¼ 0: ð86Þ

The amplitudes for the TPE diagrams shown in Fig. 3 are
calculated to be

Mð2Þ
c3.1 ¼ −4

1

f4
½A1ðq20JF21 þ JF22Þ

− ðA15 þ A51 þ A5Þðq20JF11 þ q20J
F
21 þ JF22Þ

þ A5ðq20JF0 þ q20J
F
11Þ�O1; ð87Þ

Mð2Þ
c3.2 ¼ −i4

g22
f4

f½A1ðq0JS22 þ JS24 þ q0JS32 þ JS33Þ

− A5ðq0JS11 þ 2q0JS22 þ JS24 þ q0JS32 þ JS33Þ�Oa
1

þ ½A1ðq0JS31 þ JS34Þ
− A5ðq0JS21 þ q0JS31 þ JS34Þ�O1g; ð88Þ

Mð2Þ
c3.3¼ i4

g22
f4

ðd−3Þ½A1ðq0JS22þJS24þq0JS32þJS33Þ

−A5ðq0JS11þ2q0JS22þJS24þq0JS32þJF33Þ�Oa
1

þ i4
g22
f4

ðd−3ÞfA1½ðq0q⃗2JS22þ q⃗2JS24þð2−dÞq0JS31
þq0q⃗2JS32þ q⃗2JS33þð2−dÞq0JS34Þ�
−A5½q0q⃗2JS11þð2−dÞq0JS21þ q⃗2JS24þð2−dÞq0JS31
þq0q⃗2JS32þ q⃗2JS33þð2−dÞq0JS34�gO1; ð89Þ

Mð2Þ
c3.4 ¼ i4

g21
f4

f½A1ðq0JT22 þ JT24 þ q0JT32 þ JT33Þ

− A5ðq0JT11 þ 2q0JT22 þ JT24 þ q0JT32 þ JT33Þ�Ob
1

þ ½A1ðq0JT31 þ JT34Þ
− A5ðq0JT21 þ q0JT31 þ JT34Þ�O1g; ð90Þ

Mð2Þ
c3.5 ¼−i4

g21
f4

ðd−3Þ½A1ðq0JT22þJT24þq0JT32þJT33Þ

−A5ðq0JT11þ2q0JT22þJT24þq0JT32þJT33Þ�Oa
1

− i4
g21
f4

ðd−3ÞfA1½ðq0q⃗2JT22þ q⃗2JT24

þð2−dÞq0JT31þq0q⃗2JT32þ q⃗2JT33þð2−dÞq0JT34Þ�
−A5½q0q⃗2JT11þð2−dÞq0JT21þ q⃗2JT24

þð2−dÞq0JT31þq0q⃗2JT32þ q⃗2JT33

þð2−dÞq0JT34�gO1; ð91Þ

Mð2Þ
c3.6 ¼ −4

g21g
2
2

f4
A1½ðO1 þO2 þO3ÞJB41

þOb
3ðJB21 þ 2JB31 þ JB42Þ

þ ðOa
1 þOb

1 þOa
2 þOb

2ÞðJB31 þ JB42Þ þOa
3J

B
42

þOc
3ðJB22 þ 2JB32 þ JB43Þ�; ð92Þ

Mð2Þ
c3.7 ¼−4

g21g
2
2

f4
ðd− 3Þ2A1f½ðd− 2Þðd− 1ÞO1

þO2þO3�JB41þðq⃗4O1þ q⃗2Oa
1

þ q⃗2Ob
1 þOc

1ÞðJB22þ 2JB32þ JB43Þ
− ðq⃗2O1þOa

1 þOb
1 −Oa

3ÞJB21
− ½2dq⃗2O1þðdþ 2ÞOa

1 þðdþ 2ÞOb
1 −Oa

2

−Ob
2 −Ob

3�ðJB31þ JB42ÞþOb
3J

B
31þOa

3J
B
42g; ð93Þ
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Mð2Þ
c3.8 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1fð−dO1 þO2 þO3ÞJB41

þ ðq⃗2Ob
1 þOc

3ÞðJB22 þ 2JB32 þ JB43Þ
þ ðOb

2 −Ob
1ÞJB21 þ ½q⃗2O1 þOa

1 − ðdþ 2ÞOb
1

þOb
2 þOa

3 þOb
3�ðJB31 þ JB42Þ þOb

2J
B
31 þOa

2J
B
42g;
ð94Þ

Mð2Þ
c3.9 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1fð−dO1 þO2 þO3ÞJB41

þ ðq⃗2Oa
1 þOc

3ÞðJB22 þ 2JB32 þ JB43Þ
þ ðOa

2 −Oa
1ÞJB21 þ ½q⃗2O1 − ðdþ 2ÞOa

1

þOb
1 þOa

2 þOa
3 þOb

3�ðJB31 þ JB42Þ
þOa

2J
B
31 þOb

2J
B
42g; ð95Þ

Mð2Þ
c3.10 ¼ 5Mð2Þ

c3.6=:fJB → JRg;
Mð2Þ

c3.11 ¼ 5Mð2Þ
c3.7=:fJB → JRg; ð96Þ

Mð2Þ
c2.12 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1fð−dO1 þO2 þO3ÞJR41

þ ðq⃗2Ob
1 þOc

3ÞðJR22 þ 2JR32 þ JR43Þ
þ ðOb

2 −Ob
1ÞJR21 þ ½q⃗2O1 þOa

1 − ðdþ 2ÞOb
1

þOa
2 þOb

2 þOb
3�ðJR31 þ JR42Þ

þOb
3J

R
31 þOa

3J
R
42g; ð97Þ

Mð2Þ
c3.13 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1fð−dO1 þO2 þO3ÞJR41

þ ðq⃗2Ob
1 þOc

3ÞðJR22 þ 2JR32 þ JR43Þ
þ ðOb

2 −Ob
1ÞJR21 þ ½q⃗2O1 þOa

1 − ðdþ 2ÞOb
1

þOa
2 þOb

2 þOa
3�ðJR31 þ JR42Þ

þOa
3J

R
31 þOb

3J
R
42g: ð98Þ

The coefficients in the above NLO OPE and TPE ampli-
tudes are listed in TablesVII andVIII, respectively. To further
evaluate the calculated amplitudes, we should deal with the
terms in (54) according to the partial wave we considered. In
the S-wave, for the terms like ðq · ϵiÞðq · ϵ�jÞðϵk · ϵ�l Þ, we can
make the following substitutions:

ðϵi · ϵjÞðq · ϵkÞðq · ϵlÞ ↦ −
1

d− 1
q⃗2ðϵi · ϵjÞðϵk · ϵlÞ;

ðq · ϵiÞðq · ϵjÞðq · ϵkÞðq · ϵlÞ ↦
1

ðd− 1Þ2 q⃗
4ðϵi · ϵjÞðϵk · ϵlÞ;

together with Table V.

TABLE V. The values of the products of polarization vectors in
the S-wave effective potentials with total angular momentum
J ¼ 0; 1, and 2, respectively [58].

Terms J ¼ 0 J ¼ 1 J ¼ 2

O1 1 1 1
O2 1 −1 1
O3 3 0 0

TABLE VI. The coefficients appearing in the contact term amplitudes at NLO [Eqs. (57)–(74)].

I ¼ 1 I ¼ 0

A1 A2 A3 A1 A2 A3 ω1 ω2

Aa3.1
1
4
ð3Da − EaÞ 1

4
ð3Db − EbÞ 1

4
ð3Db − Eb)

3
4
ðDa þ EaÞ 3

4
ðDb þ EbÞ 3

4
ðDb þ EbÞ 0 0

Aa3.2
1
4
ð3Da − EaÞ 0 0 3

4
ðDa þ EaÞ 0 0 δ2 δ2

Aa3.3ð4Þ 1
4
ð3Db − EbÞ 1

4
ð3Db − EbÞ 0 3

4
ðDb þ EbÞ 3

4
ðDb þ EbÞ 0 0ðδ2Þ δ2ð0Þ

Aa3.5 0 0 0 0 0 0 0 0

Aa3.6 0 0 0 0 0 0 δ1 δ1

Aa3.7ð8Þ 0 0 0 0 0 0 0ðδ1Þ δ1ð0Þ
Aa3.9

1
4
ðDb þ EbÞ 1

4
ðDa þ EaÞ 1

4
½ðd − 3ÞðDb þ EbÞ
þ ðDa þ EaÞ�

−3
4
ðDb − 3EbÞ −3

4
ðDa − 3EaÞ −3

4
½ðd − 3ÞðDb − 3EbÞ
þ ðDa − 3EaÞ�

0 0

Aa3.10
1
4
ðDb þ EbÞ 0 0 −3

4
ðDb − 3EbÞ 0 0 δ1 δ2

Aa3.11ð12Þ 1
4
ðDb þ EbÞ 1

4
ðDb þ EbÞ 0 −3

4
ðDb − 3EbÞ −3

4
ðDb − 3EbÞ 0 0ðδ1Þ δ2ð0Þ

Aa3.13
1
4
ðDb þ EbÞ 1

4
ðDa þ EaÞ 1

4
½ðd − 3ÞðDb þ EbÞ

þðDa þ EaÞ�
−3
4
ðDb − 3EbÞ −3

4
ðDa − 3EaÞ −3

4
½ðd − 3ÞðDb − 3EbÞ

þðDa − 3EaÞ�
0 0

Aa3.14
1
4
ðDb þ EbÞ 0 0 −3

4
ðDb − 3EbÞ 0 0 δ1 δ2

Aa3.15ð16Þ 1
4
ðDb þ EbÞ 1

4
ðDb þ EbÞ 0 −3

4
ðDb − 3EbÞ −3

4
ðDb − 3EbÞ 0 0ðδ1Þ δ2ð0Þ

Aa3:ð17þ18Þ Da þ Ea Db þ Eb Db þ Eb Da − 3Ea Db − 3Eb Db − 3Eb 0 δ2

Aa3:ð19þ20Þ Da þ Ea Db þ Eb Db þ Eb Da − 3Ea Db − 3Eb Db − 3Eb 0 δ1
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IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Potentials in coordinate space and possible
bound states

After obtaining the scattering amplitudes, we now
evaluate the effective potentials and analyze their behavior
in coordinate space. To obtain the numerical results, we
use the following LECs, determined by the resonance

saturation model [56,58,59,66–69]:

Da ¼ −13.23 GeV−2; Ea ¼ −11.49 GeV−2: ð99Þ

Other parameters includemπ ¼ 0.139 GeV, the pion decay
constant fπ ¼ 0.086 GeV, the renormalization scale
μ ¼ 4πfπ , δ1 ¼ 0.142 GeV, δ2 ¼ 0.045 GeV, and the
coupling constants g1 ¼ 0.65 and g2 ¼ 0.52 [56,58].
Then, we will substitute the potentials into the

Schrödinger equation and search for the bound states. In
this work, we regularize the effective potentials using the
Gauss regulator F ðqÞ ¼ expð−q2n=Λ2nÞ to prevent the
divergence at high-momentum transfer. Usually, the value
of the cutoff parameter Λ in chiral effective field theory is
around 0.5 GeV [54,61,70].

1. DB̄ systems

Firstly, we analyze the behaviors of the effective poten-
tials of the DB̄ systems, which receive contributions from
the contact and the TPE terms. There are two channels:
IðJPÞ ¼ 1ð0þÞ and IðJPÞ ¼ 0ð0þÞ, and their effective
potentials in coordinate space are shown in Figs. 4(a)
and 4(b), respectively. Here, we adopt the cutoff parameter
Λ with 0.5 GeV.
For the IðJPÞ ¼ 1ð0þÞ state in Fig. 4(a), we observe that

although attractive, the TPE interaction is much weaker
than the repulsive contact interaction, resulting in an overall
repulsive potential. Accordingly, no bound states are found
in this system.
For the IðJPÞ ¼ 0ð0þÞ system, the effective potentials

are shown in Fig. 4(b). Compared to the IðJPÞ ¼ 1ð0þÞ
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FIG. 4. S-wave potential of theDB̄ systems and the dependence of the total potential on the cutoff parameter, namely, (a) the potential
of the IðJPÞ ¼ 1ð0þÞ DB̄ system at Λ ¼ 0.5 GeV, (b) the potential of the IðJPÞ ¼ 0ð0þÞ DB̄ system at Λ ¼ 0.5 GeV, and (c) the total
potential of theDB̄½1ð0þÞ� system with different cutoffs. The green dashed, red dashed, and purple solid lines represent the contact, TPE,
and full potential, respectively.

TABLE VII. The constants A (as well as ω1;2) appearing in the OPE amplitudes [Eqs. (75)–(86)].

Ab3.1 Ab3.2ð3Þ Ab3.4 Ab3.5ð6Þ Ab3.7 Ab3.8 Ab3.9 Ab3:ð10þ11Þ Ab3:ð12þ13Þ Ab3.14ð15Þ Ab3.16ð17Þ

I ¼ 1 − 1
16

− 1
16

− 1
16

− 1
16

− 1
12

− 1
12

1
4

1
4

1
4

0 0

I ¼ 0 3
16

3
16

3
16

3
16

1
4

1
4

− 3
4

− 3
4

− 3
4

0 0

ω1 0 δ2ð0Þ 0 0ðδ1Þ 0 0 0 0 0 0 0

ω2 0 0ðδ2Þ 0 δ1ð0Þ 0 0 0 δ1 δ2 0 0

TABLE VIII. The constants appearing in the TPE amplitudes
[Eqs. (87)–(98)]. Note that we have A51 ¼ A15.

I ¼ 1 I ¼ 0

A1 A5 A15 A1 A5 A15 ω1 ω2

Ac3.1
1
16

1
16

− 1
16

− 3
16

− 3
16

3
16

0 0

Ac3.2
i
8

− i
8

0 − 3i
8

3i
8

0 δ2 0

Ac3.3
i
8

− i
8

0 − 3i
8

3i
8

0 0 0

Ac3.4
i
8

− i
8

0 − 3i
8

3i
8

0 δ1 0

Ac3.5
i
8

− i
8

0 − 3i
8

3i
8

0 0 0

Ac3.6
1
16

0 0 9
16

0 0 δ1 δ2

Ac3.7
1
16

0 0 9
16

0 0 0 0

Ac3.8
1
16

0 0 9
16

0 0 δ1 0

Ac3.9
1
16

0 0 9
16

0 0 0 δ2

Ac3.10
5
16

0 0 − 3
16

0 0 δ1 δ2

Ac3.11
5
16

0 0 − 3
16

0 0 0 0

Ac3.12
5
16

0 0 − 3
16

0 0 δ1 0

Ac3.13
5
16

0 0 − 3
16

0 0 0 δ2
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system, we can find that the TPE potential is weakly
repulsive, while the contact potential is attractive. However,
the summed attraction is too weak, so no bound state is
found in this system.
It is worth noting that the effective potentials of the

IðJPÞ ¼ 1ð0þÞ DB̄ system have similar behaviors with the
potentials of the IðJPÞ ¼ 1ð0þÞ B̄ B̄ system in Ref. [58],
which is a consequence of heavy flavor symmetry between
the charm and bottom quarks. As shown in Fig. 4(c), the
total potentials become more and more attractive as the
cutoff parameter Λ increases. The bound states emerge at
Λ ¼ 0.7 GeV and Λ ¼ 1.0 GeV, lying 0.8 MeV and
3.6 MeV below the DB̄ mass threshold, respectively.
However, if we change the cutoff to 0.54 GeV, the very
shallow bound state can emerge in the DB̄½0ð0þÞ� channel.

2. DB̄� systems

In this section, we investigate the interactions of theDB̄�

systems with IðJPÞ ¼ 1ð1þÞ and IðJPÞ ¼ 0ð1þÞ. As shown
in Fig. 2 before, only the contact diagram contributes to the
amplitudes at LO. The one-loop corrections to the contact
diagrams and TPE diagrams appear at NLO. Their results
are shown in Figs. 5(a) and 5(b), where we adopt the cutoff
parameter Λ with 0.5 GeV.
Comparing Fig. 5(a) with Fig. 4(a), we observe that the

behavior of the DB̄�½1ð1þÞ� effective potential is similar to
the DB̄½1ð0þÞ� effective potential. For the DB̄�½1ð1þÞ�
system, the repulsive contact interaction is much stronger
than the attractive TPE interaction, which leads to a net
repulsive potential. As a result, no bound state exists in this
system.
In the case of the DB̄�½0ð1þÞ� system, the effective

potentials are shown in Fig. 5(b). Compared to the 1ð1þÞ
system, the behaviors of the 0ð1þÞ contact and TPE potential
are both reversed, which results in an overall attractive
interaction. However, this potential is weaker even than the
one in the previous DB̄½0ð0þÞ� system. As shown in
Fig. 5(c), the total potentials at Λ ¼ 0.7 GeV and at
Λ ¼ 0.5 GeV are of similar strength. However, when

Λ ¼ 1.0 GeV, the effective potential is repulsive near the
origin but becomes attractive at intermediate distances. This
behavior appears because the TPE contribution at large
momentum is more sensitive to cutoff Λ variations, which
leads to a repulsive potential at short distances. In our
calculation, no bound state is found in the DB̄�½0ð1þÞ�
system.
Therefore, we conclude that the interaction in the

DB̄�½0ð1þÞ� system is weaker than that in the DB̄½0ð0þÞ�
system. This is consistent with the predictions of the one-
boson-exchange potential model [35], but contrasts with
the conclusions drawn from lattice QCD calculations [50].

3. D�B̄� systems

In this section, we explore the possibility of bound states
in the D�B̄� systems, which includes six different isospin-
spin states: 1ð0þÞ, 0ð0þÞ, 1ð1þÞ, 0ð1þÞ, 1ð2þÞ, and 0ð2þÞ.
At LO, both contact and OPE contribute to the effective
potential. At NLO, the one-loop corrections to the contact
and OPE diagrams shown in Fig. 3 as well as TPE diagrams
all contribute.
First, we focus on the JP ¼ 0þ D�B̄� state. The effective

potentials are shown in Figs. 6(a) and 6(b), where we adopt
the cutoff parameterΛwith 0.5GeV. In Fig. 6(a), we observe
that both the contact and OPE interactions are repulsive,
while the TPE interaction is attractive. However, the total
potential is repulsive, meaning no bound state can exist in
the 1ð0þÞD�B̄� system. In contrast, for the 0ð0þÞ system in
Fig. 6(b), the contact and OPE interactions provide an
attractive force, while the TPE interaction is repulsive. The
repulsive TPE contribution partially counteracts the attrac-
tive contact interaction, but the OPE interaction remains
strong enough to form a bound state. The resulting binding
energy is ΔE ¼ 6.0 MeV. As shown in Fig. 6, the OPE
terms can contribute to the total interaction ofD�B̄� systems,
which is a departure from the DB̄ð�Þ systems.
TheΛ dependence of the IðJPÞ ¼ 0ð0þÞ total potential is

shown in Fig. 6(c). We find that the total interaction is
sensitive to the cutoff, particularly near the origin, which
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FIG. 5. S-wave potential of theDB̄� systems and the dependence of the total potential on the cutoff parameter, namely, (a) the potential
of the IðJPÞ ¼ 1ð1þÞDB̄� system at Λ ¼ 0.5 GeV, (b) the potential of the IðJPÞ ¼ 0ð1þÞDB̄� system at Λ ¼ 0.5 GeV, and (c) the total
potential of the DB̄�½0ð1þÞ� system with different cutoffs. The green dashed and red dashed lines represent the contact and TPE
contributions, respectively. The purple solid lines stand for the full potential.
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stems from the TPE contribution. As the cutoff increases to
1.0 GeV, the binding energy becomes 35.9 MeV.
Next, we analyze the interactions in theD�B̄�½1þ� system.

For the 1ð1þÞ state, as seen in Fig. 7(a), the OPE contri-
bution is largely offset by the TPE contribution, with the
repulsive contact potential remaining. It results in a fully
repulsive total potential, meaning no bound state exists in the
D�B̄�½1ð1þÞ� system. For the D�B̄�½0ð1þÞ� system, the
effective potentials, shown in Fig. 7(b), exhibit similar
behaviors to those of the D�B̄�½0ð0þÞ� system. Although
the attraction is not as strong as in the D�B̄�½0ð0þÞ� system,

it is still sufficient to form a shallow bound state. By solving
the Schrödinger equation, we obtain the D�B̄�½0ð1þÞ� bind-
ing energy ΔE ¼ 0.6 MeV at Λ ¼ 0.5 GeV.
Finally, we examine the possibility of bound state

formations in the JP ¼ 2þ D�B̄� system. In Fig. 8(a),
for the 1ð2þÞD�B̄� system, both the OPE and TPE
potentials are mildly attractive, while the dominant contact
potential remains repulsive, resulting in a repulsive total
potential.
We also calculate the effective potentials for the

D�B̄�½0ð2þÞ� system, with the potential profiles shown in
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FIG. 6. S-wave potential of J ¼ 0 D�B̄� systems and the dependence of the total potential on the cutoff parameter, namely, (a) the
potential of the IðJPÞ ¼ 1ð0þÞD�B̄� system at Λ ¼ 0.5 GeV, (b) the potential of the IðJPÞ ¼ 0ð0þÞD�B̄� system at Λ ¼ 0.5 GeV, and
(c) the total potential of theD�B̄�½0ð0þÞ� system with different cutoffs. The green dashed, blue dashed, and red dashed lines represent the
contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.
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FIG. 7. S-wave potential of J ¼ 1 D�B̄� systems and the dependence of the total potential on the cutoff parameter, namely, (a) the
potential of the IðJPÞ ¼ 1ð1þÞD�B̄� system at Λ ¼ 0.5 GeV, (b) the potential of the IðJPÞ ¼ 0ð1þÞD�B̄� system at Λ ¼ 0.5 GeV, and
(c) the total potential of theD�B̄�½0ð1þÞ� system with different cutoffs. The green dashed, blue dashed, and red dashed lines represent the
contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.
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FIG. 8. S-wave potential of J ¼ 2 D�B̄� systems and the dependence of the total potential on the cutoff parameter, namely, (a) the
potential of the IðJPÞ ¼ 1ð2þÞD�B̄� system at Λ ¼ 0.5 GeV, (b) the potential of the IðJPÞ ¼ 0ð2þÞD�B̄� system at Λ ¼ 0.5 GeV, and
(c) the total potential of theD�B̄�½0ð2þÞ� system with the different cutoffs. The green dashed, blue dashed, and red dashed lines represent
the contact, OPE, and TPE contributions, respectively. The purple solid lines stand for the full potential.
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Fig. 8(b). In this situation, both the OPE and TPE act as
repulsive forces that counter the attractive force from the
contact term, leading to an overall repulsive potential. This
behavior contrasts with the attractive effective potential of
the other Dð�ÞB̄ð�Þ systems with I ¼ 0. Consequently, there
is no evident bound state in the D�B̄�½0ð2þÞ� system.
Similarly, the effective potentials of D�B̄�½0ð2þÞ� at

different cutoff parameters are shown in Fig. 8(c).
Although the total interaction is repulsive at small dis-
tances, as seen in other channels, the potential becomes
attractive in the intermediate range at Λ ¼ 1.0 GeV. This
attraction allows theD� − B̄� mesons to form a bound state,
which lies 4.3 MeV below the threshold.
Based on the above calculations and analyses, we have

obtained the coordinate potentials and determined the
possible bound states by solving the Schrödinger equation.
The total interactions are repulsive in the I ¼ 1 channels
and attractive in the I ¼ 0 channels. Then, we focus on the
I ¼ 0 Dð�ÞB̄ð�Þ systems to search for bound states. For the
DB̄½0ð0þÞ�, DB̄�½0ð1þÞ�, and D�B̄�½0ð2þÞ� systems, the
attractive potentials are too weak to bind the mesons, and
no definite bound states are found in these channels at a
cutoff ofΛ ¼ 0.5 GeV. However, if we change the cutoff to
0.54 GeV, the very shallow bound state can emerge in the
DB̄½0ð0þÞ� channel. As for theDB̄�½0ð1þÞ�, the bound state
appears at Λ ¼ 1.02 GeV, and the binding energy will
increase as the Λ gets larger.
Besides, in the D�B̄�½0ð0þÞ� and D�B̄�½0ð1þÞ� channels,

two shallow bound states are found with binding energies
of 6.0 MeV and 0.6 MeV, respectively. Therefore, we
suggest that future theoretical and experimental studies
should focus on these two systems to find new heavy
tetraquark states. Compared to the total potentials of the
five I ¼ 0 channels, we can also conclude that the
interaction in the D�B̄�½0ð0þÞ� channel is more attractive
than the other four channels. The mass and the binding
energy of each Dð�ÞB̄ð�Þ½I ¼ 0� system under different
cutoffs are listed in Table IX.

B. Coupled-channel effects

We have considered interactions of the Dð�ÞB̄ð�Þ systems
in the single-channel case. In this section, we will inves-
tigate how much their coupled-channel effects affect the
above results. We categorize the I ¼ 0 coupled-channel

Dð�ÞB̄ð�Þ systems into two groups according to their
0ðJPÞ quantum numbers: fDB̄ð1S0Þ; D�B̄�ð1S0Þg½0ð0þÞ�
and fDB̄�ð3S1Þ; D�B̄ð3S1Þ; D�B̄�ð3S1Þg½0ð1þÞ�.
We first consider the Dð�ÞB̄ð�Þ½0ð0þÞ� system composed

of fDB̄ð1S1Þ; D�B̄�ð1S1Þg. In this case, the effective poten-
tials of the inelastic scattering process DB̄ → D�B̄� and
D�B̄� → DB̄ are needed. We depict the DB̄ → D�B̄�
diagrams in Fig. 12. At LO, the contact and OPE diagrams
contribute to the scattering amplitudes. At NLO, there are
one-loop corrections to these LO diagrams and TPE
diagrams. The calculated scattering amplitudes for these
diagrams are listed in Appendix A 1. The Dð�ÞB̄ð�Þ½0ð0þÞ�
coupled-channel potential in the coordinate space is

�
VDB̄−DB̄ VDB̄−D�B̄�

VD�B̄�−DB̄ VD�B̄�−D�B̄�

�
;

where the inelastic scattering DB̄ → D�B̄� and D�B̄� →
DB̄ appear as nondiagonal elements in the 2 × 2 potential
matrix. Then, we solve the coupled-channel Schrödinger
equation and obtain the numerical results, including the
binding energy E and the probability of the individual
channel Pi, which are shown in Table X.
Here, we consider the variation on the cutoff Λ just as in

the single-channel case. Compared with the single-channel
DB̄½0ð0þ� results in Table IX, we find coupled channels
somewhat strengthen the binding energy: from 0.8 GeV in
the single channel to 1.1 GeV in the coupled channels at
Λ ¼ 0.7 GeV, for example. Also, because of the large mass
gap (about 190 MeV) between the DB̄ and D�B̄� thresh-
olds, the contribution of D�B̄�ð1S0Þ is 0.1% at
Λ ¼ 0.5 GeV. If we raise the cutoff to 0.7 GeV and

TABLE IX. The bound states in the fiveDð�ÞB̄ð�Þ systems with I ¼ 0. The cutoff parameter Λ, state massM, and binding energy E are
in units of GeV, MeV, and MeV respectively. “� � �” means that there is no bound state.

DB̄ DB̄� D�B̄�ðJ ¼ 0Þ D�B̄�ðJ ¼ 1Þ D�B̄�ðJ ¼ 2Þ
Λ M E M E M E M E M E

0.5 � � � � � � � � � � � � 7235.7 6.0 7241.1 0.6 � � � � � �
0.7 7143.6 0.8 � � � � � � 7230.6 11.1 7240.0 1.7 � � � � � �
1.0 7140.8 3.6 � � � � � � 7205.8 35.9 7232.3 9.4 7237.4 4.3

TABLE X. The numerical results for Dð�ÞB̄ð�Þ½0ð0þÞ� systems
in the S-wave. The cutoff parameter Λ and binding energy E
relative to the threshold of DB̄ are in units of GeV and MeV,
respectively. “� � �” means that there is no bound solution.

Λ 0.5 0.7 1.0

E � � � 1.1 7.3
P1 99.9% 99.7% 99.1%
P2 0.1% 0.3% 0.9%
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1.0 GeV, the probability of D�B̄�ð1S0Þ increases to 0.3%
and 0.9%, respectively.
For the Dð�ÞB̄ð�Þ½0ð1þÞ� state, all the coupled-channel

diagrams and corresponding scattering amplitudes are
shown in Appendix A 1–A 5. Using these amplitudes,
we can obtain a 3 × 3 coupled-channel potential matrix,

0
B@

VDB̄�−DB̄� VDB̄�−D�B̄ VDB̄�−D�B̄�

VD�B̄−DB̄� VD�B̄−D�B̄ VD�B̄−D�B̄�

VD�B̄�−DB̄� VD�B̄�−D�B̄ VD�B̄�−D�B̄�

1
CA:

We still take the values of the cutoff parameter at 0.5 GeV,
0.7 GeV, and 1.0 GeV to evaluate binding energy and
probability Pi, respectively. The numerical results are
listed in Table XI. We find no bound state in the
Dð�ÞB̄ð�Þ½0ð1þÞ� system, which is consistent with the
single-channel DB̄�½0ð1þÞ� calculation. The dominant
channel is DB̄�ð3S1Þ, with a probability of 99.9%–99.5%.

According to the above analyses, we can find that the
coupled-channel effects do not change our main conclu-
sions obtained in the single-channel case.

C. Two-body scattering of Dð�ÞB̄ð�Þ systems

In addition to the binding energies, we further derive
information about Dð�ÞB̄ð�Þ elastic scattering by solving the
Lippmann-Schwinger equation. In quantum theory, the
scattering rate represents the probability per unit time for
a scattering event, and it is proportional to the cross section,
the number of targets, and the flux [71]. Using Eqs.
(12)–(16), we now calculate the scattering rates between
Dð�Þ and B̄ð�Þ. The variations of the scattering rates kσðkÞ
with cutoffs are shown in Figs. 9 and 10, as functions of the
center-of-mass energy.
The scattering length and effective range can be related

to the interaction between particles through the scattering
amplitude or phase shift [73]. Based on Eq. (15), we also
evaluate the scattering lengths and effective ranges at
different cutoff values Λ, with numerical results listed in
Table XII.
Let us focus on the scattering rates kσðkÞ for the

DB̄½0ð0þÞ� and DB̄�½0ð1þÞ� systems in Figs. 9(a) and
9(b). The enhancement of kσðkÞ near the threshold is
gradual, which is insufficient to confirm the presence of a
bound or virtual state. Looking at the scattering lengths and
effective ranges in Table XII, we find that the scattering
lengths a for different cutoffs are negative, which indicates
that the phase shifts satisfy 0 ≤ δ < π=2 [72]. As a result,
there are no evident bound states in the two systems, which

TABLE XI. The numerical results for Dð�ÞB̄ð�Þ½0ð1þÞ� systems
in the S-wave. The cutoff parameter Λ and binding energy E
relative to the threshold of DB̄� are in units of GeV and MeV,
respectively. “� � �” means that there is no bound solution.

Λ 0.5 0.7 1.0

E � � � � � � � � �
P1 99.9% 99.7% 99.5%
P2 0.1% 0.3% 0.5%
P3 0.0% 0.0% 0.0%
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FIG. 9. The dependencies of the S-wave scattering rates for the DB̄½0ð0þÞ� system and DB̄�½0ð1þÞ� system on the cutoff Λ.
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FIG. 10. The dependence of the S-wave scattering rate kσ for the D�B̄�½0ð0þÞ�, D�B̄�½0ð1þÞ�, and D�B̄�½0ð2þÞ� systems on the
cutoff Λ.
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aligns with the outcomes found in the previous section by
solving the Schrödinger equation.
We now move to the scattering of the two vector meson

systems. The scattering rates for the D�B̄�½0ð0þÞ�,
D�B̄�½0ð1þÞ�, and D�B̄�½0ð2þÞ� systems are shown in
Fig. 10. Near the thresholds, there are significant enhance-
ments, which may indicate the presence of possible bound
or virtual states.
In Table XII, we find that, in the D�B̄�½0ð0þÞ� system,

the scattering lengths are positive for different cutoff
values, indicating the presence of unambiguous bound
states, which supports the calculations in the above section.
For the D�B̄�½0ð1þÞ� system, the scattering length is

negative at Λ ¼ 0.5 GeV and Λ ¼ 0.7 GeV, but it takes on
a large positive value at Λ ¼ 1.0 GeV, signaling the
existence of a shallow bound state.
Additionally, we evaluate the corresponding phase shifts

for these S-wave bound systems according to Eq. (14). We
find that

lim
k→0

δ0 ¼ π; ð100Þ

which is consistent with Levinson’s theorem [73], describ-
ing the physical connection between phase shifts and the
existence of bound states.
For the D�B̄�½0ð2þÞ� system at different cutoffs, the

effective interaction is attractive at small momentum (large
distance) but repulsive at large momentum (small distance).
It initially causes a positive phase shift at low momentum
and then a negative phase shift at high momentum, so that
the scattering rate drops to zero, and then gradually increases
against the center-of-momentum energy. The negative scat-
tering length indicates that the attractive effect is not strong
enough to bind D� and B̄� together in the 0ð2þÞ channel.

D. Estimation of the contact term LECs

For the DB̄½0ð0þÞ� and DB̄�½0ð1þÞ� systems, the above
calculations show that the total potentials are not strong
enough to form bound states for the heavy mesons.
However, this does not imply that no bound state can exist
in these systems. Note that the contact terms are determined
using the resonance saturation model, therefore, we now
explore alternative methods to redetermine the LECs of the
contact terms in this work.

Recently, a lattice QCD study conducted by Alexandrou
et al. [50] found shallow bound states for both J ¼ 0 and
J ¼ 1 b̄ c̄ ud tetraquarks, with binding energies of
0.5þ0.4

−1.5 MeV and 2.4þ2.0
−0.7 MeV, respectively. Padmanath

et al. reported a lattice QCD study indicating that an
IðJPÞ ¼ 0ð1þÞ b̄ c̄ ud bound state with a binding energy of
43ðþ7

−6Þðþ24
−14Þ MeV can exist below the B�D̄ threshold [51].

And, they presented another study searching for tetraquark
candidates with exotic quark content bcū d̄ in the I ¼ 0 and
JP ¼ 0þ channels, and found a subthreshold pole in the
S-wave DB̄ scattering amplitude, which corresponds to the
binding energy of 39ðþ4

−6Þðþ8
−18Þ MeV below the DB̄ thresh-

old [52]. The above results provide valuable references for
redetermining the contact terms’ LECs.
To ascertain the possible parameter region which allows

bound states to exist in the DB̄½0ð0þÞ� and DB̄�½0ð1þÞ�
systems at Λ ¼ 0.5 GeV, we can vary the LECs Da and Ea

within the ranges ½−80; 10� GeV−2 and ½−50;−10� GeV−2,
respectively. We find that when the LECs satisfy the
relation

Da − 3Ea ¼ 22.2 GeV2; ð101Þ

a bound state forms with almost zero binding energy. When
the LECs satisfy

Da − 3Ea ¼ 69.0 GeV2; ð102Þ

a bound state with a binding energy of 30 MeV below the
DB̄ threshold can be obtained. The green band in Fig. 11
represents the corresponding parameter region. Similarly,
we can also determine the contact term LECs for the
DB̄�½0ð1þÞ� system. For binding energy of 0 MeV, we have

Da − 3Ea ¼ 27.3 GeV−2; ð103Þ

and for a binding energy of 30 MeV,

Da − 3Ea ¼ 72.6 GeV−2: ð104Þ

The corresponding parameter variations are shown as the
purple band in Fig. 11. The arrow indicates the direction in

TABLE XII. The scattering length a and effective range r in the five Dð�ÞB̄ð�Þ½I ¼ 0� scattering channels. The cutoff parameters Λ, a,
and r are in units of GeV, fm, and fm, respectively.

DB̄ DB̄� D�B̄�ðJ ¼ 0Þ D�B̄�ðJ ¼ 1Þ D�B̄�ðJ ¼ 2Þ
Λ a r a r a r a r a r

0.5 −1.64 2.60 −1.86 2.05 6.37 1.91 −9.87 0.54 −1.25 11.05
0.7 −2.12 2.21 −2.03 1.97 4.48 1.97 −24.06 0.71 −1.76 7.97
1.0 −2.74 1.85 −2.22 2.08 4.38 0.92 140.94 1.19 −7.31 3.67
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which the binding energy increases for both the DB̄½0ð0þÞ�
and DB̄�½0ð1þÞ� systems.
Notably, in this analysis, the attraction between D and B̄

is stronger than that between D and B̄�. This contrasts the
results reported in Ref. [50] but is consistent with the results
obtained using the one-boson-exchange model [35].

V. SUMMARY

In this work, we systematically investigated the inter-
actions of the S-wave Dð�ÞB̄ð�Þ systems within the frame-
work of ChEFT using the heavy hadron formalism. We
calculated the effective potentials, including contributions
from the contact, OPE, andTPE terms, up toNLOat the one-
loop level, adoptingWeinberg’s formalism. By performing a
Fourier transformation, we analyzed the behaviors of the
effective potentials in coordinate space in detail and
employed the Gauss form factor to regularize the divergence
in the integral at large momentum. We then inserted the
coordinate space potentials into the Schrödinger equation to
search for potential Dð�ÞB̄ð�Þ bound states.
The results showed that all total potentials in the I ¼ 1

channels were repulsive, whereas those in the I ¼ 0
channels were attractive. Further calculations examined
the variation of interactions with the cutoff parameter
Λ across five I ¼ 0 Dð�ÞB̄ð�Þ channels. We found that

bound states are more likely to exist in the DB̄½0ð0þÞ�,
D�B̄�½0ð0þÞ�, and D�B̄�½0ð1þÞ� channels. Notably, the
TPE contributions were more sensitive to the cutoff in
the I ¼ 0 D�B̄� channels and played a dominant role in
these channels, unlike the case in DB̄½0ð0þÞ�. We list the
mass and binding energies in Table IX.
We also discussed the S-wave coupled-channel effects of

Dð�ÞB̄ð�Þ½0ð0þÞ� and Dð�ÞB̄ð�Þ½0ð1þÞ� systems. The numeri-
cal results listed in Table X indicated that, for the
Dð�ÞB̄ð�Þ½0ð0þÞ� system, the DB̄½0ð0þÞ� channel is domi-
nant, and the coupled channels can somewhat strengthen
the binding of the single channel. For the Dð�ÞB̄ð�Þ½0ð1þÞ�
system, DB̄�½0ð1þÞ� is dominant, and we obtained no
binding solution, which is consistent with the single-
channel calculation. In a word, the inclusion of the coupled
channels did not change our main conclusions given in the
single-channel case.
By substituting the momentum space potentials into the

Lippmann-Schwinger equation, we calculated the scattering
T-matrices and the associated scattering phase shifts. To gain
further insight into the S-wave Dð�ÞB̄ð�Þ interactions, we
calculated the scattering rate, scattering length, and effective
range, and provided their numerical results in Table XII
based on the T-matrix and scattering phase. Accordingly, we
studied the dependence of these physical quantities on the
cutoff parameter Λ. In our investigation, the shallow bound
state was more likely to exist in the DB̄½IðJPÞ ¼ 0ð0þÞ�
system than in the DB̄�½IðJPÞ ¼ 0ð1þÞ� system.
Based on the above calculations, we found that the

interactions in theD�B̄�½I ¼ 0� system were more attractive
than those in the DB̄ð�Þ½I ¼ 0� systems, and D�B̄�½IðJPÞ ¼
0ð0þÞ� and D�B̄�½IðJPÞ ¼ 0ð1þÞ� systems possessed large
binding energies and positive scattering lengths, which
suggests strong bound state formations in these channels.
Therefore, we strongly recommend the experiment to find
the D�B̄�½I ¼ 0� tetraquark systems.
Considering other theoretical and lattice QCD studies,

we redetermined the contact term LECs and calculated the
effective potentials for the 0ð0þÞ DB̄ system and the 0ð1þÞ
DB̄� system. In Fig. 11, we present the dependencies of the
binding energies of these two charm-bottom systems on the
redetermined contact LECs Da and Ea.
Building on our calculations and analysis, we can

comprehensively compare previous theoretical and lattice
QCD studies. Our results provide valuable insights to
inform future experimental research.
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APPENDIX A: COUPLED-CHANNEL
CALCULATIONS

In this appendix, we show the coupled-channel calcu-
lations ofDð�ÞB̄ð�Þ systems. The effective potentials derived
from Lagrangians in Eqs. (1) and (6) for DB̄ → D�B̄� and
Dð�ÞB̄ð�Þ → D�B̄� scattering are presented in this appendix.

1. DB̄ → D�B̄�

For the Dðp1ÞB̄ðp2Þ → D�ðp3ÞB̄�ðp4Þ process, the cor-
responding diagrams are illustrated in Fig. 12. The scatter-
ing amplitudes of LO diagrams are given by

Mð0Þ
a4 ¼ −4ðDa þ EaÞðϵ�3 · ϵ�4Þ; ðA1Þ

Mð0Þ
b4 ¼ g1g2

f2
qμqν

q2 −m2
ϵ�μ3 ðp3Þϵ�ν4 ðp4Þ; ðA2Þ

with isospin I ¼ 1, and

Mð0Þ
a4 ¼ −4ðDa − 3EaÞðϵ�3 · ϵ�4Þ; ðA3Þ

Mð0Þ
b4 ¼ −3

g1g1
f2

qμqν
q2 −m2

ϵ�μ3 ðp3Þϵ�ν4 ðp4Þ; ðA4Þ

with isospin I ¼ 0, where ϵ�3 and ϵ�4 are the polarization
vectors of the final D� and B̄�, respectively.
The one-loop corrections to the contact amplitudes are

listed as

Mð2Þ
a4.1 ¼ −4

g22
f2

ðd − 3Þðd − 2ÞAJg22ðϵ�3 · ϵ�4Þ; ðA5Þ

Mð2Þ
a4.2 ¼ 4

g22
f2

AJg22ðϵ�3 · ϵ�4Þ; ðA6Þ

Mð2Þ
a4.3 ¼ −4

g21
f2

ðd − 3Þðd − 2ÞAJg22ðϵ�3 · ϵ�4Þ; ðA7Þ

FIG. 12. LO contact (a4), LO OPE (b4), NLO contact (a4.1–a4.15), NLO OPE (b4.1–b4.17), and NLO TPE (c4.1–c4.2) diagrams of
the process DB̄ → D�B̄�.
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Mð2Þ
a4.4 ¼ 4

g21
f2

AJg22ðϵ�3 · ϵ�4Þ; ðA8Þ

Mð2Þ
a4.5 ¼ −4

g1g2
f2

AJh22ðϵ�3 · ϵ�4Þ; ðA9Þ

Mð2Þ
a4.6 ¼ −4

g1g2
f2

AJh22ðϵ�3 · ϵ�4Þ; ðA10Þ

Mð2Þ
a4.7 ¼ −4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ�3 · ϵ�4Þ; ðA11Þ

Mð2Þ
a4.8 ¼ Mð2Þ

a4.9 ¼ 0; ðA12Þ

Mð2Þ
a4:ð10þ11Þ ¼

3g21
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ�3 · ϵ�4Þ; ðA13Þ

Mð2Þ
a4.12 ¼

3g21
2f2

ðd − 1ÞA∂ωJb22ðω1Þðϵ�3 · ϵ�4Þ; ðA14Þ

Mð2Þ
a4:ð13þ14Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ�3 · ϵ�4Þ; ðA15Þ

Mð2Þ
a4.15 ¼

3g22
2f2

ðd − 1ÞA∂ωJb22ðω1Þðϵ�3 · ϵ�4Þ; ðA16Þ

where coefficients appearing in the above contact ampli-
tudes are shown in Table XIII. The NLO OPE diagrams are
illustrated in Fig. 12, and the corresponding amplitudes

Mð2Þ
b4.1 ¼ −4

g1g32
f2

AJg22
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA17Þ

Mð2Þ
b4.2 ¼ 4

g1g32
f2

ðd−3Þðd−2ÞAJg22
qμqν

q2−m2
ϵ�μ3 ϵ�ν4 ; ðA18Þ

Mð2Þ
b4.3 ¼ −4

g31g2
f2

AJg22
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA19Þ

Mð2Þ
b4.4 ¼ 4

g31g2
f2

ðd−3Þðd−2ÞAJg22
qμqν

q2−m2
ϵ�μ3 ϵ�ν4 ; ðA20Þ

Mð2Þ
b4.5 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA21Þ

Mð2Þ
b4.6 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA22Þ

Mð2Þ
b4.7 ¼

8g1g2
3f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA23Þ

Mð2Þ
b4:ð8þ9Þ ¼ −4

g31g2
f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA24Þ

Mð2Þ
b4.10 ¼ −

3g31g2
2f2

ðd − 1ÞA∂ωJb22ðω1Þ
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA25Þ

Mð2Þ
b4:ð11þ12Þ ¼ −4

g1g32
f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵ�μ3 ϵ�ν4 ; ðA26Þ

Mð2Þ
b4.13 ¼ −

3g1g32
2f2

ðd − 1ÞA∂ωJb22ðω1Þ
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA27Þ

Mð2Þ
b4.14 ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA28Þ

Mð2Þ
b4.15 ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA29Þ

Mð2Þ
b4.16 ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 ; ðA30Þ

TABLE XIII. The coefficients in the NLO contact amplitudes
for the DB̄ → D�B̄� process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa4.1ð2Þ 0 0 −δ2 0ðδ2Þ
Aa4.3ð4Þ 0 0 −δ1 0ðδ1Þ
Aa4.5

1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ δ1 δ2

Aa4.6
1
4
ðDa þ Ea

þ 2Db þ 2EbÞ
−3
4
ðDa − 3Ea

þ 2Db − 6EbÞ
−δ1 −δ2

Aa4.7 0 0 0 0

Aa4:ð10þ11Þ Db þ Eb Db − 3Eb 0 δ1

Aa4.12 Db þ Eb Db − 3Eb −δ1 0

Aa4:ð13þ14Þ Db þ Eb Db − 3Eb δ2 0

Aa4.15 Db þ Eb Db − 3Eb 0 −δ2
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Mð2Þ
b4.17 ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵ�μ3 ϵ�ν4 : ðA31Þ

The TPE amplitudes at NLO are given by

Mð2Þ
c4.1 ¼ −4

g21g
2
2

f4
ðd − 3ÞA½ðq · ϵ�3Þðq · ϵ�4Þ

þ q2ðϵ�3 · ϵ�4Þ�JB21ð−δ1;−δ2Þ; ðA32Þ

Mð2Þ
c4.2 ¼ 4

g21g
2
2

f4
ðd − 3ÞA½ðq · ϵ�3Þðq · ϵ�4Þ

þ q2ðϵ�3 · ϵ�4Þ�JR21ð−δ1;−δ2Þ: ðA33Þ

In Table XIV, we list the coefficients of the OPE
amplitudes in the DB̄ → D�B̄� process. For the TPE
amplitudes, the coefficients are

Ac4.1 ¼ 1=16; Ac4.2 ¼ 5=16; ðA34Þ

with I ¼ 1, and

Ac4.1 ¼ 9=16; Ac4.2 ¼ −3=16; ðA35Þ

with I ¼ 0.

2. D�B̄ → D�B̄

For the D�ðp1ÞB̄ðp2Þ → D�ðp3ÞB̄ðp4Þ process, the scat-
tering amplitude of the LO contact diagram is

Mð0Þ
a5 ¼ −4ðDa þ EaÞðϵ1 · ϵ�3Þ; ðA36Þ

with isospin I ¼ 1, and

Mð0Þ
a5 ¼ −4ðDa − 3EaÞðϵ1 · ϵ�3Þ; ðA37Þ

with isospin I ¼ 0, where ϵ1 and ϵ�4 are the polarization
vectors of the initial D and final B̄�, respectively. Next, we
consider the NLO interactions in the D�ðp1ÞB̄ðp2Þ →
D�ðp3ÞB̄ðp4Þ process. The corresponding diagrams are
illustrated in Fig. 13. The one-loop corrections to the
contact term are

Mð2Þ
a5.1 ¼ 4

g21
f2

ðd − 3Þðd − 2ÞAJg22ðϵ1 · ϵ�3Þ; ðA38Þ

Mð2Þ
a5.2 ¼ −4

g21
f2

AJg22ðϵ1 · ϵ�3Þ; ðA39Þ

Mð2Þ
a5.3 ¼ 4

g22
f2

ðd − 1ÞAJg22ðϵ1 · ϵ�3Þ; ðA40Þ

Mð2Þ
a5.4 ¼ −4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ1 · ϵ�3Þ; ðA41Þ

Mð2Þ
a5.5 ¼ −4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ1 · ϵ�3Þ; ðA42Þ

Mð2Þ
a5.6 ¼ −4

g1g2
f2

AJh22ðϵ1 · ϵ�3Þ; ðA43Þ

Mð2Þ
a5.7 ¼ −4

g1g2
f2

AJh22ðϵ1 · ϵ�3Þ; ðA44Þ

Mð2Þ
a5.8 ¼

3g22
2f2

ðd − 1ÞA∂ωJb22ðϵ1 · ϵ�3Þ; ðA45Þ

Mð2Þ
a5:ð9þ10Þ ¼

3g21
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ1 · ϵ�3Þ; ðA46Þ

where coefficients appearing in the above contact ampli-
tudes are shown in Table XV. The TPE amplitudes at NLO
are given by

Mð2Þ
c5.1 ¼ 4

1

f4
½A1ðq20JF0 þ JF22Þ

þ A15ðq20JF11 þ q20J
F
21 þ JF22Þ

− A51ðq20JF11 þ q20J
F
21 þ JF22Þ

þ A5ðq20JF0 þ 2q20J
F
11 þ q20J

F
21 þ JF22Þ�ϵ1 · ϵ�3;

ðA47Þ

TABLE XIV. The coefficients in the NLO OPE amplitudes for
the DB̄ → D�B̄� process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ab4.1ð2Þ − 1
16

3
16

−δ2 0ðδ2Þ
Ab4.3ð4Þ − 1

16
3
16

−δ1 0ðδ1Þ
Ab4.5ð6Þ − 1

12
1
4

0 0

Ab4.7
1
4

− 3
4

0 0

Ab4:ð8þ9Þ 1
4

− 3
4

0 δ1

Ab4.10
1
4

− 3
4

−δ1 0

Ab4:ð11þ12Þ 1
4

− 3
4

0 δ2

Ab4.13
1
4

− 3
4

−δ2 0

Ab4.14ð15Þ 1
4

− 3
4

0 0

Ab4.16ð17Þ 1
4

− 3
4

0 0
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Mð2Þ
c5.2 ¼ −i4

g21
f4

fA1½q0q⃗2JT22 þ q⃗2JT24 þ ð1 − dÞq0JT31
þ q0q⃗2JT32 þ q⃗2JT33 þ ð1 − dÞJT34�
− A5½q0q⃗2JT11 þ ð1 − dÞq0ðJT21 þ JT31Þ
þ 2q0q⃗2JT22 þ q⃗2JT24 þ q0q⃗2JT32 þ q⃗2JT33

þ ð1 − dÞJT34�gðϵ1 · ϵ�3Þ; ðA48Þ

Mð2Þ
c5.3 ¼ −i4

g21
f4

ðd − 3Þ½A1ðq0JS22 þ JS24 þ q0JS32 þ JS33Þ

− A5ðq0JS11 þ 2q0JS22 þ JS24

þ q0JS32 þ JS33Þ�ðq · ϵ1Þðq · ϵ�3Þ

− i4
g21
f4

ðd − 3ÞfA1½q0q⃗2JS22 þ q⃗2JS24

þ ð2 − dÞq0JS31 þ q0q⃗2JS32 þ q⃗2JS33 þ ð2 − dÞJS34�
− A5½q0q⃗2JS11 þ ð2 − dÞq0ðJS21 þ JS31Þ
þ 2q0q⃗2JS22 þ q⃗2JS24 þ q0q⃗2JS32 þ q⃗2JS33

þ ð2 − dÞJS34�gðϵ1 · ϵ�3Þ; ðA49Þ

Mð2Þ
c5.4 ¼ i4

g21
f4

f½A1ðq0JS22 þ JS24 þ q0JS32 þ JS33Þ

− A5ðq0JS11 þ 2q0JS22 þ JS24 þ q0JS32

þ JS33Þ�ðq · ϵ1Þðq · ϵ�3Þ þ ½A1ðq0JS31 þ JS34Þ
− A5ðq0JS21 þ q0JS31 þ JS34Þ�ðϵ1 · ϵ�3Þg; ðA50Þ

Mð2Þ
c5.5 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1f½JB21 − q⃗2JB22 þ ðdþ 3ÞJB31

− 2q⃗2JB32 þ ðdþ 3ÞJB42 − q⃗2JB43�ðq · ϵ1Þðq · ϵ�3Þ
þ ½−q⃗2JB21 þ q⃗4JB22 − ð2dþ 1Þq⃗2ðJB31 þ JB42Þ
þ 2q⃗4JB32 þ ðdþ 1Þðd− 2ÞJB41 þ q⃗4JB43�ðϵ1 · ϵ�3Þg;

ðA51Þ

Mð2Þ
c5.6 ¼ 4

g21g
2
2

f4
A1f½JB21 − q⃗2JB22 þ ðdþ 3ÞðJB31 þ JB42Þ

− 2q⃗2JB32 − q⃗2JB43�ðq · ϵ1Þðq · ϵ�3Þ
− ½q⃗2ðJB31 þ JB42Þ − ð1þ dÞJB41�ðϵ1 · ϵ�3Þg; ðA52Þ

FIG. 13. LO contact (a5), NLO contact (a5.1–a5.10) and NLO TPE (c5.1–c5.8) diagrams of the process D�B̄ → D�B̄.
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Mð2Þ
c5.7 ¼ 4

g21g
2
2

f4
ðd − 3ÞA1f½JR21 − q⃗2JR22 þ ðdþ 3ÞJR31

− 2q⃗2JB32 þ 3JB42 − q⃗2JB43�ðq · ϵ1Þðq · ϵ�3Þ
þ ½−q⃗2JR21 þ q⃗4JR22 − ð2dþ 1Þq⃗2ðJR31 þ JR42Þ
þ 2q⃗4JR32 þ ðdþ 1Þðd − 2ÞJR41 þ q⃗4JR43�ðϵ1 · ϵ�3Þg;

ðA53Þ

Mð2Þ
c5.8 ¼ 4

g21g
2
2

f4
A1f½JR21 − q⃗2JR22 þ ðdþ 3ÞðJR31 þ JR42Þ

− 2q⃗2JR32 − q⃗2JR43�ðq · ϵ1Þðq · ϵ�3Þ
− ½q⃗2JR31 − ð1þ dÞJR41 þ q⃗2JR42�ðϵ1 · ϵ�3Þg; ðA54Þ

where coefficients appearing in the above contact ampli-
tudes are shown in Table XVI.

3. DB̄� → D�B̄

Now, we focus on the process Dðp1ÞB̄�ðp2Þ →
D�ðp3ÞB̄ðp4Þ, and the corresponding diagrams are illus-
trated in Fig. 14. The scattering amplitudes of LO diagrams
are given by

Mð0Þ
a6 ¼ 4ðDb þ EbÞðϵ2 · ϵ�3Þ; ðA55Þ

Mð0Þ
b6 ¼ −

g1g2
f2

qμqν
q2 −m2

ϵμ2ϵ
�ν
3 ; ðA56Þ

with isospin I ¼ 1, and

Mð0Þ
a6 ¼ 4ðDb − 3EbÞðϵ2 · ϵ�3Þ; ðA57Þ

Mð0Þ
b6 ¼ 3g1g2

f2
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA58Þ

with isospin I ¼ 0.
The one-loop corrections to the contact amplitudes are

Mð2Þ
a6.1 ¼ 4

g22
f2

ðd − 3Þðd − 2ÞAJg22ðϵ2 · ϵ�3Þ; ðA59Þ

Mð2Þ
a6.2 ¼ −4

g22
f2

AJg22ðϵ2 · ϵ�3Þ; ðA60Þ

Mð2Þ
a6.3 ¼ 4

g21
f2

ðd − 3Þðd − 2ÞAJg22ðϵ2 · ϵ�3Þ; ðA61Þ

Mð2Þ
a6.4 ¼ −4

g21
f2

AJg22ðϵ2 · ϵ�3Þ; ðA62Þ

Mð2Þ
a6.5 ¼ 4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ2 · ϵ�3Þ; ðA63Þ

Mð2Þ
a6.6 ¼ 4

g1g2
f2

AJh22ðϵ2 · ϵ�3Þ; ðA64Þ

Mð2Þ
a6.7 ¼ 4

g1g2
f2

ðd − 3Þðd − 2ÞAJh22ðϵ2 · ϵ�3Þ; ðA65Þ

Mð2Þ
a6.8 ¼ 4

g1g2
f2

AJh22ðϵ2 · ϵ�3Þ; ðA66Þ

Mð2Þ
a6:ð9þ10Þ ¼ −

3g21
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ2 · ϵ�3Þ; ðA67Þ

Mð2Þ
a6.11 ¼ −

3g21
2f2

ðd − 1ÞA∂ωJb22ðϵ2 · ϵ�3Þ; ðA68Þ

Mð2Þ
a6:ð12þ13Þ ¼ −

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ðϵ2 · ϵ�3Þ; ðA69Þ

TABLE XV. The coefficients in the NLO contact amplitudes
for the D�B̄ → D�B̄ process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa5.1 0 0 0 0

Aa5.2 0 0 δ1 δ1

Aa5.3 0 0 −δ2 −δ2
Aa5.4

1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ −δ2 0

Aa5.5
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 −δ2

Aa5.6
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ −δ2 δ1

Aa5.7
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ δ1 −δ2

Aa5.8 Da þ Ea Da − 3Ea 0 −δ2
Aa5:ð9þ10Þ Da þ Ea Da − 3Ea δ1 0

TABLE XVI. The coefficients in the TPE amplitudes for the
D�ðp1ÞB̄ðp2Þ → D�ðp3ÞB̄ðp4Þ process. Note that we have
A51 ¼ A15.

I ¼ 1 I ¼ 0

A1 A5 A15 A1 A5 A15 ω1 ω2

Ac5.1
1
16

1
16

− 1
16

− 3
16

− 3
16

3
16

0 0

Ac5.2
i
8

−i
8

0 − 3i
8

3i
8

0 −δ2 0

Ac5.3
i
8

− i
8

0 − 3i
8

3i
8

0 0 0

Ac5.4
i
8

− i
8

0 − 3i
8

3i
8

0 δ1 0

Ac5.5
1
16

0 0 9
16

0 0 0 −δ2
Ac5.6

1
16

0 0 9
16

0 0 δ1 −δ2
Ac5.7

5
16

0 0 − 3
16

0 0 0 −δ2
Ac5.8

5
16

0 0 − 3
16

0 0 δ1 −δ2
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Mð2Þ
a6.14 ¼ −

3g22
2f2

ðd − 1ÞA∂ωJb22ðϵ2 · ϵ�3Þ: ðA70Þ

From Fig. 14, we can obtain the scattering amplitudes of
NLO OPE diagrams,

Mð2Þ
b6.1¼−4

g1g32
f2

ðd−3Þðd−2ÞAJg22
qμqν

q2−m2
ϵμ2ϵ

�ν
3 ; ðA71Þ

Mð2Þ
b6.2 ¼ 4

g1g32
f2

AJg22
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA72Þ

Mð2Þ
b6.3¼−4

g31g2
f2

ðd−3Þðd−2ÞAJg22
qμqν

q2−m2
ϵμ2ϵ

�ν
3 ; ðA73Þ

Mð2Þ
b6.4 ¼ 4

g31g2
f2

AJg22
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA74Þ

Mð2Þ
b6.5 ¼ −4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA75Þ

Mð2Þ
b6.6 ¼ −4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA76Þ

Mð2Þ
b6.7 ¼ −

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵμ2ϵ
�ν
3 ; ðA77Þ

Mð2Þ
b6:ð8þ9Þ ¼ −

3g1g2
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA78Þ

Mð2Þ
b6.10 ¼

3g1g2
2f2

ðd − 1ÞA∂ωJb22
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA79Þ

Mð2Þ
b6:ð11þ12Þ ¼ −

3g1g2
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA80Þ

Mð2Þ
b6.13 ¼

3g1g2
2f2

ðd − 1ÞA∂ωJb22
qμqν

q2 −m2
ϵμ2ϵ

�ν
3 ; ðA81Þ

FIG. 14. LO contact (a6), LO OPE (b6), NLO contact (a6.1–a6.14), NLO OPE (b6.1–b6.17), and NLO TPE (c6.1–c6.2) diagrams of
the process DB̄� → D�B̄.
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Mð2Þ
b6.14 ¼ −

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵμ2ϵ
�ν
3 ; ðA82Þ

Mð2Þ
b6.15 ¼ −

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵμ2ϵ
�ν
3 ; ðA83Þ

Mð2Þ
b6.16 ¼ −

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵμ2ϵ
�ν
3 ; ðA84Þ

Mð2Þ
b6.17 ¼ −

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ϵμ2ϵ
�ν
3 : ðA85Þ

The TPE amplitudes are given by

Mð2Þ
c6.1 ¼ −4

g21g
2
2

f4
ðd − 3ÞA½ðq · ϵ2Þðq · ϵ�3Þ

þ q2ðϵ2 · ϵ�3Þ�JB21ð−δ1;−δ2Þ; ðA86Þ

Mð2Þ
c6.2 ¼ 4

g21g
2
2

f4
ðd − 3ÞA½ðq · ϵ2Þðq · ϵ�3Þ

þ q2ðϵ2 · ϵ�3Þ�JR21ð−δ1;−δ2Þ: ðA87Þ
In Tables XVII and XVIII, we list the coefficients of the

contact amplitudes and OPE amplitudes at NLO, respec-
tively. For the TPE terms, the coefficients are

Ac6.1 ¼ 1=16; Ac6.2 ¼ 5=16; ðA88Þ
with I ¼ 1, and

Ac6.1 ¼ 9=16; Ac6.2 ¼ −3=16; ðA89Þ
with I ¼ 0.

4. DB̄� → D�B̄�

For the process Dðp1ÞB̄�ðp2Þ → D�ðp3ÞB̄�ðp4Þ, the
contact, OPE, and TPE diagrams are shown in Fig. 15.
We can write the scattering amplitudes of LO diagrams as

Mð0Þ
a7 ¼ 4ðDb þ EbÞϵ�μ3 ðϵ2 × ϵ�4Þμ; ðA90Þ

Mð0Þ
b7 ¼ g1g2

f2
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA91Þ

with isospin I ¼ 1, and

Mð0Þ
a7 ¼ 4ðDb − 3EbÞϵ�μ3 ðϵ2 × ϵ�4Þμ; ðA92Þ

Mð0Þ
b7 ¼ −

3g1g2
f2

qμqν
q2 −m2

ϵμ2ðϵ�4 × ϵ�3Þν; ðA93Þ

with isospin I ¼ 0.
The one-loop corrections to the contact amplitudes are

listed as

Mð2Þ
a7.1 ¼ 4

g22
f2

ðd − 3ÞAJg22ϵ�μ3 ðϵ2 × ϵ�4Þμ; ðA94Þ

Mð2Þ
a7.2 ¼ 0; ðA95Þ

Mð2Þ
a7.3 ¼ −4

g22
f2

AJg22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA96Þ

Mð2Þ
a7.4 ¼ −4

g22
f2

AJg22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA97Þ

TABLE XVII. The coefficients in the NLO contact amplitudes
for the DB̄� → D�B̄ process.

I ¼ 1 I ¼ 0
A A ω1 ω2

Aa6.1ð2Þ 0 0 0ðδ2Þ −δ2
Aa6.3ð4Þ 0 0 −δ1 0ðδ1Þ
Aa6.5

1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 −δ2

Aa6.6
1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ δ2 −δ1

Aa6.7
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 −δ1

Aa6.8
1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ δ1 −δ2

Aa6:ð9þ10Þ Db þ Eb Db − 3Eb 0 δ1

Aa6.11 Db þ Eb Db − 3Eb −δ1 0

Aa6:ð12þ13Þ Db þ Eb Db − 3Eb 0 δ2

Aa6.14 Db þ Eb Db − 3Eb −δ2 0

TABLE XVIII. The coefficients in the NLO OPE amplitudes
for the DB̄� → D�B̄ process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ab6.1ð2Þ − 1
16

3
16

0ðδ2Þ −δ2
Ab6.3ð4Þ − 1

16
3
16

−δ1 0ðδ1Þ
Ab6.5ð6Þ − 1

12
1
4

0 0

Ab6.7
1
4

− 3
4

0 0

Ab6:ð8þ9Þ 1
4

− 3
4

0 δ1

Ab6.10
1
4

− 3
4

−δ1 0

Ab6:ð11þ12Þ 1
4

− 3
4

0 δ2

Ab6.13
1
4

− 3
4

−δ2 0

Ab6.14ð15Þ 1
4

− 3
4

0 0

Ab6.16ð17Þ 1
4

− 3
4

0 0
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Mð2Þ
a7.5 ¼ −8

g21
f2

AJg22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA98Þ

Mð2Þ
a7.6 ¼ 4

g21
f2

AJg22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA99Þ

Mð2Þ
a7.7 ¼ −4

g1g2
f2

AJh22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA100Þ

Mð2Þ
a7.8 ¼ −4

g1g2
f2

AJh22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA101Þ

Mð2Þ
a7.9 ¼ −4

g1g2
f2

AJh22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA102Þ

Mð2Þ
a7.10 ¼ −4

g1g2
f2

ðd − 3ÞAJh22ϵ�μ3 ðϵ2 × ϵ�4Þμ; ðA103Þ

Mð2Þ
a7.11 ¼ 0; ðA104Þ

Mð2Þ
a7.12 ¼ −4

g1g2
f2

AJh22ϵ
�μ
3 ðϵ2 × ϵ�4Þμ; ðA105Þ

Mð2Þ
a7:ð13þ14Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ½ϵ�μ3 ðϵ2 × ϵ�4Þμ�; ðA106Þ

Mð2Þ
a7.15 ¼

3g21
2f2

ðd − 1ÞA∂ωJb22ϵ�μ3 ðϵ2 × ϵ�4Þμ; ðA107Þ

Mð2Þ
a7:ð16þ17Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ½ϵ�μ3 ðϵ2 × ϵ�4Þμ�: ðA108Þ

For the one-loop corrections to the OPE amplitudes, we
have

Mð2Þ
b7.1¼−4

g1g32
f2

ðd−3ÞAJg22
qμqν

q2−m2
ϵμ2ðϵ�4×ϵ�3Þν; ðA109Þ

Mð2Þ
b7.2 ¼ 4

g1g32
f2

AJg22
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA110Þ

FIG. 15. LO contact (a7), LO OPE (b7), NLO contact (a7.1-a7.17), NLO OPE (b7.1-b7.16), and NLOTPE (c7.1-c7.5) diagrams of the
process DB̄� → D�B̄�.
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Mð2Þ
b7.3¼−8

g31g2
f2

AJg22
1

q2−m2
½q2ϵ�μ3 ðϵ2×ϵ�4Þμ

þqμqνϵ
�μ
3 ðϵ2×ϵ�4Þν−qμqνϵ

�μ
3 ðϵ�4×ϵ2Þν�; ðA111Þ

Mð2Þ
b7.4 ¼ −4

g31g2
f2

AJg22
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA112Þ

Mð2Þ
b7.5 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA113Þ

Mð2Þ
b7.6 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA114Þ

Mð2Þ
b7.7 ¼

8g1g2
3f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ2ðϵ�4 × ϵ�3Þν�; ðA115Þ

Mð2Þ
b7:ð8þ9Þ ¼ −

3g31g2
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA116Þ

Mð2Þ
b7.10 ¼ −

3g31g2
2f2

ðd − 1ÞA∂ωJb22
qμqν

q2 −m2

× ½ϵμ2ðϵ�4 × ϵ�3Þν�; ðA117Þ

Mð2Þ
b7:ð11þ12Þ ¼ −

3g1g32
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ2ðϵ�4 × ϵ�3Þν; ðA118Þ

Mð2Þ
b7.13ð14Þ ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ2ðϵ�4 × ϵ�3Þν�; ðA119Þ

Mð2Þ
b7.15ð16Þ ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ2ðϵ�4 × ϵ�3Þν�: ðA120Þ

In Tables XIX and XX, we list the coefficients of the
above contact amplitudes at NLO and OPE amplitudes at
NLO, respectively. The TPE amplitudes are given by

Mð2Þ
c7.1 ¼ 0; ðA121Þ

Mð2Þ
c7.2 ¼ −4

g21g
2
2

f4
AfðJB21 þ JB31Þq2ϵ�μ3 ðϵ2 × ϵ�4ÞμðJB21

þ JB31Þqμqνϵμ2ðϵ�4 × ϵ�3Þν þ ½JB21 þ ðd − 2ÞJB31�
× qμqνϵ

�μ
3 ðϵ2 × ϵ�4Þνg; ðA122Þ

Mð2Þ
c7.3 ¼ 4

g21g
2
2

f4
A½ðJR21 þ JR31Þqμqνϵμ�3 ðϵ2 × ϵ�4Þν

þ JR31qμqνϵ
�μ
3 ðϵ�4 × ϵ2Þν�; ðA123Þ

Mð2Þ
c7.4 ¼ 4

g21g
2
2

f4
AfðJR21 þ JR31Þq2ϵ�μ3 ðϵ2 × ϵ�4Þμ þ ðJR21

þ JR31Þqμqνϵμ2ðϵ�4 × ϵ�3Þν − ½JR21 þ ðd − 2ÞJR31�
× qμqνϵ

�μ
3 ðϵ�4 × ϵ2Þνg; ðA124Þ

Mð2Þ
c7.5 ¼ 4

g21g
2
2

f4
A½ðJR21 þ JR31Þqμqνϵ�μ3 ðϵ�4 × ϵ2Þν

þ JR31qμqνϵ
μ�
3 ðϵ2 × ϵ�4Þν�: ðA125Þ

TABLE XIX. The coefficients in the NLO contact amplitudes
for the DB̄� → D�B̄� process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa7.1 0 0 0 0

Aa7.3ð4Þ 0 0 0ðδ2Þ δ2ð0Þ
Aa7.5ð6Þ 0 0 −δ1 0ðδ1Þ
Aa7.7

1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ δ2 −δ1

Aa7.8
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 δ2

Aa7.9
1
4
ðDa þ Ea

þDb þ EbÞ
−3
4
ðDa − 3Ea

þDb − 3EbÞ
0 −δ1

Aa7.10
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 0

Aa7.12
1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ 0 δ1

Aa7:ð13þ14Þ Db þ Eb Db − 3Eb 0 δ1

Aa7.15 Db þ Eb Db − 3Eb −δ1 0

Aa7:ð16þ17Þ Db þ Eb Db − 3Eb 0 δ2

TABLE XX. The coefficients in the NLO OPE amplitudes for
the DB̄� → D�B̄� process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ab7.1ð2Þ − 1
16

3
16

0ðδ2Þ 0

Ab7.3ð4Þ − 1
16

3
16

−δ1 0ðδ1Þ
Ab7.5ð6Þ − 1

12
1
4

0 0

Ab7.7
1
4

− 3
4

0 0

Ab7:ð8þ9Þ 1
4

− 3
4

0 δ1

Ab7.10
1
4

− 3
4

−δ1 0

Ab7:ð11þ12Þ 1
4

− 3
4

0 δ2

Ab7.13ð14Þ 1
4

− 3
4

0 0

Ab7.15ð16Þ 1
4

− 3
4

0 0
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The coefficients in the above TPE amplitudes are listed
in Table XXI.

5. D�B̄ → D�B̄�

For the process D�ðp1ÞB̄ðp2Þ → D�ðp3ÞB̄�ðp4Þ, the
contact, OPE, and TPE diagrams are shown in Fig. 16.
The scattering amplitudes of LO diagrams are given by

Mð0Þ
a8 ¼ −4ðDb þ EbÞϵμ1ðϵ�3 × ϵ�4Þμ; ðA126Þ

Mð0Þ
b8 ¼ g1g2

f2
qμqν

q2 −m2
ϵμ1ðϵ�4 × ϵ�3Þν; ðA127Þ

with isospin I ¼ 1, and

Mð0Þ
a8 ¼ −4ðDb − 3EbÞϵμ1ðϵ�3 × ϵ�4Þμ; ðA128Þ

Mð0Þ
b8 ¼ −

3g1g2
f2

qμqν
q2 −m2

ϵμ1ðϵ�4 × ϵ�3Þν; ðA129Þ

with isospin I ¼ 0.
The one-loop corrections to the contact amplitudes are

listed as follows:

Mð2Þ
a8.1 ¼ 4

g22
f2

ðd − 3ÞAJg22ϵμ1ðϵ�3 × ϵ�4Þμ; ðA130Þ

Mð2Þ
a8.2 ¼ 0; ðA131Þ

Mð2Þ
a8.3 ¼ −4

g22
f2

AJg22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA132Þ

TABLE XXI. The coefficients in the TPE amplitudes for the
DB̄� → D�B̄� process.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ac7.2
1
16

5
16

−δ1 0

Ac7.3
1
16

5
16

−δ1 δ2

Ac7.4
9
16

− 3
16

−δ1 0

Ac7.5
9
16

− 3
16

−δ1 δ2

FIG. 16. LO contact (a8), LO OPE (b8), NLO contact (a8.1–a8.17), NLO OPE (b8.1–b8.16), and NLO TPE (c8.1–c8.5) diagrams of
the process D�B̄ → D�B̄�.
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Mð2Þ
a8.4 ¼ −4

g22
f2

AJg22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA133Þ

Mð2Þ
a8.5 ¼ −8

g21
f2

AJg22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA134Þ

Mð2Þ
a8.6 ¼ 4

g21
f2

AJg22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA135Þ

Mð2Þ
a8.7 ¼ −4

g1g2
f2

AJh22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA136Þ

Mð2Þ
a8.8 ¼ −4

g1g2
f2

AJh22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA137Þ

Mð2Þ
a8.9 ¼ −4

g1g2
f2

AJh22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA138Þ

Mð2Þ
a8.10 ¼ −4

g1g2
f2

ðd − 3ÞAJh22ϵμ1ðϵ�3 × ϵ�4Þμ; ðA139Þ

Mð2Þ
a8.11 ¼ 0; ðA140Þ

Mð2Þ
a8.12 ¼ −4

g1g2
f2

AJh22ϵ
μ
1ðϵ�3 × ϵ�4Þμ; ðA141Þ

Mð2Þ
a8:ð13þ14Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ½ϵμ1ðϵ�3 × ϵ�4Þμ�; ðA142Þ

Mð2Þ
a8.15 ¼

3g21
2f2

ðd − 1ÞA∂ωJb22ϵμ1ðϵ�3 × ϵ�4Þμ; ðA143Þ

Mð2Þ
a8:ð16þ17Þ ¼

3g22
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

× ½ϵμ1ðϵ�3 × ϵ�4Þμ�: ðA144Þ
The one-loop corrections to the OPE amplitudes are

given by

Mð2Þ
b8.1 ¼−8

g1g32
f2

AJg22
1

q2−m2
½q2ϵμ1ðϵ�3× ϵ�4Þμ

−qμqνϵ
μ
1ðϵ�4× ϵ�3Þνþqμqνϵ

�μ
3 ðϵ�4×ϵ1Þν�; ðA145Þ

Mð2Þ
b8.2 ¼ −4

g1g32
f2

AJg22
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA146Þ

Mð2Þ
b8.3¼−4

g31g2
f2

ðd−3ÞAJg22
qμqν

q2−m2
ϵμ1ðϵ�3×ϵ�4Þν; ðA147Þ

Mð2Þ
b8.4 ¼ 4

g31g2
f2

AJg22
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA148Þ

Mð2Þ
b8.5 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA149Þ

Mð2Þ
b8.6 ¼ 4

g1g2
f2

AJc0
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA150Þ

Mð2Þ
b8.7 ¼

8g1g2
3f2

A1

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ1ðϵ�3 × ϵ�4Þν�; ðA151Þ

Mð2Þ
b8:ð8þ9Þ ¼ −

3g31g2
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA152Þ

TABLE XXII. The coefficients in the NLO contact amplitudes
for the process D�B̄ → D�B̄�.

I ¼ 1 I ¼ 0

A A ω1 ω2

Aa8.1 0 0 −δ2 0

Aa8.2ð3Þ 0 0 −δ2ð0Þ δ2ð0Þ
Aa8.5ð6Þ 0 0 0ðδ1Þ δ1

Aa8.7
1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ δ −δ2

Aa8.8
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 δ1

Aa8.9
1
4
ðDa þ Ea

þDb þ EbÞ
−3
4
ðDa − 3Ea

þDb − 3EbÞ
0 −δ2

Aa8.10
1
4
ðDb þ EbÞ −3

4
ðDb − 3EbÞ 0 0

Aa8.12
1
4
ðDa þ EaÞ −3

4
ðDa − 3EaÞ δ2 0

Aa8:ð13þ14Þ Db þ Eb Db − 3Eb 0 δ1

Aa8:ð15þ16Þ Db þ Eb Db − 3Eb 0 δ2

Aa8:ð16þ17Þ Db þ Eb Db − 3Eb −δ2 0

TABLE XXIII. The coefficients in the NLO OPE amplitudes
for the process D�B̄ → D�B̄�.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ab8.1ð2Þ − 1
16

3
16

−δ2 0ðδ2Þ
Ab8.3ð4Þ − 1

16
3
16

0ðδ1Þ 0

Ab8.5ð6Þ − 1
12

1
4

0 0

Ab8.7
1
4

− 3
4

0 0

Ab8:ð8þ9Þ 1
4

− 3
4

0 δ1

Ab8:ð10þ11Þ 1
4

− 3
4

0 δ2

Ab8.12
1
4

− 3
4

−δ2 0

Ab8.13
1
4

− 3
4

0 0

Ab8.14
1
4

− 3
4

0 0

Ab8.15
1
4

− 3
4

0 0

Ab8.16
1
4

− 3
4

0 0
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Mð2Þ
b8:ð10þ11Þ ¼ −

3g1g32
2f2

A½ðd − 2Þ∂ωJb22ðω1Þ þ ∂ωJb22ðω2Þ�

×
qμqν

q2 −m2
ϵμ1ðϵ�3 × ϵ�4Þν; ðA153Þ

Mð2Þ
b8.12 ¼ −

3g1g32
2f2

ðd − 1ÞA∂ωJb22
qμqν

q2 −m2

× ½ϵμ1ðϵ�3 × ϵ�4Þν�; ðA154Þ

Mð2Þ
b8.13ð14Þ ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ1ðϵ�3 × ϵ�4Þν�; ðA155Þ

Mð2Þ
b8.15ð16Þ ¼

8g1g2
f2

A

�
2m2Lþ m2

8π2
log

�
m
μ

��
qμqν

q2 −m2

× ½ϵμ1ðϵ�3 × ϵ�4Þν�: ðA156Þ

The coefficients appearing in the NLO contact and OPE
amplitudes are listed in Tables XXII and XXIII, respec-
tively, and the TPE amplitudes

Mð2Þ
c8.1 ¼ 0; ðA157Þ

Mð2Þ
c8.2 ¼ −4

g21g
2
2

f4
AfðJB21 þ JB31Þq2ϵμ1ðϵ�3 × ϵ�4Þμ

þ ðJB21 þ JB31Þqμqνϵμ1ðϵ�3 × ϵ�4Þν þ ½JB21
þ ðd − 2ÞJB31�qμqνϵμ1ðϵ�4 × ϵ�3Þνg; ðA158Þ

Mð2Þ
c8.3 ¼ −4

g21g
2
2

f4
A½ðJB21 þ JB31Þqμqνϵμ1ðϵ�4 × ϵ�3Þν

þ JB31qμqνϵ
μ�
3 ðϵ�4 × ϵ1Þν�; ðA159Þ

Mð2Þ
c8.4 ¼ 4

g21g
2
2

f4
AfðJR21 þ JR31Þq2ϵμ1ðϵ�3 × ϵ�4Þμ

þ ðJR21 þ JR31Þqμqνϵμ1ðϵ�3 × ϵ�4Þν þ ½JR21
þ ðd − 2ÞJR31�qμqνϵ�μ3 ðϵ�4 × ϵ1Þνg; ðA160Þ

Mð2Þ
c8.5 ¼ −4

g21g
2
2

f4
A½ðJR21 þ JR31Þqμqνϵμ�3 ðϵ�4 × ϵ1Þν

þ JR31qμqνϵ
μ
1ðϵ�4 × ϵ�3Þν�: ðA161Þ

The coefficients in the above TPE amplitudes are listed
in Table XXIV.

APPENDIX B: DEFINITIONS OF SOME LOOP
FUNCTIONS

The various loop functions used in amplitudes are
defined as

i
Z

dDlμ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

½ðþ=−Þv · lþ ωþ iε�ðl2 −m2 þ iεÞ
≡ fJa=b0 ; vαJa=b11 ; vαvβJa=b21 þ gαβJa=b22 ; ðg∨ vÞJa=b31 þ vαvβvγJa=b32 gðm;ωÞ; ðB1Þ

i
Z

dDlμ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

ðv · lþ ω1 þ iεÞ½ðþ=−Þv · lþ ω2 þ iε�ðl2 −m2 þ iεÞ
≡ fJg=h0 ; vαJg=h11 ; vαvβJg=h21 þ gαβJg=h22 ; ðg∨ vÞJg=h31 þ vαvβvγJg=h32 gðm;ω1;ω2Þ; ðB2Þ

i
Z

dDlμ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγg

ðl2 −m2
1 þ iεÞ½ðqþ lÞ2 −m2

2 þ iε�
≡ fJF0 ; qαJF11; qαqβJF21 þ gαβJF22; ðg∨ qÞJF31 þ qαqβqγJF32gðm1; m2; qÞ; ðB3Þ

TABLE XXIV. The coefficients in the NLOTPE amplitudes for
the process D�B̄ → D�B̄�.

I ¼ 1 I ¼ 0

A A ω1 ω2

Ac8.2
1
16

5
16

−δ2 0

Ac8.3
1
16

5
16

−δ2 δ1

Ac8.4
9
16

− 3
16

−δ2 0

Ac8.5
9
16

− 3
16

−δ2 δ1
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i
Z

dDlμ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγ; lαlβlγlδg

½ðþ=−Þv · lþ ωþ iε�ðl2 −m2
1 þ iεÞ½ðqþ lÞ2 −m2

2 þ iε�
≡ fJT=S0 ; qαJT=S11 þ vαJT=S12 ; gαβJT=S21 þ qαqβJT=S22 þ vαvβJT=S23 þ ðq∨vÞJT=S24 ; ðg∨qÞJT=S31 þ qαqβqγJT=S32

þ ðq2∨vÞJT=S33 þ ðg∨vÞJT=S34 þ ðq∨v2ÞJT=S35 þ vαvβvγJT36; ðg∨gÞJT=S41 þ ðg∨q2ÞJT=S42 þ qαqβqγqδJT=S43

þ ðg∨v2ÞJT=S44 þ vαvβvγvδJT=S45 þ ðq3∨vÞJT=S46 þ ðq2∨v2ÞJT=S47 þ ðq∨v3ÞJT=S48

þ ðg∨q∨vÞJT=S49 gðm1; m2;ω; qÞ; ðB4Þ

i
Z

dDlμ4−D

ð2πÞD
f1; lα; lαlβ; lαlβlγ; lαlβlγlδg

ðv · lþ ω1 þ iεÞ½ðþ=−Þv · lþ ω2 þ iε�ðl2 −m2
1 þ iεÞ½ðqþ lÞ2 −m2

2 þ iε�
≡ fJR=B0 ; qαJR=B11 þ vαJR=B12 ; gαβJR=B21 þ qαqβJR=B22 þ vαvβJR=B23 þ ðq∨vÞJR=B24 ; ðg∨qÞJR=B31 þ qαqβqγJR=B32

þ ðq2∨vÞJR=B33 þ ðg∨vÞJR=B34 þ ðq∨v2ÞJR=B35 þ vαvβvγJR=B36 ; ðg∨gÞJR=B41 þ ðg∨q2ÞJR=B42 þ qαqβqγqδJR=B43

þ ðg∨v2ÞJR=B44 þ vαvβvγvδJR=B45 þ ðq3∨vÞJR=B46 þ ðq2∨v2ÞJR=B47 þ ðq∨v3ÞJR=B48

þ ðg∨q∨vÞJR=B49 gðm1; m2;ω1;ω2; qÞ; ðB5Þ

with

q∨v≡ qαvβ þ qβvα; g∨q≡ gαβqγ þ gαγqβ þ gγβqα; g∨v≡ gαβvγ þ gαγvβ þ gγβvα;

q2∨v≡ qβqγvα þ qαqγvβ þ qαqβvγ; q∨v2 ≡ qγvαvβ þ qβvαvγ þ qαvβvγ;

g∨g≡ gαβgγδ þ gαδgβγ þ gαγgβδ; g∨q2 ≡ qαqβgγδ þ qαqδgβγ þ qαqγgβδ þ qγqδgαβ þ qβqδgαγ þ qβqγgαδ;

g∨v2 ≡ vαvβgγδ þ vαvδgβγ þ vαvγgβδ þ vγvδgαβ þ vβvδgαγ þ vβvγgαδ;

q3∨v≡ qβqγqδvα þ qαqγqδvβ þ qαqβqδvγ þ qαqβqγvδ; q∨v3 ≡ qδvαvβvγ þ qγvαvβvδ þ qβvαvγvδ þ qαvβvγvδ;

q2∨v2 ≡ qγqδvαvβ þ qβqδvαvγ þ qαqδvβvγ þ qβqγvαvδ þ qαqγvβvδ þ qαqβvγvδ;

g∨q∨v≡ qβvαgγδ þ qαvβgγδ þ qδvαgβγ þ qγvαgβδ þ qαvδgβγ þ qαvγgβδ þ qδvγgαβ þ qδvβgαγ þ qγvδgαβ

þ qγvβgαδ þ qβvδgαγ þ qβvγgαδ: ðB6Þ

Jb is related to Ja,

Jb0 ¼ Ja0; Jb11 ¼ −Ja11; Jb21 ¼ Ja21;

Jb22 ¼ Ja22; Jb31 ¼ −Ja31; Jb32 ¼ −Ja32: ðB7Þ

Jg and Jh can be deduced to

Jgðω1;ω2Þ ¼
1

ω2 − ω1

½Jaðω1Þ − Jaðω2Þ�; ðB8Þ

Jhðω1;ω2Þ ¼
1

ω2 þ ω1

½Jaðω1Þ þ Jbðω2Þ�: ðB9Þ

JS is related to JT ,

JS0ðv · qÞ ¼ JT0 ð−v · qÞ; JS11ðv · qÞ ¼ JT11ð−v · qÞ;
JS12ðv · qÞ ¼ −JT12ð−v · qÞ; JS21 ¼ JT21ð−v · qÞ;
JS22ðv · qÞ ¼ JT22ð−v · qÞ; JS23ðv · qÞ ¼ JT23ð−v · qÞ;
JS24ðv · qÞ ¼ −JT24ð−v · qÞ; JS31ðv · qÞ ¼ JT31ð−v · qÞ;
JS32ðv · qÞ ¼ JT32ð−v · qÞ; JS33ðv · qÞ ¼ −JT33ð−v · qÞ;
JS34ðv · qÞ ¼ −JT34ð−v · qÞ; JS35ðv · qÞ ¼ JT35ð−v · qÞ;
JS36ðv · qÞ ¼ −JT34ð−v · qÞ; JS41ðv · qÞ ¼ JT41ð−v · qÞ;
JS42ðv · qÞ ¼ JT42ð−v · qÞ; JS43ðv · qÞ ¼ JT43ð−v · qÞ;
JS44ðv · qÞ ¼ JT44ð−v · qÞ; JS45ðv · qÞ ¼ JT45ð−v · qÞ;
JS46ðv · qÞ ¼ −JT46ð−v · qÞ; JS47ðv · qÞ ¼ JT47ð−v · qÞ;
JS48ðv · qÞ ¼ −JT48ð−v · qÞ; JS49ðv · qÞ ¼ −JT49ð−v · qÞ:

ðB10Þ
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JR and JB can be deduced to

JRðω1;ω2Þ ¼
1

ω2 − ω1

½JTðω1Þ − JTðω2Þ�; ðB11Þ

JBðω1;ω2Þ ¼
1

ω2 þ ω1

½JTðω1Þ þ JSðω2Þ�: ðB12Þ
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