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We propose a quantum mechanical theory of quantum spaces described by large N noncommutative
geometry as a model for quantum gravity. The model admits a fuzzy sphere as a static solution. Over the
fuzzy geometry, the quantum mechanics of the fermions is given by a sum of oscillators with equal
frequency. The energy state where exactly half of the Fermi sea is filled contains the maximal amount of
degeneracy. This state of the fuzzy sphere obeys the mass-radius relation of a Schwarzschild black hole if
the fuzzy sphere is identified with the black hole horizon. Moreover, the set of states in the Fermi sea gives
precisely the Bekenstein-Hawking entropy. We thus propose that quantum black holes are described by
fuzzy spheres with a half-filled Fermi sea in our model. We also consider a system of two fuzzy spheres by
embedding them as blocks in the matrix quantum mechanics. When the distance r between the two fuzzy
spheres is small, the total energy of the system can be computed using perturbation theory. We show that, in
the leading order of large N limit, the interaction energy depends on −GM1M2 exactly in the manner as in
Newton gravity. To reproduce the correct r dependence in the long range, we expect the inclusion of large
N corrections and quantum effects will be needed.
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I. INTRODUCTION

A black hole arises as a solution of the classical general
relativity. However, a number of properties of a black hole,
such as the existence of an area dependent Bekenstein-
Hawking entropy [1,2], the black hole information puzzle
[3–5], the existence of a black hole singularity [6], the
exhibition of holography [7,8], etc., are puzzling and it is
believed that only in a theory of quantum gravity can these
problems be properly understood and resolved.
A prime candidate to a theory of quantum gravity is

string theory. Previously, brane models of a black hole have
been considered in nonperturbative string theory, with the
Berkenstein-Hawking entropy reproduced successfully
from a microstates counting [9,10]. Recently, progress
has been achieved for black holes constructed in the
AdS/CFT correspondence [11], where the Page curve
behavior of the entanglement entropy of the Hawking
radiation is remarkably obtained [12–15]. Nevertheless,
despite these successes, it is highly desirable to have a
direct formulation of the quantum gravity itself and be able

to describe the fundamental degrees of freedom of
quantized spacetime and the set of microstates explicitly
without resorting to supersymmetry and duality. In this
regards, large N matrix model formulation of string
theory, such as the Banks-Fischler-Shenker-Susskind
(BFSS) matrix model [16] or the Ishibashi-Kawai-
Kitazawa-Tsuchiya (IKKT) matrix model [17], is particu-
larly appealing since in the matrix model, space/time
emerges from the more fundamental quantum mechanical
matrix degrees of freedom in the large N limit, and one
can study the quantum properties of spacetime using the
matrix quantum mechanics.
The main stream approach to a quantum black hole has

been a top-down one, where the properties of the black hole
are studied using a certain candidate theory of quantum
gravity such as those mentioned above. However, so far it
has not been possible to study a Schwarzschild black hole
this way such that the expected properties of a quantum
black hole can be obtained and addressed. In a recent series
of studies [18–20], we have initiated a bottom-up approach
to a quantum black hole by using the anticipated properties
of the quantum black hole as “empirical input” to guide the
construction of the fundamental theory of quantum gravity.
We took the assumption that quantum gravity can be
formulated in terms of a quantum mechanics of fermionic
and bosonic degrees of freedom, and a generic quantum
mechanical model of black hole was proposed. The degrees
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of freedom of the quantum mechanics is supposed to take
some generic form,

L ¼ iψþψ̇ þ ψþhðXÞψ − VðXÞ; ð1:1Þ

where hðXÞ denotes some Yukawa coupling and VðXÞ the
self-interaction. Our goal was to identify basic properties of
quantum gravity which are essential to the construction of
the theory. Our hope was that the model would be helpful in
ways similar to that of the Bohr atomic model to the
building of quantum mechanics. We found [19] that if our
model admits a constant density of energy eigenstates and
if the Fermi sea of the system is filled up to a Fermi energy
level that is inversely proportional to the system size, then
the Schwarzschild radius of black hole is reproduced for the
system. Moreover, the system is in a highly degenerate
energy state whose counting of microstates gives precisely
the Bekenstein-Hawking entropy. While the result is quite
encouraging, the identified conditions are sufficient ones,
and it is not clear if all of the assumptions can indeed be
implemented consistently in a quantum mechanics. The
construction of a consistent quantum mechanical model of
spacetime which includes a quantum black hole is the main
motivation of this work.
In this work, we propose an explicit large N quantum

mechanics of non-Abelian bosonic and fermionic variables
as a model of quantum gravity. The use of large N is
inspired by the previous success of the BFSS and IKKT
matrix models; see, for example, [21,22] for review. There
are three bosonic variables Xa in the adjoint of SUðNÞ
which correspond to the three spatial coordinates of a
quantized noncommutative space. We note that the emer-
gence of noncommutative geometry is generally expected
when space (or spacetime) is quantized in quantum
gravity.1 In addition, there are two fermionic variables
which couple minimally to the geometry, and make up the
fundamental Hilbert space of quantum gravity. We show
that our model of quantized spacetime admits a fuzzy
sphere as a static solution. Over the fuzzy geometry, the
quantum mechanics of the fermions gives a Fermi sea with
uniform energy levels in the large N limit. It is amazing that
the energy state where exactly half of the Fermi sea is filled
contains the maximal amount of degeneracy and satisfies
the mass-radius relation of a Schwarzschild black hole if
the fuzzy sphere is identified with the black hole horizon.
Moreover, the set of states in the half-filled Fermi sea gives
precisely the Bekenstein-Hawking entropy. We therefore
propose that quantum black holes are described by fuzzy
spheres with a half-filled Fermi sea in our model. Quite
amazingly, the quantum mechanics proposed here realizes
pretty much all of the ideas outlined earlier in [18–20].

To show that the fuzzy spheres are gravitating objects,
one needs to show that the interaction between them agrees
with gravity, e.g., with Newton gravity in the long distance
limit. We thus consider a system of two fuzzy spheres by
embedding them as blocks in the matrix quantum mechan-
ics. When the distance r between the two fuzzy spheres is
small, the total energy of the system can be computed using
perturbation theory. We show that, in the leading order of
the large N limit, the interaction energy depends on the
product of black hole masses and the Newton constant
exactly as is expected in Newton gravity. It is possible that
the inclusion of largeN corrections as well as quantum loop
effects could reproduce the correct Newton limit at a large
distance. We leave this important problem for further study.
The plan of the paper is as follows. In Sec. II, we give our

proposal of a large N quantum mechanics as a fundamental
formulation of quantum gravity in three dimensions. In
Sec. III, we show that the fuzzy sphere solution with a half-
filled Fermi sea has the desired properties of a quantum
black hole, namely with the black hole mass-radius relation
and the Bekenstein-Hawking black hole entropy repro-
duced correctly. In Sec. IV, we discuss the mode stability of
our fuzzy sphere solution and show that it is stable with
respect to mass preserving perturbations. In Sec. V, we
consider a system of two fuzzy spheres and derive their
interaction energy in the small separation limit. We discuss
how the inclusion of largeN corrections as well as quantum
loop effects could generate the desired gravitational forces
between the quantum black holes. Further discussion is
found in Sec. VI.

II. A PROPOSED MODEL
OF QUANTUM GRAVITY

Let us consider a model of quantized space where the
spatial coordinates become operators Xa (a ¼ 1, 2, 3) and
are represented by SUðNÞ matrices. Here N is large and
characterizes the dimensions of the Hilbert space of
quantum gravity. In addition, we propose to include
fermionic degrees of freedom in the fundamental formu-
lation of quantum gravity. In our model proposed below,
they are given by the two-component spinors ψ†;ψ in the
adjoint representation of SUðNÞ. Our choice of degrees of
freedom is a minimalistic one and is allowed since we do
not assume supersymmetry. In fact, it is important to realize
that going bottom-up, there is no physical reason to insist
on having supersymmetry. We remark that in the usual top-
down approach, supersymmetry is often needed for the
reason of consistency of formulation, e.g., for string/M
theory in 10 or 11 dimensions. However, supersymmetry is
irrelevant for the well-definedness and consistency of
quantummechanics as there is no issue of renormalizability
here. Also, the usual advantages of supersymmetric quan-
tum mechanics, such as exact computation of quantities
such as index or partition function, does not appeal to us
since here we are after the construction of a physical theory

1The study of quantized spacetime in terms of noncommutative
geometry goes back to the study of Snyder [23] and Yang [24].
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rather than a theory that is exact or calculable. Therefore we
will not insist on having supersymmetry. This allows for a
much wider choice of terms in the Lagrangian which are
forbidden otherwise.
We propose to consider the following quantum mechani-

cal model of spacetime, with the Lagrangian:

L ¼ tr

�
1

2M0

Ẋa2 þMP

N2

�
½Xa; Xb�2 þ 4Xa2

�

þ iψ̇†ψ − a2
MP

N2
ψ†σaXaψ

�
− a3rXMP ð2:1Þ

and the Hamiltonian

H ¼ tr

�
M0

2
Pa2 −

MP

N2

�
½Xa; Xb�2 þ 4Xa2

�

þ a2
MP

N2
ψ†σaXaψ

�
þ a3rXMP; ð2:2Þ

where Pa ¼ Ẋa=M0 is the conjugate momentum for the
bosonic degrees of freedom. The matrices Xa;ψ ;ψ† are
dimensionless N × N traceless Hermitian matrices, mean-
ing that the model (2.1) is supposed to describe the
dynamics with respect to the center of mass frame. σa

are the Pauli matrices. We note that, unlike the IKKT or
BFSS matrix model where the maximal supersymmetry
fixes the field content and the action uniquely, our model is
nonsupersymmetric and there is a negative mass term. In
(2.1), the quartic term is fixed to have a coefficient 4 times
that of the mass term. This can always be achieved with a
rescaling of the variables Xa. Here M0 ¼ a20MP and the
Lagrangian is specified by a mass scale MP (Planck mass)
that sits in front of the bosonic potential, whose relation
with the Newton constant G will be specified below. The
field ψ is normalized so that the fermionic kinetic term has
a unit coefficient. We have adopted a definite N2 depend-
ence in the bosonic potential and the Yukawa coupling
term. The bosonic kinetic term and the Yukawa term are
then specified up to a choice of the coefficients a0 and a2.
In addition, we have included a topological action term
specified by a3. Here rX is the rank of the matrix
Γ ≔ ½Xa; Xb�2. The rX term does not affect the equation
of motion, but measures the energy of space due to
noncommutativity. It is rX ¼ 0 for Abelian configurations
(including the Minkowski vacuum Xa ¼ 0) and rX ¼ N for
the fuzzy sphere solution. We note that the coefficients a0,
a2, a3 are dimensionless. They are not fixed by symmetry
argument, but will be determined below “phenomenologi-
cally” by requiring the properties of the fuzzy sphere
solutions match up with that expected of the quantum
Schwarzschild black holes. In the large N limit, our model
is equivalent to some nonsupersymmetric version of the
IKKT-like instantonic model in four dimensions by a large
N reduction [25].

The Lagrangian (2.1) has an SOð3Þ rotational invariance
where Xi transforms as a vector and ψ in the spinor
representation. The theory is also invariant under the global
SUðNÞ transformation,

Xa → UXaU†; ψ → UψU†;

ψ† → Uψ†U†; UU† ¼ 1: ð2:3Þ

We remark that in the SUSY BFSS matrix model, the
SUðNÞ symmetry is usually gauged in order to close the
SUSY algebra. In [26], it was shown that the global BFSS
matrix quantum mechanics, although it contains extra
nonsinglet states that do not come in supersymmetry
multiplets, is nevertheless also consistent. In our case, it
is also possible to gauge the SUðNÞ and impose a singlet
Gauss law constraint. We do not consider this possibility
here but simply noting that the fuzzy sphere solution is also
a solution of the gauged model and our analysis below
remains the same. We remark that our proposal is similar in
philosophy to that of the M(atrix) theory [21]. However, we
do not assume supersymmetry, and so we can write down
our model directly for three space dimensions, and we can
include a mass term. We note that a mass term has been
considered in the IKKT matrix model where interesting
classical solutions such as fuzzy spacetime [27] and expand-
ing universe [28–31] have been obtained. However, the
possible connection of a nonsupersymmetric large N quan-
tum mechanics with black hole is new.

III. FUZZY SPHERE SOLUTIONWITH FERMI SEA

The classical equation of motion for a bosonic matrix
configuration is given by

−
1

M0

Ẍa þ 4MP

N2

�
½Xb; ½Xa; Xb�� þ 2Xa

�
¼ 0; ψ ¼ 0:

ð3:1Þ

For a static configuration, this becomes

½½Xa; Xb�; Xb� ¼ 2Xa: ð3:2Þ

This can be solved by the spin j ¼ ðN − 1Þ=2 representa-
tion of SUð2Þ, which are given by 2jþ 1 ¼ N dimensional
matrices satisfying

½Xa; Xb� ¼ iϵabcXc: ð3:3Þ

Because of the Casimir relation

X
a

Xa2 ¼ N2 − 1

4
1; ð3:4Þ

the configurations (3.3) and (3.4) define a fuzzy sphere.
Since rX ¼ N, the classical fuzzy sphere solution carries an
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energy

EB ¼ ð2a3 − 1ÞMPN
2

ð3:5Þ

in the leading order limit of large N.
Next, let us analyze the Yukawa coupling term,

HF ¼ a2
MP

N2
ψ†σaXaψ : ð3:6Þ

Over the fuzzy sphere geometry, the matrix K ≔ σaXa

satisfies K2 þ K − N2−1
4

1 ¼ 0 and so it has eigenvalues
ðN − 1Þ=2 or −ðN þ 1Þ=2. Since it is traceless, therefore
N þ 1 of the eigenvalues are positive andN − 1 of them are
the negative ones. Let us from now on consider the leading
large N limit. In the leading order of large N limit, K has
the eigendecomposition

KðmαÞðnβÞ ¼
N
2

XN
p¼1

�
Up
mαU

p†
nβ − Vp

mαV
p†
nβ

�
: ð3:7Þ

Here Up
nβ;V

p
nβ; p ¼ 1;…; N are eigenvectors of K with

positive and negative eigenvalue. Introduce the fermionic
oscillators

ξpk ≔ Up†
nβψnkβ; χp†k ≔ Vp†

nβψnkβ ð3:8Þ

and HF reads

HF ¼ a2MP

2N

XN
p;k¼1

�
ξp†k ξpk − χpk χ

p†
k

�
: ð3:9Þ

Here the Grassmanian variables ξpk and χpk resemble the
oscillators b and d of the Dirac theory of electrons.
The theory (2.2) can be canonically quantized. For the

bosonic variables, we impose the commutation relation,

½Xa
mk; P

b
nl� ¼ iδabδmnδkl: ð3:10Þ

As for the fermionic variables, the conjugate momentum
π ¼ iψ† give rises to the anticommutation relation

fψ†
mkα;ψnlβg ¼ δmnδklδαβ: ð3:11Þ

This gives equivalently

fξpk ; ξq†l g ¼ δpqδkl; fχpk ; χq†l g ¼ δpqδkl: ð3:12Þ

The quantized fermion Hamiltonian can be obtained from
(3.9) with the subtraction of a constant,

HF ¼ a2MP

2N

XN
p;k¼1

�
ξp†k ξpk þ χp†k χpk

�
; ð3:13Þ

such that there is no zero point energy for the oscillators.
This may also be obtained with a prescription of normal
ordering defined on the oscillators ξpk and χpk , ∶χ

p
k χ

p†
k ≔

−χp†k χpk , etc. The quantized Hamiltonian HF has the
eigenstates

���Ψp1���prq1���qs
k1���krl1���ls

E
≔ ξp1†

k1
� � � ξpr†

kr
χq1†l1

� � � χqs†ls
j0i; ð3:14Þ

where j0i is the fermionic Fock vacuum defined by

ξpk j0i ¼ χql j0i ¼ 0; ∀ p; q; k; l ð3:15Þ

and the eigenvalues

EF ¼ a2MP

2N
ðN2 þ nÞ; n ≔ rþ s − N2; ð3:16Þ

where n ¼ −N2;…; N2 specifies the energy level within
the Fermi sea. The lowest level n ¼ −N2 corresponds to an
empty Fermi sea, while the highest level n ¼ N2 corre-
sponds to an completely filled Fermi sea. We remark that
one may label the oscillators with the collective indices
a ≔ ðp; kÞ and the fermionic Hamiltonian can be written as

HF ¼ a2MP

2N

XN2

a¼1

ξ†aξa þ χ†aχa: ð3:17Þ

Physically, (3.17) may be given an interpretation that the
fuzzy sphere has been divided into N2 cells with unit cell
area of ΔA ¼ 4πl2P of the Planck size. Each cell, whose
location is labeled by a ¼ ðp; kÞ, is populated by a pair of
oscillators ξa, χa which describes the quantum fluctuations
over the fuzzy sphere. This is strikingly similar to the
description of “partons” in the holographic picture of black
hole suggested by Susskind [8]. It is quite amusing that this
conjectured feature of holography get a concrete realization
in our quantummechanics of spacetime. In the next section,
we propose to identify the quantum Schwarzschild black
hole with the fuzzy sphere solution with a half-filled Fermi
sea n ¼ 0 in our model.
Before we move on, it is necessary to discuss the stability

of the fuzzy sphere solution. In general relativity, it is
known that the Schwarzschild metric and the Kerr metric is
stable against mode perturbations that do not change the
mass M and angular momentum J of these vacuum
solutions. This statement of mode stability was originally
proven [32,33] for perturbations that can be written as a
superposition of spherical harmonic modes. Recently, it has
been shown that [34] the Schwarzschild metric is stable
against general linear perturbations that does not
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necessarily need to be written as a finite sum of spherical
harmonic modes. However, the linear stability of the Kerr
metric remains an open problem. The full nonlinear
stability of a vacuum solution in general relativity is a
hard problem and has only been established for the
Minkowski metric [35]. For us here, we will be satisfied
with a mode analysis and show that our fuzzy sphere
solution is stable against mode perturbations that do not
change the energy of the solution.
For linearized analysis, we look at the quadratic potential

of the fluctuations δXa. Over a general classical solution
Xa, we have

U ¼ MP

N2
V;

V ¼ −trðF2
ab þ 2½Xa; Xb�½δXa; δXb� þ 4δXaδXaÞ; ð3:18Þ

where

Fab ≔ ½Xa; δXb� − ½Xb; δXa� ð3:19Þ

is the field strength. The diagonalization of V is standard. It
is convenient to introduce the derivative operator La whose
action on a matrix f is given by Laf ¼ ½Xa; f�; in terms of
which we have

Fab ¼ −iϵabcðε · LÞcdδXd; ð3:20Þ

where εa is a vector matrices with components
ðεaÞbc ≔ −iϵabc. So far, this is general. For Xa given by
the fuzzy sphere (3.3), (3.4), the second term in V of (3.18)
can also be expressed in terms of Fab and the potential
takes the compact form

V ¼ 2trðδXaNabδXbÞ; where

Nab ≔ ððε · LÞ2 − ðε · LÞ − 2Þab: ð3:21Þ

As a result, the equation of motion for the linearized
fluctuation is given by

δẌa þ 4a20M
2
P

N2
NabδXb ¼ 0; ð3:22Þ

and the study of the mode stability of the fluctuations
reduces to the eigenvalue problem of Nab:

Nabϕ
b ¼ λϕa: ð3:23Þ

The operator Nab is diagonalized by the vector harmon-
ics. To construct them, note that εa is an angular momentum
of angular momentum quantum number lε ¼ 1 since

½εa; εb� ¼ iϵabcεc; ε2a ¼ 2: ð3:24Þ

An eigenbasis is given by jlε; mεi, mε ¼ −1; 0;þ1:

ε2jlε; mεi ¼ 2jlε; mεi; εzjlε; mεi ¼ mεjlε; mεi:
ð3:25Þ

Note also that, for the fuzzy sphere background, La is an
angular momentum operator. An eigenbasis is given by
jl; mzi,

L2jl; mzi ¼ lðlþ 1Þjl; mzi; Lzjl; mzi ¼ mzjl; mzi
ð3:26Þ

for mz ¼ −l;…;l and 0 ≤ l ≤ N − 1. Here the angular
momentum quantum number l is cut off by N due to the
noncommutativity of the fuzzy sphere. The spherical
harmonics Ŷl

mz
is now obtained in the matrix representation

as ðŶl
mz
Þn1n2 ¼ hn1n2jl; mzi. The eigenvalue problem of

the operator ε · L can now be easily solved with the help of
the total angular momentum operator Ja ≔ εa þ La.
ðJ2; JzÞ is diagonalized by

J2jJ;MJi¼ JðJþ1ÞjJ;MJi; JzjJ;MJi¼mJjJ;MJi;
ð3:27Þ

and

J ¼ 1 for l ¼ 0 and J ¼ l− 1;l;lþ 1 for l ≥ 1:

ð3:28Þ

As a result, ε · L ¼ 1
2
ðJðJ þ 1Þ − lðlþ 1Þ − 2Þ and λ has

the eigenvalues,

ε · L ¼

8>>><
>>>:

0

−ðlþ 1Þ
−1
l

;

λ ¼

8>>>>><
>>>>>:

−2 for l ¼ 0; J ¼ 1

lðlþ 3Þ for l ≥ 1; J ¼ l − 1

0 for l ≥ 1; J ¼ l

ðlþ 1Þðl − 2Þ for l ≥ 1; J ¼ lþ 1:

ð3:29Þ

For given l and J as given by (3.28), the corresponding
eigenstate can be constructed by using the Clebsch–Gordan
coefficient CJMJ

lmz1p
,

jJ;MJi ¼
Xl

mz¼−l

X
p¼0;�1

CJMJ
lmz1p

jlmzi ⊗ j1pi; ð3:30Þ

where here we have used p ¼ 0;�1 to denote the polari-
zation. The eigenfunction ϕa of (3.23) can then be con-
structed with the matrix elements,
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ðϕaÞn1n2 ¼ ðhn1n2j ⊗ hajÞjJMJi; ð3:31Þ

where jn1n2i are the basis states of the matrix space and jai
are the basis states of the three-dimensional vector space.
As a result, we obtain the eigenvector ϕa as given by the
vector spherical harmonics,

ϕa ¼
Xl

mz¼−l

X
p¼0;�1

CJMJ
lmz1p

epa Ŷl
mz

≔ ðŶJMJ
l Þa; ð3:32Þ

where epa ≔ haj1pi is the ath component of the polariza-
tion vector ep. Note that the eigenvalue (3.29) is indepen-
dent of MJ and so each of the eigenvalues in (3.29) has a
degeneracy of 2J þ 1. In total, we have 3N2 eigenmodes in
(3.29). Not all of these modes are admissible fluctuations,
however.
The perturbation is unstable if the eigenvalue is negative,

i.e., for the modes l ¼ 0; J ¼ 1 and l ¼ 1; J ¼ 2. The
mode l ¼ 1; J ¼ 2 corresponds to a scaling δXa ∝ Xa of
the fuzzy sphere. This changes the energy of the fuzzy
sphere. The mode l ¼ 0; J ¼ 1 corresponds to a shift of an
overall Uð1Þ factor, which is not allowed since Xa is
traceless. Fluctuations represented by the other modes,
energy preserving or not, are stable. Therefore we find that
the single fuzzy sphere solution is stable against linearized
energy preserving perturbations.
Finally, we note that upon quantization, the quadratic

fluctuation modes become oscillators with frequency
determined by λ in (3.29). We adopt a definition of the
quantized bosonic Hamiltonian by subtracting a constant
such that the fuzzy sphere has vanishing zero point energy.
In other words, the ground state of the single fuzzy sphere
has a vanishing zero point energy for both the bosonic as
well as the fermionic oscillations.

IV. QUANTUM BLACK HOLE AS FUZZY SPHERE
WITH A HALF-FILLED FERMI SEA

Consider the fuzzy sphere solution with a half-filled
Fermi sea (n ¼ 0). The total energy of the fuzzy sphere
system is given by

E ¼ γNMP

2
; where γ ≔ a2 þ 2a3 − 1: ð4:1Þ

To compare with the energy of the Schwarzschild black
hole, let us introduce dimensional coordinates Ya ¼ 2lPXa

for some length scale lP; the fuzzy sphere solution becomes

½Ya; Yb� ¼ 2iRffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 − 1

p ϵabcYc;
X
a

Ya2 ¼ R21; ð4:2Þ

where R2 ¼ ðN2 − 1Þl2P. This describes a fuzzy sphere of
radius R ¼ NlP in the large N limit. The energy (4.1) can
then be put in the form

E ¼ R
2G

ð4:3Þ

if we identify MP and lP with the Newton constant G as

G ¼ lP
γMP

: ð4:4Þ

The relation (4.3) is precisely the Schwarzschild mass-
radius relation if the fuzzy sphere is identified with the
black hole horizon and the total energy of the system is
identified with the mass M of the black hole,

E ¼ M: ð4:5Þ

We note that the relation (4.5) holds if we assume the
principle of equivalence of internal (nongravitational)
energy and gravitational mass. In the next section, we will
consider multiple fuzzy spheres configuration in our model
and show that the interaction energy depends of the product
GM1M2 precisely as in Newton’s gravity if the gravita-
tional mass is given by (4.5). This gives a simple explan-
ation of the equivalence principle from the quantum
mechanics.
Next let us consider the microstates counting. The level n

eigenvalue has a degeneracy of

Ωn ¼
�

2N2

N2 þ n

	
; ð4:6Þ

which corresponds to the ways to fill exactly N2 þ n of the
oscillator levels. For the n ¼ 0 energy state, we have

Ω0 ¼ 22N
2 ð4:7Þ

in the leading order of large N. These microstates of the
system at the energy (4.3) give rise to the entropy
S ¼ log2Ω0:

S ¼ 2N2: ð4:8Þ

This is precisely the Bekenstein-Hawking entropy of a
Schwarzschild black hole if

lP ¼
ffiffiffiffiffiffi
2G
π

r
: ð4:9Þ

As a result of (4.4), MP is given by

MP ¼ 1

γ

ffiffiffiffiffiffiffi
2

πG

r
: ð4:10Þ

It is remarkable that our quantum mechanical theory (2.2)
admits a solution that matches precisely the desired proper-
ties of a quantum black hole. We thus propose that a
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quantum black hole is described in our theory by a fuzzy
sphere geometry with a half-filled Fermi sea. We note that
the matching works for any coefficients a0, a2, a3 as long
as γ > 0. This arbitrariness of the action can be fixed by
considering the rotating Kerr black hole [36]. We note that
the state n ¼ 0 is singled out by the fact that Ωn is
maximized at n ¼ 0. It is amazing that a quantum black
hole in our description is characterized to be one, given the
mass of the black hole is fixed, having the maximal allowed
amount of microstates. In the next section, we provide
further justification by showing that the fuzzy spheres
interact with each other with a GM1M2 dependence that is
characteristic of Newton gravity.
Finally, let us comment on the Bekenstein entropy bound

[37] which set the maximal amount of entropy that can be
contained within a region of space with radius R and
energy E:

S ≤ 2πRE: ð4:11Þ

Although counterexamples of this bound is known, it has
been proven in quantum field theory [38]. Presumably it also
holds in a consistent theory of quantumgravity. Let us check it
against our theory. Indeed the bound is saturated for then ¼ 0
state of the fuzzy sphere. For positive n, the inequality is
satisfied since SðnÞ<Sð0Þ¼ 2πRE0< 2πREn. However, it
is easy to see that the bound is violated for negative n.
Physically, it means the fuzzy spheres in the n ¼ 0 state
(black hole) and the positive n more energetic state (presum-
ably represent stars and compact objects) are allowed in the
theory, while those states with negative n should be excluded.
It is possible that these states becomes unstable in the higher
order perturbation theory. It would be interesting to under-
stand this better.

V. MULTIPLE BLACK HOLES

The reproduction of the static properties of a quantum
black hole supports the conjecture that the fuzzy sphere
solution does describe a quantum black hole and that the
theory (2.2) is a creditable proposal. Below we perform a
preliminary analysis on the interaction of fuzzy spheres and
show that some characteristic features of Newton gravity
can be reproduced.
Let us consider a block diagonal configuration of the

following form:

Xa ¼
�Xa

1 0

0 Xa
2

	
; ð5:1Þ

where Xa
i is of dimensions Ni × Ni, i ¼ 1, 2 and

N ¼ N1 þ N2. We consider large Ni such that the ratios
αi ≔ Ni=N are fixed. The matrices Xa are traceless, but Xa

i
are generally not. Let us introduce the coordinates,

xai ≔
1

Ni
trXa

i ; ð5:2Þ

which satisfies

N1xa1 þ N2xa2 ¼ 0; ð5:3Þ

due to the tracelessness of Xa. We note that, since the mass
of the isolated black hole is given by

Mi ¼
γNiMP

2
; ð5:4Þ

the relation (5.3) allows xai to be interpreted as the location
of the black holes with respect to the center of mass of the
system. As a result, Xa

i can be decomposed into its trace
and the traceless part X0a

i as

Xa
i ¼ xai þ X0a

i ð5:5Þ

and the Hamiltonian of the theory is given by

H ¼ H1 þH2 þH12; ð5:6Þ

plus kinetic terms for X0a
i and xai . Here

Hi ≔ H0
i þH0

i; i ¼ 1; 2; ð5:7Þ

where the term

H0
i ≔ α2i tri

�
−
�
MP

N2
i

½X0a
i ; X0b

i �2 þ 4MP

N2
i

X0a2
i

	

þ a2MP

N2
i

∶ψ†σaX0a
i ψ∶

�
þ a3rXi

MP ð5:8Þ

is obtained from the non-Abelian part X0a
i , while the

fermionic term

H0
i ¼

a2MP

N2

XNi

m;n¼1

∶ψ†
mnσaxai ψmn∶ ð5:9Þ

and the bosonic term

H12 ≔ −
4MP

N2
ðN1x21 þ N2x22Þ ð5:10Þ

are obtained from the Abelian Uð1Þ part xai of the
configuration. In the above, the trace tri is taken over
the Ni × Ni subspace. Finally, the terms H0

i; H12 represent
interaction between the two blocks and depend on their
separation distance (in dimensionless matrix units),

Δx ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxa1 − xa2Þ2

q
: ð5:11Þ
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This comes because (5.3) implies that xa1 ¼ α2ðxa1 − xa2Þ,
etc. As a result, the fermionic interaction term H0

i is
proportional to Δx, and the bosonic interaction term is
proportional to Δx2,

H12 ¼ −
4MP

N
α1α2Δx2: ð5:12Þ

In general, solutions to the equation of motion of (5.6) are
not static. Nevertheless, one can consider static configuration
and use it to derive the static potential between the blocks.
More general velocity dependent forces can also be derived
by considering time dependent configuration. Therefore let
us consider the equation of motion in the static limit. Note
thatH0

i is identical to the Hamiltonian for a single black hole
except for a replacement of MP → α2iMP. As a result, we
obtain the same equation of motion and X0a

i is solved by
fuzzy sphere with radius

Ri ¼ NilP: ð5:13Þ

The Hamiltonian H0
i admits the eigenstates

���Ψp1���prq1���qs
k1���krq1���qs

E
≔ ξp1†

k1
� � � ξpr†

kr
χq1†l1

� � � χqs†ls
j0i; ð5:14Þ

where ξpk ; χ
p
l are defined as in (3.8) using the eigendecom-

position (3.7) for σaX0a
i and the indices m, n range over the

block of Xi. Consider the set of states where half of the
oscillators over the fuzzy sphere are excited (i.e.,
rþ s ¼ N2

i ), the fuzzy sphere has the energy

H0
i ¼

MPNi

2
ða2 þ 2αia3 − α2i Þ: ð5:15Þ

The coarse graining of this ensemble of microstates gives the
Bekenstein-Hawking entropy Si ¼ 2N2

i ¼ Ai=4G.
Next, let us consider the interaction term Ha

i . For small
Δx=N, we can consider Ha

i to be a perturbation and use the
perturbation theory for degeneracy eigenstates to determine
its correction to the energy. This requires the knowledge of
the matrix elements hijH0

ijji and its eigenvalues λp. Here

jii; i ¼ 1;…;Ω0 ≔ 22N
2
i are the unperturbed states (5.14)

with rþ s ¼ N2
i . This is, however, not only impossible to

do as it involves too large a number of states. Physically,
since the set of microstates is not observed, it is more
meaningful to consider the average corrections over the set
of microstates:

hH0
ii ≔

X
jii∈V0

pihijH0
ijii; ð5:16Þ

where pi is the probability of occurrence of the state jii. For
an isolated system, we can take the probability to be equal
for each of the states and, hence, pi ¼ 1=Ω0. This corre-
sponds to a microcanonical ensemble. We show in the
Appendix that this ensemble average is given by

hH0
ii ¼

a2MP

N2
trðσaX0a

i σbxbi Þ ¼ 0: ð5:17Þ

As a result, the total energy of the two fuzzy spheres system
is given by

E ¼ const −
4a2MP

N
α1α2Δx2; ð5:18Þ

where the constant term is independent of Δx2. The second
term is a correction to the first term in the leading ordering
of small Δx2=N2. In general, one should include the higher
order perturbation as well as the interaction term from the
off diagonal blocks of (5.1) and quantum loop effects [39].
By summing over all of these contributions, one can expect
the final result for the energy of the two fuzzy spheres
system to take the form

E ¼ const − γNMPα1α2f

�
Δx
N

	
; ð5:19Þ

where f is some function ofΔx=N. It takes the form fðxÞ ¼
1þ 4a2

γ x2 þOðx3Þ for small x in our tree level computa-
tion. Define the coordinate distance between the two black
holes as r ¼ ΔxlP, and define the interaction energy as
VðrÞ ≔ EðrÞ − Eðr ¼ ∞Þ. We have VðrÞ ¼ − GM1M2

r gðrÞ,
where Mi ¼ γNiMP=2 is the mass of the black hole in
isolation, and gðrÞ ≔ 4r

R fðrRÞ. Note that the factor GM1M2

appears exactly the way one expects for Newton gravity. In
order to reproduce Newton gravity

VðrÞ ¼ −
GM1M2

r
ð5:20Þ

in the large distance limit r=R ¼ Δx=N ≫ 1, the function f
has to be such that g ¼ 1þOð1=rÞ. In order to check
whether Newton gravity arises in the large distance limit, it
is important to devise a method to reliably compute the
potential VðrÞ between the fuzzy spheres. We note that in
our model a classical force arises between the fuzzy sphere
due to the mass term. It is also possible to consider a variant
of our model by considering a Chern-Simons term instead
of a mass term, see, e.g., [40–42] for a reduced matrix
model with a Chern-Simons term. The model also admits
fuzzy spheres as a solution but in this case there is no
classical force between them and the Newton gravity would
have to emerge from the loop, similar to the situation in the
BFSS matrix model [21,39]. We leave this important issue
for further analysis. More generally, it is important to
understand whether and how tensorial Einstein gravity may
emerge in the low energy approximation in our model.
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VI. DISCUSSION

In this paper we have proposed a model of quantum
space and gravity as a large N quantum mechanics of non-
Abelian bosonic and fermionic coordinates. The quantum
mechanics has a static solution whose bosonic part is given
by a fuzzy sphere. Over the fuzzy sphere geometry, the
fermionic part of the theory is given by a collection of
fermionic oscillators all with the same frequency. The
energy state where exactly half of the Fermi sea is filled
contains the maximal amount of degeneracy. This half-
filled fuzzy sphere observes the mass-radius relation of a
Schwarzschild black hole if the fuzzy sphere radius is
identified with the horizon size. Moreover, the coarse
graining of the set of quantum states in the Fermi sea
gives precisely the Bekenstein-Hawking entropy. As a
result, we propose that a quantum black hole is described
by a half-filled fuzzy sphere in our model.
We have also considered interaction between these fuzzy

spheres by including the quantum mechanical perturbation
arisen from a separation of them in the matrix space. We
find that the interaction energy between the fuzzy spheres
has a dependence on the masses and Newton constant
exactly as in the Newton gravity. We conjecture that, when
the full large N resummation of all of the higher order
quantum effects including the off-diagonal block terms is
performed, the exact result will capture the correct gravi-
tational interaction between the static quantum black holes,
with the Newton gravity reproduced in the large distance
limit. The obtained modified gravity may be relevant for the
dark matter and dark energy problem.
In this paper we have considered static solutions. It

would be interesting to consider a nonstatic solution in
order to capture the relativistic effects. Our proposed
quantum mechanics is for quantum space. A rotational
black hole should be included in our model. It is interesting
to understand whether and how matter would arise in our
quantum mechanics; in particular, how gauge interaction
can be incorporated and how a charged back hole can be
obtained. It is also interesting to consider a solution with
nontrivial fermionic background so as to arrive at a flat
solution.
We note that the change of coordinates xμ → x0μðxÞ in

general relativity is replaced in our description by the
unitary transformation

Xi → UXiU−1: ð6:1Þ

It is important to understand how the diffeomorphism
symmetry of general relativity emerges from the quantum
mechanics in some classical limit, and how Einstein gravity
emerges and get modified in our theory. Einstein has
believed that a geodesic equation should not be taken as
an independent assumption but derived from the field
equations for empty space. This program can be imple-
mented using our quantum mechanics. For example, one

may consider the motion of a light probe block in the
presence of a heavy one (N1 ≪ N2). In some limit, we may
ignore the backreaction of the light block on the heavy one
and take the heavy block as a background. It is possible that
one may encode the effect of the heavy block on the probe in
terms of some effective metric and effective energy-momen-
tum tensor, and the motion of the probe in the background
metric in terms of some effective geodesic motion.
In the general analysis of Almheiri-Marolf-Polchinski-

Sully [43] concerning firewalls and complementarity, it was
concluded that the following three statements cannot all be
true: (i) Hawking radiation is in a pure state, (ii) the
information carried by the radiation is emitted from the
region near the horizon, with low energy effective field
theory valid beyond some microscopic distance from the
horizon, and (iii) the infalling observer encounters nothing
unusual at the horizon. Our study of the two fuzzy sphere
systems shows that nothing singular occurs as the distance
between them decreases to zero. Taking one of them as a
probe, it means no firewall and no black hole singularity.
On the other hand, since the black hole horizon is described
by a noncommutative fuzzy geometry in our model, the
existence of a low energy effective theory is questionable
due to UV/IR mixing [44] (see also UV/IR mixing in fuzzy
sphere [45]) and modified causality and nonlocality of
noncommutative field theory [46]. It would be interesting
to study these points further. In our description, the fuzzy
sphere is dynamical in general and it will be interesting to
develop some kind of effective membrane description for
the horizon, and to compare it with the classical membrane
paradigm [47].
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APPENDIX: ENSEMBLE AVERAGE OF FIRST
ORDER PERTURBATION

In this appendix, we use perturbation theory to compute
the average correction to the energy of the fuzzy spheres
system due to the fermionic term of the Hamiltonian.
In general, consider adjoint fermions ψmn of SUðNÞ and

the Hamiltonian,

h0≕ψ†σaX0aψ∶; ðA1Þ

whereX0a is given by a fuzzy sphere. In the largeN limit, the
matrix σaX0a admits the eigenvectorsUp,Vp that correspond
to positive and negative eigenvalues N=2;−N=2, respec-
tively. One has the eigendecomposition
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ðσaX0aÞðmαÞðnβÞ ¼
N
2

XN
p¼1

ðUp
mαU

p†
nβ − Vp

mαV
p†
nβÞ: ðA2Þ

The eigenvectorsUp,Vp satisfy theorthonormality condition

Up†
mαU

q
mα ¼ Vp†

mαV
q
mα ¼ δpq; Up†

mαV
q
mα ¼ 0 ðA3Þ

and the completeness relation

Up
mαU

p†
nβ þ Vp

mαV
p†
nβ ¼ δmnδαβ: ðA4Þ

Introducing the fermionic oscillators,

ξpk ≔ Up†
nβψnkβ; χp†k ≔ Vp†

nβψnkβ; ðA5Þ

then, the normal ordered h0 reads

h0 ¼
N
2

XN
p;k¼1

ðξp†k ξpk þ χp†k χpk Þ: ðA6Þ

As a result, h0 has the eigenstates

���Ψp1���prq1���qs
k1���krl1���ls

E
≔ ξp1†

k1
� � � ξpr†

kr
χq1†l1

� � � χqs†ls
j0i; ðA7Þ

where j0i is the Fock vacuum and the eigenvalues

h0 ¼ nþ N2; ðA8Þ

where n ≔ rþ s − N2 ¼ −N2;…; 0;…N2 is the energy
level within the Fermi sea. The energy level n has a
degeneracy of Ωn ¼ ð 2N2

nþN2Þ. Denoting this set of states by

Vn ≔ fjii; i ¼ 1;…;Ωng; ðA9Þ

where jii are those states (A7) with rþ s ¼ nþ N2. In the
main body of the text, we have identified the setΩ0 of states
with themicrostates of theSchwarzschild black hole.Now let
us consider the Hamiltonian h ¼ h0 þ h0 with an operator h0
of the form

h0 ≔
XN
m;n¼1

∶ψ†
mnh̃0ψmn∶ : ðA10Þ

Weare interested in the change of energy of the fuzzy spheres
system.
For generality, we will treat h0 as a perturbation.

Obviously, each of the microstates jii∈V0 will receive a
different correction. Suppose the individual microstate is
not observed, e.g., as in the case of a black hole, then rather
than trying to determine the splitting for each individual
state, it is more meaningful to compute some kind of
average correction over all microstates of the level n ¼ 0.

As the system is in isolation, we have a microcanonical
ensemble where probability of occurrence is equally likely
for all of the microstates, i.e., pi ¼ 1=Ω0. As a result, what
is observed physically is the ensemble average,

hh0i ≔ 1

Ω0

X
jii∈ V0

hijh0jii: ðA11Þ

In the main text of the paper, we have claimed that hh0i ¼ 0
for the displaced fuzzy spheres system. To see this, let us
use

ψmnα ¼ Up
mαξ

p
n þ Vp

mαχ
p†
n ðA12Þ

to rewrite h0 as

h0 ¼ Ppqξp†k ξqk −Qpqχp†k χqk þ Tpqξp†k χq†k þ H:c:; ðA13Þ

where the matrices Ppq etc. are given by

Ppq ≔ Up†
mαU

q
mβh̃

0
αβ; Qpq ≔ Vp†

mαV
q
mβh̃

0
αβ;

Tpq ≔ Up†
mαV

q
mβh̃

0
αβ: ðA14Þ

It is easy to see that the T terms do not contribute to the
matrix element. Also, we have the matrix elements

hijξp†k ξqk jii ¼ nξiδ
pq; hijχp†k χqk jii ¼ nχi δ

pq; ðA15Þ

where

nξi ¼ N

�
N2 − 1

r

	�
N2

s

	
; nχi ¼ N

�
N2 − 1

s

	�
N2

r

	

ðA16Þ

for a state jii of the form (A7). Therefore

hijh0jii ¼ nξi trP − nχi trQ: ðA17Þ

Using
P

rðN2−1
r Þð N2

N2−rÞ ¼ Ω0=2, the sum over all states of
form (A7) with a fixed level n ¼ 0 is given by

X
jii∈V0

hijh0jii ¼ N
2
Ω0trðP −QÞ: ðA18Þ

Using the definitions (A14) and (A2), we obtain

hh0i ¼ trðKh̃0Þ; ðA19Þ

where K ¼ σaXa
0 is the kernel for the unperturbed

Hamiltonian h0. We emphasize that the result (A19) holds
true, in general, and is independent of the form of h̃0. In this
paper, we consider a perturbation with the kernel
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h̃0 ¼ σaxa ðA20Þ

due to a separation of the fuzzy spheres. As a result, hh0i ¼
0 since trðX0aÞ ¼ 0. We note that this result is also expected

since the perturbation (A20) takes the form of a spin in an
external magnetic field x⃗. As the fuzzy sphere on which the
microstates are defined is isotropic, the magnetic energy
averaged over the set of microstates is zero.
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