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We study the impact of general disformal metric transformations on fermions, which shift the
gravitational metric by an additional rank-2 tensor. This tensor can in principle be constructed from
scalar-field gradients, vector fields, or field-strength contractions. We show this transformation results in
the conventional Dirac action being modified by additional kinetic and axial-current couplings that are
quadratic in the shifted field. When the field sourcing the metric shift takes on a nontrivial background
value, apparent Lorentz-violating effects can result, which we identify as terms in an effective field theory.
Assuming the well-motivated cases of scalar and vector ultralight dark matter, we demonstrate that
experimental tests of rotation and boost violation imply constraints on the additional kinetic coupling. Even
under conservative assumptions, the constraints for vector ultralight dark matter are extremely stringent.

DOI: 10.1103/l559-n7dk

I. INTRODUCTION

An increasingly popular approach to search for physics
beyond the Standard Model (SM) and general relativity
involves introducing a weakly coupled bosonic field to
ordinary matter. When the field is much lighter than matter
and contains an orientation, either via a spacetime deriva-
tive or other spacetime indices, apparent Lorentz violation
can result [1,2].
Leveraging the sensitivity of Lorentz-invariance tests [3],

several scenarios of this type have been probed, including
axion and scalar ultralight dark matter (ULDM) [4–9],
electromagnetic axionlike interactions [10–12] and decays
[13], neutrino-dark energy [14] and dark matter [15], and
ultralight boson-fermion couplings [16]. In the present
work, we contribute to this relatively new and growing
body of literature by showing that tests of Lorentz
invariance strictly constrain a class of so-called disformal
fermion couplings.

Modern experimental searches for Lorentz violation
often adopt the effective field theory (EFT) framework
known as the Standard-Model extension (SME) [17–19].
The SME action, SSME ¼ SSM þ SEH þ SLV, contains the
usual SM and Einstein-Hilbert actions, plus all possible
Lorentz-violating terms consistent with general coordinate
invariance. A given term in SLV involves a coordinate-
independent contraction of an EFT controlling coefficient,
or SME coefficient, with the conventional SM and gravi-
tational fields and their covariant derivatives. Numerous
constraints have been placed on the SME coefficients, as
tabulated annually in the Data Tables for Lorentz and CPT
violation [3]. A subset of them, typically ones with odd
numbers of indices, also control CPT violation. Reviews of
the SME include, e.g., Refs. [20,21].
Two theoretical scenarios for Lorentz violation are often

considered: explicit or spontaneous violation [19]. With
explicit violation, the symmetry is violated nondynamically
via an unspecified mechanism. In contrast, with sponta-
neous violation, the symmetry is dynamically broken when
a tensor-valued field acquires a nonzero vacuum expect-
ation value (vev). Examples of the latter scenario include
string models [22] and higher-derivative gravity theories
[23,24], such as of the Horndeski [25–31] and Proca
[19,32–36] type, which can emerge due to dimensional
reduction [37–40]. Though spontaneous violation is argu-
ably more natural, we emphasize that models of explicit and
spontaneous violation are, by construction, encompassed
within the model-independent SME. A comprehensive
comparison of the two scenarios can be found in Ref. [41].
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An attractive way of introducing spontaneous Lorentz
violation in higher-derivative theories is throughBekenstein’s
proposal of disformal transformations—a causal-preserving
transformationwhichmodifies the light cone [42]. Extending
the idea of a conformal transformation, the disformal trans-
formation acts like an anisotropic lens—stretching and
compressing the metric in specific directions—and leads to
exotic phenomena such as vacuum Čerenkov radiation and
vacuum bremsstrahlung [43].
After Bekenstein’s seminal work, it was demonstrated

that scalar-tensor theories remain closed under disformal
transformations [44–50], shifting interactions between the
gravity and matter sectors via disformal couplings [23].
Concomitantly, disformal couplings of dark matter (DM)
and dark energy (DE) have been investigated in: astro-
physics [51,52], cosmology [53–57], black-hole physics
[58,59], and particle physics [60,61]). However, to our
knowledge, this literature has only limited attention to
leading-order interactions of a single scalar field.
In this work, we extend previous literature in three ways:

first, we generalize the disformal transformation in the
fermion sector with an arbitrary two rank tensor; second,
we apply our results by assuming scalar and vector ULDM
couplings to the SM, showing that apparent Lorentz-
violating effects are generated; third, we utilize experimen-
tal tests of Lorentz violation to place constraints on the
disformal couplings. Though our results for scalar ULDM
are not competitive, we find those for vector ULDM,
benefitting from a reduced operator dimensionality in the
action, are significantly enhanced.
The next sections are organized as follows. Given the

variety of topics discussed, we first opt in Sec. II to provide
a light introduction to disformal theory and its connection
to Lorentz violation in the SME framework. In Sec. III, we
generalize disformal transformations in the fermion sector
and in Sec. IV highlight a few examples, connecting to
prior work where applicable. Next, in Sec. V, we apply
these examples to scalar and vector ULDM and tests of
rotation-invariance violation. Finally, in Sec. VI we provide
discussions and conclusions. Note that many calculational
details, in particular for vector fields and tests of boost-
invariance violation, are provided in the Appendices. We
work in reduced Planck units throughout, that is
ℏ ¼ c ¼ 8πG ¼ 1, and in the þ − −− signature of the
metric.

II. DISFORMAL THEORY
AND LORENTZ VIOLATION

We start with a short overview, motivation, and speci-
fication of the framework under consideration. We hope
this will be useful to the reader before we delve into details,
which range from purely mathematical aspects to particle
phenomenology and experimental constraints.

A. Disformal theory

Our starting point is the minimal assumption that mod-
ifications of gravity only occur through an effectivemetric g̃ to
which matter fields couple minimally.1 This is in line with
Bekenstein’s original idea [42], where (in Bekenstein’s
notation) one has a “gravitational” metric g and a “physical”
one g̃. The dynamics of the “gravitational” metric are
described by the Einstein-Hilbert action plus an additional
canonical fieldwhose energy density dominates over the other
components. Matter is minimally coupled to the “physical”
metric g̃, which we henceforth call the matter metric. An
analogous construction can be considered in the photon sector
if we introduce a photon metric ğ. The total action then reads

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16πG
Rþ Lðϕ; BμÞ

�

þ
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
i
2
ð ¯̃Ψγμ ˜D↔μΨ̃Þ − ¯̃ΨmΨ̃

�

−
1

4

Z
d4x

ffiffiffiffiffiffi
−ğ

p
ğμνğαβFμαFνβ: ð1Þ

The first line includes the Ricci curvatureR and the Lagrange
density Lðϕ; BμÞ of a dark scalar field ϕ or a dark massive
vector fieldBμ (not necessarily a gauge field).

2 In the second
line, Ψ̃ denotes a fermion field associated to the metric g̃ and
coupled to the photon field Aμ through Dμ ¼ ∇μ þ ieAμ,

where ∇μ is the covariant derivative and Ψ̄γμD
↔

μΨ≡
Ψ̄γμDμΨ − ðD�

μΨ̄ÞγμΨ, and Fμν ¼ ∂μAν − ∂νAμ. The prop-
erties of ∇μ are given in Sec. III.
Although the action (1) might at first appear confusing,

ultimately one can write it in terms of a single effective
metric. We do so shortly in Eq. (3). But, first, we assume
the effective metric g̃ is related to the gravitational metric g
via a disformal transformation3 given by

g̃μν ¼ C2ðgμν þDBμBνÞ
¼ C2ðδαμ þDBαBμÞðδβν þDBβBνÞgαβ
¼ C2ðgμν þDð2þDXÞBμBνÞ; ð2Þ

1This means that the matter fields do not couple directly to any
new fields. Consequently, all matter fields couple in the same way
to the gravitational field, i.e., the weak equivalence principle is
satisfied.

2The dynamics of Bμ could, for example, be of the generalized
the generalized Proca theory [62,63], the Einstein-Aether theory
[64], and the Bumblebee model [65], with nonlinear derivative
self couplings and a propagating longitudinal mode, analogous
to (scalar) Horndeski theories. Note also the identification
“dark ¼ DM” is not strictly necessary, but is assumed in
our target application.

3With transformation we mean a given relation between two
metrics, here between the gravitational metric gμν and the matter
metric g̃μν.
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where X ¼ BμBμ, and C and D ¼ Dð2þDXÞ are the so-
called conformal and disformal couplings. In the second
step of (2), we wrote the disformal transformation in a form
that helps to connect with the transformation of the local
tetrads (also known as vierbeins). To preserve the metric
signature, one requires 1þDX > 0 (or, equivalently,
j1þDXj > 0). To maintain a positive definite volume
element, one further requires 1þDX > 0 [46]. Note that
although we focus here on vector disformal transforma-
tions, we treat the general case shortly in Sec. III.
Since we will be focusing on the fermion sector, andD is

the relevant disformal coupling for fermions, we refer to D
as the disformal coupling in the following. Both C and D
can, a priori, be arbitrary scalar functions of X. Note for
this particular choice of X that C has mass dimension zero,
whileD andD have a mass dimension −2. For the case of a
scalar field, one simply replaces Bμ → ∇μϕ. Then C, D,
andD have mass dimensions zero, −4 and −4, respectively,
and may depend on ϕ and its first derivatives. A similar
expression to Eq. (2) holds for the photon metric ğμν with
different C, D and D functions. We discuss more general
couplings, as, e.g., derivatively coupled dark vector fields
in a separate publication [66].
Before proceeding, we fix the action and write it

explicitly in terms of a single metric. We make use of
gravitational wave (GW) observations from a neutron star
merger with an electromagnetic counterpart [67], which
have severely constrained the velocity of GWs relative to
photons (see also Ref. [68] for other cosmological tests), to
set ğμν ¼ gμν, but leave an arbitrary coupling to fermions.
We find that the action after the disformal transformation
reads

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16πG
Rþ Lðϕ; BμÞ

�

−
1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
gμνgαβFμαFνβ

þ
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2

�
δμν −

DBμBν

1þDX

�
Ψ̄γνD

↔

μΨ − Ψ̄mCΨ

−
1

4

D2X
1þDX

BμF⋆
μνΨ̄γ5γνΨ

�
; ð3Þ

where F⋆
μν is the (dual) field-strength tensor of the dark

vector Bμ

F⋆
μν ¼

1

2
ϵμναβF αβ with F αβ ¼ ∂αBβ − ∂βBα: ð4Þ

Note the axial coupling in the last term of Eq. (3), which
may be understood as originating from a spin-vorticity
coupling [69].
If Bμ represents a nontrivial background field, the action

in Eq. (3) can induce violations of Lorentz invariance in the
fermion sector. A common example in the literature is that

of a scalar field ϕ whose gradient couples as Bμ in Eq. (3)
and varies on cosmological scales, i.e., Bμ → ∇μϕ ¼
∂0ϕδ

0
μ. Moreover, if we treat Bμ as a background, the

action in Eq. (3) can be identified as a subset of the SME, as
we show in the following section.

B. Lorentz violation

The SME terms of interest are contained in the so-called
minimal quantum-electrodynamics (QED) sector coupled
to gravity [19,70]. The relevant fermion action is

SSME ⊃
Z

d4x

�
1

2
ieeμAΨ̄ΓAD

↔

μΨ − eΨ̄MΨ
�
; ð5Þ

where eμA is the tetrad (vierbein) with determinant
e ¼ detðeAμ Þ ¼ ffiffiffiffiffiffi−gp

. ΓA and M are generalized Dirac
and mass matrices, respectively, and contain

ΓA ⊃ γA − cμνeAνe
μ
Bγ

B;

M ⊃ mΨ þ bμe
μ
Aγ5γ

A; ð6Þ

where mΨ is the fermion mass and cμν; bμ are SME
coefficients parametrizing Lorentz violation. The hermi-
ticity of (5) follows by assuming the coefficient compo-
nents are real. The cμν coefficient is mass dimension zero
and may be taken as symmetric and traceless, implying
nine physical components [70]. Since the field operator
associated with bμ is odd under a CPT transformation, this
coefficient of mass dimension þ1 also controls CPT
violation.
By comparing Eq. (5) to the disformal action (3), we

establish the correspondence

cμν ↔
DBμBν

1þDX
; bμ ↔

1

4

D2X
1þDX

BνF⋆
νμ; ð7Þ

demonstrating that disformal fermion couplings are analo-
gous to a subset of SME effects. The presence of a
dynamical field Bμ sourcing the coefficients invites com-
parison to the scenario of spontaneous Lorentz violation, as
investigated in Ref. [36]. However, we stress that cμν and bμ
are defined as EFT parameters with prescribed unconven-
tional properties under particle Lorentz transformations.
They need not necessarily be described by underlying fields
with (or without) nonzero vevs, as the scenario of explicit
violation briefly mentioned in Sec. I demonstrates. For
these reasons, we prefer to delay arguing a strict equality in
(7) until discussing our specific application in Sec. V.

III. GENERAL DISFORMAL
COUPLING TO MATTER

Let us investigate the Dirac Lagrangian under the action
of a general disformal transformation. In Sec. IV, we will
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focus on the scalar and vector disformal cases. Since we
work with fermions in a curved background, we employ
the tetrad formalism with differential forms, see, e.g.,
Refs. [71,72]. As most of the literature uses tensor
component notation, we present the corresponding pro-
cedure in Appendix A.
Before going into the details, we lay out our notation

throughout the rest of this work. We refer to lower-case
Greek letters (μ, ν, ρ, etc.) as the spacetime indices, lowered
and raised by the spacetime metric gμν. Local indices are
indicated by upper case Latin letters (A, B, C, etc.) with the
corresponding metric ηAB. The tetrad 1-forms are denoted
as θA ≔ eAμdxμ, while their duals as eA ≔ eAμ∂μ, and by
definition satisfy θAðeBÞ ¼ δAB. The action of the covariant
derivative on a Dirac spinor is given by

∇μΨ ¼
�
∂μ þ

i
2
ωABμΣAB

�
Ψ;

∇�
μΨ̄ ¼

�
∂μ −

i
2
ωABμΣAB

�
Ψ̄; ð8Þ

where ωABμ are the components of the Cartan-structure 1-
form ϖAB (spin connection coefficients), namely

ϖAB ¼ ωABμdxμ ¼ ωABCθ
C; ð9Þ

and we use the antisymmetric Dirac element

ΣAB ¼ i
4
½γA; γB�: ð10Þ

A. Disformal transformation
of the tetrad and spin connection

Introducing the tetrad frames fθ̃Ag and fθAg, we define
the general disformal transformation via

θ̃A ¼ CðδAB þ LA
BÞθB ≡ CUA

Bθ
B; ð11Þ

ẽA ¼ 1

C
ðδBA þ PB

AÞeB ≡ 1

C
ðU−1ÞBAeB: ð12Þ

The latter can be rendered symmetric and traceless without
loss of generality, as we show in Appendix B. However, we
find it more convenient to proceed as is. For comparison
with the literature, the metric transformation corresponding
to the tetrad change (11) reads

g̃¼ ηABθ̃
A ⊗ θ̃B ¼C2ðηABþ2LðABÞ þLACLC

BÞθA ⊗ θB:

Lastly, the impact of the transformation on the correspond-
ing volume form is computed using Eq. (11), namely

ffiffiffiffiffiffi
−g̃

p
d4x ¼ 1

4!
ϵABCDθ̃

A ∧ θ̃B ∧ θ̃C ∧ θ̃D

¼ ffiffiffiffiffiffi
−g

p
C4 detUd4x: ð13Þ

Computing the transformation of the dual tetrad (12)
corresponds to writing P ¼ ½PA

B� as a function of L.
Assuming that the transformation is invertible, we find,
using the Cayley-Hamilton theorem, that

P ¼ 1

detU
½−L3 þ ð1þ TrLÞL2 þ b1Lþ b01�; ð14Þ

where

b1 ¼ −
1

2
ð2þ TrLð2þ TrLÞ − TrL2Þ; ð15Þ

b0 ¼
1

24
ð−ðTrLÞ4 − 8TrLTrL3 þ 6TrL4

þ 6ðTrLÞ2TrL2 − 3ðTrL2Þ2Þ; ð16Þ

and

detU ¼ 1þ TrL

�
1þ 1

2
TrLþ 1

6
ðTrLÞ2 þ 1

24
ðTrLÞ3

�

þ 1

3
TrL3ð1þ TrLÞ − 1

4
TrL4

þ 1

8
TrL2ð−4 − 4TrL − 2ðTrLÞ2 þ TrL2Þ: ð17Þ

Having established the transformation properties of the
tetrads, we turn to the spin connection coefficients.
Following Ref. [71], we work with the Cartan structure
1-form postulating

ϖ̃AB ¼ ϖAB þ ZAB; ð18Þ

where ZAB is a 1-form antisymmetric in A and B. Using the
torsionless condition, we find4

4Explicitly, we require that the torsion 2-form vanishes, that is

T̃A ¼ D̃θ̃A ¼ 0;

whereD is the exterior covariant derivative. This translates into a
condition for ZAB given by

iCZABUBD − iDZABUBC ¼ iDiCSA;

where we used the shorthand notation iC ¼ ieC for the interior
derivative. We also define the two-form SA via

SA ¼ −
1

C
DðCUABÞ ∧ θB ¼ 1

2
SABCθ

B ∧ θC:
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ZABC ¼ ðU−1ÞD½BηA�ESE
CD

þ UD
CðU−1ÞE½AðU−1ÞFB�ηDGSG

EF; ð19Þ

where we defined

SABC ¼ −2∇½CCδB�A − 2∇½CðCLA
B�Þ: ð20Þ

This result is in agreement with Ref. [71] in the case of
LA

B ¼ Dðϕ; XÞ∇Aϕ∇Bϕ. Using Eqs. (18) and (19), the
spin connection coefficient are given by

Cω̃ABC ¼ ðU−1ÞDCðωABD þ ZABDÞ
¼ ðU−1ÞDCωABD − 2ðU−1ÞÞD½AηB�C∇DC

þ ðδCLδ½AGδB�E − δ½ALδCGδB�E − δ½ALδB�GδCEÞ
× ðU−1ÞDLðU−1ÞFGηEI∇DUI

F: ð21Þ

An interesting aspect of the transformation (21) is the
presence of a totally antisymmetric term explicitly sepa-
rated from ωABD, namely

MD ¼ C
4
ϵABCDðω̃ABC − ðU−1ÞDCωABDÞ

¼ 1

4
ϵDEFGðU−1ÞIEðU−1ÞJF∇JUGI; ð22Þ

where we introduced the factor of 1
4
for later convenience. It

is precisely this term which later couples to the fermionic
axial current, see Eq. (27).

B. Disformal Dirac action

Let us now turn to the explicit transformation of the
Dirac action. We start from the Dirac action in the
Hermitian formulation, which is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
i
2
ð ¯̃ΨγB

˜∇↔BΨ̃Þ − ¯̃ΨmΨ̃
�
; ð23Þ

where, as in Sec. II, the tilde denotes that the fermions are
minimally coupled to the disformal metric g̃μν. Expanding
the Hermitian derivative, that is

¯̃ΨγA
˜∇↔AΨ̃ ¼ −∂A

¯̃ΨγAΨ̃þ ¯̃ΨγA∂AΨ̃þ i
2
¯̃ΨfγA;ΣBCgω̃ABCΨ̃;

ð24Þ

showcases that the transformation amounts to computing
ϵD

ABCω̃ABC. Using the following identity, namely

fγA;ΣBCg ¼ ϵD
ABCγDγ5; ð25Þ

and redefining the spinor field as

Ψ ¼ C3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðUÞ

p
Ψ̃; ð26Þ

we obtain that the transformed Dirac action reads

S¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
ðU−1ÞABðΨ̄γB∇

↔

AΨÞ− Ψ̄CmΨ−MAJA5

�
;

ð27Þ

where MA is defined in Eq. (22) and JA5 ¼ Ψ̄γAγ5Ψ. In the
limit L → 0, the action (27) reduces to the conformal case,
see, e.g., Ref. [73].
Note that, unlike the case of bosonic theories, the action

of disformal transformations on the Dirac action decouples
the conformal and disformal parts. The latter shifts the
kinetic term and introduces an additional axial term. Such
coupling to the axial current stems from the nonholono-
micity of the basis tetrads, although it has a similar structure
to that of torsion [74,75]. One may be tempted to interpret it
as an effective nonmetricity, but in this case, there would be
no coupling to the axial current [74,75].
To understand the physical interpretation of such a

term, it is useful to consider the case of a vector
disformal transformation, where UA

B ¼ δAB þDBABB.
If we identify BA as being proportional to a fluid’s
4-velocity, we see that Mk is proportional to vorticity,

namely Mk ∼ B2ϵk0ijB0∇iBj ∝ ð∇⃗ × B⃗Þk. Thus, the origin
of Eq. (22) is a spacetime vorticity induced by the disformal
transformation of the tetrads. Note that such a coupling also
appears in nonrelativistic fermions in a rotating fluid, called
the spin-vorticity coupling [69].

1. Comparison with SME coefficients

To facilitate comparison of Eq. (27) with the SME
coefficients cμν; bμ introduced in Eq. (6), we explicitly
separate ðU−1ÞAB, given by Eq. (12), into a trace and
traceless part, namely

ðU−1ÞAB¼
�
1þ1

4
TrP

�
ðδABþPA

BÞ

with PA
B¼

1	
1þ 1

4
TrP



�
PA

B−
1

4
TrPδAB

�
: ð28Þ

By definition TrP ¼ 0. We then canonically normalize the
kinetic term of the fermions via an additional field
redefinition given by Ψ → ð1þ 1

4
TrPÞ−1=2Ψ. After the

field redefinition, the action becomes

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
Ψ̄γA∇↔AΨ − Ψ̄mΨΨ

þ i
2
PA

BΨ̄γB∇
↔

AΨ −MAJA5

�
; ð29Þ
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where, for compactness, we have defined

mΨ ¼ Cm
1þ 1

4
TrP

and MA ¼ MA

1þ 1
4
TrP

: ð30Þ

Note that we could have defined L or P to be traceless from
the start by shifting the conformal factor, but we considered
it clearer to perform the transformation at the end of the
calculation. Comparing Eq. (29) with the fermion SME
action Eq. (5), we identify the correspondence

cμν ↔ −Pμν;

bμ ↔ −Mμ; ð31Þ

where Pμν and Mμ are given by Eqs. (28) and (30),
respectively, generalizing the special case given in Eq. (7).
Note that we employ the action Eq. (29) and the corre-
spondence (31) in Sec. V and Appendices E and F. In the
rest of the paper, we work with Eq. (27) for convenience.

IV. SINGLE FIELD DISFORMAL
TRANSFORMATION

Let us now focus on the cases of scalar and vector
disformal transformations. We discuss the inclusion of the
field strength in the disformal part in Appendix C. In a
subsequent publication [66], we derive the conditions on
disformal transformations for consistent couplings to fer-
mions, ranging from multiscalar fields to higher-order
derivatives.

A. Scalar field

Making use of both Eqs. (11) and (12), the scalar
disformal transformation is expressed as

LA
B¼D∇Aϕ∇Bϕ; PA

B¼−
D

1þDX
∇Aϕ∇Bϕ; ð32Þ

where D ¼ Dðϕ; XÞ, C ¼ Cðϕ; XÞ, and X ¼ ∇μϕ∇μϕ.
Since ∇½A∇B�ϕ ¼ 0 the vorticity term (22) drops out (that
is MA ¼ 0), leading to

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
Ψ̄γA∇↔AΨ

−
i
2

D
1þDX

∇Aϕ∇BϕΨ̄γB∇
↔

AΨ − Ψ̄CmΨ
�
: ð33Þ

For easier comparison with the literature, consider the
case of a massless fermion, discussed in Refs. [23,60,61],
in which case the action (33) simplifies to

S¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
Ψ̄γA∇↔AΨ−

D
1þDX

∇μϕ∇νϕTμν

�
; ð34Þ

where we used

Tμν ¼
i
4
Ψ̄½γμ∇

↔

ν þ γν∇
↔

μ�Ψ: ð35Þ

Note that the disformal coupling in Eq. (34) is also valid for
nonvanishing mass, when evaluated on-shell [60].
Our result agrees with Refs. [23,60,61] at leading order

in the derivative expansion, that is, for DX ≪ 1. However,
it is more general, since we do not rely on the derivative
expansion. In particular, it is often assumed that the
disformal coupling appearing in the metric, that is D in
Eq. (2), is constant. But fermions couple to the tetrad and,
hence, toD. Interestingly, a constantD does not necessarily
imply a constantD. In fact,D depends onD and X through
D ¼ X−1ð−1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þDX
p Þ. Thus, in general, a constant D

yields an X-dependent D.

B. Vector field

In the case of the vector disformal transformation, L and
P take a similar form, that is

LA
B ¼ DBABB; PA

B ¼ −
D

1þDX
BABB; ð36Þ

whereD ¼ DðXÞ,C ¼ CðXÞ, and X ¼ BμBμ. In contrast to
the scalar case, substituting into Eq. (22) results in an axial
coupling given by

MA ¼−
D2X

8ð1þDXÞϵA
BCDBDFBC ¼−

D2X
4ð1þDXÞB

DF⋆
AD;

ð37Þ

where FBC is the field strength of the vector field, and F⋆
AD

its Hodge dual. Such a term has appeared before in the
literature Ref. [76], where the authors performed a dis-
formal transformation of the Dirac equation. Note that to
have a nonvanishing contribution from the axial coupling in
cosmology, the vector field has to be inhomogeneous, and,
therefore, such interactions should be suppressed on
cosmological scales.
We end this section by explicitly writing the Dirac action

after the transformation, which reads

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
Ψ̄γA∇↔AΨ − Ψ̄CmΨ

−
i
2

D
1þDX

BABBΨ̄γB∇
↔

AΨ

þ D2X
4ð1þDXÞB

DF⋆
ADJ

A
5

�
: ð38Þ

Note that our new contribution, that is, the coupling to the
axial current, only appears at higher orders in the derivative
expansion. Also note that since the SME coefficient bμ is
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only generated for vector fields and has a suppressed
quadratic dependence on D, we devote attention to the
cμν coefficients for the remainder of the paper.

V. APPLICATION

We are now positioned to focus on a concrete scenario of
the single field formalism (Sec. IV): scalar and vector
ULDM with quadratic couplings to QED. Quadratic
couplings appear naturally in disformal transformations5

and are of particular phenomenological interest because
they address DM while avoiding the stringent constraints
imposed by fifth-force experiments [60]. Instead, they give
rise to apparent Lorentz-violating effects, which can be
mapped onto SME operators. As the disformal couplings
are quadratic in the fields, our scenario also applies to
pseudoscalar ULDM. Both cases of scalar and vector
ULDM are accounted for in the action Eq. (29), comple-
mented by the standard kinetic terms for a scalar and vector,
parametrized by mϕ and mB, respectively.
Since we are interested in gravitational couplings, we

neglect potential kinetic-mixing effects [77,78] which are
the focus of most dark photon searches and strongly
constrained in the case of vector ULDM (see, e.g.,
horizontal branch bounds in Ref. [79]). Specifically, we
omit the term ∝ FμνF μν.

A. Ultralight dark matter

Ultralight dark matter is an umbrella term describing DM
candidates within the approximate mass range 10−22 eV≲
m≲ 1 eV. The lower end, m ∼ 10−22 eV, assumes ULDM
accounts for all of the DM and is primarily constrained by
galactic structure formation, while the upper end is set by
requiring that the DM occupation number per de Broglie
wavelength in galaxies remains large compared to unity,
implying that ULDM candidates are bosonic. Present-
day DM is cold and nonrelativistic, with a virial velocity
jv⃗j ∼ 10−3 in the Milky Way. Ultralight DM is temporally
coherent over τc ≈ 4π=ðmjv⃗j2Þ ∼ 106ƛC and spatially
coherent over lc ≈ ƛdB ¼ 2π=ðmjv⃗jÞ ¼ 103ƛC, where ƛdB
and ƛC are the reduced de Broglie and Compton wave-
lengths, respectively. For the masses of interest, we have
that ƛC ∼ 106 km ð10−15 eV=mÞ ∼ 4 μs ð10−15 eV=mÞ. For
comparison, one astronomical unit is 1 AU ∼ 108 km. This
allows a classical wavelike description in which the particle
mass predominantly controls the macroscopic dynamics.
One of the simplest and well-motivated models of

ULDM is the axion, or more broadly, axionlike particles.
By virtue of the misalignment mechanism [80–82], the
axion admits a wavelike description and could account for
all of the DM in the universe. More broadly, a generic scalar
or pseudoscalar field coupled to the SM can be described

with an EFT-based approach with additional higher-
dimensional (d ≥ 5) operators normalized to the Planck
scale. Several of the so-called linear (d ¼ 5) couplings for
masses below m≲ 10−6 eV are highly constrained by tests
of the equivalence principle [83–86] and fifth-force searches
[87–90] (see also, e.g., Ref. [91]). This has, in part,motivated
broad searches for quadratic (d ¼ 6) operators [92]. For a
comprehensive and recent overview of ULDM, see, e.g.,
Ref. [93]; for a review of dark photons, see, e.g., Ref. [94].
Special phenomenological considerations aside, the

solutions for a classical, nonrelativistic (and thus massive)
scalar ϕ or vector Bμ ULDM field are

ϕðt; x⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2ρDM

p
mϕ

cosðωϕt − k⃗ · x⃗Þ; ð39Þ

Bμðt; x⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2ρDM

p
mB

cosðωBt − k⃗ · x⃗Þϵμ; ð40Þ

where ϵμ is a real polarization vector (which may include a
longitudinal mode since the vector is massive) and is, in
principle, independent of k⃗ ≈mv⃗ (see, e.g., vector ULDM
searches with interferometers [95]). In Eqs. (39) and (40),
we take ω ≈m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jv⃗j2

p
and jk⃗j ≈mjv⃗j ≪ m, where the

DM wind velocity jv⃗j ∼ 10−3 accounts for the boost from
the galactic DM rest frame to a solar-system frame. For
simplicity, we consider plane waves only. Note that in this
limit the divergence of the Proca equation, ∂μBμ ¼ 0,
implies that the timelike component of the vector field
B0 ≈ v⃗ · B⃗ ≪ jB⃗j. The amplitude

ffiffiffiffiffiffiffiffiffiffiffi
2ρDM

p
=m is set by

equating the time-averaged energy density to the local
DM density ρDM ≈ 0.3 GeV=cm3.
Before going into the details on the bounds, let us

qualitatively discuss possible spacetime properties of the
scalar and vector fields, ultimately linked to their gener-
ation mechanism (see, e.g., Refs. [94,96]). First, a scalar
field is, as very often in cosmology, mostly time-dependent
with small spatial inhomogeneities. This means that any
Lorentz-violating effect from the disformal coupling is
mainly time-dependent and mostly isotropic. Second, the
vector has two distinct possibilities due to the polarization.
The first possibility is that the vector points in the same
direction throughout the solar system; this is called the
“fixed polarization scenario” in Ref. [94].6 The second,
opposite possibility is that the vector is unpolarized, and
there results no preferred spatial direction after one coher-
ence length. We will consider these two extreme cases for
the vector to derive optimistic and conservative estimates
for the disformal coupling to vectors.

5See also Ref. [7] for a motivation of quadratic couplings based
on a Z2 symmetric theory.

6There is also a “random polarization scenario”which assumes
that the vector points in a random direction after every coherence
length [94]. This is somewhat similar to the fixed polarization
scenario and, therefore, we will not consider it further.

APPARENT LORENTZ VIOLATION FROM DISFORMALLY … PHYS. REV. D 113, 035007 (2026)

035007-7



In passing, let us clarify that our vector field Bμ is
spacelike because we considered a Proca action. In more
general situations, as discussed around Eq. (1), the vector
field could be timelike, as in the generalized Proca theory
[62,63]. We do not consider this case, as it is similar to the
scalar field case. As we shall see, the spacelike nature of Bμ

results in stricter constraints. We proceed now to discuss the
bounds.

B. Bounds on disformal couplings from
searches for apparent Lorentz violation

Since the disformal transformation couples universally to
fermions, we can exploit results from studies on the
coefficients cfμν of any fermion species f. Broadly speaking,
searches for Lorentz violation can be grouped into searches
for isotropic Lorentz-violating effects and searches for a
preferred direction in spacetime. As their name suggests,
isotropic Lorentz-violating effects arise from rotationally
invariant combinations of controlling coefficients. These
modify dispersion relations in an orientation-independent
way and can be constrained by searches for vacuum
Čerenkov radiation or photon decay [97–102], among
others. Three of the nine physical components of cμν
contribute to this category of effects.
In contrast, controlling coefficients inducing a preferred

direction in spacetime lead to anisotropic effects, which, in
Earth-based laboratories, translate into time-varying signals
determined by the Earth’s axial rotation and revolution
around the Sun. For this reason, it has become standard
practice to report constraints on controlling coefficients in
the Sun-centered frame (SCF) [103–105], which remains
essentially fixed and nonrotating over the duration of most
experiments. In this frame, theZ axis is parallel to theEarth’s
axis of rotation, the X axis points from the Earth toward the
Sun at the 2000 vernal equinox, and theX-Y plane is parallel
to the equatorial plane. The remaining six components of the
cμν coefficients belong to this category. From now on, we
focus on anisotropic Lorentz-violating effects, since they
lead to the stricter constraints. We discuss bounds from
isotropic Lorentz-violation in Appendix E and from com-
plementary Lorentz boost violations in Appendix F.
According to the SME data tables [3], the most stringent

bounds on the cμν coefficients are placed by a search for
time-dependent signatures in a 21Ne-Rb-K comagnetometer
experiment [106]. The experiment [106] used a search for
time-varying signals in a 21Ne-Rb-K comagnetometer
experiment to constrain the neutron-sector SME coeffi-
cients cnμν.

7 Two of the six components inducing time-
dependent signatures do not appear in the observable

considered, as the nonrelativistic perturbed Hamiltonian
depends only on the spatial components cnij. The remaining
four components cnYZ; c

n
XZ; c

n
XY , and cnXX − cnYY can be

viewed as parametrizing violations of the SOð3Þ rotation
subgroup of the Lorentz group. The quoted results are [106]

cnYZ þ cnZY < ð4.8� 4.4Þ × 10−29;

cnXZ þ cnZX < ð−2.8� 3.4Þ × 10−29;

cnXY þ cnYX < ð−1.2� 1.4Þ × 10−29;

cnXX − cnYY < ð1.4� 1.7Þ × 10−29: ð41Þ

Indeed, let us discuss under which conditions the
sets of results in Eq. (41) [and also later in Eq. (E1)],
may be converted into constraints on the disformal
parameter D. The hypothesis tested by Refs. [106,107]
is that of a flat spacetime metric and spacetime-position-
independent cnμν coefficients in the SCF. These are
reasonable assumptions given the weak local gravita-
tional field and the smallness of the SME coefficients
[19]. They also fix the disformal coupling D to be
constant. Then, to a good approximation, the SCF
coefficients are related to those in the noninertial
laboratory frame by a time-dependent rotation involving
the laboratory colatitude and harmonics of the Earth’s
sidereal frequency [103–105,108].
The comagnetometer signal was measured every 22 s (s),

modulo periodic pauses of 300–400 s to calibrate the
experiment, but otherwise regularly over a three-month
period [106]. The latter total duration of Texp ¼ 3 months
and the minimum measurement interval Tmin ¼ 22 s set the
relevant temporal scales. If the ULDM field only varies on
timescales greatly exceeding Texp, its amplitude and direc-
tion are essentially constant and can directly be compared
to the SME bounds. This is only the case for ULDMmasses
m≲ 10−22 eV, which are nominally outside of the ULDM
range (though in the rather restrictive case that a single
candidate accounts for all DM). Consequently, we focus on
ULDMmassesm≳ 10−16 eV, in which case the oscillation
period is shorter than the minimum measurement interval
Tmin and the oscillations average out between measure-
ments. At the lower end of this mass range, the temporal
coherence τc ≈ 6Texp, while moving toward larger masses
necessitates the accounting for stochastic amplitude fluc-
tuation, which degrades the signal by an Oð1Þ factor (see,
e.g., Ref. [109]). In order to estimate the sensitivity of the
aforementioned experiments to ULDM, we thus time-
average the objects identified in Eq. (31), and assume a
classical, nonrelativistic background field with a mass m
and mvμ ∼ ðω;−k⃗Þ ∼mð1;−v⃗Þ, where v ¼ jv⃗j ∼ 10−3 cor-
responds to the velocity of the Sun with respect to the DM
background.

7The SME is typically viewed as constructed via fundamental
particle fields. Here, an analogous EFT description at the nucleon
level is assumed, from which the standard approach of taking the
nonrelativistic limit follows.
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1. Scalar ULDM

For the single scalar ULDM scenario, which was also
considered in Ref. [7], hXi ¼ h∂μϕ∂μϕi ¼ ρDM, where hXi
refers to oscillation average. Note that hXi is positive for a
mostly time-dependent scalar field, that is ϕ̇ ≫ j∇ϕðtÞj.
For the cμν tensor we find8

hcnμνi ¼
D

1þ 3
4
DhXi

�
∂μϕ∂νϕ −

1

4
ημνX

�

¼ ρDMD
1þ 3

4
ρDMD

�
vμvν −

1

4
ημν

�
; ð42Þ

where recall that vαvα ¼ 1. The velocity suppression
jv⃗j2 ∼ 10−6, which enters via vμ ≈ ð1; v⃗Þ and arises from
the weak spatial dependence of Eqs. (39) and (40),
significantly reduces the sensitivity to the disformal cou-
pling D via the off-diagonal cnμν components (or linear
combinations like cnXX − cnYY where the ημν pieces drop
out). As a result, the stringent comagnetometer constraints
in Eq. (41) have a reduced impact on D. With ρDM ≈
0.3 GeV=cm3 ≈ 2 × 10−6 eV4 and ½D� ¼ GeV−4, and
assuming the components of v⃗ are of similar magnitude,
the constraint on the YZ combination translates into the
upper bounds

D≲ 2 × 1019 GeV−4

Λ≳ 15 keV
ðscalar ULDMÞ; ð43Þ

where Λ is the energy scale associated with D, namely
Λ≡D−1=4. The sensitivity toΛ is slightly better than found
in Ref. [7], which instead focused on atomic-clock experi-
ments that are primarily sensitive to the electron ceμν
coefficients constrained at the ∼10−21 level. Note that
complementary test using monophoton searches at CMS
[110,111] have led to roughly Oð106Þ stronger constraints
Λ≳ 490 GeV, as they are not suppressed by the tiny factor
ρDMjv⃗j2 ∼ 10−48 GeV4 [60].

2. Vector ULDM

We now consider the vector ULDM field Bμ

[cf. Eq. (40)]. Recall that in this case ½D� ¼ GeV−2 and
that the component B0 is velocity suppressed (see dis-
cussion in Sec. VA). Our considerations broadly mirror the
scalar-field case, with a few key distinctions. First, it is
clear from the mass dimensions that the sensitivity to vector
ULDM will depend quadratically on the mass mB of the
dark vector; indeed, the equivalent of Eq. (42) for dark
vectors is

hcnμνi ¼
D

1þ 3
4
DhXi

�
BμBν −

1

4
ημνX

�

¼ ρDMD
m2

B − 3
4
ρDMD

�
ϵμϵν þ

1

4
ημν

�
; ð44Þ

where we used that ϵαϵ
α ¼ −1. We can see from this

expression that, for a fixed bound on cnμν, the sensitivity to
the disformal couplingDwill increase quadratically toward
lower vector masses mB. We recall that in the scalar field
case, this dependence cancels out in ∂μϕ. Second, in the
vector case, it is the polarization vector, ϵμ, rather than the
field gradient, ∂μϕ, that selects an orientation in the SCF.
Consequently, the constraints on the disformal coupling D
depend both on our assumptions about the massmB and the
polarization ϵμ of the vector field. Unfortunately, it is
currently impossible to make a precise statement about the
polarization distribution of a potential vector ULDM
background (see also Ref. [94]). In the following, we will
consider the case when the vector field points in a fixed
direction since this is widely assumed in searches [94]. We
discuss the case of unpolarized vectors with a net isotropic
effect in Appendix E but report the corresponding bounds
at the end of this section.
If the polarization ϵμ is fixed across the patch of

spacetime probed by experiment, it follows that hXi ¼
−ρDM=m2

B. In principle, the direction ϵμ is arbitrary.
However, for illustration purposes, we consider the case
of ϵμ ¼ 1ffiffi

3
p ð0; 1; 1; 1Þμ, in the SCF, where we neglected

terms proportional to jv⃗j. Different directions will differ by
Oð1Þ factors. From Eq. (44), we obtain the following cnμν in
the SCF at leading order in jv⃗j

cnTT ¼ 1

4

ρDMD
m2

B − 3
4
ρDMD

;

cnJK ¼ ρDMD
m2

B − 3
4
ρDMD

�
1

3
−
1

4
δJK

�
;

J; K ∈ fX; Y; Zg; ð45Þ

or, in matrix form,

½cnμν� ¼
ρDMD

m2
B − 3

4
ρDMD

0
BBBBB@

1
4

0 0 0

0 1
12

1
3

1
3

0 1
3

1
12

1
3

0 1
3

1
3

1
12

1
CCCCCA
: ð46Þ

As a consequence of the lower mass dimension of X ¼
BμBμ in the vector case versus X ¼ ∂μϕ∂

μϕ in the scalar
case, the translation of the SME into bounds on the
disformal coupling of the vector, Eq. (44), depends explic-
itly on the mass of the vector field, while Eq. (42) did not.
Note, however, that the bounds of applicability of Eqs. (42)

8Formally this result is independent of f and matches to
Eq. (3.19) of Ref. [7], where C2 → ρDMD=½1þ ð3=4ÞρDMD�.
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and (44) are similar since both formulas assume that the
experiment averages over the background field oscillation.
While noting various model-dependent caveats, we argue
that the mass scale of m ¼ 10−15 eV is a sensible choice to
illustrate the constraints. For this mass scale, the coherence
time is comparable to the observation time (τc ≈ Texp) and
the coherence length is lc ≈ 8 AU.
We obtain for the fixed polarization scenario that

D≲6×10−35 GeV−2
	

mB

10−15 eV



2

Λ≳1017 GeV
	

mB

10−15 eV



−1

ðvector ULDMÞ ð47Þ

where we defined Λ≡D−1=2. We note that in this scenario,
the constraints listed in Eq. (41) probe close-to-PlanckianΛ
scales. In the case of unpolarized vector ULDM where the
net effect is isotropic Lorentz-violation, we find in
Appendix E, that the bounds become substantially weaker
with D≲ 10−20 GeV and Λ≳ 1010GeV, with the same
mass dependence as in Eq. (47). Note that they are still
stringent as compared to the scalar field case, Eq. (43).
Lastly, it should be noted that in addition to tests of

rotation invariance, tests of boost invariance can also
constrainD and have an interesting connection to disformal
couplings involving gauge fields. However, the constraints
we find in this case are weaker than Eqs. (43) and (47). We
refer the curious reader to a thorough investigation of these
topics as provided in Appendix F.

VI. DISCUSSION AND CONCLUSIONS

Searches for Lorentz-violating effects offer a window to
test gravity theories with higher derivatives via disformal
couplings to matter. Here, we have laid out the general
formalism to explore disformal couplings to arbitrary fields
without assuming any derivative expansion. We then
provided a correspondence with the SME coefficients
and applied it to the case of scalar and vector ULDM
disformally coupled to SM fermions. For scalar ULDM, we
find that current Lorentz violation searchers bound the
energy scale associated with the disformal coupling to
Λ > 10 keV. Note that the strongest constraints on dis-
formal couplings to scalar dark matter come from particle
colliders, setting Λ > 100 GeV [57,60]. Although weaker,
the bound presented in this work is a complementary probe
to such a scenario.
For vector ULDM, the bounds from Lorentz violation

searches are significantly stricter than in the scalar case.
This is because, while ϕ̇2 ∼ ρDM, for a massive vector
BμBμ ∼ ρDM=m2

B. Thus, for small masses, a quadratic
coupling to BμBν is enhanced by a factor 1=m2

B with
respect to ∂μϕ∂νϕ. We then derived the first bounds on
disformally coupled vector ULDM. We found that Λ >
1017 GeV in the case of “polarized” vector ULDM (by

polarized, we mean that the vector points at a fixed
direction within a coherence length). Such a stringent
bound is relaxed if we consider the case of “unpolarized”
vector ULDM (with a net isotropic Lorentz-violating effect
after a coherence length). If so, the bound is reduced to
Λ > 1010 GeV. Note that even the conservative bound is
eight orders of magnitude larger than the best bound on the
disformal coupling to scalar ULDM.
It should be noted that it is still not clear what the

resulting polarization of the ULDM vector would be after
structure formation and virialization. It would be interesting
to derive more accurate bounds for a given generation
model and the subsequent nonlinear evolution. This is out
of the scope of this paper. However, we do not expect that
the order of magnitude of our conservative estimate will be
significantly altered. It would also be interesting to apply
our general formalism of disformal couplings to other fields
and away from the derivative expansion. We leave these
issues for future work.
We end this paper with a discussion on possible

implications of the derived bounds on cosmology. The
most interesting regime for cosmology is when the dis-
formal couplings become of Oð1Þ, since this is when we
expect significant modified gravity effects from higher
derivatives (see, e.g., Ref. [45]). In that case, one cannot
neglect the coupling to matter in the gravitational action.
Equivalently, one may directly work with the gravitational
metric g̃μν rather than gμν, leaving SM particles minimally
coupled. For example, in the disformal inflation model
[57], cosmic inflation happens for energy scales above that
of the disformal coupling, that is Λ. Interestingly, at those
high energies, higher derivatives render the gravitational
metric g̃μν to be that of an exponentially expanding
universe. Note that Ref. [57] chooses Λ ∼ TeV and results
in (low-scale) inflation, but could be in principle higher.
Let us estimate the times (or, equivalently, the energy

scale of the Universe) when higher derivatives could be
relevant for the gravitational metric, given our bounds on
scalar and vector ULDM. To do so, we find the time when
disformal couplings are large, namely when DX ∼ 1. First,
for scalar ULDM we have that DX ≈DρDM ¼ DρDM;0=a3,
where a is the scale factor of the Universe and ρDM;0 ≈
10−47 GeV4 is the mean dark matter energy density in
the Universe today as given by Planck [112]. Thus,
modified gravity effects could be important for the expan-
sion of the universe for a < aSMG ∼ ðDρDM;0Þ1=3, where the
subscript MG stands for modified gravity. For vector
ULDM, we have that X ≈ −ρDM=m2

B, and so a < aVMG ∼
ðDρDM;0=m2

BÞ1=3. Using the constraints (43) and (47), we
respectively find aSMG ∼ 6 × 10−10 and aVMG ∼ 8 × 10−12

(the latter becomes aVMG ∼ 10−7 for the conservative bound
from Appendix E).
Note that the above derived time (scale factor), when

disformal couplings effects could be important in the early
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Universe’s expansion history, corresponds to times much
before big bang nucleosynthesis (BBN), which roughly
starts at around aBBN ∼ 10−9 (see Ref. [113] for a review).
Namely, we find that aS;VMG < aBBN. A small caveat, though,
is that for ULDM there will be a time below which the
ULDM field is frozen by the cosmic expansion, corre-
sponding to H ≫ m. The time of friction domination is
given by a < am ≈ 10−10ðm=10−15 eVÞ−1=2. Thus, for sca-
lar ULDM, we conclude that disformal couplings will
become large before the scalar ULDM field stops behaving
like dark matter, that is aMG > am, for m > 6 × 10−17 eV.
For the vector ULDM, we find that aMG > am implies m >
3 × 10−13 eV (or m > 10−22 eV for the conservative
bound). For smaller masses, the scalar (vector) ULDM
field becomes friction-dominated for a < am, and the
current bound from backreaction does not apply. It would
be interesting, nevertheless, to investigate how the system
behaves in the regime where the fields no longer behave
like ULDM.
The above estimates show that local constraints on

disformal couplings to scalar and vector ULDM imply
that disformal couplings could have only played an
important role well before BBN. It is remarkable that by
using local bounds, one is able to constrain higher
derivative interactions in the gravity sector to early times
(very high redshifts) and exclude significant disformal
couplings during BBN. Note that we have assumed that
gravity, in the gravitational metric, is described by the
Einstein-Hilbert action. It would be interesting to apply our
formalism to general higher derivative theories of gravity.

We leave a detailed study on the implications for general
modified theories of gravity for future work.
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APPENDIX A: TRANSFORMATION
USING TENSOR COMPONENTS

Here, we derive the transformation of the spin-
connection using a component-dependent approach. In
the absence of torsion, the spin connection is defined in
terms of the tetrads via

ωABC ¼ eCμe½Aνð∂μeB�ν − eB�λΓλ
μνÞ; ðA1Þ

Employing the transformation rule of the individual tetrads
(11), as well as that of the Christoffel symbols, we obtain

ω̃ABC ¼ −ẽCμẽ½Bνð∂μẽA�ν − ẽA�λΓ̃λ
μνÞ

¼ 1

C
ðU−1ÞDCeD

μ

�
−
1

C
ðU−1ÞE½BeEνð∂μðCUA�νÞ − CUA�λΓλ

μν − CUA�λKλ
μνÞ

�

¼ 1

C
ðU−1ÞDCeD

μ½ωABμ − ðU−1Þν½B∇μUA�ν þ ðU−1Þν½BUA�λKλ
μν�: ðA2Þ

In the first step in Eq. (A2), we used the definition of the
generalized covariant derivative (acting also on local
indices), namely

∇μUAν ¼ ∂μUAν þ ωABμUB
ν − Γλ

μνUAλ: ðA3Þ

We also introduced for convenience [45]

Kα
μν ¼ Γ̃α

μν − Γα
μν ¼

1

2
g̃αλð∇μg̃νλ þ∇νg̃μλ −∇λg̃μνÞ: ðA4Þ

Now, we could either directly use the expression for the
transformed metric (13) or use the expression of the tilded
metric in terms of the tetrads. In the latter, we find that

ω̃ABC ¼ ẽμCẽ
ν
½A∂μẽνB� − ẽνCẽ

μ
½A∂μẽνB� − ẽμ½Aẽ

ν
B�∂μẽνC

þ Γα
μνðẽνCẽμ½AẽαB� þ ẽμ½Aẽ

ν
B�ẽαC − ẽμCẽ

ν
½AẽαB�Þ; ðA5Þ

which is useful to see how the original spin connection is
related to the spacetime derivatives of the new untilded
metric. In the former, we plug in the expression for the
transformed metric (13) and find that

ðU−1ÞμCðU−1Þν½BUA�λKλ
μν

¼ 2ηC½AðU−1ÞμB�∇μ lnC

þ ðδGCηE½AδLB� þ ηECδ
L
½BηA�GÞðU−1ÞDLðU−1ÞFG∇DUE

F:

ðA6Þ
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By plugging Eq. (A6) into Eq. (A2), we arrive at the final
transformation of the spin connection, which is given by

ω̃ABC ¼
1

C
ðU−1ÞDCωABDþ2ηC½AðU−1ÞDB�∇D lnC

þ 1

C
ðδCLδ½AGδB�E−δ½ALδCGδB�E

−δ½ALδB�GδCEÞðU−1ÞDLðU−1ÞFGηEI∇DUI
F: ðA7Þ

APPENDIX B: LORENTZ TRANSFORMATION

By construction, the metric is invariant under Lorentz
transformations of the tetrad base

θ0A ¼ ΛA
Bθ

B ðB1Þ

Therefore, the choice of L is not unique. In the following,
we will demonstrate how one can use the Lorentz trans-
formation to absorb the antisymmetric components of L.
Let us split L ¼ Sþ A, where S denotes the symmetric and
A the antisymmetric components of L.

1. Perturbative construction
of Lorentz transformation

Let us parametrize the Lorentz transformation of the
tetrad field as

ΛA
B ¼ f0δAB þ f1TA

B þ f2TA
CTC

B þ f3TA
CTC

DTD
B;

ðB2Þ

where T is an arbitrary antisymmetric matrix. In
order to fulfill the Lorentz transformation, we need to
require that

ΛTηΛ ¼ η; ðB3Þ

which leads to the conditions

f20 − f22 det T −
1

2
f23TrT

2 det T ¼ 1; ðB4Þ

2f0f2 − f21 −
1

2
f22Tr T

2 þ f23

�
det T −

1

4
ðTrT2Þ2

�
¼ 0;

ðB5Þ

which can be solved for f0 and f2. Defining a new
disformal matrix U 0 via

U 0 ¼ ΛU ¼ f01þ f0Lþ f1T þ f1TLþ f2T2

þ f2T2Lþ f3T3 þ f3T3L; ðB6Þ

we can absorb the linear term in the antisymmetric
components A by setting TAB ¼ AAB and f1 ¼ −f0.
Further, setting f3 ¼ −f2 removes the cubic term T3.
The antisymmetric components of the new disformal

transformation are given by

A0 ¼ −f0AS − f2A3S ¼ OðL2Þ: ðB7Þ

We note that if L ¼ A, the new disformal matrix is already
symmetric and the construction stops. If S ≠ 0 we can use
the same construction as before and absorb the new
antisymmetric components up to linear order in
L0 ¼ OðL2Þ. Using the procedure iteratively, we can
construct a Lorentz transformation that removes all the
antisymmetric components of the disformal transformation.
Note that in 4-dimensions the construction stops at the third
step by use of the generalized Cayley-Hamilton theorem for
the product of two matrices [114].

2. Redefining spinor field

Alternatively, the antisymmetric components of L can be
absorbed by redefining the spinor field (see also Ref. [70]
for a similar discussion). For the sake of simplicity, we only
consider the leading-order contributions. Consider the
transformation

Ψ → e−
i
2
χABΣABΨ: ðB8Þ

In the following we use Y ¼ − i
2
χABΣAB to shorten the

notation. Using the identities

e−YγCeY ¼ ΛC
Bγ

B ≃ ðγC þ χCFγ
FÞ; ðB9Þ

∇eY ¼
Z

1

0

dαeαY∇Yeð1−αÞY; ðB10Þ

and substituting it back into the transformed Dirac
Lagrangian (27), we obtain

SDirac ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
ðU−1ÞABΛB

CðΨ̄γC∇
↔

AΨÞ

þ i
2
ðUÞABΨ̄

�
ΛB

Cγ
C;
Z

dαe−αY∇AYeαY
�
Ψ

−MAΛA
BJB5 − CΨ̄mΨ

�
: ðB11Þ

Let us, for simplicity, only focus on the linear order in L
and χ leading to
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SDirac ≃
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
ðδAB − LA

B þ χABÞðΨ̄γB∇
↔

AΨÞ þ
1

4
∇AχBCΨ̄fγA;ΣBCgΨ

−
1

4
ϵA

BCD∇DLBCJA5 − CΨ̄mΨ
�

≃
Z

d4x
ffiffiffiffiffiffi
−g

p �
i
2
ðδAB − LA

B þ χABÞðΨ̄γB∇
↔

AΨÞ −
1

4
ϵA

BCD∇DðLBC − χBCÞJA5 − CΨ̄mΨ
�
: ðB12Þ

Therefore, choosing that at leading order that

χAB ¼ AA
B þOðL2Þ; ðB13Þ

we can absorb the antisymmetric components of the
disformal transformation.

APPENDIX C: DISFORMAL COUPLING
INVOLVING FIELD STRENGTH

A straightforward generalization to the disformal trans-
formation includes the field-strength tensor of the vector
fields (see, for instance, Refs. [115,116]). If the disformal
transformation of the tetrads depends directly on the field
strength Fμν, e.g., if Lμν ¼ Fμν, there seems to be an
antisymmetric tensor directly coupled to the kinetic term of
the fermions. This is at first a little counterintuitive because
the corresponding transformation of the metric does not see
the antisymmetric components. As we shall show, such
antisymmetric components can be removed via a fermion
field redefinition.
For simplicity, we continue with a single vector field and

impose the Uð1Þ gauge symmetry so that the general ansatz
for U is given by

UA
B ¼ CδAB þDFA

B; ðC1Þ

where C and D are functions of TrF 2 and TrF 4. Note that
we could extend the ansatz by including F⋆. However,
such terms lead to parity violation or are equivalent to the
aforementioned terms. Particularly, note that replacing F
by F⋆ leads to the same metric up to a redefinition of the
free functions but seemingly to parity violation in the
fermionic sector. Next, we may proceed as explained in
Appendix B to absorb the antisymmetric components.
Another way to convince ourselves that the antisym-

metric components of the tetrad disformal transformation
given by Eq. (C1) are not physical is by noting that there is
another tetrad disformal transformation which leads to the
same metric disformal transformation. By using the Cayley
Hamilton theorem, one can show that the tetrad disformal
transformation given by

U0A
B ¼ C0δAB þD0FA

CFC
B; ðC2Þ

leads to the same metric as Eq. (C1) when

C2¼C02ð1−D02detF Þ; D2¼−D0
�
2−

1

2
D0TrF 2

�
:

ðC3Þ

The reason why the two tetrad transformations lead to the
same metric transformation is that they are related via a
Lorentz transformation of the tetrad field, or alternatively,
after a field redefinition. It is interesting to note that C0 is a
nontrivial function depending on both C and D, and,
therefore, the relation between both choices mixes the
conformal and disformal transformation.
Lastly, we compute the leading order in F μν in the

transformed Dirac action. By using both U (after field
redefinition) or U 0, we find that

L0 ≃ LDirac −
i
2
FA

CFC
BðΨ̄γB∇

↔

AΨÞ
−mC0

;TrF 2TrF 2Ψ̄ΨþOðF3Þ; ðC4Þ

where we also expanded the conformal factor at leading
order in TrF 2. Note that the coupling to the chiral current is
of order MA ¼ OðL02Þ ¼ OðF 4Þ. Starting from U, it is
highly nontrivial to see that up to cubic order OðF 3Þ all
terms can be canceled via a field redefinition. Note that the
leading-order correction to the Dirac equation is of order
OðF 2Þ and, therefore, of the same order as for the bosons
or gravity sector, in contrast to the naive expectation
starting from Eq. (C1). Nevertheless, in a separate pub-
lication [66], we show that the disformal transformation
studied in this subsection actually leads to higher deriva-
tives and possible ghosts due to the axial coupling.

APPENDIX D: DISFORMAL COUPLING
TO VECTOR BOSONS

For completeness, let us shortly discuss the disformal
coupling toUð1Þ gauge bosons and the transformation of the
action. For related literature see Refs. [58,115,117–119].
Consider a Uð1Þ gauge field whose action reads

LEM ¼ −
1

4

Z
dx4

ffiffiffiffiffiffi
−ğ

p
ğμαğνβFαβFμν: ðD1Þ

Using that ğμν ¼ ðU−1ÞαμðU−1Þβνgαβ [see Eqs. (12) and
(13)], and obtain that the gauge field action after the
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transformation is given by

SEM ¼ −
1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
GαμβνFαβFμν; ðD2Þ

where we introduced an area metric Gαμβν given by

Gαμβν ¼ detUðU−1ÞασðU−1ÞσμðU−1ÞβλðU−1Þλν: ðD3Þ

Note that the conformal factor does not appear due to the
well-known conformal invariance of the gauge field action
in four dimensions. The disformal part shifts the kinetic term
of the photons and, in particular, it modifies the propagation
speed. Please also note that while we abused the notation
U−1 for the disformal transformation, it is not necessarily the
same tensor as for g̃. We show one example below.
Since we mainly focus on the scalar and vector disformal

couplings, we explicitly write the transformation of the
gauge field action for this case. Let us assume that the
disformal transformation is given by

ğμν ¼ Ω2ðgμν þKBμBνÞ
¼ Ω2ðδαμ þ KBαBμÞðδβν þ KBβBνÞgαβ; ðD4Þ

where K ¼ Kð2þ KXÞ. In that case, we have that

ðU−1Þμν ¼ δμν −
K

1þ KX
BμBν; ðD5Þ

and, therefore, it follows that

Gαμβν ¼ ð1þ KXÞ
�
gαμgβν

−
2Kð2þ KXÞ
ð1þ KXÞ2 ðgαμBβBν þ BαBμgβνÞ

�

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þKX

p �
gαμgβν

−
2K

1þKX
ðgαμBβBν þ BαBμgβνÞ

�
; ðD6Þ

where we dropped a term proportional to BαBμBβBν

because of symmetries. Namely, it vanishes after contrac-
tion with the field strength.
In the main text, we used GW observations [67,120] to

fix ğμν ¼ gμν so that photons and GWs propagate at the
same speed. We have, however, a relative modification
between the electromagnetic field and fermions. We look at
this in more detail in Appendix D.

APPENDIX E: CONSTRAINTS FROM ISOTROPIC
LORENTZ VIOLATIONS

The constraints given in Eq. (41) do not apply to the case
of isotropic Lorentz violation. To test for isotropic Lorentz

violation, we make use of SME bounds by the Baryon
Antibaryon Symmetry Experiment (BASE) collaboration,
which runs a Penning-trap experiment at CERN’s
Antiproton Decelerator facility has measured the charge-
to-mass ratios of the proton and the antiproton with a
fractional uncertainty of 16 parts per trillion. The sampling
period in the BASE experiment was 4 min, and data were
taken for 1.5 years [107]. In the presence of SME
coefficients, the energy levels of the trapped particles are
expected to be shifted, leading to modified cyclotron
frequencies. Applying the formalism developed in
Ref. [108], they obtain the following bounds on the
spin-independent coefficients [107,121]

jc̃XXe j; jc̃YYe j < 7.79 × 10−15;

jc̃ZZe j < 4.96 × 10−15;

jc̃XXp j; jc̃�XXp j; jc̃YYp j; jc̃�YYp j < 2.86 × 10−11;

jc̃ZZp j; jc̃�ZZp j < 1.82 × 10−11: ðE1Þ

Taking only the cμν coefficients to be nonzero, these
translate into constraints on c̃JJf → cJJf , with flavors
f ¼ e, p and JJ ¼ XX; YY; ZZ, and similar for the starred
quantities, which were obtained for the antiproton [108].
Since the cμν coefficients are CPT-even, these are expected
to be equal. More stringent constraints can be obtained
from limits on modified energy thresholds, which would
lead to effects such as vacuum Čerenkov radiation or
photon decay [97–102], see, e.g., Ref. [122].9 However,
since these bounds are derived from single events, they
cannot be used to constrain a slowly varying signal.
Let us now apply these bounds to the case of unpolarized

vector ULDM (see discussions around Sec. V B for more
details). In that case, the vector field is statistically isotropic
in the range of the experiment, namely hBiBji ∼ 1

3
δij, and

we have that Eq. (44) reads

½hcμνiT � ¼
ρDMD

m2
B − 3

4
ρDMD

�
1

4
diag

�
1;
1

3
;
1

3
;
1

3

��
μν

; ðE2Þ

where we worked at leading order in jv⃗j. Using the most
stringent bounds from experimental results [107,121] listed
in Eq. (E1), we obtain

9Assuming isotropic Lorentz violation, i.e., cμν coefficients of
the form cμν ¼ ̊cdiagð1; 1

3
; 1
3
; 1
3
Þ the following bounds are derived

for electrons and muons: −1.6 × 10−14 < ̊cðeÞ < 1.9 × 10−19,
−4.2 × 10−15 < ̊cðμÞ < 8.3 × 10−15. Taking the best bounds
across these two flavors, this leads to −4.2 × 10−15 < ̊c <
1.9 × 10−19.
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D≲3×10−20 GeV−2
	

mB

10−15 eV



2

Λ≳6×109 GeV
	

mB

10−15 eV



−1

ðunpolarized vector ULDMÞ:

ðE3Þ
This constraint on the new physics scaleΛ is approximately
seven orders of magnitude weaker than that in Eq. (47), but
still fourteen orders of magnitude stronger than the con-
straint on Λ in the scalar case [Eq. (43)]. The high
sensitivity to the disformal coupling D in the case of
vector ULDM results from the combination of a lack of
velocity suppression, a sensitivity scaling with 1=m2

B, and a
dimension-six operator rather than a dimension-eight
operator. The contrast between the bounds in Eqs. (47)
and (E3) strengthens the case for a better modelization of
the dark photon polarization distribution.
Note that in the case of a timelike vector field, that is

Bμ ¼ ðB0ðtÞ; 0; 0; 0Þ, the resulting cμν coefficients have a
similar form as Eq. (E2). Thus, the formalism derived in this
Appendix can also be used for timelike vector fields.
However, one must appropriately take into account the
vector field dynamics to relate X with ρDM in a given
model, e.g., in generalized Proca or Einstein-Aether theories.

APPENDIX F: CONSTRAINTS
FROM BOOST VIOLATIONS

Throughout this work, we have assumed that photons
and gravitational waves couple to the same metric to satisfy
constraints on their relative propagation speeds from GW
observations [67,120]. However, although GWs and pho-
tons propagate at the same speed, there is a relative
difference between the electromagnetic field and fermions,
since we assumed that they couple to different metrics.
As an alternative formulation, we could leave fermions

minimally coupled to g̃μν and instead do the inverse
disformal transformation to the gauge field action, as given
in Appendix D. The corresponding transformation would
be given by setting ğμν → gμν and gμν → g̃μν, withK ¼ −D,
in Eqs. (D4) and (D6). With that, we obtain

SEM ¼ −
1

4

Z
d4x

ffiffiffiffiffiffi
−g̃

p
G̃αμβνFαβFμν; ðF1Þ

where

G̃αμβν ¼ ð1 −DX̃Þ
�
g̃αμg̃βν

þ 2Dð2 −DX̃Þ
ð1 −DX̃Þ2 ðg̃αμBβBν þ BαBμg̃βνÞ

�
; ðF2Þ

where X̃ ¼ g̃μνBμBν. With Eq. (F2), we can discuss bounds
on the disformal coupling to gauge bosons. For related
literature see Refs. [58,115,117–119].

Before that, it is interesting to note that the disformal
transformation discussed above resulting in Eq. (F1), can
also be understood, in flat spacetime (that is g̃μν ¼ ημν),
as a coordinate transformation given by xμ → xμ − cμνxν.
This leaves the physics invariant, yet naively appears
to completely remove cμν from Eq. (5), leaving a conven-
tional Dirac theory with metric ημν. However, the covariant
derivative Dμ includes the photon gauge field Aμ, and the
full gauge theory includes the kinetic term − 1

4
ημνηρσFμρFνσ

with (by initial assumption) metric ημν. Since we used
bounds derived within the SME formalism, we shall use
their notation in what follows, having in mind that it is
equivalent to the inverse disformal transformation.
In this way, one finds that the coordinate transformation

actually shifts the Lorentz violation into the photon-sector
metric ημν → ğμν ¼ ημν − 2cμν [98,104,123]. A metric of
this type is equivalent to a subset of the photon-sector term

Lphoton
SME ⊃ −

1

4
kμνρσF FμνFρσ; ðF3Þ

where kμνρσF has the symmetries of the Riemann tensor, is
double traceless, and has 19 independent components. Note
the correspondence with the analogous disformal gauge
terms in Eqs. (F1) and (F2). The nine “Ricci-like” compo-
nents may be decomposed as [124]

kμνρσF ¼ 1

2
ðημρk̃νσF − ημσ k̃νρF − ηνρk̃μσF þ ηνσ k̃μρF Þ; ðF4Þ

where k̃μνF ≡ kFαμαν and ημνk̃
μν
F ¼ 0. The correspondence

with Eq. (F2) is given by identifying

k̃μνF ↔
2Dð2 −DXÞ

1 −DX

�
BμBν −

X
4
ημν

�
; ðF5Þ

where we already took g̃μν ¼ ημν when matching. Note,
however, that in the inverse disformal transformation the
standard kinetic term FμνFμν is still multiplied by a factor
1 −DX, which could be absorbed in a redefinition of the
charge.
Assuming the remaining 10 “Weyl-like” components are

set to zero, one may thus view the photon metric as
perturbed from Minkowski by k̃μνF , or k̃μνF − 2cμν if
Lorentz violation is initially introduced in the fermion
sector. Conversely, a coordinate transformation xμ → xμ −
1
2
ðk̃FÞμνxν can be performed to render the photon metric

Minkowski and fermion metric ημν þ cμν − 1
2
k̃μνF .10

Regardless of the (unphysical) choice of coordinates,
observables only depend on the relative difference between
the fermion and photon metrics.

10Note this implies the constraints (41) from Ref. [106] have
implicitly set the photon coefficients to zero.
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Among the physical effects implied by k̃μνF are orientation-
dependent modifications of the photon phase and group
speeds vp ¼ vg ¼ 1 − 1

2
k̃μνF p̂μp̂ν, where p̂μ ≡ pμ=jp⃗j.

Constraints up to the ∼10−20 level have been extracted on
the rotation-invariant (isotropic) combination of compo-
nents κ̃tr and ðκ̃tr − 4

3
ce00Þ [3]. These are thus constraints on

violations of Lorentz boost invariance. Analogous effects
also result from disformal interactions [43].
Let us investigate the implications for the disformal

coupling to fermions studied in the main part of this work.
For simplicity, we focus on the conservative case of
isotropic Lorentz violation [see discussion around
Eq. (E2)], where the SME coefficient k̃μνF is written as k̃μνF ¼
3
2
κ̃trdiagð1; 13 ; 13 ; 13Þ with κ̃tr parametrizing the strength of the

Lorentz-violating effects. In particular, the modification to
the photon speed is given by vp ≈ 1 − κ̃tr [102,125]. In
what follows, we will work to first order in the disformal
coupling and focus on matching the average value of k̃μνF ,
and so κ̃tr, to D.
For the scalar field, we find that

hk̃μνF i ¼ 2DhXið2 −DhXiÞ
1 −DhXi

�
hvμvνi − 1

4
ημν

�
; ðF6Þ

where we introduced vμ ¼ ∂μϕ=
ffiffiffiffi
X

p
. Since we have that

hXi ≈ ρDM and vμ ≈ ð1; v⃗Þ, we obtain DS ¼ κ̃tr=ð2ρDMÞ, at
leading order in jv⃗j ≪ 1. For the vector case, we proceed
similarly, namely, we compute

hk̃μνF i ¼ 2DhXið2 −DhXiÞ
1 −DhXi

�
hϵμϵνi þ 1

4
ημν

�
; ðF7Þ

and use that hXi ¼ −ρDM=m2
B and hϵiϵji ∼ δij=3, where

ϵ0 ≪ jϵij. From this, we conclude that DV ¼ 3m2
Bκ̃tr=

ð2ρDMÞ. We may now place bounds on D for the scalar
and vector ULDM cases.
The SME data tables list multiple bounds on κ̃tr from

tabletop experiments, which involve a continuous data-taking

process and can thus be used to constrain the amplitude of a
time-varying field. A number of these bounds are at the
order of 10−9 [3]. For the sake of clarity, we use a bound
obtained by a Michelson-Morley-type experiment that
was rotated at a period of 100 s to correct for potential
asymmetries in the experimental setup: The 1σ confidence
interval yields jκ̃trj≲ 10−9 [126]. This corresponds, for
scalar ULDM, to a sensitivity

D≲ 1032 GeV−4

Λ≳ 8 eV
ðscalar ULDMÞ; ðF8Þ

which is approximately 3 orders of magnitude weaker than
the bound derived in Eq. (43). For vector ULDM, we obtain

D≲10−15GeV−2
	

mB

10−15 eV



2

Λ≳107GeV
	

mB

10−15 eV



−1

ðunpolarized vector ULDMÞ;

ðF9Þ

about three orders of magnitude weaker than Eq. (E3) and
ten orders of magnitude weaker than Eq. (47). Although
weaker bounds, they are nevertheless complementary to
those discussed in the main text.
Note that bounds on vacuum Čerenkov radiation and

photon decay can provide much stronger laboratory bounds
on κ̃tr and the equivalent coefficient in the fermion sector
[127–130]. These are based on single detection events and
cannot be used to constrain a time-varying background
field. They can, however, be used to constrain an effectively
static field, i.e., one that only varies on cosmological
timescales like dark energy. This scenario was discussed,
e.g., in Ref. [43] in the context of a quintessence dark
energy model (note ðρDM=ρDEÞ1=4 ≈ 30). Using the most
stringent bounds derived in Ref. [122], we obtain sensi-
tivities to Λ at the keV scale for disformal couplings to dark
energy.
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