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We develop a formalism for resumming threshold double logarithms that appear in fragmentation
functions for production of heavy quarkonia. Threshold singularities appear in fixed-order calculations of
quarkonium fragmentation functions in the nonrelativistic QCD factorization formalism due to radiation of
soft gluons. Because of this, fixed-order quarkonium fragmentation functions are not positive definite, and
can lead to unphysically negative cross sections. This problem can be resolved by resumming threshold
logarithms to all orders in perturbation theory, which renders the fragmentation functions finite and ensures
the positivity of cross sections. We present a detailed derivation of the resummation formalism and derive
the formula for resummed quarkonium fragmentation functions, which can be computed entirely within
perturbation theory without the need for nonperturbative model functions.
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I. INTRODUCTION

It has been known for a long time that short-distance
hadronic cross sections involve large corrections from
radiation of soft gluons, which can be resummed by
exponentiation [1–15]. In fixed-order perturbation theory,
the soft-gluon corrections produce logarithmic singularities
that spoil the convergence of the perturbative expansion
near the boundaries of phase space. As the strongest
singularities of this type appear as double logarithms, they
are commonly referred to as threshold double logarithms.
These logarithms can be resummed to all orders in
perturbation theory with the help of perturbative factori-
zation, and only then the cross sections become finite and
smooth near the threshold.
It has also been known that fragmentation functions for

production of quarkonia, when computed in the nonrela-
tivistic QCD (NRQCD) factorization formalism [16],
involve singularities of similar nature. The appearance of
threshold double logarithms in quarkonium fragmentation
functions was first discovered by Braaten and Lee in the

next-to-leading order (NLO) calculation of the color-octet
3S1 gluon fragmentation function for heavy quarkonium in
Ref. [17]. Later, threshold double logarithms were also
found in the NLO calculation of P-wave fragmentation
functions in Ref. [18]. Because these singularities are
associated with radiation of soft gluons, quarkonium
fragmentation functions computed in fixed-order perturba-
tion theory involve distributions that become increasingly
singular at the kinematical threshold with increasing order
in the strong coupling. For some time these singularities in
fragmentation functions have been considered not much
more than a technical nuisance that requires some care
when computing cross sections [19,20], as they are
integrable and do not produce actual divergences in
sufficiently inclusive observables such as transverse-
momentum-dependent cross sections. This conventional
viewpoint faced a serious challenge when it was found that
quarkonium production rates computed at NLO accuracy
can turn unphysically negative at very large transverse
momentum. This happens because the threshold double
logarithmic singularities in fragmentation functions can
indeed produce dynamical effects in production rates,
because they produce radiative corrections of the form
αs log2 pT , where αs is the strong coupling and pT is the
transverse momentum of the heavy quarkonium. This lead
to an effort to theoretically understand the threshold
logarithms in quarkonium fragmentation functions to all
orders in perturbation theory [21,22], so that measurements
of large-pT production rates of J=ψ in Ref. [23] could be
well described in QCD.
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The first complete calculation of resummation of thresh-
old double logarithms in inclusive hadroproduction rates of
heavy quarkonium was presented in Ref. [24]. Similarly to
the case of hadronic cross sections in perturbative QCD,
after resummation the quarkonium fragmentation functions
no longer involve singularities at the kinematical threshold.
Because of this, at least for some choice of NRQCD
long-distance matrix elements, it is possible to construct
quarkonium fragmentation functions that are positive
definite over the whole kinematically allowed region,
which ensures positivity of production cross sections.
In contrast, this is impossible in fixed-order perturbation
theory, because the singularities produce distributions that
change sign rapidly at the kinematical end point. Hence,
only after threshold resummation can the large-pT pro-
duction rates of heavy quarkonia be under theoretical
control.
In this paper, we present the detailed derivation of the

threshold resummation formalism used in Ref. [24]. The
formalism is based on standard methods of perturbative
factorization in QCD, such as the Grammer-Yennie
approximation [25] that systematically isolates the source
of infrared singularities of Feynman diagrams in gauge
theories. This leads to a soft factorization of the quarko-
nium fragmentation function in terms of soft functions,
which completely contain the threshold singularities in
the fragmentation function. The threshold singularities in
the soft functions take an especially simpler form at the
double logarithmic level, which allows an all-orders
resummation by exponentiation. This results in fragmen-
tation functions that are free of threshold singularities,
and are smooth and well behaved at the kinematical end
point, similar to nonperturbative model functions used
to describe fragmentation functions for single inclusive
hadron production.
This paper is organized as follows. In Sec. II we collect

the known results for fixed-order calculations of quarko-
nium fragmentation functions in the NRQCD factorization
formalism. In Sec. III we derive the soft factorization
formulas for quarkonium fragmentation functions. The
validity of soft factorization is then verified at leading
nonvanishing order in the strong coupling in Sec. IV. In
Sec. V we compute the soft functions at NLO in the strong
coupling, and identify the source of the double logarithmic
singularities at threshold. Based on the NLO results of the
soft functions, the resummation formula for threshold
double logarithms in quarkonium fragmentation functions
are derived in Sec. VI. We conclude in Sec. VII.

II. THRESHOLD LOGARITHMS IN
QUARKONIUM FRAGMENTATION FUNCTIONS

A. NRQCD factorization

In the NRQCD factorization formalism [16], the trans-
verse-momentum-dependent inclusive production rates of a

heavy quarkonium Q at large transverse momentum pT is
described by the factorization formula

dσQ
dpT

¼
X
N

dσQQ̄ðN Þ
dpT

hOQðN Þi; ð1Þ

where the short-distance coefficient (SDC) dσQQ̄ðN Þ=dpT

corresponds to the pT-differential cross section of a heavy
quark Q and an antiquark Q̄ pair in a specific color and
angular momentum state N , and hOQðN Þi is the NRQCD
long-distance matrix element (LDME) that describes the
nonperturbative evolution of the QQ̄ in the state N into a
quarkonium Q plus light particles. The sum over N is
usually truncated at a chosen accuracy in the nonrelativistic
expansion; for the P-wave quarkonia such asQ ¼ χcJ with

J ¼ 0; 1, and 2 the 3P½1�
J and 3S½8�1 channels appear at leading

order in the nonrelativistic expansion, while for S-wave

quarkonia such as Q ¼ J=ψ or ψð2SÞ the 3S½1�1 , 3S½8�1 , 1S½8�0 ,

and 3P½8�
J channels give dominant contributions to the cross

section.
The SDCs can be computed perturbatively. At large pT ,

we can compute the SDCs in the leading-power (LP)
fragmentation formalism [26,27]

dσLPQQ̄ðN Þ
dpT

¼
X

i¼g;q;q̄

Z
1

0

dz
dσ̂iðKÞ
dpT

Di→QQ̄ðN ÞðzÞ; ð2Þ

where σ̂iðKÞ is the cross section for production of a
massless parton i ¼ g, q, or q̄ with momentum K,
Di→QQ̄ðN ÞðzÞ is the fragmentation function (FF) for
fragmentation of a parton i into QQ̄ðN Þ, z ¼ Pþ=Kþ is
the fraction of theQQ̄momentum P along theþ direction,
which is taken to be the direction of P in the lab frame.
Both the σ̂iðKÞ and the FFs Di→QQ̄ðN ÞðzÞ are available to
NLO accuracy,1 which allow computation of the SDCs to
NLO at large pT . The validity of Eq. (2) is based on the
collinear factorization theorem of QCD, which is the
foundation of all first-principles calculation of single
inclusive hadron production at large transverse momen-
tum; for heavy quarkonium production in NRQCD, the
formula has been tested numerically up to pT ¼ 400 GeV
at NLO accuracy [20,29]. Corrections to Eq. (2), which
are suppressed by m2=p2

T with m the heavy quark mass,
are given in terms of next-to-leading-power (NLP)
factorization.
The Di→QQ̄ðN ÞðzÞ in Eq. (2) can be computed pertur-

batively from the Collins-Soper definition for the FFs
[26]. When computed in fixed-order perturbation theory,
the FFs involve distributions that are singular at threshold

1Very recently, next-to-next-to-leading-order calculation of the
parton production cross sections was reported in Ref. [28].
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z ¼ 1 such as plus distributions or the delta function
δð1 − zÞ, because there are diagrams where a QQ̄ are
produced from a gluon after radiation of a fixed number of
soft gluons, or even without emitting any partons at all.
Because the singularities in the FFs are integrable, and the
parton production cross sections dσ̂iðKÞ are regular func-
tions in z, the cross sections dσLPQQ̄ðN Þ are finite despite

these singularities. However, the singularities do affect the
cross sections because the dσ̂iðKÞ steeply rise as z → 1 as a
power in z, which makes the dσLPQQ̄ðN Þ very sensitive to the

behavior of the FFs near threshold.2 This problem is
especially important in hadroproduction, because the
steep rise of the dσ̂iðKÞ in z becomes stronger with
increasing pT , due to the decrease of parton densities
in the initial state. Hence, the singular behavior of the FFs
affect the pT shapes of the cross sections dσLPQQ̄ðN Þ.
Explicit calculations of the FFs Di→QQ̄ðN ÞðzÞ at NLO

accuracy show that the strongest of the singularities at NLO
appear as threshold double logarithms, which are propor-
tional to αs½logð1−zÞ1−z �þ ⊗ DLOðzÞ [17,18]. Here the convo-
lution ⊗ is defined by

ðf ⊗ gÞðzÞ ¼
Z

1

0

dz0

z0
fðz0Þgðz=z0Þ: ð3Þ

Appearance of threshold double logarithms in perturbative
calculations of FFs has been known for a long time,
such as in Dq→qðzÞ (see, for example, Ref. [5]). These
singularities become more severe with increasing
order in the strong coupling αs, as they appear in the

form αns ½log
2n−1ð1−zÞ
1−z �þ ⊗ DLOðzÞ. As threshold logarithms at

higher orders in αs will have increasingly stronger effects
on the pT shapes of the cross sections dσLPQQ̄ðN Þ, the cross

sections computed in fixed-order perturbation theory will
have very different pT shapes depending on at which order
the perturbation series has been truncated. Therefore, to
obtain a proper theoretical description of large-pT produc-
tion rates of heavy quarkonia, it is imperative to understand
the all-orders structure of threshold double logarithms in
quarkonium FFs.

B. Threshold singularities in gluon fragmentation
functions

We now summarize the threshold double logarithms that
appear in NLO calculations of gluon FFs. The gluon FFs
for the 3S½8�1 , 3P½8�

J , 1S½8�0 , and 3P½1�
J channels to order-α2s

accuracy are given by [17,30–34]

D
g→QQ̄ð3S½8�

1
ÞðzÞ ¼

παs
ðd− 1ÞðN2

c − 1Þm3

×

�
δð1− zÞþαs

π

�
AðμRÞδð1− zÞ

þ
�
log

μF
2m

−
1

2

�
PggðzÞþ

3ð1− zÞ
z

þ 6ð2− zþ z2Þ logð1− zÞ

−
2Nc

z

�
logð1− zÞ

1− z

�
þ

��
þOðα3sÞ; ð4aÞ

D
g→QQ̄ð3P½8�

J ÞðzÞ ¼
8α2s

3ðd − 1ÞðN2
c − 1Þm5

N2
c − 4

4Nc

×

��
1

6
− log

μΛ
2m

�
δð1 − zÞ

þ 1

ð1 − zÞþ
þ 13 − 7z

4
logð1 − zÞ

−
ð1 − 2zÞð8 − 5zÞ

8

�
þOðα3sÞ; ð4bÞ

D
g→QQ̄ð1S½8�

0
ÞðzÞ¼

α2s
8m3

N2
c−4

4Nc
½3z−2z2þ2ð1−zÞ logð1−zÞ�

þOðα3sÞ; ð4cÞ

D
g→QQ̄ð3P½1�

J ÞðzÞ ¼
2α2s

9N2
cm5

��
QJ

2J þ 1
− log

μΛ
2m

�
δð1 − zÞ

þ z
ð1 − zÞþ

þ PJðzÞ
2J þ 1

�
þOðα3sÞ; ð4dÞ

where d is the number of spacetime dimensions, Nc ¼ 3

is the number of colors, AðμRÞ ¼ β0
2
ðlog μR

2m þ 13
6
Þþ

2
3
− π2

2
þ 8 log 2, β0 ¼ 11

3
Nc þ 2

3
nf is the QCD beta

function at one loop, PggðzÞ¼2CA

h
z

ð1−zÞþþ
1−z
z þzð1−zÞþ

β0
12
δð1−zÞ

i
the gluon splitting function, CA ¼ Nc, and the

J-dependent constants and functions are given by

Q0 ¼
1

4
; Q1 ¼

3

8
; Q2 ¼

7

8
; ð5Þ

P0ðzÞ ¼
zð85 − 26zÞ

8
þ 9ð5 − 3zÞ

4
logð1 − zÞ; ð6Þ

P1ðzÞ ¼ −
3zð1þ 4zÞ

4
; ð7Þ

P2ðzÞ ¼
5zð11 − 4zÞ

4
þ 9ð2 − zÞ logð1 − zÞ: ð8Þ

The scales μR and μF come from the renormalization of the
QCD coupling and the FF, respectively. The scale μΛ that

2Note that this problem is not so severe in calculation of
single inclusive production rates of light hadrons, because in
such calculations the nonperturbative model functions for the
FFs are taken to be regular functions in z that usually vanish as
z → 1.
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appears in the P-wave FFs is the renormalization scale for

the 3S½8�1 matrix element in the MS scheme. The explicit
logarithmic dependence on μΛ appears in the P-wave FFs
because the IR pole that arises from the phase space integral
of the P-wave production process is canceled by the one-

loop correction to the 3S½8�1 matrix element. The gluon FF for

the 3S½1�1 state, which begins at order α3s, has been obtained
in Ref. [35] as an integral representation; later, an analytical
result has been obtained in Ref. [36].
Note that the gluon FF for the 3S½8�1 state, as well as those

for the 3P½8�
J and 3P½1�

J states, contain distributions that are
singular at z ¼ 1 at leading nonvanishing orders in αs. Due
to these singularities at the threshold, the cross sections
σQQ̄ðN Þ are very sensitive to the behavior of the gluon cross
sections σ̂gðKÞ near z ¼ 1. The severity of the singularities
can be quantified through the Mellin transform. The
definition of the Mellin transform and some useful for-
mulas can be found in Appendix A. We see that while the
δð1 − zÞ term yields a nonzero constant in Mellin space, the
Mellin transform of 1=ð1 − zÞþ diverges like − logN,
which makes the z ¼ 1 singularity in the plus distribution
a more severe one compared to the Dirac delta function. It
is known that QCD radiative corrections exacerbate these
singularities; for example, the most singular term in the
NnLO correction to the FF is proportional to

�
αs
π

�
n
�
log2n−1ð1 − zÞ

1 − z

�
þ
⊗ DLOðzÞ; ð9Þ

whereDLOðzÞ is the FF at leading nonvanishing order in αs.
As shown in Appendix A, the large-N asymptotic behavior
of this term in Mellin space is

Z
1

0

dz
z
zN

�
αs
π

�
n
�
log2n−1ð1 − zÞ

1 − z

�
þ

⊗ DLOðzÞ ∼ 1

2n

�
αs
π
log2N

�
n
D̃LOðNÞ; ð10Þ

which becomes more singular as n increases. As the leading
logarithmic behavior is given by powers of αs log2N, these
singularities are called threshold double logarithms. Due to
the appearance of threshold logarithms, the sensitivity to
the behavior of the gluon cross section near z ¼ 1 becomes
stronger with increasing order in αs, which calls for the
need to resummation.
In the case of the 1S½8�0 and 3S½1�1 channels, the gluon FFs

are regular functions in z, meaning that the Mellin-space
FFs vanish at least like 1=N as N → ∞. While radiative
corrections may involve logarithms in N, these logarithms
will always be suppressed by at least a power of 1=N.
Hence, even at higher orders in αs, the gluon FFs for these
channels will not involve distributions that are singular
at z ¼ 1.
The appearance of threshold logarithms in quarkonium

FFs has been confirmed explicitly from NLO calculations.
NLO corrections to the gluon FFs have been computed for
all 3S½8�1 , 3P½8�

J , 1S½8�0 , and 3P½1�
J channels. The analytical result

for the one-loop correction to D
g→QQ̄ð3S½8�

1
ÞðzÞ is shown in

Eq. (4a). The radiative correction to D
g→QQ̄ð1S½8�

0
ÞðzÞ, which

only contains regular functions in z, has been computed
numerically [37,38]. The order-α3s corrections to
D

g→QQ̄ð3P½8�
J ÞðzÞ and D

g→QQ̄ð3P½1�
J ÞðzÞ have been computed

semianalytically, where coefficients of plus distributions
and the Dirac delta function are known exactly, while
contributions from regular functions are known numeri-
cally [18]. The order-α3s contribution to D

g→QQ̄ð3P½1�
J ÞðzÞ has

the form

D
g→QQ̄ð3P½1�

J ÞðzÞjμR¼μF¼μΛ¼2m ¼ DLO
g→QQ̄ð3P½1�

J ÞðzÞ þ
2α2s

9N2
cm5

×
αs
π

�X2
n¼0

pJ;½1�
n

�
lognð1 − zÞ

1 − z

�
þ
þ pJ;½1�

δ δð1 − zÞ þ pJ;½1�ðzÞ
�
; ð11Þ

where DLO
g→QQ̄ð3P½1�

J ÞðzÞ is the order-α
2
s contribution shown in Eq. (4d), while the order-α3s contribution to D

g→QQ̄ð3P½8�
J ÞðzÞ has

the form

D
g→QQ̄ð3P½8�

J ÞðzÞjμR¼μF¼μΛ¼2m ¼ DLO
g→QQ̄ð3P½8�

J ÞðzÞ þ
8α2s

3ðd − 1ÞðN2
c − 1Þm5

N2
c − 4

4Nc

×
αs
π

�X2
n¼0

p½8�
n

�
lognð1 − zÞ

1 − z

�
þ
þ p½8�

δ δð1 − zÞ þ p½8�ðzÞ
�
; ð12Þ

HEE SOK CHUNG, U-RAE KIM, and JUNGIL LEE PHYS. REV. D 113, 074029 (2026)

074029-4



whereDLO
g→QQ̄ð3P½8�

J ÞðzÞ is the order-α
2
s contribution shown in Eq. (4). The coefficients of the ðlog

2ð1−zÞ
1−z Þþ term are independent

of the color and J of the final state, and depend only on Nc:

pJ;½1�
2 ¼ p½8�

2 ¼ −4Nc; ð13Þ

while the p1, p0, pδ, and the regular functions pðzÞ in general depend on J and the color. By taking the Mellin transform, we

can find the large-N asymptotic behaviors of the 3S½8�1 , 3P½8�
J , and 3P½1�

J FFs given by

D̃
g→QQ̄ð3S½8�

1
ÞðNÞ ∼ παs

ðd − 1ÞðN2
c − 1Þm3

�
1 −

αsNc

π
ðlog2N þ � � �Þ

�
þOðα3sÞ; ð14aÞ

D̃
g→QQ̄ð3P½8�

J ÞðNÞ ∼ 8α2s
3ðd − 1ÞðN2

c − 1Þm5

N2
c − 4

4Nc

�
− logN þOð1=N0Þ þ 4

3

αsNc

π
ðlog3N þ � � �Þ

�
þOðα4sÞ; ð14bÞ

D̃
g→QQ̄ð3P½1�

J ÞðNÞ ∼ 2α2s
9N2

cm5

�
− logN þOð1=N0Þ þ 4

3

αsNc

π
ðlog3N þ � � �Þ

�
þOðα4sÞ; ð14cÞ

where the � � � represent terms that are less divergent than the preceding term. While the threshold double logarithm in the
3S½8�1 gluon FF is − αs

π Nc log2 N times the leading-order piece, the threshold double logarithm in the P-wave FFs is

− 4
3
αs
π Nc log2N times the leading-order piece for both 3P½8�

J and 3P½1�
J channels. That is, if we only collect the leading

threshold double logarithms in the NLO correction, we can write

D̃
g→QQ̄ð3S½8�

1
ÞðNÞ ∼

�
1 −

αsNc

π
log2N þOðα2sÞ

�
D̃LO

g→QQ̄ð3S½8�
1
ÞðNÞ; ð15aÞ

D̃
g→QQ̄ð3P½8�

J ÞðNÞ ∼
�
1 −

4

3

αsNc

π
log2N þOðα2sÞ

�
D̃LO

g→QQ̄ð3P½8�
J ÞðNÞ; ð15bÞ

D̃
g→QQ̄ð3P½1�

J ÞðNÞ ∼
�
1 −

4

3

αsNc

π
log2N þOðα2sÞ

�
D̃LO

g→QQ̄ð3P½1�
J ÞðNÞ: ð15cÞ

We see that not only the threshold double logarithms do
appear in quarkonium FFs, they begin to appear at different
orders in αs, because while Dg→QQ̄ð3S½8�

1
Þ begins at order αs,

D
g→QQ̄ð3P½8�

J Þ and D
g→QQ̄ð3P½1�

J Þ begin at order α2s. Hence, in a

fixed-order calculation, threshold logarithms will be
always truncated inconsistently; for example, a fixed-
order NLO calculation of quarkonium production rates
will include contributions from FFs to order-α2s accuracy,
which will include the first threshold double logarithm in

the 3S½8�1 channel, while the threshold logarithms in the
P-wave channels will be neglected. This inconsistency
can cause the quarkonium production rates computed at
NLO to turn negative at large transverse momentum as the
negative correction from the threshold double logarithm in

the 3S½8�1 gluon FF becomes amplified. Because of this, an
all-orders resummation is the only proper way to treat the
threshold double logarithms in production of heavy
quarkonia.

C. Quark fragmentation and polarized
fragmentation functions

Before we move on to the next section, for completeness
let us inspect the quark FFs and polarized FFs for
production of polarized quarkonia. The results for quark
FFs and polarized FFs are summarized in Refs. [34,39].
Quark FFs appear from order α2s in the 3S½8�1 and 3S½1�1

channels; they are continuous functions in z, and their
Mellin transforms vanish like 1=N as N → ∞. Hence,

similarly to the case of the 1S½8�0 and 3S½1�1 gluon FFs,
logarithmic corrections to the quark FF will be power
suppressed and will not lead to singular distributions.
Due to the quark-gluon mixing in the splitting func-

tions, the threshold logarithms in the 3S½8�1 gluon FF may
mix into the quark FF at higher orders in αs; however,
because the quark-gluon mixing contribution in the
splitting function vanishes like 1=N, these logarithms
are always power suppressed when they appear in the
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quark FF, and do not produce singular distributions in
z space.
Finally, let us discuss the singularities in the polarized

FFs. It is known from explicit calculations that to order α2s
accuracy that the polarized 3S½8�1 , 1S½8�0 , and 3P½8�

J gluon FFs
that produce longitudinally polarized S-wave vector quar-
konium are regular functions in z. The same is true for the

polarized gluon FFs for the 3S½1�1 channel, which begin at
order α3s, and also for the quark FFs, which are known
through order α2s. Hence, the polarized FFs for production
of longitudinally polarized S-wave vector quarkonium do
not involve singular distributions in z. In particular, the

explicit NLO calculation of polarized 3S½8�1 gluon FF shows
that the relation in Eq. (15a) for leading threshold double

logarithms in the 3S½8�1 gluon FF still holds for production of
transversely polarized J=ψ or ψð2SÞ [17]. In the case of χcJ
or χbJ production, the helicity decomposition for the 3S½8�1

and 3P½1�
J FFs shown in Appendix B, indicates that the gluon

FF for production of polarized χcJ or χbJ contains singu-
larities for every helicity state, and the relation in Eq. (15a)

for the 3S½8�1 gluon FF holds for every helicity state in the
production of polarized χcJ or χbJ.
While loop corrections to the 3P½8�

J and 3P½1�
J gluon

FFs have not been computed for the polarized case, we
expect the relation in Eq. (15b) to hold for production
of transversely polarized S-wave vector quarkonium,
and Eq. (15c) to hold for production of χcJ or χbJ for
every helicity state, because the attachments of soft
gluons that are responsible for generating threshold
logarithms do not change the heavy quark spin. We
will show this in the following sections using the
general analysis of threshold logarithms in quarkonium
FFs.

III. SOFT FACTORIZATION

In this section, we investigate the z → 1 behavior of the
gluon FFs in the presence of an arbitrary number of soft
gluons, which will allow us to compute threshold loga-
rithms to arbitrarily high orders in αs.

A. Grammer-Yennie approximation

We begin with the operator definition of the gluon FF for
production of a hadron H, which is given by [26]

Dg→HðzÞ ¼
−gμνzd−3

2πKþðN2
c − 1Þðd − 2Þ

Z þ∞

−∞
dx−e−iK

þx−

× h0jGcþμð0ÞΦ†bc
n ð∞; 0Þa†HðPÞaHðPÞ

×Φba
n ð∞; x−ÞGaþνðnx−Þj0i; ð16Þ

where K is the momentum of the initial-state gluon, Gμν ¼
Ga

μνTa is the QCD field-strength tensor,Φab
k ðy; xÞ is a path-

ordered exponential of the gluon field in the k direction in
the adjoint representation defined by

Φkðy; xÞ ¼ P exp

�
−ig

Z
y

x
dλ k · AadjðkλÞ

�
; ð17Þ

with P the path ordering, n is a lightlike vector defined
through n · K ¼ Kþ, and aHðPÞ is an operator that annihi-

lates an H with momentum P, so that a†HðPÞaHðPÞ projects
onto states that contain anH with momentumP. Our goal is
to find the z → 1 behavior for production of a QQ̄ in a
specific color and angular momentum state. The production
of a QQ̄ from a fragmenting gluon occurs through the
process g� → QQ̄, followed by radiation of an arbitrary
number of gluons from Q and Q̄ lines. Because we are
interested in the region z ≈ 1, we only consider the case
where the gluon attachments toQ or Q̄ are soft. In this case,
we can apply the Grammer-Yennie approximation (soft
approximation) to simplify the Feynman rule for soft-gluon
vertices [25,27,40]. The outermost gluon attachment to the
Q line can be simplified as

ūðp1ÞγμTa ið=p1 þ kþmÞ
ðp1 þ kÞ2 −m2 þ iε

¼ ūðp1ÞTa i½2ðpμ
1 þ kμÞ − ð=p1 þ kÞγμ þmγμ�

2p1 · kþ k2 þ iε

¼ ūðp1ÞTa i½2ðpμ
1 þ kμÞ − kγμ�

2p1 · kþ k2 þ iε

≈ ūðp1ÞTa ipμ
1

p1 · kþ iε
; ð18Þ

where p1 is the momentum of the Q, and k is the outgoing
momentum of the gluon. In the last line, we neglected k
compared to p1 in the numerator, and neglected k2 compared
to p1 · k in the denominator. Similarly, the outermost gluon
attachment to the Q̄ line can be simplified as

ið−=p2 − kþmÞ
ðp2 þ kÞ2 −m2 þ iε

γμTavðp2Þ

¼ i½−2ðpμ
2 þ kμÞ þ γμð=p2 þ kÞ þmγμ�

2p2 · kþ k2 þ iε
Tavðp2Þ

¼ −
i½2ðpμ

2 þ kμÞ − γμk�
2p2 · kþ k2 þ iε

Tavðp2Þ

≈ −
ipμ

2

p2 · kþ iε
Tavðp2Þ; ð19Þ

with p2 the momentum of the Q̄. For multiple gluon
attachments, the same approximation can be applied sequen-
tially, beginning with the outermost gluon attachment. An n-
gluon attachment to a Q line in the soft approximation
leads to
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ūðp1Þ
ipμ1

1 T
a1

p1 · k1 þ iε
ipμ2

1 T
a2

p1 · k2 þ iε
� � � ipμn

1 Tan

p1 · kn þ iε
; ð20Þ

where μi and ai are the Lorentz and color indices of the ith
gluon, respectively, and ki is the momentum carried by the
ith gluon. This is equivalent to the Feynman rule for n-gluon
attachment to the path ordered, time ordered Wilson line in
the p1 direction, defined by

Wp1
ðt0; tÞ ¼ P exp

�
−ig

Z
t0

t
dλp1 · Aðp1λÞ

�
: ð21Þ

Similarly, soft-gluon attachments to the Q̄ line are equivalent
to the antipath ordered, time ordered Wilson line in the p2

direction:

W†
p2
ðt0; tÞ ¼ P̄ exp

�
þig

Z
t0

t
dλp2 · Aðp2λÞ

�
; ð22Þ

with P̄ the antipath ordering. This lets us write the amplitude
for g� → QQ̄ followed by radiation of an arbitrary number
of soft gluons as the operator

Aμ;a
soft ¼ T½ūðp1ÞWp1

ð∞; 0Þð−igγμTaÞW†
p2
ð∞; 0Þvðp2Þ�;

ð23Þ

where T is the time ordering, and μ and a are the Lorentz and
color indices of the fragmenting gluon, respectively. Then
the gluon fragmentation function in the soft approximation
can be written as

Dsoft
g→QQ̄ðzÞ¼2Mð−gμνÞCfrag

���� −i
K2þ iε

����
2
�
gμα−

Kμnα
Kþ

�

×

�
gνβ−

Kνnβ
Kþ

�
h0jT̄½Aβ;c

softΦbc
n ð∞;0Þ�†

×2πδðn · p̂−Pþð1−zÞÞT½Aα;a
softΦba

n ð∞;0Þ�j0i;
ð24Þ

where M ¼
ffiffiffiffiffiffi
P2

p
, Cfrag ¼ zd−3Kþ=½2πðN2

c − 1Þðd − 2Þ�, T̄
is antitime ordering, and p̂ is the operator that reads off the
momentum of the operator to the right. The −i=ðK2 þ iεÞ is
the propagator of the fragmenting gluon, and tensors gμα −
Kμnα=Kþ and gνβ − Kνnβ=Kþ arise from the Feynman rule
of the operators Gcþμ and Gaþν that create and annihilate the
gluon in the definition of the gluon FF. The delta function
arises from the Fourier transform in Eq. (16).
Equation (24) can be considered a soft factorization

formula, where the z ≈ 1 behavior of the FF is contained in
the soft function, which is given by the vacuum expectation
value. Hence, we can investigate the singularities in the
gluon FF at z ¼ 1 by computing the soft function, rather
than the gluon FF itself. Note that while the matching

coefficient of this soft factorization formula can also
receive radiative corrections, our determination at leading
nonvanishing order in αs is sufficient for computing the
leading threshold logarithms, which is the goal of this
work. Note that, because now the singularities in z are
completely included in the soft function, any residual z
dependence in the coefficient can be neglected by setting
K ¼ P in Eq. (24). We can already calculate the tensors in
Eq. (24) as

ð−gμνÞ
�
gμα −

Pμnα

Pþ

��
gνβ −

Pνnβ

Pþ

�

¼ −gαβ þ Pαnβ þ Pβnα

Pþ −
P2nαnβ

ðPþÞ2 ≡ IαβT ; ð25Þ

which satisfies IαβT ¼ IβαT and IαβT Pα ¼ IαβT nα ¼ 0. The
tensor IαβT can be identified as the transverse polarization
sum for a spin-1 boson with momentum P [41]. Hence,

Dsoft
g→QQ̄ðzÞ ¼ 2MCfrag

���� −i
K2 þ iε

����
2

IαβT SαβðzÞ; ð26Þ

where SαβðzÞ is the soft function defined by

SαβðzÞ≡ h0jT̄½Aβ;c
softΦbc

n ð∞; 0Þ�†2πδðn · p̂ − Pþð1 − zÞÞ
× T½Aα;a

softΦba
n ð∞; 0Þ�j0i: ð27Þ

While it is in principle possible to tackle the soft function
SαβðzÞ directly, the calculation can be further simplified by
projecting the final-state QQ̄ onto specific color and
angular momentum states, which will also allow a more
direct comparison with fixed-order results for the FFs.

B. Spin and color projectors

We use the projector method to project the Dirac spinors
in the soft amplitude Aμ;a

soft onto specific color and angular
momentum. We take the nonrelativistic normalization for
the spinors, and take the conventions used in Ref. [42]. In
the spin-triplet case, this is done by the replacement

ūðp1ÞΓvðp2Þ→
N1N2

2
ffiffiffi
2

p
M
tr½ð=p2−mÞϵ�SðPþMÞð=p1þmÞΛcΓ�;

ð28Þ

where the trace is over Dirac and color matrices,
Γ ¼ Wp1

ð∞; 0Þð−igγμTaÞW†
p2
ð∞; 0Þ, p2

1 ¼ p2
2 ¼ m2,

P2 ¼ M2, Ni ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EiðEi þmÞp

with Ei ¼ pi · P=M,
ϵS is the polarization vector for the QQ̄ spin in the spin-
triplet state, and Λc is the color projector for color-singlet
(c ¼ 1) and octet (c ¼ 8) states given by
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Λ1 ¼
1ffiffiffiffiffiffi
Nc

p ; ð29Þ

Λa
8 ¼

Taffiffiffiffiffiffi
TF

p ; ð30Þ

with 1 the SUðNcÞ unit matrix. The projection onto specific
orbital angular momentum states is done by expressing the
soft amplitude as a function of p ¼ ðp1 þ p2Þ=2 ¼ P=2
and the relative momentum q ¼ ðp1 − p2Þ=2, and then
expanding in powers of q. The S-wave contribution is the
q ¼ 0 term, and the P-wave contribution comes from the
term linear in q. As the only Dirac matrix in Γ is γμ, the only
Dirac trace that we need is

N1N2

2
ffiffiffi
2

p
M

trDirac½ð=p2 −mÞϵ�SðPþMÞð=p1 þmÞγμ�

¼ −
ffiffiffi
2

p
ϵ�μS −

4
ffiffiffi
2

p
qμϵ�S · q

MðM þ 2mÞ ; ð31Þ

where we used p · ϵ�S ¼ 0. The right-hand side is equivalent
to Eq. (A9b) of Ref. [30] up to a phase and normalization
convention. Note that since M ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

p
, the right-

hand side does not involve terms linear in qwhen expanded
in powers of q, as the second term on the right-hand side is
already quadratic in q. Since we are only interested in the
S- and P-wave states, we only need to retain the first term
on the right-hand side in our calculation of the soft
function. The color trace in the soft amplitude is given by

trcolor½ΛcWp1
ð∞; 0ÞTaW†

p2
ð∞; 0Þ�; ð32Þ

which is in general a function of p and q. When expanded
in powers of q, this can be expressed in terms of the adjoint
Wilson line and the field-strength tensor by using
Polyakov’s identity [43]. We carry out this calculation
for each color and angular momentum state.

C. 3S½8�1

In order to project onto the S-wave state, we expand the
soft amplitude in powers of the relative momentum q and
retain only the q ¼ 0 contribution. As the Dirac trace is
already computed in the previous section, we only need to
consider the color trace, which we compute at q ¼ 0. We
make use of the following identities for products of Wilson
lines:

Wpðλf; λiÞ ¼ Wpðλf; λÞWpðλ; λiÞ; ð33aÞ

Wpðλf; λiÞTaW†
pðλf; λiÞ ¼ TbΦba

p ðλf; λiÞ; ð33bÞ

W†
pðλf; λiÞTaWpðλf; λiÞ ¼ Φab

p ðλf; λiÞTb; ð33cÞ

Wpðλf; λiÞW†
pðλf; λiÞ ¼ 1; ð33dÞ

which hold for λf > λ > λi. From these we obtain

1ffiffiffiffiffiffi
TF

p trcolorðWpð∞; 0ÞTaW†
pð∞; 0ÞTdÞ

¼ 1ffiffiffiffiffiffi
TF

p Φba
p ð∞; 0ÞtrcolorðTbTdÞ

¼
ffiffiffiffiffiffi
TF

p
Φda

p ð∞; 0Þ; ð34Þ

where d is the adjoint color index for the 3S½8�1 state. By
combining this with the result for the Dirac trace we obtain

Aμ;a;d
soft ð3S½8�1 Þ ¼

ffiffiffiffiffiffiffiffi
2TF

p
igϵ�μS Φda

p ð∞; 0Þ: ð35Þ

By plugging this into Eq. (24) we obtain

Dsoft
g→QQ̄ð3S½8�

1
ÞðzÞ ¼ 2M

����−iP2

����
2

Cfrag2TFg2I
αβ
T

×
X
λ

ϵ�SαðλÞϵSβðλÞS3S½8�
1

ðzÞ; ð36Þ

where we define the 3S½8�1 soft function as

S3S½8�
1

ðzÞ≡ h0j½Wð3S½8�1 Þcb�†2πδðn · p̂ − Pþð1 − zÞÞ

×Wð3S½8�1 Þcbj0i; ð37Þ

with

Wð3S½8�1 Þcb ≡ T½Φca
p ð∞; 0ÞΦba

n ð∞; 0Þ�: ð38Þ

The polarization sum is evaluated by using

X
λ

ϵ�SαðλÞϵSβðλÞ ¼ Iαβ ≡ −gαβ þ
PαPβ

P2
; ð39Þ

which yields

Dsoft
g→QQ̄ð3S½8�

1
ÞðzÞ ¼

Cfragðd − 2Þg2
4m3

S3S½8�
1

ðzÞ: ð40Þ

We note that, because the tensor IαβT vanishes when
contracted with a longitudinal polarization vector, there
is no contribution to Dsoft

g→QQ̄ð3S½8�
1
Þ coming from the longi-

tudinally polarized QQ̄ in the 3S½8�1 state.

D. 3P½8�

We next consider the 3P½8� case. As we have discussed
previously, the Dirac trace does not involve terms linear in q,
so that we can set q ¼ 0 in Eq. (31). Hence, the only term
linear in q can come from the expansion of the color trace in
powers of q. The expansion can be carried out by using a
straightforward generalization of Polyakov’s identity [27,43]:
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δP exp

�
−ig

I
C
dλAαðxðλÞÞ

dxαðλÞ
dλ

�
¼ P

I
C
ds exp

�
−ig

Z
λf

s
dλAαðxðλÞÞ

dxαðλÞ
dλ

�

× ð−igÞGμνðxðsÞÞ
dxνðsÞ
ds

exp

�
−ig

Z
s

λi

dλ0Aαðxðλ0ÞÞ
dxαðλ0Þ
dλ0

�
δxμðsÞ; ð41Þ

whereC is a closed path in spacetime parametrized by xðλÞ, δx is the variation of the path, and xðλiÞ ¼ xðλfÞ is an arbitrary point
on C. We use this identity to expand the Wp1

ð∞; 0Þ and W†
p2
ð∞; 0Þ in the color trace to linear power in q. We obtain

Wp1
ð∞; 0ÞTaW†

p2
ð∞; 0Þ

¼
�
Wpð∞; 0Þ − ig

Z
∞

0

dλ λWpð∞; λÞGμνðpλÞpμqνWpðλ; 0Þ þOðq2=p2Þ
�
TaW†

p2
ð∞; 0Þ

¼
�
Wpð∞; 0ÞTaW†

pð∞; 0Þ − ig
Z

∞

0

dλ λWpð∞; λÞGμνðpλÞpμqνWpðλ; 0ÞTaW†
pð∞; 0Þ

þ ig
Z

∞

0

dλ λWpð∞; 0ÞTaW†
pðλ; 0ÞGμνðpλÞpμð−qνÞW†

pð∞; λÞ þOðq2=p2Þ
�
: ð42Þ

The first term in the square brackets is the q ¼ 0 term, and the remaining terms are linear in q. The P-wave contribution
corresponds to thecoefficientofq in the linear term.Wetake thenormalizationused inRef. [33],where theP-wavecontribution in
the linear termAαqα in the amplitude is given byAαϵ

α
L=

ffiffiffiffiffiffiffiffiffiffiffi
d − 1

p
, with ϵL the polarizationvector for the orbital angularmomentum

of the QQ̄. In this normalization, the color-octet P-wave contribution of the color trace is given by

trcolor½Wp1
ð∞; 0ÞTaW†

p2
ð∞; 0ÞΛa0

8 �P-wave
¼ igϵ�νLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

TFðd − 1Þp
Z

∞

0

dλ λtrcolor½W†
pð∞; 0ÞTa0Wpð∞; λÞpμGb

μνðpλÞTbWpðλ; 0ÞTa

þ TaW†
pðλ; 0ÞpμGb

μνðpλÞTbW†
pð∞; λÞTa0Wpð∞; 0Þ�: ð43Þ

Wecan nowuse the identities in Eqs. (33) and the cyclic property of the trace to reduce the fundamentalWilson lines into adjoint
ones. We have

trcolor½W†
pð∞; 0ÞTa0Wpð∞; λÞTbWpðλ; 0ÞTa� ¼ trcolor½Φa0cð∞; λÞTcTbTdΦda

p ðλ; 0Þ�; ð44Þ

trcolor½TaW†
pðλ; 0ÞTbW†

pð∞; λÞTa0Wpð∞; 0Þ� ¼ trcolor½Φda
p ðλ; 0ÞTdTbΦa0c

p ð∞; λÞTc�; ð45Þ

which lead to

trcolor½Wp1
ð∞; 0ÞTaW†

p2
ð∞; 0ÞΛa0

8 �P-wave ¼
igϵ�νLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðd − 1Þp

Z
∞

0

dλ λΦa0c
p ð∞; λÞdbcdpμGb

μνðpλÞΦda
p ðλ; 0Þ; ð46Þ

where we used trcolorðfTb; TcgTdÞ ¼ TFdbcd and TF ¼ 1=2. Note that dbcdpμGb
μνðpλÞ is a rank-2 tensor in the adjoint

representation of SUðNcÞ, and is a Lorentz vector that is orthogonal to pν. By using this result we obtain the fragmentation
function in the soft approximation

Dsoft
g→QQ̄ð3P½8�ÞðzÞ ¼

1

4m3

g2

2ðd − 1Þ 2g
2CfragIαα

0
T

X
λS

ϵ�SαðλSÞϵSα0 ðλSÞ
X
λL

ϵ�βL ðλLÞϵβ
0

L ðλLÞ

× h0j½Wyx
β0 ð3P½8�Þ�†2πδðn · p̂ − Pþð1 − zÞÞWyx

β ð3P½8�Þj0i; ð47Þ

where

Wyx
β ð3P½8�Þ≡ T

�Z
∞

0

dλ λΦyc
p ð∞; λÞpμGb

μβðpλÞdbcdΦda
p ðλ; 0ÞΦxa

n ð∞; 0Þ
�
: ð48Þ
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The polarization sums are given by

X
λS

ϵ�αS ðλSÞϵα0S ðλSÞ ¼
X
λL

ϵ�αL ðλLÞϵα0L ðλLÞ ¼ Iαα
0 ¼ −gαα0 þ PαPα0

P2
: ð49Þ

SinceWyx
β ð3P½8�Þ is orthogonal topβ, wemay neglect thePβPβ0=P2 term in the polarization sumof ϵ�βL ðλLÞϵβ

0
L ðλLÞ. From thiswe

obtain

Dsoft
g→QQ̄ð3P½8�ÞðzÞ ¼ −

1

4m3

g4ðd − 2Þ
ðd − 1Þ CfragS3P½8� ðzÞ; ð50Þ

where S3P½8� ðzÞ is the 3P½8� soft function defined by

S3P½8� ðzÞ≡ h0j½Wyx
β0 ð3P½8�Þ�†2πδðn · p̂ − Pþð1 − zÞÞWyx

β ð3P½8�Þj0igββ0 : ð51Þ

Similarly to the 3S½8�1 case, the contribution from longitudinalQQ̄ spinvanishes because ϵ�SαðλSÞ is contractedwith the tensor Iαα
0

T .

E. 3P½1�
J

Finally, we consider the 3P½1�
J state. The calculation is similar to the 3P½8� state, except that we project onto the color-singlet

state. We have

trcolor½Wp1
ð∞; 0ÞTaW†

p2
ð∞; 0ÞΛ1�P-wave

¼ igϵ�νLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ncðd − 1Þp

Z
∞

0

dλ0λ0trcolor½W†
pð∞; 0ÞWpð∞; λ0ÞpμGb

μνðpλ0ÞTbWpðλ0; 0ÞTa

þ TaW†
pðλ0; 0ÞpμGb

μνðpλ0ÞTbW†
pð∞; λ0ÞWpð∞; 0Þ�; ð52Þ

where again ϵL is the polarization vector for the orbital angular momentum of the QQ̄. By using the identities in Eqs. (33)
we obtain

trcolor½Wp1
ð∞; 0ÞTaW†

p2
ð∞; 0ÞΛ1�P-wave ¼

2TFϵ
�ν
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ncðd − 1Þp ig
Z

∞

0

dλ0λ0pμGb
μνðpλ0ÞΦba

p ðλ0; 0Þ: ð53Þ

From this we obtain

Dsoft
g→QQ̄ð3P½1�ÞðzÞ ¼

1

4m3

2g4

Ncðd − 1ÞCfragIαα
0

T ϵ�SαϵSα0ϵ
�
LβϵLβ0S

ββ0
3P½1� ðzÞ; ð54Þ

where

Sββ
0

3P½1� ≡ h0j½Wbβ0 ð3P½1�Þ�†2πδðn · p̂ − Pþð1 − zÞÞWbβð3P½1�Þj0i; ð55Þ

Wb
βð3P½1�Þ≡

Z
∞

0

dλ λpμGd
μβðpλÞΦda

p ðλ; 0ÞΦba
n ð∞; 0Þ: ð56Þ

For the 3P½1�
J channel, the polarization sums need to be done for specific J ¼ 0; 1, and 2. This can be done by making the

replacements ϵ�SαϵSα0ϵ
�
LβϵLβ → ΠJ

αβα0β0 , where

ΠJ¼0
αβα0β0 ¼

1

d − 1
IαβIα0β0 ;

ΠJ¼1
αβα0β0 ¼

1

2
ðIαα0Iββ0 − Iαβ0Iα0βÞ

ΠJ¼2
αβα0β0 ¼

1

2
ðIαα0Iββ0 þ Iαβ0Iα0βÞ −

1

d − 1
IαβIα0β0 : ð57Þ
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Note that
P

J ΠJ
αβα0β0 ¼ Iαα0Iββ0 . This gives

Iαα
0

T ΠJ
αβα0β0S

ββ0
3P½1� ¼ Sββ

0
3P½1� ×

8>>>>><
>>>>>:

− 1
d−1



gββ0 þ P2nβnβ0

P2
þ

�
ðJ ¼ 0Þ

− d−3
2
gββ0 þ 1

2

P2nβnβ0
P2
þ

ðJ ¼ 1Þ

− d2−2d−1
2ðd−1Þ gββ0 − d−3

2ðd−1Þ
P2nβnβ0

P2
þ

ðJ ¼ 2Þ

: ð58Þ

Here, we eliminated the terms involving Pβ and Pβ0 in ΠJ
αβα0β0 by using Sββ

0
3P½1�Pβ ¼ Sβ

0β
3P½1�Pβ ¼ 0. The nβnβ0 terms can be

rewritten as

nβnβ0 ¼ −
ðn · pÞ2
p2ðd − 1Þ gββ0 þ

�
nβnβ0 þ

ðn · pÞ2
p2ðd − 1Þ gββ0

�
; ð59Þ

where the terms in the parentheses vanish when contracted with the isotropic tensor Iββ
0
. By using this we can write the

isotropic and anisotropic contributions as

Iαα
0

T ΠJ
αβα0β0S

ββ0
3P½1� jisotropic ¼ −ðd − 2ÞSββ03P½1�gββ0 ×

8>>>><
>>>>:

1
ðd−1Þ2 ðJ ¼ 0Þ
ðd−2Þ
2ðd−1Þ ðJ ¼ 1Þ
ðd−2Þðdþ1Þ
2ðd−1Þ2 ðJ ¼ 2Þ

; ð60Þ

and

Iαα
0

T ΠJ
αβα0β0S

ββ0
3P½1� janisotropic ¼ Sββ

0
3P½1�

�
p2nβnβ0

p2þ
þ gββ0

d − 1

�
×

8>>><
>>>:

− 1
d−1 ðJ ¼ 0Þ

1
2

ðJ ¼ 1Þ
− d−3

2ðd−1Þ ðJ ¼ 2Þ
: ð61Þ

From these we can write

Dsoft
g→QQ̄ð3P½1�

J ÞðzÞ ¼ −
1

4m3

2ðd − 2Þg4
Ncðd − 1Þ Cfrag

h
cJS3P½1� ðzÞ þ cJTTS

TT
3P½1� ðzÞ

i
; ð62Þ

where

S3P½1� ðzÞ ¼ h0j½Wb
β0 ð3P½1�Þ�†2πδðn · p̂ − Pþð1 − zÞÞWb

βð3P½1�Þj0igββ0 ; ð63aÞ

STT3P½1� ðzÞ ¼ h0j½Wb
β0 ð3P½1�Þ�†2πδðn · p̂ − Pþð1 − zÞÞWb

βð3P½1�Þj0i
�
p2nβnβ

0

p2þ
þ gββ

0

d − 1

�
; ð63bÞ

with

cJ ¼

8>>><
>>>:

1
ðd−1Þ2 ðJ ¼ 0Þ
ðd−2Þ
2ðd−1Þ ðJ ¼ 1Þ
ðd−2Þðdþ1Þ
2ðd−1Þ2 ðJ ¼ 2Þ

; ð64aÞ
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−ðd − 2Þ × cJTT ¼

8>>><
>>>:

− 1
d−1 ðJ ¼ 0Þ

1
2

ðJ ¼ 1Þ
− d−3

2ðd−1Þ ðJ ¼ 2Þ
: ð64bÞ

Note that
P

2
J¼0 c

J ¼ 1, cJ ¼ ð2J þ 1Þ=9þOðϵÞ, and P
2
J¼0 c

J
TT ¼ 0.

We also consider the polarized case. The polarized spin sums are computed by using [39]

ΠJ¼1;jhj¼1

αβα0β0 ¼ 1

2
ðITαα0ILββ0 þ ILαα0ITββ0 − ITαβ0ILα0β − ILαβ0ITα0βÞ; ð65Þ

ΠJ¼1;h¼0
αβα0β0 ¼ 1

2
ðITαα0ITββ0 − ITαβ0ITα0βÞ; ð66Þ

ΠJ¼2;jhj¼2

αβα0β0 ¼ 1

2
ðITαα0ITββ0 þ ITαβ0ITα0βÞ −

1

2
ITαβITα0β0 ; ð67Þ

ΠJ¼2;jhj¼1

αβα0β0 ¼ 1

2
ðITαα0ILββ0 þ ILαα0ITββ0 þ ITαβ0ILα0β þ ILαβ0ITα0βÞ; ð68Þ

ΠJ¼2;h¼0
αβα0β0 ¼ d − 2

d − 1

�
ILαβ −

1

d − 2
ITαβ

��
ILα0β0 −

1

d − 2
ITα0β0

�
; ð69Þ

where ΠJ;jhj¼1

αβα0β0 ¼ P
h¼�1Π

J;h
αβα0β0 , Π

J;jhj¼2

αβα0β0 ¼ P
h¼�2 Π

J;h
αβα0β0 , and IαβL ¼ Iαβ − IαβT . We have

Dsoft
g→QQ̄ð3P½1�

J;hÞ
¼ −

1

4m3

2ðd − 2Þg4
Ncðd − 1Þ Cfrag½cJ;hS3P½1� ðzÞ þ cJ;hTTS

TT
3P½1� ðzÞ�; ð70Þ

where

cJ¼1;jhj¼1 ¼ 1

2ðd − 1Þ ; ð71aÞ

cJ¼1;h¼0 ¼ ðd − 3Þ
2ðd − 1Þ ; ð71bÞ

cJ¼2;jhj¼2 ¼ dðd − 3Þ
2ðd − 1Þðd − 2Þ ; ð71cÞ

cJ¼2;jhj¼1 ¼ 1

2ðd − 1Þ ; ð71dÞ

cJ¼2;h¼0 ¼ 1

ðd − 1Þ2ðd − 2Þ ; ð71eÞ

−ðd − 2Þ × cJ¼1;jhj¼1
TT ¼ d − 2

2
; ð71fÞ

−ðd − 2Þ × cJ¼1;h¼0
TT ¼ −

d − 3

2
; ð71gÞ

−ðd − 2Þ × cJ¼2;jhj¼2
TT ¼ −

dðd − 3Þ
2ðd − 2Þ ; ð71hÞ

−ðd − 2Þ × cJ¼2;jhj¼1
TT ¼ d − 2

2
; ð71iÞ

−ðd − 2Þ × cJ¼2;h¼0
TT ¼ −

1

ðd − 1Þðd − 2Þ : ð71jÞ

F. Summary of soft factorization

We now summarize the results of the soft factorization in
this section. The general soft factorization formula in
Eq. (26) is obtained by applying the Grammer-Yennie
approximation (soft approximation) to gluon attachments
to the Q and Q̄ lines in the process g� → QQ̄. The soft
function we obtain is given in Eq. (27), which is valid for
QQ̄ in an arbitrary color and angular momentum state.
While it is in principle possible to tackle the general soft
function in Eq. (27) directly, as was done in Ref. [44], the
calculation can be further simplified by projecting the final-
stateQQ̄ onto specific color and angular momentum states.
The resulting soft factorization formulas are given in

Eqs. (40), (50), and (62) for the 3S½8�1 , 3P½8�, and 3P½1�
J states,

respectively, with the corresponding soft functions given in
Eqs. (37), (51), and (63). These soft functions for specific
color and angular momentum states are given by vacuum
expectation values of adjoint Wilson lines and field-
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strength tensors. In the following sections, we will compute
these soft functions to reproduce the z → 1 singularities in
the fragmentation functions, from which we can identify
the threshold logarithms.
We note that the expression for the isotropic 3P½1� soft

function S3P½1� ðzÞ has first been found in Ref. [21] in the
context of shape functions. Its first moment

R
1
0 dzS3P½1� ðzÞ

has been obtained in Ref. [27] for the study of infrared
divergences in quarkonium LDMEs; this was also used in

the analysis of universality relations for 3P½1�
J LDMEs in

Refs. [45,46].
We can see that in the projection of the soft function onto

specific color and angular momentum states that the soft
function vanishes for the color-singlet S-wave state; this is
because the color trace in Eq. (32) vanishes for color singlet
when we set q ¼ 0. This is consistent with the fact that the

gluon fragmentation function for 3S½1�1 state is free of
singularities at z ¼ 1. We also note that the Dirac trace
in Eq. (31) vanishes if we use the spin-singlet projector
instead of the spin-triplet one (see, for example, Eq. (A9b)
of Ref. [30]). Hence, the soft function also vanishes when
the final-state QQ̄ is in a spin-singlet state. This is
consistent with the fact that the gluon fragmentation
functions for spin-singlet S-wave and P-wave states do
not involve singular distributions at z ¼ 1. Hence, the
nonvanishing soft functions that are relevant for production

of a heavy quarkonium come from the 3S½8�1 , 3P½8�, and 3P½1�
J

states.
As we have mentioned previously, the matching coef-

ficient of the soft factorization formula that we obtain in
Eq. (26) is valid at leading order in the strong coupling.
Loop corrections to this coefficient can arise from gluon
attachments to the fragmenting gluon; because the frag-
menting gluon has a virtuality of at least M2, gluon
attachments to the fragmenting gluon do not produce
additional singularities at z → 1. Hence, while radiative
corrections to the matching coefficient can in principle
affect the subleading singularities, the leading singularities
are completely contained in the soft function in Eq. (27) to
all orders in the strong coupling. Because we are only
interested in the leading threshold singularities in the

fragmentation functions, we only need to consider loop
corrections to the soft functions.

IV. LEADING-ORDER FRAGMENTATION
FUNCTIONS IN THE SOFT APPROXIMATION

In this section, we compute the soft functions at leading
nonvanishing orders in the strong coupling, and verify that
the soft factorization formulas we obtained in the previous
section reproduce the z → 1 singularities in the leading-
order fragmentation functions. The leading-order Feynman
diagrams are shown in Fig. 1.

A. 3S½8�1

We first consider the 3S½8�1 channel. The leading non-
vanishing contribution to the soft function comes from the
g0 terms of the adjoint Wilson lines. That is,

Wð3S½8�1 Þcb ¼ δcaδba þOðgÞ ¼ δcb þOðgÞ; ð72Þ

so that

S3S½8�
1

ðzÞ ¼ 2πδðPþð1 − zÞÞδcbδcb þOðαsÞ

¼ 2πðN2
c − 1Þ

Pþ δð1 − zÞ þOðαsÞ; ð73Þ

which leads to

Dsoft
g→QQ̄ð3S½8�

1
ÞðzÞ ¼

Cfragðd − 2Þg2
4m3

2π2πðN2
c − 1Þ

Pþ

× δð1 − zÞ þOðα2sÞ
¼ παs

m3
δð1 − zÞ þOðα2sÞ: ð74Þ

By using the tree-level NRQCD matrix element

h0jOQQ̄ð3S½8�
1
Þð3S½8�1 Þj0i ¼ ðd − 1ÞðN2

c − 1Þ (see Eq. (6.1c)

of Ref. [33]), we obtain the 3S½8�1 FF in the soft approxi-
mation

FIG. 1. Feynman diagrams for soft functions S3S½8�
1

ðzÞ (left), S3P½8� ðzÞ (middle), and S3P½1� ðzÞ (right) at leading nonvanishing order in the
strong coupling. Black solid lines are timelike Wilson lines in the p direction, dotted lines are lightlike Wilson lines in the n direction,
vertical dashed lines are final-state cuts, filled circles are the spacetime origins, curly lines are gluons, and the symbol ⊗ stands for
insertion of the field-strength tensor.
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Dsoft
g→QQ̄ð3S½8�

1
ÞðzÞ ¼

παs
m3ðd − 1ÞðN2

c − 1Þ δð1 − zÞ þOðα2sÞ; ð75Þ

which agrees with the full result. As is already clear from the soft factorization formula, the 3S½8�1 FF for longitudinally
polarized QQ̄ vanishes in the soft approximation, in agreement with the full result.

B. 3P½8�

Now we consider the 3P½8� channel. Since the soft function S3P½8� ðzÞ explicitly contains the field-strength tensors, the
contribution at leading nonvanishing order in αs comes from the matrix element ofWyx

β ð3P½8�Þ on the vacuum and a single-
gluon state. We have

hgðkÞjWyx
β ð3P½8�Þj0i ¼ hgðkÞj

Z
∞

0

dλλδycpμGb
μβðpλÞdbcdδadδaxj0i þOðg2Þ

¼ i

�
i

k · pþ iε

�
2

pμðkμδαβ − kβδαμÞdbyx þOðg2Þ: ð76Þ

By squaring this we obtain

S3P½8� ðzÞ ¼ −ðd − 2Þ ðN
2
c − 4ÞðN2

c − 1Þ
Nc

Z
dPSk

2πðkþ − Pþð1 − zÞÞðk · pÞ2
ðk · pþ iεÞ2ðk · p − iεÞ2 þOðαsÞ; ð77Þ

where we used dabcdabc ¼ ðN2
c − 4ÞðN2

c − 1Þ=Nc and dPSk is the massless phase space integral given by

Z
dPSk ¼ μ02ϵ

Z
ddk
ð2πÞd 2πδðk

2Þθðk0Þ; ð78Þ

where μ02 ¼ μ2eγE=ð4πÞ and μ is the MS scale. The phase space integral can be evaluated in light-cone coordinates as

Z
dPSk

2πðkþ − Pþð1 − zÞÞðk · pÞ2
ðk · pþ iεÞ2ðk · p − iεÞ2 ¼ μ02ϵ

Z
∞

0

dkþ
Z

∞

0

dk−
Z

dd−2k⊥
ð2πÞd−2

δðk2Þδðkþ − Pþð1 − zÞÞ
ðk · pÞ2

¼ μ02ϵ

2π1−ϵPþðp2Þ1þϵ Γð1þ ϵÞ 1

ð1 − zÞ1þ2ϵ : ð79Þ

Here, we integrated over k− and kþ by using the delta functions, and then computed the k⊥ integral by using Eq. (C4). From
this we obtain

S3P½8� ðzÞ ¼ −ðd − 2Þ ðN
2
c − 4ÞðN2

c − 1Þ
Nc

Γð1þ ϵÞμ02ϵ
2π1−ϵm2þ2ϵPþ

1

ð1 − zÞ1þ2ϵ þOðαsÞ: ð80Þ

This gives the fragmentation function in the soft approximation

Dsoft; bare
g→QQ̄ð3P½8�ÞðzÞ ¼

2α2sðN2
c − 4Þ

3m5Nc

�
1þ 2ϵ

�
log

μ

2m
−
1

6

�
þOðϵ2Þ

�
1

ð1 − zÞ1þ2ϵ þOðα3sÞ ð81Þ

¼ 2α2sðN2
c − 4Þ

3m5Nc

�
−
δð1 − zÞ
2ϵIR

þ
�
1

6
− log

μ

2m

�
δð1 − zÞ þ 1

ð1 − zÞþ
þOðϵÞ

�
þOðα3sÞ: ð82Þ

In expanding the function 1=ð1 − zÞ1þ2ϵ in powers of ϵ we used the identity

1

ð1 − zÞ1þnϵ ¼ −
1

nϵIR
δð1 − zÞ þ

�
1

ð1 − zÞ1þnϵ

�
þ
: ð83Þ

In NRQCD factorization, the IR pole in Eq. (81) is canceled by the one-loop correction to the 3S½8�1 matrix element, which
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involves both UV and IR poles. When the NRQCD matrix
element is renormalized in the MS scheme, this effectively
amounts to subtracting the IR pole in Eq. (81) and replacing
μ by the MS scale μΛ. Then the renormalized result for
Dsoft

g→QQ̄ð3P½8�ÞðzÞ is obtained by dividing by the normalization

for the 3P½8� matrix element, which is given by ðd − 1ÞðN2
c −

1Þ in the normalization used in Ref. [42]. We thus obtain

Dsoft
g→QQ̄ð3P½8�ÞðzÞ ¼

8α2s
3ðd − 1ÞðN2

c − 1Þm5

N2
c − 4

4Nc

×

��
1

6
− log

μΛ
2m

�
δð1 − zÞ þ 1

ð1 − zÞþ

�

þOðα3sÞ; ð84Þ

which reproduces exactly the singular distributions in the

Dg→QQ̄ð3P½8�ÞðzÞ. Similarly to the 3S½8�1 case, the contribution

from longitudinally polarized QQ̄ spin vanishes in the soft

approximation, which is consistent with the fact that the 3P½8�
J

FF for longitudinal QQ̄ spin polarization does not involve
singular distributions [33].

C. 3P½1�
J

We next consider the 3P½1�
J channel. Similarly to the 3P½8�

case, the contribution at leading nonvanishing order in αs
comes from the matrix element ofWb

βð3P½1�
J Þ on the vacuum

and a single-gluon state. We have

hgðkÞjWb
βð3P½1�

J Þj0i ¼ hgðkÞj
Z

∞

0

dλλpσGd
σβðpλÞδdaδbaj0i þOðg2Þ

¼ i

�
i

k · pþ iε

�
2

pμðkμδαβ − kβδαμÞδzb þOðg2Þ; ð85Þ

which leads to

S3P½1� ðzÞ ¼ −ðd − 2ÞðN2
c − 1Þ

Z
dPSk

2πδðkþ − Pþð1 − zÞÞ
ðk · pÞ2 þOðαsÞ; ð86Þ

STT3P½1� ðzÞ ¼ −ðN2
c − 1Þ

Z
dPSk

2πδðkþ − Pþð1 − zÞÞ
ðk · pÞ2

×

�
p2

p2þ

k2þp2 − 2pþkþk · p
ðk · pÞ2 þ d − 2

d − 1

�
þOðαsÞ: ð87Þ

It is clear from this expression that at leading nonvanishing order in αs, S3P½1� ðzÞ is obtained from S3P½8� ðzÞ by multiplying
Nc=ðN2

c − 4Þ. The anisotropic part STT3P½1� ðzÞ can again be computed in light-cone coordinates. The result is

STT3P½1� ðzÞ ¼ ðN2
c − 1Þϵð1 − ϵÞð1 − 2ϵÞΓð1þ ϵÞμ02ϵ
3ð3 − 2ϵÞπ1−ϵm2Pþð1 − zÞ1þ2ϵ þOðαsÞ

¼ −
N2

c − 1

18πm2Pþ δð1 − zÞ þOðϵ; αsÞ: ð88Þ

Because of the explicit factor of ϵ, the STT3P½1� ðzÞ is free of poles at leading nonvanishing order in αs. From these we obtain

Dsoft;bare

g→QQ̄ð3P½1�
J ÞðzÞ ¼

4α2s
3m5Nc

cJ
�
1þ 2ϵ

�
log

μ

2m
−

QJ

2J þ 1

�
þOðϵ2Þ

�
1

ð1 − zÞ1þ2ϵ þOðα3sÞ ð89Þ

¼ 4α2s
3m5Nc

cJ
�
−
δð1 − zÞ
2ϵIR

þ
�

QJ

2J þ 1
− log

μ

2m

�
δð1 − zÞþ 1

ð1 − zÞþ
þOðϵÞ

�
þOðα3sÞ; ð90Þ

where we used −2ϵð1 − zÞ−1−2ϵ ¼ 1þOðϵÞ to combine the order-ϵ coefficient of ð1 − zÞ−1−2ϵ in S3P½1� ðzÞ and the finite
piece in STT3P½1� ðzÞ into QJ=ð2J þ 1Þ. Here the ϵ dependence in the overall factor cJ is kept, because this corresponds to the

d-dimensional definition of the 3P½1�
J matrix element. In the polarized case, we obtain
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Dsoft;bare

g→QQ̄ð3P½1�
J;hÞ

ðzÞ ¼ 4α2s
3m5Nc

cJ;h
�
1þ 2ϵ

�
log

μ

2m
−

cJ

cJ;h
QJ;h

2J þ 1

�
þOðϵ2Þ

�
1

ð1 − zÞ1þ2ϵ þOðα3sÞ ð91Þ

¼ 4α2s
3m5Nc

cJ;h
�
−
δð1 − zÞ
2ϵIR

þ
�

cJ

cJ;h
QJ;h

2J þ 1
− log

μ

2m

�
δð1 − zÞ þ 1

ð1 − zÞþ
þOðϵÞ

�
þOðα3sÞ; ð92Þ

whereQJ¼1;jhj¼1 ¼ 0,QJ¼1;h¼0 ¼ 3=8,QJ¼2;h¼j2j ¼ 3=4,QJ¼2;jhj¼1 ¼ 0, andQJ¼2;h¼0 ¼ 1=8. Again, the ϵ dependences in

the cJ;h are kept, because they correspond to the d-dimensional definition of the polarized 3P½1�
J matrix element. Similarly to

the 3P½8� case, the IR pole is canceled by the one-loop correction to the 3S½8�1 matrix element, which involves an IR pole

proportional to the tree-level 3P½1�
J matrix element. The 3P½1�

J short-distance coefficient in the soft approximation is then

obtained by subtracting the IR pole multiplied by the normalization of the 3P½1�
J matrix element that is proportional to cJ (cJ;h

in the polarized case), replacing μ by the MS scale μΛ for renormalization of the 3S½8�1 matrix element, and dividing by the

normalization cJ × 2Ncðd − 1Þ of the polarization-summed 3P½1�
J matrix element. We obtain

Dsoft
g→QQ̄ð3P½1�

J ÞðzÞ ¼
4α2s

3ðd − 1Þm5N2
c

��
QJ

2J þ 1
− log

μΛ
2m

�
δð1 − zÞ þ 1

ð1 − zÞþ

�
þOðα3sÞ; ð93Þ

which reproduces exactly the singular distributions in D
g→QQ̄ð3P½1�

J ÞðzÞ. Similarly, in the polarized case, we obtain

Dsoft
g→QQ̄ð3P½1�

J;hÞ
ðzÞ ¼ 4α2s

3ðd − 1Þm5N2
c

��
QJ;h

2J þ 1
− aJ;h log

μΛ
2m

�
δð1 − zÞ þ aJ;h

ð1 − zÞþ

�
þOðα3sÞ; ð94Þ

where aJ;h ¼ cJ;h=cJjd¼4. These again exactly reproduce
the singular distributions in the polarized results for
D

g→QQ̄ð3P½1�
J;hÞ

ðzÞ in Refs. [39,41], which are shown in

Appendix B.

D. Summary of leading-order results

We computed the fragmentation functions in the soft
approximation by using the soft factorization formulas we
obtained in Sec. III. The results in Eqs. (75), (84), and (93)
reproduce exactly the singular distributions, namely, the
Dirac delta functions and plus distributions, in the leading-
order fragmentation functions in Eqs. (4). This implies that
in Mellin space,

lim
N→∞

½D̃soft
g→QQ̄ðN ÞðNÞ − D̃g→QQ̄ðN ÞðNÞ� ¼ 0; ð95Þ

meaning that the terms in Dg→QQ̄ðN ÞðzÞ that are not
reproduced by the soft approximation are regular functions
in z. This explicitly confirms the validity of the soft
factorization at leading nonvanishing order in αs.

V. SOFT FUNCTIONS AT NLO

In this section, we compute the soft functions that appear
in the soft factorization formulas for the 3S½8�1 , 3P½8�, and 3P½1�

J
fragmentation functions at NLO in αs. We work in the
Feynman gauge.

A. 3S½8�1

The Feynman diagrams for the soft function S3S½8�
1

ðzÞ at
NLO are shown in Fig. 2. We compute the real and virtual
diagrams separately.

1. Real diagrams

We first consider the real diagrams, where a gluon
attaches to the lightlike or timelike Wilson lines. The
matrix element of Wð3S½8�1 Þcb on the vacuum and the one-
gluon state is given at leading nonvanishing order by

hgðkÞjWð3S½8�1 Þcbj0i ¼−g
ip · ϵ�ðkÞ
k ·pþ iε

fxcaδba

− g
in · ϵ�ðkÞ
k ·nþ iε

fxbaδcaþOðg3Þ; ð96Þ

where ϵðkÞ is the polarization vector of the outgoing gluon.
Then the contribution from the real diagrams to S3S½8�

1

ðzÞ is
given by

SNLO
3S½8�

1

ðzÞjreal ¼ g2CAðN2
c − 1Þ

Z
dPSk2πδðkþ − Pþð1 − zÞÞ

×

�
−

p2

ðk · pÞ2 þ
2pþ

kþk · p

�
: ð97Þ

Here the first term in the square brackets comes from the
square of the first term on the right-hand side of Eq. (96),
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and the second term comes from the cross term. The square of the second term on the right-hand side of Eq. (96) vanishes
because it is proportional to n2 ¼ 0. The phase-space integration is straightforward:

Z
dPSk

2πδðkþ − Pþð1 − zÞÞp2

ðk · pÞ2 ¼ μ02ϵ

ð2πÞ1−ϵ½Pþð1 − zÞ�1þ2ϵ Γð1þ ϵÞ; ð98Þ

Z
dPSk

2πδðkþ − Pþð1 − zÞÞ2pþ

kþðk · pÞ ¼ μ02ϵ

ð2πÞ1−ϵ½Pþð1 − zÞ�1þ2ϵ ΓðϵUVÞ; ð99Þ

which give

SNLO
3S½8�

1

ðzÞjreal ¼ 4παsCAðN2
c − 1Þ μ02ϵ

ð2πÞ1−ϵ½Pþð1 − zÞ�1þ2ϵ ½ΓðϵUVÞ − Γð1þ ϵÞ� ð100Þ

¼ αsCAðN2
c − 1Þ

Pþ

�
μ

2m

�
2ϵ
�

2

ϵUV
− 2þ π2

6
ϵþOðϵ2Þ

��
−
δð1 − zÞ
2ϵIR

þ
�

1

ð1 − zÞ1þ2ϵ

��
: ð101Þ

2. Virtual diagrams

The contribution from the virtual diagrams that come from the exchange of a gluon between the lightlike and timelike
Wilson lines is

SNLO
3S½8�

1

ðzÞjvirtual ¼ 2Re
Z
k

�
−gnμ

i
k · nþ iε

fxba
�
−igμνδbc

k2 þ iε

�
−gpν i

−k · pþ iε
fxca

�
2πδðPþð1 − zÞÞ

¼ Re ig2ðN2
c − 1ÞCA

Z
k

2πδð1 − zÞ
ðk2 þ iεÞðk · nþ iεÞð−k · pþ iεÞ : ð102Þ

We use the shorthand

Z
k
¼ μ02ϵ

Z
ddk
ð2πÞd : ð103Þ

FIG. 2. Feynman diagrams that appear in NLO calculation of the soft function S3S½8�
1

ðzÞ. There are additional diagrams that can be
obtained by complex conjugation.
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It is easy to compute this scaleless one-loop integral by using Schwinger parametrization. We have

Z
k

1

ðk2 þ iεÞðk · nþ iεÞð−k · pþ iεÞ ¼
Z

∞

0

dxdydz
Z
k
exp ðxk2 þ yk · n − zk · pþ iεÞ

¼
Z

∞

0

dxdydz
Z
k
exp

�
xk2 −

ðny − zpÞ2
4x

þ iε

�

¼ iμ02ϵ

ð4πÞd=2
Z

∞

0

dxdydzx−d=2 exp
�
−
ðny − zpÞ2

4x

�

¼ i
ð4πÞ2

1

pþ

1

ϵUV

�
1

ϵUV
−

1

ϵIR

�
; ð104Þ

which gives

SNLO
3S½8�

1

ðzÞjvirtual ¼
αsCAðN2

c − 1Þ
Pþ

δð1 − zÞ 1

ϵUV

�
1

ϵIR
−

1

ϵUV

�
: ð105Þ

The remaining diagrams have to do with the self energies of the lightlike and timelike Wilson lines. The self-energy
diagram for the lightlike Wilson line vanishes in Feynman gauge because it is proportional to n2 ¼ 0. The self-energy of the
eikonal line gives the following correction term in the eikonal-line propagator:

i
l · pþ iε

�
g2

Z
k

i
ðkþ lÞ · pþ iε

fbcxfbxa
−ip2

k2 þ iε

�
i

l · pþ iε
≡ i

l · pþ iε
Σpðl · pÞ

i
l · pþ iε

: ð106Þ

This gives the field renormalization of the eikonal-line propagator

i
l · p − iΣpðl · pÞ þ iε

¼ i
l · pþ iε

�
1 − i

∂

∂l · p
Σpðl · pÞ

�
−1

l·p¼0

þ � � � ; ð107Þ

where the � � � are terms regular at l · p ¼ 0. The calculation of Σpðl · pÞ is straightforward. By using Feynman
parametrization we obtain

Σpðl · pÞ ¼ −CAg2p2

Z
k

1

ðkþ lÞ · pþ iε
1

k2 þ iε

¼ −CAg2p2
i

ð4πÞ2−ϵ ΓðϵUVÞ
Z

∞

0

dx
1

½x2p2=4 − xl · p − iε�ϵ ; ð108Þ

−i
∂

∂l · p
Σpðl · pÞ

���
l·p¼0

¼ −CAg2p2
1

ð4πÞ2−ϵ ΓðϵUVÞ
Z

∞

0

dx
41þϵϵx

ðx2p2Þ1þϵ

¼ −CAg2ðp2Þ−ϵ 41þϵ

ð4πÞ2−ϵ Γð1þ ϵÞ
Z

∞

0

dx
1

x1þ2ϵ

¼ −
αsCA

π

�
1

2ϵUV
−

1

2ϵIR

�
: ð109Þ

Hence, the self-energy diagrams give the following contribution to the 3S½8�1 soft function:

SNLO
3S½8�

1

ðzÞ
���
self-energy

¼ αsCA

π

�
1

2ϵUV
−

1

2ϵIR

�
SLO

3S½8�
1

ðzÞ

¼ αsCAðN2
c − 1Þ

Pþ δð1 − zÞ
�

1

ϵUV
−

1

ϵIR

�
: ð110Þ
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3. Results and discussion

The 3S½8�1 soft function at NLO is given by the sum of
Eqs. (100), (105), and (110). The result is

SNLO
3S½8�

1

ðzÞ ¼ αsCAðN2
c − 1Þ

Pþ

�
μ

2m

�
2ϵ

×

�
2ϵ−1UV − 2þ ϵπ2=6þOðϵ2Þ

ð1 − zÞ1þ2ϵ

− δð1 − zÞ 1

ϵUV

�
1

ϵUV
−

1

ϵIR

�

þ δð1 − zÞ
�

1

ϵUV
−

1

ϵIR

��
: ð111Þ

The term involving ð1 − zÞ−1−2ϵ comes from the real
diagram, while the terms proportional to ϵ−1UV − ϵ−1IR come
from the virtual and self-energy diagrams. By using the
expansion of ð1 − zÞ−1−2ϵ in powers of ϵ given by

1

ð1 − zÞ1þ2ϵ ¼ −
δð1 − zÞ
2ϵIR

þ 1

ð1 − zÞþ
þ ϵ

�
−2 logð1 − zÞ

1 − z

�
þ
þOðϵ2Þ; ð112Þ

it is straightforward to see that all IR poles cancel in
SNLO

3S½8�
1

ðzÞ. In particular, the mixed double pole ϵ−1UVϵ
−1
IR

cancels between the real and virtual diagram contributions.
The single IR pole ϵ−1IR cancels between the real and
self-energy diagram contributions. By using SLO

3S½8�
1

ðzÞ ¼
2πðN2

c − 1Þδð1 − zÞ=Pþ, we can write

S3S½8�
1

ðzÞ¼2πðN2
c−1Þ

Pþ

�
μ

2m

�
2ϵ
�
δð1−zÞþαsCA

π

�
−
δð1−zÞ
2ϵ2UV

þ 1

ϵUV

�
1

ð1−zÞþ
þ1

2
δð1−zÞ

�

þ
�
−2 logð1−zÞ

1−z

�
þ
−

1

ð1−zÞþ
−
π2

24
δð1−zÞ

��

þOðϵ;α2sÞ: ð113Þ

Note that now all poles are of UVorigin. The order-ϵ0 term
αsCA=π½−2 logð1 − zÞ=ð1 − zÞ�þ is exactly the threshold
double logarithmic term that appears in the NLO correction

to the gluon fragmentation function in the 3S½8�1 channel. Its
origin can be traced back to the order-ϵ term in the
expansion of ð1 − zÞ−1−2ϵ in powers of ϵ. Because of this,
the coefficient of the threshold double logarithm is tied to
the double UV pole, and also to the term proportional to
1=ð1 − zÞþ in the single UV pole. We also note that the
order-ϵ0 term −αsCA=π × 1=ð1 − zÞþ is exactly the thresh-
old single logarithmic term in D

g→QQ̄ð3S½8�
1
ÞðzÞ at the

factorization scale μF ¼ 2m, which comes from the
2CAz=ð1 − zÞþ term in PggðzÞ. Similarly to the threshold
double logarithm, its coefficient is tied to the δð1 − zÞ term
in the single UV pole. Hence, the threshold logarithm in the

gluon fragmentation function in the 3S½8�1 channel is deter-
mined by the coefficient of the single UV pole of the soft
function, which corresponds to its anomalous dimension.
To see this more clearly for the threshold double logarithm,
let us take the Mellin transform and consider its large N
behavior. We have

S̃3S½8�
1

ðNÞjthreshold

¼ 2πðN2
c − 1Þ

Pþ

�
1þ αsCA

π

�
−log2N þ logN

ϵUV
−

1

2ϵ2UV

��

þOðα2sÞ; ð114Þ

where at each order in αs we only kept the leading terms at
large N. We may identify the coefficient of the 1=ϵUV pole
as the cusp anomalous dimension in the adjoint represen-
tation at leading order in αs.

B. 3P½8�

We now turn to the case of the 3P½8� channel. The
calculation of the 3P½8� soft function is a lot more involved

compared to the 3S½8�1 case, as the operator definition of
S3P½8� ðzÞ explicitly contains gluon field operators, and it
already involves an IR pole at leading nonvanishing order
in αs. Fortunately, the amount of calculation needed is
reduced significantly if we only consider the threshold
double logarithmic contributions. As we will see later,
because nonvanishing contributions to the 3P½8� soft func-
tion always involve at least one gluon crossing the cut, the
loop integrals involve only the scale Pþð1 − zÞ, so that
from dimensional considerations the next-to-leading-order
results are proportional to ð1 − zÞ−1−4ϵ. Hence, the thresh-
old double logarithmic contributions can only arise from
terms proportional to ϵ−2ð1 − zÞ−1−4ϵ, and so we can only
retain contributions that produce double poles in ϵ.

Similarly to the 3S½8�1 case, the 3P½8� soft function can be

regarded as the NRQCD matrix element of the 3S½8�1

operator on the 3P½8� state at leading power in the non-
relativistic expansion, when the delta function 2πδðn · p̂ −
Pþð1 − zÞÞ is replaced with unity. That is, the soft function
integrated over the unbounded momentum lþ ≡ Pþð1 − zÞ
is proportional to the NRQCDmatrix element. The next-to-

leading-order correction to the 3S½8�1 operator on the 3P½8�

state is known to involve only a single IR pole.3 This means

3The double poles in Eqs. (3.9) and (3.10) in Ref. [18] are
coming from the vacuum polarization correction to the matrix
element.
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that, because integration over lþ does not change the
infrared behavior, the double pole in the soft function
must be of ultraviolet nature. This significantly

simplifies the calculation, as for the purpose of iden-
tifying threshold double logarithms, it suffices to look
only for UV poles.

1. Planar diagrams

From the per-diagram results available in Ref. [44], we
know that the double UV pole arises from the diagram
where an additional virtual gluon is exchanged between the
timelike and lightlike Wilson lines. As we will see later,
these double UV poles will only arise from planar diagrams
shown in Fig. 3. Here we first consider the contributions
from the virtual and real planar diagrams.
The virtual correction gives the following contribution to

the matrix element of the operator Wyx
β ð3P½8�Þ between the

vacuum and the one-gluon state:

hgb;αðlÞjWyx
β ð3P½8�Þj0ijvirtual ¼ ig2CAdbxypμðlμδαβ − lβδαμÞ

Z
k

−i
k2 þ iε

p · n
i

−k · nþ iε

×

��
i

l · pþ iε

�
2 i
ðlþ kÞ · pþ iε

þ i
l · pþ iε

�
i

ðlþ kÞ · pþ iε

�
2
�
; ð115Þ

where b and α are the color and Lorentz indices of the outgoing gluon, respectively. Note the squaring of the timelike
Wilson-line denominators, which follows from expanding theWilson lines in the pþ q and p − q directions to linear power
in q. As we will see later, only the first term in the square brackets involves UV divergences. We thus need to compute the
one-loop integral

IðlÞ ¼ p · n
Z
k

−i
k2 þ iε

i
−k · nþ iε

i
ðlþ kÞ · pþ iε

: ð116Þ

This integral is computed straightforwardly by using the parametrization

1

ABC
¼

Z
∞

0

dxdy
2

ðAþ xBþ yCÞ3 ; ð117Þ

which leads to

IðlÞ ¼ 2ip · n
Z
k

Z
∞

0

dxdy
1

½k2 − xk · nþ yðlþ kÞ · pþ iε�3

¼ p · nμ02ϵ

ð4πÞ2−ϵ Γð1þ ϵÞ
Z

∞

0

dxdy
1

½−xyn · p=2þ yp2ðy − 4l · p=p2Þ=4 − iε�1þϵ : ð118Þ

We first integrate over x to obtain

IðlÞ ¼ −
μ02ϵ21þ2ϵ

ð4πÞ2−ϵðp2Þϵ ΓðϵUVÞ
Z

∞

0

dy
ðy − 4l · p=p2 − iεÞ−ϵ

y1þϵ ; ð119Þ

where we used
R∞
0 dxðxþ aÞ−1−ϵ ¼ a−ϵϵ−1UV, which is valid for complex a. The integral over y yields

IðlÞ ¼ −
μ02ϵ

ð4πÞ2−ϵ 2
1−2ϵðp2Þϵðl · pÞ−2ϵΓðϵUVÞ

�
Γð1 − ϵÞΓð2ϵUVÞ

Γð1þ ϵÞ þ eiπϵ22ϵΓð1=2ÞΓð−ϵIRÞ
Γð1=2 − ϵÞ

�
; ð120Þ

where the first term in the square brackets comes from the region y > 4l · p=p2, while the second term comes from

FIG. 3. Planar Feynman diagrams that appear in NLO calcu-
lation of the soft function S3P½8� ðzÞ. There are additional diagrams
that can be obtained by complex conjugation.
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0 < y < 4l · p=p2. The factor eiπϵ produces imaginary parts of this integral, but since this cancels when the complex
conjugated diagram is added, it may be discarded without affecting the poles of IðlÞ. By expanding the last line of Eq. (120)
in powers of ϵ, we find

IðlÞ ¼ −
μ02ϵ

ð4πÞ2−ϵ 2
1−2ϵðp2Þϵðl · pÞ−2ϵ

�
1

2ϵ2UV
−

1

ϵUVϵIR
þOðϵ−1Þ

�
: ð121Þ

The order-ϵ−1 terms do not affect the threshold double logarithms, and can be discarded in this work. Hence, the UV-
divergent contribution of the virtual planar diagram to the soft function S3P½8� ðzÞ is given by

S3P½8� ðzÞjvirtual;UV ¼ −g2ðd − 2Þ ðNc − 4ÞðN2
c − 1Þ

Nc
CA

Z
dPSl

2πδðlþ − Pþð1 − zÞÞIðlÞ
ðl · pÞ2 þ c:c:; ð122Þ

where c.c. denote the complex conjugation of preceding terms. The phase-space integration is almost identical to the tree-
level calculation. We have

Z
dPSl

2πδðlþ − Pþð1 − zÞÞðp2Þϵ
ðl · pÞ2þ2ϵ ¼ μ02ϵ

2π1−ϵPþðp2Þ1þ2ϵ

Γð1þ 3ϵÞ
Γð2þ 2ϵÞ

1

ð1 − zÞ1þ4ϵ ; ð123Þ

which yields

S3P½8� ðzÞjvirtual;UV ¼ 2g2ðd − 2Þ ðNc − 4ÞðN2
c − 1Þ

Nc
CA

μ04ϵ

16π3−2ϵPþðp2Þ1þ2ϵ

1

ð1 − zÞ1þ4ϵ

�
1

2ϵ2UV
−

1

ϵUVϵIR
þOðϵ−1Þ

�
: ð124Þ

The mixed double pole 1=ðϵUVϵIRÞ in the virtual planar diagram contribution cancels against the real diagram. To see this,
it is instructive to recompute the integral IðlÞ in light-cone coordinates, which also allows us to show that the last term in the
last line of Eq. (115) does not produce double logarithms. We have

IðlÞ ¼ iμ02ϵ
Z þ∞

−∞

dkþ

2π

Z þ∞

−∞

dk−

2π

Z
dd−2k⊥
ð2πÞd−2

1

ð2kþk− − k2⊥ þ iεÞ
1

ð−kþ þ iεÞðlþ þ l− þ kþ þ k− þ iεÞ : ð125Þ

We first integrate over k− by using contour integration. For kþ > 0, both k2 þ iε and ðlþ kÞ · pþ iε denominator poles are
on the same side of the real line, so that the contour integral vanishes. Hence we have

IðlÞ ¼ μ02ϵ

ð2πÞd−1
Z

0

−∞
dkþ

Z
dd−2k⊥

1

kþ½k2⊥ þ 2kþ2 þ 2kþðlþ þ l−Þ − iε� : ð126Þ

Note that the k⊥ integral has a UV-divergent power count. If we first integrate over k⊥, then the kþ integral involves IR and
UV poles arising from small and large jkþj. The last term in the last line of Eq. (115) results in a similar integral, except that
the ½k2⊥ þ 2kþ2 þ 2kþðlþ þ l−Þ − iε� denominator factor is now squared. In this case, the k⊥ integral does not have a UV-
divergent power count, and the integral can at most have a single pole. Since such contributions cannot produce threshold
double logarithms, the last term in the last line of Eq. (115) can be discarded in this work.
By plugging the expression in Eq. (126) into Eq. (122) we obtain

S3P½8� jvirtual;UV ¼ −g2ðd − 2Þ ðN
2
c − 4ÞðN2

c − 1Þ
Nc

×
CAμ

02ϵ

ð2πÞ2d−3ðpþÞ2
Z

∞

0

dlþ
Z

∞

0

dl−
Z

dd−2l⊥
Z

0

−∞
dkþ

Z
dd−2k⊥

×
δðlþ − Pþð1 − zÞÞδðl2Þ

kþðlþ þ l−Þ2½k2⊥ þ 2k2þ þ 2kþðlþ þ l−Þ − iε� þ c:c: ð127Þ

Now we consider the corresponding real diagram. The matrix element of the operatorWyx
β ð3P½8�Þ between the vacuum and a

two-gluon state from the gluon attachment on the timelike Wilson line is given by
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hga1;μ1ðk1Þga2;μ2ðk2ÞjWyx
β ð3P½8�Þj0ijreal ðaÞ ¼ −ig

�
i

p · k1 þ iε

�
i

p · ðk1 þ k2Þ þ iε

�
2

þ
�

i
p · k1 þ iε

�
2 i
p · ðk1 þ k2Þ þ iε

�

× pμðk1μδμ1β − k1βδ
μ1
μ Þpμ2da1ydfa2dx: ð128Þ

The one from the gluon attachment on the lightlike Wilson line is

hga1;μ1ðk1Þga2;μ2ðk2ÞjWyx
β ð3P½8�Þj0ijreal ðbÞ ¼ −ig

i
n · k2 þ iε

�
i

p · k1 þ iε

�
2

pμðk1μδμ1β − k1βδ
μ1
μ Þnμ2da1dyfa2xd: ð129Þ

Similarly to the virtual diagram, only the first term in the square brackets in Eq. (128) will give rise to a UV-divergent power
count, so that the remaining term can be discarded. The UV-divergent contribution to S3P½8� ðzÞ from the planar real diagram
is then given by

S3P½8� ðzÞjreal;UV ¼ −
Z

dPSk1

Z
dPSk22πδðkþ1 þ kþ2 − Pþð1 − zÞÞ

× g2ðd − 2Þ ðN
2
c − 1ÞðN2

c − 4Þ
Nc

CApþ

kþ2 ðk1 · pÞ2½ðk1 þ k2Þ · p�
þ c:c:

¼ −g2ðd − 2Þ ðN
2
c − 1ÞðN2

c − 4Þ
Nc

×
CAμ

02ϵ

ð2πÞ2d−3ðpþÞ2
Z

∞

0

dlþ
Z

∞

0

dl−
Z

dd−2l⊥
Z

∞

0

dkþ
Z

∞

0

dk−
Z

dd−2k⊥

×
δðlþ þ kþ − Pþð1 − zÞÞδðl2Þδðk2Þ
kþðlþ þ l−Þ2ðlþ þ l− þ kþ þ k−Þ þ c:c:

¼ −g2ðd − 2Þ ðN
2
c − 1ÞðN2

c − 4Þ
Nc

CAμ
02ϵ

ð2πÞ2d−3ðpþÞ2
Z

∞

0

dlþ
Z

∞

0

dl−
Z

dd−2l⊥
Z

∞

0

dkþ
Z

dd−2k⊥

×
δðlþ þ kþ − Pþð1 − zÞÞδðl2Þ

kþðlþ þ l−Þ2½k2⊥ þ 2kþ2 þ 2kþðlþ þ l−Þ� þ c:c:; ð130Þ

where in the second equality we relabeled momenta k1 and
k2 as l and k to allow direct comparison with the expression
in Eq. (127), and in the last equality we integrated over k−

by using δðk2Þ. It is now easy to see that the integrands of
Eqs. (127) and (130) coalesce at kþ ¼ 0, so that the IR
divergence at kþ → 0 cancels in the sum of virtual and real
planar diagrams. While the k⊥ integral in Eq. (130) is UV
divergent, there is no source of additional UV poles
because the kþ and lþ are bounded, unlike the virtual
diagram. Therefore, in the sum of real and virtual planar
diagrams, only the double UV pole in the virtual diagram
produces the threshold double logarithm. We obtain

S3P½8� ðzÞjNLOplanar

¼ g2ðd − 2Þ ðN
2
c − 4ÞðN2

c − 1Þ
Nc

CA
μ04ϵ

16π3−2ϵPþðp2Þ1þ2ϵ

×
1

ð1 − zÞ1þ4ϵ

�
1

ϵ2UV
þOðϵ−1Þ

�
: ð131Þ

2. UV power counting

Now we consider the remaining NLO diagrams that
contribute to S3P½8� ðzÞ. As we have discussed previously,
threshold double logarithms can only arise in S3P½8� ðzÞ at
NLO from double UV poles multiplying ð1 − zÞ−1−nϵ. We
will show in this section that none of the remaining
diagrams can produce double UV poles, so that they can
be discarded if we only look for threshold double
logarithms.
Note that all doubly virtual diagrams vanish because they

are proportional to a vanishing color factor dbcdfbda ¼ 0,
where dbcd comes from the operator definition of the
Wyx

β ð3P½8�Þ and fbda comes from the attachment of a gluon
onto a Wilson line on the same side of the cut. Some
virtual-real diagrams also vanish if a gluon from the field-
strength tensor attaches to a Wilson line on the same side of
the cut without additional vertices on the Wilson line
between the gluon attachment and the field-strength tensor,
because they are also proportional to the same vanishing
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color factor. This leaves us with only a handful of virtual-
real diagrams and doubly real diagrams.
The virtual-real diagrams involve a one-loop integral,

followed by a phase-space integral over a lightlike momen-
tum l. The phase-space integral cannot produce double UV
poles, because the lþ and l− integrals have finite bounds,
and so only the l⊥ integral can produce UV poles. In
practice, virtual-real diagrams can produce double UV
poles only when the virtual one-loop integral contains a
double UV pole. This is because, due to dimensional
considerations, the phase-space integral cannot have a
UV-divergent power count unless the gluon with momen-
tum l from the field-strength tensor attaches to the lightlike
Wilson line on the other side of the cut, so that the phase-
space integrand carries factors of l · n in the denominator;
in such case, the virtual one-loop integral is UV finite
because its integrand carries too many propagator denom-
inator factors.

We have checked that, with the exception of the
planar virtual diagram we computed in the previous
section, all other UV-divergent virtual-real diagrams
contain only single UV poles. This is clear for self-
energy and vertex correction diagrams, as we know
from renormalization of the QCD Lagrangian that they
only involve single UV poles at one loop. The only
diagram that needs attention is the one involving the
triple-gluon vertex, where the additional gluon is
attached to the timelike Wilson line. This diagram
involves the one-loop integral given by

Z
k

�
1

l · pðk · pÞ2 þ
1

ðl · pÞ2k · p
�

nðkÞ
k2ðk − lÞ2 ; ð132Þ

where the numerator nðkÞ is proportional to

ðp · lgμβ − lβpμÞðp · kδνβ − kβpνÞpσ½gμνð−k − lÞσ þ gσμð2l − kÞν þ gνσð2k − lÞμ�

¼ ð2 − dÞ½ðl · pÞ2k · pþ l · pðk · pÞ2� −m2

2
ðk − lÞ2ðl · pþ k · pÞ þm2

2
k2ðk · p − 3l · pÞ: ð133Þ

It is easy to evaluate the resulting integrals with standard methods, for example by using Feynman parametrization,
to confirm that none contain double UV poles, so this diagram can be discarded as well.
Now we are left with doubly real diagrams. All diagrams that contribute to the matrix element of the operatorWyx

β ð3P½8�Þ
between the vacuum and a two-gluon state from the gluon attachment on the timelike Wilson line
hga1;μ1ðk1Þga2;μ2ðk2ÞjWyx

β ð3P½8�Þj0i are shown in Fig. 4. Their values are

A1 þA2 ¼ −ig
�

i
p · k1 þ iε

�
i

p · ðk1 þ k2Þ þ iε

�
2

þ
�

i
p · k1 þ iε

�
2 i
p · ðk1 þ k2Þ þ iε

�

× pμðk1μδμ1β − k1βδ
μ1
μ Þpμ2δycδa1bdbcdfa2dx; ð134aÞ

A3 þA4 ¼ −ig
�

i
p · k2 þ iε

�
i

p · ðk1 þ k2Þ þ iε

�
2

þ
�

i
p · k2 þ iε

�
2 i
p · ðk1 þ k2Þ þ iε

�

× pμðk1μδμ1β − k1βδ
μ1
μ Þpμ2fa2ycδba1dbcdδdaδxa; ð134bÞ

A5 ¼ −ig
i

n · k2 þ iε

�
i

p · k1 þ iε

�
2

pμðk1μδμ1β − k1βδ
μ1
μ Þnμ2δycδa1bdbcdfa2xd; ð134cÞ

A6 ¼
g

½p · ðk1 þ k2Þ�2
ðpμ1δμ2β − pμ2δμ1β Þdbcdfba1a2δdaδxaδyc; ð134dÞ

A7 ¼
g

½p · ðk1 þ k2Þ�2
1

ðk1 þ k2Þ2
pμ½ðk1 þ k2Þμδνβ − ðk1 þ k2Þβgμν�

×Gνμ1μ2
3 ðk1 þ k2;−k1;−k2Þdbcdfba1a2δdaδxaδyc; ð134eÞ

with Gμ1μ2μ3
3 ðk1; k2; k3Þ ¼ gμ1μ2ðk1 − k2Þμ3 þ gμ2μ3ðk2 − k3Þμ1 þ gμ3μ1ðk3 − k1Þμ2 . In Eq. (134a),A1 andA2 are given by the

contributions from the first and second terms in the square brackets, respectively; similarly, in Eq. (134), A3 and A4 are
given by the contributions from the first and second terms in the square brackets, respectively. The amplitude A6 comes
from the AμAν term of the field-strength tensor, while theA7 arises from the triple-gluon vertex. InA1 throughA5, the gluon
attached to the field-strength tensor carries the momentum k1. If we define the crossed amplitudes as Āi ≡Aij1↔2, the
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contributions to S3P½8� ðzÞ from the doubly real diagrams are

given by A�
iAj and A�

i Āj for i, j ¼ 1; 2; � � � ; 7, multiplied
by 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ, and integrated over the
phase space of k1 and k2. We now examine the UV
divergences in each contribution.
The calculation of the planar diagrams in the previous

section leads to a simple way to analyze UV divergences in
these phase-space integrals. If we evaluate a phase-space
integral over k in light-cone coordinates, the only source of
UV divergences is the integral over k⊥, because the k−

integral is done by the on-shell delta function δðk2Þ, and the
kþ integral has a finite bound. Hence, for doubly real
diagrams where the final state involves two gluons with
momenta k1 and k2, it suffices to consider only the power
counting of the k1⊥ and k2⊥ integrals, after integrating out
the δðk21Þ and δðk22Þ with the k−1 and k−2 integrals. In most
cases, general form of the k1⊥ and k2⊥ integrals at large
jk1⊥j and jk2⊥j can be written as

Z
dd−2k1⊥dd−2k2⊥

k2a1⊥k2b2⊥ðk21⊥ þ k22⊥Þc
; ð135Þ

after suitable rescaling of k1⊥ and k2⊥. There are excep-
tional cases when a factor of k1 · k2 appears in the
numerator or in the denominator; we will later examine
these cases explicitly. We can easily identify the UV
behaviors of the k1⊥ and k2⊥ integrals in Eq. (135) by
counting the degrees of divergence. If an integral over k⊥
behaves like

R dd−2k⊥
k2n⊥

at large jk⊥j, then the degree of

divergence of this integral is d − 2 − 2n. If this number
vanishes or exceeds 0 at d ¼ 4, then the k⊥ integral can be
UV divergent. Let us now apply this analysis to integrals of
the form Eq. (135). The case c ¼ 0 is trivial, in which case
the degrees of divergence of the k1⊥ and k2⊥ integrals are
simply given by d − 2 − 2a and d − 2 − 2b, respectively. In
the general case c ≠ 0, if we integrate over k2⊥ first, the
degree of divergence of the k2⊥ integral is
d − 2 − 2ðbþ cÞ. Since the only scale of the k2⊥ integral
is jk1⊥j, the remaining k1⊥ integral is proportional toR
dd−2k1⊥jk1⊥jd−2−2ðaþbþcÞ. The degree of divergence of

this integral is 2ðd − 2 − a − b − cÞ.
Now let us examine the case where a factor of k1 · k2

appears in the numerator. From

k1 · k2 ¼ kþ1 k
−
2 þ k−1 k

þ
2 − k1⊥ · k2⊥; ð136Þ

after integrating out the on-shell delta functions to eliminate
k−1 and k−2 , the first and second terms become proportional
to k22⊥ and k21⊥, respectively. The last term is odd in both
k1⊥ and k2⊥, while the remaining integrand factors are
even, so that it can be discarded. Hence, integrals with a
factor of k1 · k2 in the numerator can always be reduced to
the form in Eq. (135).
The remaining case is when the factor k1 · k2 appears in

the denominator. These integrals appear in the form

Z
dPSk1

Z
dPSk2

2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ
ðk1 · pÞaðk2 · pÞb½ðk1 þ k2Þ · p�ck1 · k2

:

ð137Þ

After integration over the on-shell delta functions by
eliminating k−1 and k−2 , the factors k1 · p, k2 · p, and ðk1 þ
k2Þ · p involve k21⊥, k22⊥, and k21⊥ þ k22⊥, respectively, while
k1 · k2 involves a linear combination of k21⊥, k22⊥, and
k1⊥ · k2⊥. Explicit calculation shows that we never encoun-
ter cases where both a and b are positive. If b ≤ 0 and
a ≥ 0, we can combine the ½ðk1 þ k2Þ · p�c and k1 · k2
denominator factors by using Feynman parametrization and
shift k2⊥ to eliminate the k1⊥ · k2⊥ term in the denominator.
Hence, this integral reduces to the form given in Eq. (135),
and the UV power counting can be done in the same way.
The same applies to the case a ≤ 0 and b ≥ 0. The case
where both a and b are negative can be rewritten as a linear
combination of integrals with either a ¼ 0 or b ¼ 0

by using 2ðk1 · pÞðk2 · pÞ ¼ ½ðk1 þ k2Þ · p�2 − ðk1 · pÞ2−
ðk2 · pÞ2. As a result, the UV power counting of all integrals
of the form in Eq. (137) can be done in a similar way.
By applying the UV power counting analysis of all

doubly real diagrams, we find that the only diagrams that
have a UV-divergent power count are: A�

2A5 which is the
real planar diagram we computed in the previous section,
A�

5A7, and A�
5Ā5. Note that the contribution from A�

2Ā4 is
proportional to a vanishing color factor, similarly to its
virtual-real counterpart. Note that none of these diagrams
involve double UV divergences, as only one of the k1⊥ and
k2⊥ integrals are UV divergent. In fact, it can be shown by
direct evaluation that the contributions from A�

5Ā5 and

FIG. 4. Feynman diagrams for amplitudes that give rise to the doubly real contributions in the soft function S3P½8� ðzÞ at NLO. See
Eq. (134) and text for definitions of A1–A7.
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A�
5A7 are actually UV finite. The diagram A�

5Ā5 is
proportional to

Z
dPSk1

Z
dPSk2

kþ1 k
0
2 þ kþ2 k

0
1 − k1 · k2=

ffiffiffi
2

p

ðk01Þ2ðk02Þ2kþ1 kþ2
× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ

¼
Z

dPSk1

Z
dPSk2

kþ1 k
0
2 þ kþ2 k

0
1 − ðkþ1 k−2 þ k−1 k

þ
2 Þ=

ffiffiffi
2

p

ðk01Þ2ðk02Þ2kþ1 kþ2
× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ

¼
ffiffiffi
2

p Z
dPSk1

Z
dPSk2

2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ
ðk01Þ2ðk02Þ2

;

ð138Þ

where in the first equality we eliminated the k1⊥ · k2⊥ term
because it is odd in both k1⊥ and k2⊥, and in the second
equality we used k01;2 ¼ ðkþ1;2 þ k−1;2Þ=

ffiffiffi
2

p
. The resulting

integral is now UV finite in both k1⊥ and k2⊥.
The diagram A�

5A7 needs more work. If we only collect
the terms that provide a UV-divergent power count, we
have

Z
dPSk1

Z
dPSk2

k02=
ffiffiffi
2

p
− kþ1 ðk02Þ2=k1 · k2

ðk01Þ2kþ2 ðk01 þ k02Þ2
× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ: ð139Þ

If we first integrate over k−1 and k−2 by using the on-shell
delta functions, and then integrate over k2⊥ followed by
integration over k1⊥, only the k2⊥ integral involves UV
divergences. This means that, only the highest powers of
k2⊥ in the numerator k02, which comes from the k−2
component, produces UV divergences. Hence, we can
replace k02 with k−2 =

ffiffiffi
2

p
in the numerator without affecting

the UV poles. We have then

1

2

Z
dPSk1

Z
dPSk2

k−2 − kþ1 ðk−2 Þ2=k1 · k2
ðk01Þ2kþ2 ðk01 þ k02Þ2

× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ: ð140Þ
We can rewrite the term involving k1 · k2 in the denom-
inator as

Z
dPSk1

Z
dPSk2

kþ1 ðk−2 Þ2
ðk01Þ2kþ2 ðk01 þ k02Þ2k1 · k2

× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ

¼
Z

dPSk1

Z
dPSk2

k−2 ðk1 · k2 − k−1 k
þ
2 þ k1⊥ · k2⊥Þ

ðk01Þ2kþ2 ðk01 þ k02Þ2k1 · k2
× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ: ð141Þ

The k−1 k
þ
2 term does not have a UV-divergent power count.

In the case of the k1⊥ · k2⊥ term, if we combine the

denominator factors ðk01 þ k02Þ2 and k1 · k2 by using
Feynman parametrization and integrate over k2⊥, the shift
in k2⊥ that is necessary in eliminating the term linear in
k2⊥ in the denominator will produce up to a k21⊥ term in
the numerator, while k2⊥ disappears in the numerator.
Similarly to the k−1 k

þ
2 term, this term does not have a

UV-divergent power count. Hence, the only UV-diver-
gent contribution comes from the k1 · k2 term. Then the
sum of UV-divergent contribution to this diagram can
be written as

1

2

Z
dPSk1

Z
dPSk2

k−2 − k−2
ðk01Þ2kþ2 ðk01 þ k02Þ2

× 2πδðkþ1 þ kþ2 − Pþð1 − zÞÞ; ð142Þ

which vanishes. Hence, we conclude that the diagram
A�

5A7 is UV finite. Therefore, the only doubly real
diagram that contains a UV divergence is A�

2A5, which
we considered in the previous section.
The analysis of the NLO diagrams in this section shows

that the threshold double logarithms, which arise from
double UV poles, can only arise from the planar diagrams
that we considered in the previous section. While the
double UV pole only appears in the virtual-real planar
diagram, the cancellation of the mixed double pole requires
the corresponding doubly real diagram. All other diagrams
can produce at most single UV poles,
The analysis of the doubly real diagrams also serve as a

double check of the virtual-real diagrams: if a doubly real
diagram contains a UV pole, the corresponding virtual-real
diagram can contain a double UV pole because the virtual
loop integral can contain additional UV divergences that
arise from the unbound kþ integral. The nonappearance of
UV divergences in doubly real diagrams other than the
planar diagram we considered in the previous section is
consistent with our analysis that the only double UV pole
arises from the planar virtual-real diagram.

3. Results and discussion

The 3P½8� soft function at NLO is given by

S3P½8� ðzÞ ¼ −ð1 − ϵÞ ðN
2
c − 4ÞðN2

c − 1Þ
Nc

1

πm2Pþ

×

�ðπμ02=m2ÞϵΓð1þ ϵÞ
ð1 − zÞ1þ2ϵ −

αsCAðπμ02=m2Þ2ϵ
2π

×
ϵ−2UV þOðϵ−1Þ
ð1 − zÞ1þ4ϵ þOðα2sÞ

�
; ð143Þ

where we neglect contributions at order αs that do not
produce threshold double logarithms. At order αs, the
expansion in powers of ϵ produces many terms; since
we are only interested in identifying the threshold double
logarithms, we can discard contributions that are unrelated
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to leading singularities at z → 1. The factor
ð1 − ϵÞðπμ02=m2Þ2ϵϵ−2UV gives4

ð1 − ϵÞðπμ02=m2Þ2ϵϵ−2UV ¼ 1

ϵ2UV
þ 2 log μ2

4m2 þ 2γE − 1

ϵUV

þOðϵ0Þ: ð144Þ

while the factor ð1 − zÞ−1−4ϵ yields

1

ð1 − zÞ1þ4ϵ ¼ −
δð1 − zÞ
4ϵIR

þ 1

ð1 − zÞþ
− 4ϵ

�
logð1 − zÞ

1 − z

�
þ

þ 8ϵ2
�
log2ð1 − zÞ

1 − z

�
þ
þOðϵ3Þ: ð145Þ

We can see that the ϵ−2UV term in Eq. (144) and the order-ϵ2

term in Eq. (145) produces the double logarithmic term

½log2ð1−zÞ
1−z �þ. This threshold double logarithm is associated

with the singular contribution in the anomalous dimension

of S3P½8� ðzÞ that is proportional to ½logð1−zÞ
1−z �þ, which comes

from the ϵ−2UV term in Eq. (144) and the order-ϵ term in
Eq. (145). Equivalently, the singular contribution in the
anomalous dimension can also be obtained from the
ϵ−1UV log μ

2 term in Eq. (144) and the order-ϵ term in
Eq. (145). The IR pole in Eq. (145) produces mixed poles
like 1=ðϵIRϵ2UVÞ, which will cancel when we consider the

mixing between the 3S½8�1 and 3P½8�
J states, similarly to the

tree-level result. Since the most singular term in the 3S½8�1

soft function at NLO is proportional to ½logð1−zÞ
1−z �þ, this does

not affect the double logarithmic term in the 3P½8� soft
function. If we collect only the most singular terms at each
order in αs, S3P½8� ðzÞ is given at NLO accuracy by

S3P½8� ðzÞjthreshold¼
ðN2

c−4ÞðN2
c−1Þ

Nc

1

πm2Pþ

�
−

1

ð1−zÞþ
þαsCA

π

�
4

�
log2ð1−zÞ

1−z

�
þ

þ 1

ϵUV

�
−2 logð1−zÞ

1−z

�
þ
þ 1

2ϵ2UV

1

ð1−zÞþ

�

þOðα2sÞ
�
; ð146Þ

whose Mellin transform is

S̃3P½8� ðNÞjthreshold
¼ ðN2

c − 4ÞðN2
c − 1Þ

Nc

1

πm2Pþ

�
− logN

þ αsCA

π

�
4

3
log3N −

log2N
ϵUV

þ logN
2ϵ2UV

�
þOðα2sÞ

�

¼ ðN2
c − 4ÞðN2

c − 1Þ
Nc

− logN
πm2Pþ

×

�
1þ αsCA

π

�
−
4

3
log2N þ logN

ϵUV
−

1

2ϵ2UV

�
þOðα2sÞ

�
;

ð147Þ

at large N. If we compare with the corresponding result for
S̃3S½8�

1

ðNÞ in Eq. (114), we see that while the 3P½8� soft

function has the same anomalous dimension at largeN as the
3S½8�1 soft function, that is, the cusp anomalous dimension in
the adjoint representation. However, the coefficient of the

double logarithmic term at order ϵ0 is different from the 3S½8�1

case; this happens because the 3P½8� soft function already has
a logN behavior at leading nonvanishing order in αs.

C. 3P½1�
J

The calculation of the soft functions for the 3P½1�
J channel

is very similar to the 3P½8� case. The isotropic soft function
S3P½1� ðzÞ involves almost the same diagrams as the 3P½8� soft
function, and differs only by color factors. Similarly to the
leading-order case, explicit calculation shows that the
anisotropic soft function STT3P½1� ðzÞ at NLO also carries an

additional factor of ϵ, so that anisotropic contribution
cannot produce threshold double logarithms.

1. Isotropic contribution

Similarly to the 3P½8� case, we first consider the planar
diagrams. The virtual correction to the matrix element of
the operator Wb

βð3P½1�Þ between the vacuum and the one-
gluon state yields

hga;αðlÞjWb
βð3P½1�Þj0ijvirtual

¼ ig2CAδ
abpμðlμδαβ − lβδαμÞ

Z
k

−i
k2 þ iε

p · n
i

−k · nþ iε

×

��
i

l · pþ iε

�
2 i
ðlþ kÞ · pþ iε

þ i
l · pþ iε

�
i

ðlþ kÞ · pþ iε

�
2
�
: ð148Þ

Apart from the overall color tensor, this is exactly the same
as the diagram for the 3P½8� soft function. The UV-divergent
contribution of the virtual planar diagram to the soft
function S3P½1� ðzÞ is then given by

4If we trace back the origin of the ϵ−2UV contribution and keep all
the ϵ-dependent gamma functions, which amounts to the replace-
ment ϵ−2UV → Γð1 þ 3ϵÞΓð1 − ϵÞΓðϵUVÞΓð2ϵUVÞ=½Γð1 þ ϵÞ×
Γð2 þ 2ϵÞ�, the γE does not appear in the expansion in powers
of ϵ, as is usual in the calculation in the MS scheme.
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S3P½1� ðzÞjvirtual;UV ¼ −g2ðd − 2ÞðN2
c − 1ÞCA

Z
dPSl

2πδðlþ − Pþð1 − zÞÞIðlÞ
ðl · pÞ2 þ c:c:; ð149Þ

which is the same as Eq. (122) with the replacement ðN2
c − 4Þ=Nc → 1 in the overall color factor. Now we consider the real

planar diagram. the matrix element of the operator Wb
βð3P½1�Þ between the vacuum and a two-gluon state from the gluon

attachment on the timelike Wilson line is given by

hga1;μ1ðk1Þga2;μ2ðk2ÞjWb
βð3P½1�Þj0ijreal ðaÞ ¼ −ig

�
i

p · k1 þ iε

�
i

p · ðk1 þ k2Þ þ iε

�
2

þ
�

i
p · k1 þ iε

�
2 i
p · ðk1 þ k2Þ þ iε

�

× pμðk1μδμ1β − k1βδ
μ1
μ Þpμ2fa2a1b; ð150Þ

and the one from the gluon attachment on the lightlike Wilson line is

hga1;μ1ðk1Þga2;μ2ðk2ÞjWb
βð3P½1�Þj0ijreal ðbÞ ¼ −ig

i
n · k2 þ iε

�
i

p · k1 þ iε

�
2

pμðk1μδμ1β − k1βδ
μ1
μ Þnμ2fa1a2b: ð151Þ

Similarly to the virtual planar diagram, these results differ from the 3P½8� case only by overall color tensors. The UV-
divergent part of the real planar diagram is given by

S3P½1� ðzÞjreal;UV ¼ −
Z

dPSk1

Z
dPSk22πδðkþ1 þ kþ2 − Pþð1 − zÞÞ

× g2ðd − 2Þ ðN
2
c − 1ÞðN2

c − 4Þ
Nc

CApþ

kþ2 ðk1 · pÞ2½ðk1 þ k2Þ · p�
þ c:c:; ð152Þ

which is equal to Eq. (130) with the replacement ðN2
c − 4Þ=Nc → 1.

The UV power counting of the remaining diagrams is carried out in exactly the same way as the 3P½8� case. The double
virtual diagrams also vanish in the 3P½1� case, because they are proportional to a vanishing color factor fabcδbc ¼ 0. For
diagrams that do not vanish trivially due to color factors, the UV power counting arguments for the 3P½8� soft function apply
exactly the same way. In the doubly real diagrams, the amplitude-level diagrams 3 and 4 do not appear in the color-singlet
case because the timelike Wilson lines in S3P½1� ðzÞ terminate at the field-strength tensors. The explicit expressions for the
amplitude-level results can be obtained from the S3P½8� ðzÞ case by the replacements dbcd → δbd and δyc → 1. The result is that
the contribution from the doubly real diagrams to S3P½1� ðzÞ do not involve UV divergences, except for the planar diagram.
Hence, the NLO threshold double logarithm in S3P½1� ðzÞ is same as S3P½8� ðzÞ, with the replacement ðN2

c − 4Þ=Nc → 1.

2. Anisotropic contribution

It remains to show that the anisotropic contribution STT3P½8� ðzÞ does not contain threshold double logarithms. The strategy of
the calculation is similar to the isotropic case. The UV-divergent contribution to the virtual planar diagram involves the same
one-loop integral IðlÞ, and is given by

STT3P½1� ðzÞjvirtual;UV ¼ −g2ðN2
c − 1ÞCA

Z
dPSl

2πδðlþ − Pþð1 − zÞÞ
ðl · pÞ2 IðlÞ ×

�
p2

p2þ

l2þp2 − 2pþlþl · p
ðl · pÞ2 þ d − 2

d − 1

�
þ c:c: ð153Þ

Similarly to the isotropic case, the mixed double pole in IðlÞ is canceled by the soft IR divergence in the real planar diagram,
so that the contribution from the planar diagrams to STT3P½8� ðzÞ is given by

STT3P½1� ðzÞjplanar;UV ¼ g2ðN2
c − 1ÞCA

μ02ϵ

ð4πÞ2−ϵ
21−2ϵðp2Þϵ

ϵ2UV

×
Z

dPSl
2πδðlþ − Pþð1 − zÞÞ

ðl · pÞ2þ2ϵ

�
p2

p2þ

l2þp2 − 2pþlþl · p
ðl · pÞ2 þ d − 2

d − 1

�
: ð154Þ

The phase-space integral is almost the same as the leading-order case, except for an additional factor of ðl · pÞ−2ϵ in the
integrand. The result reads
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STT3P½1� ðzÞjplanar;UV ¼ g2
3ð1 − ϵÞð1 − 4ϵÞΓð3ϵUVÞ

2ð3 − 2ϵÞΓð4þ 2ϵÞ

×
μ02ϵ

π3−2ϵPþðp2Þ1þ2ϵ

1

ð1 − zÞ1þ4ϵ : ð155Þ

Hence, the planar diagram contribution to STT3P½8� ðzÞ involves
at most a single logarithm.
As was in the isotropic contribution, the doubly virtual

diagrams vanish for the anisotropic contribution, as STT3P½1� ðzÞ
involves the same color tensor as S3P½1� ðzÞ, they are propor-
tional to a vanishing color factor. Similarly to the calcu-
lation of the planar diagram, the virtual-real diagram
contributions to STT3P½1� ðzÞ always involve an explicit factor

of ϵ, which renders the single-UV poles in the virtual one-
loop diagrams finite. The doubly real diagrams need
calculation, which can be done by using the amplitude-
level results for S3P½8� ðzÞ with the replacements dbcd → δbd

and δyc → 1. By explicit calculation, we find that the
potentially UV-divergent integrals that appear in the doubly
real diagrams for STT3P½1� ðzÞ are the same ones that appeared in

S3P½8� ðzÞ, which are in fact UV finite. Hence, the only UV-
divergent contributions to STT3P½1� ðzÞ come from the planar

diagrams, which only produce single logarithms.

3. Results and discussion

As we have shown by explicit calculation, the threshold
double logarithm in the isotropic contributionS3P½1� ðzÞ is equal
to the S3P½8� ðzÞ, with the replacement ðN2

c − 4Þ=Nc → 1 in the
overall color factor. Thus if we collect only the contributions
relevant for threshold double logarithms, we have

S3P½1� ðzÞjthreshold
¼ N2

c − 1

πm2Pþ

�
−

1

ð1 − zÞþ
þ αsCA

π

×

�
4

�
log2ð1 − zÞ

1 − z

�
þ
þ 1

ϵUV

�
−2 logð1 − zÞ

1 − z

�
þ

þ 1

2ϵ2UV

1

ð1 − zÞþ

�
þ Oðα2sÞ

�
; ð156Þ

whose Mellin transform is

S̃3P½1� ðNÞjthreshold¼
N2

c−1

πm2Pþ ð− logNÞ

×

�
1þαsCA

π

�
−
4

3
log2Nþ logN

ϵUV
−

1

2ϵ2UV

�

þOðα2sÞ
�
: ð157Þ

The anisotropic contribution STT3P½1� ðzÞ does not contain thresh-
old double logarithms, because the NLO correction only
involves single UV poles. This implies that the coefficient of

the threshold double logarithmic correction factor in the 3P½1�
J

fragmentation functions are independent of the total spin J of
the QQ̄ state, as was found in the explicit calculation of the
fragmentation function at NLO in Ref. [18]. We also expect

that, from the soft factorization of polarized 3P½1�
J fragmenta-

tion functions, that the threshold double logarithmic correc-
tion factor is also independent of the QQ̄ helicity.
The calculation of the isotropic soft function S3P½1� ðzÞ can

be checked against the calculation in Ref. [44]. The
calculation Ref. [44] at leading nonvanishing power in
the expansion in q, corresponds to the first moment of the
isotropic soft function S̃3P½1� ðN ¼ 1Þ ¼ R

1
0 dzS3P½1� ðzÞ. The

sum of diagrams C and D in Ref. [44] corresponds to the
contribution from the planar diagrams in this work. In
Ref. [44], the UV divergences in the phase-space integral
have been regulated by using a cutoff, while the remaining
UV divergences are regulated dimensionally. This
approach was used in Ref. [44] because the aim was to
isolate the IR divergences in the NRQCD LDMEs; other-
wise, the diagrams would have vanished due to the
scaleless nature of loop corrections to NRQCD LDMEs.
This makes it easier for us to compare the results between
Ref. [44] and our calculation of S3P½1� ðzÞ. In Ref. [44], it was
found that only the diagrams C andD contained double UV
poles, consistently with our results for planar diagrams. The
vanishing of diagrams A and B, as well as the nonappear-
ance of UV divergences in diagrams E and F in Ref. [44]
are also consistent with our analysis of nonplanar diagrams.

D. Summary of NLO results

The results for the threshold behavior of the NLO
calculations of the soft functions are shown in
Eqs. (114), (147), and (157) for the 3S½8�1 , 3P½8�, and 3P½1�

J
channels, respectively. The large-N behavior of the results
can be written in the form

S̃3S½8�
1

ðNÞjthreshold ¼
�
1þ αsCA

π

�
−log2N þ logN

ϵUV
−

1

2ϵ2UV

�
þOðα2sÞ

�
S̃LO

3S½8�
1

ðNÞ; ð158aÞ

S̃3P½8� ðNÞjthreshold ¼
�
1þ αsCA

π

�
−
4

3
log2N þ logN

ϵUV
−

1

2ϵ2UV

�
þOðα2sÞ

�
S̃LO3P½8� ðNÞ; ð158bÞ
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S̃3P½1� ðNÞjthreshold ¼
�
1þ αsCA

π

�
−
4

3
log2N þ logN

ϵUV
−

1

2ϵ2UV

�
þOðα2sÞ

�
S̃LO3P½1� ðNÞ: ð158cÞ

Since CA ¼ Nc, the NLO finite pieces exactly reproduce
the threshold double logarithms in the FFs given in
Eq. (15). The single pole term is exactly the large-N
behavior of the Mellin transform of the 2CAz=ð1 − zÞþ
term in the gluon splitting function PggðzÞ. The double pole
1=ϵ2UV, which does not depend on N or the final state, can
be absorbed into the NLO Wilson coefficient of the soft
factorization formula. The universality of the single and
double pole terms imply that the threshold double loga-
rithms come from a single universal origin, namely, the
cusp anomalous dimension that gives rise to the 2CAz=
ð1 − zÞþ term in PggðzÞ. However, unlike the pole terms the
coefficients of the log2 N term depend on the channel;
because the threshold double logarithm is associated with
an infrared divergence, its coefficient depends on the
final state.

VI. RESUMMATION

Since the threshold double logarithm always occurs from
the planar diagram, the resummation is straightforward; an
exchange of a gluon with momentum l between the
timelike and lightlike Wilson lines implies a loss of
quarkonium momentum by l, or equivalently, an increase
in the momentum of the fragmenting gluon by l. Thus, the
effect of adding this gluon exchange to the tree-level soft
function SLON ðzÞ for channel N can be written in the form

Z
Kþð1−zÞ

0

dlþ

lþ
KðlþÞ½SLON ðzþ lþ=KþÞ − SLON ðzÞ�; ð159Þ

where KðlþÞ is a kernel that can be determined from
explicit calculation of the gluon exchange diagram. The
subtraction term −SLON ðzÞ subtracts the lþ ¼ 0 singularity
so that only the finite piece remains in Eq. (159). By using
change of variables, this integral can be rewritten as a
convolution integral that is diagonalized in Mellin space.
We define z0 through z=z0 ≡ zþ lþ=Kþ, so that Eq. (159)
can be rewritten as

Z
z

0

dz0

z0

�
KðPþð1 − z0Þ=z0Þ

1 − z0

�
þ
SLON ðz=z0Þ

¼
�
KðPþð1 − zÞ=zÞ

1 − z

�
þ
⊗ SLON ðzÞ: ð160Þ

From our NLO calculation of the soft functions we
can identify the Mellin transform of the kernel
½KðPþð1 − zÞ=zÞ=ð1 − zÞ�þ as

JN
3S½8�

1

¼ αsCA

π

Z
1

0

dz
z
zN

�
−2 logð1 − zÞ

1 − z

�
þ
; ð161Þ

for the 3S½8�1 channel, and

JN3P½8� ¼
4αsCA

3π

Z
1

0

dz
z
zN

�
−2 logð1 − zÞ

1 − z

�
þ
; ð162Þ

JN3P½1� ¼
4αsCA

3π

Z
1

0

dz
z
zN

�
−2 logð1 − zÞ

1 − z

�
þ
; ð163Þ

for the 3P½8� and 3P½1� channels. Note that JN3P½8� ¼
JN3P½1� ¼ 4

3
JN

3S½8�
1

, and at large N, JN
3S½8�

1

∼ − αsCA
π log2N. These

expressions follow from the identities

�
−2 logð1− zÞ

1− z

�
þ
⊗ δð1− zÞ ¼

�
−2 logð1− zÞ

1− z

�
þ
; ð164Þ

�
−2 logð1 − zÞ

1 − z

�
þ
⊗

1

ð1 − zÞþ
¼

�
3 log2ð1 − zÞ

1 − z

�
þ
−
π2

3

1

ð1 − zÞþ
þ 2ζð3Þδð1 − zÞ þ 2 log z logð1 − zÞ

1 − z
: ð165Þ

It is straightforward to generalize this result to a ladder of an
arbitrary number insertions of planar gluons. Because the
insertions of planar gluons onto the temporal Wilson line are
time ordered, in Mellin space the gluon insertions exponen-
tiate in the form [47]

S̃resumN ðNÞ ¼ exp½JNN �S̃LON ðNÞ: ð166Þ

Since the z → 1 behavior of the fragmentation function is
contained in the soft function, the same expression holds for
DLOðzÞ.

D̃resum
g→QQ̄ðN ÞðNÞ ¼ exp½JNN �D̃LO

g→QQ̄ðN ÞðNÞ: ð167Þ

This expression contains all of the leading double threshold
logarithms D̃LO

g→QQ̄ðN ÞðNÞ × αns log2n N in theall-orders result

for the fragmentation function, while at leading order in αs
coincideswith D̃LO

g→QQ̄ðN ÞðNÞ.We can also combine theNLO

correction term in the fixed-order calculation of the fragmen-
tation function to obtain the expression
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D̃FOþresum
g→QQ̄ðN ÞðNÞ

¼ exp½JNN �


D̃FO

g→QQ̄ðN ÞðNÞ − JNN D̃LO
g→QQ̄ðN ÞðNÞ

�
; ð168Þ

where D̃FO
N ðNÞ is the fixed-order fragmentation function

computed to NLO in αs, while the last term in the parenthesis
subtracts theNLOdouble logarithm in the fixed-order result to
avoid double counting. In both Eqs. (167) and (168), the
Mellin-space formulas for resummed fragmentation functions
vanish asN → ∞, because the factor exp½JNN � vanishes faster
than anypower ofN. As a result, the resummed fragmentation
functions in z space are regular functions that vanish at z ¼ 1.
Note that there is some freedom in choosing the exact

form of the Mellin-space kernel JNN . Since we are only
interested in resumming the leading double threshold
logarithms, any form that has the same double logarithmic
large N behavior will reproduce the D̃LO

g→QQ̄ðN ÞðNÞ ×
αns log2n N terms in the resummed expression. The form
that we choose is similar to the one that is commonly used
in the Mellin-space resummation of threshold logarithms in
perturbative QCD calculations; it has the advantage that the
z-space expression for the kernel JNN vanishes quickly as
z → 0, so that only the behavior of the fragmentation
function near the threshold z ¼ 1 is affected by resumma-
tion. It also preserves the total fragmenting probabilityR
1
0 dzDðzÞ, because JNN vanishes at N ¼ 1.
Our resummation formula in Eq. (168) differs from the

usual ones found in literature in that we do not formulate it
as a solution of an evolution equation (see, for example,
Refs. [48–51]). In the usual treatment of threshold loga-
rithms, resummation is carried out by evolving the renorm-
alization scale of the fragmentation function from a z-
dependent scale μi ¼ μ0ð1 − zÞ to a z-independent fixed
scale μf ¼ μ0. This is not suitable for the fragmentation
functions we consider in this work, because the
Dg→QQ̄ðN ÞðzÞ that we compute are NRQCD short-distance
coefficients that are determined through perturbative
matching at the hard scale, while physics below the scale
of the heavy quark mass are contained in the NRQCD long-
distance matrix elements. Computing the fragmentation
function at a z-dependent renormalization scale is thus
inconsistent with the perturbative matching procedure.
Instead, our resummation formula in Eq. (168) allows
resummation of threshold logarithms while working at a
fixed hard scale, consistently with the perturbative match-
ing procedure in NRQCD.
The resummation formula in Eq. (168) first appeared in

Ref. [24], which was used to explain the large-pT meas-
urement of prompt J=ψ production rates in Ref. [23]. One
unexpected consequence of the resummation formula that
was found in Ref. [24] is that the vanishing of the
resummed FFs at the threshold z ¼ 1 brings in reduction
of the sizes of the individual SDCs dσQQ̄ðN Þ for the color-
octet channels. Because of this, the strong sensitivity on the

color-octet matrix elements of the quarkonium production
rates computed in the NRQCD factorization formalism is
fairly reduced. This is evident in the calculation of
χc1ð3872Þ production rates in Ref. [52], based on the
hypothesis that it is a hidden-heavy tetraquark where the cc̄

are mostly in the 3S½8�1 state [53–55]. In Ref. [52] it was found
that it is necessary to use the resummed SDCs in order to
explain the prompt χc1ð3872Þ production rates at the LHC,
as the fixed-order calculation leads to an overestimation of
the cross sections, especially when compared to the non-
prompt production rate. In Refs. [56,57], resummed FFs
were used to compute the transverse momentum distribu-
tions of J=ψ and ψð2SÞ within jets. Use of the resummed
FFs in Eq. (168) is crucial in calculations of momentum
distributions, as without resummation it is not possible to
obtain smooth distributions that are well behaved all the way
up to the threshold z ¼ 1.

VII. CONCLUSIONS

In this paper, we presented an all-orders analysis of
threshold double logarithms that appear in quarkonium
fragmentation functions in the nonrelativistic QCD
factorization formalism. As is known from existing calcu-
lations, fixed-order calculations of quarkonium fragmenta-
tion functions involve singularities at the kinematical
threshold due to emission of soft gluons, with the strongest
singularities coming from the threshold double logarithms.
While these singularities are integrable, this makes it
impossible to ensure the positivity of quarkonium produc-
tion rates in fixed-order perturbation theory, because in this
case the fragmentation functions can never be positive
definite for any choice of nonperturbative NRQCD matrix
elements. This problem can only be resolved by resumming
the threshold double logarithms to all orders in perturbation
theory.
Resummation of threshold double logarithms can be

carried out through soft factorization, which helps identify
and isolate the source of threshold singularities. This
procedure, which is based on standard methods of factori-
zation in perturbative QCD, is discussed in detail in Sec. III.
Calculation of the soft functions at leading and next-to-
leading orders in the strong coupling are shown in Secs. IV
and V, respectively. Through these calculations we showed
that the threshold singularities in the fragmentation func-
tions are indeed completely contained in the soft functions,
and the threshold double logarithms can only arise from a
specific type of planar diagram. As shown in Sec. VI, this
allows us to resum the threshold double logarithms to all
orders in the strong coupling, in a similar manner as the
usual resummation of Sudakov double logarithms. While
the result for the resummed fragmentation function was
first presented in an earlier publication in Ref. [24], the
detailed derivation and calculation of the soft function is
shown here for the first time. The analysis presented in this
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work also makes it clear that the resummation formula for
quarkonium fragmentation functions also applies to polar-
ized fragmentation functions, which was argued without
proof in Ref. [24].
As was shown in Ref. [24], only after threshold double

logarithms are resummed to all orders is it possible to
construct quarkonium fragmentation functions that are pos-
itive definite. This is integral in establishing a proper
description of prompt J=ψ production rates at very large
transversemomentum.Thecalculationpresented in thiswork
provides the detailed derivation of the resummation formal-
ism used in Ref. [24]. The use of resummed fragmentation
functions was crucial in phenomenological studies of large-
pT production rates of J=ψ in Ref. [24], prompt production
rates of χc1ð3872Þ inRef. [52], and the transversemomentum
distribution of J=ψ and ψð2SÞ in jets in Refs. [56,57].
While the problem of singularities in quarkonium frag-

mentation functions is essentially resolved by resumming
threshold logarithms at leading double logarithmic level, the
accuracy of resummation may be improved by computing
the soft functions at single pole level, and also at higher
orders in the strong coupling. Currently the calculation at
single-pole accuracy has only been done for the 3S½8�1

channel, due to complications involving rapidity divergences

that appear in the 3P½8� and 3P½1�
J channels. It may also be

interesting to extend the resummation formalism to next-to-
leading power in the 1=N expansion; such an analysis may
be useful in resolving the poor convergence of the velocity
expansion in the color-singlet channel, where the fragmen-
tation functions are finite but nonzero at threshold [31,33].
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APPENDIX A: MELLIN TRANSFORM

In this appendix we collect useful formulas on Mellin
transforms that we use throughout this paper. We define the
Mellin transform of a function f by

f̃ðNÞ ¼
Z

1

0

dz
z
zNfðzÞ: ðA1Þ

While in the general theory of Mellin transforms the upper
limit of integration is þ∞, in this work we will only deal
with functions that vanish outside the kinematically
allowed region 0 ≤ z ≤ 1, so that throughout this paper
the upper limit of the z integration is always 1. The Mellin
transform diagonalizes the convolution

Z
1

0

dz
z
zNðf ⊗ gÞðzÞ ¼ f̃ðNÞg̃ðNÞ; ðA2Þ

where ⊗ is defined by

ðf ⊗ gÞðzÞ ¼
Z

1

z

dz0

z0
fðz0Þgðz=z0Þ: ðA3Þ

The original function fðzÞ can be restored from f̃ðNÞ
through the inverse Mellin transform

fðzÞ ¼
Z

cþi∞

c−i∞

dN
2πi

z−Nf̃ðNÞ; ðA4Þ

where c is chosen so that all poles of f̃ðNÞ are on the left of
the integration contour. It is evident that f̃ðNÞ must vanish
faster than 1=N as N → ∞ for the contour integral to be
well defined at z ¼ 1. If f̃ðNÞ decreases like 1=N, fðzÞ at
z ¼ 1 can still be found by the limit z → 1−, and the inverse
transform still gives a continuous function of z. However, if
f̃ðNÞ does not vanish as N → ∞, the inverse Mellin
transform instead defines a distribution that is singular at
z ¼ 1. We list below the Mellin transforms of distributions
that appear in this paper:

Z
1

0

dz
z
zNδð1 − zÞ ¼ 1; ðA5aÞ

Z
1

0

dz
z
zN

1

ð1 − zÞþ
¼ −HN−1; ðA5bÞ

Z
1

0

dz
z
zN

�
logð1 − zÞ

1 − z

�
þ
¼ þ 1

2
H2

N−1 −
1

2
ψ ð1ÞðNÞ þ π2

12
;

ðA5cÞ
Z

1

0

dz
z
zN

�
log2ð1 − zÞ

1 − z

�
þ
¼ −

1

3
H3

N−1 −
π2

6
HN−1

þHN−1ψ
ð1ÞðNÞ − 1

3
ψ ð2ÞðNÞ

−
2

3
ζð3Þ; ðA5dÞ

where HN ¼ ψðN þ 1Þ þ γE is the harmonic number,
ψðzÞ ¼ Γ0ðzÞ=ΓðzÞ is the digamma function, γE is the
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Euler-Mascheroni constant, and ψ ðnÞðzÞ ¼ dn
dzn ψðzÞ is the polygamma function. From the large-z asymptotic behavior of the

digamma function ψðzÞ ∼ log z, we obtain the large-N asymptotic behaviors of the plus distributions in Mellin space
given by

Z
1

0

dz
z
zN

�
logm−1ð1 − zÞ

1 − z

�
þ
∼
ð−1Þm
m

logmN; ðA6Þ

for m ¼ 1; 2; 3….

APPENDIX B: HELICITY DECOMPOSITION FOR 3P½1�
J FFS

The polarized 3P½1�
J gluon FFs have first been computed in Ref. [41] in cutoff regularization. These results can be

translated to dimensional regularization based on the method developed in Ref. [30]. We obtain

Dsoft
g→QQ̄ð3P½1�

J;hÞ
ðzÞ ¼ 4α2s

3ðd − 1Þm5N2
c

��
QJ;h

2J þ 1
− aJ;h log

μΛ
2m

�
δð1 − zÞ þ aJ;h

ð1 − zÞþ
þ Ph

JðzÞ
2J þ 1

�
þOðα3sÞ; ðB1Þ

where

a1;0 ¼ a1;1 þ a1;−1 ¼
1

2
; ðB2aÞ

Q1;0

3
¼ 1

8
;

Q1;1 þQ1;−1

3
¼ 0; ðB2bÞ

a2;0 ¼
1

10
; a2;1 þ a2;−1 ¼

3

10
; a2;2 þ a2;−2 ¼

3

5
; ðB2cÞ

Q2;0

5
¼ 1

40
;

Q2;1 þQ2;−1

5
¼ 0;

Q2;2 þQ2;−2

5
¼ 3

20
; ðB2dÞ

P0
1ðzÞ
3

¼ −
z
4
−
z2

2
;

P1
1ðzÞ þ P−1

1 ðzÞ
3

¼ −
z2

2
; ðB2eÞ

P0
2ðzÞ
5

¼ −
1

20z4
½zð2z5 þ 5z4 þ 36z3 − 468z2 þ 864z − 432Þ þ 216ðz − 2Þðz − 1Þ2 logð1 − zÞ�; ðB2fÞ

P1
2ðzÞ þ P−1

2 ðzÞ
5

¼ −
3

10z4
½zðz5 þ 4z4 − 56z3 þ 152z2 − 192zþ 96Þ

þ 24ðz4 − 5z3 þ 10z2 − 10zþ 4Þ logð1 − zÞ�; ðB2gÞ

P2
2ðzÞ þ P−2

2 ðzÞ
5

¼ −
3

5z4
½zðz5 − 7z4 þ 25z3 − 37z2 þ 24z − 12Þ

þ 3ðz5 − 6z4 þ 14z3 − 16z2 þ 10z − 4Þ logð1 − zÞ�: ðB2hÞ

These expressions agree with the results shown in Ref. [39].

APPENDIX C: LIGHT-CONE COORDINATES

We use the following definition for light-cone coordinates:

a� ¼ a� ¼ 1ffiffiffi
2

p ða0 � a3Þ; ðC1Þ

so that
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a · b ¼ aþb− þ a−bþ − a⊥ · b⊥: ðC2Þ

The d-dimensional integral is given by

Z
ddk ¼

Z þ∞

−∞
dkþ

Z þ∞

−∞
dk−

Z
dd−2k⊥: ðC3Þ

The k⊥ integral can be computed by using

Z
dd−2k⊥ ¼ 2π

d−2
2

Γðd−2
2
Þ
Z

∞

0

jk⊥jd−3djk⊥j

¼ 2π1−ϵ

Γð1 − ϵÞ
Z

∞

0

jk⊥j1−2ϵdjk⊥j ðC4Þ

for d ¼ 4 − 2ϵ.
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