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We develop a formalism for resumming threshold double logarithms that appear in fragmentation
functions for production of heavy quarkonia. Threshold singularities appear in fixed-order calculations of
quarkonium fragmentation functions in the nonrelativistic QCD factorization formalism due to radiation of
soft gluons. Because of this, fixed-order quarkonium fragmentation functions are not positive definite, and
can lead to unphysically negative cross sections. This problem can be resolved by resumming threshold
logarithms to all orders in perturbation theory, which renders the fragmentation functions finite and ensures
the positivity of cross sections. We present a detailed derivation of the resummation formalism and derive
the formula for resummed quarkonium fragmentation functions, which can be computed entirely within
perturbation theory without the need for nonperturbative model functions.
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I. INTRODUCTION

It has been known for a long time that short-distance
hadronic cross sections involve large corrections from
radiation of soft gluons, which can be resummed by
exponentiation [1-15]. In fixed-order perturbation theory,
the soft-gluon corrections produce logarithmic singularities
that spoil the convergence of the perturbative expansion
near the boundaries of phase space. As the strongest
singularities of this type appear as double logarithms, they
are commonly referred to as threshold double logarithms.
These logarithms can be resummed to all orders in
perturbation theory with the help of perturbative factori-
zation, and only then the cross sections become finite and
smooth near the threshold.

It has also been known that fragmentation functions for
production of quarkonia, when computed in the nonrela-
tivistic QCD (NRQCD) factorization formalism [16],
involve singularities of similar nature. The appearance of
threshold double logarithms in quarkonium fragmentation
functions was first discovered by Braaten and Lee in the
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next-to-leading order (NLO) calculation of the color-octet
38, gluon fragmentation function for heavy quarkonium in
Ref. [17]. Later, threshold double logarithms were also
found in the NLO calculation of P-wave fragmentation
functions in Ref. [18]. Because these singularities are
associated with radiation of soft gluons, quarkonium
fragmentation functions computed in fixed-order perturba-
tion theory involve distributions that become increasingly
singular at the kinematical threshold with increasing order
in the strong coupling. For some time these singularities in
fragmentation functions have been considered not much
more than a technical nuisance that requires some care
when computing cross sections [19,20], as they are
integrable and do not produce actual divergences in
sufficiently inclusive observables such as transverse-
momentum-dependent cross sections. This conventional
viewpoint faced a serious challenge when it was found that
quarkonium production rates computed at NLO accuracy
can turn unphysically negative at very large transverse
momentum. This happens because the threshold double
logarithmic singularities in fragmentation functions can
indeed produce dynamical effects in production rates,
because they produce radiative corrections of the form
a,log? pr, where a; is the strong coupling and p; is the
transverse momentum of the heavy quarkonium. This lead
to an effort to theoretically understand the threshold
logarithms in quarkonium fragmentation functions to all
orders in perturbation theory [21,22], so that measurements
of large-pr production rates of J/y in Ref. [23] could be
well described in QCD.
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https://orcid.org/0000-0003-1628-9315
https://orcid.org/0000-0003-4473-4834
https://orcid.org/0000-0003-3824-1769
https://ror.org/0461cvh40
https://ror.org/047dqcg40
https://ror.org/024ctqw02
https://crossmark.crossref.org/dialog/?doi=10.1103/l4w2-v2f6&domain=pdf&date_stamp=2026-04-27
https://doi.org/10.1103/l4w2-v2f6
https://doi.org/10.1103/l4w2-v2f6
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

HEE SOK CHUNG, U-RAE KIM, and JUNGIL LEE

PHYS. REV. D 113, 074029 (2026)

The first complete calculation of resummation of thresh-
old double logarithms in inclusive hadroproduction rates of
heavy quarkonium was presented in Ref. [24]. Similarly to
the case of hadronic cross sections in perturbative QCD,
after resummation the quarkonium fragmentation functions
no longer involve singularities at the kinematical threshold.
Because of this, at least for some choice of NRQCD
long-distance matrix elements, it is possible to construct
quarkonium fragmentation functions that are positive
definite over the whole kinematically allowed region,
which ensures positivity of production cross sections.
In contrast, this is impossible in fixed-order perturbation
theory, because the singularities produce distributions that
change sign rapidly at the kinematical end point. Hence,
only after threshold resummation can the large-p; pro-
duction rates of heavy quarkonia be under theoretical
control.

In this paper, we present the detailed derivation of the
threshold resummation formalism used in Ref. [24]. The
formalism is based on standard methods of perturbative
factorization in QCD, such as the Grammer-Yennie
approximation [25] that systematically isolates the source
of infrared singularities of Feynman diagrams in gauge
theories. This leads to a soft factorization of the quarko-
nium fragmentation function in terms of soft functions,
which completely contain the threshold singularities in
the fragmentation function. The threshold singularities in
the soft functions take an especially simpler form at the
double logarithmic level, which allows an all-orders
resummation by exponentiation. This results in fragmen-
tation functions that are free of threshold singularities,
and are smooth and well behaved at the kinematical end
point, similar to nonperturbative model functions used
to describe fragmentation functions for single inclusive
hadron production.

This paper is organized as follows. In Sec. II we collect
the known results for fixed-order calculations of quarko-
nium fragmentation functions in the NRQCD factorization
formalism. In Sec. IIl we derive the soft factorization
formulas for quarkonium fragmentation functions. The
validity of soft factorization is then verified at leading
nonvanishing order in the strong coupling in Sec. IV. In
Sec. V we compute the soft functions at NLO in the strong
coupling, and identify the source of the double logarithmic
singularities at threshold. Based on the NLO results of the
soft functions, the resummation formula for threshold
double logarithms in quarkonium fragmentation functions
are derived in Sec. VI. We conclude in Sec. VIIL.

II. THRESHOLD LOGARITHMS IN
QUARKONIUM FRAGMENTATION FUNCTIONS

A. NRQCD factorization

In the NRQCD factorization formalism [16], the trans-
verse-momentum-dependent inclusive production rates of a

heavy quarkonium Q at large transverse momentum pr is
described by the factorization formula

dog dooov)
P9 _NT 2N 109N, 1
i EN dp (O°(N)) (1)

where the short-distance coefficient (SDC) do g ) /dpr
corresponds to the pr-differential cross section of a heavy
quark Q and an antiquark Q pair in a specific color and
angular momentum state A, and (O¢(N)) is the NRQCD
long-distance matrix element (LDME) that describes the
nonperturbative evolution of the QQ in the state \ into a
quarkonium @ plus light particles. The sum over A is
usually truncated at a chosen accuracy in the nonrelativistic
expansion; for the P-wave quarkonia such as Q = y.; with

J=0,1,and 2 the 3P[JI] and 3§ [18] channels appear at leading
order in the nonrelativistic expansion, while for S-wave

quarkonia such as Q@ = J/y or y(2S) the 38[11], 35[18], 1S([)g],

and 3P[]8] channels give dominant contributions to the cross

section.

The SDCs can be computed perturbatively. At large pr,
we can compute the SDCs in the leading-power (LP)
fragmentation formalism [26,27]

LP A
090w, _ /'dzm
= =J0

Dl—> n Z), 2
dp, P dps ooy (2, (2)

999

where 6;) is the cross section for production of a
massless parton i =g, g, or g with momentum K,
Di_op(z) is the fragmentation function (FF) for
fragmentation of a parton i into QQ(N), z = PT/K™ is
the fraction of the QQ momentum P along the + direction,
which is taken to be the direction of P in the lab frame.
Both the &;x) and the FFs D;_,5(\(z) are available to
NLO accuracy,1 which allow computation of the SDCs to
NLO at large py. The validity of Eq. (2) is based on the
collinear factorization theorem of QCD, which is the
foundation of all first-principles calculation of single
inclusive hadron production at large transverse momen-
tum; for heavy quarkonium production in NRQCD, the
formula has been tested numerically up to p;y = 400 GeV
at NLO accuracy [20,29]. Corrections to Eq. (2), which
are suppressed by m?/p? with m the heavy quark mass,
are given in terms of next-to-leading-power (NLP)
factorization.

The D;_p(n)(2) in Eq. (2) can be computed pertur-
batively from the Collins-Soper definition for the FFs
[26]. When computed in fixed-order perturbation theory,
the FFs involve distributions that are singular at threshold

lVery recently, next-to-next-to-leading-order calculation of the
parton production cross sections was reported in Ref. [28].
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z =1 such as plus distributions or the delta function
5(1 = z), because there are diagrams where a QQ are
produced from a gluon after radiation of a fixed number of
soft gluons, or even without emitting any partons at all.
Because the singularities in the FFs are integrable, and the

parton production cross sections dé;x) are regular func-
LP

Q0(N)
these singularities. However, the singularities do affect the

cross sections because the do k) steeply rise as z — l as a

. . LP
power in z, which makes the do 00(N)

behavior of the FFs near threshold.” This problem is
especially important in hadroproduction, because the
steep rise of the d6;k) in z becomes stronger with
increasing pr, due to the decrease of parton densities
in the initial state. Hence, the singular behavior of the FFs
affect the p; shapes of the cross sections da'éPQ( A
Explicit calculations of the FFs D;_, o5y (z) at NLO
accuracy show that the strongest of the singularities at NLO
appear as threshold double logarithms, which are propor-

tional to a,[°t=%)] '@ DLO(z) [17,18]. Here the convo-
lution ® is defined by

tions in z, the cross sections do are finite despite

very sensitive to the

1-z ]+

Uo9E - [T o)

Appearance of threshold double logarithms in perturbative
calculations of FFs has been known for a long time,
such as in D, ,(z) (see, for example, Ref. [5]). These
singularities become more severe with increasing
order in the strong coupling ag, as they appear in the

form a” [%} ., ® D'O(z). As threshold logarithms at
higher orders in a, will have increasingly stronger effects

on the pr shapes of the cross sections daLQPQ< )’ the cross

sections computed in fixed-order perturbation theory will
have very different p; shapes depending on at which order
the perturbation series has been truncated. Therefore, to
obtain a proper theoretical description of large-py produc-
tion rates of heavy quarkonia, it is imperative to understand
the all-orders structure of threshold double logarithms in
quarkonium FFs.

B. Threshold singularities in gluon fragmentation
functions

We now summarize the threshold double logarithms that
appear in NLO calculations of gluon FFs. The gluon FFs
for the 35, 3P 158 and 3P channels to order-a?
accuracy are given by [17,30-34]

Note that this problem is not so severe in calculation of
single inclusive production rates of light hadrons, because in
such calculations the nonperturbative model functions for the
FFs are taken to be regular functions in z that usually vanish as
z—= 1.

mag
D, opesp) (@) = (d=1)(Nz=1)m?

00 = 3Gy NE Dy 4N,

1 13-7z7
+ + log(1 —
(=g, 4 lel=3)
1-2 -
_W} + O(C(?), (4b)
a2 N2—-4 5
DQQQQ(ISLS])(Z)=8m3 AN, [3z—-272+2(1-2z)log(1-2z)]
+0(a}), (4c)

20‘% 0, HA
D000 &) = 5p7 .5 [(y 17 0gg, )00 =Y
z Py(z)

+ +
(1-z), 2J+1

where d is the number of spacetime dimensions, N, = 3
is the number of colors, A(ug) = %‘)(log’z‘—gl + 9+

%—”72+810g2, Po=4N.+2%n; is the QCD beta

function at one loop, P, (z) =2C, [ﬁ+ =24 z(1-2)+

} +0(a)., (4d)

Z
%5(1 —z)} the gluon splitting function, C4 = N, and the

J-dependent constants and functions are given by

1 3 7
QO:Z7 Ql:§7 szg’ (5)
Py(2) :Z(85g26z) +9(5;3Z) log(1-2), (6)
pip) = -2, )
Po(e) = =% 060 ieg1—2). (8)

4

The scales pp and py come from the renormalization of the
QCD coupling and the FF, respectively. The scale y, that
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appears in the P-wave FFs is the renormalization scale for

the 35" matrix element in the MS scheme. The explicit
logarithmic dependence on u, appears in the P-wave FFs
because the IR pole that arises from the phase space integral
of the P-wave production process is canceled by the one-
3SE8]

loop correction to the matrix element. The gluon FF for

the 3S [11] state, which begins at order a?, has been obtained
in Ref. [35] as an integral representation; later, an analytical
result has been obtained in Ref. [36].

Note that the gluon FF for the 3s [18] state, as well as those

for the 3P and 3P states, contain distributions that are
singular at z = 1 at leading nonvanishing orders in a,. Due
to these singularities at the threshold, the cross sections
oo\ are very sensitive to the behavior of the gluon cross
sections 6,k near z = 1. The severity of the singularities
can be quantified through the Mellin transform. The
definition of the Mellin transform and some useful for-
mulas can be found in Appendix A. We see that while the
6(1 — z) term yields a nonzero constant in Mellin space, the
Mellin transform of 1/(1 —z), diverges like —logN,
which makes the z = 1 singularity in the plus distribution
a more severe one compared to the Dirac delta function. It
is known that QCD radiative corrections exacerbate these
singularities; for example, the most singular term in the
N"LO correction to the FF is proportional to

() [ e oo

where DO (z) is the FF at leading nonvanishing order in ;.

©)

/1 dz <as>” [10g2”‘1(1 - Z)}
DN e T
0 2 r -z n

® DLO(z) ~ in ("‘; 1og2N> ‘Do), (10)

which becomes more singular as n increases. As the leading
logarithmic behavior is given by powers of a, log> N, these
singularities are called threshold double logarithms. Due to
the appearance of threshold logarithms, the sensitivity to
the behavior of the gluon cross section near z = 1 becomes
stronger with increasing order in «,, which calls for the
need to resummation.

In the case of the 'S([)] and 35[1] channels, the gluon FFs
are regular functions in z, meaning that the Mellin-space
FFs vanish at least like 1/N as N — co. While radiative
corrections may involve logarithms in N, these logarithms
will always be suppressed by at least a power of 1/N.
Hence, even at higher orders in aj, the gluon FFs for these
channels will not involve distributions that are singular
at z = 1.

The appearance of threshold logarithms in quarkonium
FFs has been confirmed explicitly from NLO calculations.
NLO corrections to the gluon FFs have been computed for
all %S[ ] 3P[J], 'S[ | and 3P[ | channels. The analytical result
for the one- loop correctlon to Dy_> 00(s" )( z) is shown in

Eq. (4a). The radiative correction to Dg_) 00(s) (z), which

only contains regular functions in gz, has been computed
numerically [37,38]. The order— corrections  to
DQQQQ(_%P[JS])(z) and D —00(P) (z) have been computed

semianalytically, where coefflclents of plus distributions
and the Dirac delta function are known exactly, while
contributions from regular functions are known numeri-

3 .
As shown in Appendix A, the large-N asymptotic behavior ~ ally [18]. The order-ag contribution to D g—>QQ(3P[jl])<Z) has
of this term in Mellin space is the form
|
202
_ pLo s
Dg—»QQ(3P[j]])(Z)‘ﬂR:ﬂF:/‘AZZm - Dg—>QQ(3PM (Z) + 9N2 5
log"(1 -z
{Z <‘g ‘)) + 05801 =)+ p" ()| (11)
0 +
where DLOQQ(3P“ )( 7) is the order-a? contribution shown in Eq. (4d), while the order-a contribution to Dg_) 000P) (z) has
the form
8a2 NZ -4
_ nLO s c
Dg—)QQ(3P[j8 )(Z)|MR:MF:MA:2”1 - g—>QQ(3P[jg])(Z) + 3(d _ 1)(N% _ l)mS 4Nc
2
log"(1 -z
[Z ( T )> +pys(1—z2) + p¥(z)|. (12)
i Z
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log?(1—

where DO — )) term are independent

4007l \©
of the color and J of the final state, and depend only on N,.:

(z) is the order-a? contribution shown in Eq. (4). The coefficients of the (

= p = —an.. (13)

while the py, pg, ps, and the regular functions p(z) in general depend on J and the color. By taking the Mellin transform, we

can find the large-N asymptotic behaviors of the 351, 3P® and 3Pl

- 7o

W Frs given by

D, opps) (V) ~

- 8a? N2 —
3(d—1)(N2=1)m> 4N,

g—00¢P (N) ~ INZm

where the - - -

w—mw—wwb‘

4 [— logN + O(1/N°) +

202
— [—logN+ O(1/N%) +

WW%W+~ﬂ+0@x (14)
S—N”(log3N+-~)} +0(a?),  (14b)

S—Nc(log3N + - )] + O(a?), (14c)

represent terms that are less divergent than the preceding term. While the threshold double logarithm in the

3S[8] gluon FF is ——N log? N times the leading-order piece, the threshold double logarithm in the P-wave FFs is

4”" N, log?> N times the leading-order piece for both 3P[8] and 3P[ | channels. That i is, if we only collect the leading
threshold double logarithms in the NLO correction, we can write

D,-goesty(N) ~ <1_ g + 0l )>D roooest M) (152)
D 4aNe. 2y | HLO
D opep)(N) ~ (1 —3, 1og'N+ O(as))DgﬁQQ@P[Js])(N), (15b)
D 4N, 2y | HLO
D, ppurn(N) ~ (1 ~ 37 log?N + O(as))D  pony (V) (15¢)

We see that not only the threshold double logarithms do
appear in quarkonium FFs, they begin to appear at different
orders in a,, because while D ), begins at order aj,
DyﬁQQ(BP[Jg]) and D.(/—>QQ(3P[,]])
fixed-order calculation, threshold logarithms will be
always truncated inconsistently; for example, a fixed-
order NLO calculation of quarkonium production rates
will include contributions from FFs to order-a? accuracy,
which will include the first threshold double logarithm in

the 3S[18] channel, while the threshold logarithms in the
P-wave channels will be neglected. This inconsistency
can cause the quarkonium production rates computed at
NLO to turn negative at large transverse momentum as the
negative correction from the threshold double logarithm in

-00(s)
begm at order 2. Hence, in a

the 35[18] gluon FF becomes amplified. Because of this, an
all-orders resummation is the only proper way to treat the
threshold double logarithms in production of heavy
quarkonia.

C. Quark fragmentation and polarized
fragmentation functions

Before we move on to the next section, for completeness
let us inspect the quark FFs and polarized FFs for
production of polarized quarkonia. The results for quark
FFs and polarized FFs are summarlzed in Refs. [34,39].

Quark FFs appear from order a? in the 3S[ and 3S[ ]
channels; they are continuous functions in z, and thelr
Mellin transforms vanish like 1/N as N — oo. Hence,

similarly to the case of the 'SH and 35[11] gluon FFs,
logarithmic corrections to the quark FF will be power
suppressed and will not lead to singular distributions.
Due to the quark-gluon mixing in the splitting func-
tions, the threshold logarithms in the 3S[18] gluon FF may
mix into the quark FF at higher orders in a,; however,
because the quark-gluon mixing contribution in the
splitting function vanishes like 1/N, these logarithms
are always power suppressed when they appear in the
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quark FF, and do not produce singular distributions in
Z space.

Finally, let us discuss the singularities in the polarized
FFs. It is known from explicit calculations that to order a?
accuracy that the polarized 3$ [18], 1SB8], and 3P"¥ gluon FFs
that produce longitudinally polarized S-wave vector quar-
konium are regular functions in z. The same is true for the
polarized gluon FFs for the 35[11] channel, which begin at
order @, and also for the quark FFs, which are known
through order 2. Hence, the polarized FFs for production
of longitudinally polarized S-wave vector quarkonium do
not involve singular distributions in z. In particular, the

explicit NLO calculation of polarized 3S [18] gluon FF shows
that the relation in Eq. (15a) for leading threshold double

logarithms in the 3§ [18] gluon FF still holds for production of
transversely polarized J /y or y(2S) [17]. In the case of y .,

or y,,; production, the helicity decomposition for the 35[18]

and 3P[JI] FFs shown in Appendix B, indicates that the gluon
FF for production of polarized y,; or y;,; contains singu-
larities for every helicity state, and the relation in Eq. (15a)

for the 3S[18] gluon FF holds for every helicity state in the
production of polarized y,.; or y;;.

While loop corrections to the *PY and 3P gluon
FFs have not been computed for the polarized case, we
expect the relation in Eq. (15b) to hold for production
of transversely polarized S-wave vector quarkonium,
and Eq. (15¢c) to hold for production of y,.; or y;,; for
every helicity state, because the attachments of soft
gluons that are responsible for generating threshold
logarithms do not change the heavy quark spin. We
will show this in the following sections using the
general analysis of threshold logarithms in quarkonium
FFs.

III. SOFT FACTORIZATION

In this section, we investigate the z — 1 behavior of the
gluon FFs in the presence of an arbitrary number of soft
gluons, which will allow us to compute threshold loga-
rithms to arbitrarily high orders in a;.

A. Grammer-Yennie approximation

We begin with the operator definition of the gluon FF for
production of a hadron H, which is given by [26]

= —g*a” /+00 dx— e Kx
27K+ (N2 = 1)(d-2) J_
X <O|Giﬂ(0)¢zbc(oo,O)aL(maH(P)
x (00, x7)GY, (nx7)[0), (16)

Dg—)H(Z)

(Se]

where K is the momentum of the initial-state gluon, Gﬂ,, =
G4,T* is the QCD field-strength tensor, ®¢”(y, x) is a path-

ordered exponential of the gluon field in the k direction in
the adjoint representation defined by

@ (y,x) = Pexp {—ig / ’ dxlk-Aadj(k/l)}, (17)

X

with P the path ordering, n is a lightlike vector defined
through n- K = K™, and ag(py 1s an operator that annihi-

lates an H with momentum P, so that aL( p)QH(P) projects

onto states that contain an H with momentum P. Our goal is
to find the z — 1 behavior for production of a QQ in a
specific color and angular momentum state. The production
of a Q0 from a fragmenting gluon occurs through the
process g* — QQ, followed by radiation of an arbitrary
number of gluons from Q and Q lines. Because we are
interested in the region z = 1, we only consider the case
where the gluon attachments to Q or Q are soft. In this case,
we can apply the Grammer-Yennie approximation (soft
approximation) to simplify the Feynman rule for soft-gluon
vertices [25,27,40]. The outermost gluon attachment to the
Q line can be simplified as

i(p +k+m)
(p1 + k) —m?* + ie
_ L R2(P0 +K) = (1 + K)p* + my]
= u<p1)T 2 .
2py -k + k™ +ie
2000 + k) = Kyt

u(p)y"Te

=1 T
u(p) 2p, -k + k> +ie
-
_ 4
~ T ———, 18
ap)T (18)

where p, is the momentum of the Q, and k is the outgoing
momentum of the gluon. In the last line, we neglected k
compared to p; in the numerator, and neglected k> compared
to p; - k in the denominator. Similarly, the outermost gluon
attachment to the Q line can be simplified as

i(=ph—k+m)
Ta
(py + k) —m? + ie’ v(p2)
i[=2(ph + k) + 7" (P + k) +mp*]
= 2 . T U(pZ)
2p, -k + k7 +ie
_i[2(p5 + ) — v,

p— T
2p, - k+k* +ie v(p)

L (19)
i o
P2 k+ie P2

with p, the momentum of the Q. For multiple gluon
attachments, the same approximation can be applied sequen-
tially, beginning with the outermost gluon attachment. An n-
gluon attachment to a Q line in the soft approximation
leads to

074029-6
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l'pllll T4 lp/fz T% l'pllln T

il ,
(pl)p,'kl+iepl-k2+i€ p1 -k, +ie

(20)

where y; and a; are the Lorentz and color indices of the ith
gluon, respectively, and k; is the momentum carried by the
ith gluon. This is equivalent to the Feynman rule for n-gluon
attachment to the path ordered, time ordered Wilson line in
the p, direction, defined by

W, (' 1) =Pexp {—ig[ﬂ dip, -A(plﬂ)} (21)

Similarly, soft-gluon attachments to the Q line are equivalent
to the antipath ordered, time ordered Wilson line in the p,
direction:

_ 4
W), (7. 1) = Pexp {4—1’9/ d/lpz-A(pz/l)], (22)

t

with P the antipath ordering. This lets us write the amplitude
for g* — QQ followed by radiation of an arbitrary number
of soft gluons as the operator

-
|

Al = T[a(p1)W,, (00,0)(=igr*T*)Wp, (00, 0)v(p,)],
(23)
where T is the time ordering, and ¢ and a are the Lorentz and

color indices of the fragmenting gluon, respectively. Then
the gluon fragmentation function in the soft approximation

can be written as
2 K,n,
Gpa— K+

K,n =t 1BiC xbe
(=22 O A0t (0.0

x2m6(n- p—P* (1-2))T[AG;@;¢(c0.0)]|0),
(24)

—i

Dsoft _
K?+ie

g—00 (Z> = 2M(_glw)cfrag

where M = VP2, Cpy = 29K /22(N2 = 1)(d = 2)), T
is antitime ordering, and p is the operator that reads off the
momentum of the operator to the right. The —i/(K? + ie) is
the propagator of the fragmenting gluon, and tensors g,,, —
K,n,/K" and g,; — K,nz/K* arise from the Feynman rule
of the operators G4, and G4, that create and annihilate the
gluon in the definition of the gluon FF. The delta function
arises from the Fourier transform in Eq. (16).

Equation (24) can be considered a soft factorization
formula, where the z ~ 1 behavior of the FF is contained in
the soft function, which is given by the vacuum expectation
value. Hence, we can investigate the singularities in the
gluon FF at z = 1 by computing the soft function, rather
than the gluon FF itself. Note that while the matching

coefficient of this soft factorization formula can also
receive radiative corrections, our determination at leading
nonvanishing order in «a; is sufficient for computing the
leading threshold logarithms, which is the goal of this
work. Note that, because now the singularities in z are
completely included in the soft function, any residual z
dependence in the coefficient can be neglected by setting
K = P in Eq. (24). We can already calculate the tensors in
Eq. (24) as

Pln® P’
(=) <g”“ — 57 ) <g”” ~ 57 )

PP Pt PRt
= —¢ + 57 - Py = I‘;ﬂ, (25)

which satisfies 1% = I%* and 1P, =1%n, = 0. The
tensor I;/" can be identified as the transverse polarization
sum for a spin-1 boson with momentum P [41]. Hence,

Dsoft 2]“/”5 26
T Pap (Z) ’ ( )

9—00 (Z) = 2]WCfrag

—i
K%+ ie

where S,;(z) is the soft function defined by

S (z) = (0| T[AL; @5 (00.,0)] 226(n - p — PH(1 - 2))

soft
x T[AG @5 (00, 0)]]0). (27)
While it is in principle possible to tackle the soft function
§%(z) directly, the calculation can be further simplified by
projecting the final-state QQ onto specific color and
angular momentum states, which will also allow a more
direct comparison with fixed-order results for the FFs.

B. Spin and color projectors

We use the projector method to project the Dirac spinors
in the soft amplitude A% onto specific color and angular
momentum. We take the nonrelativistic normalization for
the spinors, and take the conventions used in Ref. [42]. In

the spin-triplet case, this is done by the replacement

1) To(p2) == m)és (P M) (4 + m)ALT)

(28)

where the trace is over Dirac and color matrices,
T = W,,(00,0)(=igr' T)W},(c0,0),  p}=p}=m?
P> =M? N;,=1/\/2E,(E; +m) with E;, = p;-P/M,
€y is the polarization vector for the QQ spin in the spin-
triplet state, and A, is the color projector for color-singlet
(c = 1) and octet (c = 8) states given by
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1
A= , 29
1 \/]TC ( )
Te
A§ = , 30
i= (30)

with 1 the SU(N ) unit matrix. The projection onto specific
orbital angular momentum states is done by expressing the
soft amplitude as a function of p = (p; + p,)/2 = P/2
and the relative momentum ¢ = (p; — p,)/2, and then
expanding in powers of g. The S-wave contribution is the
g = 0 term, and the P-wave contribution comes from the
term linear in g. As the only Dirac matrix in I" is y#, the only
Dirac trace that we need is

NN, . u
2\/7W'[I‘Dirac[(ﬁ2 - m)éS(P + M)(?l + m)y }
B w W25 q

==V~ 400+ 2m) e

where we used p - €5 = 0. The right-hand side is equivalent
to Eq. (A9b) of Ref. [30] up to a phase and normalization

convention. Note that since M = 2+/m?> — ¢?, the right-
hand side does not involve terms linear in ¢ when expanded
in powers of ¢, as the second term on the right-hand side is
already quadratic in g. Since we are only interested in the
S- and P-wave states, we only need to retain the first term
on the right-hand side in our calculation of the soft
function. The color trace in the soft amplitude is given by

trcolor[Achl(0070>T0W}L72<°°’ O)]’ (32)

which is in general a function of p and ¢g. When expanded
in powers of g, this can be expressed in terms of the adjoint
Wilson line and the field-strength tensor by using
Polyakov’s identity [43]. We carry out this calculation
for each color and angular momentum state.

C. ¥

In order to project onto the S-wave state, we expand the
soft amplitude in powers of the relative momentum ¢ and
retain only the ¢ = O contribution. As the Dirac trace is
already computed in the previous section, we only need to
consider the color trace, which we compute at ¢ = 0. We
make use of the following identities for products of Wilson
lines:

W, (A 2) = Wo(Ap, AW, (4, 2:), (33a)
W, (Ap A)TOW(As, ) = TP®Y (44, 4;),  (33b)
Wh(As A)TOW ,(Ag, 4) = @9 (A5, )T, (33c¢)

W,(Ap A)Wh(As 4) = 1, (33d)

which hold for 4; > 4 > 4;. From these we obtain

1 .
— ¢t W (00, 0)T*W (00, 0)T¢
\/T_F rcolor( p(oo ) P(oo ) )

1
= q)ba (00 O)trcolor (Tde)
Tk

= \/TF(I)%“(oo, 0), (34)
(8]

where d is the adjoint color index for the 3S;" state. By
combining this with the result for the Dirac trace we obtain

Aﬂad(3S[8 )

soft

V2T piged' ®1(c0,0). (35)
By plugging this into Eq. (24) we obtain

—il2
ﬁ Cfrangnglg"ﬂ

X Y cialPesp(2)Sig(2).  (36)
A

Dsoft =2M
yo00st) 9 ‘

(8]

where we define the 3S}" soft function as

Sign(2) = (OIWVESI )] 278(n - p = P (1= 2))

x WESH)0), (37)
with

WESE) = T[dg (o0, 0)04%(00,0)].  (38)

The polarization sum is evaluated by using

> eha(Aess(A)
A

which yields

PPy

P (39)

- Ia/i = —Gap +—

Cfrag (d - 2)92

DSOft ] (Z) e 4m3

5 . 4
-00(sY) 5‘5[181 (z) (40)

We note that, because the tensor I(}ﬂ vanishes when

contracted with a longitudinal polarization vector, there
is no contribution to DM{QQ(*S*) coming from the longi-
tudinally polarized QQ in the 3S[1] state.

D. 3p8l

We next consider the 3PI®l case. As we have discussed
previously, the Dirac trace does not involve terms linear in ¢,
so that we can set ¢ = 0 in Eq. (31). Hence, the only term
linear in ¢ can come from the expansion of the color trace in
powers of g. The expansion can be carried out by using a
straightforward generalization of Polyakov’s identity [27,43]:
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RESUMMATION OF THRESHOLD DOUBLE LOGARITHMS IN ... PHYS. REV. D 113, 074029 (2026)

- [_ig %C . dx;y)} _p 746 ds exp [_ig /A diA(x(2) dx;j”}

< (-i)G () 2 exp -ty [ araxn) PP o). )

where C is a closed path in spacetime parametrized by x(4), éx is the variation of the path, and x(4;) = x(4) is an arbitrary point
on C. We use this identity to expand the W, (o0, 0) and W}, (00, 0) in the color trace to linear power in g. We obtain

W, (00,0)T“W}, (c0,0)
_ {Wp<oo,o> —ig [ 1AW, (0 DG (P2 W, 0.0) + o<q2/p2>] T9W}, (00,0)

= {Wp(oo,O)T“W;(oo,O) —ig/o dAAW (0, 2)G,, (pA) p*q* W ,(2.0)T* W} (00, 0)

iy [ a0, (o0, 0T W (2. 006 (1) () Wh(oo. 1) + o<q2/p2>} (42)

The first term in the square brackets is the ¢ = O term, and the remaining terms are linear in ¢g. The P-wave contribution
corresponds to the coefficient of ¢ in the linear term. We take the normalization used in Ref. [33], where the P-wave contributionin

the linear term A ,,¢“ in the amplitude is given by A ,¢¢ /v/d — 1, with ¢, the polarization vector for the orbital angular momentum
of the QQ. In this normalization, the color-octet P-wave contribution of the color trace is given by

trcolor[vvpl (oo, O>Ta W;r’z (oo’ O)Ag/]

o iger
VTr(d=1)Jo

+ TOW}, (A, 0) p*GL,(pA) TP W} (00, )T W (0, 0)]. (43)

P-wave

" 4 2 gor [ W (00, 0T W (0. 1) p Gl (pA) TP W, (2. 0) T

We can now use the identities in Egs. (33) and the cyclic property of the trace to reduce the fundamental Wilson lines into adjoint
ones. We have

eotor[Wh (00, 0) T4 W, (00, ) TP W (2, 0)T] = treqjor [ @ (00, A) T TP T (1, 0)), (44)
treotor [T W (4, 0) TP W (00, ) T W ,(00,0)] = treoior[@9 (4, 0)TITP D% (00, 1) T, (45)
which lead to
ayt a ige*u © a'c c a
treotor[Wp, (00,0)T*W ), (00, 0)Ag ] = L dAA®y (00, A)d" ptGh, (pA) @4 (2. 0), (46)

P-wave z(d_ 1) 0

where we used treo ({77, T°}T?) = Trd"* and Tr = 1/2. Note that d"““p*G’,(pA) is a rank-2 tensor in the adjoint
representation of SU(N ), and is a Lorentz vector that is orthogonal to p*. By using this result we obtain the fragmentation
function in the soft approximation

9 1 92 / /
f _ 2 ad * *f
D ooy (3) = g 3g =1y 29 Comet# D_ehalds)es (k) ) el ()ef (1)
S L
x (0| CPE] 228(n - p — PH(1 = 2))W" (CPH)|0), (47)
where
Wy CPE) =T { A dAA®} (00, 2) p*Ghy(pA)dP eIy (4, 0) D5 (co, 0)} . (48)
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The polarization sums are given by

pe Pa’
P2

Ze (As)€% (Ag) = Ze (A )ed (A) = I = g + (49)

Since W' (°P 8]} is orthogonal to p¥, we may neglect the P# P#' / P2 term in the polarization sum of €}? (4, )é? (A, ). From this we
obtain

1 g'(d-2)
Dzo_f,tQQ<3P[s])(Z) = _4m mcﬂag&P ( ) (50)
where Siyis(z) is the 3PP soft function defined by
Sspi (2) = (0[[Wyy CPE)]"228(n - p — P*(1 = 2))W* (P [0) 7. (51)

(8]

Similarly to the 3S}” case, the contribution from longitudinal QQ spin vanishes because €%, (4s) is contracted with the tensor /5% .

il
E. P

state. The calculation is similar to the 3P!¥! state, except that we project onto the color-singlet

1

Finally, we consider the 3P
state. We have

trCOlOT[WPl (00, O)Ta le (oov O)Al
_ e
V/Ne(d—=1)Jo

+ TOW (X, 0) p"Gh, (pA ) TP W} (00, 2')W (00, 0)], (52)

} P-wave

" A2 [ W (00, 0) W (00, ') Gl (pA!) T W, (2, 0) T

where again ¢, is the polarization vector for the orbital angular momentum of the QQ. By using the identities in Egs. (33)
we obtain

2T
treotor [ W, (00, O)T“sz(oo, 0)A] = FeL dﬂ’l’p”Gﬁy(pxl’)@f,“(/I’, 0). (53)

P-wave \/7_1 lg

From this we obtain

SO ! 294 ad * psp
ioore) (@) = G No(d — 1) el CSaCsu€iperr Sipy (2). (54)
where
S = (0|WPP (P 2m8(n - p— PH(1 - 2)) WP (P o), (55)
whepll) = /0 dAAp"Gay(pA) @4 (4, 0)®}¢ (00, 0). (56)

For the 3P[Jl] channel, the polarization sums need to be done for specific J/ = 0, 1, and 2. This can be done by making the

replacements €5,€5,€] 4€15 — Haﬂa, > Where

1
J=0 __
H(I/)’(l//}/ - d _1 I(zﬂl(l/ﬂ/’

My = (1 alpy = Lo Lup)

_ 1 1
H({:ﬁij’/}’ = E (Iaa’Iﬁ/}’ + Iaﬁ’la’ﬁ) - m]aﬁl(l«ﬁ/. (57)
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Note that 37, IT/ = Loy Igy. This gives

(gﬁ/;/ I P nyn[,r> (J _ O)
o P2ngny
15T Sty = St % 3 =52 ggp +3 T (J=1). (58)

2 P2 2
_d ( ) g/)’[))/ ol (d_%) Z{in/} (J — 2)

Here, we eliminated the terms involving P and P* in IT/ sy DY USING Sf}f{,]Pﬂ Sﬂ "WPs = 0. The ngngy terms can be

rewritten as

n-p)? (n-p)?
ngng = —mgﬂﬂ/ + <nﬂnﬂ/ + ﬁgﬁﬂ (59)

where the terms in the parentheses vanish when contracted with the isotropic tensor 77/ By using this we can write the
isotropic and anisotropic contributions as

1 _
& U=0
oo / / (d—2) _
I Héﬁa’/}’ fﬁ[l] ‘isotropic = _(d - 2)S€£[1]gﬂﬂ’ X 2(d-1) (J - 1) P (60)
(d=2)(d+1) o
2(d—1)? (/=2
and
pzn n g - # (=0
aal / 5 by’ —
14 H{lﬂ(l,ﬁ,S}P |anisotropic = sf}fm( b +d’—_’f1> x{ % J=1). (61)
p+ d—3
T 2(d-1) (/=2)
From these we can write
S0 1 2(d - 2)94
D)) = o (= 1) e[S + €S )] (©2)
where
Sspin(2) = (0I5, CPU)7276(n - p = PT(1 = 2))Wj(PP) 0) 7', (63a)
P /8
p*n’n”
ST, (2) = (OIDW CPU)]"2a8(n - p = PH(1 = ) WH(P >|0>( - +m), (63b)
+
with
(d—11)2 (J - O)
o = 2(51—_21)) J=1), (64a)
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& (=0
—(d=2)xchp =43 (J=1). (64b)
d-3 —
T 2(d-1) (V=2
Note that > 3_yc/ =1, ¢! = (27 +1)/9+4 O(e), and > 3_, 4y = 0.
We also consider the polarized case. The polarized spin sums are computed by using [39]
J=tjn=1 1
H{lﬂa’/}’ = 5 (ITa(lj IL/)’/J" + ]Laa/IT[)’[)” - IT(I/)” ]La’/} - IL(I/)”]T(I’/J)’ (65)
_ineo 1
Hi/;}//?fo =5 (Iraalrpp — IrapIrap), (66)
J=2|h=2 1
Ha/}a’/)” - 5 <1Taa’ITﬂﬂ’ + ITaﬂ’ITa’ﬂ) - E ITaﬂITa’ﬁ’ ’ (67)
J=2n=1 1
Haﬂa’ﬂ’ = E (ITaa’ILﬂﬁ’ + ILaa’ITﬂﬂ’ + ITaﬂ’ILa’ﬂ + ILaﬂ’ITa’ﬂ>7 (68)
opey d—2 1 1
J=2,h=0
Haﬂajﬂ/ :ﬁ ILaﬂ_mITaﬂ> <1La’ﬂ’ —mITa/ﬂ/>, (69)
where I =57, ot T 2 =50, T, and 1Y = 1% — I We have
‘ 1 2(d-2)g* 3
Z(if»lQQ(3P[JIL) = _mmcﬁag [ Sspii(2) + 77850 ()], (70)
|
where
=1 d=2
J=2,|h|=1 .
. 1 ~(d=2) x e " =25 (71i)
J=LIA=1 = , 71
: Ad=1) . J=2,h=0 1
—(d=-2)x 7" TN =m0 (71))
(d—3) " (d—1)(d-2)
c/=1=0 = , (71b)
2(d-1) o
F. Summary of soft factorization
T2l _ d(d-3) 71 We now summarize the results of the soft factorization in
¢ T 2(d-1)(d=-2)’ (71c) this section. The general soft factorization formula in
Eq. (26) is obtained by applying the Grammer-Yennie
T2 |hl=1 1 approximation (soft approximation) to gluon attachments
o - 20d—-1) (7T1d) 16 the Q and Q lines in the process g* — QQ. The soft
function we obtain is given in Eq. (27), which is valid for
J—2h—0 _ 1 - QQ in an arbitrary color and angular momentum state.
¢ - (d=1)%(d=2) (71e) While it is in principle possible to tackle the general soft
function in Eq. (27) directly, as was done in Ref. [44], the
Jetper  d=2 calculation can be further simplified by projecting the final-
—(d=2) xcpp T (71f) state Q0 onto specific color and angular momentum states.
The resulting soft factorization formulas are given in
“(d=2) x et=0 — _4=3 (71g)  Eas. (40), (50), and (62) for the S\, 3P, and 3P states,
2 respectively, with the corresponding soft functions given in
Egs. (37), (51), and (63). These soft functions for specific
(d=2) x 2= d(d-3) lor and angul tum stat iven b
—(d=2)xcyy S i (71h)  color and angular momentum states are given by vacuum
2(d-2) expectation values of adjoint Wilson lines and field-
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strength tensors. In the following sections, we will compute
these soft functions to reproduce the z — 1 singularities in
the fragmentation functions, from which we can identify
the threshold logarithms.

We note that the expression for the isotropic P! soft
function Ssp(z) has first been found in Ref. [21] in the

context of shape functions. Its first moment [ dzSs(z)

has been obtained in Ref. [27] for the study of infrared
divergences in quarkonium LDMESs; this was also used in

the analysis of universality relations for 3P[Jl] LDME:s in
Refs. [45,46].

We can see that in the projection of the soft function onto
specific color and angular momentum states that the soft
function vanishes for the color-singlet S-wave state; this is
because the color trace in Eq. (32) vanishes for color singlet
when we set ¢ = 0. This is consistent with the fact that the
gluon fragmentation function for 38[11] state is free of
singularities at z = 1. We also note that the Dirac trace
in Eq. (31) vanishes if we use the spin-singlet projector
instead of the spin-triplet one (see, for example, Eq. (A9b)
of Ref. [30]). Hence, the soft function also vanishes when
the final-state QQ is in a spin-singlet state. This is
consistent with the fact that the gluon fragmentation
functions for spin-singlet S-wave and P-wave states do
not involve singular distributions at z = 1. Hence, the
nonvanishing soft functions that are relevant for production

of a heavy quarkonium come from the 35, 3P, and 3P!)’
states.

As we have mentioned previously, the matching coef-
ficient of the soft factorization formula that we obtain in
Eq. (26) is valid at leading order in the strong coupling.
Loop corrections to this coefficient can arise from gluon
attachments to the fragmenting gluon; because the frag-
menting gluon has a virtuality of at least M?, gluon
attachments to the fragmenting gluon do not produce
additional singularities at z — 1. Hence, while radiative
corrections to the matching coefficient can in principle
affect the subleading singularities, the leading singularities
are completely contained in the soft function in Eq. (27) to
all orders in the strong coupling. Because we are only
interested in the leading threshold singularities in the

FIG. 1. Feynman diagrams for soft functions S

3¢l8]
S)

fragmentation functions, we only need to consider loop
corrections to the soft functions.

IV. LEADING-ORDER FRAGMENTATION
FUNCTIONS IN THE SOFT APPROXIMATION

In this section, we compute the soft functions at leading
nonvanishing orders in the strong coupling, and verify that
the soft factorization formulas we obtained in the previous
section reproduce the z — 1 singularities in the leading-
order fragmentation functions. The leading-order Feynman
diagrams are shown in Fig. 1.

A. 38
We first consider the 35[18] channel. The leading non-
vanishing contribution to the soft function comes from the
¢° terms of the adjoint Wilson lines. That is,

WS = 6¢6b + 0(g) = 5 + 0(g).  (72)
so that
Ssgs(z) = 2z8(P*(1 - 2))6%5 + O(ay)
27(N2 - 1)
= Té(l -2)+ O(ay). (73)
which leads to
soft (Z) _ Cfrag(d - 2)92 2”27T(N% - 1)
g—00(s™) 4m?3 Pt
x8(1—z) + O(a3)
aY
:7;13‘ 5(1=2) + O(c?). (74)
By using the tree-level NRQCD matrix element

(0]02205) 35[0y = (4 - 1)(N? = 1) (see Eq. (6.1c)
of Ref. [33]), we obtain the 3S[18] FF in the soft approxi-

mation

(2) (left), Sspis (z) (middle), and Sspp (z) (right) at leading nonvanishing order in the

strong coupling. Black solid lines are timelike Wilson lines in the p direction, dotted lines are lightlike Wilson lines in the n direction,
vertical dashed lines are final-state cuts, filled circles are the spacetime origins, curly lines are gluons, and the symbol ® stands for

insertion of the field-strength tensor.
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oL

m*(d—1)(N> = 1)

Dsofl - (Z) —

o(l - O(a?), 75
9-00(s)) (1-2)+0(a) 75)

which agrees with the full result. As is already clear from the soft factorization formula, the 35[18]

polarized QQ vanishes in the soft approximation, in agreement with the full result.

FF for longitudinally

B. 3P8
Now we consider the *PI® channel. Since the soft function Sspis (z) explicitly contains the field-strength tensors, the
contribution at leading nonvanishing order in a; comes from the matrix element of W;x (*P®) on the vacuum and a single-
gluon state. We have

(g(k) Wy CPE)[0) = (9(k)| A dAA8" p* Gy (p2)d"e16*'5™10) + O(g*)
; I : o a\ Jbyx 2

By squaring this we obtain

S3P[8] (Z) = —(d - 2)

(N2 - N2 U/dpskz”k+ Pr=2)k DY ), (77)

k-p+ie)*(k-p—ie)?

where we used d**¢d**¢ = (N> —4)(N? —1)/N. and dPS, is the massless phase space integral given by

dk
/ 4PS, — / Sy 2000k (78)

where > = u?e’t /(4r) and p is the MS scale. The phase space integral can be evaluated in light-cone coordinates as

2r(kt = PH(1—2)) (k- p)2 . d?ky 8(k*)5(k = PT(1 - 2))
/"PS" k-p+ i)tk p- / o / " / 2nd2 ko)

_2 _€P+( )1+€ (1+€)

(e 7

Here, we integrated over k™ and k* by using the delta functions, and then computed the &, integral by using Eq. (C4). From
this we obtain

(N =4V = 1) T(1+ e 1
S3P[81 (Z> = _(d - 2) N, 2l 2t pt (1 _ Z)1+25 + O(as)' (80)
This gives the fragmentation function in the soft approximation
soft, bare 2&%(1\7% - 4) H 1 2 1 3
Dy o00rm) @) =3y |1 26\ log g, —5 ) T O Ty T O@) ®1)
202(N2=4)[ 8(1-2z2) (1 U 1

=—r - ——log— |6(1 — o o(ad). 82
P (§ e o1 =0+ g+ 0f@)] + 0. (2

In expanding the function 1/(1 — z)'*2¢ in powers of ¢ we used the identity

1 1 1

=- ol =z2)+ || - 83
(1 _ Z>1+ne neR ( ) |:(1 _ Z)1+n€:| N ( )

8]

In NRQCD factorization, the IR pole in Eq. (81) is canceled by the one-loop correction to the 35[1 matrix element, which
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involves both UV and IR poles. When the NRQCD matrix
element is renormalized in the MS scheme, this effectively
amounts to subtracting the IR pole in Eq. (81) and replacing
u by the MS scale p,. Then the renormalized result for

D;O_ff 00¢PY) (z) is obtained by dividing by the normalization

for the 3PI®l matrix element, which is given by (d — 1)(N2 —
1) in the normalization used in Ref. [42]. We thus obtain

soft ( ) — 8&% N% —4
9~00CP*) Y T3 1) (N2 = D)md 4N,

[ (b roett Va4 L]

+ 0(a?), (84)

which reproduces exactly the singular distributions in the

D 9—>QQ(3P[81)(Z)- Similarly to the 35[18}

from longitudinally polarized QQ spin vanishes in the soft
approximation, which is consistent with the fact that the 3P[JS]
FF for longitudinal QQ spin polarization does not involve
singular distributions [33].

case, the contribution

c. !/
We next consider the 3P}/’ channel. Similarly to the 3PI¥!
case, the contribution at leading nonvanishing order in a;
comes from the matrix element of W/l} (3P[Jl]) on the vacuum

and a single-gluon state. We have

(g(R) WS CPI0) = (g(k)| A " diapeGe(pA)5iashalo) + O(g)

. i
_l<k-p+i£

which leads to

S (2) = —(d = 2)(N2 = 1) / 4pS,

3p

2
) P85 — kg5 + O(gP). (85)

218(k+ — PH(1 = 7))

276
STTM(Z) = —(N% - 1)/dPSk

o +0(ay). (86)
(k* = PH(1 -2))
(k- p)?
2122 —2ptktk-p d—2
(Gt ) + ot (57

It is clear from this expression that at leading nonvanishing order in a, Sspp(z) is obtained from Ssps (z) by multiplying
N./(N?% —4). The anisotropic part S3TPT[1] (z) can again be computed in light-cone coordinates. The result is

(N% - 1)6(1 - 6)(1 - 2€)F(1 + 6‘)//26

ST (2) = 0
3P[1](Z) 3(3 _ 26)7[1_€m2P+(1 _ Z)l-‘rle + ((Xs)
NZ-1
=——°- 511 - O(e, ay). 88
N 8(1-2) + 0lc.a) (58)

Because of the explicit factor of €, the SZ;M (z) is free of poles at leading nonvanishing order in . From these we obtain

soft,bare

g—00(CP)

(z) =

4o’ U
o1+ 2e(Tog 2 -
i< |12 (e

[0 (e

= C
3m5NC 2€IR

where we used —2¢(1 — z)7!72¢ = 1 + O(€) to combine the order-¢ coefficient of (1 — z)

2J+1

2JQ+J 1> + 0(62)] (1—# +0(ad) (89)
— log£>5(1 -2)+ (i —11)+ +0(e)| + 0(a?), (90)

~172¢in Sspi(z) and the finite

piece in 87T, (z) into Q,;/(2J + 1). Here the e dependence in the overall factor ¢, is kept, because this corresponds to the

3pli

(1

d-dimensional definition of the 3P 7 matrix element. In the polarized case, we obtain
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soft,bare (Z) — 46!% C'I’h 1+ 2¢ logi — C_J Qj'h -+ 0(62) ; + 0((13) (91)
~00CPY)" T 3mSN, 2m  Ih2J 41 (1 —z)t+2e ’
4o 5(1-2z) 0 M 1
— % | —ZIh_og ) 5(1 — ——+0 O(a}), 92
3N, c [ on + T 11 og5 (1-2)+ =2, + O(e) () (92)

where Qi jp=1 = 0, Qj—i h—0 = 3/8, Qy—24—p| = 3/4, Q=2 jnj=1 = 0,and O, o = 1/8. Again, the ¢ dependences in

the ¢/ are kept, because they correspond to the d-dimensional definition of the polarized P},

the 3P| case, the IR pole is canceled by the one-loop correction to the 3S|
]

(1]

proportional to the tree-level *P’ matrix element. The 3P[J1

obtained by subtracting the IR pole multiplied by the normalization of the *P},
in the polarized case), replacing y by the MS scale y, for renormalization of the 35

normalization ¢; X 2N,.(d — 1) of the polarization-summed 3P}

(1]

matrix element. Similarly to

8] matrix element, which involves an IR pole

short-distance coefficient in the soft approximation is then

(1]

matrix element that is proportional to ¢’ (¢’

8 matrix element, and dividing by the

(1]

matrix element. We obtain

Dot (z) = 4ty 9 _ log”—A 5(1 —7z) +—1 + 0(a?), (93)
90007} 3(d —1)m>N2 [\2J + 1 2m (1-2), ‘
which reproduces exactly the singular distributions in Dq_} 0 Q(3P[]])(Z)' Similarly, in the polarized case, we obtain
! J
4ag Q. Ha aj.n

Dt . = o — — log— )o(1 — —22 | +0(a} 94
veoo0r) () 3(d— 1)m’N? KzJ 1 Gnlogs ol =)+ (-2, " () (94)

| 8

where a;;, = ¢’"/c’|,_,. These again exactly reproduce A. 35[ )
the singular distributions in the polarized results for The Feynman diagrams for the soft function Sis (z) at

in Refs. [39,41], which are shown in

D00y @)
Appendix B

D. Summary of leading-order results

We computed the fragmentation functions in the soft
approximation by using the soft factorization formulas we
obtained in Sec. III. The results in Egs. (75), (84), and (93)
reproduce exactly the singular distributions, namely, the
Dirac delta functions and plus distributions, in the leading-
order fragmentation functions in Egs. (4). This implies that
in Mellin space,

soft
Jim (D355

A (N) =Dy ooy (N)] =0, (95)
meaning that the terms in D, op(v)(z) that are not
reproduced by the soft approximation are regular functions
in z. This explicitly confirms the validity of the soft
factorization at leading nonvanishing order in a.

V. SOFT FUNCTIONS AT NLO

In this section, we compute the soft functions that appear
in the soft factorization formulas for the 35}, 8 3pl8] and 3Pl
fragmentation functions at NLO in «,. We work in the
Feynman gauge.

NLO are shown in Fig. 2. We compute the real and virtual
diagrams separately.

1. Real diagrams

We first consider the real diagrams, where a gluon
attaches to the llghtllke or timelike Wilson lines. The
matrix element of W(3S¥)¢® on the vacuum and the one-
gluon state is given at leading nonvanishing order by

ip~€()
k p+ie

lne()
kn+

<g(k)|W(3S[18])Ch|0> _ fxu/z(sba

fxba5ca+0( >’ (96)

where ¢(k) is the polarization vector of the outgoing gluon.
Then the contribution from the real diagrams to Sgs[x] (z) is
1

given by
SUO (et = PCaNE = 1) [ dPS 20000k = (1 =2))

2 +
|- 2 2]
(k-p)* k'k-p
Here the first term in the square brackets comes from the
square of the first term on the right-hand side of Eq. (96),

(97)
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FIG. 2. Feynman diagrams that appear in NLO calculation of the soft function Sgs[s]( 7). There are additional diagrams that can be
obtained by complex conjugation.

and the second term comes from the cross term. The square of the second term on the right-hand side of Eq. (96) vanishes
because it is proportional to n?> = 0. The phase-space integration is straightforward:

s G = e g ) %)
/ aps, oK ;f;(.]p; LA (2,,>1_6[P/:’;; ) (99)
which give
SOl = 41,V = 1) e e Do) =11+ ) (100)
_ %ﬁ‘l) (ﬁ)z [% 24 %ze + 0(62)} {—5(;;2) + [(1 — i)”%} } (101)

2. Virtual diagrams

The contribution from the virtual diagrams that come from the exchange of a gluon between the lightlike and timelike
Wilson lines is

zg ,6%¢ i
SNLO . = 2R / -y xba H _ xea \oo§ P+ 1 —
3S[]8, (Z)|v1rtual € . gn k-n lEf T ie gp* k- » f % ( ( Z))

o 271'5(1 -2)
= Reig*(N? - I)CAA (K2 +ie)(k-n+ie)(—k - p + ie)

[ )
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It is easy to compute this scaleless one-loop integral by using Schwinger parametrization. We have

1 o
— | dxdyd vk n— ki
A(k2+i£)(k-n+i5)(_k.p+i£) A xay ZAGXP(X +yk-n—zk-p+ie)

&) _ 2
= / dxdydz/ exp | xk? — M + ie
0 k 4x

2e

LTy b 2 g (= 9= 2P)
= )7 /) dxdydzx=~ exp ( ix

11 1 1
_ i 2__<___), (104)
(47)* pyeuv \euv  €R
which gives

o(l —z)—
Py ( )EUV

4, Ca(N2 - 1) 1 <1 1) (105)

O _
Sl;gl[lé] (Z) |vinual - R €uv

The remaining diagrams have to do with the self energies of the lightlike and timelike Wilson lines. The self-energy
diagram for the lightlike Wilson line vanishes in Feynman gauge because it is proportional to n> = 0. The self-energy of the
eikonal line gives the following correction term in the eikonal-line propagator:

. . 2 .
! 2 bex £bxa —p ! — ! !
= 2 (-p)——. 106
l-p+ie {g /k(k+l)-p+i€f ! k2+ie] l-p+ie [-p+ie p p)l-p+is (106)
This gives the field renormalization of the eikonal-line propagator
i i 0 -1
= 1—i > (- cee 107
I-p—iz,(I-p) +ie l-p—i—ie{ or e ”)],,,,0+ (107)
where the --- are terms regular at /- p = 0. The calculation of X,(/- p) is straightforward. By using Feynman
parametrization we obtain
1 1
2,(l-p) ==Cag’p? /
p(l-p) ATP v (k+1)-p+iek®+ie
. - 1
= —Cu?p?——r T / d , 108
AP (471.)2—6 (GUV) 0 X [x2p2/4 —xl- p— i8]€ ( )
0 1 o 4lteex
—i z, (- ) = —Cy¢’p> ——T /di
l@l - p p( P) 1-p=0 A9 D (4”)2_6 (€UV) 0 x(x2p2)1+g
2 oy AT ® 1
I—CAQ (p ) ‘(4”)2_€F(1+€)‘/0 de
_ _ aSCA 1 _ L (109)
T 2€UV 2€IR '
Hence, the self-energy diagrams give the following contribution to the 3$ [18] soft function:
C 1 1
GNLO _%%a __~ \g0
35[18] (Z) self-energy T 2eyy  2eRr 33[]8] (Z)
a,C,(N2 -1 1 1
:#Jr)é(l—z) ———. (110)
p €uv  €R
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3. Results and discussion

The 35[18] soft function at NLO is given by the sum of
Egs. (100), (105), and (110). The result is

aSC (N% - 1) H 2
syo(o) = == (

P 2m
265y — 2 +en?/6 + O(€?)
X
(1 _ Z)1+2€

51— (L _ L
Z€UV €uv  €R

oo )]

)—1—26

(111)

The term involving (1 —z comes from the real
diagram, while the terms proportional to €} — e come

from the virtual and self-energy diagrams. By using the

expansion of (1 —z)~'=%¢ in powers of € given by
1 61 -2) n 1
(I—z)*2  2ep (1-2),
—2log(1 —
e[M} Lo(e),  (112)
1-¢ i

it is straightforward to see that all IR poles cancel in
Si'??(z). In particular, the mixed double pole epheR

cancels between the real and virtual diagram contributions.

The single IR pole e cancels between the real and

self-energy diagram contributions. By using Si“s% (z) =
1

27(N2 —1)8(1 — z)/P*, we can write

+€ULV [ﬁJr%é(l —z)}
+ [—mcig_(lz—z)];(l _12)+_§5(1 —z)} }
+0(e,a?). (113)

Note that now all poles are of UV origin. The order-¢” term
a,Cy/n[-2log(1 —z)/(1 —z)], is exactly the threshold
double logarithmic term that appears in the NLO correction
to the gluon fragmentation function in the S [18] channel. Its
origin can be traced back to the order-e term in the
expansion of (1 — z)~'7%¢ in powers of ¢. Because of this,
the coefficient of the threshold double logarithm is tied to
the double UV pole, and also to the term proportional to
1/(1 —z), in the single UV pole. We also note that the
order-€® term —a,C /m x 1/(1 — z) . is exactly the thresh-

old single logarithmic term in DgeQQPS[f])(Z) at the

factorization scale up =2m, which comes from the
2C4z/(1 =z), term in P.(z). Similarly to the threshold
double logarithm, its coefficient is tied to the §(1 — z) term
in the single UV pole. Hence, the threshold logarithm in the
gluon fragmentation function in the 3S Eg] channel is deter-
mined by the coefficient of the single UV pole of the soft
function, which corresponds to its anomalous dimension.
To see this more clearly for the threshold double logarithm,
let us take the Mellin transform and consider its large N
behavior. We have

§3SE8] (N ) |thresh01d
27(N? =1 C log N 1
— (Ne — 1) ] 4+ Zsta —log?N + g _ 5
Pt b2 euv 2y
+0(a7),

(114)

where at each order in a; we only kept the leading terms at
large N. We may identify the coefficient of the 1/eyy pole
as the cusp anomalous dimension in the adjoint represen-
tation at leading order in «.

B. 3Pl
We now turn to the case of the *PBl channel. The
calculation of the 3PB! soft function is a lot more involved

compared to the 3S[18] case, as the operator definition of
Sspis (z) explicitly contains gluon field operators, and it
already involves an IR pole at leading nonvanishing order
in a,. Fortunately, the amount of calculation needed is
reduced significantly if we only consider the threshold
double logarithmic contributions. As we will see later,
because nonvanishing contributions to the 3P®/ soft func-
tion always involve at least one gluon crossing the cut, the
loop integrals involve only the scale P*(1 —z), so that
from dimensional considerations the next-to-leading-order
results are proportional to (1 — z)~!=#. Hence, the thresh-
old double logarithmic contributions can only arise from
terms proportional to e2(1 — z)~!=%, and so we can only
retain contributions that produce double poles in e.

Similarly to the 35

regarded as the NRQCD matrix element of the 3S [,8]
operator on the 3PB) state at leading power in the non-
relativistic expansion, when the delta function 2z6(n - p —
PT(1 = z)) is replaced with unity. That is, the soft function
integrated over the unbounded momentum £+ = P*(1 — z)
is proportional to the NRQCD matrix element. The next-to-
leading-order correction to the 3S[18] operator on the 3P
state is known to involve only a single IR pole.” This means

case, the 3PB soft function can be

3The double poles in Egs. (3.9) and (3.10) in Ref. [18] are
coming from the vacuum polarization correction to the matrix
element.
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FIG. 3. Planar Feynman diagrams that appear in NLO calcu-
lation of the soft function Ssps (z). There are additional diagrams
that can be obtained by complex conjugation.

that, because integration over Z* does not change the
infrared behavior, the double pole in the soft function

simplifies the calculation, as for the purpose of iden-
tifying threshold double logarithms, it suffices to look
only for UV poles.

1. Planar diagrams

From the per-diagram results available in Ref. [44], we
know that the double UV pole arises from the diagram
where an additional virtual gluon is exchanged between the
timelike and lightlike Wilson lines. As we will see later,
these double UV poles will only arise from planar diagrams
shown in Fig. 3. Here we first consider the contributions
from the virtual and real planar diagrams.

The virtual correction gives the following contribution to
the matrix element of the operator W}*(*P®) between the

must be of ultraviolet nature. This significantly ~ vacuum and the one-gluon state:

b.a VX (3 p[8] . — iR bxy . p a _ ] =i i
(O CPO) i = I Cad P (35 = 1) [ oo

i 2 i i i 2
11
X Kz-p+ie) (l+k)-p+ie+l~p+ie((l+k)-p+ie> } (115)

where b and a are the color and Lorentz indices of the outgoing gluon, respectively. Note the squaring of the timelike
Wilson-line denominators, which follows from expanding the Wilson lines in the p + ¢ and p — ¢ directions to linear power
in g. As we will see later, only the first term in the square brackets involves UV divergences. We thus need to compute the
one-loop integral

—i i i
I(l)=p- . 116
9 pnAk2+ie—k-n+ie(l+k)-p+ie (116)
This integral is computed straightforwardly by using the parametrization
! / ” dxd (117)
—_ — X T —————
ABC  Jy VAT xB1yC)
which leads to
(1) = 2i / / " dxd !
=zlp-n X
Pl e Pk nty((+ k) - p+ie]
p- nﬂ/2€ 0 1
= _‘F(1+€)/ dxdy , . (118)
(4m)>~ 0 [~xyn - p/2+yp*(y =4l p/p?)/4 — ie]'*
We first integrate over x to obtain
/2621+26 y 4] - p/p _ lé‘) —€
1) = - g e [ ay [ (19)
where we used [$° dx(x + a)~'7¢ = a~“eg\,, which is valid for complex a. The integral over y yields
K e o 5 (1 -e)l(2eyy)  €72%T(1/2)[(~erR)
I(l) =— 207%€ (1 T , 120
( ) (4”)2_5 (p ) ( p) (GUV) F(l + 6) F(l/Z _ 6') ( )

where the first term in the square brackets comes from the region y > 4/ - p/p?, while the second term comes from
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0 <y < 4l-p/p* The factor e produces imaginary parts of this integral, but since this cancels when the complex
conjugated diagram is added, it may be discarded without affecting the poles of /(/). By expanding the last line of Eq. (120)
in powers of €, we find

e

I(l) _ _#21—26(192)6(1 . p>—26< 1

5=
2€UV EUVEIR

+ 0(6‘1)>. (121)

The order-¢~! terms do not affect the threshold double logarithms, and can be discarded in this work. Hence, the UV-
divergent contribution of the virtual planar diagram to the soft function Ssp(z) is given by

S3ps (2) Nirwar,uv = —97(d = 2) (e =~ (e - 1) Ca / dps§, 2n5(17 ~ P71 = )] (122)

+ c.c.,
Nc (lp)z

where c.c. denote the complex conjugation of preceding terms. The phase-space integration is almost identical to the tree-
level calculation. We have

I (l . p)2+26 2ﬂ1—€P+(p2)1+26 (2 + 26) (1 )1+4e
which yields
N, —4)(N*=1) e 1 1 1
S : :22d—2(c £ C — o) ). 124
3pl8] (Z)|v1rtua].UV g ( ) Nc A 16”3_2€P+(p2)1+25 (1 _ Z)]Jr46 26‘%\, COVER + (6 ) ( )

The mixed double pole 1/(eyyerR) in the virtual planar diagram contribution cancels against the real diagram. To see this,
it is instructive to recompute the integral I(!) in light-cone coordinates, which also allows us to show that the last term in the
last line of Eq. (115) does not produce double logarithms. We have

/+oo dict /+oo Ak~ [ d2k, | 1 (125)
=1 .
W Qn) 2 2k — k2 +ie) (k" +ie)(I" + - + k" + k= +ie)

We first integrate over k= by using contour integration. For k* > 0, both k> + ie and (I + k) - p + ie denominator poles are
on the same side of the real line, so that the contour integral vanishes. Hence we have

2 0 _ 1
() =—— dkt | a %k . 126
(1) (2m)d-! /_Oo / PR 4 2k 42k (I + 17 — ie] (126)

Note that the &, integral has a UV-divergent power count. If we first integrate over k |, then the k* integral involves IR and
UV poles arising from small and large |k *|. The last term in the last line of Eq. (115) results in a similar integral, except that
the [k + 2k*2 + 2k* (It + I7) — ie] denominator factor is now squared. In this case, the k; integral does not have a UV-
divergent power count, and the integral can at most have a single pole. Since such contributions cannot produce threshold
double logarithms, the last term in the last line of Eq. (115) can be discarded in this work.

By plugging the expression in Eq. (126) into Eq. (122) we obtain

LEETE)
S3P[8‘ |virtual. UV — (d 2)
C
x 2;‘”3 / dﬁ/ dl—/d“z / dk*/d“k
(27) P+)
5(l, —P*(1-2))

127
k(L + 1) kT +2k% +2k+(l++l )= }+CC 27

Now we consider the corresponding real diagram. The matrix element of the operator W;}x (P) between the vacuum and a
two-gluon state from the gluon attachment on the timelike Wilson line is given by
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. . ) . )
a1 (Jey) g2 (Jey) VS (BP0 =i { l ( | > +< l ) |
<g ( 1)9 ( 2>| /}( )’ >|real(a) g pk1+l€ p(k1+k2)+l€ pk1+l8 p(k]+k2)+l€

x pH(ky, 8, — ki g8t ) prodiyd faxdx, 128
'} pEH
The one from the gluon attachment on the lightlike Wilson line is
X ; i i : a )X
(g (k) (o) W CPIIO) oy = =i (p T ) P kB! = gl adent e, (129)

Similarly to the virtual diagram, only the first term in the square brackets in Eq. (128) will give rise to a UV-divergent power
count, so that the remaining term can be discarded. The UV-divergent contribution to Ssps (z) from the planar real diagram

is then given by

S3p (2) |real, v = = / dPSy, /dPSkZZmS(kT +ky —PH(1-2))

(N2 —1)(NZ - 4)
Nc k;(kl :
LA

Cup™*

7d=2) PPk £ %) 7]

+c.c.

Pla—2) P

C
X G 2;’2 /dﬁ/ dl-/d“z/d/ﬁ/ dk /d‘”k
T[

X5<z++k+ P*l—z (2)5(k2)
K+ )2 + +k++k)

+c.c.

(N:=1D)(NZ=4)  Cuu™
= —P(d-2) v G / dl*/ di- /dd 2, / dk*/dd 2%k,
S(I* + k* = PH(1 = 2))5(2 )

+cc., (130)

T VIR 2k 2k (1))

where in the second equality we relabeled momenta k; and
k, as [ and k to allow direct comparison with the expression
in Eq. (127), and in the last equality we integrated over k™~
by using 5(k?). It is now easy to see that the integrands of
Eqgs. (127) and (130) coalesce at k™ = 0, so that the IR
divergence at kt — 0 cancels in the sum of virtual and real
planar diagrams. While the k| integral in Eq. (130) is UV
divergent, there is no source of additional UV poles
because the k* and [T are bounded, unlike the virtual
diagram. Therefore, in the sum of real and virtual planar
diagrams, only the double UV pole in the virtual diagram
produces the threshold double logarithm. We obtain

S3p1 (2) INLO planar
(N2=4)(N2-1) pe
NL- A l67r3_2€P+ (p2)1+2€

)

=¢g(d-2)

(131)

2. UV power counting

Now we consider the remaining NLO diagrams that
contribute to Ssps(z). As we have discussed previously,
threshold double logarithms can only arise in Ssps(z) at

NLO from double UV poles multiplying (1 — z)~!7"¢. We
will show in this section that none of the remaining
diagrams can produce double UV poles, so that they can
be discarded if we only look for threshold double
logarithms.

Note that all doubly virtual diagrams vanish because they
are proportional to a vanishing color factor g?<?fbde = (),
where d”“? comes from the operator definition of the
W} (*P¥) and f4 comes from the attachment of a gluon
onto a Wilson line on the same side of the cut. Some
virtual-real diagrams also vanish if a gluon from the field-
strength tensor attaches to a Wilson line on the same side of
the cut without additional vertices on the Wilson line
between the gluon attachment and the field-strength tensor,
because they are also proportional to the same vanishing
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color factor. This leaves us with only a handful of virtual-
real diagrams and doubly real diagrams.

The virtual-real diagrams involve a one-loop integral,
followed by a phase-space integral over a lightlike momen-
tum Z. The phase-space integral cannot produce double UV
poles, because the #* and ¢~ integrals have finite bounds,
and so only the 7, integral can produce UV poles. In
practice, virtual-real diagrams can produce double UV
poles only when the virtual one-loop integral contains a
double UV pole. This is because, due to dimensional
considerations, the phase-space integral cannot have a
UV-divergent power count unless the gluon with momen-
tum ¢ from the field-strength tensor attaches to the lightlike
Wilson line on the other side of the cut, so that the phase-
space integrand carries factors of £ - n in the denominator;
in such case, the virtual one-loop integral is UV finite
because its integrand carries too many propagator denom-
inator factors.

We have checked that, with the exception of the
planar virtual diagram we computed in the previous
section, all other UV-divergent virtual-real diagrams
contain only single UV poles. This is clear for self-
energy and vertex correction diagrams, as we know
from renormalization of the QCD Lagrangian that they
only involve single UV poles at one loop. The only
diagram that needs attention is the one involving the
triple-gluon vertex, where the additional gluon is
attached to the timelike Wilson line. This diagram
involves the one-loop integral given by

! ! n(k)
/c |:z,ﬂ- p(k. p)z + (l/ﬂ'p)zk'p kz(k—f)z’ (132)

where the numerator n(k) is proportional to

(p ) l’ﬂgﬂﬂ - fﬂP”)([) ) k62 - kﬂpy)pa[g;u/(_k - f)(i + gGﬂ(Q’f - k)y =+ gva(Zk - f)y]

Q= d)[(€ pPE-p - plk- pP) =" (k= R p+ k- p) Rk p =3¢ ).

(133)

It is easy to evaluate the resulting integrals with standard methods, for example by using Feynman parametrization,
to confirm that none contain double UV poles, so this diagram can be discarded as well.
Now we are left with doubly real diagrams. All diagrams that contribute to the matrix element of the operator W;x(3P[8])

between the vacuum and a two-gluon

state from the gluon attachment on the timelike

Wilson line

(g #1 (ky ) g+ (ko) [ W' (3P1)|0) are shown in Fig. 4. Their values are

Aty =g (e e () e
= -
! 2 g_p'k1+i€ p(k1+k2)+l£' pk1+l€ p(k1+k2)+l€_
X pH(ky, 8y — Ky gl ) progvesmb dbed fardx, (134a)
ISR S (R N, I N NS
=—i
3 4 g_p‘k2+i€ p(k1+k2)+l€ p‘k2+i€ p‘(k1+k2)+i€_
X py(klﬂéﬂﬁl _ klﬁ(%]>pﬂ2fa2yc5baldbcd5da5xa’ (134]3)
i i 2
— H( ke 5/41 —k 5,‘41 ﬂz&}’céalbdde azxd’ 134
As lgn.k2+i8<p_k1+i8>p(lﬂﬁ lﬁﬂ)” A (134c)
g
A — ;415142_ /425/41 dbcd balazé‘daéxa&zc’ 1344
A = g 1 P!k + k)8 — (ki + ka)pg]
[P (ky 4 ko) J? (ky + k)? / /
X Gglhm(kl + k27 _kl’ —kz)db"dfbala25d“5x”5yc, (1346)

with G52 (ky, ky, k3) = g"#2(ky = ky) ., + 9" (ky = k3),,, + ¢**1 (k3 — ky),,,- In Eq. (134a), A; and A, are given by the
contributions from the first and second terms in the square brackets, respectively; similarly, in Eq. (134), A3 and A, are
given by the contributions from the first and second terms in the square brackets, respectively. The amplitude A comes
from the A#A* term of the field-strength tensor, while the A5 arises from the triple-gluon vertex. In A; through As, the gluon

attached to the field-strength tensor carries the momentum k,. If we define the crossed amplitudes as A; = A;|,.,,, the
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FIG. 4. Feynman diagrams for amplitudes that give rise to the doubly real contributions in the soft function S, (z) at NLO. See

Eq. (134) and text for definitions of A;—.A;.

contributions to Ssps (z) from the doubly real diagrams are
given by A7 A; and A;‘;lj fori, j =1,2,---,7, multiplied
by 276(k{ + k3 —P"(1 —z)), and integrated over the
phase space of k; and k,. We now examine the UV
divergences in each contribution.

The calculation of the planar diagrams in the previous
section leads to a simple way to analyze UV divergences in
these phase-space integrals. If we evaluate a phase-space
integral over k in light-cone coordinates, the only source of
UV divergences is the integral over k,, because the k=
integral is done by the on-shell delta function 5(k?), and the
k™ integral has a finite bound. Hence, for doubly real
diagrams where the final state involves two gluons with
momenta k; and k,, it suffices to consider only the power
counting of the k;, and k,, integrals, after integrating out
the 5(k3) and 5(k3) with the k7 and k5 integrals. In most
cases, general form of the k;, and k,, integrals at large
lki,| and |k, | can be written as

dd—Z k dd—2 k
/kZu k2b (lkLZ + kZZL)c ’ (135)
11ro Ky TRy
after suitable rescaling of k;, and k,,. There are excep-
tional cases when a factor of k;-k, appears in the
numerator or in the denominator; we will later examine
these cases explicitly. We can easily identify the UV
behaviors of the k;;, and k,, integrals in Eq. (135) by
counting the degrees of divergence. If an integral over k|

behaves like [ %
L

divergence of this integral is d —2 — 2n. If this number
vanishes or exceeds 0 at d = 4, then the k| integral can be
UV divergent. Let us now apply this analysis to integrals of
the form Eq. (135). The case ¢ = 0 is trivial, in which case
the degrees of divergence of the k|, and k,, integrals are
simply givenby d —2 — 2a and d — 2 — 2b, respectively. In
the general case ¢ # 0, if we integrate over k, first, the
degree of divergence of the k,, integral is
d—2—-2(b+ c). Since the only scale of the k,, integral
is |k .|, the remaining k,, integral is proportional to
[ d*2ky [k, |47372(@+b+9) The degree of divergence of
this integral is 2(d —2—a—b —c¢).

Now let us examine the case where a factor of k; - k,
appears in the numerator. From

at large |k |, then the degree of

ki ky = kiky +kiky ki1 Ky, (136)
after integrating out the on-shell delta functions to eliminate
ki and k;, the first and second terms become proportional
to k3, and k? |, respectively. The last term is odd in both
ki, and k,,, while the remaining integrand factors are
even, so that it can be discarded. Hence, integrals with a
factor of k; - k, in the numerator can always be reduced to
the form in Eq. (135).

The remaining case is when the factor k; - k, appears in
the denominator. These integrals appear in the form

278(k{ + ki — P (1 =2))
/ 4Py, / P e Pk 1 ko) - Pk K
(137)

After integration over the on-shell delta functions by
eliminating k7 and k5, the factors k; - p, k, - p, and (k; +
ky) - p involve k3, k3, and k7| + k3, respectively, while
ki -k, involves a linear combination of k7,, k3, and
k| -k, . Explicit calculation shows that we never encoun-
ter cases where both a and b are positive. If b <0 and
a >0, we can combine the [(k; +k,)- p]° and k; -k,
denominator factors by using Feynman parametrization and
shift k5, to eliminate the k| - k,, term in the denominator.
Hence, this integral reduces to the form given in Eq. (135),
and the UV power counting can be done in the same way.
The same applies to the case a < 0 and b > 0. The case
where both a and b are negative can be rewritten as a linear
combination of integrals with either a =0 or b =0
by using 2(k; - p)(ky - p) = [(ky +ky) - p|* = (ky - p)*~
(ks - p)?. As aresult, the UV power counting of all integrals
of the form in Eq. (137) can be done in a similar way.
By applying the UV power counting analysis of all
doubly real diagrams, we find that the only diagrams that
have a UV-divergent power count are: .A3.45 which is the
real planar diagram we computed in the previous section,
Az A, and A% As. Note that the contribution from A}.A4, is
proportional to a vanishing color factor, similarly to its
virtual-real counterpart. Note that none of these diagrams
involve double UV divergences, as only one of the k;, and
ko, integrals are UV divergent. In fact, it can be shown by
direct evaluation that the contributions from .A;f;l5 and
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A:A; are actually UV finite. The diagram AfAs is
proportional to

/dPSk /dPSk kK + kg k) —ky - ky /2
1 T (R)AR)Ph

x 228(k{ 4+ ky — PH(1 —z))
kK + kK — (K ks + kykd )/ V2
- /dPSkl /dPSkz : (kl())Z(kOI)ZkJrkJr
1 2 172
x 278(k{ + kj — PH(1 -2))
276(k{ + ki — P*(1-72))
= \/—/dPS /dPS ,
“ - (kD)2 (kD)2
(138)

where in the first equality we eliminated the kq | -k, term
because it is odd in both k;, and k,,, and in the second
equality we used &y, = (k{, + ki,)/V2. The resulting
integral is now UV finite in both k;, and &, .

The diagram .A%.A; needs more work. If we only collect
the terms that provide a UV-divergent power count, we
have

B/VE = K (/- Ky
/dPSkl/dPSkz : k() 2k+(k0+k )2
PH(1 -2)).

x 278(ki + ki — (139)

If we first integrate over k7 and k5 by using the on-shell
delta functions, and then integrate over k,; followed by
integration over k;, only the k,, integral involves UV
divergences. This means that, only the highest powers of
ky, in the numerator k9, which comes from the k5
component, produces UV divergences. Hence, we can
replace k3 with k5 / v/2 in the numerator without affecting
the UV poles. We have then

ky = ki (ky)*/ky - &y
/ dPS’“/ 4PSi, ~ (K0)2k3 (K0 + k)2

x 2x8(k{ + k3 — Pt (1 -2)).

(140)

We can rewrite the term involving k; - k, in the denom-
inator as

/ dPS / dPS K (k)2
] S G G B

x 228(k{ 4+ ky — PH(1 —z))
= [ dPS dpPS, 2 12

/ b / © Kk (k) + K9)k, - ks
x 2n8(k{ + k3 — PT(1 =2)).

(141)

The k7 k5 term does not have a UV-divergent power count.
In the case of the k;; -k, term, if we combine the

denominator factors (k) +k9)> and k, -k, by using
Feynman parametrization and integrate over k, |, the shift
in k,, that is necessary in eliminating the term linear in
k,, in the denominator will produce up to a k3, term in
the numerator, while k,, disappears in the numerator.
Similarly to the kl‘kzr term, this term does not have a
UV-divergent power count. Hence, the only UV-diver-
gent contribution comes from the k; - k, term. Then the
sum of UV-divergent contribution to this diagram can
be written as

/dPSkl /dPSkz (kO 2k+(k0+k0)

x 2m8(k{ + k3 — PT(1 —2z)),

(142)

which vanishes. Hence, we conclude that the diagram
A:{A; is UV finite. Therefore, the only doubly real
diagram that contains a UV divergence is .4}.45, which
we considered in the previous section.

The analysis of the NLO diagrams in this section shows
that the threshold double logarithms, which arise from
double UV poles, can only arise from the planar diagrams
that we considered in the previous section. While the
double UV pole only appears in the virtual-real planar
diagram, the cancellation of the mixed double pole requires
the corresponding doubly real diagram. All other diagrams
can produce at most single UV poles,

The analysis of the doubly real diagrams also serve as a
double check of the virtual-real diagrams: if a doubly real
diagram contains a UV pole, the corresponding virtual-real
diagram can contain a double UV pole because the virtual
loop integral can contain additional UV divergences that
arise from the unbound k™ integral. The nonappearance of
UV divergences in doubly real diagrams other than the
planar diagram we considered in the previous section is
consistent with our analysis that the only double UV pole
arises from the planar virtual-real diagram.

3. Results and discussion
The 3P soft function at NLO is given by

(NZ-4)(Nz-1) 1

Spi (2) = —(1 —¢) N, am*P*
(mu”?/m*)T(1 +€)  a,Cylap”/m*)*
(1 _ Z>1+2€ 271'
egy + O(e™)
X W +0(@)] 1

where we neglect contributions at order «, that do not
produce threshold double logarithms. At order a,, the
expansion in powers of ¢ produces many terms; since
we are only interested in identifying the threshold double
logarithms, we can discard contributions that are unrelated
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to leading singularities at z— 1. The factor

(1 — ) (u/m?)e? gives'

1 2log 2+ 2y — 1
(1= &) m? ey = 5+ T

€ €
€uv uv
+ 0(e"). (144)
while the factor (1 —z)~!=* yields
1 o(1 - 1 log(1 —
SRR TECC L N 51
(]—Z) € 4€IR (1—Z)+ 1-z2 +
log?(1 —
+ 8¢ {M} +0(e%). (145)
1 —Z +

We can see that the e tenn in Eq. (144) and the order-¢>
term in Eq. (145) produces the double logarithmic term

logz(]—z) . . . .
[F5=—1, - This threshold double logarithm is associated

with the singular contribution in the anomalous dimension

log(l—z)]
1-z

from the egy term in Eq. (144) and the order-e term in
Eq. (145). Equ1valently, the singular contribution in the
anomalous dimension can also be obtained from the
egyv logu? term in Eq. (144) and the order-¢ term in
Eq. (145). The IR pole in Eq. (145) produces mixed poles
like 1/(eredy ), which will cancel when we consider the

of Sspis (2) that is proportional to [=5—] , which comes

mixing between the 3S[18] and 3P[Jg] states, similarly to the
tree-level result. Since the most singular term in the 3S[18]
soft function at NLO is proportional to [l"g(l Z)] , this does
not affect the double logarithmic term in the 3PB! soft
function. If we collect only the most singular terms at each
order in aj, Ssp(z) is given at NLO accuracy by

(Ne—4)ve-1) 1 {_ 1
: (

S3pi8 (2) lthreshold = N am?Pt 1-2)
¢ +

+asCA {4 <log2(1 —Z)>
I /-2log(1—- 1 1
+< 8( Z)) 41 ]
€uv l—Z + 2€UV(1_Z)+

+0(a§)},

(146)

whose Mellin transform is

*If we trace back the origin of the €% contribution and keep all
the e- dependent gamma functions, Wthh amounts to the replace-
ment ey — T(1 + 3e)I(1 — )T (eyy)T(2euy)/[T(1 + €)x
I'(2 + 2¢)], the yg does not appear in the expansion in powers
of €, as is usual in the calculation in the MS scheme.

S3P[3] (N) |threshold

N2 —4)(N2-1) 1
NCETIEE  N
N, zm-P
4 logsN log N
(— ON - 2T 28 >+0( )]
3 uv 2€UV
(V2 —4)(N2—1)—logN
N, am?Pt
4 log N 1
x [14+ 574 log?N og — | +0(ad)],
3 €uv 2€UV

at large N. If we compare with the corresponding result for

S3S[s] (N) in Eq. (114), we see that while the 3PP soft
1

function has the same anomalous dimension at large N as the

38 []8] soft function, that is, the cusp anomalous dimension in
the adjoint representation. However, the coefficient of the

(8]

double logarithmic term at order € is different from the 35

case; this happens because the 3P/ soft function already has
a log N behavior at leading nonvanishing order in a;.

c. pl!

The calculation of the soft functions for the 3P[Jl] channel
is very similar to the 3P8] case. The isotropic soft function
Sspi(z) involves almost the same diagrams as the 3PI8) soft
function, and differs only by color factors. Similarly to the
leading-order case, explicit calculation shows that the
anisotropic soft function ST, (z) at NLO also carries an

additional factor of e, so that anisotropic contribution
cannot produce threshold double logarithms.

1. Isotropic contribution

Similarly to the *P®! case, we first consider the planar
diagrams. The virtual correction to the matrix element of
the operator W§(3Pm) between the vacuum and the one-
gluon state yields

< aa( )|Wﬂ<gp )|O>|v1rtual

= ig2CA5“bp”(lH5;§ — 1467) /

—i i

kk2+i£p n—k-n—|—ie
i 2 i
X
l-p+ie) (I+k)-p+ie
! ! ’ (148)
l-p+ie\(I+k)-p+ie) |

Apart from the overall color tensor, this is exactly the same
as the diagram for the 3P®! soft function. The UV-divergent
contribution of the virtual planar diagram to the soft
function Ss,i(z) is then given by
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218(I+ — PH(1 = 2))I(1)
(1- p)?

which is the same as Eq. (122) with the replacement (N2 — 4)/N,. — 1 in the overall color factor. Now we consider the real
planar diagram. the matrix element of the operator W§(3Pm) between the vacuum and a two-gluon state from the gluon

S3P[1] (Z)|Virtual.UV = _92(d - 2)(N% - ])CA / dPSl +c.c., (149)

attachment on the timelike Wilson line is given by

. . 5 ) ) .
avi (fe Vg%t (k Wb 3P[1] 0 . _ l 1 n i i
<g ( l)g ( 2)| ﬂ( )| >|eal(a) g p -k, +ie p-(k1+k2)+ig p -k +ie P‘<k1+k2)+i£

x pt (kB = kgl ) praf el (150)

and the one from the gluon attachment on the lightlike Wilson line is

. i i 2
(gh (kl)gaz’”z(kz)|W2(3P“])|O>|rea1(b) =T I 1 i <p T+ is) P”(k1ﬂ57;] — kypd ynta faeab o (151)

Similarly to the virtual planar diagram, these results differ from the P case only by overall color tensors. The UV-
divergent part of the real planar diagram is given by

S3pi(2) lrear, v = _/dPSk1 /dPSk22”5<kT +hk — P (1-2))

(N2 —1)(NZ - 4) Car”

X 2 -
g°(d=-2) N, Kkt (ky - p)*[(ky + ks) - p]

+c.c., (152)

which is equal to Eq. (130) with the replacement (N2 —4)/N, — 1.

The UV power counting of the remaining diagrams is carried out in exactly the same way as the P18 case. The double
virtual diagrams also vanish in the 3P'! case, because they are proportional to a vanishing color factor f9¢5°¢ = 0. For
diagrams that do not vanish trivially due to color factors, the UV power counting arguments for the *P!8) soft function apply
exactly the same way. In the doubly real diagrams, the amplitude-level diagrams 3 and 4 do not appear in the color-singlet
case because the timelike Wilson lines in Ss,i(z) terminate at the field-strength tensors. The explicit expressions for the
amplitude-level results can be obtained from the Ss, (z) case by the replacements d”¢¢ — 5°¢ and 8¢ — 1. The result is that
the contribution from the doubly real diagrams to Ssp(z) do not involve UV divergences, except for the planar diagram.

Hence, the NLO threshold double logarithm in Sspi(z) is same as Sip(z), with the replacement (N% —4)/N, - 1.

2. Anisotropic contribution

It remains to show that the anisotropic contribution S;T[S] (z) does not contain threshold double logarithms. The strategy of
the calculation is similar to the isotropic case. The UV-divergent contribution to the virtual planar diagram involves the same
one-loop integral (), and is given by

(It = PH(1 =72)) <p2 Bp?=2ptltl-p d—z)
I(l) x | = + +c.c.  (153)
(I p) i (-p) d-1
Similarly to the isotropic case, the mixed double pole in /(/) is canceled by the soft IR divergence in the real planar diagram,
so that the contribution from the planar diagrams to SZPT[S] (z) is given by

27d
S3T;>Tm(z)|virtua1,uv = - (N =1)C4 / dps,

ﬂ/26 21—26<p2>6
ST (2)] =g (N =1)Cy
3pli] planar, UV c (4n‘)2_€ glzjV

228(It = P*(1-2)) (p> Bp*=2p*itl-p d-2
x / dPS; — e +—) (154)
(- p) rx  (-p) d-1

The phase-space integral is almost the same as the leading-order case, except for an additional factor of (/- p)~%¢ in the
integrand. The result reads
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,3(1=e€)(1 =4e)I'(3eyy)
2(3 = 26)T(4 1 2¢)
IuIZe 1
X TPt (pA) 12 (1 = 7)1+

S.%];J]EI] (Z) |planar, uv — 9

(155)

Hence, the planar diagram contribution to ST% (z) involves
at most a single logarithm.

As was in the isotropic contribution, the doubly virtual
diagrams vanish for the anisotropic contribution, as SZPT[I] (z)
involves the same color tensor as Ssp(z), they are propor-
tional to a vanishing color factor. Similarly to the calcu-
lation of the planar diagram, the virtual-real diagram
contributions to 7%, (z) always involve an explicit factor
of €, which renders the single-UV poles in the virtual one-
loop diagrams finite. The doubly real diagrams need
calculation, which can be done by using the amplitude-
level results for Sspi(z) with the replacements d”¢ — §°¢
and 6"° — 1. By explicit calculation, we find that the
potentially UV-divergent integrals that appear in the doubly
real diagrams for S;,Tm (z) are the same ones that appeared in

Sspis (z), which are in fact UV finite. Hence, the only UV-
divergent contributions to S3TPTM (z) come from the planar

diagrams, which only produce single logarithms.

3. Results and discussion
As we have shown by explicit calculation, the threshold
double logarithm in the isotropic contribution Ss,(z) is equal
to the Sspp5 (), with the replacement (N2 — 4) /N, — linthe
overall color factor. Thus if we collect only the contributions
relevant for threshold double logarithms, we have

S3p[1] (Z) |Lhresh01d

N -1 .
Coam?Pt | (1-2z2), P4
2(1 — — —
" [4<log (1 z)) +L< 2 log(1 z))
1-1z L €yy 1-z2 i

: : }+0(a%)},

2ty (1 -2),

n (156)

whose Mellin transform is
|

S3S[18] (N)|threshold = |:1 +

- a,C 4 log N 1 .
Sspis (V) |inreshota = [1 +—=4 <—§log2N R 2—2) + 0(0‘%)} Spu(N).
v

T

C
%A (—log2N +
VA

2

S3p11 (N) lireshola = ﬂn;ﬁ (—logN)
c 4 logN 1
x 1485 (Zyogy 08X
T 3 €uv 2€UV
+ O(az)] : (157)

The anisotropic contribution ST}, (z) does not contain thresh-

old double logarithms, because the NLO correction only
involves single UV poles. This implies that the coefficient of
the threshold double logarithmic correction factor in the 3P[Jl]
fragmentation functions are independent of the total spin J of
the QQ state, as was found in the explicit calculation of the
fragmentation function at NLO in Ref. [18]. We also expect
that, from the soft factorization of polarized 3P[Jl] fragmenta-
tion functions, that the threshold double logarithmic correc-
tion factor is also independent of the QQ helicity.

The calculation of the isotropic soft function Sspi(z) can
be checked against the calculation in Ref. [44]. The
calculation Ref. [44] at leading nonvanishing power in
the expansion in ¢, corresponds to the first moment of the
isotropic soft function Sipi (N = 1) = [} dzSspi(z). The
sum of diagrams C and D in Ref. [44] corresponds to the
contribution from the planar diagrams in this work. In
Ref. [44], the UV divergences in the phase-space integral
have been regulated by using a cutoff, while the remaining
UV divergences are regulated dimensionally. This
approach was used in Ref. [44] because the aim was to
isolate the IR divergences in the NRQCD LDME:s; other-
wise, the diagrams would have vanished due to the
scaleless nature of loop corrections to NRQCD LDMEs.
This makes it easier for us to compare the results between
Ref. [44] and our calculation of Ssp(z). In Ref. [44], it was
found that only the diagrams C and D contained double UV
poles, consistently with our results for planar diagrams. The
vanishing of diagrams .4 and 15, as well as the nonappear-
ance of UV divergences in diagrams & and F in Ref. [44]
are also consistent with our analysis of nonplanar diagrams.

D. Summary of NLO results

The results for the threshold behavior of the NLO
calculations of the soft functions are shown in
Egs. (114), (147), and (157) for the 35!*), 3P, and 3p!!
channels, respectively. The large-N behavior of the results
can be written in the form

log N 1 -
- 0(a2)| 5% (N), 158
B ) o5 (158
(158b)
€uv €U
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4

- a,C
S3pil (N) |threshold = [1 + TA <—3log2N +

Since C4, = N, the NLO finite pieces exactly reproduce
the threshold double logarithms in the FFs given in
Eq. (15). The single pole term is exactly the large-N
behavior of the Mellin transform of the 2C,z/(1 —z),
term in the gluon splitting function P,,(z). The double pole
1/€$,, which does not depend on N or the final state, can
be absorbed into the NLO Wilson coefficient of the soft
factorization formula. The universality of the single and
double pole terms imply that the threshold double loga-
rithms come from a single universal origin, namely, the
cusp anomalous dimension that gives rise to the 2C,z/
(1 —z), termin P (z). However, unlike the pole terms the
coefficients of the log? N term depend on the channel;
because the threshold double logarithm is associated with
an infrared divergence, its coefficient depends on the
final state.

VI. RESUMMATION

Since the threshold double logarithm always occurs from
the planar diagram, the resummation is straightforward; an
exchange of a gluon with momentum [/ between the
timelike and lightlike Wilson lines implies a loss of
quarkonium momentum by /, or equivalently, an increase
in the momentum of the fragmenting gluon by [ Thus, the
effect of adding this gluon exchange to the tree-level soft
function S} (z) for channel V' can be written in the form

i alt +)[SLO + /et LO
/0 KNSz + 1T /KY) = S (2)], (159)

l+

where IC(I7) is a kernel that can be determined from
explicit calculation of the gluon exchange diagram. The
subtraction term —S30(z) subtracts the /™ = 0 singularity
so that only the finite piece remains in Eq. (159). By using
change of variables, this integral can be rewritten as a
convolution integral that is diagonalized in Mellin space.
We define 7’ through z/7' =z + [T /K™, so that Eq. (159)
can be rewritten as

:[§Q¥%%9Eq+®$£@)

] S (/)
N

(160)

From our NLO calculation of the soft functions we
can identify the Mellin transform of the kernel

KK(PH(1-2)/2)/(1 —z2)], as

log N 1 N
v - 2€[2N> + O(as)} S (N). (158¢)

a,Cy [1d —2log(1 —
sy =0 [1 2023 e
Sy T Jo z -z i

for the 3§ [18] channel, and

da,Cy [ldz ,[-2log(l —z)
N s“A N
S N Bl P IS} 162
Tips =3 A .2 [ - | (162)
da.C Id —2log(1 —
T = % A/ SN “2log(1=2) , (163)
P 3z 0 < -z +

for the 3PP and 3P channels. Note that I =
I = %Jf;[ls], and at large N, J?;[IS] ~ —%10g2N. These

expressions follow from the identities

—2log(1-7z) ~ [-2log(1-2z)
e AU e = R
—2log(1 - z) 1
[ I -z :|Jr (I—2),
~ [3log?(1 —2) = 1
_{ -z L_S(l—z)+
+2a$a1—@+2bgi%%l_@. (165)

It is straightforward to generalize this result to a ladder of an
arbitrary number insertions of planar gluons. Because the
insertions of planar gluons onto the temporal Wilson line are
time ordered, in Mellin space the gluon insertions exponen-
tiate in the form [47]

Sj{"/‘“““(N) = exp[Jx}S‘/L\P(N). (166)
Since the z — 1 behavior of the fragmentation function is
contained in the soft function, the same expression holds for
DYO(z).

Dresum. o (N) = exp[J )] DXO (N). (167)

9—00 g—00(N)
This expression contains all of the leading double threshold
logarithms D'g“g 00N (N) x o log?" N in the all-orders result
for the fragmentation function, while at leading order in «;
coincides with D;g oo (V). We can also combine the NLO

correction term in the fixed-order calculation of the fragmen-
tation function to obtain the expression
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ryFO+resum
Dy~ g0 V)

_ FO
= expl/] <D9—>QQ(N)

(N) = IND (V) (168)
where Df\? (N) is the fixed-order fragmentation function
computed to NLO in a,, while the last term in the parenthesis
subtracts the NLO double logarithm in the fixed-order result to
avoid double counting. In both Egs. (167) and (168), the
Mellin-space formulas for resummed fragmentation functions
vanishas N — oo, because the factor exp[.J j\V/] vanishes faster
than any power of N. As aresult, the resummed fragmentation
functions in z space are regular functions that vanishatz = 1.

Note that there is some freedom in choosing the exact
form of the Mellin-space kernel J%. Since we are only
interested in resumming the leading double threshold
logarithms, any form that has the same double logarithmic

. . ~LO
large N behavior will reproduce the D= oo % (N) x

a’log?" N terms in the resummed expression. The form
that we choose is similar to the one that is commonly used
in the Mellin-space resummation of threshold logarithms in
perturbative QCD calculations; it has the advantage that the
z-space expression for the kernel ]ﬁ'[ vanishes quickly as
z — 0, so that only the behavior of the fragmentation
function near the threshold z = 1 is affected by resumma-
tion. It also preserves the total fragmenting probability
Jo dzD(z), because JY. vanishes at N = 1.

Our resummation formula in Eq. (168) differs from the
usual ones found in literature in that we do not formulate it
as a solution of an evolution equation (see, for example,
Refs. [48-51]). In the usual treatment of threshold loga-
rithms, resummation is carried out by evolving the renorm-
alization scale of the fragmentation function from a z-
dependent scale u; = po(1 —z) to a z-independent fixed
scale py = pg. This is not suitable for the fragmentation
functions we consider in this work, because the
D, _oo(n)(2) that we compute are NRQCD short-distance
coefficients that are determined through perturbative
matching at the hard scale, while physics below the scale
of the heavy quark mass are contained in the NRQCD long-
distance matrix elements. Computing the fragmentation
function at a z-dependent renormalization scale is thus
inconsistent with the perturbative matching procedure.
Instead, our resummation formula in Eq. (168) allows
resummation of threshold logarithms while working at a
fixed hard scale, consistently with the perturbative match-
ing procedure in NRQCD.

The resummation formula in Eq. (168) first appeared in
Ref. [24], which was used to explain the large-p; meas-
urement of prompt J/y production rates in Ref. [23]. One
unexpected consequence of the resummation formula that
was found in Ref. [24] is that the vanishing of the
resummed FFs at the threshold z = 1 brings in reduction
of the sizes of the individual SDCs do gy for the color-

octet channels. Because of this, the strong sensitivity on the

color-octet matrix elements of the quarkonium production
rates computed in the NRQCD factorization formalism is
fairly reduced. This is evident in the calculation of
x¢1(3872) production rates in Ref. [52], based on the
hypothesis that it is a hidden-heavy tetraquark where the c¢
are mostly in the 3S[18] state [53-55]. In Ref. [52] it was found
that it is necessary to use the resummed SDCs in order to
explain the prompt y ., (3872) production rates at the LHC,
as the fixed-order calculation leads to an overestimation of
the cross sections, especially when compared to the non-
prompt production rate. In Refs. [56,57], resummed FFs
were used to compute the transverse momentum distribu-
tions of J/y and y(2S) within jets. Use of the resummed
FFs in Eq. (168) is crucial in calculations of momentum
distributions, as without resummation it is not possible to
obtain smooth distributions that are well behaved all the way
up to the threshold z = 1.

VII. CONCLUSIONS

In this paper, we presented an all-orders analysis of
threshold double logarithms that appear in quarkonium
fragmentation functions in the nonrelativistic QCD
factorization formalism. As is known from existing calcu-
lations, fixed-order calculations of quarkonium fragmenta-
tion functions involve singularities at the kinematical
threshold due to emission of soft gluons, with the strongest
singularities coming from the threshold double logarithms.
While these singularities are integrable, this makes it
impossible to ensure the positivity of quarkonium produc-
tion rates in fixed-order perturbation theory, because in this
case the fragmentation functions can never be positive
definite for any choice of nonperturbative NRQCD matrix
elements. This problem can only be resolved by resumming
the threshold double logarithms to all orders in perturbation
theory.

Resummation of threshold double logarithms can be
carried out through soft factorization, which helps identify
and isolate the source of threshold singularities. This
procedure, which is based on standard methods of factori-
zation in perturbative QCD, is discussed in detail in Sec. III.
Calculation of the soft functions at leading and next-to-
leading orders in the strong coupling are shown in Secs. [V
and V, respectively. Through these calculations we showed
that the threshold singularities in the fragmentation func-
tions are indeed completely contained in the soft functions,
and the threshold double logarithms can only arise from a
specific type of planar diagram. As shown in Sec. VI, this
allows us to resum the threshold double logarithms to all
orders in the strong coupling, in a similar manner as the
usual resummation of Sudakov double logarithms. While
the result for the resummed fragmentation function was
first presented in an earlier publication in Ref. [24], the
detailed derivation and calculation of the soft function is
shown here for the first time. The analysis presented in this
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work also makes it clear that the resummation formula for
quarkonium fragmentation functions also applies to polar-
ized fragmentation functions, which was argued without
proof in Ref. [24].

As was shown in Ref. [24], only after threshold double
logarithms are resummed to all orders is it possible to
construct quarkonium fragmentation functions that are pos-
itive definite. This is integral in establishing a proper
description of prompt J/y production rates at very large
transverse momentum. The calculation presented in this work
provides the detailed derivation of the resummation formal-
ism used in Ref. [24]. The use of resummed fragmentation
functions was crucial in phenomenological studies of large-
pr production rates of J/y in Ref. [24], prompt production
rates of ¥, (3872) in Ref. [52], and the transverse momentum
distribution of J/y and w(2S) in jets in Refs. [56,57].

While the problem of singularities in quarkonium frag-
mentation functions is essentially resolved by resumming
threshold logarithms at leading double logarithmic level, the
accuracy of resummation may be improved by computing
the soft functions at single pole level, and also at higher
orders in the strong coupling. Currently the calculation at
single-pole accuracy has only been done for the 3§ [18]
channel, due to complications involving rapidity divergences

that appear in the P8 and 3P[J]] channels. It may also be
interesting to extend the resummation formalism to next-to-
leading power in the 1/N expansion; such an analysis may
be useful in resolving the poor convergence of the velocity
expansion in the color-singlet channel, where the fragmen-
tation functions are finite but nonzero at threshold [31,33].
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APPENDIX A: MELLIN TRANSFORM

In this appendix we collect useful formulas on Mellin
transforms that we use throughout this paper. We define the
Mellin transform of a function f by

~ ldz
= [ E) (A1)
0o <

While in the general theory of Mellin transforms the upper
limit of integration is 4o, in this work we will only deal
with functions that vanish outside the kinematically
allowed region 0 <z <1, so that throughout this paper
the upper limit of the z integration is always 1. The Mellin
transform diagonalizes the convolution

[E2vea@-ifwam. @)
where ® is defined by
Uo9@ = [ o). ()

The original function f(z) can be restored from f(N)
through the inverse Mellin transform

£2) = / AN vrw,

—ico 2ri (A4)
where c is chosen so that all poles of f(N) are on the left of
the integration contour. It is evident that f(N) must vanish
faster than 1/N as N — oo for the contour integral to be
well defined at z = 1. If f(N) decreases like 1/N, f(z) at
z = 1 can still be found by the limit z — 17, and the inverse
transform still gives a continuous function of z. However, if
f(N) does not vanish as N — co, the inverse Mellin
transform instead defines a distribution that is singular at
z = 1. We list below the Mellin transforms of distributions
that appear in this paper:

I'd
/ZzNé(l—z)zl, (ASa)
0o <
tdz 1
—z =—Hy_,4, A5b
A z (1_Z)+ N-1 ( )

1d log(1 — 1 1 2
/ dz y {M} =t ) +
0 +

z -z 2 12°
(A5c¢)
ldz logz(l—z)] - n?
G0 Ly Ty
AZZ{I—Z+ 3 N1 T g N
1
+HN—1V/(1)(N)—§W(2)(N)
2
—§C(3), (A5d)

where Hy = w(N + 1) + yg is the harmonic number,
w(z) =T"(z)/T(z) is the digamma function, yg is the
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Euler-Mascheroni constant, and y(") (z) = % y(z) is the polygamma function. From the large-z asymptotic behavior of the
digamma function y(z) ~log z, we obtain the large-N asymptotic behaviors of the plus distributions in Mellin space
given by

1 1 m—1 1-= —1)m
/ %ZN { og" Z)} ~ED log”N, (A6)
0o < 1-z + m

form=1,2,3....

APPENDIX B: HELICITY DECOMPOSITION FOR 3P[Jl] FFS

The polarized 3P[Jl] gluon FFs have first been computed in Ref. [41] in cutoff regularization. These results can be
translated to dimensional regularization based on the method developed in Ref. [30]. We obtain

4a; Q. Ha ajn Pli(2)
DYt = - = —a,,log == )8(1 - ’ ! 0(a3), Bl
roorely ) 3(d— 1)mN? KZJ—i—l anlogs )00 -2 +4 —, T T (os) (B1)
where
1
aro = a1 T ai-1 =5, (B2a)
Qo 1 Q11+ 014
==, ——— =0, B2b
3 8 3 (B2b)
1 3
@20 = 1o ay) +ax_ = 10° yp +ay o = 5 (B2c)
1
o _ €L Ooa+ o1 _ 0. Qo2+ Qs _ i’ (B2d)
5 40 5 5 20
PR __z 2  PE+PE__2 (B2e)
3 4 2 3 27
Py 1
ZS(Z) T [2(22° + 5% + 3673 — 46872 + 8647 — 432) + 216(z — 2)(z — 1)?log(1 — 2)], (B2f)
P(z) + P5! 3
2(2) . 2 (2 _ 0 2(2° + 42* — 562° + 15222 — 192z + 96)
+24(z* = 52 + 1022 — 10z + 4) log(1 - 2)], (B2g)
P3(z) + P32 3
M =-3a [2(2° = 7z% + 257° — 377% + 24z — 12)
+3(2° = 62* + 1473 — 1622 + 10z — 4) log(1 — z)]. (B2h)
These expressions agree with the results shown in Ref. [39].
APPENDIX C: LIGHT-CONE COORDINATES
We use the following definition for light-cone coordinates:
1
a, =at =—(a"+d%), Cl
+ ﬁ( ) (C1)

so that
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a-bza*b‘-}-a‘lf’—al-bl. <C2)

The d-dimensional integral is given by

+oo +oo
/ dik = / dkt / dk~ / di=2k,. (C3)

The k, integral can be computed by using

d-2 277 [ d-3
d kL = F(ﬁ) 0 |kJ_| ) d|kJ_|
2

zﬂ.l—e

_ T [T -2
= [k e

for d =4 - 2e.
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