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We develop, in the AdS/CFT correspondence, a method to compute correlation functions when
the conformal field theory (CFT) is governed by the Lindblad equation for open quantum systems, via the
anti–de Sitter (AdS) theory. Using a simple example in AdS3=CFT2, we demonstrate that the predictions of
the AdS theory based on our method match the direct computations in the dual CFT. We also briefly discuss
the relaxation problem and the holographic entropy in this example.
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I. INTRODUCTION

The AdS/CFT correspondence [1–3], embodying the
holographic principle, conjectures an equivalence between
(dþ 1)-dimensional gravity in anti–de Sitter (AdS) space-
time (the “bulk”) and d-dimensional conformal field
theories (CFTs, the “boundary”). AdS/CFT has enabled
probing of strongly coupled quantum field theories (QFTs),
including condensed-matter systems, via bulk perturbative
calculation. Conversely, boundary CFTs provide insights
into the microscopic structure of gravity.
In particular, AdS/CFT can address thermal physics

using the holographic Schwinger-Keldysh (SK) formalism
[4–8]. References [6–8] finally established a way to build
bulk spacetimes dual to SK-like contours, where we glue
several Lorentzian and Euclidean spacetimes. This enables
us to predict various correlators of out-of-equilibrium
quantum systems in the bulk terms. A simplified method
was also proposed in [9].
Not limited to that, AdS/CFT is also applicable to open

systems. For example, [10,11] initiated the study of the
Brownian motion of a test quark in the holographic thermal
bath, using the bulk Nambu–Goto string in a black brane
background. Similarly, [12] developed a method to derive
effective theories of open QFT, where they couple the
QFT to a holographic bath and trace out the bath’s degrees
of freedom by solving the bulk equation of motions.

Conversely, in the scenario in which the holographic
CFTs themselves are open and interact with each other,
the Higgs mechanism [13,14] and the change of the Hilbert
space [15] were investigated.
Despite the remarkable progress, AdS/CFT still cannot

handle the Lindblad equation [16,17], the most fundamen-
tal dynamics of open quantum systems; the corresponding
bulk picture remains unknown. Because many real-
world systems—from condensed matter to black holes—
frequently undergo nonunitary evolution, the holographic
Lindblad dynamics is essential for AdS/CFT to be more
realistic.
The purpose of this article is to provide an answer. We

consider the boundary CFT under the Lindblad equation
and derive the dual bulk description that provides boundary
correlators; the boundary theory is not a bath, but rather the
target open system. As in the SK formalism, the bulk
spacetime consists of forward and backward Lorentzian
segments, with white noise entering the asymptotic boun-
dary condition—this noise reflects the nonunitarity. To
verify the method, we apply it to a real free scalar field on
AdS3 and explicitly compute the one- and two-point
functions. We confirm our model matches the Lindblad
dynamics of a generalized free CFT2 with the initial state
chosen as the vacuum.
Our framework will pave a way for exploring, via AdS/

CFT, open quantum systems and even open gravitational
systems. For instance, our method can incorporate envi-
ronmental effects into AdS/CMP [18–22], which studies
condensed matter phenomena via AdS/CFT. Moreover, in
the context of black hole evaporation, we expect our
framework to provide an alternative prescription for letting
Hawking radiation escape from AdS, similar to approaches
that explicitly attach baths [23–26]. Also, [27] pointed out
that some Lindblad systems share analogous entropy
evolution with black hole evaporation processes.
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II. BULK DESCRIPTION OF BOUNDARY
LINDBLAD DYNAMICS

We present a method to compute, in the gravity lan-
guage, the generating functional that yields the boundary
correlators of Lindblad dynamics.
We begin with a generic d-dimensional holographic

CFT. Let H be the Hamiltonian and Oðx⃗Þ a primary
operator in the Schrödinger picture, where x⃗ denotes the
(d − 1)-dimensional spacelike coordinates. For simplicity,
we further assume thatO is real, spin-0, and independent of
the conjugate momenta of elemental fields. We consider the
following Lindblad equation:

ρ̇ðtÞ ¼ LρðtÞ; ð1Þ

LA≔−i½H;A�þ γ

Z
dd−1x⃗

�
Oðx⃗ÞAOðx⃗Þ−1

2
fOðx⃗Þ2;Ag

�
:

ð2Þ

Here, the jump operator is chosen as O, and γ is a posi-
tive constant (the extension to position-dependent γ is
straightforward). The equation can be solved formally
as ρðtÞ ¼ etLρð0Þ.
The time-ordered correlators for Markovian systems [28]

are given, for 0 < t1 < � � � < tp, as

hOðtp; x⃗pÞ � � �Oðt1; x⃗1Þi
≔ Tr½Oðx⃗pÞeðtp−tp−1ÞLOðx⃗p−1Þ � � �Oðx⃗1Þet1Lρð0Þ�; ð3Þ

where each superoperator acts on the entire expression of
its right. While we focus on correlators of the jump operator
O, our framework below works for other correlators with
minor modifications.
The generating functional to yield (3) is given [29,30] by

Z½J� ≔
Z

DϕeiI½C;ϕ� exp
�Z

t¼∞

t¼0

ddx

�
iJðxÞOfðxÞ þ γOfðxÞObðxÞ −

γ

2
OfðxÞ2 −

γ

2
ObðxÞ2

��
; ð4Þ

where ϕ collectively denotes the elementary fields of the
CFT, I is the CFT action, C is the glued spacetime, and the
subscripts f and b refer to the forward and backward
segments respectively, with x ¼ ðt; x⃗Þ. Figure 1 illustrates
the path integral contour. The two vertical segments in
Fig. 1 represent the Euclidean time evolution that prepares
the initial state ρð0Þ. Generally, initial states whose AdS/
CFT interpretation is clear are those prepared by Euclidean
path integrals, so we consider that ρð0Þ is also prepared in
that manner. For mixed ρð0Þ, one can purify it in advance.
Let us move onto the bulk picture. In the standard AdS/

CFT (γ ¼ 0), the duality is expressed by the equivalence
between the generating functionals of both theories [1–3].
The bulk spacetime metric is assumed to be asymptotically
AdS, meaning that in Lorentzian signature it behaves as

ds2 ∼
dr2

r2
þ r2ð−dt2 þ dx⃗2Þ ðas r → ∞Þ; ð5Þ

where r is the radial coordinate corresponding to the extra
dimension. In most cases, we are interested in flat,
spherical, or hyperbolic space for the spacelike directions
x⃗. Another essential bulk field is the real scalar field Φ dual
to O. It satisfies the asymptotic boundary condition Φ ∼
rΔ−dJ as r → ∞, where J is the CFT external source in (4)
and Δ is the scaling dimension of O, by which the mass of
Φ is given as m2 ¼ ΔðΔ − 2Þ.
To obtain the bulk picture for γ ≠ 0, we need to deform

(4) so that the standard AdS/CFT duality applies. Such a
technique has already been developed in [13,31–35], and
we only need to introduce auxiliary fields. Following that
strategy, we can rewrite Z½J� in terms of the bulk gravity
(see the Appendix) as

Z½J� ¼
Z

DΦDλeiS½M;Φ;Jþλ;λ�− 1
2γ

R
ddxλðxÞ2 : ð6Þ

Above, S is the bulk action, D is the bulk path integral
measure, M is the spacetime manifold whose asymptotic
boundary constitutes C (Fig. 2), and the argument ½� � � ; J þ
λ; λ� in S indicates that Φ is subject to the following
boundary condition:

Φf ∼ rΔ−dðJ þ λÞ; Φb ∼ rΔ−dλ ðas r → ∞Þ: ð7Þ

Similar boundary conditions are imposed on the Euclidean
segments, depending on the boundary initial state. In (6),

FIG. 1. Boundary spacetime C in (4). Only the time contour is
drawn here. The imaginary time evolutions are just for making
the initial state.
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the time domain of ddx is ½0;∞Þ, and all fields take the
same value on each junction surface (Fig. 2). For notational
simplicity, we have omitted bulk fields other than Φ, but
implicitly included them in the path integral measure.
We usually consider the large N (or large central charge)

limit, in which the classical approximation holds in the
bulk. Taking the limit while fixing γ, we can evaluate
the bulk path integral by the on-shell action, after which we
perform the λ-integral.
Here is a remark before turning to the example.

Reference [36] reformulated the Lindblad equation as a
unitary time evolution with white noise. From this perspec-
tive, one can more easily derive (6) by applying the conven-
tional real-time AdS/CFT [6,7], where the λ-Gaussian factor
in (6) is nothing but the ensemble average of thewhite noise.
However, one should note that the formalismof [36] does not
cover the general class of Lindblad equations, as it requires
the total Hamiltonian including the white noise term to be
Hermitian, which is trivially satisfied in the current case
where the jump operators Oðx⃗Þ are all real.

III. EXAMPLE: BULK FREE SCALAR THEORY

We here consider Φ to be a free field with the back-
ground fixed to AdS3, and derive the one- and two-point
functions of its dual CFT.
The model is given as

S ¼ −
1

2

Z
d3x

ffiffiffiffiffi
jgj

p
½gμν∂μΦ∂νΦþm2Φ2� þ Sct; ð8Þ

gμνdxμdxν ¼ −ð1þ r2Þdt2 þ dr2

1þ r2
þ r2dθ2; ð9Þ

where Sct is the counterterm [37] and θ is 2π-periodic. In
the Euclidean segments, the line element dt becomes purely
imaginary.
Let us evaluate Z½J� of (6) with (8), in the large N limit.

First, we fix λ and find the classical solution subject to (7).
For the Euclidean segments, we impose

ΦE ∼ 0 × rΔ−d ðr → ∞Þ ð10Þ

due to ρð0Þ ¼ j0ih0j. The junction conditions on each
gluing surface in Fig. 2 are provided in [6,7]. Then, we
evaluate (8) with the solution and perform the remaining
λ-integral with the on-shell action. In this case, the integral
becomes a Gaussian integral, and can be performed
completely.
Ultimately, we obtain the generating functional (see the

Appendix) as

Z½J� ¼ exp ðSuni½J� þ Sdiss½J�Þ; ð11Þ

where we define

Suni½J� ≔ −
2ðΔ − 1Þ2

π

Z
dtdθdt̂dθ̂Θðt − t̂ÞFΔðt − t̂; θ − θ̂ÞJðt; θÞJðt̂; θ̂Þ; ð12Þ

Sdiss½J� ≔
2γðΔ − 1Þ4

π2

Z
dtdθdt̂dθ̂dt0dθ0Θðt − t0ÞΘðt̂ − t0ÞJðt; θÞJðt̂; θ̂Þ

× ½FΔðt − t0; θ − θ0Þ − FΔðt0 − t; θ − θ0Þ�½FΔðt̂ − t0; θ̂ − θ0Þ − FΔðt0 − t̂; θ̂ − θ0Þ�; ð13Þ

FΔðt; θÞ ≔
�
−2i sin

�
tþ θ − iϵ

2

��
−Δ

�
−2i sin

�
t − θ − iϵ

2

��
−Δ

: ð14Þ

Here, we have introduced the iϵ-prescription as in [7]. While Suni is the standard unitary term, Sdiss reflects the dissipation.
The above generating functional yields multipoint functions (3) by differentiating it with J to set J ¼ 0. First, since Z½J� is

quadratic in J, the one-point function trivially vanishes: hOðt; θÞi ¼ 0. The two-point function is, for 0 < t1 < t2, given by

hOðt2; θ2ÞOðt1; θ1Þi ¼
2ðΔ − 1Þ2

π
FΔðt2 − t1; θ2 − θ1Þ −

4γðΔ − 1Þ4
π2

Z
dtdθfΘðt1 − tÞ

× ½FΔðt1 − t; θ1 − θÞ − FΔðt − t1; θ1 − θÞ�½FΔðt2 − t; θ2 − θÞ − FΔðt − t2; θ2 − θÞ�g: ð15Þ

FIG. 2. Bulk spacetime M to correspond to C in Fig. 1. The
fields are identified at the junction surfaces of the same color. J
and λ are in the boundary condition (7).
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Again, the first term is the standard unitary two-point
function, and the second term is the new contribution. For
general Δ, the UV regulator ϵ cannot be sent to 0 (see the
Appendix).

IV. COMPARISON WITH GENERALIZED
FREE CFT

Then, what CFT does the above bulk model describe?
The model, under the probe approximation, is known to
be dual to a generalized free CFT2 when γ ¼ 0, as is
evident from (12). Thus, we expect the model with γ ≠ 0

to predict correlators up to Oðγ1Þ in a generalized free
CFT that evolves from the vacuum state under (1). This
is because (a) AdS3 corresponds to the vacuum state and
(b) the probe approximation remains valid as long as the
boundary state stays close to the vacuum. To see a further
match between the bulk and boundary beyond Oðγ1Þ, the
backreaction to the metric field must perturbatively be
accounted for in (8).
Thus, we calculate the one- and two-point functions to

Oðγ1Þ from (4), expanding it with respect to γ. Then, we
find that hOi consists of terms as h0jOj0i and h0jOOOj0i.
Since the CFT is now a generalized free theory and
h0jOj0i ¼ 0, we conclude hOðt; θÞi ¼ 0 by the Wick
theorem. Similarly, for the two-point function, we find
that terms of h0jOOj0i appear in Oðγ0Þ and those of
h0jOOOOj0i appear in Oðγ1Þ. The former corresponds to
the first unitary term in (15), and the latter to the second
(see the Appendix for details).

V. COMMENTS ON RELAXATION
AND ENTROPY

In the above simple model, can we extract some
information about relaxation from (15)? Indeed, (1) has
a trivial steady state ρ ∝ 1 (Gibbs state in the high-
temperature limit). Unfortunately, however, calculations
up to Oðγ1Þ reveal nothing about relaxation, since the
probe approximation is only applicable while the spacetime
remains very close to the vacuum AdS solution (i.e., while
the CFT state remains close to the vacuum), and will break
down at late times. To study late-time dynamics, we need to
survey beyond Oðγ1Þ.
In fact, the calculation of the entropy up to Oðγ1Þ

indicates that the probe approximation cannot capture
relaxation. To obtain the entropy, one computes the
partition function on the replica manifold. In the bulk,
the replica manifold is constructed by setting J ¼ 0 in
Fig. 2 and connecting the forward segment of the ith replica
to the (iþ 1)th backward segment, where the white noise is
independent across replicas. As a result, one finds that the
entropy remains zero at Oðγ1Þ. Since the CFT does not
evolve unitarily, the entropy must change to a nonzero
value, implying that we must go beyond Oðγ1Þ to see

information about relaxation. A detailed derivation in both
the bulk and the boundary is provided in Appendix.
In the future, by incorporating backreaction on the metric

and studying up to Oðγ2Þ, one may observe signatures
about relaxation in the correlation functions and a non-
trivial time evolution of the entropy. Alternatively, it would
be interesting to find an exact solution in a two-dimensional
model such as Jackiw–Teitelboim gravity.

VI. SUMMARY AND DISCUSSION

In this article, we developed a method to compute
time-ordered correlation functions in the bulk when a
holographic CFT is open and governed by the Lindblad
equation. In the bulk, the openness is represented by the
white noise λ in the asymptotic boundary condition.
The white noise is sampled not independently among
the forward and backward segments, shared by them. We
applied the method to a free real scalar field in the bulk
and confirmed the consistency with a generalized
free CFT.
While we have focused on a real scalar primary operator,

the same technique should be applicable to multitrace
operators [13,31–35] and other bosonic operators as well.
In such cases, the methods developed in [28] may be useful.
It enables the construction of Lindblad dynamics by simply
adding noise to the unitary AdS/CFT setup from the
beginning, making it relatively easy to obtain a bulk dual
picture. Moreover, the techniques in [28] can also be used
to extend the framework to non-Markovian processes by
replacing white noise with colored one.
So far, the AdS/CMP program has provided models for a

wide range of condensed matter theories, offering predic-
tions for thermodynamic aspects such as phase diagrams as
well as for measurable quantities like operator expectation
values. As the present work has established for the first time
a general framework to treat the most basic open quantum
systems within AdS/CFT, we expect this to pioneer “open
AdS/CMP.” For example, we can consider holographic
superconductors [38,39] exposed to an environment.
The benefits of our framework are not only for con-

densed matter but also for quantum gravity. One key
example is black hole (BH) evaporation. Since BH evapo-
ration involves quantum gravitational effects that are
notoriously difficult to describe, much of the progress
has relied on studying asymptotically AdS spacetimes,
where insights from AdS/CFT can be leveraged. To prevent
the Hawking radiation from reflecting off the AdS boun-
dary, previous studies have attached thermal reservoirs
beyond the AdS boundary to allow the radiation to escape
[23–26]. Now that we can handle the gravitational picture
dual to open quantum systems, our framework may offer a
new playground for exploring the black hole evaporation
problem. Furthermore, [27] pointed out that the time
evolution of entropy in certain Lindblad systems resembles
the behavior of the Page curve [40] of Hawking radiation.
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Also from this perspective, there is reason to expect our
method to bring new insights to this problem.
Another application lies in black hole thermodynamics.

There are efforts to reformulate black hole thermodynamics
purely as the quantum thermodynamics in the dual CFT
[41,42]. In the series of work, coarse-graining is introduced
via the principle of maximum entropy. Since Lindblad
dynamics inherently includes coarse-graining, the von
Neumann entropy of the state serves directly as a mean-
ingful coarse-grained entropy. In fact, for certain choices of
jump operators, a Lindblad system relaxes toward the
Gibbs state, and the familiar form of the second law can
be derived [for a review, see [43] ]. This suggests a new
direction in which one can study black hole relaxation
processes and the second law, from the perspective of open
systems in AdS/CFT.
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APPENDIX A: DERIVATION OF (6) FROM (4)

Fist, introducing auxiliary fields λf;b and ηf;b, (4) can be
deformed as

Z½J� ¼
Z

DϕDλDηeiI½C;ϕ� exp
�Z

ddx

�
iðJðxÞ þ λfðxÞÞOfðxÞ − iλbðxÞObðxÞ

þ γηfðxÞηbðxÞ −
γ

2
ηfðxÞ2 −

γ

2
ηbðxÞ2 − iλfðxÞηfðxÞ þ iλbðxÞηbðxÞ

��
: ðA1Þ

In fact, performing Dλ and Dη yields (4). Since we can now use the standard AdS/CFT dictionary, Z½J� can be written as

Z½J� ¼
Z

DΦDλDηeiS½M;Φ;Jþλf;λb� exp
�Z

ddx

�
γηfðxÞηbðxÞ −

γ

2
ηfðxÞ2 −

γ

2
ηbðxÞ2 − iλfðxÞηfðxÞ þ iλbðxÞηbðxÞ

��
: ðA2Þ

Then, noting that

γηfðxÞηbðxÞ −
γ

2
ηfðxÞ2 −

γ

2
ηbðxÞ2 − iλfðxÞηfðxÞ þ iλbðxÞηbðxÞ ¼ −

γ

2

�
ηf − ηb þ i

λf
γ

�
2

−
λ2f
2γ

þ iηbðλb − λfÞ; ðA3Þ

we finally obtain

Z½J� ¼
Z

DΦDλfeiS½M;Φ;Jþλf;λf � exp
�
−

1

2γ

Z
ddxλfðxÞ2

�
; ðA4Þ

which is nothing but (6).

APPENDIX B: DERIVATION OF (11)

We compute the solution of ð∇2 −m2ÞΦ ¼ 0 with the boundary condition (7). Below, we call the Euclidean segment
attached to the forward (backward) segment as Ef (Eb). With a slight generalization of Sec. IV. 1. 2. in [7], the solution is
given as follows1:

Φfðt; r; θÞ ¼
Z
F
dω

X
k

e−iωtþikθχfðω; kÞΦ̃ðr;ω; jkjÞ −
X
n;k

χbð−ωnk; kÞeiωnktþikθgðr;ωnk; kÞ; ðB1Þ

Φbðt; r; θÞ ¼
Z
F
dω

X
k

e−iωtþikθχbðω; kÞΦ̃ðr;ω; jkjÞ −
X
n;k

χfðωnk; kÞe−iωnkt3þikθgðr;ωnk; kÞ; ðB2Þ

1As in [7], we first introduce a large time cutoff T for the Lorentzian segments, and after the computation we take T → ∞.
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ΦEfðτ; r; θÞ ¼
X
n;k

½χfð−ωnk; kÞ − χbð−ωnk; kÞ�eωnkτþikθgðr;ωnk; kÞ; ðB3Þ

ΦEbðτ; r; θÞ ¼ −
X
n;k

½χfðωnk; kÞ − χbðωnk; kÞ�e−ωnkτþikθgðr;ωnk; kÞ; ðB4Þ

Φ̃ðr;ω; jkjÞ ¼ rjkjð1þ r2Þ−jkjþΔ
2 Cðω; jkjÞ2F1

�jkj þ Δþ ω

2
;
jkj þ Δ − ω

2
; 1þ jkj; r2

r2 þ 1

�
: ðB5Þ

Here are definitions in order. First we have defined ωnk ≔ ð2nþ jkj þ ΔÞ, χfðω; kÞ ≔ Jðω; kÞ þ λðω; kÞ, and
χbðω; kÞ ≔ λðω; kÞ, where Jðω; kÞ and λðω; kÞ are the Fourier components of Jðt; θÞ and λðt; θÞ, respectively. The
ω-contour F indicates the prescription to avoid poles on the real axis, and here we chose it as the Feynman contour; another
convention just requires a modification to the coefficients of gðr;ωnk; kÞ. The coefficient Cðω; jkjÞ is chosen so that
Φ̃ ∼ 1 × rΔ−2 as r → ∞:

Cðω; jkjÞ ¼
Γ
�
jkjþΔþω

2

�
Γ
�
jkjþΔ−ω

2

�
ΓðΔ − 1ÞΓð1þ jkjÞ : ðB6Þ

In the expression of Φ̃, 2F1 represents the hypergeometric function. Finally, gðr;ωnk; kÞ is the normal mode and defined as

gðr;ωnk; kÞ ¼
I
ωnk

dωΦ̃ðr;ω; jkjÞ ¼ 4πi
n!

Γðnþ ΔÞΓðnþ Δþ jkjÞ
ΓðΔ − 1ÞΓðΔÞΓðnþ jkj þ 1Þ r

−Δð1þ � � �Þ: ðB7Þ

To compute the on-shell action, we do not need the Euclidean solution, owing to (10). From (B1), (B2) and the
counterterms in [37], the on-shell action becomes

S ¼ 2ðΔ − 1Þ
πΓðΔ − 1ÞΓðΔÞ

Z
dtdθdt̂dθ̂

X
n;k

eikðθ−θ̂Þ
Γðnþ ΔÞΓðnþ Δþ jkjÞ
Γðnþ 1ÞΓðnþ 1þ jkjÞ Θðt − t̂Þ

× ½iJðt; θÞJðt̂; θ̂Þeiωnkðt−t̂Þ − 2Jðt; θÞλðt̂; θ̂Þ sinðωnkðt − t̂ÞÞ�: ðB8Þ

Next, we perform the λ-integral of (6). Since (B8) is linear in λ, (6) is just a Gaussian integral. Then, the integral results in
Z½J� ¼ eW½J� with W½J� given as

W½J� ¼ −
2ðΔ − 1Þ

πΓðΔ − 1ÞΓðΔÞ
Z

dtdθdt̂dθ̂
X
n;k

Γðnþ ΔÞΓðnþ Δþ jkjÞ
Γðnþ 1ÞΓðnþ 1þ jkjÞ eikðθ−θ̂Þþiωnkðt−t̂ÞΘðt − t̂ÞJðt; θÞJðt̂; θ̂Þ

− 2γ

Z
dtdθ

�
2ðΔ − 1Þ

πΓðΔ − 1ÞΓðΔÞ
Z

dt0dθ0
X
n;k

Γðnþ ΔÞΓðnþ Δþ jkjÞ
Γðnþ 1ÞΓðnþ 1þ jkjÞ eikðθ0−θÞ sinðωnkðt0 − tÞÞΘðt0 − tÞJðt0; θ0Þ

�
2

:

ðB9Þ

Note that the overall constant of Z½J� has been neglected. With the introduction of the iϵ factor, the summation that appears
above converges as follows:

X
n;k

Γðnþ ΔÞΓðnþ Δþ jkjÞ
Γðnþ 1ÞΓðnþ 1þ jkjÞ eiωnkðt−iϵÞþikθ ¼ ΓðΔÞ2eiΔðt−iϵÞð1 − eiðt−iϵþθÞÞ−Δð1 − eiðt−iϵ−θÞÞ−Δ: ðB10Þ

Thus, we conclude (11).
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APPENDIX C: CFT COMPUTATION OF TWO-POINT FUNCTION

Here, we detail the CFT computation of the two-point function. We start with (4) with d ¼ 2 and assume that the CFT is a
generalized free theory when γ ¼ 0, meaning that the Wick theorem applies to vacuum correlators.
First, the two-point function is, from (4), given by

hOðt2; θ2ÞOðt1; θ1Þi ¼
1

Z½0�
Z

DϕeiI½C;ϕ� exp
�
γ

Z
t¼∞

t¼0

d2x

�
OfOb −

1

2
O2

f −
1

2
O2

b

��
Ofðt2; θ2ÞOfðt1; θ1Þ: ðC1Þ

Below, we set x1 ¼ ðt1; θ1Þ and x2 ¼ ðt2; θ2Þ. As explained in the article, we are interested in terms toOðγ1Þ. Recalling that
the Euclidean segments just create a vacuum state, we obtain the Oðγ0Þ and Oðγ1Þ terms as follows: for 0 < t1 < t2,

hOðx2ÞOðx1Þi0 ≔ h0jOðx2ÞOðx1Þj0i ¼ cFΔðt2 − t1; θ2 − θ1Þ; ðC2Þ

hOðx2ÞOðx1Þi1 ≔
γ

Z½0�
Z

DϕeiI½C;ϕ�
�Z

t¼∞

t¼0

d2x

�
OfOb −

1

2
O2

f −
1

2
O2

b

��
Ofðx2ÞOfðx1Þ ðC3Þ

¼ γ

Z
t¼∞

t¼0

d2x

�
h0jOðxÞ T½OðxÞOðx2ÞOðx1Þ�j0i −

1

2
h0jT½OðxÞ2Oðx2ÞOðx1Þ�j0i −

1

2
h0jOðxÞ2Oðx2ÞOðx1Þj0i

�
; ðC4Þ

where c is the normalization constant and T is the time-ordering symbol. Note that the forward operators, includingOðx1;2Þ,
are put on the right in the time-ordering, while the backward operators are put on the left.
Let us calculate hOðx2ÞOðx1Þi1 furthermore. We find that there is no contribution from t1 < t in the integral of (C4), as

follows. First, for t2 < t, it is obvious that the three terms cancel out with each other. Second, for t1 < t < t2, the integrand
becomes

h0jOðxÞOðx2ÞOðxÞOðx1Þj0i −
1

2
h0jOðx2ÞOðxÞ2Oðx1Þj0i −

1

2
h0jOðxÞ2Oðx2ÞOðx1Þj0i: ðC5Þ

Using the Wick theorem, the four-point correlators are decomposed into products of two-point functions. For example, we
have

h0jOðxÞOðx2ÞOðxÞOðx1Þj0i ¼ h0jOðxÞOðx2Þj0ih0jOðxÞOðx1Þj0i þ h0jOðxÞ2j0ih0jOðx2ÞOðx1Þj0i
þ h0jOðx2ÞOðxÞj0ih0jOðxÞOðx1Þj0i: ðC6Þ

Repeating the similar process also for the remaining four-point functions, we see that all the terms cancel out.

FIG. 3. Plots showing the dissipation part of the time-ordered two-point function forΔ ¼ 3=10 and ϵ ¼ 1=20. Left: θ1 ¼ θ2 ¼ 0. Note
that, for t2 < t1, the roles of t1 and t2 are exchanged in (15). Right: t2 ¼ t1 and θ2 ¼ 0.
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Thus, we now have

hOðx2ÞOðx1Þi1 ¼ γ

Z
t¼t1

t¼0

d2x

�
h0jOðxÞOðx2ÞOðx1ÞOðxÞj0i − 1

2
h0jOðx2ÞOðx1ÞOðxÞ2j0i − 1

2
h0jOðxÞ2Oðx2ÞOðx1Þj0i

�
:

ðC7Þ

Again, the Wick theorem reduces it to

hOðx2ÞOðx1Þi1 ¼ −γ
Z

t¼t1

t¼0

d2xh0j½Oðx1Þ; OðxÞ�j0ih0j½Oðx2Þ; OðxÞ�j0i

¼ −γc2
Z

t¼t1

t¼0

d2x½FΔðt1 − t; θ1 − θÞ − FΔðt − t1; θ1 − θÞ�½FΔðt2 − t; θ2 − θÞ − FΔðt − t2; θ2 − θÞ�: ðC8Þ

Settingc¼ 2ðΔ− 1Þ2=π, we now find that hOðx2ÞOðx1Þi0 þ
hOðx2ÞOðx1Þi1 is equal to (15). Figure 3 shows plots of the
two-point function.

APPENDIX D: THE ENTROPY VANISHES
AT Oðγ1Þ

In this section, we calculate the entropy up to Oðγ1Þ,
both in the bulk and the boundary. As a result, we find that
the entropy vanishes even at Oðγ1Þ. Thus, further calcu-
lations at Oðγ2Þ are necessary to see the nontrivial leading
term. (The entropy must evolve in time, since the state will
not be kept pure.)

1. Bulk calculation

On the gravity side, we evaluate the on-shell action on
the replica manifold Mn, which is drawn in Fig. 4. The
white noise is introduced independently to each replica,
since each ρ consisting of Trρn has one white noise
variable. The action is evaluated as2

iS½Mn;Φ; λ1;…; λn� ¼ −
ðΔ − 1Þ2

π

Z
t;t0 ∈ ½0;T�

d2xd2x0λ⃗⊤Xλ⃗;

ðE1Þ

where T is the time when we want to measure the
entropy, λ⃗ ¼ ðλ1;…; λnÞ⊤, and X is an n × n matrix
given by

8>><
>>:

Xii ¼FΔðt− t0;θ−θ0ÞþFΔðt0− t;θ0−θÞ
Xiiþ1¼Xiþ1i ¼−1

2
½FΔðt− t0;θ−θ0ÞþFΔðt0− t;θ0−θÞ�

Xij ¼ 0 ðotherwiseÞ
:

We have adopted the convention that i ¼ nþ 1 represents
i ¼ 1. In deriving this, (B1)–(B5) are reusable.
Therefore, the partition function Zn is computed as

Zn ¼
Z

DλeiS½Mn;Φ;λ1;…;λn�− 1
2γ

R
d2xd2x0 λ⃗⊤Inδðt−t0Þδðθ−θ0Þλ⃗

∝
�
det

�
Inδþ 2γ

ðΔ − 1Þ2
π

X

��−1=2

≃ 1 − γ
ðΔ − 1Þ2

π
TrX

¼ 1 − 4nγTðΔ − 1Þ2FΔð0; 0Þ: ðE2Þ

In the second line, we have omitted irrelevant factors
including factors like ðconstÞn, and in the third line, we
have extracted the terms up to OðγÞ. The determinant and
the trace also run over the function space. From Zn, the
holographic entropy SðTÞ is given by

SðTÞ ¼ −
�
∂

∂n
1

n
lnZn

�				
n→1

¼ oðγÞ: ðE3Þ

FIG. 4. Replica manifoldMn to compute the entropy. While the
Euclidean segments, which create the initial vacuum state, are
omitted in the figure, we note that they are attached to each
Lorentzian segment here as well as in Fig. 2.

2If we were to take all the white noise variables as identical, the
action would trivially vanish.
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2. Boundary calculation

On the CFT side, the partition function Zn can be deformed up to Oðγ1Þ as

Zn ¼
Z

DϕeiI½∂Mn;ϕ� exp
�
−
γ

2

Z
t∈ ½0;T�

d2xðOf1ðxÞ2 þOb1ðxÞ2 þ � � � þOfnðxÞ2 þObnðxÞ2Þ þ γ

Z
t∈ ½0;T�

d2xðOf1ðxÞOb1ðxÞ

þ � � � þOfnðxÞObnðxÞÞ
�

≃
Z

DϕeiI½∂Mn;ϕ�
�
1 −

γ

2

Z
d2xðOf1ðxÞ2 þOb1ðxÞ2 þ � � � þOfnðxÞ2 þObnðxÞ2Þ þ γ

Z
d2xðOf1ðxÞOb1ðxÞ þ � � �

þOfnðxÞObnðxÞÞ
�

∝ 1 − 2n ×
γ

2

Z
d2xh0jOðxÞ2j0i þ n × γ

Z
d2xh0jOðxÞj0i2

¼ 1 − nγc
Z

d2xFΔð0; 0Þ:

¼ 1 − 2πnγðΔ − 1Þ2cFΔð0; 0Þ: ðF1Þ

Here, Ofi (Obi) is the operator inserted in the forward
(backward) segment of the ith replica. Since we have
identified c ¼ 2ðΔ − 1Þ2=π, it matches the partition func-
tion of the bulk. As a result, the entropy again vanishes at
Oðγ1Þ. Note that since we did not use the large N
factorization, this result does not depend on the details
of the bulk model.

APPENDIX E: ON THE DIVERGENCE
OF (15)

Here, we use the notation x ¼ ðt; θÞ. The two-point
function (15) diverges for general Δ if we take ϵ → 0. As is
well-known, the unitary part Fðt2 − t1; θ2 − θ1Þ diverges
only when there exists a null geodesic connecting x1 and
x2, i.e., when x2 is on the red lines in Fig. 5. Here, we
consider the possible divergence from the dissipation part,
which is the second term of (15), and we call it Gðx1; x2Þ
hereafter.
The integrand of Gðx1; x2Þ diverges when there exist one

or more null geodesics that connect x to x1 or x2.
3 Figure 5

helps us know when x is on the light cone of x1 and that of
x2. The strength of the divergence of the integrand depends
on how many lines pass through x, regardless of the colors.
If there are n (n ¼ 0, 1, 2, 3, 4) lines that pass through x,
then the integrand behaves as Oðϵ−nΔÞ at the point. On the
other hand, if we evaluate the integration of Gðx1; x2Þ by
introducing a lattice cutoff ϵ, the integral measure dtdθ can
be seen as Oðϵ2Þ.

First, let us consider the case shown in Fig. 5, where x2
does not lie on any null line emanating from x1. In the
shaded region, there are infinitely many n ¼ 1 points along
the null lines, as well as a finite number of n ¼ 2 points.
The lattice regulation implies that the order of the number
of n ¼ 1 points is Oðϵ1Þ. Thus, Gðx1; x2Þ includes con-
tributions of Oðϵ1−ΔÞ and Oðϵ2−2ΔÞ, and hence Gðx1; x2Þ,
will diverge when Δ ≥ 1.
Similarly, we can also evaluate the divergence when

there exists one or more null geodesics that pass through
x2. In either case, we see that Gðx1; x2Þ diverges
for Δ ≥ 1=2.

FIG. 5. Light cone of x1 ¼ ðt1; θ1Þ (red lines) and that of x2 ¼
ðt2; θ2Þ (blue lines), and the integration domain of x ¼ ðt; θÞ
(orange shaded region) in (15). The light cones repeat with period
2π due to θ ∼ θ þ 2π.

3Note that FΔðt1 − t; θ1 − θÞ and FΔðt − t1; θ1 − θÞ do not
cancel out the individual divergence.
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