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We present a comprehensive investigation into the anomalous magnetic dipole moment (a,) and electric
dipole moment (d,) of the 7 lepton using the yy — 7~ process at future lepton colliders, with the Super
Tau-Charm Facility serving as a benchmark. By employing transverse-momentum-dependent factorization,
we introduce novel observables derived from cos 2¢, sin 2¢, and cos 4¢ azimuthal asymmetries to precisely
probe the 7 lepton’s electromagnetic structure. Our analysis significantly enhances the precision of a,

constraints within the photon-photon fusion process, yielding Re(a,) € [-4.6,7.0] x 1073 at the 20
confidence level, which approaches the precision of the Standard Model prediction. These findings
highlight the considerable potential of azimuthal asymmetry measurements for high-precision determi-
nations of fundamental particle properties at future lepton colliders.
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I. INTRODUCTION

The anomalous magnetic dipole moments (MDM) and
electric dipole moments (EDM) of leptons are fundamental
probes of the Standard Model (SM) and new physics (NP)
[1-16]. The charge conjugation and parity (CP)-even MDM
tests SM radiative corrections and the potential new heavy
particles via quantum loops, whereas the CP-odd EDM is a
particularly clean probe of new sources of CP violation. The
sensitivity of these dipole moments to NP is expected to be
enhanced for heavier leptons [2], rendering the massive 7
lepton a promising probe of such effects. Recent results
from the Fermilab Muon g — 2 Collaboration, which have
achieved unprecedented precision [17,18], underscore the
importance of these studies. Although recent theoretical
calculations have reduced the longstanding tension between
the measured muon MDM and its SM prediction [19], this
development reinforces the need for precision studies of the
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7 lepton. Investigations of the 7 dipole moments thus
provide a complementary, and potentially flavor-dependent,
window into NP.

The measurement of the 7 lepton’s dipole moments
presents significant challenges due to its short lifetime,
which prevents the direct methods employed for the
electron and muon. Instead, these fundamental parameters
must be inferred from the precise analysis of r-pair
production and decay kinematics in high-energy collider
experiments [20-38]. Recently, the ultraperipheral heavy
ion collisions (UPCs) have emerged as a powerful, com-
plementary approach for constraining these dipole
moments, with two principal advantages: (i) the coherent
Z?-enhanced photon flux and clean electromagnetic envi-
ronment enable precise dipole moment measurements
competitive with those obtained at conventional eTe™ or
hadron colliders, as demonstrated by ATLAS and CMS
results [33,34,39]; (ii) the highly linear polarization of
coherent photons induces an azimuthal angular asymmetry
in 7-pair production that provides simultaneous sensitivity
to both the MDM and EDM effects [40,41].

While UPCs provide a powerful platform, their final
sensitivity is limited by the uncertainties associated with the
photon flux probability function, which depends on the
modeling of the nuclear charge density distribution [42—44].
To overcome these limitations, we extend previous analyses
of 7 lepton dipole moments in UPCs from Ref. [41] and
explore the potential for measuring these parameters via the
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FIG. 1. Production of a t+z~ pair via photon-photon fusion at
ete™ colliders. The blue dots represent the effective yztz~
vertices.

yy — ttt™ process at lepton colliders, as illustrated in
Fig. 1. Promising venues include the proposed Super
Tau-Charm Facility (STCF) [45] or Super Charm-Tau
Factory [46], designed specifically for precision z physics.
At such facilities, the photon flux from the leptons is
calculable in perturbative QED, thereby mitigating the large
theoretical uncertainties associated with the nuclear charge
density in UPCs.

The electromagnetic properties of the 7z lepton could be
characterized by the effective yr77~ vertex,

I(¢*) = —ie{F1 (@) + [iF2(q%) + F3(q?)ys] jmq}
(1)

where o = i[y*,7"]/2, m, represents the mass of the ¢
lepton, and g denotes the momentum of the photon. In this
analysis, we restrict ourselves to possible new-physics
effects in the yz'7~ vertex, parametrized by the dipole
moments, and neglect potential yyr™z~ contact inter-
actions, which correspond to higher-dimensional operators
in effective field theory and are expected to be subleading.
In the static limit of ¢* — 0, define the electric
charge F,(0) =1, the anomalous MDM a, = F,(0),
and the EDM d, = ¢F3(0)/(2m,). The SM predicts a, =
0.00117721(5) [16,47], dominated by the one-loop
Schwinger correction «,/27~0.00116 [48], while
d, ~O(107%7) ecm [49,50] is negligible. The CMS
Collaboration has recently established the most stringent
constraint on the z7MDM, which yields a, = 0.0009"0 0057
[37], based on yy — ¢~ production in proton-proton
collisions. A notable earlier measurement came from the
DELPHI Collaboration, which obtained a, = —0.018 +
0.017 [21] using yy — 77~ production in e ™ e~ collisions.
While less precise than the CMS result, the DELPHI
analysis provides unique advantages: it directly probes the
ytT 7~ vertex through experimental observables with min-
imal theoretical assumptions, such as those related to
hadronic initial states or photon flux modeling inherent
in hadron colliders. This approach benefits from the clean
initial state of elementary particles and a well-character-
ized photon flux, providing complementary information to

hadron collider measurements. For the EDM, the Belle
Collaboration has set the tightest constraints, measuring
Re(d,) = (=0.62 £0.63) x 1077 ecm and Im(d,) =
(=0.40 £ 0.32) x 107'7 ecm. Given that the theoretical
value of d, is currently far below the sensitivity of expe-
rimental measurements, we consider the SM values of a, ~
0.00118 and d, =0 in the analysis, with any observed
deviation attributed to potential NP contributions.
Similar to UPCs, the lepton pair production via two-
photon collision at e*e™ colliders can be described using
the equivalent photon approximation [51-54], also known
as the Weizsicker-Williams method. The quasireal photons
emitted from unpolarized electrons and positrons exhibit
significant linear polarization, which can induce an azimu-
thal asymmetry in the final-state lepton distribution analo-
gous to that observed in UPCs [55]. Crucially, the quasireal
nature of the interacting photons (g> ~ 0) ensures that this
process directly probes the static dipole moments defined in
Eq. (1), in contrast to the high-g* process ete™ — 7777,

II. THEORETICAL FORMALISM

We consider the production of z7z~ pairs in photon-
photon collisions (Fig. 1),

r(ky) +r(ky) = 75 (p1) + 7 (p2), (2)

where the quasireal photons carry momenta k; and k,. The
dominant contribution to the azimuthal asymmetry occurs
in the correlation limit |g, | < |P, | [40,55-63], with P| =
(P1L—p21)/2 and g, =pi1 +py1 =k +ky1. In this
kinematic region, the 777~ pair are produced nearly back to
back, satisfying P, ~p;, ~%—p,,, and the azimuthal
asymmetry is characterized by the angle ¢ between the
transverse momenta ¢, and P .

A systematic description of the azimuthal asymmetry in
the kinematic region where |g | < |P | is provided by the
transverse-momentum-dependent (TMD) factorization
framework. Analogous to the definition for gluon
TMDs [64], the photon TMD distribution in an electron
is defined by

db=d’b . .
af _ L —ib~(xPt)+ib, k
v (X,kl)—/me ( )+iby k.

< (e(P)|F**(b)F*(0)[e(P)) ]~

ab @ arh

:—g—fo(x,kzl)-i- L+—l2l xhi (x, k%),
2 2 K

(3)

where x is the photon’s longitudinal momentum fraction

and k| is its transverse momentum. The transverse metric

tensor is g% =g — (nn) + nhng) with light cone

vectors nf, = (1,0,0,%1)/v/2 and b* = (b° £ b%)/V2.
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The functions f(x,k3) and hi(x,k%) correspond to the

2
unpolarized and linearly polarized photon TMD distribu- hi(x, k%) = “_;1 -X . k¢2 — (5)
tions, respectively. m° x (K +x"mp)

In contrast to UPCs, where the TMDs are nonperturba-
tive and model dependent, a key advantage here is that
these distributions are perturbatively calculable in QED. At . . .
leading order (LO), they are given by [65,66] where m, is the electron mass and «, is the fine-structure

constant.

5 5 Within the TMD formalism [64], the differential cross
a, 1+ (1-x) k1 , (4) section for the process ete” — eTe” + 777t~ can be
27 X (k7 + x*mg)? expressed as follows:

flx k) =

do 1
dZPJ_dqu_dyldyz n 647T2S2
X fxr k3 ) f(x. k3, ) = 2Re[eXP=r) (M__ M-+ M_ M7 )]
X it (x5 ) f (00, K5, ) = 2Re[eP2=0r) (M M+ M ME))
X [y, ke )it (g, k3, ) + 2Re[e 917020 (M__M:, )]
X it (x5 )it (xp, K3, ) + 2Rele Pt 02=20n) (M_ M )]
X b (xp k)i (xo.k3,) (6)

/dzkudzkuéz((ﬂ — ki = ko )X {(IM P+ MO+ MG+ ML)

where y, and y, represent the rapidities of 7% and 77, and s= (p; + p,)* = (ki + ky)> = (P> + m2)[2 +
2 cosh (y; — y,)] indicates the invariant mass of the 7z~ pair with m, being the = mass. In Eq. (6), ¢p and ¢; denote
the azimuthal angle of P and k;, with i = 1, 2, respectively, while M, , represents the helicity amplitude for the process
y(ki, A4)y(kay A2) = 78 (py)7=(p2) at ¢pp = 0. The photon momentum fractions x; , are determined from the kinematics

P> + m?

g e e, ™

X120 =

where /S,, being the center-of-mass energy of the ete™ collider.
Since the anomalous form factors are small (|F, 3| < 1), we expand the differential cross section up to O(|F, 3|?) in their
real and imaginary parts. The differential cross section then takes the following form:

dzPld;;T_deh =2 025344 [(Co+ G5 Re(F2) + CH " Re()? + € RelFa?
+ Clmm) Im(F,)* + Clm(m Im(F3)?) + (Cerp + C1:26¢F2) Re(F,)?
+ I Re(Fy)2 + €3 Im(Fy)2 + €I Im(F3)?) cos(26)
+ M) I (F, ) Im(F) sin(246)
+ (Cesg + €Ly Im(F2)? + CIi™ Im(F)?) cos(4) (8)

where M = /s, and ¢ = ¢, — ¢pp denotes the azimuthal angle between the transverse momentum ¢, and P, . In this
expansion, the form factors are treated as generally complex.

The angular structure of Eq. (8) reveals a powerful, phase-sensitive probe of the dipole moments. Notably, the sin(2¢)
modulation arises exclusively from the interference of the imaginary parts of the form factors. Furthermore, these imaginary
components generate new, distinct contributions to the cos(4¢) asymmetry. This rich angular dependence is crucial for
disentangling the real and imaginary components of F, and F; through measurements of the various azimuthal
modulations. The coefficients C; appearing in Eq. (8) can be expressed as follows:
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C():

dm? M?* P2M?
- [ [dK -2 L
w0 (2

r
- 2m—i>x1f(x1 ,kﬂ)xzf(x%kﬂ)

—2x1h1l(x1,k%L)xzhlL(xz,k%L)cos(Zqﬁl—2(/’)2) , (9)

16P2 m?
= i 45

X [y (xy, k| )xof (x0.K3, ) cos (2 —24p,,)

+x1f (x1. kT )Xo (x0.k3 ) cos(2¢, —2¢,)],  (10)
—-8pt

m/[dlcl]xlhf(xhkﬁ)

X Xl (x2,k3, ) cos(2¢p + 2, — 4gp,), (1)

Cc4d) =

8M?
CORC(FZ) = W/[d,CJ_][xlf(xl’k%i)xzf(xbk%i)

- xlh%(xl’k%ﬁxzhf(xzvk%ﬁ cos(2¢) — 2¢)].
(12)

2M?
cye’ = / dK
0 Pi + m?2 [ ﬂ

T

P2
X [(5 +4m—é>X1f(x17kﬁ)x2f(x2’k%¢)

T

- 5x1h1l(x1 ,k%l)th%(xZ,k%l) COS(2¢] - 2¢2) ,

(13)

2 2M?
e = / K
o =R ) 19

P2
y [(a +4m—g)x1f<x1,kmxzf(xz,k%g

T

+ 5xhi (x1,k3 | )xahi (x2,k3 ) cos(2¢h, —2¢2)} ;

(14)

Re(F,)?

Cc‘2¢

—4P* M?
oy e p— e T
)

A mA(PL A m

X [x]hll(xl,kﬁ)xzf(xz,ki) cos(2¢, — 2¢q)
+ x1f (1, kT )xohi (%0, k3 ) cos(2¢p, — 2¢,)],
(15)

2M?m?
(P2 + m?)? / 4k

PP > >
X 3+5?+2ﬁ xf(xp kg )xof (%0, k3, )

Cg“(Fﬁz —

T T

P2
- <3 + m_l2> xyhy (i kg )xoht (x5 )

T

x cos(2 — zqsz)], (16)

m(F,)?  2M*m?
CO ’ _(Pi+m2)2 [d’CL]

ST 41 ) 5
X 5+3W+2W xif(xq, k7 )xaf (x0,k5)

T

P2
+ (3 + m_l2> xhi (xp. kg ) xahi (x0.K3 )

T

xcos(2 - 243)| (17)
—4P3 M2
CIm(Fz)z — 1 /d’C
e )
X [xihi(x1, k3 )xof (x0. K3 ) cos(2p — 2¢p,)
+ x1f(x1. k3 ) xohi (0, K3, ) cos(2p, — 24,)].
(18)
Im(F )2 B —4P3_M2(Pi + 3’713)
Ca = ey )

X [xyhi (x1, kT )xof (x5, K3 ) cos(2p — 2¢,)
+ x1f(x1. kT )Xokt (2. K3, ) cos(2¢p, — 29,)].
(19)

Im(Fy)Im(F;)  —SP3M?
Co @y |

X [xlhlL(xl ’k%L)XZf(Xka%L)COS(ZqﬁI —2¢q)
—xf(xp.k7 )bt (x0.k3, ) cos(2eh, = 2,)].

(20)
4P* M?
CI‘m(Fz)Z _ len(Fs)z _ 1 / dK
c4¢ c4¢ m%(Pi + m%)z [ L]
x xihi (x1, k5 )xahi (0. K3 )
X cos(2¢1 + 20, — 4¢p,,), (21)

where the abbreviated notation for the integral is defined as
shown:
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/[dKL] = n* / dzkudzkuéz(lh -k - ku)' (22)

Here, the structure of these coefficients follows system-
atic patterns determined by the photon polarizations. The
dependence on the individual photon azimuthal angles,
&1, is tied exclusively to the linearly polarized TMD hy,
reflecting its directional nature; the unpolarized TMD f is
azimuthally symmetric, introducing no ¢; dependence [65].

This leads to a direct mapping between the initial
polarization states and the final-state angular modulations
in ¢. Specifically, configurations with one linearly polar-
ized photon generate the cos(2¢) and sin(2¢) terms, while
the cos(4¢) modulation requires both photons to be linearly
polarized.! The azimuthally-independent part of the cross
section receives contributions from initial states where both
photons are unpolarized, and where both are polarized.
Another source of azimuthal modulations arises from soft
photon radiation beyond LO. The required QED resum-
mation has been developed in Refs. [71-73]. A detailed
implementation of these high order corrections is left for
future work.

III. PHENOMENOLOGY AND DISCUSSIONS

To isolate the angular modulations derived in Eq. (8), we
construct the following experimental asymmetries:

~ 0(cos2¢ > 0) —o(cos2¢ < 0)
2 5(cos2¢ > 0) + o(cos2¢p < 0)
AL o(y xsin2¢ > 0) — o(y x sin2¢ < 0)
207 6(sin2¢ > 0) + o(sin2¢p < 0)
AL o(cosd¢p > 0) — o(cos4¢p < 0)
“ ™ 5(cosdp > 0) + o(cosdp < 0)

(23)

where 6(O > 0) denotes the cross section integrated over
the phase space where the observable O is positive. The
asymmetry A, is weighted by the z-pair rapidity,

y=(y; +y2)/2. This weighting is necessary because

. . Im Fy Im F
the corresponding coefficient, C 5> ™"

, 1s antisymmetric
under y — —y [cf. Eq. (20)], and this definition ensures a
nonvanishing, CP-violating signal after integration over the
full rapidity range.

The statistical uncertainties of these azimuthal asymme-
tries A; with i = c2¢, s2¢, c4¢ are given by

SA —\/I_A‘Z~ 1 (24)
Ve e

"These characteristic azimuthal dependencies are analogous to
those observed in transverse polarization phenomena of fermions
[14,67-70].

where the approximation holds due to the small values of A;
in the SM. A significant advantage of such ratio observ-
ables is the high degree of cancellation of systematic
uncertainties (e.g., from luminosity and detector efficien-
cies). We therefore assume that the sensitivities are sta-
tistically limited and neglect systematic effects in the
following analysis.

Building upon the above analysis, we provide the results
for the production of r7~ pairs, using the STCF [45] as a
benchmark machine. The center-of-mass energy, integrated
luminosity, and kinematic cuts in this analysis are sum-
marized as shown below:

/See =7 GeV, L =3 ab™!,
0.2 GeV < |P,| <3 GeV,

lg.] < 0.1 GeV, Ivi2] <0.5. (25)
The strict requirement on |g | ensures the applicability of
the formalism in the correlation limit (|g | < |P]). As a
detailed STCF [45] detector simulation is not yet available,
we simulate 7 decays with TAUOLA [74] and fold
acceptance X efficiency (A X &) in our analysis. We adopt
a tag-and-probe topology with one leptonic (e or i) and one
hadronic 1-prong 7 decay and require the visible decay
products to satisfy pr > 0.3 GeV and || < 2. For repre-
sentative working points, we use the per-object efficiencies
e(e) =0.95, e(u) =093, and &(z;, 1-pr) = 0.85. As a
comparison, the implied overall efficiency of the process
is ~20%, consistent in magnitude with Belle and Belle II
performance [75-77].

To optimize the measurement of the CP-violating
asymmetry Ay, an additional selection of |y| > 0.4 is
imposed. This cut enhances the signal-to-background ratio,
as the underlying coefficient of the sin(2¢)) modulation
grows with |y| relative to the azimuthally independent SM
background.

Figure 2 shows the theoretical predictions for the cos 2¢,
sin 2¢) and cos 4¢) asymmetries in yy — 777~ production at
the STCEF, using the kinematic cuts defined in Eq. (25). The
black squares represent the SM predictions. For the A,y
asymmetry, we examine individual form factor contribu-
tions, finding that they can significantly modify the
asymmetry. In contrast, the Ay, and A, asymmetries
are considerably smaller than A4, and Ay, depends on a
combination of the imaginary parts of F, and F5, as shown
in Eq. (8).

Figure 3 displays the expected sensitivity of the cos2¢
azimuthal asymmetry to the 7z lepton’s anomalous magnetic
and electric dipole moments, presenting four benchmark
scenarios with 1o (green) and 2o (yellow) confidence-level
(CL) regions that incorporate statistical uncertainties and
the z-pair signal efficiency, where black dots indicate the
SM predictions in each panel. These results are compared
against existing 20 constraints from CMS (blue error bars)
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02— A
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010 N mema- Only Im(F)#0 | 0.008
0.08k Only Re(F3)#0 _ .
L/ ey m==== Only Im(F3)#0 —~
3 0.06] i
3 005} £ 0.
0-04: -0.004
0.02} ~0008
0.00L——7 s - - s
-04 -0.2 0.0 0.2 0.4
Re(Fy) / Im(F,) / Re(F3) / Im(F3)
0.0000 T T T T T
J *
4 (© o
Q' *
-0.0005+ %, .” ]
0’ ’0
Ry “
* o
< -0.0010} X o )
%r, X B
%
’.’ K
-0.0015} R R )
’~,’SM '0‘
‘W ----- Only Im(F,)#0
-0.0020 ]
----- Only Im(F3)#0
-0.4 -0.2 0.0 0.2 0.4
Im(F>,) / Im(F3)

FIG. 2. Theoretical predictions for (a) cos2¢, (b) sin2¢, and (c) cos4¢ azimuthal asymmetries from form factors F, and F3 in
yy = 777" at an eTe™ collider with 1/S,, = 7 GeV. The black square indicates the prediction from the SM.

[37], DELPHI (purple error bars) [21], and Belle (red error
bars) [30]. The analysis reveals Re(a,) as the most
experimentally accessible parameter, benefiting from its
linear term with a large coefficient in Eq. (8). Under the
assumptions d, =0 and Im(a,) =0, we constrain
Re(a,) to
—4.6 x 1073 < Re(a,) < 7.0 x 1073, (26)
at 20 CL. Our results demonstrate comparable sensitivity to
the recent CMS measurement of —4.2x 1073 < a, <
6.2 x 1073 at 95% CL [37], but without relying on the
assumption about photon fluxes, and approaches the SM
prediction of a, = 1.17721(5) x 107 [47]. This result
represents an order-of-magnitude improvement in precision
compared to the earlier DELPHI measurement a, =
—0.018 £ 0.017 [21], demonstrating the potential of pho-
ton-fusion observables for high-precision studies in lep-
tonic collision environments.
However, our observable provides relatively weak con-
straints on d, due to CP symmetry forbidding linear d,

terms in the cos2¢ asymmetry. Under the assumptions
a, =aM~1.18 x 1073 and Im(d,) = 0, we obtain the
following constraint at 26 CL:

[Re(d,)| < 2.8 x 1071¢ ecm. (27)
While the result represents a twofold improvement in
precision over the DELPHI result [21], it remains approx-
imately an order of magnitude less precise than Belle’s
measurement of Re(d,) = (—0.62 £0.63) x 10~!7 ecm
and than the CMS constraint of |d,| < 2.9 x 1077 ecm
(95% CL), obtained under the single-operator assumption.
The Belle Collaboration achieved this precision using the
optimal observable method [78], which constructs CP-odd
spin-momentum correlations that depend linearly on
Re(d,) or Im(d,) [30,79]. Future studies of the yy —
7+7™ process could substantially enhance EDM sensitivity
through the implementation of similar CP-violating
observables [80,81], and we will investigate this approach
in future work. It is worth noting that the Belle II experi-
ment at the KEKB accelerator is expected to reach an even
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The expected sensitivity of the cos 2¢p asymmetry to = dipole moments for four benchmark scenarios: (a) Re(a,),Re(d,) # 0,

(b) Re(a,),Im(a,) # 0, (c) Re(d,),Im(d;) # 0, (d) Im(a,),Im(d,) # 0. The green and yellow regions correspond to 1o and 2¢ CL,
respectively. The black dots indicate SM predictions, while the blue (CMS) [37], purple (DELPHI) [21], and red (Belle) [30] error bars

represent current experimental constraints at 2¢ CL.

higher sensitivity, down to the O(107?°) e cm level, with an
integrated luminosity of 50 ab™! [82].

Figure 4 displays the sensitivity of sin2¢ and cos4¢
azimuthal asymmetries to Im(a,) and Im(d,). While these
asymmetries provide weaker constraints compared to other
observables, they exhibit a unique and complementary
sensitivity: the sin2¢) asymmetry depends linearly on the
product Im(a,) - Im(d,), whereas the cos4¢ asymmetry
shows a quadratic dependence on Im(a,)? and Im(d,)>.
Crucially, both asymmetries are completely independent of
real components and thus serve as distinctive probes of
potential CP-violating effects.

IV. CONCLUSIONS

In this study, we have proposed a new method to probe
the MDMs and EDMs of the 7 lepton via the process
yy = vt at ete™ colliders. Using the TMD factorization
formalism, we demonstrated that azimuthal asymmetries in
the final state provide powerful probes of the dipole form
factors. Our phenomenological analysis, based on the
projected parameters of the STCF, shows that the
cos(2¢) asymmetry is particularly sensitive to the MDM.
We project a 26 constraint of —4.6 x 1073 < Re(a,) <
7.0 x 1073, reaching a level of precision comparable to the
strongest existing experimental limits, but without relying
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FIG. 4. The expected sensitivity of the (a) sin2¢ and (b) cos4¢ asymmetries to = dipole moments, with green and yellow regions
correspond to 1o and 26 CL, respectively. The black dots indicate SM predictions, while the red error bars indicate current experimental

constraints at 2¢ CL from Belle [30].

on assumptions about photon fluxes. The same measure-
ment would constrain the EDM to |Re(d,)| < 2.8 x
107'% e cm at the 26 CL.

Furthermore, we identified the sin(2¢) and cos(4¢)
asymmetries as unique and complementary observables.
They are sensitive exclusively to the imaginary components
of the form factors, providing a clean channel to search for
new physics. This work establishes the study of azimuthal
asymmetries in two-photon processes as a promising new
avenue for precision 7z physics and beyond-the-Standard-
Model searches at future lepton colliders.
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