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Since the discovery of the T'.. double-charm tetraquark by LHCb collaboration, the field of theoretical
research on heavy quarks has advanced rapidly, with increasing interest in exploring the light quark
sector. In this work, the quark delocalization color screening model, together with the resonating group
method, is employed to systematically investigate the double-strangeness tetraquark system. Both meson-
meson and diquark-antidiquark configurations are considered. The interactions between hadron pairs with
different quantum numbers are studied, and possible bound-state and resonancelike solutions are
examined. In the single-channel estimations, two weakly bound solutions, K*K and K*K*, are obtained
in the 7(J¥) = 0(1%) sector. After channel coupling between the two configurations is included, a deeply
bound coupled-channel solution with the same quantum numbers and a mass of approximately
1310 MeV is found. In addition, the real-scaling stabilization analysis indicates a resonancelike structure
in the I(J¥) =0(17) ssiiii system, with an estimated mass of around 1783 MeV and a width of

approximately 5.6 MeV.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the foundational
theory describing the strong interactions between quarks
and gluons. In the traditional quark model, hadrons consist
of mesons, which are composed of a quark-antiquark pair,
and baryons, which are composed of three quarks [1-3].
However, according to QCD theory, there exist hadronic
states that go beyond the traditional quark model, such as
multiquark states, hadronic molecules, glueballs, and
hybrid states [4-11].

Since 2003, the experimental observation of several
exotic hadronic states that lie beyond the traditional quark
model has significantly revitalized interest in the field of
exotic hadron research. These states not only expand the
diversity of the hadron spectrum but also provide a valuable
opportunity to probe the nonperturbative dynamics of the

“Contact author: 1830592517 @qq.com
Contact author: 2402183023 @stu.htu.edu.cn
*Contact author: chendy @seu.edu.cn
SContact author: hxhuang @njnu.edu.cn
IContact author: jlping@njnu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/113(11)/114008(15)

114008-1

strong interaction through detailed analyses of their proper-
ties and structures. To date, the majority of observed exotic
states exhibit heavy flavor quantum numbers. For instance,
many charmoniumlike states, referred to as XYZ states,
possess hidden charm components [9]. Specific examples,
such as X(3872) [12-18] and Z.(3900) [19,20], are
situated near two-hadron thresholds, yet their precise inter-
nal structures remain under debate [10,21-27]. A significant
recent finding is the identification by LHCb collaboration of
the double-charm T, (3875) state in the D°D°z+ invariant
mass spectrum [28]. Further analysis of T'f.(3875) state
reveals its quark content of ccii d, identifying it as a doubly
charmed tetraquark state. Unlike hidden-charm tetraquark
states [such as X(3872)], T.(3875) state does not contain
a cc pair, and thus quark-antiquark annihilation effects
are absent. This observation provides strong evidence
supporting the existence of double-charm tetraquark
states. Theoretically, there are multiple interpretations of
T{.(3875) state, including it being the compact tetraquark
[29-38], the hadronic molecule [39-45], the virtual state
[46-48], or the Efimov state [49], etc.

From the experimental observations, most exotic states
contain heavy flavor quarks, while research on the light
flavor quark system is comparatively sparse in both
experimental and theoretical aspects. Given this, if quark
mass differences under an appropriate approximation are
neglected, the discovery of T.(3875) state raises the
question of whether similar double-strange tetraquark states
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could also exist. This intriguing possibility deserves further
exploration. These double-strange tetraquark states are of
comparable importance to the double-charm tetraquark
T1.(3875), as they offer essential insights into the for-
mation mechanisms of tetraquark states in the light quark
sector.

Although theoretical studies on double-strange tetraquark
states are more restricted at present, there have been some
preliminary advances. For example, in Ref. [50], the spectral
properties of the K*K* system have been investigated
by means of the one boson—exchange model, and it is
suggested that KK* and K*K* with I(J¥) = 0(17) may be
candidates of the double-strange tetraquark state. Similar
double-strange tetraquark states have also been explored in
Ref. [51]. Additionally, Refs. [52,53] utilized lattice QCD to
calculate the scattering phase shifts and effective potential
for the I =1 system, finding the effective interaction to
be repulsive. The mutual exclusion of K K had also been
verified in the investigation of systems K K N [54,55] and
K K NN [56,57].

This paper aims to systematically examine the spectral
properties of double-strange tetraquark systems. Utilizing
the quark delocalization color screening model (QDCSM),
we perform dynamical calculations to evaluate the effective
interactions within these systems and solve the Schrodinger
equation to identify prospective double-strange tetraquark
states. Moreover, we apply the real-scaling method to
predict resonance states within these systems. It is expected
that the results of this study will provide valuable guidance
for experimental efforts directed toward the discovery of
double-strange tetraquark states, thereby advancing the
broader investigation of tetraquark states in the light quark
sector.

The paper is arranged as follows. In the next section, the
theoretical framework of the QDCSM and the resonating
group method are briefly introduced. The calculated results
are listed in Sec. III, where some discussions are provided
as well. Finally, the summary is given in Sec. IV.

II. QUARK DELOCALIZATION COLOR
SCREENING MODEL AND THE RESONATING
GROUP METHOD

A. Quark delocalization color screening model

The QDCSM is an extension of the naive quark cluster
model [58-61] and was developed to address multiquark
systems. For the tetraquark system, the Hamiltonian reads

4 2 4
P
mi+o—) =Teu+ Y V(ry). (1
— ( i 2m[> CM (rlj) ( )

where Ty is the center-of-mass kinetic energy, which is
usually subtracted without loss of generality because we
focus on the internal relative motions of the multiquark
system. The interaction term is the sum of two-body

H =

potentials, including the color-confining term Vgy, the
one gluon—exchange potential Vogg, and the Goldstone
boson—exchange potential V,, i.e.,

V(ri;) = Veon(rij) + Voge(rij) + V, (1) (2)
In the present work, we focus on the S-wave low-lying

positive ssq g tetraquark system with positive parity where
q represents u or d. In this case, the spin-orbit and tensor

interactions vanish and the potential Vgg(r;;) becomes
1
VOGE(ri) " M]/lc }vc
1 =z 1 1 4o;-0;
——28(r: ) —+— L), 3
x |:rij 2 (rl])<ml2+mjz+3m,mj)] ( )

where m; is the quark mass, while 6; and A¢; are the Pauli
matrices and SU(3) color matrices, respectively. The ai' ¥ is
the quark-gluon coupling constant, which offers a consis-
tent description of mesons from the light to heavy quark
sector. The values of q;; are associated with the quark
flavors and in the present work they are fixed by repro-
ducing the mass difference of the low-lying mesons with
S=0and S =1.
The confining potential Von(r;;) is

Veon(rij) = —acAf - A [f(rij) + Voqiqj}, (4)

where the Vi is determined by the mass shift of the

theoretical estimations and experimental measurement of
each kind of meson, which is also a quark flavor-related
parameter. In the QDCSM, the function f(r;;) is

r,?j if i, joccurin the same cluster,

f(rij) = (5)

)
# if i, joccurindifferent cluster,
where the color screening parameter y;; relevant to the light
quarks can be determined by fitting the deuteron properties,
NN and NY scattering phase shifts [62—-64].

The Goldstone boson—exchange interactions between
light quarks appear because of the dynamical breaking
of chiral symmetry. For the ssii 71 system, the concrete form
of the Goldstone boson—exchange potential becomes

3 7
=V, (r;j) Zﬂ“ A+ V() Y A2
a=1 a=4
V)| (28 2) cos 0p = (29 - M) sin 6, (6)

with
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V)((rij) = m){

where Y(x) = e /x is the standard Yukawa function.
The A% is the SU(3) flavor Gell-Mann matrix. The masses
of the 7, K, and n mesons are taken from the experimental
value [3], respectively. The chiral coupling constant, g, is
determined from the zNN coupling constant through

Jen _(3 2 gann Mad (8)
4z dr m%

5

where the SU(3) flavor symmetry is only broken by the
different masses of the light quarks. All the other model
parameters are the same as the ones in Ref. [65], which
were determined by reproducing the mass spectrum of the
ground mesons. The authors of Ref. [65] used the same
model to investigate the tetraquarks with open charm flavor
and found that the X,(2900) could be interpreted as the
molecular state DK* with 1(J*) = 0(0%).

In the QDCSM, the single-particle orbital wave func-
tions in the ordinary quark cluster model are the left- and
right-centered single Gaussian functions, which are

1 \i _a-s)?
balS:) = (—) =

h?
1 \i _ps)’
dp(=Si) = <$> e w . )

The quark delocalization is realized by writing the single-
particle orbital wave function as a linear combination of the
left and right Gaussians, which are
l//a(Si’ 6) - (¢a(si) + €¢a(_si))/N<€)’
wp(=Si€) = (Pp(=Si) + edy(Si))/N(e).
N(e) = V1 + € + 2ee=S/4, (10)

where €(S;) is the delocalization parameter determined by
the dynamics of the quark system rather than free param-
eters. In this way, the system can choose its most favorable
configuration through its dynamics in a larger Hilbert space.

B. The resonating group method

In the present work, the resonating group method (RGM)
is employed to carry out the dynamical calculation. The
core of this approach is how to deal with the two-body
problem [66,67]. When dealing with the two-cluster system
in this method, one can only consider the relative motion
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FIG. 1. The meson-meson configuration [diagram (a)] and
diquark-antidiquark configuration [diagram (b)] in the ssiii

=193

tetraquark system. “7” represents it and d.

between the clusters, while the two clusters are frozen
inside. So the wave function of the ssii 71 system can be
constructed as

J

vig = Alyalonwsles) @ ®)|' (1)

where the symbol A is the antisymmetry operator, which is
defined as

A=1=P3— Py + P3Py, (12)

where the P;; indicates the exchange of the particle
positions with numbers i and j from Fig. 1, and [6] =
[222] gives the total color symmetry. The symbols 7, S, L,
and J represent flavor, spin, orbit angular momentum, and
total angular momentum of the ss7 71 system, respectively.
w4 and yp are the wave functions of the two-quark cluster,
which are

1 \3/4
e (zﬂ—b) e, St
1 \3/4
Vg = <W> ‘3_””2/(4bz>'71353)(§;, (13)

where #;, S, and y represent the flavor, spin, and internal
color terms of the cluster wave functions, respectively.
According to Fig. 1, we adopt different Jacobi coordinates
for different diagrams. As for the meson-meson configu-
ration in Fig. 1(a), the Jacobi coordinates are defined as

Pa =Ty =Ty,

. mqul + mzrqz

P =Ty —Tg,

A — - >
my + my
Ml + mgrg,
m3 + m4
R - RA —RB,
mlr —+ mzr— + m3r -+ m4r—
Rc — 91 92 93 94 , (14)

m1+m2+m3+m4
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where the subscript ¢/g indicates the quark or antiquark
particle, while the number indicates the quark position in
Fig. 1(a). As for the diquark-antidiquark configuration, as
shown in Fig. 1(b), the relevant Jacobi coordinates can be
obtained by interchanging r, with r; in Eq. (14).

Form the variational principle, after variation with respect
to the relative motion wave function y(R) = >, y; (R), one
obtains the RGM equation, which is

/ HR, Ry (R)d(R) = E
/ NR.R)7(R)d(R). (15)

where H(R,R') and N(R,R’) are Hamiltonian and norm
kernels, respectively. The eigenenergy E and the wave
functions can be obtained by solving the RGM equation.
In the present estimation, the function y (R) can be expanded
by Gaussian bases, which is

3/4 1

1 1
X(R) =——= <> Cit
\/47121; nb? z,:
o / e MRS/ YL ($)dS,, (16)

where C; | is the expansion coefficient, and n is the number
of Gaussian bases, which is determined by the stability of the
results. §; is the separation of two reference centers. R is the
dynamic coordinate defined in Eq. (14). After including the
motion of the center of mass, i.e.,

4 \3/4 >
¢C<Rc>—( ) (17)

b’

one can rewrite Eq. (12) as

dS‘ 2 4
= A Ci 71 o Sl _Sl
Wiy ;L D a|=|1¢ ( )a|:|3 bp(=Si)
X [[WIASA’I1BSB]ISYL(§1'>]J 21%}[5]’ (18)

where ¢,(S;) and ¢4(—S;) are the single-particle orbital
wave functions with different reference centers, whose
specific expressions have been presented in Eq. (9).

With the reformulated ansatz, as shown in Eq. (18), the
RGM equation becomes an algebraic eigenvalue equation,
which is

>_CouHij = EY CiuN, (19)
i ]

where N ZL; and H lL ']»L/ are the overlap of the wave functions

and the matrix elements of the Hamiltonian, respectively.
By solving the generalized eigenvalue problem, we can

obtain the energies of the tetraquark systems E and the
corresponding expansion coefficients C; ;. Finally, the
relative motion wave function between two clusters can
be obtained by substituting the C; ; into Eq. (16). As for the
flavor, spin, and color wave functions of the tetraquark
system, they are constructed in a two-step way. One can
first construct the wave functions for the two clusters, and
then couple the wave functions of two clusters to form the
wave function for the tetraquark system. The details of the
flavor, spin, and color wave functions for the tetraquark
system are collected in the Appendix.

In addition, it is noteworthy that the quark composition
of the ssmn system exhibits uniqueness, as its structure
includes two identical quarks and two identical antiquarks.
Therefore, the wave function of the ss7 7 tetraquark states,
constructed from 4 degrees of freedom (orbital, color, spin,
and flavor), should satisfy antisymmetry requirements.
Since the present study is restricted to the S-wave case,
the Pauli principle restricts the ss7 77 system to the allowed
channels with quantum numbers 1(J*) =0(17), 1(07),
1(17), and 1(2%). The detailed derivation of these Pauli-
allowed channels, discussed separately for the meson-
meson and diquark-antidiquark configurations from the
symmetry properties of the spatial, color, spin, and flavor
wave functions, is presented in the Appendix. Table I lists
the resulting color, spin, and flavor bases used in the
present calculation.

III. NUMERICAL RESULTS AND DISCUSSIONS

In the present calculation, we work within the low-
energy S-wave approximation. For each allowed quantum
number sector, the RGM is used to search for bound-state
solutions, while the real-scaling stabilization method is
applied to identify possible resonancelike structures. As
shown in Fig. 1, the two structural possibilities considered
are meson-meson and diquark-antidiquark configurations.
The allowed quantum numbers are 1(J¥) = 0(11), 1(07),
1(17), and 1(2%) under the constraints of the Pauli
principle for the ssi7 tetraquark states. In the present
estimations, to assess whether bound states or resonance
states exist in the doubly strange tetraquark system, the
resonance group method is utilized to evaluate the existence
of bound states for different quantum numbers, with the
real-scaling stabilization method applied to search for
possible resonancelike structures.

A. The bound states

For the tetraquark system containing ss7 71, a systematic
theoretical estimation of bound states is performed. The
estimation results for the ssinn tetraquark states under
different quantum numbers are summarized in Table II. As
shown in the table, the results include not only single-
channel estimates for each configuration but also channel
coupling estimates for the two configurations. The first
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TABLE 1. The constructed relevant channels for all possible
quantum numbers. Square brackets [i,j,k] represent the flavor,
spin, and color wave functions corresponding to the relevant

channels, where “i,” “j,” and “k,” respectively, denote the selected
flavor, spin, and color wave functions.

1(J%) Index Fis 846 [igk) Channels
0(1") 1 [1,3,1] KOK*-
2 [1,4,1] KK~
3 [1,5.1] KOk
4 (3.3.3] (ss) (7 R)
5 [4,4,3] (ss)(nn)
1(0") 1 [1,1,2] KOKO
2 [1,2,2] KK
3 [3,1,4] (ss)(nn)
4 [4,2,4] (ss)(nn)
1(11) 1 [1,3,2] KK
2 [1,4.2] KOO
3 [4,5,4] (ss)(nn)
1(2%) 1 [1,6,2] KK
2 [4,6,4] (ss)(nn)

column, labeled “Index,” represents the symbols for each
channel, while the second and third columns list all
constructed relevant channels and their theoretical thresh-
olds, respectively. Additionally, the fourth column, denoted
as E ., represents the lowest eigenenergy obtained in the
single-channel estimation, whereas E., and E,;, are the
lowest estimated eigenenergies obtained by considering the
coupled-channel effects of each kind of configuration and
both configurations, respectively.

Additionally, it is worth noting that the binding energy of
the ssiin tetraquark state, E,, is defined as E, = E; —
E,(0), to evaluate the stability of the ss7 71 tetraquark state
under strong interactions. Here, E4(co) represents the
lowest threshold of the two-meson configuration estimated
within the QDCSM, and i denotes different channel
coupling scenarios. With this definition, the eigenenergies
and thresholds are treated consistently within one frame-
work. A state with £, > 0 is unstable against strong decay
into two mesons, whereas a state with £, < 0 is kinemat-
ically forbidden to decay through strong interactions and
can only decay electromagnetically or weakly. For phe-
nomenological comparison, the corresponding experimen-
tal thresholds are also considered. In the 1(J¥) =0(17)
sector, the difference between the QDCSM threshold and
the corresponding Particle Data Group (PDG) value for the
lowest KK* channel is only a few MeV, so the qualitative
conclusion is not affected.

For the system with I(J¥) = 0(17), the estimated eige-
nenergies of five channels, including three channels in
meson-meson configurations and two channels in diquark-
antidiquark configurations, are presented in Table II. For the

TABLE II. The lowest-lying eigenenergies (in unit of MeV) of
the ssi i tetraquark states with all possible quantum numbers.
I(JP) Index Channels  Eg E, E, E i
0(17%) 1 KOK*= 13862 1384.7 1324.8 1309.7
2 KOK- 1386.2 1384.7
3 KOk 17842 1779.8
4 (ss)(nn) 1818.0 1415.8
5 (ss)(nn) 1513.6
1(0™) 1 K°K? 988.2 9924 9924  991.7
2 KK 17842 17873
3 (ss)(nn) 1982.1 1391.3
4 (ss)(nn) 1711.9
1(171) 1 KK  1386.2 1390.5 1390.5 1390.2
2 KK 1386.2 1390.5
3 (ss)(nn) 1812.1
1(2%) 1 KK 17842 1786.9 1786.9 1786.4
2 (ss)(nn) 1964.2

meson-meson configuration, the single-channel estimations
show that the lowest eigenenergies for the K°K*~, K*0K~,
and K*K*~ channels are all below their respective theo-
retical thresholds, suggesting weakly bound solutions. Their
binding energies are approximately —1.5 MeV, —1.5 MeV,
and —4.4 MeV, respectively. Therefore, the isolated meson-
meson channels are only weakly bound in the present
estimations. When considering the channel coupling effects
in the meson-meson configurations, the bound state with
binding energy of approximately —61.4 MeV can be
obtained, which indicates that the coupled-channel effect
in the meson-meson configuration is rather strong. For the
diquark-antidiquark configuration, both the single-channel
and coupled-channel results remain above the lowest KK*
threshold, however, the channel coupling estimation lowers
the energy by about 100 MeV relative to the lowest single-
channel diquark-antidiquark result. This indicates that chan-
nel coupling within the diquark-antidiquark sector is also
non-negligible. Moreover, when the meson-meson and
diquark-antidiquark configurations are further coupled, a
bound-state solution with a binding energy of about
—76.5 MeV is obtained in the ssiiii tetraquark system.
Since the difference between the model threshold and the
corresponding PDG threshold is only at the level of a few
MeV, replacing the model threshold by the experimental one
changes the numerical binding energy only slightly and does
not alter the qualitative conclusion that this state is deeply
bound. This estimated result is also qualitatively similar to
the channel coupling results reported in Refs. [50,51], which
also support the appearance of a bound-state solution in the
KK* channel.

Furthermore, the above estimations show that most of the
deep attraction already emerges from the meson-meson
coupled-channel dynamics, whereas the diquark-antidi-
quark sector provides an additional but smaller contribution
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TABLE III.

Threshold-subtracted Hamiltonian contributions (in MeV) for the /(J7) = 0(1%) state in the single-

channel, meson-meson coupled-channel, and full coupled-channel calculations. Here, “SC” denotes the single-
channel KK* result, “CC(MM)” denotes the meson-meson coupled-channel result, and “CC(MM + DA)” denotes
the full coupled-channel result including both meson-meson and diquark-antidiquark channels. All quantities are

given relative to the KK* threshold.

Scenario AM AT,, AVeon AVoge AV, AV AV, AE
SC: KK* 0 43.8 -223 -225 -1.8 0 1.4 -15
CC(MM) 0 214.8 —184.6 —61.6 -36.5 0 6.5 —61.4
CC(MM + DA) 0 322.0 —181.4  —1482 ~78.0 0 9.1 -76.5

of about 15 MeV. To make the origin of this deep binding
more transparent, the contributions of each interaction are
further given in Table III. The single-channel K°K*~ result
is only weakly bound, while the meson-meson coupled-
channel calculation makes the confinement, one gluon—
exchange, and pion-exchange terms substantially more
attractive. After the diquark-antidiquark channels are
included, the energy is lowered further mainly through
the additional enhancement of the one gluon—exchange and
pion-exchange contributions, whereas the confinement term
changes only moderately. Therefore, the 1309.7 MeV state
should be understood primarily as a coupled-channel effect
generated by the combined action of confinement, one-
gluon exchange, and pion exchange in the present QDCSM
framework, rather than as a simple single-channel molecular
binding. At the same time, since the precise depth of the
binding may still depend quantitatively on the short-range
dynamics of the model, this result should be regarded
conservatively as a model-dependent prediction within
the present framework.

For the system with I(J”)=1(0"), there are four
channels, which are K°K°, K*9K*9, and two color struc-
tures with 6, ® 6, and 3, ® 3, in the diquark-antidiquark
configuration. From Table II, it can be seen that the single-
channel estimated eigenenergies are all above the corre-
sponding threshold in the meson-meson configuration,
indicating that the single-channel estimations do not sup-
port the existence of the bound states. Additionally, the
coupling of channels K°K° and K*°K*" in the meson-
meson configuration resulted in a minimum eigenenergy
estimate of 992.4 MeV, which is still above the theoretical
threshold for channel K°K?. It implies that the significant
mass difference between the two channels leads to dimin-
ished coupling effects. A similar phenomenon occurs in the
diquark-antidiquark configuration, as both single-channel
and channel coupling estimations yield the lowest eigene-
nergies, surpassing the theoretical threshold of K°K°.
Comparing the channel coupling estimates of the meson-
meson and diquark-antidiquark configurations reveals that
the coupling effects of the color structure are more
pronounced than that of the meson-meson configuration.
Furthermore, the coupling estimates of both configurations,
as illustrated in Table II, provide the lowest eigenenergy of

991.7 MeV, still exceeding the lowest theoretical threshold
of 988.2 MeV, which suggests no bound state exists in the
ssii it tetraquark system with I(JP) = 1(07F).

For the system with 7(J¥) = 1(1%), the lowest eigene-
nergies derived from single-channel estimations within
both the meson-meson and diquark-antidiquark configura-
tions exceed the K°K*0 threshold. Additionally, when
considering the full channel coupling between the
meson-meson and diquark-antidiquark configurations, the
lowest resulting eigenenergy is approximately 1390.2 MeV,
which is significantly higher than the K°K** channel
threshold of 1386.2 MeV. These findings suggest that a
bound state does not exist in the ss# 71 tetraquark system
with I(J¥) = 1(1"). Analogous conclusions can be drawn
for the ssi 71 tetraquark system with 7(J¥) = 1(2%). In this
case, all estimations, including channel coupling within
meson-meson configurations, within diquark-antidiquark
configurations, and the full coupling between both types,
yield the lowest eigenenergies that consistently exceed the
minimum threshold of K*°K*°. A comparison with esti-
mation results from the one-boson-exchange (OBE) model
for systems with quantum number / = 1 reveals nearly
identical conclusions. Both this study and the OBE model
find no bound states in these channels [50].

The conclusions drawn from the bound-state estimation
prompt a more rigorous investigation into the interactions
between the two clusters, with the aim of determining
whether a mechanism for bound-state formation exists. For
the ssinn tetraquark system, Figs. 2 and 3 present the
effective potentials of the meson-meson and diquark-
antidiquark configurations under various quantum num-
bers. In the meson-meson configuration, when the quantum
number is 0(17), as shown in Fig. 2(a), the effective
potentials for channels K°K*~, K*K~, and K*°K*~ exhibit
attractive interactions. This clearly explains why these
channels can form bound states in the single-channel
estimation. Notably, bound states form even though the
attractive interactions for K’K*~ and K*°K~ are weaker
than those for K*°K*~. From Figs. 2(b) and (c), it can be
observed that the interactions for the K°K? with 1(0*), and
K°K*0 and K*°K° with 1(17), are repulsive. Furthermore,
the repulsive interaction between K°K® with 1(0*) has
been consistently verified in lattice QCD calculations and
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FIG. 2. Effective potentials for the ssiz 7z system in the meson-
meson configuration. Panels (a), (b), (c), and (d) correspond to
I1(JP) =0(1%), 1(07), 1(1"), and 1(2"), respectively. The
channel labels shown in each panel denote the corresponding
meson-meson channels listed in Table I.
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FIG. 3. Effective potentials for the ssi 7 system in the diquark-

antidiquark configuration. Panels (a), (b), (c), and (d) correspond
to I1(JP) =0(1%), 1(0%), 1(1F), and 1(2*), respectively. The
label sci denotes the ith diquark-antidiquark basis channel in the
corresponding quantum number sector, following the channel
definitions in Table I.

the OBE model [50,52,53]. Therefore, bound states cannot
form in these channels within single-channel estimations.
In Fig. 2(b) and Fig. 2(d), although the interactions of the
remaining channels K*°K*° with 1(0") and 1(2") display
attraction, the bound-state analysis reveals that the attrac-
tion in these channels is too weak to support bound states in

single-channel calculations. Consequently, these channels
transition into scattering states.

In the context of the diquark-antidiquark configuration,
subclusters, each associated with specific color structures,
cannot separate directly due to the constraints of the
confinement potentials. This implies that channels in this
configuration are likely to form resonance states. Figure 3
presents the effective potential behaviors for various
quantum numbers in this configuration. As shown in the
figure, the effective potential for each single channel
exhibits a characteristic behavior: the energy obtained is
higher when the two subclusters are either very close or
very far apart. Specifically, for systems with quantum
numbers 0(17), the minimum potential energy occurs at
distances of approximately 0.6-0.8 fm, while for 1(07), it
occurs at 0.7-1 fm. For systems with 1(1%) and 1(2"), the
minimum energy is generally found at a separation of
around 1 fm. The presence of these minima at intermediate
distances suggests the possible formation of resonance
states, which are likely to be compact tetraquark states. This
provides additional insight into the interaction mechanisms
within the diquark-antidiquark configuration and their
potential physical significance.

B. Resonance states

From the aforementioned analysis, it can be inferred that
resonance states might exist in the ss# 7 tetraquark system.
To further explore such possible structures, the real-scaling
method is applied within a multichannel framework that
incorporates both meson-meson and diquark-antidiquark
configurations [66,67]. This method has been successfully
employed in electron-atom, electron-molecule, and atom-
antiatom systems and is extended to explore genuine
resonance states in different systems. A key aspect of this
method is to monitor the variation of estimated energy as
the distance S,, between two clusters, which serves as a
scaling parameter for the basis functions used to represent
the system, increases incrementally. With the increased
distance between the two clusters, the continuous states,
bound states, and resonance states display unique behav-
iors: continuous states will fall off toward their respective
thresholds, while the energies of bound and resonance
states will remain stable. Regarding the resonance states, if
the scattering state energy is far away from one of the
resonance states, the weak coupling will ensure the stability
of the resonance state’s energy. Conversely, as S,,
increases, the energy of a scattering state may approach
the resonance energy. In this region, the coupling effect
between the resonance and scattering state becomes
stronger. If S,, increases further, the energy gap between
these states widens again, and the coupling weakens. This
interaction leads to the characteristic “avoided-crossing”
behavior, illustrated in Fig. 4, where the energy levels
appear to repel each other instead of crossing. Such
avoided-crossing phenomenon recurs with the increasing
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FIG. 4. A sketch diagram of the resonance shape in the real-
scaling method.

of S,, due to the continuum nature of the scattering state
and the stable energy plateau exhibited by the resonance
state before and after the avoided crossing corresponds to
the resonance energy. Additionally, the decay width of the
resonance state can also be derived from

T RA LI 20)

|kr - kc| ’

where k, and k. are the slopes of the resonance and
scattering states, respectively. Here, V ;. (S) represents the
minimal energy difference between the resonance and the
scattering state at the avoided-crossing point. This method
has been successfully applied to investigate the pentaquark
[68,69], the dibaryon [70], and the tetraquark systems
[71-73]. These research findings indirectly validate the
rationality and reliability of this method, offering a practical
theoretical framework for exploring possible exotic state
properties.

In the present work, the spatial wave function of the
ssn i tetraquark system with different quantum numbers is
expanded using basis functions scaled by the distance
S,.(m=1,2,3,...,n) between the two constituent clus-
ters. The estimated eigenenergies of the ssn 7 tetraquark
system with different quantum numbers can be acquired by
varying the distance parameter S,, from 4 fm to 10 fm,
allowing for the identification of possible resonance states
through their characteristic behavior as a function of S,,.
The relevant results with different quantum numbers in
the ssi i tetraquark system are presented in Figs. 5, 8, 9,
and 10, respectively. In these figures, black horizontal lines
represent the relevant physical thresholds of the involved
meson-meson configurations. Red horizontal lines indicate
identified bound states, while blue horizontal lines indicate
identified genuine resonances. The corresponding esti-
mated masses for these bound and resonance states are
marked on the plots.

For the ssii i tetraquark system with 1(J¥) = 0(17), the
channel coupling estimation, including meson-meson and

% 1783 MeV
% .o
)
o0
]
=
=
KK
1300 F 1310 MeV
1200 1 1 1 1 1
4 5 6 7 8 9 10
S, (fm)
FIG. 5. Stabilization plot of the energies of the ss7 7 tetraquark

system with I(J”) =0(1%) obtained using the real-scaling
method. The black horizontal lines indicate the relevant
meson-meson thresholds, the red horizontal line denotes the
bound-state solution, and the blue horizontal line denotes the
resonancelike structure. The channel contents follow the channel
indices listed in Table I.

diquark-antidiquark configurations, is performed by gradu-
ally increasing the distance parameter S,,. As illustrated in
Fig. 5, with the increasing distance between the two
clusters, a bound state and a resonance state progressively
emerge. For the identified bound state attributed to the
channel coupling, Fig. 5 indicates that the energy of the
bound state remains stable at approximately 1310 MeV as
the spatial range is enlarged. To further characterize this
state, we perform detailed calculations of the component
proportions for each involved channel and the root-mean-
square (RMS) radius of this state. The results show that the
wave function is dominated by meson-meson basis com-
ponents, with about 59% from the K°K*~ and K*°K~
channels, about 38% from the K*°K*~ channel, and about
3% from the diquark-antidiquark channels. Its RMS radius
is approximately 0.81 fm. However, we note that within the
QDCSM the meson-meson and diquark-antidiquark chan-
nels should be understood primarily as coupling bases
rather than as physical cluster assignments at short dis-
tances. When the clusters overlap, the antisymmetrization
operator and quark delocalization mechanism allow quark
exchange and short-range multiquark mixing between the
two clusters [70]. In particular, previous QDCSM studies
have emphasized that, once intercluster quark exchange
and delocalization become important, the channel labels
should be interpreted as coupling sequences rather than
literal two-hadron assignments. In the same framework, the
color screening phenomenology has long been interpreted
as an effective description of hidden color-related channel
coupling effects and short-range multiquark dynamics
[74,75]. Therefore, the dominance of meson-meson basis
components does not necessarily imply a loosely bound
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FIG. 6. Magnified stabilization plot for the I(J¥)=0(1")
ssni system in the energy range from 1700 MeV to
2000 MeV. The black horizontal line marks the relevant
meson-meson threshold, while the avoided-crossing behavior
around 1783 MeV indicates the resonancelike structure. The blue
and red guide lines denote the slopes of the scattering and
resonancelike levels used in the width extraction, respectively.

molecular geometry in the present framework. Instead, the
relatively small root-mean-square radius indicates substan-
tial short-range overlap and nontrivial multiquark dynam-
ics. At the same time, since we have not separately
quantified an independent hidden-color fraction inside
the meson-meson basis, we do not take the small radius
alone as sufficient evidence to identify the state unambig-
uously as a compact tetraquark. For this reason, the
1310 MeV state is interpreted here more conservatively
as a deeply bound coupled-channel solution with dominant
meson-meson basis components and significant short-
range multiquark dynamics, rather than being identified
unambiguously as a compact tetraquark state.

Additionally, as illustrated in Fig. 5, it is evident that the
avoided-crossing resonance behavior repeatedly emerges
around an energy of approximately 1783 MeV as the finite
volume increases, indicating the possible existence of a
resonance state in the ssn 7 tetraquark system. To provide
a more intuitive visualization of the avoided-crossing
behavior associated with the resonance state, a magnified
view of the energy range from 1700 MeV to 2000 MeV in
Fig. 6 is presented. As depicted in Fig. 6, the avoided-
crossing behavior consistently appears near 1783 MeV.
Subsequently, Eq. (20) is applied to estimate the decay
width of the resonance state. Notably, the estimated width
stabilizes with increasing spatial range, indicating that
larger spatial ranges produce more reliable results. The
estimated decay width is approximately 5.6 MeV.

To examine the dependence of the extracted resonance
parameters on the generator-coordinate range, we further
enlarge the spatial basis space by varying the maximum
intercluster distance S,,.. The results are summarized
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FIG. 7. Channel-space dependence of the real-scaling analysis

for the I(JP) =0(1") system. The top, middle, and bottom
panels correspond to the coupling of channels 1 and 2, the
coupling of channels 1, 2, and 3, and the coupling of channels 1,
2, 4, and 5, respectively. The horizontal blue line in the middle
and bottom panels denotes the K*K* threshold. No stable
avoided-crossing structure is found near 1783 MeV in any of
these reduced spaces. By contrast, the resonancelike signal
appears only in the full coupled-channel space with all five
channels included (see Fig. 6), indicating that the 1783 MeV
structure is generated by the collective interplay of the full
coupled-channel dynamics in the present QDCSM calculation.
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FIG. 8. Stabilization plot of the energies of the ss 7 tetraquark

system with I(JP) = 1(0"). The black horizontal lines indicate
the relevant meson-meson thresholds. No stable bound-state or
resonancelike signal is found in this channel.

in Table V and illustrated in Fig. 7. As S, increases from
8 fm to 12 fm, the extracted resonance mass changes only
from 1782.4 MeV to 1782.8 MeV, while the width changes
from 6.1 MeV to 5.6 MeV. Therefore, both the resonance
mass and the decay width remain stable within the present
numerical precision, indicating that the 1783 MeV reso-
nancelike structure is not an artifact of a particular spatial
basis range. We also examine the dependence of the
resonance signal on the selected channel space. To this
end, the real-scaling analysis is performed in three reduced
coupled-channel spaces, namely, the coupling of channels 1
and 2, the coupling of channels 1, 2, and 3, and the
coupling of channels 1, 2, 4, and 5. The corresponding
results are shown in Fig. 7. No stable avoided-crossing
structure is found near 1783 MeV in any of these reduced
spaces. By contrast, the repeated avoided-crossing behavior
near 1783 MeV appears only in the full coupled-channel
calculation with channels 1, 2, 3, 4, and 5 included, as
shown in Fig. 6. This indicates that the 1783 MeV
resonancelike structure is not generated by a smaller
truncated channel space, but is a collective coupled-channel
effect that emerges only when all five channels are
included. Moreover, the internal structure of the resonance
state is also analyzed. The results indicate that the reso-
nance state with a mass of roughly 1783 MeV is composed
of approximately 10% K°K*~, 10% K*°K~, 50% K*°K*~,
and 30% diquark-antidiquark configuration. The RMS
radius is approximately 0.58 fm. Such a relatively small
radius suggests substantial short-range overlap and non-
trivial multiquark dynamics in the present QDCSM frame-
work. We, therefore, describe this state more conservatively
as a resonancelike coupled-channel solution with signifi-
cant short-range multiquark dynamics, rather than identi-
fying it straightforwardly as a compact tetraquark state.
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FIG. 9. Stabilization plot of the energies of the ss7 71 tetraquark
system with I(J¥) = 1(17). The black horizontal lines indicate
the relevant meson-meson thresholds. No stable bound-state or
resonancelike signal is found in this channel.
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FIG. 10. Stabilization plot of the energies of the ssii 7 tetra-
quark system with 7(J¥) = 1(2%). The black horizontal lines
indicate the relevant meson-meson thresholds. No stable bound-
state or resonancelike signal is found in this channel.

For the ssiin tetraquark system with 7(J*) = 1(0"),
shown in Fig. 8, one can find that only two black horizontal
lines representing the approximate thresholds for K°K? and
K*0K*0 are visible, and the channel coupling estimations
yield no bound states or resonance states. Similar situations
are observed for the ssi 71 tetraquark system with (J7) =
1(1%) and I(J?) = 1(2"). From Figs. 9 and 10, a notable
feature is that the energy of the continuum state gradually
converges toward the respective K°K*° and K*°K** thresh-
olds as the distance parameter S,, increases. Again, no
bound states or resonance states are found in these
channels.
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TABLE IV. Comparison of representative theoretical predictions for the double-strangeness tetraquark candidates in the I(J7) =

0(1") sector.

Approach

Binding energy (MeV)

Bound-state mass (MeV)

Present work (QDCSM) ~—=76.5
OBE model [50]

Chiral quark model [51] ~—064

KEK*: ~—(3.9-30.5); K*K*: ~ —(4.0 — 32.6)

~1309.7
KK*: ~1359 — 1385, K*K*: ~ 1751 — 1779
~1328

TABLE V. Stability of the extracted resonance parameters for
the 1(J*) = 0(1") resonancelike structure under enlargement of
the generator-coordinate space. Here, S, denotes the maximum
intercluster distance used in the real-scaling calculation.

S (M) My (MeV) I (MeV)
8 1782.4 6.1
9 1783.0 5.7
10 1782.8 5.6
12 1782.8 5.6

To place the present results in a broader theoretical
context, a quantitative comparison with other representative
studies of the double-strangeness tetraquark system is given
in Table IV. Since existing single-boson exchange and
chiral quark models provide direct predictions for the
I(JP) = 0(17") bound-state region, they are included here
in the comparison with the current QDCSM result. As
shown in Table IV, different model calculations consis-
tently identify the region I(J¥) =0(1") as the most
favorable region, although the predicted binding depth
still exhibits a significant model dependence. In particular,
the OBE model tends to favor loosely bound near-threshold
molecular states, whereas both the present QDCSM cal-
culation and the recent chiral quark model study support a
more deeply bound 0(17) state. It should be noted that the
currently available lattice QCD result is not included in
Table 1V, because it does not yet provide a direct spectrum
for the ssg g tetraquark candidates [52,53]. Instead, lattice
QCD has so far mainly constrained the relevant kaonic
subsystem: the negative (K*K™) scattering length indi-
cates that the corresponding (I = 1)(K K) interaction is
repulsive, which is consistent with the absence of bound
states in the / = 1 sector in the present calculation.

IV. SUMMARY

The properties of the ssna tetraquark system with
various quantum numbers are systematically investigated
using the QDCSM, with emphasis on effective hadron
interactions and the presence of bound or resonance states.
Two configurations, meson-meson and diquark-antidi-
quark, are primarily considered in current studies of the
ssnn tetraquark system. For these configurations, we
perform single-channel estimations, channel coupling

within each configuration, and channel coupling between
the two configurations. Bound-state calculations are con-
ducted using the RGM. Additionally, the stabilization
calculation is used to identify potential resonance states
in the ssinn tetraquark system with various quantum
numbers.

In the I(JP) =0(1") ssiifi tetraquark system, bound
states K°K*~, K*°K~, and K**K*~ with shallow binding
energies of approximately —1.5 MeV, —1.5 MeV, and
—4.4 MeV, respectively, are revealed by single-channel
estimations. These bound states, specifically K°K*~ and
K*°K~, have been identified in the one boson—exchange
model [50] and the chiral quark model [51], while the
K*K*~ state is corroborated by the one boson—exchange
model. After channel coupling is included, a deeply bound
state with a mass of about 1310 MeV is obtained in the
present QDCSM calculation. Our analysis shows that most
of the deep attraction already arises from the meson-meson
coupled-channel dynamics, while the diquark-antidiquark
sector provides an additional but smaller contribution.
Accordingly, this 1310 MeV state is interpreted more
conservatively as a model-dependent coupled-channel
bound-state solution with dominant meson-meson basis
components and significant short-range multiquark dynam-
ics, rather than being identified unambiguously as a
compact tetraquark state. In addition, the real-scaling
stabilization analysis indicates a resonancelike structure
with a mass of approximately 1783 MeV and a width of
about 5.6 MeV. For the I =1 sectors, no bound or
resonancelike states are found in the present calculation.
The present results may serve as a useful theoretical
reference for future studies of double-strangeness tetra-
quark candidates.
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APPENDIX: THE WAVE FUNCTION
OF THE DOUBLE-STRANGENESS
TETRAQUARK

1. The color wave function

Plenty of color structures in multiquark systems will be
available with respect to those of conventional hadrons
such as gg mesons and ggqg baryons. In this appendix, the
goal is to construct the colorless wave function of a 4-quark
system.

For the meson-meson configurations, the color wave
functions of a gg cluster are listed as

1, _ B _
Cliy = \/;(VV + g9 + bb),
C[zzl] = rb, C[321] = —rg,
Chy=9b.  Cyy =07,
C[21] = gr, C[72]] = bF,

L
C?zl] = \/;(”’—99),
C9

1 _ _ _
o1 = \/%(—rr — gg+2bb), (A1)

where the subscripts [111] and [21] stand for color-singlet
(1.) and color-octet (8,), respectively. So, the SU(3) qjor
wave functions of color-singlet (two color-singlet clusters,
1. ®1,) and hidden-color (two color-octet clusters,
8. ® 8,) channels are given, respectively, by

C[m] C[m]

c 4 5 3 6
X = \/;(C[ 1Chi = ConCany = Chi Chy

+ Ch Chyy = Cyy Chayy + Coany Cayy

4
= Chy Cly + Chy [zu> (A2)

For the diquark-antidiquark structure, the color wave
functions of the diquark clusters are given as

1
Chy = \é(rgwL gr).
Ct = : b+b
o =\ 5(rb +b7).
s /) b+ b 6 bb,
Chy = 5(9 +bg). Cpy =
, 1 S 1
C[”] = E(rg—gr), C[H] = z(rb —br),
0 1
Cliny = \/5(9b = bg),

while the color wave functions of the antidiquark clusters
can be written as

C [12] =rr,

Chy = 99-

(A3)

(A4)

The color-singlet wave functions of the diquark-antidiquark
configuration can be the product of color-sextet and
antisextet clusters (6, ® 6,) or the product of color-triplet
and antitriplet clusters (3, ® 3,), which read

e YA ] 3 3
X5 = \/ (ChyClay = CyCly +

4 4 5 5 6 6
+ ChyChogy = Cpy g + Czsz)?

N
X = \/;(C[ 1Chin —

2. The flavor wave function

ChyChiy + C[II]C[ZII]) (A5)

For the flavor degree of freedom, the different coupling
methods generate different flavor wave functions. From
Table 1, the ssn i tetraquark flavor wave function can be
categorized as F’, where the subscript “I” means the total
isospin of ssiin tetraquark states. Distinctive structures
make the quark coupling arrange.

For the ssi 71 system, according to Fig. 1, the isospins of
the ss7 71 system are O and 1, respectively. For the meson-
meson structure, the coupling orders can be accessed,
which are
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For the diquark-antidiquark structure, the flavor wave
function should be written as

3. The spin wave function

For the spin, the total spin S of tetraquark states ranges
from O to 2. All of them are considered. The wave functions
of two-body clusters are

X1 = aaq,

1
X10 = \/;(aﬁ+ﬂa),
X1-1 = PP,

1
X00 = \/;(aﬂ — pa). (A6)
Then, the total spin wave functions S’ are obtained by
considering the coupling of two subcluster spin wave
functions with SU(2) algebra, and the total spin wave
functions of four-quark states can be read as

So = Xooxoo:

S5 = \/%()(11)(1—1 = X10X10 +X1-1X11)s

S? = XooX'115

S? = X11X005

5} = \/%()(11){10—)(10)(11),

SS = xux- (A7)

4. Pauli constraints on the allowed channels

For the ssn i1 tetraquark system, particles 1 and 3 are two
identical s quarks, while particles 2 and 4 are two identical
light antiquarks. Therefore, the total wave function must
satisfy

P]SLP — —lP, P24‘{’ — —“P
Since the present work is restricted to the S-wave case, the
spatial wave function is symmetric under both exchanges.
Accordingly, the required antisymmetry must be provided
by the combined color-spin-flavor part.

For the meson-meson configuration, each meson cluster
is a color singlet, so the color part is symmetric under the
exchange of the two mesons. Since the spatial part is also
symmetric in the S-wave case, the combined flavor-spin
part must be symmetric for channels composed of two
identical mesons. This immediately explains the excluded
channels. In the I = 0 sector, the flavor wave function is
antisymmetric, whereas the spin wave functions of the K K
basis and of the K* K* bases with total spin S = 0 or § = 2
are symmetric. Therefore, the I(J¥) = 0(0") and 0(2")
meson-meson channels are not allowed. In the / = 1 sector,
the flavor wave function is symmetric, but for two-vector
mesons the spin wave function withS; ® S, =1® 1 - 1
is antisymmetric. Hence, no K* K* meson-meson basis is
retained in the 7/ = 1(1") sector after antisymmetrization.

For the diquark-antidiquark configuration, the Pauli
constraints can be analyzed explicitly at the pair level.
For the ss pair, the flavor and spatial wave functions are
both symmetric, so the color-spin part must be antisym-
metric. This allows only

(3C’SSS: 1)’ (6C’SSS:0)'
For the 71 71 pair, the allowed combinations depend on the
isospin. When I = 0, the flavor wave function is antisym-
metric, so the color-spin part must be symmetric, leading to
(Sc’Sﬁh :O)? (6C’Sﬁ7l = 1)
When I = 1, the flavor wave function is symmetric, so the
color-spin part must be antisymmetric, leading to

These symmetry constraints explain the allowed chan-
nels in Table I. In the / = 0 sector, only the combinations

(3cvSss = 1) ® (36757171 = 0)’
(6cvS3s = 0) ® (60751'171 = 1)

can form a color-singlet tetraquark state, and both of them
give only total spin S = 1. Therefore, only 1(J*) = 0(17)
is Pauli-allowed, while 0(0") and 0(2") are excluded. In
the I = 1 sector, the basis

(ss)gj

)37

with §{ ® S, =1 ® 1 — 1 is Pauli-allowed and can form

a color-singlet tetraquark state. By contrast, the basis
(ss)gf' (71 ﬁ)gjo

with §{ ® S, =1 ® 0 — 1 is excluded because it cannot

couple to a color-singlet tetraquark state. Therefore, the

channels retained in Table I are precisely those satisfying

the Pauli principle in the present S-wave calculation.
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