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The Koba-Nielsen-Olesen (KNO) scaling of hadron multiplicity distributions, empirically confirmed to
hold approximately in eþe− collisions and deep inelastic scattering, has been observed to be violated in
hadron-hadron collisions. In this work, we show that the universality of KNO scaling can be extended to
hadron-hadron collisions when restricted to QCD jets. We present a comprehensive study of KNO scaling
in QCD jets produced in proton-proton collisions at the LHC. Using perturbative QCD calculations in the
double logarithmic approximation and PYTHIA simulations, we find that KNO scaling approximately holds
for both quark and gluon jets across a broad jet pT range, from 0.1 to 2.5 TeV, at both the parton and hadron
levels. Especially, we highlight characteristic differences between the KNO scaling functions of quark and
gluon jets, with the quark-jet scaling function lying above that of gluon jets at both low and high
multiplicities. This distinction is essential for interpreting inclusive jet data at the LHC. Furthermore, we
propose direct experimental tests of KNO scaling in QCD jets at the LHC through quark-gluon
discrimination using jet substructure techniques, as demonstrated by applying energy correlation functions
to PYTHIA-generated data.
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I. INTRODUCTION

Pre-QCD descriptions of hadron production in eþe−
collisions [1] and high-energy hadron collisions [2] pro-
posed that hadron multiplicity distributions PðnÞ exhibit
universal scaling as a function of n=n̄: n̄PðnÞ ¼ Ψðn=n̄Þ,
where n̄ is the mean multiplicity and Ψ is a universal
scaling function. This phenomenon, known as Koba-
Nielsen-Olesen (KNO) scaling, has been a cornerstone of
theoretical and experimental investigations in collider
physics. KNO scaling has been empirically confirmed to
hold approximately in eþe− collisions [3–5]1 and has been

reaffirmed in a recent reanalysis of deep inelastic scattering
(DIS) data [8]. However, violations of KNO scaling have
been observed in overall charged particle multiplicity
distributions in hadron-hadron collisions [9–13], raising
fundamental questions about its universality in all collision
systems.
In perturbative QCD, theoretical studies suggest that

KNO scaling in QCD jets should emerge in the asymptotic
limit of high virtuality [14–20], as reviewed in [21]. Hence,
a natural observable for testing the universality of KNO
scaling in hadron-hadron collisions is hadron multiplicity
distributions within QCD jets. These jets are typically
initiated by high-virtuality partons, similar to those in eþe−

collisions and DIS, in contrast to the overall charged hadron
multiplicity, which includes contributions from soft proc-
esses. The high resolution of LHC detectors, to be further
enhanced in the upcoming high-luminosity LHC era [22],
has led to the renaissance of jet physics [23,24], providing a
unique opportunity to investigate KNO scaling in jets with
unprecedented accuracy.
Despite extensive studies of jet physics at the LHC using

jet substructure techniques [23,24], KNO scaling within
QCD jets remains largely untested. Recently, PYTHIA simu-
lations suggest that KNO scaling is approximately pre-
served within jets, with deviations attributed to multiparton
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1The superposition of jets of different flavors and topologies
is expected to violate KNO scaling, as previously discussed
in Refs. [6,7].
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interactions (MPI) and hadronization effects [25]. Further-
more, an analysis of KNO scaling in LHC jet measure-
ments [26,27] has been presented in Ref. [28]. These
developments raise critical questions: does KNO scaling
in QCD jets indeed manifest in existing LHC data, and how
can it be further tested at the LHC? Answering this requires
an in-depth investigation of KNO scaling in the modern era
of jet physics, combining theoretical studies with high-
precision experimental measurements.
In this work, we present an up-to-date investigation of

KNO scaling in QCD jets at LHC energies, advancing
previous studies on three key fronts: (i) the first direct
verification of KNO scaling for both quark and gluon jets in
the double logarithmic approximation (DLA), incorporat-
ing color coherence effects [18,29], through direct compu-
tation of parton multiplicity distributions up to n ¼ 1000
across LHC-relevant pT ranges; (ii) an alternative inter-
pretation of the observed features in inclusive charged
particle multiplicity distributions within leading dijets at
the LHC [27], compared to that in Ref. [28], based on
distinct KNO scaling functions for quark and gluon jets
observed in PYTHIA simulations; and (iii) the first concrete
demonstration—using PYTHIA—of the feasibility of
directly probing KNO scaling in quark and gluon jets at
the LHC using jet substructure techniques, exemplified
through energy correlation functions [30].

II. KNO SCALING WITHIN QCD JETS: A
GENERAL ARGUMENT

In the asymptotic limit of high virtuality, KNO scaling in
multiplicity distributions within QCD jets naturally follows
the definition of generating functions (GFs) [14–16,18,21]:

Zaðu;QÞ≡X∞

n¼0

unPaðn;QÞ; ð1Þ

where the subscript a labels the parton that initiates the jet,
and the initial jet scale is given by Q ¼ pTR, with R the jet
radius and pT the jet transverse momentum. Here, the
multiplicity distribution Paðn;QÞ represents the probability
of finding n particles in a jet initiated by parton a. In the
asymptotic limit Q → ∞, Eq. (1) implies [16,18]

ΦaðβÞ≡ lim
Q→∞

Za

�
e−

β
n̄a ; Q

�
¼ lim

Q→∞

X∞

n¼0

e−β
n
n̄a

n̄a

× ½n̄aPaðn;QÞ� ¼
Z

∞

0

dxΨaðxÞe−βx; ð2Þ

where x≡ n=n̄a, and the sum over n has been converted
into an integral over x, given that n̄a grows withQ in QCD.
Accordingly, KNO scaling is expected to hold in this
asymptotic limit [14,16,18,19], with the scaling functions
ΨaðxÞ obtained as the inverse Laplace transform of ΦaðβÞ.

III. ASYMPTOTIC KNO SCALING WITHIN QCD
JETS IN DLA

The asymptotic KNO scaling functions in QCD have not
been fully evaluated beyond DLA. Even within DLA, their
explicit forms in parton multiplicity distributions are only
approximately known, with results for quark jets provided
in [17] and gluon jets in [19]. Here, we elucidate the
differences in the shapes of the asymptotic scaling func-
tions for quark and gluon jets in the limits of small and
large x ¼ n=n̄.
The GFs for parton multiplicity distributions in DLA

reduce to [16,18]

Zaðu; yÞ ¼ u exp

�
ca

Z
y

0

dȳðy − ȳÞγ20½Zgðu; ȳÞ − 1�
�
; ð3Þ

where y≡ lnðQ=Q0Þ, ȳ≡ lnðk⊥=Q0Þ, with Q0 standing
for the transverse momentum of final-state partons with
respect to the jet direction. Here, γ20 depends on ȳ through
the running coupling: γ20 ¼ 2Ncαsðk2⊥Þ=π, and ca ¼ cg ≡
CA=Nc ¼ 1 for gluon jets and ca ¼ cq ≡ CF=Nc ¼ 4=9 for
quark jets, respectively.
From Eq. (2), one hasΦqðβÞ ¼ Φcq

g ðβ=cqÞ. Accordingly,
by performing the inverse Laplace transform of ΦqðβÞ for
small and large jβj, respectively, and using the known
asymptotic behavior of ΦgðβÞ [16,18], we obtain the
following results: For x ≫ 1,

ΨqðxÞ ≈ 0.614β
8
9

0

e−
CF
Nc

β0x

x
1
9

vsΨgðxÞ ≈ 2β20xe
−β0x; ð4Þ

where the integration constant β0 ≈ 2.553. For x ≪ 1,

ΨqðxÞ ∼
1

x
e−

1
2

CF
Nc
ln2x vsΨgðxÞ ∼

1

x
e−

1
2
ln2x: ð5Þ

These results reveal that the quark-jet KNO function lies
above that of gluon jets in both the low and high n=n̄
regions. Additionally, the quark-jet scaling function peaks
lower and is shifted to the left relative to that of gluon jets,
ensuring probability conservation. This qualitative behav-
ior persists beyond DLA in hadron multiplicity distribu-
tions, as we confirm below.

IV. VERIFYING KNO SCALING WITHIN QCD
JETS IN DLA

To directly test the validity of the asymptotic KNO
scaling functions at LHC energies, we numerically solve
PaðnÞ using the following iterative relation:
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Pað1Þ ¼ exp
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−ca
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Paðnþ 1Þ ¼
Xn
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k
n
Paðnþ 1 − kÞ

× ca

Z
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0

dȳðy − ȳÞγ20Pgðk; ȳÞ; ð6Þ

along with the mean parton multiplicities n̄a ¼
P

n nPaðnÞ,
which satisfy n̄q ¼ cqðn̄g − 1Þ þ 1.
This iterative approach enables a first-principles numeri-

cal test of KNO scaling in DLA. In Fig. 1, we present
n̄PðnÞ as a function of n=n̄ for both quark and gluon
jets, computed up to n ¼ 1000, with Q0 ¼ 0.5 GeV and
R ¼ 0.4. These results are compared to the asymptotic
KNO scaling functions approximated in Refs. [17,19],
which are matched by the analytic forms in Eqs. (4) and
(5) at large and small n=n̄, respectively. Over the jet pT
range of 0.1–2.5 TeV, we find that n̄PðnÞ for both quark
and gluon jets converge to well-defined scaling functions,
demonstrating the emergence of KNO scaling across a wide
range of jet pT relevant to LHC energies. Minor discrep-
ancies are observed only at lower pT. These functions
exhibit slight deviations from the approximate asymptotic
KNO scaling functions in [17,19]. Our results remain
robust against variations in the infrared cutoff Q0, provided
Q0 ∼ 1 GeV, while convergence improves if Q0 becomes
smaller, indicating their infrared safety.

V. KNO SCALING IN INCLUSIVE MULTIPLICITY
DISTRIBUTIONS WITHIN QCD JETS

Inclusive charged particle multiplicities within jets have
been measured at the LHC [26,27]. Assuming KNO scaling

for both quark and gluon jets, the inclusive multiplicity
distributions for all the selected jets can be expressed as

PðnÞ ¼ rqPqðnÞ þ rgPgðnÞ ¼ rq
ΨqðxÞ
n̄q

þ rg
ΨgðxÞ
n̄g

; ð7Þ

where ra ≡ dσa
dpT

=ðdσqdpT
þ dσg

dpT
Þ represents the fraction of jets

initiated by parton a among all the selected jets produced at
given jet pT , and dσa=dpT denotes the corresponding jet
cross section initiated by parton a.
As a concrete example, we examine inclusive multiplic-

ity distributions in leading dijets for jet transverse momenta
in the range 0.1–2.5 TeV in pp collisions at

ffiffiffi
s

p ¼ 13 TeV,
as studied in Ref. [27]. To establish a baseline, we start with
the leading order (LO) calculation for inclusive parton
multiplicity distributions in perturbative QCD, where the
cross section is factorized into LO partonic dijet cross
sections and the DLA results for PaðnÞ, as shown in Fig. 1.
Figure 2 shows the rescaled inclusive parton multiplicity

distributions n̄PðnÞ as a function of n=n̄, where n̄ ¼
rqn̄q þ rgn̄g. Here, n̄ and PðnÞ represent the averages
over dijets produced at a given pT within rapidity range
jηj < 2.1. The parton distribution functions used in these
calculations are taken from CT18NLO via LHAPDF [31],
evaluated at the scale given by jet pT . Notably, the
distributions for different pT values do not converge to a
single scaling function, highlighting the impact of distinct
KNO scaling behaviors in quark and gluon jets on inclusive
multiplicity distributions.
The quantitative features shown in Fig. 2 can be

understood directly from Eq. (7). This behavior arises
because gluon jets dominate at lower pT, while quark jets
become increasingly significant at higher pT. Specifically,

FIG. 1. KNO scaling in parton multiplicity distributions within
DLA. Over a broad jet pT range of pT ¼ 0.1–2.5 TeV, n̄PðnÞ for
both quark and gluon jets (computed up to n ¼ 1000) converge to
well-defined scaling functions, with minor deviations observed at
lower pT. They deviate slightly from the asymptotic scaling
functions (dashed) approximated in Refs. [17,19]. Here, R ¼ 0.4
and Q0 ¼ 0.5 GeV.

FIG. 2. Inclusive parton multiplicity distributions for dijets in
DLA. Here, n̄ and PðnÞ represent the averages over leading dijets
produced at a given pT within rapidity range jηj < 2.1 in proton-
proton collisions at

ffiffiffi
s

p ¼ 13 TeV. These distributions are
calculated using the mean multiplicities and multiplicity distri-
butions for quark and gluon jets, as shown in Fig. 1.
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we find that n̄PðnÞ ¼ ΨðxÞ ≈ 0.4ΨqðxqÞ þ 0.7ΨgðxgÞ at
pT ¼ 0.1 TeV, with rg ≈ 0.78, while n̄PðnÞ ¼ ΨðxÞ≈
1.0ΨqðxqÞ þ 0.1ΨgðxgÞ at pT ¼ 2.5 TeV, with rq ≈ 0.81.
Here, xa ≡ n=n̄a. Thus, n̄PðnÞ is primarily shaped by quark
jets at high pT and by gluon jets at low pT.
While recent DLA calculations provide a consistent

explanation of observed KNO scaling in DIS [32,33], we

find that they are insufficient to describe inclusive charged
particle multiplicity distributions at the LHC [26,27]. In
the absence of complete results for PaðnÞ beyond DLA
in QCD, we instead use PYTHIA [34] simulations to extend
our analysis to experimental data. Our event selection
follows Ref. [27], with the two leading jets reconstructed
using the anti-kt algorithm [35] (R ¼ 0.4) in the FastJet

package [36], requiring jηj < 2.1 and their momentum
ratio plead

T =psublead
T < 1.5.

The top panel of Fig. 3 presents the measured inclusive
charged particle multiplicity distributions n̄chPðnchÞ versus
nch=n̄ch from Ref. [27] (with a bin size of Δnch ¼ 4). This
plot shows that the central values of the experimental data
exhibit an evolution from low to high pT qualitatively
similar to our DLA results shown in Fig. 2, although this
trend is partially obscured by experimental uncertainties
(not displayed in this plot). Such qualitative similarity is
confirmed by our PYTHIA results for inclusive charged
hadron multiplicity distributions (bottom panel). Notably,
the difference between low- and high-pT regimes is even
more pronounced than that shown in the top panel, with the
peak position shifting from nch=n̄ch ≈ 0.92 at the lowest pT
bin to nch=n̄ch ≈ 0.63 at the highest pT bin.
The key factor in explaining the above observation is

the distinction between quark and gluon jets, as evident in
Eq. (7). To justify this interpretation, we need first to
examine KNO scaling in charged hadron multiplicity
distributions separately for quark and gluon jets using
PYTHIA. Jets are discriminated based on their proximity to
an initiating parton produced in a 2 → 2 hard scattering
process in PYTHIA. We have verified that our method for
discriminating quark and gluon jets yields results consistent
with those obtained using the methods in Refs. [27,30].
KNO scaling holds approximately for both quark and

gluon jets in charged hadron multiplicity distributions
simulated with PYTHIA. As shown in Fig. 4 (left panel),
parton multiplicity distributions in PYTHIA exhibit KNO

FIG. 3. Inclusive charged particle multiplicity distributions in
leading dijets at the LHC. The top panel presents experimental
data for n̄chPðnchÞ as a function of nch=n̄ch from Ref. [27], with a
bin size of Δnch ¼ 4, where uncertainty bands are omitted for
clarity. The bottom panel displays our PYTHIA results for inclusive
charged hadron multiplicity distributions, with results shown for
each individual value of nch.

FIG. 4. KNO scaling within quark and gluon jets using PYTHIA. The left panel displays parton-level results for quark and gluon jets
without MPI effects. The central panel shows charged hadron results incorporating MPI effects, with noticeable pT dependence arising
mostly from hadronization. The right panel presents charged hadron results for quark-rich and gluon-rich jets, discriminated using the
energy correlation functions [30].
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scaling to a degree comparable with our DLA results.
The central panel reveals that the rescaled distributions
n̄chPðnchÞ for both quark and gluon jets display a modest
yet more discernible pT dependence compared to their
parton-level counterparts. It primarily arises from hadro-
nization, with MPI playing a secondary role (see also [25]).
Since this pT dependence does not obscure the distinction
between quark and gluon jets, it hence justifies our
interpretation that the observed evolution of the peak of
n̄chPðnchÞ from low pT to high pT reflects the transition
from gluon-jet-dominated to quark-jet-dominated KNO
scaling behavior.
Our interpretation—corroborated by consistent trends at

both parton and hadron levels—provides an alternative
perspective on KNO scaling, revealing features implicitly
encoded in existing LHC data that have not previously been
identified in Ref. [28], which did not distinguish between
quark and gluon jet contributions and thus overlooked key
structural aspects of the scaling behavior.

VI. KNO SCALING WITH QUARK-GLUON
DISCRIMINATION

KNO scaling within QCD jets at the LHC can be tested
experimentally using jet substructure techniques. A wide
range of quark–gluon discriminants is available, including
the topic modeling method [37,38] adopted by ATLAS
[27], as recently reviewed in Refs. [23,24] and references
therein. Although current measurements are limited by
experimental uncertainties and coarse binning in nch [27],
these methods, capable of isolating quark and gluon jets
without imposing additional constraints on phase space,
offer a promising avenue to test experimentally whether the
KNO scaling observed in PYTHIA simulations—illustrated
in the central panel of Fig. 4—is realized in actual data.
As a complementary approach, we propose exploring

and testing KNO scaling by employing energy correlation
functions (ECFs) [30] to discriminate between quark and
gluon jets, as demonstrated using PYTHIA-generated data
below. These jets are selected within a constrained phase
space, for which the presence of KNO scaling has not been
established in the existing literature.
For this analysis, we utilize the energy correlation double

ratio CðβÞ
1 ¼ ECFð2; βÞ=ECFð1; βÞ2 with β ¼ 0.2 [30].

Here, the ECFs are defined in terms of pTi, the transverse
momentum of jet constituent i, and Rij, the distance
between jet constituents i and j in the rapidity-azimuth
angle plane: ECFð1; βÞ ¼ P

i pTi and ECFð2; βÞ ¼P
i<j pTipTjðRijÞβ. We investigate two classes of jets:

(1) quark-rich jets, defined as those with CðβÞ
1 < 0.17;

and (2) gluon-rich jets, defined as those with CðβÞ
1 > 0.28.

By checking the partonic origin of each jet in this
classification within PYTHIA, we find that the fraction of
quark jets among all quark-rich jets increases from 76% at

the lowest pT bin to 94% at the highest pT bin, while the
fraction of gluon jets among all gluon-rich jets decreases
from 88% to 52%. For pT ≤ 0.7 TeV, the fraction of gluon
jets among all gluon-rich jets remains above 75% across
all pT bins.
The right panel of Fig. 4 shows that KNO scaling holds

for quark-rich and gluon-rich jets in our PYTHIA-generated
data to an extent comparable to that for quark and gluon jets
shown in the central panel. Although the KNO scaling
functions for quark-rich and gluon-rich jets differ from
those in the two left panels of Fig. 4 and from our DLA
results, they exhibit similar qualitative characteristics, with
the KNO scaling function of quark-rich jets lying above
that for gluon-rich jets at both small and large nch=n̄ch.

VII. CONCLUSIONS AND OUTLOOK

Our study, combining DLA calculations in perturbative
QCD with PYTHIA simulations, shows that both quark
and gluon jets exhibit KNO scaling in multiplicity dis-
tributions at both parton and hadron levels. Crucially, these
jets retain distinct scaling functions at LHC energies,
which are essential for understanding inclusive charged
particle multiplicity distributions in leading dijets [26,27].
Furthermore, we have demonstrated—for the first time—
that KNO scaling in QCD jets can be directly probed using
jet substructure techniques, exemplified through energy
correlation functions [30]. Our findings urge immediate
experimental scrutiny of KNO scaling directly at the LHC.
Moreover, this work motivates several avenues for future

theoretical studies. First, the distinct KNO scaling functions
for quark and gluon jets in eþe− collisions and DIS [32,33]
merit further exploration. Second, while our PYTHIA sim-
ulations show that the qualitative differences between
quark and gluon scaling functions persist beyond DLA
and exhibit limited sensitivity to nonperturbative effects,
a complete perturbative QCD calculation beyond DLA
remains absent. Such a calculation is expected to be crucial
for resolving discrepancies between DLA predictions and
experimental data [19,20,39]. Third, although the DLA
results demonstrate the infrared safety of KNO scaling
functions despite the infrared sensitivity of parton multi-
plicities, an examination of their infrared safety at all orders
is required. This also raises important questions regarding
hadronization effects [40,41]. Approaches using infrared-
safe multiplicity definitions [42,43] could provide addi-
tional insights. Finally, the implications of our findings for
heavy-ion collisions [44–49] are intriguing, and it is worth
investigating whether the universality of KNO scaling
extends to high-energy nuclear collisions.
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