
Quantum vs semiclassical description of in-QGP quarkonia
in the quantum Brownian regime
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In this work, we explore the range of validity of the semiclassical approximation of a quantum master
equation designed to describe the cc̄ dynamics in a quark-gluon plasma at various temperatures, in the
quantum Brownian regime. We perform a comparative study of various properties, e.g., the charmonia
yield, of the Wigner density obtained both with the Lindblad equation and with the associated semiclassical
Fokker-Planck equation. The semiclassical description is found to reproduce with a remarkable accuracy
the results obtained through the full quantum description. We show that, to a large extent, this can be
attributed to the nonunitary components of the dynamics that result from the contact of the cc̄ subsystem
with the thermal quark-gluon bath, leading to a rapid classicalization of the subsystem.
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I. INTRODUCTION

Quarkonia production in ultrarelativistic heavy ions
collisions (URHIC) is considered as one of the standard
probes of the quark-gluon plasma (QGP) created in such
collisions for a short lapse of time [1]. It has been measured
by several major experimental collaborations at the
Relativistic Heavy Ion Collider and at the Large Hadron
Collider (LHC) (see e.g. [2–6]). Such measurements reveal
the impact of the quark-gluon plasma on the short-distance
(≈1 fm) interaction between two color charges. Indeed, the
vast majority of effective theories and models designed to
describe the quarkonia yield in URHIC are of a dynamical
nature and rely both on the local QGP properties (such as its
temperature) and on the effective interaction induced by the
QGP between a heavy quark Q and its antiquark Q̄ partner,
either explicitly in microscopic approaches [7–11] or
through the properties of in-medium quarkonia resonances,
with their associated decay rates, in approaches based on

hadronic degrees of freedom [12–14].1 Lattice QCD
calculations achieve regular progresses in providing valu-
able inputs and constrains for these models in terms of the
spatial diffusion coefficient κ [16] or the complex potential
W ruling the dynamics ofQQ̄ pairs [17]. However, in order
to reach a precise interpretation of the experimental data on
quarkonia yields and flows, a suitable transport theory
should be identified and faithfully implemented.
While many treatments in the past have relied on bona

fide semiclassical (SC) formulations like rate equations
[12–14] describing the formation and destruction of quar-
konia states or Fokker-Planck equations [7] describing the
evolution of heavy quarks in phase space, the open
quantum system framework [18–20] has emerged in the
heavy flavor community [8,21–23] as a more rigorous first-
principle approach allowing us to preserve some essential
features of the quantum-mechanical (QM) dynamics. Based
on the hierarchy between various timescales pertaining to
the QGP medium and the QQ̄ pair (see, e.g., [24,25] and
references therein), several regimes can be identified: At
“high” temperature (T ≳ ΔE, where ΔE is the typical
energy difference between bound states), the QQ̄
Heisenberg time 1=ΔE is larger than the autocorrelation
time of the QGP (∝1=T), which mostly acts as a white noise
on the pair. This is the so-called “quantum Brownian
regime” (QBM) for which the reduced density matrix
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1As an exception, the statistical approach, which has also been
used in this context [15], only relies on the masses of various
quarkonia states.
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follows a quantum master equation (QME) of the Gorini–
Kossakowski–Sudarshan–Lindblad type [26,27]. As dem-
onstrated in [9], this Lindblad equation is best formulated in
space-momentum coordinates and admits a complex poten-
tial describing both the unitary and the nonunitary parts of
the dynamics. At “low” temperature (T ≲ ΔE), the QGP
can be viewed as a perturbation inducing transitions
between the singlet and the octet sectors of the QQ̄ pair,
leading to a QME for the density matrix formulated on the
eigenbasis of the real part of the interaction and implying
generalized transition rates between genuine weights
(diagonal matrix elements hnjDjni) and “quantum coher-
ence” (matrix elements of the hnjDjm ≠ ni type) [28].
To our knowledge, a full numerical implementation of

the QME preserving the color structure has only been
achieved in the QBM and for a single QQ̄ pair [29–31].
This allowed direct phenomenological applications for
Upsilon yield, the initial creation of a unique bb̄ pair
being the most frequent occurrence, even for central Pb-Pb
collisions at LHC energies. Adopting the alternative quan-
tum optical regime perspective to describe Upsilon pro-
duction operationally [32] could only be achieved by first
resorting to the SC approximation which consists, for such
a regime, in neglecting the coherences in the QME,
resulting in usual rate equations. Although identified
formally in [33], quantum corrections await for concrete
evaluation.
When facing the charmonia production in nucleus-

nucleus (AA) collisions, given that up to 100 cc̄ pairs
are generated during the initial stages, a full quantum
treatment seems at present out of reach. In this context, the
use of semiclassical equations is attractive due to their
simplicity and numerical effectiveness as compared to the
QME. They enable us to study the simultaneous evolution
of several cc̄ pairs and get insights on the recombination
aspect of the in-QGP quarkonia dynamics. For the QBM
regime ruling the first stage of the QGP evolution, it was
shown in [9,24] that these SC equations take the form of
coupled Klein-Kramers equations, each one describing the
evolution of a given color representation in the heavy
sector, while a first application to the case of several cc̄
pairs was discussed therein. Since this seminal work, other
calculations following the same spirit have been performed
in more realistic conditions [11], pursuing the series of
models dealing with the study of in-QGP quarkonia (see
[34] and references cited therein).
For closed systems, the validity of the semiclassical

approximation hinges on certain generic conditions
stating that the wavelength of the particles should be
much smaller than the scale over which the potential
varies and that the action S should be large compared to ℏ.
A direct numerical application reveals that these con-
ditions are not implicitly satisfied when evolving and/or
describing the lowest bound states of a QQ̄ system, for

which S ∼ ℏ. For quantum (sub)systems coupled with
some environment at finite temperature, it is known that
the environment will gradually quench the quantum
properties of the subsystem, leading to a classicalization
process associated to the transition from a pure initial
state to a mixed state (see e.g. [20,35,36] and references
therein), thus legitimating the use of semiclassical equa-
tions in a second stage of the evolution. For practical
purposes the essential questions are therefore to assess
the typical time after which a system composed of heavy
quarks and antiquarks can be described with semiclass-
ical equations as well as the numerical uncertainty
resulting from this treatment. In order to explore the
range of validity of the semiclassical approximation and
attempt to answer these questions, we conduct in this
work a comparative analysis between the results obtained
from a quantum master equation and its approximate
semiclassical equation, focusing on a single cc̄ pair in the
QBM regime. In fact, as discussed in [9], this approxi-
mation is best implemented in the Abelian or quantum
electrodynamics (QED) version of the QME, as color to
singlet transitions implies finite energy exchanges, and
they are genuinely of quantum nature. We thus restrict
ourselves to this Abelian case and plan to address the
QCD case in a future work.
In Sec. II, we provide a brief reminder of the theoretical

background. The general strategy for the comparison is
presented in Sec. III. We next present our essential results,
first addressing the global picture of the cc̄ evolution in
Sec. IV and then more specific quarkonia observables in
Sec. V. Section VI contains our conclusions.

II. THEORETICAL BACKGROUND

Hereafter, we summarize the essential ingredients of
recent works dedicated to QMEs in the quantum Brownian
regime [9,31] as well as their semiclassical approximation.
The equations derived in [9] exploit the nonrelativistic
character of the heavy quark (Q) dynamics, and are
supposed to be valid in a regime where the temperature,
while remaining small compared to the heavy quark mass
(T ≪ M) is large compared to the quarkonium binding
energy E, or the energy differences ΔE between quarkonia
states, i.e., T ≫ E≳ ΔE. The resulting master equations
are conveniently written as

dDðtÞ
dt

¼ L½DðtÞ� ¼
X4
i¼0

LiD; ð1Þ

where D is the reduced density matrix of the QQ̄ pair, and
L is the total Liouville superoperator that generates
evolution in time. The operator L can be decomposed into
a set of five superoperators Li which capture different
aspects of the dynamics (to leading orders in the time
derivatives). Their generic expressions are given by
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L0D≡ −i½H;D�;

L1D≡ −
i
2

Z
xx0

Vðx − x0Þ½nxnx0 ;D�;

L2D≡ 1

2

Z
xx0

Wðx − x0Þðfnxnx0 ;Dg − 2nxDnx0 Þ;

L3D≡ −
i
8T

Z
xx0

Wðx − x0ÞðfD; ½ṅx0 ; nx�g

þ 2ṅx0Dnx−2nxDṅx0 Þ;

L4D≡ 1

32T2

Z
xx0

Wðx − x0Þðfṅxṅx0 ;Dg − 2ṅxDṅx0 Þ; ð2Þ

whereH is the kinetic energy of the heavy quarks, V andW
are respectively the real and imaginary parts of a complex
potential, and nx is the charge density operator, with ṅx its
time derivative. Both V and W depend on the medium
through which the heavy quarks are propagating. The real
potential V includes the screening corrections, while W
represents generically the effect of collisions of the heavy
quarks with the medium constituents. The operators L0 and
L1 produce a unitary (or coherent) evolution, while the
other superoperators L2;3;4, proportional to W, are respon-
sible for the nonunitary dynamics, with the associated
phenomena of decoherence and dissipation. The super-
operator L4 ensures that Eq. (1) takes the form of a
Lindblad equation, thereby guaranteeing that the evolution
preserves the strict positivity of the density matrix. As
discussed at length in [31] it is however subleading with
respect to the other operators (it contributes for instance a
correction to the diffusion constant which is quadratic in the
heavy quark velocity). Furthermore, in the semiclassical
approximation it plays no role in the positivity.
The solutions of the equations (2), for the case a single

QQ̄ pair in a one-dimensional setting, were obtained and
analyzed in [31], where explicit expressions of the various
superoperators can be found as well. In the present analysis,
we restrict ourselves to the Abelian case, and furthermore
we focus on the relative motion. The explicit expressions of
the superoperators obtained after tracing out the center of
mass coordinates are given in Appendix A.
We denote by s the relative coordinates of the quarks,

and by Dðs; s0Þ the matrix element hsjDjs0i. For imple-
menting the semiclassical approximation, it is convenient to
introduce the following coordinates: r ¼ ðsþ s0Þ=2 and
y ¼ s − s0. The Fourier transform of D with respect to y
(for fixed r),

Dðr; pÞ ¼
Z

dy e−
ipy
ℏ D

�
rþ y

2
; r −

y
2

�
; ð3Þ

is the Wigner transform. It is denoted, with a slight abuse of
notation, by Dðr; pÞ.
As was shown in [9], in the semiclassical approxima-

tion, which relies in particular on the fact that Dðr; yÞ is

peaked around y ¼ 0, Eq. (1) yields the following
Fokker-Planck equation:

∂D
∂t

¼
�
−
2p∂r
M

− V 0ðrÞ∂p þ
ηðrÞ
2

∂
2
p þ

2γðrÞ
M

∂pp

�
D; ð4Þ

where

ηðrÞ ¼ CF

2
ðW̃00ð0Þ þ W̃00ðrÞÞ and γðrÞ ¼ ηðrÞ

2T
; ð5Þ

satisfying the Einstein relation. It is worth noting that in
deriving Eq. (4) from the Lindblad equation (1), the
operator L4 was not included. As mentioned above, L4 is
intrinsically subdominant and unnecessary to warrant
positivity in the SC approximation.
It can be shown that the steady state solution of Eq. (4) is

a Gibbs-Boltzmann distribution. This is also the case for
the quantum dynamics as described by Eq. (1), but with
an effective temperature differing slightly from the real
medium temperature.2

III. GENERAL STRATEGY FOR THE
COMPARISON

Our main goal in this paper is to provide a systematic
comparison of the solutions obtained by solving the
quantum evolution equations (1) with those obtained by
solving the Fokker-Planck equation (4), thereby getting
quantitative measures of the validity of the semiclassical
approximation (in the restricted context specified earlier:
one-dimensional setting and Abelian case). As the operator
L̂4 [see Eq. (2)] was not included in the derivation of Eq. (4)
from Eq. (1), the quantum results will be presented both with
and without L̂4 in the comparative study below, so defining
an “acceptability band” for the SC approximation.
In our comparative study between the quantum and

semiclassical descriptions, we follow the evolution of the
Wigner transforms of a cc̄ pair coupled to a quark-gluon
plasma at a given temperature. In Sec. IV, we discuss
general features of this evolution, while in Sec. V we focus
on observables and regions of phase space that are most
relevant to the physics of quarkonia.
a. Setup of the comparison We consider the evolution of

a single cc̄ state pair in an Abelian plasma, with M chosen
to be 1.469 GeV. The system is confined to a one-
dimensional box of length 20 fm. The Lindblad QME (1)
and the corresponding Fokker-Planck equation (4) are
solved using in both approaches the same real and
imaginary potentials, respectively VðrÞ and WðrÞ, that
were derived and studied in detail in [37] (see however
Appendix B). These potentials were adjusted to reproduce
binding energies and damping rates that are in agreement

2See [31] for a discussion of the equilibrium properties
associated to the QME.

QUANTUM VS SEMICLASSICAL DESCRIPTION OF IN-QGP … PHYS. REV. D 113, 014017 (2026)

014017-3



with those deduced from some three-dimensional potential
inspired by lattice data [37–39].
The evolution of the cc̄ pair, and the quality of the

semiclassical approximation, depend on the initial con-
dition, on the time the pair spends in contact with the heat
bath, on the heat bath temperature, and also on the precise
observable that is studied. The heat bath temperature plays
a major role in driving the cc̄ pair toward a semiclassical
regime, via processes of decoherence and thermalization.
To test the role of temperature, we present solutions of both
QME and Fokker-Planck (FP) equations in a stationary
QGP, using four different medium temperatures
T ∈ f0.2; 0.3; 0.4; 0.6g in GeV, the lowest of these temper-
atures being at the borderline between the quantum
Brownian motion and the quantum optical regimes. We
evolve the system up to a final time tf ¼ 20 fm=c where
equilibration is nearly reached for all temperatures
above T ¼ 0.2 GeV.
For the initial state, we consider two options. As a first

choice, we take a Gaussian wave function

ψðrÞ ¼
�

1

πσ2

�1
4

e−
r2

2σ2 ; ð6Þ

with a variance σ ¼ 0.38 fm optimized to reproduce at best
the exact wave function of the cc̄ lowest bound state in
vacuum. In heavy ions collisions, quarkonia are ultimately
produced from compact states in a position space basis. Our
second choice will therefore be that of an initial compact
state with σ ¼ 0.165 fm.
b. The Lindblad equation as a benchmark As discussed

in [31], the higher derivatives of the imaginary potential
may lead to singular behaviors of the operators L3 and L4,
unless the potential is properly regularized. We use here the
so-called “minimal set” of operators defined in [31] when
solving the QME. This involves a modified imaginary
potential W̃, which, for consistency, is also used to calculate
the transport coefficients entering the FP equation.
The Lindblad QME (1) is solved on a spatial 1D grid

with the numerical scheme established in [40], where
details can be found. The parameters used in the resolution
are Δr ¼ 0.04 fm for the spatial step and Δt ¼ 0.1 fm=c
for the time step. The Wigner representation (3) of the
density matrix is then obtained from the solution of the
Lindblad equation by taking a Fourier transform.
c. The Fokker Planck Langevin equations The semi-

classical expansion for the unitary operators L0 and L1

requires that the potential VðrÞ be differentiable, which is
not the case at the origin for the 1D potential derived in
[37]. We have therefore used, in the Langevin equation,
Eq. (8) below, a regularized potential Vreg which has a
smooth behavior at the origin. This potential is presented in
Appendix B. Let us emphasize that this regularization,
while essential for the SC calculation, has little impact on
the QM one.

With these ingredients, the Fokker-Planck equation (4)
is solved numerically resorting to its equivalence with
the Langevin equations [9], adopting a finite time step
discretization:

dr ¼ p
Mred

dt; ð7Þ

dp ¼
�
−V 0ðrÞ − γðrÞ

Mred
pþ ξðrÞ

�
dt; ð8Þ

where Mred ¼ M=2. The first equation represents the
deterministic motion of the relative position, while the
second is a stochastic equation with the noise given by

hξðrÞi ¼ 0; hξðrÞξðr0Þi ¼ δðr − r0Þ ηðrÞ
dt

; ð9Þ

with the drift and drag coefficients η and γ defined in
Eq. (5). In practice, a time step dt ¼ 10−3 fm=c was used.3

The expectation values of the various observables (includ-
ing the Wigner functions) were obtained by averaging over
an ensemble of 2 × 107 simulations. The test-particle
method was used to build the various Wigner distributions.

IV. GLOBAL PICTURE OF THE cc̄ EVOLUTION

We start with an overall qualitative comparison of the
Wigner transforms (3) of the reduced density matrix of the
cc̄ pair, which is evolved in time either with the QME (1)
or by the FP equation (4). This is illustrated in Fig. 1. The
initial state is common to both evolutions: the Wigner
transform of the Gaussian (6), which is positive, and to
which we refer as a “1S” state with a slight abuse of
notation.4 At early times, namely at t ¼ 1 fm=c, the
dynamics are mainly unitary, driven by the operators L0

and L1. Because the 1S state is not an eigenstate of the in-
medium potential, a nontrivial evolution takes place: as the
1S state has a size smaller than that of the ground state of
the in-medium potential, it starts expanding. This expan-
sion is accompanied by quantum interferences which are
clearly visible in the complex patterns in the Wigner
distribution obtained from the quantum evolution. In
contrast, the semiclassical evolution produces a smoother
picture, but it reproduces faithfully the overall shape of the
distribution reflecting the initial expansion of the 1S state.
As time passes, the nonunitary component of the dynamics
(induced by the operators L2, L3, L4) takes over and
ensures an excellent agreement between the two descrip-
tions toward the end of the evolution.

3In order to ensure a better accuracy for solutions, this time
step gets divided by a factor of 5 for the small relative distances,
namely, jrj ≤ 0.2 fm. This reduction of the time step around
the origin has been observed to reduce the numerical errors.

4While the first even excited state will be referred to as a
“2S” state.
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A comparison between the first two columns of Fig. 1
indicates that the operator L4 plays a minor role, except
perhaps at the early stage of the evolution where it affects
slightly the interference pattern. Quite visible in Fig. 1 is
also the survival of a bound state till late times, which
manifests itself by the presence of a peak in the Wigner
function near the origin of phase space. The correlation
between r and p, which reflects the initial motion of the

heavy quarks, quickly disappears, and the momentum
distribution acquires rapidly a symmetric shape at small r,
slightly distorted at large r. At the same time, the density
of unbound quarks extends so as to occupy the whole
volume of the box, which is not achieved however
until the last stages of the evolution. One then reaches
a stationary regime, which looks remarkably similar
in both the quantum and semiclassical descriptions.

FIG. 1. QM vs SC time evolution of the Wigner distribution Dðr; pÞ for relative distance r and momentum p resulting from the
evolution of a 1S initial state in a QGP at T ¼ 0.3 GeV. For the quantum case, we show the evolution both with (left column) or without
(middle column) the L4 term.
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There are however quantitative differences that we shall
now analyze more closely.

A. Thermalization

To gain a more quantitative understanding on the
thermalization timescales in both the momentum and
position sectors of phase space as well as on the
corresponding asymptotic steady states, we present in
Figs. 2 and 3 the time evolution of the root mean squares
of the relative momentum and of the relative distance of
the heavy quarks.
We observe in Fig. 2 a fast thermalization of the

momentum sector, which is rather well reproduced by
the SC description. Let us recall that, in the semiclassical
picture, the rate of increase of hp2i due to collisions is
controlled by ηð0Þ ¼ W̃00ð0Þ [see Eq. (5)].5 For our imagi-
nary potential, this results in ηð0Þ ¼ 0.095, 0.286, 0.581,
and 1.53 GeV2=fm, respectively for T ¼ 0.2, 0.3, 0.4, and
0.6 GeV, showing a fast increase with T (≈T2.5), as
observed in Fig. 2, leading to a much faster thermalization
with larger T. At the lowest temperature the effect of the
collisions is masked at early time by the unitary evolution.6

Focusing on the “late time” momentum thermalization,
we notice that the quantum description slightly overshoots
the Boltzmann asymptotic value, the more so the higher
the temperature, the effect being amplified when L4 is
included. This indicates that the steady states in the two

descriptions are not identical. Indeed, while the semi-
classical description exactly relaxes into a Gibbs-
Boltzmann distribution, with hp2i ¼ MT

2
, the steady state

solution of the quantum master equation, in the quantum
Brownian regime, deviates from this distribution. Such a
feature was already observed and discussed in [31], where
it was established that the variance of the relative momen-
tum p for the stationary distribution writes as varðpÞ ¼ MT

2þγ,

with γ ¼ W̃ð4Þð0Þ
16MTW̃00ð0Þ, where W̃ð4Þð0Þ stems from the L4

operator. Schematically, this can be interpreted as if such
a term, mandatory for ensuring positivity induces some
deviation for varðpÞ. More generally, the deviation of the
stationary solution of the Lindblad equation from a thermal
state remains an issue, see, e.g., [41,42] and references
therein for recent discussions.
Interestingly, Fig. 2 suggests that the omission of the

operator L4 yields results closer to the Boltzmann-Gibbs
distribution, and hence closer to the semiclassical result.
In the position sector, thermalization appears to proceed

in two steps: hr2i first grows ∝ ηð0Þ
M2 × t3, driven by the

increase of hp2i (when the temperature is sufficiently high).
When thermalization is reached in the momentum space,
hr2i continues to grow ∝Dst, with the spatial diffusion
coefficient Ds ∼ T2

ηð0Þ, implying a slightly faster growth for

smaller temperatures (as can be observed by comparing the
three curves corresponding to T ¼ 0.3, 0.4 and 0.6 GeV for
t > 5 fm=c). Full thermalization is therefore not reached
before t ∼ L2

Ds
corresponding to the full delocalization of

the heavy quarks inside the box. Thus thermalization in
momentum and in space sectors generically proceed with
different timescales, the second being larger than the first as
illustrated in Fig. 3 where space thermalization is still not
observed for t ¼ 20 fm=c. Note that the thermalization

FIG. 2. QM (bands) vs (lines) SC time evolution of root mean
squared momentum for various QGP temperatures, ranging from
0.2 GeV up to 0.6 GeV; the lower edges of each QM band
corresponds to the calculation without L4. The horizontal lines
refer to the stationary values expected from Gibbs-Boltzmann
distribution, i.e.,

ffiffiffiffiffiffiffiffiffi
hp2i

p
ðt ¼ ∞Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

MT=2
p

and correspond to
the large t limit of the SC calculations.

FIG. 3. QM (bands) vs SC (lines) time evolution of root mean
squared radius for various QGP temperatures, ranging from
0.2 GeV (lower band and line) up to 0.6 GeV (upper band
and line). The horizontal lines refer to the stationary values
expected from Gibbs-Boltzmann distribution. These indeed
depend on the temperature since the density is more localized
toward small r for low temperature, due to the attractive potential.

5Small size bound states are probing the imaginary potential
around the origin, hence ηð0Þ.

6The transient drop of hp2i observed until 1.5 fm=c for the
lowest temperature is due to the conversion of kinetic energy into
potential energy: As the initial state is slightly more compact than
the first eigenstate of the in-medium Hamiltonian, it indeed starts
by expanding under the slight excess of quantum pressure.
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time in the position sector depends on the size of the box
used in the numerical simulations.

B. Decoherence and classicalization

The structures observed in Fig. 1 in the quantum Wigner
function at t ¼ 1 fm=c, are suggestive of interferences
which are absent in the semiclassical density matrix. Given
that the initial 1S vacuum state is not an eigenstate of the in-
medium potential, the evolution induced by the in-medium
potential generates an interference between the 1S vacuum
state and, for instance, the 2S excited state. This interfer-
ence manifests itself through negative contributions to the
Wigner function, spoiling the potential interpretation of the
latter as a classical phase-space distribution function.
However, as soon as the nonunitary dynamics take over,
the decoherence quenches interferences, the Wigner func-
tion stays positive and a better agreement with the semi-
classical description is observed in Fig. 1.
In order to quantify the positivity of the Wigner function,

we use the following indicator, introduced in [43]:

δðtÞ ¼ 1

2πℏ

Z
r;p

ðjDðr; p; tÞj −Dðr; p; tÞÞ

¼ 1

2πℏ

Z
r;p

jDðr; p; tÞj − 1: ð10Þ

This vanishes if and only if D > 0 everywhere in phase
space, so that a positive value of δ signals the existence of
phase-space regions where the Wigner function is negative.
The generic behavior of δðtÞ is shown in Fig. 4: After a
rapid increase at small time, it reaches a maximum value
and then decreases to a value close to 0 when the temper-
ature is high enough. The maximum is a decreasing
function of increasing temperature, and occurs when
the dynamics starts to be dominantly nonunitary. For
T ¼ 0.6 GeV, the in-medium potential vanishes, so that
there is no source of interference, and δðtÞ ¼ 0 at all times.
For T ¼ 0.2 GeV, δðtÞ decreases very slowly at later times:
This is due to the persistence at late time of a bound state

responsible for interferences. These affect the Wigner
function at small r and large p, as can be seen from the
right panel of Fig. 4. Overall, however, δðtÞ remains small
as compared to the norm of D.

C. Semiclassical expansion

Further insight can be gained by examining the non-
diagonal element Dðs; s0Þ of the density matrix. We expect
indeed the semiclassical approximation to be valid whenffiffiffiffiffiffiffiffi
hy2i

p
, where y ¼ s − s0, is small enough. As a rough

touchstone for
ffiffiffiffiffiffiffiffi
hy2i

p
, we take the inflection point yinfl of

the imaginary potential (which depends on the temper-
ature), below which W̃ can be well approximated by a
quadratic function, and the semiclassical approximation
could be expected to be reasonably accurate. The time
evolution of

ffiffiffiffiffiffiffiffi
hy2i

p
, obtained through a quantum

calculation, and defined as hy2i ¼ R
jr<1j drdyjDjy2=R

jr<1j drdyjDj is shown in Fig. 5, where jrj ≤ 1 fm was

FIG. 4. Left: the time evolution of the negativity indicator δðtÞ for the case a quantum dynamics with L4 included in the dynamics.
Right: the correspondingWigner distribution at t ¼ 20 fm=c for T ¼ 0.2 GeV. Small negative values can be detected at very small r and
large p.

FIG. 5. Time evolution of the root mean squared
ffiffiffiffiffiffiffiffi
hy2i

p
,

compared to yinfl, the inflection point of the imaginary potential
(thin horizontal lines, corresponding, from top to bottom, to
T ¼ 0.2 (blue thick plain line), 0.3 (green thick dashed line), 0.4
(orange plain line) and 0.6 (red dashed line), in GeV.
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imposed in the average in order to probe the region most
relevant for quarkonia observables.
At early time and small temperature, the dynamics is

essentially unitary. The increase of
ffiffiffiffiffiffiffiffi
hy2i

p
is related to the

initial increase of the size of the initial vacuum state, which
is smaller that the corresponding in-medium state, as
already mentioned. As time increases, the behavior
changes, reflecting the fact that for T ≳ 0.3 GeV, the early
dynamics gradually becomes dominantly nonunitary. The
decrease of

ffiffiffiffiffiffiffiffi
hy2i

p
is hence more pronounced, as the

collisions play an increasing role, which one can relate
to the fast increase of

ffiffiffiffiffiffiffiffiffi
hp2i

p
observed in Fig. 2 for

T ≥ 0.4 GeV. At later times, the nonunitary dynamics
drives the system to a stationary state, and

ffiffiffiffiffiffiffiffi
hy2i

p
evolves

toward the thermal wavelength
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2=MT

p
. The conditionffiffiffiffiffiffiffiffi

hy2i
p ≲ yinfl is approximately fulfilled in all cases, except
at the highest temperature considered, where yinfl appears
to be much smaller than the initial size of the wave
packet. However, this does not entail a breakdown of the
semiclassical approximation: When evaluated with the
SC approximation,

ffiffiffiffiffiffiffiffi
hy2i

p
exhibits a dependence with

time quite close to that displayed in Fig. 5 for the
quantum evaluation.
To explore this feature further, we plot in Fig. 6, the

quantities kΔL1k and kΔL2kwhich measure the deviations
of the SC calculation from the quantum one, via a suitable
average of the operators L1 and L2.
These quantities are defined as

kΔLik ¼
R
jrj<1 drdyjðLi − LSC

i ÞDjR
jrj<1 drdyjDj ; ð11Þ

and we also introduce, as an overall reference kLk ¼P
4
n¼0 kLnk ≈

P
2
n¼0 kLnk with

kLnk ¼
R
jrj<1 drdyjLnDjR
jrj<1 drdyjDj : ð12Þ

Here D is chosen as the solution of the QME, and the
denominator ensures proper normalization. The restriction
jrj < 1 has been imposed as was done earlier when
defining hy2i.

FIG. 6. Time evolution of the “norms” kLk for sum of the three first terms of the Lindblad operator (plain line), of L1 (long-dashed
orange line) and of both errors kΔL1k (dotted-dashed orange line) and kΔL2k (dashed green line) for various QGP temperatures; see
text for definitions. For T ¼ 0.6 GeV, one has V ¼ 0 implying kΔL1k ¼ kL1k ¼ 0.
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Since ðL2 − LSC
2 Þ ∝ − W̃ð4Þð0ÞþW̃ð4ÞðrÞ

192
y4 for a regular

imaginary potential W̃ (see Appendix A), the behavior
of kΔL2k observed in Fig. 6 reflects that of the rms(y)
displayed in Fig. 5. Up to t ≈ 3 fm=c, it becomes
increasingly large with increasing T, and can even
become of a comparable magnitude as kLk for the two
highest temperatures considered. For later times, how-
ever, it drops in a similar way as hy2i and becomes
eventually quite moderate.
We turn now to the unitary evolution that dominates at

early time and low temperature. The quantities kΔL1k, L1

and LSC
1 are evaluated respectively with the “native” 1D

real potential and the regularized one (see Appendix B).7

As one can see from Fig. 6, the contribution from the real
potential is only significant for the two lowest temper-
atures. In this range, kΔL1k is at most 50% of kL1k and at
most 10% of kLk for early times. The largest deviations
occur at early time, and as we shall verify now, at small
relative distance. Let us define the following r-dependent
quantities

jLSC
1 j ¼

R
dyjLSC

1 DjR
dyjDj and jΔL1j ¼

R
dyjðL1 − LSC

1 ÞDjR
dyjDj :

ð13Þ

These are plotted in Fig. 7, for T ¼ 0.2 GeV. For the
three values of time under investigation, jLSC

1 j ≈ jL1j on the
r-range considered, with the deviation jΔL1j being more
concentrated at small r. This is not surprising, since this is
where the corrections associated with the higher derivatives
of the real potential are expected to be the most significant
in the Wigner-Moyal expansion.8

D. Distances

Various kinds of distance are often used to quantify the
differences between solutions of equation of motion. Here
we complete the comparison between the quantum and the
semiclassical evolutions with the help of the following
distance between the Wigner transforms of the correspond-
ing density matrices9:

dðtÞ ¼
Z

drdp
2πℏ

jDQMðt; r; pÞ −DSCðt; r; pÞj: ð14Þ

This considers the m × n (Wigner) density matrix as a
vector of length m � n and then uses the usual k · k1
vector norm.
Contrarily to alternate definitions, this distance is not

bounded for arbitrary distributions. However, as our
Wigner distributions are mostly positive (see the discussion
on the δ indicator in the previous subsection), one hasR drdp

2πℏ jDðt; r; pÞj ≈ 1, which thus constitutes a natural
reference for the magnitude of d.
In Fig. 8, we present the time evolution of the distance d.

Evidently, since the same initial state is used in both
descriptions, one expects dðt ¼ 0Þ ¼ 0.10 The distance
exhibits the same time evolution pattern for the various
QGP temperatures. A maximum distance d of ∼12 –14% is
reached at early time t≲ 2 fm=c for all temperatures, and
then saturates to a value that depends weakly on the
temperature.

FIG. 7. jL1j (plain lines), jLSC
1 j (dashed lines) and jΔL1j (dot-

dashed lines) at t ¼ 0 (black), 2 (red/dark gray), and 5 fm=c
(orange/light gray), for an evolution in a QGP at T ¼ 0.2 GeV.
See text for definitions.

FIG. 8. Time evolution of the distance dðtÞ for various QGP
temperatures. The T ¼ 0.2 GeV band is mostly overlying with
the T ¼ 0.4 GeV band and therefore hardly distinguishable.

7Note that whether one uses the native or the regularized
potential has little impact on the quantum evolution.

8One should remember that jLSC
1 j ¼ jL1j⇏jΔL1j ¼ 0.

9The so-called Schatten norm is often used in the field of
quantum information, which corresponds to a trace distanceffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR

drdpðDQMðt; r; pÞ −DSCðt; r; pÞÞ2
q

[44]. This distance was

utilized in [45] to assess the validity of the semiclassical
description of in-QGP quarkonia dynamics. Here we privilege
the more elementary definition (14).

10A small deviation (≲5 × 10−3) actually occurs: It is due to
the fact that a finite set is used in the stochastic sampling of the
initial Wigner function when solving the Langevin equation.
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At early times, the quantum features of the dynamics,
e.g., the interference observed in Fig. 1, are not well
captured by the semiclassical description. This induces
some discrepancy between the quantum and semiclassical
descriptions which is quantified by the increase of dðtÞ in
Fig. 8 at early time. This increase persists until quantum
decoherence takes over, as discussed in the previous
subsection. In order to confirm the role of this mechanism,
a comparison is presented in Fig. 9 for dðtÞ calculated
respectively in the absence and in the presence of the
nonunitary component of the dynamics. When the dynam-
ics are unitary, the distance increases continuously, and
ultimately oscillates at late times around a high value. In
contrast, the nonunitary evolution that results from the
coupling with the environment tames the early increase of
dðtÞ. At later times, one observes in Figs. 8 and 9 that the
distance stabilizes to an approximately constant positive
value. This nonvanishing value of the distance can, to a

large extent, be attributed to the fact that the QME and the
SC equations do not lead to the same asymptotic state,
as already emphasized (the SC evolution converges to the
Boltzmann-Gibbs distribution with a temperature equal
to that of the heat bath while, as discussed in [31], the
effective temperature attached to the solution of the
Lindblad equation is slightly larger than that of the heat
bath, irrespective of the QGP temperature).
A more detailed analysis of the behavior of dðtÞ in terms

of marginal distances dr and dp is presented in Appendix C.
It reveals nonmonotonous trends associated to the quantum
corrections of both components of the complex potential,
leading to a more subtle temperature dependence than the
decrease of δ discussed in Sec. IV B, while the temperature
T ¼ 0.3 GeV represents a (somewhat accidental) balance
between reducing errors in the unitary and nonunitary
components of the dynamics, thereby minimizing the
distance d, as seen in Fig. 8.

V. QUARKONIUM OBSERVABLES

In this section, we consider the evolutions of observables
which are sensitive to the small distance dynamics of the
quarkonia, that is we focus on spatial regions where the c
and the c̄ are located within the range of the attractive
potential.

A. General features of the evolution of the 1S state

We first consider, in Fig. 10, the spatial density at
small relative distance for various times and two represen-
tative QGP temperatures (0.3 and 0.4 GeV). For 0.3 GeV,
the agreement between the quantum and SC evolution is
impressive. This is not unexpected, in view of the dis-
cussions in the previous section, where we saw that the
deviations between the corresponding density matrices
were by about ten percent, as seen in Fig. 8.

FIG. 9. Comparison of the distance dðtÞ time evolution in the
presence and absence of the nonunitary component of the
dynamics, for T ¼ 0.2 GeV.

FIG. 10. QM vs SC time evolution of the position probability density distribution resulting from the evolution of a 1S state; the
four curves (and bands) are snapshots at t ¼ 1, 3, 5 and 10 fm=c, with decreasing values at r ¼ 0 fm. Left: T ¼ 0.3 GeV.
Right: T ¼ 0.4 GeV. Note that the presence of the L4 in the QME evolution has no visible impact on the results.
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For 0.4 GeV, the semiclassical evaluation of ρðrÞ exceeds
slightly, at small r, that of the quantum calculation,
which can be related—see Figs. 2 and 3—to a (tiny)
excess of the hp2i and hr2i growth for the quantum
dynamics for T ¼ 0.4 and 0.6 GeV.
Further insight in this small r region is obtained by

looking at the root-mean-square momentum as a function
of position, i.e.,

ffiffiffiffiffiffiffiffiffiffiffi
hp2ir

p
, which quantifies the agreement

reached in momentum space at small cc̄ distance. This is
plotted in Fig. 11 for the same times and T values as in
Fig. 10. This comparison allows us to confirm the presence,
for T ¼ 0.4 GeV (and beyond), of a systematic hp2i excess
of the quantum result at finite r (r≳ 0.2 – 0.3 fm), con-
sistent with the excess already seen in the comparison
between r-integrated hp2i displayed in Fig. 2.
One observes also a clear yet moderate deviation in the

values of
ffiffiffiffiffiffiffiffiffi
hp2i

p
between the QM and SC calculations at

short distance, which does not has the same (spurious)
origin as the one at finite r.11 Such deviation between the
QM and the SC descriptions would presumably be cor-
rected by taking into account corrections in the Wigner-
Moyal expansion of L1 in the SC calculation. As already
identified in Fig. 7, these corrections are indeed mostly
located at small r.

B. Quarkonia yields

We come now to the probability to observe a given
charmonium (vacuum) state jψ ii after some evolution of
the initial cc̄ state during a time t. The corresponding
probability Pi is defined as

PiðtÞ ¼ Trðjψ iihψ ijD̂cc̄ðtÞÞ ¼
Z

drdp
2πℏ

Diðr; pÞDðr; p; tÞ;

ð15Þ

where Di and D are the Wigner functions associated
respectively to the stationary bound state (Di) and to the
cc̄ state (DðtÞ).
We consider first the survival probability of the 1S initial

state, i.e., Di ¼ Dðt ¼ 0Þ ¼ D1S. This is shown in Fig. 12
as a function of time. Overall, the semiclassical description
is in excellent agreement with the quantum one, consis-
tently with the very good agreement for both the spatial
density and the momentum distribution at small r observed
in Figs. 10 and 11 respectively.12

Figure 12 also reveals that survival probability does not
reach its equilibrium value at t ¼ 20 fm=c. This may be
attributed to the slow thermalization of the position sector
of phase space, as already discussed in Sec. IV. Indeed,
upon solving the semiclassical equations up to 60 fm=c, it
was observed that the equilibrium values of the survival
probabilities were attained starting only from t ≃ 50 fm=c;
see [45]. This is in agreement with the thermalization
timescales of

ffiffiffiffiffiffiffiffi
hr2i

p
observed in Fig. 3.

We examine now the probability to generate the 2S
excited state, starting from the same 1S state as before. The
wave function of the 2S state is approximated by

ψ2SðsÞ ¼ Ae−s
2=B2 þ Cs2e−s

2=D2

; ð16Þ

with A ¼ 0.741 fm−1
2, B ¼ 0.22 fm, C ¼ −3.4 fm−5

2, and
D ¼ 0.8 fm. In contrast to the case of the 1S, which is

FIG. 11. QM vs SC root mean squared momentum as function of position at t ¼ 1, 3, 5 and 10 fm=c, with increasing values at
r ¼ 0 fm. Left: T ¼ 0.3 GeV. Right: T ¼ 0.4 GeV. On both graphs, the horizontal solid line represents the initial mean squared
momentum associated to the vacuum 1S state.

11A finer analysis reveals that a similar increase of
ffiffiffiffiffiffiffiffiffi
hp2i

p
at

small r is found in the Wigner transform of eigenstates for the real
potential and hence in the asymptotic distribution which is
dominated by these states. The raise of this structure at small
rwith time is therefore a direct consequence of the thermalization
in the QM description, while no such structure is found in the SC
case, as hp2ir is independent of r.

12At late times and for T ¼ 0.4 GeV and beyond, the semi-
classical description however tends to slightly overpredict the
population of the ground state as compared to the QM calcu-
lation, by 10% at the most. This is mostly the consequence of the
small extra depletion affecting the spatial density in the QM
calculation observed in Fig. 10.
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associated to a positive Wigner transform, the Wigner
transform of the 2S density matrix is negative in some
regions of phase space, resulting in interference effects
affecting the 2S yield.
The probability P2S is shown in Fig. 13, as a function of

time and for various QGP temperatures. The overall
agreement between the quantum and the semiclassical
calculations is of the same quality as observed earlier
for the survival probability of the 1S state, with the
semiclassical values slightly exceeding the quantum ones
at late time, for the reason that has already been discussed.
At the lowest temperature, interference effects manifest
themselves by the slight oscillation of the quantum result at
small time, which is not captured by the semiclassical
calculation; see [35].
However, the nonunitary evolution eventually suppresses

these interferences, as shown in Fig. 9. Consequently, the
inaccuracies in the semiclassical approximation of the
unitary dynamics become inconsequential as the nonuni-
tary dynamics gradually takes over. And indeed, at high

temperatures where the quantum decoherence is fast, we can
see in Fig. 13 that the semiclassical description reproduces
very closely the results of the quantum description.

C. Initial compact state

We consider now, as a somewhat more realistic initial
condition, a compact state corresponding to the wave
function given in Eq. (6) with σ ¼ 0.165 fm.
We first compare the evolution of this compact state with

that of the 1S state studied earlier. The distance dðtÞ for the
two initial states is shown in Fig. 14 for T ¼ 0.2 and
0.4 GeV. One sees that the distance grows to larger values
for the compact initial state. Starting from a compact state
results indeed in a faster coherent expansion due to the
larger quantum pressure. In the absence of coupling with
the environment, the unitary dynamics would drive the
density matrixDðs; s0Þ toward regions of large values of jyj,
where the SC approximation is less accurate, hence the
increase of the distance. As discussed earlier, the growth of
the distance is tamed by the nonunitary dynamics, resulting
in a decrease of the distance to a value which is independent
of the initial state. That the distance does not vanish at late
time can be attributed to the fact that the SC evolution and
the quantum one do not evolve toward the same stationary
state, as already discussed.
The survival probabilities for the 1S and 2S states are

shown in Fig. 15. Note that both the 1S and 2S states
are “present” in the initial compact state. This initial
superposition is responsible for the early-time Rabi-like
oscillations that are clearly visible for T ¼ 0.2 GeV. The
amplitude of these oscillations is larger for the 2S than for
the 1S, in agreement with what was inferred about the
early time dynamics from the distances plotted in Fig. 14.
While they are well captured by the SC approximation for
the 1S state, this is not so for the 2S at low temperature.
At late time, one observes the same slight deviation
between the QM and the SC description that we have
already observed in the previous subsection for the
evolution of the 1S state.

FIG. 13. QM (bands) vs SC (lines) generation probability of 2S
cc̄ state for various QGP temperatures; larger temperature results
in a faster initial increase. Horizontal lines: same as Fig. 12 for 2S
states.

FIG. 12. QM (bands) vs SC (lines) survival probability of the
1S state; curves and band are ordered, from top to bottom, by
increasing values of T. The horizontal lines represent the
equilibrium values expected from the Gibbs-Boltzmann distri-
bution.

FIG. 14. Comparison of the QM to SC distance dðtÞ for 1S (two
lower bands) and compact (two upper bands) initial states and
two values of T.
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Overall, the semiclassical approximation provides an
excellent account of the evolution of the compact state,
except at early time and low temperature where the unitary
dynamics dominate and the associated quantummechanical
effects produce visible (but small) deviations between the
two descriptions.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have conducted a comprehensive study,
within a simple one-dimensional setting and an Abelian
plasma, with the objective of enhancing our comprehension
of the conditions under which semiclassical approxima-
tions can be applied, as well as the associated quantitative
errors, in the context of charmonia production in AA
collisions. This was achieved by performing a comparative
study between the exact quantum results obtained from the
resolution of a one-dimensional Lindblad equation (1)
established in the quantum Brownian regime and the
approximated semiclassical results obtained by solving
its associated Fokker-Planck equation (4). In order to
account for the various factors that can influence the
validity of the semiclassical approximation, the equations
were solved considering different medium temperatures
and different (initial) states.
In general, we have found that the semiclassical descrip-

tion reproduces the exact quantum results with remarkable
accuracy, which lends credibility to the semiclassical
approximation. To achieve this success, it is necessary to
ensure that the constraints governing the derivation of the
semiclassical equation (4), in particular the potential differ-
entiability, are respected. In fact, there are several factors
that can enhance such success of the semiclassical approxi-
mation. Our study has illuminated the crucial role of the
nonunitary operators in classicalizing the initial quantum
coherence and taming the deviations between the quantum
and semiclassical descriptions. In other words, the inac-
curacies in the semiclassical approximation of the unitary
dynamics become inconsequential as soon as the nonuni-
tary dynamics gradually takes over. For the various
implementations considered in this work, this was shown
to happen around t ≈ 1– 2 fm=c for most observables.

As the medium temperature increases, this nonunitary
component of the dynamics becomes predominant at an
earlier stage. Consequently, a more rapid convergence
between the quantum and semiclassical descriptions is
expected and indeed observed for some observables like
the δ indicator considered in Sec. IV B or the distance d
between the quantum and the semiclassical Wigner den-
sities in the case of an initial compact state displayed in
Sec. V C. This can also be understood from the perspective
of quantum decoherence which becomes more efficient at
higher temperatures. However, the solution of the Lindblad-
QME does not evolve toward the proper Gibbs-Boltzmann
distribution as an asymptotic solution, an acknowledged
feature identified in previous works which becomes more
relevant at late time, especially at high temperatures. This
leads to a slight systematic disagreement between the QM
and the SC descriptions, and renders the temperature
dependence less clear-cut to analyze for other observables
such as the distance for an initial 1S state.
The agreement achieved for the quarkonia yield is

excellent, with typical systematic errors of 10% only.
Deviations are observed to be relevant only at the early
stages of the dynamics, particularly at low temperatures.
In essence, the most challenging scenario for the semi-
classical approximation pertains to the early-time behavior
of the 2S probability, particularly that which is generated
from a compact state within a QGP at low temperature, as
illustrated in Fig. 15. However, for practical purposes, a
low-temperature QGP either results from a long-time
evolution of an initially hot QGP (leaving plenty of time
for the decoherence to act) or is produced in small and
dilute systems, in which at most a single cc̄ pair is
produced, which can be efficiently described with a full
QME. Consequently, it is not expected that the less-
favorable scenario (low T, early stage) will have any
significant impact on practical considerations. As for the
late-time evolution, in view of the limitations of the present
Lindblad-QME to reproduce the exact Gibbs-Boltzmann
distribution, it may even argued—in a slightly provocative
way—that the semiclassical description is superior to the
quantum one.

FIG. 15. QM (bands) vs SC (lines) survival probabilities of 1S and 2S states for an initial compact state. Left: for T ¼ 0.2 GeV.
Right: for T ¼ 0.4 GeV. Horizontal lines: same as Fig. 12.
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In fact, the thermalization of an open quantum system
as captured by the Lindblad equation, and the associated
thermal distribution, remains a subject of active research.
It is argued that the steady state in this case is the
so-called “mean-force Gibbs state” which is expected
to reduce to the Gibbs-Boltzmann distribution only in
the limit of an ultraweak coupling system medium; see,
e.g., [41,42,46,47].
In a subsequent study, we intend to explore the asymp-

totic behavior of quarkonia states in greater depth within
the framework of open quantum systems. In addition, in
light of the restriction of the present study to the Abelian
case, a subsequent study is planned to be conducted in the
non-Abelian case. The objective of this subsequent study
is to explore the potential role of color interactions in
enhancing or diminishing the success of the semiclassical
approximation, as observed in the Abelian case. For the
sake of completeness, a similar study should also be
performed in the quantum optical regime, which was not
addressed in this work.
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APPENDIX A: SUPEROPERATORS

In this appendix, we provide the explicit expressions for
the Li superoperators in the Abelian case:

L0 ¼
i
M

ð∂2s − ∂
2
s0 Þ; ðA1Þ

L1 ¼ −iCFðVðsÞ − Vðs0ÞÞ; ðA2Þ

L2Dðs; s0Þ ¼ CF

�
2W̃ð0Þ − W̃ðsÞ − W̃ðs0Þ þ 2W̃

�
sþ s0

2

�

− 2W̃

�
s − s0

2

��
Dðs; s0Þ; ðA3Þ

L3Dðs; s0Þ ¼ CF

2MT

�
−W̃0ðsÞ∂s − W̃0ðs0Þ∂s0

− W̃0
�
s − s0

2

�
ð∂s − ∂s0 Þ

þ W̃0
�
sþ s0

2

�
ð∂s þ ∂s0 Þ

�
Dðs; s0Þ; ðA4Þ

and

L4Dðs; s0Þ ¼ CF

16M2T2

�
W̃00ð0Þð∂2s þ ∂

2
s0 Þ þ W̃00ðsÞ∂2s

þ W̃00ðs0Þ∂2s0 Þ þ W̃000ðsÞ∂s þ W̃000ðs0Þ∂s0

þ 2

�
W̃00

�
s − s0

2

�
þ W̃00

�
sþ s0

2

��
∂s∂s0

�
;

ðA5Þ
whereDðs; s0Þ stands for the matrix element hsjDjs0i with s
(or s0) the relative coordinates of the quarks. Note that we
keep the Casimir factor CF in order to get phenomeno-
logically relevant numbers in our simulations. M is the
mass of the heavy quark and T the QGP temperature. One
can easily check that each of these terms is norm preserv-
ing. The expression of L3D appears to be slightly different
from the one derived in [9]. The origin of such difference is
that a so-called “minimal set” of operators was identified
in [31] in a process aiming at regularizing UV divergences
present in the higher derivatives of the imaginary potential
W and leading to a regularized imaginary potential W̃. This
allows one to absorb some terms of the original derivation
into the definition of W̃, resulting in some simplification of
the expressions.
One of the main features of the QME is the possibility of

approximating it by a semiclassical equation as shown
in [9]. This approximation is based on the observation
that the density matrix becomes eventually nearly diagonal
in coordinate space. As for the L1 potential term
iðVðsÞ − Vðs0ÞÞ, it is approximated as

iðVðsÞ − Vðs0ÞÞ → iV 0ðrÞ × y; ðA6Þ
which is the first term in the semiclassical Wigner-Moyal
equation for closed quantum systems [48]. In this expan-
sion, r ¼ sþs0

2
while y ¼ s − s0. With these variables one has

L2Dðr; yÞ ¼ CF

�
2W̃ð0Þ − W̃

�
rþ y

2

�
− W̃

�
r −

y
2

�

þ 2W̃ðrÞ − 2W̃

�
y
2

��
Dðr; yÞ; ðA7Þ

¼ −
CF

4
½ðW̃00ðrÞ þ W̃00ð0ÞÞy2 þOðWð4Þy4Þ�

×Dðr; yÞ: ðA8Þ
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Uniformly neglecting the OðWð4Þy4Þ term is legitimate
whenever it is small on the support of D; this typically
amounts to hy2iD ≲ Wð2Þ

Wð4Þ ≈ μ−2D , where μ−1D (the inverse
Debye mass) is the typical length scale appearing in the
definition of the imaginary potential, a condition that is
satisfied in the QBM regime for both (reasonable) initial
and asymptotic state. Similarly, one has

L3D ¼ −
CF

2MT

��
W̃0ðr−Þ þ W̃0ðr−Þ

2
− W̃0ðrÞ

�
∂r

þ
�
2W̃0

�
y
2

�
þ W̃0ðrþÞ − W̃0ðr−Þ

�
∂y

�
D

≈ −
CF

2MT

�
ðW̃00ð0Þ þ W̃00ðrÞÞy∂y þ W̃000ðrÞ y

2

4
∂r

�
D;

ðA9Þ

where r� ¼ r� y
2
.

APPENDIX B: THE REGULARIZED POTENTIAL

As shown by Escobedo and Blaizot [9] and recalled
in Sec. II, the small y expansion of the Lindblad QME
followed by a Wigner transform results in a Fokker Planck
equation whose drag and diffusion transport coefficients are
expressed as derivatives of the original imaginary potential.
In our work, we adopt this original derivation applying it to
the minimal set of operators present in the QME and
neglecting the contributions stemming from the L4 term.
As for the unitary operators L0 and L1, the same

procedure results in the standard Wigner-Moyal equation,
truncated to its first order in ℏ (i.e., retaining the contri-
butions ∝ℏ0). It should be noted that such expansion where
VðsÞ − Vðs0Þ is approximated by V 0ðsþs0

2
Þ × y requires that

the real potential V is differentiable. Since this is not the
case at origin for the 1D potential derived in [37], we have
used instead, in the Langevin equation, the regularized
potential Vreg defined following the method of Kelbg [49]:

VregðT; rÞ ≔ −T ln ρasðT; rÞ þ cstðTÞ; ðB1Þ

where ρas is the asymptotic quantum density evaluated by
solving LDas ¼ 0. Adopting this regularization ensures
that the density resulting from the FP evolution converges
toward the equivalent quantum quantity as limt→þ∞ ρFP ∝
expð−V=TÞ. At intermediate times, this prescription also
reduces the discrepancy between the quantum and the SC
treatments, as we have checked explicitly. In Fig. 16, the
regularized potential is illustrated and compared to the
native 1D potential. One sees that they essentially differ
close to the singular point of the native potential at origin.

APPENDIX C: FINER ANALYSIS
OF THE DISTANCE

In this appendix, we complement the analysis of the
distance presented in Fig. 8 by discussing two particular
features. First, the flattening of the distance toward constant
values at late times seems to indicate that the system is
approaching equilibrium, with however different asymp-
totic states associated to both quantum and semiclassical
descriptions. Second, a clear hierarchy between the temper-
atures is lacking, although one would expect on general
grounds [20,36] that decoherence should proceed faster and
more efficiently at high temperature, as observed in Fig. 4.
In order to investigate these features, we use the marginal

distances

drðtÞ ¼
Z

drjρQMðt; rÞ − ρSCðt; rÞj

dpðtÞ ¼
Z

dpjρQMðt; pÞ − ρSCðt; pÞj; ðC1Þ

with ρðrÞ and ρðpÞ being respectively the position and
momentum marginal distributions associated to the Wigner
function Dðr; pÞ. The position and momentum distances
satisfy the inequalities drðtÞ ≤ dðtÞ and dpðtÞ ≤ dðtÞ,

FIG. 16. A comparison between the native and regularized potentials for T ¼ 0.2 GeV (left) and T ¼ 0.3 GeV (right).
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respectively. These distances are plotted in Fig. 17 for
various temperatures.
We notice distinct behaviors of these components. While

dr is roughly independent of T, dp clearly grows with the
temperature. Indeed dr > dp throughout the evolution
process at T ¼ 0.2 GeV. However, as temperature is
increased to T ¼ 0.3 GeV, the dominance of dr is observed
only at early times, with dp taking over rapidly. Finally,
for the highest temperatures, T ¼ ½0.4; 0.6� GeV, dp domi-
nates the distance from the outset.
The late-time apparent stability observed for dr up to

20 fm=c is in fact a direct consequence of the large
timesscales associated with the spatial relaxation, as
already seen for hr2i in Fig 3. For t ≫ 20 fm=c, ρSCðrÞ
is however assured to converge toward ρQMðrÞ due to the
choice of the regulated potential Vreg adopted for the SC
evolution, and dr should decrease toward 0. For a finite t,
the position distance dr can be traced back to the higher
quantum corrections which were neglected in the semi-
classical equation. Given that both components of dynam-
ics contain higher-order quantum corrections, it can be
concluded that the position distance is not significantly
affected by changes in medium temperature. Indeed, at low
temperature, the primary source of discrepancies is the
quantum corrections associated to the real potential VðrÞ

(see as well Fig. 6), while at high temperature, where VðrÞ
becomes flatter, the primary source of discrepancies is
the quantum corrections stemming from the imaginary
potential, WðrÞ.13 Therefore, the decrease in one type of
correction is compensated for by an increase in the other.
This elucidates the absence of a manifest hierarchy between
the different temperatures in the distance dr but also in the
distances d shown in Fig. 8.
As for dp, we have already argued (see Fig. 2) that the

quantum and semiclassical equations do not possess the
same steady-state solution since the Lindblad equation (1)
does not relax to a Gibbs-Boltzmann distribution in the
same manner as the Fokker-Planck equation. At late times,
the distance dp is thus a measure of the distance between
these different steady states and remains nonzero. It even
increases as a function of temperature as observed in both
Figs. 2 and 17. This is also in agreement with the increase
of kΔL2k observed in Fig. 6.

FIG. 17. Time evolution of the distance dðtÞ (blue upper band) and its position dr (red band, vertical mesh) and momentum dp (green
band, inclined mesh) contributions for various QGP temperatures. The solid and dashed lines framing the bands respectively correspond
to the QME evolution with and without the L4 term.

13It is worth to note that at T ¼ 0.6 GeV, the real potential is
flat, so the unitary component of dynamics is identical in the
quantum and semiclassical descriptions. Consequently, the non-
zero dr distance at this temperature, quantifies the discrepancies
induced by the higher order quantum corrections in the non-
unitary component of the dynamics.
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