
B → Xclν̄ decay as a probe of complex conjugate poles

Jinglong Zhu 1,* and Hiroyuki Umeeda 1,2,3,†

1Center for Theoretical Physics and College of Physics, Jilin University, Changchun, 130012, China
2China Center of Advanced Science and Technology, Beijing 100190, China

3Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China

(Received 20 November 2024; accepted 18 June 2025; published 2 July 2025)

In this work, nontrivial analytic structure of the quark propagator is discussed for B-meson inclusive
decays. Attributed to invalidity of the standard Källén-Lehman spectral representation, complex conjugate
poles alter the evaluation of decay rates, which lead to violation of quark-hadron duality. As
phenomenological observables, widths in B → Xclν̄ decay as well as the lifetime of the B0

d meson are
discussed. In the presence of the mentioned nonanalytical contributions, the possibility for resolving the
jVcbj puzzle is addressed. It is demonstrated that there exists a parameter region, which explains jVcbj and
B0
d-meson lifetime simultaneously within 1σ via the complex conjugate poles from a charm quark.
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I. INTRODUCTION

Inclusive decays of B mesons play a crucial role for the
determination of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements [1,2]. The measurement of decay spectra
enables us to extract jVcbj with 1.1%–1.5% precision in
Refs. [3–5]. An alternative determination of jVcbj can be
made via the exclusive decays such as B → Dð�Þlν̄, where
ab initio simulation of quantum chromodynamics (QCD) is
performed by lattice gauge theory [6]. Provided that non-
perturbative aspects of QCD are properly controlled, the
different methods to determine CKM matrix elements
supposedly agree with one another.
In this context, it should be noted that there has been a

longstanding tension for more than a decade: the discrep-
ancy between inclusive and exclusive jVcbj is observed,
where Particle Data Group (PDG) 2024 [7] reports sig-
nificance of 3.0σ. The interpretation via new physics is
disfavored [8] since this scenario is incompatible with the
Zbb̄ coupling constraint, while the BABAR experiment
recently gave the consistent result between both determi-
nations albeit a large uncertainty [9]. Precise determina-
tions of Vcb improve the accuracy of ϵK , representing
indirect CP violation for K0 − K̄0 mixing.
As to the theoretical framework, a conventional method

for inclusive B-meson decays is the operator product

expansion (OPE) [10], rendering the observables recast
into the form of the 1=mb series [11–14]. Given that
nonanalytic behavior of the charm quark propagator exists
solely along the timelike real axis, the perturbative expan-
sion leads to convergent prediction for a contour that is
away from the resonance region [11]. Equipped with
this methodology, jVcbj, bottom quark mass and power-
correction parameters are determined so as to fit the decay
spectra [3–5].
There is a tacit assumption made in the OPE analysis,

called quark-hadron duality [15–17]. The underlying diffi-
culty arises from truncated power series, i.e., power and
radiative corrections, which would lead to particularly
nontrivial behavior when analytic continuation to
Minkowski spacetime is implemented [18]. Violation of
quark-hadron duality is hard to quantify and instead
modeled by the instanton-based approach [19–23] as well
as the resonance-based approach [24–33] in previous
works for heavy quarks. It is indicated that while duality
violation is exponentially suppressed in Euclidean space, it
exhibits oscillatory behavior in Minkowski spacetime [18].
For semileptonic B-meson decays, global duality violation
involving the smearing over phase space might give rise to
a potential difficulty in the phenomenological discussion.
Meanwhile, there exists a nontrivial issue on strong

interaction: colored particles cannot be observed individu-
ally, referred to as color confinement, where its underlying
mechanism is still not clarified. In relation to this phe-
nomenon, there are some notable aspects in analytical
structures of propagators for confined particles. In particu-
lar, the existence of complex conjugate poles (CCPs) is
possibly an indication of confinement, invalidating the
standard Källén-Lehman spectral representation [34–36].
In previous works, CCPs of gluon [37] and quark
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propagators [38] are extracted by (a variant of) the
Schlessinger point method [39] supplemented by
Euclidean-input methods. From a field-theoretic perspec-
tive, it has been known [40] that CCPs for the gluon
propagator are suggested in view of the Gribov problem
[41]. See also recent intensive investigations of CCPs
mostly oriented for the Yang-Mills theories [42–45].
In this work, contributions of CCPs to inclusive widths

for B-meson decays are discussed. It should be noted that
CCPs lead to novel nonanalytical behavior of the forward
scattering tensor in B → Xclν̄ decays. In the presence of
CCPs, deformation of the integration contour yields cor-
rections that cannot be evaluated perturbatively. These
additional contributions can be extracted by the residue
theorem, in general invalidating quark-hadron duality.
Formulating in this way, we discuss the possibility that
the aforementioned jVcbj puzzle is resolved. Furthermore,
the contributions of CCPs to nonleptonic B0

d-meson decays
are also studied. We shall show that jVcbj and the B0

d
lifetime can be simultaneously explained within 1σ, with
certain values of the pole position and the residue.

II. B-meson SEMILEPTONIC DECAYS

In the previous works [11–14], inclusive decays of
beauty hadrons are evaluated in the heavy quark effective
theory (HQET) [46–49], for which the lowest order
contribution corresponds to the free bottom quark decay.
Here we consider semileptonic decays with massless
leptons denoted with l ¼ e, μ at the rest frame of the B
meson. The triple differential rate is given by [13]

d3Γ
dEν̄dEldq2

¼ G2
FjVcbj2
4π3

LμνWμν; ð1Þ

where Lμν andWμν represent leptonic and hadronic tensors,
respectively, with q ¼ pl þ pν̄. The latter quantity is
related to the imaginary part of the forward scattering
tensor, Wμν ¼ − 1

π ImTμν, with Tμν defined by

Tμν ¼ −i
Z

d4xe−iq·xhHvjT½JμðxÞJνð0Þ�jHvi: ð2Þ

In Eq. (2), the hadronic state is normalized via
hHv0 ðpÞjHvðqÞi ¼ v0ð2πÞ3δð3Þðp − qÞ. By introducing a
variable of α ¼ q2=½2mbðq0 − ElÞ� and integrating
Eq. (1) over q0, one can obtain the double differential width

d2Γ
dEldα

¼ −
G2

FjVcbj2
4π3

2mb

π

× Im
Z

q0max

El

ðq0 − ElÞLμνTμνdq0: ð3Þ

The expression of Tμν relevant for B → Xclν̄ is

TμνjB→Xclν̄ ¼ −i
Z

d4xe−iq·x

× hHvjb̄ðxÞγμPLSðx; 0ÞγνPLbð0ÞjHvi: ð4Þ

In Eq. (4), Sðx; yÞ represents the charm quark propagator. In
the presence of one pair of CCPs, the Green function for the
nonperturbative region includes

Sðx; yÞjCCPs ¼
Z

d4pc

ð2πÞ4 i=pc

�
R

p2
c þQ

þ R�

p2
c þQ�

�

× e−ipc·ðx−yÞ; ð5Þ

where the complex numbers denoted as R and Q represent
the residue and the pole position, respectively. Although
there are additional CCP terms that have trivial Dirac
structure, we omitted those in Eq. (5) since they vanish in
Eq. (4) due to chirality-projection operators. The case with
multiple-pair CCPs is considered in the later discussion.
The forward scattering tensor in Eq. (4) can be divided

into separate nonanalytical structures

Tμν ¼ T̃μν þ Tμν
CCP þ Tμν

CCP0 : ð6Þ

In Eq. (6), T̃ represents a contribution that possesses a
physical cut along the timelike real axis, which is conven-
tionally analyzed by the perturbation theory, while the other
two terms are associated with the CCPs in Eq. (5).
It should be noted that the CCPs do not contribute to the

result as long as the integration range is defined by the one
in Eq. (3) since the two terms in Eq. (5) give a real-valued
combination to the integrand. However, this is not the case
when nontrivial deformation of integration contour is
implemented, as explicitly discussed later.
The integration defined on the rhs of Eq. (3) can be

carried out as follows: the phase space integral range
defined by El ≤ q0 ≤ q0max is deformed in such a way that
the contour wraps around the branch cut for B → Xclν̄
decays. After this is implemented, the contour is given by
Ca in Fig. 1. The presence of the CCPs does not affect this
procedure since each of the upper and lower domains of Ca
gives a real-valued integrand in Eq. (3), which vanishes
individually.
As is conventionally discussed [11–14], the perturbative

evaluation of the forward scattering tensor in the local OPE
encounters an uncontrollable obstacle at the vicinity of the
resonance region so that further deformation should be
performed. Provided that the CCPs are absent, the contour
integral along Ca in Fig. 1 is related to the one for Cb up to
sign due to Cauchy’s theorem. However, in the presence of
the CCPs, the mentioned deformation leads to

d2Γ
dEldα

¼ d2Γ
dEldα

����
pert

þ d2Γ
dEldα

����
CCPs

: ð7Þ
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In Eq. (7), the two terms read

d2Γ
dEldα

����
pert

¼ −F ðCb; T̃Þ; ð8Þ

d2Γ
dEldα

����
CCPs

¼ F ðCp; TCCPÞ þ F ðCp0 ; TCCP0 Þ; ð9Þ

where we defined

F ðC; T Þ ¼ G2
FjVcbj2
4π3

mb

π
Im

Z
C
ðq0 − ElÞLμνT μνdq0:

Since Cb is taken sufficiently away from the resonance
region as shown in Fig. 1, the perturbation theory gives a
reliable prediction in Eq. (8) so that we can replace
T̃μν → Tμν

pert. In what follows, the contribution of CCPs
in Eq. (9) is mainly considered since the perturbative
contribution is discussed in the previous works [11–14].
The integrals on the rhs of Eq. (9) are evaluated

straightforwardly by the residue theorem. Subsequently,
the integral over α can be also performed, resulting in the
lepton energy distribution from the one-pair CCPs

1

Γb

dΓ
dyl

����
CCPs

¼ GðRð1Þ
0 ; Q0Þ; ð10Þ

GðR;QÞ ¼ 24Re
�
R
�
−
1

3
½1 − ð1 − ylÞ−3�

× ð1 − yl þ Q̂Þ þ 1

2
½1 − ð1 − ylÞ−2�

× ð1þ Q̂Þ
�
× ð1 − yl þ Q̂Þ2

�
: ð11Þ

In Eqs. (10) and (11), we introduced Γb ¼
G2

Fm
5
bjVcbj2=192π3, the dimensionless pole position

denoted as Q̂ ¼ Q=m2
b, and the rescaled charged lepton

energy, yl ¼ 2El=mb. Moreover, some indices in Eq. (10)

are introduced as Rð1Þ
0 and Q0 in order to distinguish them

from the ones in the two-pair CCPs scenario similarly
discussed later.
It is worth noting that Eq. (10) can be also derived from

the partonic rate defined with xl ¼ 1 − ρc=ð1 − ylÞ
1

Γb

dΓ
dyl

¼ 2yl½3x2lylð2 − ylÞ þ x3lðy2l − 3ylÞ�; ð12Þ

by the replacement of ρc ¼ m2
c=m2

b → −Q̂0, multiplying

−2Rð1Þ
0 as an overall factor, and taking the real part. This is

interpreted as the relation between the pointlike on-shell
condition for charm quark, dictated by δðp2

c −m2
cÞ, and

the CCPs; the integrals for these two quantities fix q0 to
ðm2

b − X þ q2Þ=2mb with X ¼ m2
c and −Qð�Þ, leading to

the mentioned correspondence.
In the heavy quark limit, meson masses are approxi-

mated by the ones of quarks, MB ≃mb and MD ≃mc.
Integrating Eq. (10) with respect to yl for 0 ≤ yl ≤ 1 − ρc,
one can obtain the total width from the one-pair CCPs

1

Γb
ΓCCPs ¼

X3
m¼−3

cmFm; ð13Þ

whereFm¼ð1−ρmþ1
c Þ=ðmþ1Þ form≠−1,F−1¼−logðρcÞ,

and

c3 ¼ −8ReðRÞ;
c2 ¼ 12Re½Rð1 − Q̂Þ�;
c1 ¼ 24ReðRQ̂Þ;
c0 ¼ −4Re½Rð1þ 3Q̂ − 3Q̂2 − Q̂3Þ�;
c−1 ¼ −24ReðRQ̂2Þ;
c−2 ¼ 12Re½Rð1 − Q̂ÞQ̂2�;
c−3 ¼ 8ReðRQ̂3Þ:

Equation (10) can be generalized to the case with
multiple pairs of CCPs by simply adding extra terms.
The relevant expression for the scenario with two-pair
CCPs is given by

1

Γb

dΓ
dyl

����
CCPs

¼ GðRð2Þ
1 ; Q1Þ þGðRð2Þ

2 ; Q2Þ: ð14Þ

Further generalization such as three-pair CCPs is rather
straightforward. Likewise, one can obtain Eq. (13) for the
case with two-pair CCPs by integrating Eq. (14) in the
phase space region.

FIG. 1. Integration contours in the complex plane of q0 ¼
El þ Eν̄ in the presence of one-pair CCPs. The wavy line that Ca
wraps around is a physical cut for B → Xclν̄ while one located
on the right side is the one for b → bbc̄ processes at the
partonic level.
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For jVcbj, we consider the CCP corrections to the
integrated semileptonic width in a way analogous to the
discussion in Ref. [8],

jVcbj ¼
jVOPE

cb jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Γ̃CCPs

Γ̃OPE

q : ð15Þ

In Eq. (15), we defined Γ̃CCPs ¼ ΓCCPs=jVcbj2 and Γ̃OPE ≃
G2

Fðmkin
b Þ5=192π3, where the latter with mkin

b defined in the
kinetic scheme [50] arises from the perturbative contour,
while jVOPE

cb j represents the CKM matrix element deter-
mined by the conventional method.

III. B-meson LIFETIME

Contributions of the CCPs from charm quarks can be also
extracted for nonleptonic decays.We consider the total width
of the B0

d meson, which consists of b → clν̄ðl ¼ e; μÞ,
b → cτν̄, and b → cq̄q0ðq ¼ u; c; q0 ¼ d; sÞ. It should be
noted that transitions that proceed via b → u are negligible
up to high accuracy due to the CKM suppression.
The effective Hamiltonian relevant for ΔB ¼ 1 non-

leptonic decays reads [51]

HW ¼ 4GFffiffiffi
2

p VcbV�
qq0 ðC1O1 þ C2O2Þ; ð16Þ

where the Wilson coefficients are denoted by Ci (i ¼ 1, 2)
while the four-quark operators are

O1 ¼ ðc̄αγμPLbαÞðq̄0βγμPLqβÞ;
O2 ¼ ðc̄αγμPLbβÞðq̄0βγμPLqαÞ:

In the above relations, α and β represent color indices.
In the Born approximation, widths of nonleptonic B

decays differ from leptonic cases up to overall factors of
C̃ ¼ NcC2

1 þ NcC2
2 þ 2C1C2 and a CKM matrix element:

Relations between the widths in the massless limits for u, d,
s, e, μ, and neutrinos are

dΓb→cūq0

dyq0
¼ jVuq0 j2C̃

dΓb→clν̄

dyl

����
yl→yq0

; ð17Þ

dΓb→cc̄q0

dyc̄
¼ jVcq0 j2C̃

dΓb→cτν̄

dyτ

����
yτ→yc̄;ρτ→ρc̄

; ð18Þ

where we defined yi ¼ 2Ei=mb with i being an appropriate
flavor, ρτðc̄Þ ¼ ½mτðcÞ=mb�2, and xτ ¼ 1 − ρc̄=ð1þ ρτ − yτÞ.
In Eq. (17), the massless semileptonic decay rate is defined
in Eq. (12) while the case with τ in Eq. (18) is [52]

1

Γb

dΓb→cτν̄

dyτ
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2τ − 4ρτ

q
f3x2τðyτ − 2ρτÞð2 − yτÞ

þ x3τ ½y2τ − 3yτð1þ ρτÞ þ 8ρτ�g: ð19Þ

In what follows, the one pair of CCPs is considered for
definitiveness, while the multiple-pair case is discussed in
the later straightforward generalization. The relations
between nonleptonic and semileptonic modes in Eqs. (17)
and (18) are valid also for the CCP contributions. By
utilizing these relations and the correspondence between
the partonic rate and the one from CCPs, discussed around
Eq. (12), we can obtain CCP contributions to the non-
leptonic widths; the results are ones on the lhs in Eqs. (17)
and (18) with the replacement of ρc → −Q̂, multiplying
−2R as an overall factor, and taking the real part. These
can be also extracted from the direct calculation by the
residue theorem. Integrating the lhs in Eqs. (17) and (18) for
0 ≤ yq0 ≤ 1 − ρc and 2

ffiffiffiffiffi
ρc̄

p ≤ yc̄ ≤ 1, respectively, the non-
leptonic widths are evaluated.
For the processes including b → cc̄q0, CCPs from the c̄

quark contribute in addition to ones from the c quark. This
can be obtained by proper procedure with Eq. (18)
described as follows: after interchanging c ↔ c̄, one carries
out the replacement of ρc̄ → −Q̂, multiplies −2R, and takes
the real part as was done before. Implemented in this way,
one can find that the CCP contributions from c̄ to the
integrated width are identical to the ones from c. In what
follows, these two types of contributions are both included
for evaluating the widths of b → cc̄q0 decays.
By summing over the final states, including nonleptonic

and semileptonic modes, one can obtain the CCP contri-
butions from charm quark to B-meson lifetime

τðB0
dÞ ¼

1

ΓCCPs
all þ ΓOPE ; ð20Þ

where ΓOPE is the OPE contribution while ΓCCPs
all is that

from the CCPs. For the multiple-pair CCPs, extra terms
should be added in ΓCCPs

all , as was discussed for semileptonic
decays in Eq. (14).

IV. NUMERICAL RESULT

For the input parameters, the kinetic mass and the pole
masses are respectively set to mkin

b ¼ 4.573 GeV [3],
mb ¼ 4.78 GeV [7], and mc ¼ 1.67 GeV [7].
In what follows, we investigate two scenarios, where the

number of pairs of CCPs is one or two, respectively. The
pole positions and residues of the charm quark propagator
are extracted for the former [38] and the latter [53] cases. It
should be noted that the size of the CCP contributions is
characterized by the residue, since this serves as an overall
factor of the nonanalytical term. Provided that the CCP
contributions give a slight correction to the partonic rate, an
immediate observation is that the typical size of the
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residues in the previous works [38,53] is too large. In view
of phenomenological relevance, the residues in Eqs. (10)
and (14) are represented by

Rð1Þ
0 ¼ jR0j

n
eiθ0 ; Rð2Þ

1;2 ¼
jR1;2j
n

eiθ1;2 ; ð21Þ

with n being 8,4, or 3. jR0j and jR1;2j are fixed as absolute
values from,

R0 ¼ 0.577 − 0.712i ½38�; ð22Þ

R1 ¼ 0.08624þ 0.598i ½53�; ð23Þ

R2 ¼ 0.4145 − 0.267i ½53�; ð24Þ

while for the pole positions, we directly adopt values
obtained in the previous works,

Q0 ¼ ð−2.325þ 1.145iÞ GeV2 ½38�; ð25Þ

Q1 ¼ −ð1.773þ 0.7179iÞ2 GeV2 ½53�; ð26Þ

Q2 ¼ −ð2.112þ 0.5177iÞ2 GeV2 ½53�: ð27Þ

Furthermore, in the scenario with one-pair CCPs, we
consider the uncertainty range of −3≤ReQ0=GeV2 ≤−2
inferred from Fig. 4 in Ref. [38], which covers the
mentioned value, ReQ0 ¼ −2.325 GeV2.
In Fig. 2, the lepton energy distributions for B → Xclν̄

decays based on Eqs. (10), (12), and (14) are displayed for
illustrating the size of the CCP contributions. For (a)-(d),
the results for the parametrization in Eq. (21) with θi ¼
π=2; π (i ¼ 0, 1, 2) and n ¼ 8, 4 are respectively exhibited.
The uncertainty ranges from ReQ0, mentioned before, are
represented as gray bands. In (e), n is fixed to 8 while θis
are extracted as arguments of the residues in Eqs. (22)–(24).
As one can see from the results, how large the CCPs
contributions are depends crucially on the parameters for
residues and pole positions. The case with n ¼ 4 is
interpreted as the scale-up of the CCP contributions for
n ¼ 8. Taking Fig. 2(c) and (d) as examples, for y ¼ 0.5,
the one-pair (two-pair) scenario gives approximately 21%
(22%) for n ¼ 8 and 43% (45%) for n ¼ 4 larger results
than those of the partonic rate. If we take 0 < n < 4, the
two scenarios give further large corrections. For (c)–(e),
one can find that the results for the one-pair and two-pair
scenarios are rather close to each other except for large y,
while for (a)–(b), the results are deviated for smaller y.
For the analysis of jVcbj, a recent inclusive determination

for jVOPE
cb j is adopted in Eq. (15). As to exclusive determi-

nations that are compared with this work, there are results
based on parametrizations of form factors from Boyd-
Grinstein-Lebed [54], Caprini-Lellouch-Neubert [55], one
relying on the HQET [56,57], etc. We adopt the third

formalism, since analyticity is not intrinsically assumed
for this parametrization. Those input parameters are sum-
marized below

jVOPE
cb j ¼ ð42.16� 0.50Þ × 10−3 ½3�;

jVexc
cb j ¼ ð39.7� 0.6Þ × 10−3 ð2=1=0Þ ½54�;

jVexc
cb j ¼ ð39.3� 0.6Þ × 10−3 ð3=2=1Þ ½54�;

where the last two results correspond to exclusive fitting
scenarios that include different powers in the recoil-variable
expansion.
For the inputs to evaluate τðB0

dÞ in Eq. (20), the conven-
tional OPE result is given by ΓOPE ¼ ð0.615þ0.108

−0.069Þps−1
[58], predicted by the parameter set in Ref. [3]. The
Wilson coefficients are given at next-to-leading order in
QCD corrections, C1ðmbÞ ¼ 1.07 and C2ðmbÞ ¼ −0.17
based on Ref. [51]. The CKM matrix elements for
jVijjði¼u;c;j¼d;sÞ and exclusive jVcbj ¼ 39.8 × 10−3

are extracted from PDG [7].
In Fig. 3, inclusive jVcbj for the scenario with one-pair

CCPs in Eq. (15) is exhibited as a function of θ0 for n ¼ 8,
4 and 3, and compared with the exclusive results. One can

(a) (b)

(c) (d)

(e)

FIG. 2. Lepton energy distribution for B → Xclν̄ decay. The
blue solid line represents the parton-level contribution while the
gray band (red dotted line) shows the one additionally including
the contributions of one-pair (two-pair) CCPs. The gray band
region represents the uncertainty range of ReQ0 in Ref. [38].
(a) θi ¼ π=2, n ¼ 8. (b) θi ¼ π=2, n ¼ 4. (c) θi ¼ π, n ¼ 8.
(d) θi ¼ π, n ¼ 4. (e) n ¼ 8. In each plot, the values of θi
(i ¼ 0, 1, 2) are common.
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find that the inclusive result for n ¼ 8 around θ0 ¼ �π is
consistent with the exclusive ones within 1σ. Moreover,
B0
d-meson lifetime including the CCP contributions is

displayed, and compared with the experimental data [59]
in Fig. 4. It should be noted that the theoretical uncertainty
of lifetimes is much larger than that for the experimental
data. One can find from Fig. 4 that the theoretical τðB0

dÞ for
n ¼ 8 is consistent with the experimental data within 1σ in
a neighborhood of θ0 ¼ �π, similar to Fig. 3 with the same
value of n. Hence, there exists a parameter region for n ¼ 8

where jVcbj and τðB0
dÞ are simultaneously explained within

the 1σ range. As to the cases of n ¼ 4ð3Þ, we similarly find

that θ0 ≈ −2.4 radð−2.3 radÞ and θ0 ≈ 1.6 radð1.5 radÞ
simultaneously explain the jVcbj and τðB0

dÞ within 1σ.
In the scenario with two-pair CCPs, the results are

displayed in Fig. 5. For definitiveness, the (2=1=0) fitting
of the exclusive jVcbj [56] is considered in the figure. As
can be seen from the results, there are regions that
simultaneously explain jVcbj and τðB0

dÞ within 1σ for both
n ¼ 8 and 4, as well as the case with the one-pair CCPs. It
should be noted that the allowed region for θ1 and θ2 is
larger for n ¼ 8 than that for n ¼ 4 since in the latter case
the typical size of the CCP contributions is larger, and
therefore limiting the available parameter space.

V. CONCLUSION

In this work, we have discussed the phenomenological
aspects of the nontrivial contributions in the quark propa-
gator. It should be remembered that the nonanalytical
structures are not definitively concluded in the previous
works, especially for pole positions, the residue parameters,
and the number of pairs of the CCPs. In view of these
complexities, we have carried out illustrative numerical
investigations for B-meson inclusive decays.
In the presence of the CCPs, deformation of the inte-

gration contour, implemented for avoiding the resonance
region, leads to the nonperturbative corrections in addition
to the OPE contributions. This gives rise to the limitation of
the accuracy in the OPE analysis even if the smearing over
phase space is performed sufficiently. We have extracted the
mentioned contribution by utilizing the residue theorem,
and found that the result is also obtainable from a straight-
forward manner where charm quark mass square in the
partonic rate is replaced by the complex-valued one, with a
proper modification of the overall coefficient.
As to phenomenological observables, the integrated rate

for B → Xclν̄ and B0
d-meson lifetime are analyzed. In order

to ensure that the CCP contributions give a small correction
to the partonic rate, which is of phenomenological rel-
evance, it is found that the residue parameter must be
somewhat smaller than those in Refs. [38,53], unless one

FIG. 3. Dependence of jVcbj on the argument of the residue
parameter in the scenario with one-pair CCPs. The blue, red, and
gray bands represent the results determined by the OPE term plus
the CCPs for n ¼ 8, 4, and 3, with the 1σ uncertainty range from
jVOPE

cb j [3]. The green and orange bands are the 1σ range of the
exclusive determinations [56] in the fitting scenarios of ð2=1=0Þ
and ð3=2=1Þ, respectively.

FIG. 4. Dependence of B0
d lifetime on the argument of the

residue parameter in the scenario with one-pair CCPs. The blue,
red, and gray bands represent the results including both the
OPE [58] and the CCP contributions for n ¼ 8, 4, and 3, where
the 1σ uncertainty range from the OPE [58] is displayed. The
green line shows the experimental data from heavy flavor
averaging group (HFLAV) [59].

(a) (b)

FIG. 5. Allowed parameter regions in the scenario with two-
pair CCPs. The green band represents the 1σ region for inclusive
jVcbj consistent with the exclusive scenario (2=1=0) [56]. The
yellow band represents the 1σ region for the B0

d-meson lifetime
consistent with the HFLAV data [59]. (a) n ¼ 8. (b) n ¼ 4.
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tunes the parameters for CCPs. Viewed from another way,
the absolute value of the residue must be sufficiently
suppressed in such a way that the CCPs do not give too
large corrections to observables.
We have performed the numerical analysis by varying

the parameters of the CCPs. Some illustrative cases, where
the size of the residue parameters is smaller than ones in
Refs. [38,53] and the number of the pairs of CCPs is either
one or two, are tested. It is shown that there exist parameter
regions accommodating jVcbj and τðB0

dÞ within 1σ. Further
phenomenological clarification requires, not just discussing
the integrated semileptonic rate, fitting analysis for, e.g., the
lepton energy moments as well as q2 moments [3,4], to
extract jVcbj.
The result in this work leads to specific modeling of

duality violation, in addition to the previous ones from the
instanton-based and resonance-based approaches. Here
“modeling” is phrased in the sense that nontrivial aspects
of gauge theories are involved; how many pairs of CCPs
exist is not even clearly identified, see, e.g., [38,53]. The
phenomenological discussion in B-meson decays enables
us to test such an aspect of gauge theories.
Duality violation in the present work is to be contrasted

with ones in the previous discussions, which have some
drawbacks: Even if one starts from the instanton-based
approach, realistic size of duality violation is still based on
another modeling such as the single-instanton approxima-
tion, adopted in Refs. [19–23], or more preferably the

instanton-liquid model [60]. As for the ’t Hooft model,
formulated in two-dimensional spacetime and large-Nc
limit, one cannot obtain an obvious insight on how the
result is altered in four dimensions with Nc ¼ 3.
Meanwhile, if one fixes the parameters for CCPs, it rather
simply leads to duality violation. In this sense, the model
based on CCPs does not involve technical complexities,
once the residue and the pole position are given.
Due to the difficulty to quantify quark-hadron duality,

one cannot give a definitive conclusion on whether the
jVcbj puzzle is caused by CCPs or others. On the other
hand, the primary finding in this work is that nontrivial
analyticity, still under active debate, practically alters the
inclusive rate. If the parameters for CCPs are determined by
the research directions in, e.g., Refs. [38,53], the quanti-
tative prediction can be obtained for B-meson decays,
without entailing ad hoc choices of the parameters.
Obviously, further phenomenological discussion of the
CCPs, not limited to heavy quark physics, is required so
as to clarify novel nonanalytical structures of gauge
theories.
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