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In dimensional regularization with D ¼ D0 − 2ϵ, the minimal subtraction (MS) scheme is characterized
by counterterms that only consist of singular terms in ϵ. We develop a general method to compute the
infinite sums of massless ladder or rainbow Feynman integrals in MS at D0. Our method is based on
relating the MS-solution to a kinematic solution at a coupling-dependent renormalization point. If the
ϵ-dependent Mellin transform of the kernel diagram of the insertions can be computed in closed form, we
typically obtain a closed form expression for the all-order solution in MS. As examples, we consider
Yukawa theory and ϕ4 theory in D0 ¼ 4, and ϕ3 theory in D0 ¼ 6.

DOI: 10.1103/kxln-26db

I. INTRODUCTION

Many quantum field theories contain infinite families of
Feynman diagrams, which arise from repeatedly inserting
subdiagrams into the same kernel diagram. Two particular
such cases are ladders and rainbows. Almost 30 years ago,
the exact sum of ladders and rainbows for ϕ3 and Yukawa
theory has been computed in kinematic (MOM) renorm-
alization conditions [1,2].
From the perspective of Hopf algebra theory of renorm-

alization [3–5], the renormalized amplitudes of such sums
of diagrams are the solutions to linear single-scale Dyson-
Schwinger equations. By now, there is a systematic
procedure to construct the solution in the MOM scheme
from the Mellin transform of the kernel diagram, developed
by Broadhurst, Kreimer, Yeats, and collaborators [6–11].
Conversely, solutions in the minimal subtraction (MS)
scheme have so far only been computed numerically
[6,12], where in the latter publication, some closed for-
mulas have been discovered empirically by matching their
series expansion.
In the present work, we present a general method to

compute the closed-form solution of linear single-scale
single-kernel Dyson-Schwinger equations in the MS
scheme. We confirm the formulas found in [12], and
compute the exact solution for some further examples.

A. Linear Dyson-Schwinger equations

Ladders and rainbows are infinite families of Feynman
diagrams that are characterized by recursively inserting an
already existing nested diagram into some fixed kernel
diagram at every new order in perturbation theory. In the
present article, we restrict ourselves to the case where the
kernel diagram is ultraviolet divergent, free of ultraviolet
subdivergences, and free of infrared divergences. This
ensures that the class of diagrams obtained this way is
closed under perturbative renormalization, that is, they
form a sub-Hopf algebra in the Hopf algebra of renorm-
alization [13–15]. The decisive feature of ladders/rainbows
is that only one copy of the existing nested diagram is
inserted at each iteration, and it is always inserted into the
same position in the kernel diagram. This implies that the
procedure can be described by a linear Dyson-Schwinger
equation (DSE), schematically of the form

GR ¼ 1þ αð1 −RÞBþ½GR�: ð1Þ

Here,GR is a renormalized 1PI Green’s function, an infinite
formal series of Feynman diagrams. GR is a scalar. If the
theory in question has nontrivial tensor structures, GR is
understood to be a projection onto a suitable basis tensor,
also called form factor. α is the coupling, the operator Bþ
denotes insertion into the kernel diagram, and R is a
renormalization operator. We shall clarify the precise
meaning of Eq. (1) in the following, but first, to have a
concrete example at hand, we consider the case of rainbows
for the 1PI propagator of ϕ3 theory.
In this case, the kernel diagram is the 1-loop multiedge

shown in Fig. 1, and the operator Bþ½G� denotes insertion
of G (which may be a single diagram or a sum of diagrams,
in which case Bþ acts linearly) into the lower one of the two
internal edges. In particular, Bþ½1� is the kernel itself
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without any insertions,

Bþ½1�ðpÞ ¼
Z

dDk
ð2πÞD

1

k2
1

ðk − pÞ2 ;

Bþ½G�ðpÞ ¼
Z

dDk
ð2πÞD

1

k2
GðkÞ 1

ðk − pÞ2 :

Here, we have left the spacetime dimension D ¼ D0 − 2ϵ
arbitrary in order to use dimensional regularization. For the
renormalization operator R, we may then choose minimal
subtraction renormalization conditions, which means that
R projects onto the pole terms in ϵ, such that ð1 −RÞ sub-
tracts pole terms. Alternatively, we can choose kinematic
renormalization, still with D ¼ D0 − 2ϵ, then R projects
onto a fixed value of external kinematic parameters, such
that ð1 −RÞ vanishes at that value. Repeatedly inserting
the already existing sum GR into the kernel diagram, as
described by the DSE in Eq. (1), gives rise to the sum of
rainbow diagrams shown in Fig. 2.
Obviously, the sum of rainbows only represents a small

subset of the diagrams in full ϕ3 theory. Conceptually, a
linear DSE such as Eq. (1) is a simplification in multiple
ways; a full quantum field theory typically has multiple
coupled DSEs (in particular, in a nonscalar theory, a single
Green’s function can have multiple basis tensor structures),
each of them has multiple kernel diagrams, and insertions
can happen in more than one place in each kernel. We
comment on these generalizations after describing how to
solve the single-scale single-kernel equation in MOM.

B. Solution in kinematic renormalization

All-order solutions to ladder and rainbow DSEs in MOM
were first derived by Delbourgo and collaborators in
position space and for arbitary dimension D in [1,2].

However, for our solution in minimal subtraction, a differ-
ent method, developed by Broadhurst, Kreimer, Yeats, and
collaborators [6–11,16], is more suitable. This method has
the additional benefits that it has straightforward relations
to conventional momentum-space Feynman integral calcu-
lations, it allows for various generalizations beyond the
linear case, and it is fundamentally related to the Hopf
algebra theory of renormalization. We briefly review this
method in the following as far as we need it, comprehensive
accounts are, for example, the books/theses [17–20].
We consider massless single-scale Dyson-Schwinger

equations, this means that there is only one kinematic
variable. For a propagator-type Green’s function, this is the
external momentum p, for other Green’s functions, all but
one scale need to be fixed. Under this condition, the
solution of every Feynman integral is itself proportional
to the kinematic variable. A Feynman diagram in spacetime
dimension D with l loops and propagator powers ae has
superficial degree of convergence

ωG ≔
X
e∈EG

ae − l
D
2
; ð2Þ

and its integral is proportional to ðp2Þ−ωG . This means that
the operation Bþ½G� of inserting a subdiagram G into an
edge e, where ke is the edge momentum, is the same as
replacing the exponent of the propagator of e by an
appropriate noninteger value,

1

ðk2eÞ
↦

1

ðk2eÞ1þωG
:

Consequently, we can compute all of the Feynman dia-
grams if we can compute the kernel diagram for arbitrary
powers of the propagator where the insertion happens. Let
k1;…; kjEGj be the edge momenta of a kernel diagram G,
and assume we insert into k1. TheMellin transform of G is
defined by

FGðϵ; ρÞ

≔ ðp2ÞωG

Z
dlðD0−2ϵÞ

ð2πÞlðD0−2ϵÞ
1

ðk21Þ1−ρ
1

ðk22Þ
� � � 1

ðkjEGjÞ2
: ð3Þ

This function depends on the integer spacetime dimension
D0, but we do not write this dependence since within one
theory,D0 is fixed. The prefactor in Eq. (3) ensures that FG
is independent of the kinematic variable p. Since we
assume that the kernel diagrams are superficially UV
divergent, the Mellin transform has a simple pole of the
form

Fðϵ; ρÞ ¼ P
lϵ − ρ

þ regular terms; ð4Þ

where l is the loop number and P is the period [21–23].

FIG. 1. 1-loop kernel for the propagator of ϕ3 theory. The
operator Bþ½G� means to compute the Feynman integral of this
diagram, where a subdiagram G has been inserted into the lower
edge. Notice that a propagator-type (amputated) subdiagram
cancels one of its adjacent edges since it is proportional to an
inverse propagator.

FIG. 2. Sum of rainbows in ϕ3 theory.
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In our formalism, a Green’s function is a formal power
series in the coupling α, a logarithmic kinematic variable
L ¼ lnðp2=μ2Þ, and the dimensional regulator ϵ. At each
finite order in perturbation theory, we are therefore working
with polynomials. The operator Bþ½G�, which in Eq. (1)
acts on Feynman diagrams by insertion, algebraically is a
Hochschild 1-cocycle in the Hopf algebra of renormaliza-
tion. Translated to polynomials, it gets replaced by a
differential operator acting on the Mellin transform
Fð0; ρÞ of the kernel graph by a polynomial fðα; LÞ [24],

Bþ½f�ðLÞ ↦ fðα; ∂ρÞeLρFð0; ρÞjρ¼0:

The notation fðα; ∂ρÞmeans that the parameter L in fðα; LÞ
is to be replaced by a differential operator which acts on all
terms to the right. We see why MOM renormalization
conditions are preferred: In MOM, an expression is
renormalized by subtracting the same expression at the
kinematic renormalization point, which one can choose to
be L ¼ 0 (i.e., p2 ¼ μ2). Since the L dependence of the
cocycle is very simple, MOM conditions can be realized
simply by replacing eLρ ↦ ðeLρ − 1Þ.
To better understand the effects of minimal subtraction

later on, it will prove beneficial to generalize Eq. (1) to a
nonlinear DSE, which allows an arbitrary, but fixed,
insertion exponent s∈R,

GR ¼ 1þ αð1 −RÞBþ½G1þs
R �: ð5Þ

The linear DSE is recovered with s ¼ 0. The analytic
version of this DSE, including the ϵ dependence, reads

GRðα; ϵ; LÞ
¼ 1þ αG1þs

R ðα; ϵ; ∂ρÞðeLðρ−lϵÞ − 1ÞFðϵ; ρÞjρ¼0: ð6Þ

Since the power series GRðα; ϵ; LÞ starts with 1, it can be
computed recursively order by order from Eq. (6). The
parenthesis eLðρ−lϵÞ − 1 ¼ Lðρ − lϵÞ þOðρ2; ϵ2Þ cancels
the simple pole of Fðϵ; ρÞ from Eq. (4), and the right-hand
side is regular at ϵ ¼ 0, as it should be for a renormalized
Green’s function. To compute the solution in MOM at the
physical dimension ϵ ¼ 0, it is sufficient to work with
Fð0; ρÞ.
The Green’s function in MOM is unity at L ¼ 0 (recall

that GR denotes the projection onto suitable tensors, such
that the tree level term is indeed 1), it therefore has a power
series expansion of the form

GRðα; ϵ; LÞ ¼ 1þ
X∞
j¼1

γjðα; ϵÞLj: ð7Þ

Here, γ1ðα; ϵÞ≕ γðα; ϵÞ is the anomalous dimension. In our
setting, where there are no other Green’s functions, the beta
function of the theory is βðα; ϵÞ ¼ sαγðα; ϵÞ − αϵ, where s

is the exponent from Eq. (5). The extra factor αϵ represents
the explicit scale dependence of the coupling constant in a
noninteger spacetime dimension, to be discussed in Sec. II
A. The Callan-Symanzik equation [25,26],

∂LGRðα; ϵ; LÞ ¼ ðγðα; ϵÞ þ βðα; ϵÞ∂αÞGRðα; ϵ; LÞ; ð8Þ

implies that all higher functions γjðα; ϵÞ in Eq. (7) are
determined from γ1 according to

γjðα; ϵÞ ¼
1

j
ðγðα; ϵÞ þ ðsαγðα; ϵÞ − ϵαÞ∂αÞγj−1ðα; ϵÞ: ð9Þ

Hence, solving the DSE is equivalent to determining
γ1ðα; ϵÞ, which at the same time is the anomalous dimen-
sion and the seed for the recurrence for γj. Inserting Eq. (7)
into the DSE Eq. (6), and expanding with respect to L,
produces a pseudodifferential equation for γðα; ϵÞ [17],

1

Fðϵ; ρþ lϵÞ
����
ρ↦γðα;ϵÞþðsαγðα;ϵÞ−ϵαÞ∂α

¼ α: ð10Þ

The differential operator on the lhs appears to “act on
nothing,” in fact it acts on γðα; ϵÞ itself. One may
equivalently include another factor 1

ρ, this makes the argu-
ment explicit,

1

ρ · Fðϵ; ρþ lϵÞ
����
ρ↦γðα;ϵÞþðsαγðα;ϵÞ−ϵαÞ∂α

γðα; ϵÞ ¼ α:

For later use, we introduce the series expansion

1

Fðϵ; ρþ lϵÞ ≕T0ðρÞ ·
�
1þ

X∞
j¼1

ϵjTjðρÞ
�
; ð11Þ

so that the limit ϵ → 0 involves only T0ðρÞ ¼ 1
Fð0;ρÞ and

produces the pseudodifferential equation

T0ðγ þ sαγ∂αÞ ¼ α: ð12Þ

The discovery of this differential equation for the cases of
Yukawa and ϕ3 theory by Broadhurst and Kreimer in [7],
and its exact solution, was the starting point for the
development of the present formalism. It draws its power
from the fact that in MOM, one works with power series in
only one parameter, α. Versions of Eqs. (6) and (12) have
allowed for symbolic and numerical calculations to very
high loop order [27–29] and the study of their asymptotic
and resurgent features [30–37], where the series coeffi-
cients have a combinatorial interpretation in terms of chord
diagrams [38–41] and, more recently, tubings of rooted
trees [37,42,43]. These references also contain generaliza-
tions to multiple kernels, to multiple insertion places, and to
systems of coupled DSEs.
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Notice that the entire procedure never requires us to
explicitly work with counterterms. We are free to include
the ϵ dependence of renormalized quantities, but we can
also work at ϵ ¼ 0 throughout. Nevertheless, the formalism
is entirely consistent with ordinary multiplicative renorm-
alization, namely with

GRðα; ϵ; LÞ ¼ Z2 · G0ðZαμ
2ϵ · α; ϵ; LÞ: ð13Þ

The first argument of the bare Green’s function G0,
Zαμ

2ϵα≕ α0, is the bare coupling. It has mass dimension
2ϵ, whereas the renormalized coupling α is dimensionless.
The counterterms are related to the renormalization group
functions by the Gross t’Hooft relations [44,45], and the
equation βðα; ϵÞ ¼ sαγðα; ϵÞ − αϵ is equivalent to Zα ¼ Zs

2,
concretely

βðα; ϵÞ ¼ −ϵα
1þ α∂α lnðZαðα; ϵÞÞ

;

γðα; ϵÞ ¼ −βðα; ϵÞ∂αðlnZ2ðα; ϵÞÞ;

Z2 ¼ exp

�
−
Z

α

0

du
u

γðu; ϵÞ
sγðu; ϵÞ − ϵ

�
;

Zα ¼ exp

�
−
Z

α

0

du
u

sγðu; ϵÞ
sγðu; ϵÞ − ϵ

�
¼ Zs

2: ð14Þ

C. The linear DSE in MOM

If the DSE is linear, that is, s ¼ 0, Eq, (10) becomes

1

ρFðϵ; ρþ lϵÞ
����
ρ↦γ−ϵα∂α

γðα; ϵÞ ¼ α: ð15Þ

At this point it becomes clear why we generalized to the
nonlinear DSE Eq. (5): As long as ϵ ≠ 0, even the linear
DSE still gives rise to a differential equation, similar to the
nonlinear DSE at ϵ ¼ 0 [Eq. (12)]. However, in Eq. (15) the
ϵ and α dependence of γðα; ϵÞ is essentially decoupled: We
can first set ϵ ¼ 0 to obtain the algebraic equation

T0ðγðαÞÞ ¼ α: ð16Þ

Its solution γðαÞ ≔ γðα; 0Þ is the exact anomalous dimen-
sion of the linear DSE at the physical dimension D0. We
can then construct a power-series expansion in ϵ order by
order from Eq. (15). Knowing γðα; ϵÞ, we get the full
Green’s function from the recurrence Eq. (9). Equivalently,
we solve the Callan-Symanzik equation

∂LGRðα; ϵ; LÞ ¼ ðγðα; ϵÞ − ϵα∂αÞGRðα; ϵ; LÞ ð17Þ

by separation of variables, imposing MOM conditions
GRðα; ϵ; 0Þ ¼ 1. This leads to

GRðα; ϵ; LÞ ¼ exp

�Z
α

αe−ϵL
du

γðu; ϵÞ
uϵ

�
: ð18Þ

Both approaches produce, in the physical limit ϵ → 0, the
scaling solution

GRðα; 0; LÞ ¼ expðL · γðαÞÞ ¼
�
p2

μ2

�
γðαÞ

: ð19Þ

II. MINIMAL SUBTRACTION

A. Scheme-dependent renormalization group

We now consider an arbitrary nonkinematic renormal-
ization scheme, which will later be specialized to MS. Our
strategy is to relate such a scheme to kinematic renormali-
zation, in order to be able to use the machinery of Sec. I B.
Concretely, we are constructing a power series δðα; ϵÞ such
that the MS Green’s function equals a MOM Green’s
function, but with renormalization point L ¼ −δ instead of
L ¼ 0. A crucial insight from Secs. I B and I C is that for
ϵ ≠ 0, the theory has a nonvanishing beta function, even in
the linear case, arising from the fact that we have tacitly
absorbed a scale μ2ϵ into α ¼ α0μ

−2ϵZ−1
α [Eq. (13)]. An

analogous phenomenon occurs when we express a MS
solution through a shifted MOM solution: In MS, we are
working with an expansion parameter ᾱ, which is related to
the MOM expansion parameter α by ᾱðαÞ ¼ αe−ϵδðα;ϵÞ.
Another way to see this is that the logarithmic scale
δðα; ϵÞ ¼ ln Δ2

μ2
amounts to some nonlogarithmic momen-

tum scale Δðα; ϵÞ, and the MS-coupling ᾱ is expressed
relative to that scale,

ᾱ ¼ αe−ϵδ ¼ α0Z−1
α μ−2ϵ

�
Δ2

μ2

�−ϵ
¼ α0Z−1

α Δ−2ϵ:

The distinction α ≠ ᾱ only appears since we explicitly
relate MS to MOM. If one works in MS throughout, one
would always be using ᾱ (and simply call it α).
We thus demand that the MS-renormalized ḠR should be

related to the MOM-renormalized GR by

ḠRðᾱðαÞ; ϵ; LÞ ¼ GRðα; ϵ; Lþ δðα; ϵÞÞ: ð20Þ

This relation constitutes the definition of δðα; ϵÞ. The fact
that it is possible to find such δðα; ϵÞ is obvious in
perturbation theory and discussed at length in [12,17]:
At every new order in α, the renormalized Green’s function
is a polynomial in α and L, and one can introduce an
arbitrary finite shift of its value by adding an offset, of the
same order in α, to L. In fact, this mechanism is completely
analogous to the mechanism that allows the order-by-order
construction of counterterms, just that it involves only finite
shifts. Conversely, a choice of δðα; ϵÞ amounts to a choice
of perturbative renormalization scheme, and the kinematic
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schemes are exactly those where δ is independent of α
and ϵ.
For the MS solution, too, we can write a generic

expansion of the form Eq. (7), but this time there is an
additional nontrivial function γ̄0ðᾱ; ϵÞ,

ḠRðᾱ; ϵ; LÞ ¼
X∞
j¼0

γ̄jðᾱ; ϵÞLj: ð21Þ

With our definitions, the Callan-Symanzik equation (8)
takes the same form in all schemes,

∂LḠRðᾱ; ϵ; LÞ ¼ ðγ̄ðᾱ; ϵÞ þ β̄ðᾱ; ϵÞ∂ᾱÞḠRðᾱ; ϵ; LÞ: ð22Þ

Since we are still working with a single DSE [Eq. (5)], the
renormalization group functions are still related by

β̄ðα; ϵÞ ¼ sᾱ γ̄ðᾱ; ϵÞ − ᾱϵ: ð23Þ

Recall that in MOM, the first expansion function γ1ðα; ϵÞ
coincides with the anomalous dimension γðα; ϵÞ. This is not
true in general renormalization schemes. Instead, from
inserting Eq. (21) into Eq. (22), we have for all schemes

γ̄ðᾱ; ϵÞ ¼ γ̄1ðᾱ; ϵÞ − ϵᾱ∂ᾱγ̄0ðᾱ; ϵÞ
ð1þ sᾱ∂ᾱÞγ̄0ðᾱ; ϵÞ

: ð24Þ

We insert both series expansions [Eqs. (7) and (21)] into
Eq. (20) to obtain

γ̄kðᾱðαÞ; ϵÞ ¼ γ̄kðαe−ϵδðα;ϵÞ; ϵÞ

¼
X∞
j¼k

�
j

k

�
γjðα; ϵÞδj−kðα; ϵÞ: ð25Þ

This reveals that of the three functions fγ̄ðᾱ; ϵÞ; γðα; ϵÞ;
δðα; ϵÞg, only two are independent. In Eq. (25), it is natural
to use the variable α of the MOM solution since we have
defined δ ¼ δðα; ϵÞ as a function of α. However, we can
revert these series,

δ̄ðᾱ; ϵÞ ≔ δðαðᾱ; ϵÞ; ϵÞ; ᾱ ¼ αe−ϵδðα;ϵÞ

⇔ α ¼ ᾱeþϵδðαðᾱ;ϵÞ;ϵÞ ¼ ᾱeϵδ̄ðᾱ;ϵÞ: ð26Þ

From now on we leave out the arguments; δ̄ is a function of
ᾱ and δ is a function of α. The chain rule implies

∂ᾱ

∂α
¼ ᾱ

α
− ϵᾱ∂αδ

⇒ α∂αδ ¼
ᾱ∂ᾱδ̄

1þ ϵᾱ∂ᾱδ̄
; ᾱ∂ᾱδ̄ ¼

α∂αδ

1 − ϵα∂αδ
: ð27Þ

Theorem 1. With the shift δ resp. δ̄ from Eq. (26), the
shifted anomalous dimension γ̄ðᾱ; ϵÞ is related to the MOM
anomalous dimension γðα; ϵÞ via

γ̄ðᾱðαÞ; ϵÞ ¼ γðα; ϵÞ
1þ ðsαγðα; ϵÞ − ϵαÞ∂αδ

;

equivalently γ̄ðᾱ; ϵÞ ¼ γðαðᾱÞ; ϵÞð1þ ϵᾱ∂ᾱδ̄Þ
1þ sγðαðᾱÞ; ϵÞᾱ∂ᾱδ̄

:

Proof. Equation (9) implies that

ðjþ 1Þγjþ1ðα; ϵÞ − γðα; ϵÞγjðα; ϵÞ
sαγðα; ϵÞ − ϵα

¼ ∂αγjðα; ϵÞ:

Derive Eq. (25) with respect to α and insert the previous
equation.

∂ᾱ

∂α
∂ᾱγ̄kðᾱ; ϵÞ ¼

X∞
j¼k

�
j

k

�
∂αγjðα; ϵÞδj−kðα; ϵÞ þ

X∞
j¼k

�
j

k

�
ðj − kÞγjðα; ϵÞδj−k−1ðα; ϵÞ∂αδ

¼
X∞
j¼k

�
j

k

� ðjþ 1Þγjþ1ðα; ϵÞ − γðα; ϵÞγjðα; ϵÞ
sαγðα; ϵÞ − ϵα

δj−kðα; ϵÞ þ
X∞
j¼k

�
j

kþ 1

�
ðkþ 1Þγjðα; ϵÞδj−k−1ðα; ϵÞ∂αδ

¼ ðkþ 1Þγ̄kþ1ðᾱ; ϵÞ
sαγðα; ϵÞ − ϵα

−
γðα; ϵÞγ̄kðᾱ; ϵÞ
sαγðα; ϵÞ − ϵα

þ ∂αδ · ðkþ 1Þγ̄kþ1ðu; ϵÞ:

Solve the equation for γ̄kþ1. The chain rule of Eq. (27)
cancels a denominator, and ensures that the resulting
equation,

ðkþ1Þγ̄kþ1ðᾱ;ϵÞ¼
�

sᾱγðα;ϵÞ
1þðsαγðα;ϵÞ−ϵαÞ∂αδ

−ϵᾱ

�
∂ᾱγ̄kðᾱ;ϵÞ

þ γðα;ϵÞγ̄kðᾱ;ϵÞ
1þðsαγðα;ϵÞ−ϵαÞ∂αδ

;

has precisely the expected form

ðkþ 1Þγ̄kþ1ðᾱ; ϵÞ
¼ ðsᾱ γ̄ðα; ϵÞ − ϵᾱÞ∂ᾱγkðᾱ; ϵÞ þ γ̄ðᾱ; ϵÞγ̄kðᾱ; ϵÞ:

The second formula then follows from Eq. (27). ▪
The special case ϵ ¼ 0 of Theorem 1 had been given

already in [12].
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B. Beta function in minimal subtraction

The construction in Sec. II A has been for an arbitrary
renormalization scheme obtained through a shift δðα; ϵÞ.
We now specialize to MS.
The defining property of MS is that the counterterms

only include pole terms in ϵ. We need to translate this to a
statement about the renormalization group functions,
because our formalism does not involve the counterterms
explicitly. To this end, we use that the counterterm is related
to the beta function by Eq. (14). Introduce the function
Bðᾱ; ϵÞ ≔ β̄ðᾱ; ϵÞ þ ᾱϵ, then

Zα ¼ exp

�Z
ᾱ

0

du
u

Bðu; ϵÞ
uϵ − Bðu; ϵÞ

�

¼ exp

�Z
α

0

du
u
Bðu; ϵÞ
uϵ

X∞
j¼0

�
Bðu; ϵÞ
uϵ

�
j
�
:

The right-hand side should be viewed as a power series in
ᾱ. In MS, it is required to consist of pole terms in ϵ

exclusively. This implies that Bðu;ϵÞ
uϵ consists of poles only.

On the other hand, the beta function itself is regular in ϵ,
therefore Bðᾱ; ϵÞ does not contain poles in ϵ. The only
remaining possibility is that Bðᾱ; ϵÞ does not depend on ϵ at
all. We obtain a well-known alternative definition of the
MS scheme: The beta function β̄ðᾱ; ϵÞ in MS depends on ϵ
only through a single term,

β̄ðᾱ; ϵÞ ¼ β̄ðᾱÞ − ᾱϵ: ð28Þ

One can repeat the same argument for the counterterm Z2

and its relation to the anomalous dimension γðα; ϵÞ, or one
uses Eq. (23). In either case, one finds that in MS the
anomalous dimension γ̄ðᾱ; ϵÞ ¼ γ̄ðᾱÞ is entirely indepen-
dent of ϵ. This restricts the dependence of the expansion
functions γjðα; ϵÞ of Eq. (21) on ϵ, but it does not imply that
they, too, are independent. Namely Eq. (9) reads

γ̄jðᾱ; ϵÞ ¼
1

j
ðγ̄ðᾱÞ þ ðsᾱ γ̄ðᾱÞ − ϵᾱÞ∂ᾱÞγ̄j−1ðᾱ; ϵÞ: ð29Þ

C. The linear DSE in MS

In the linear case, s ¼ 0, the second formula in
Theorem 1 simplifies and the anomalous dimensions of
MOM and MS are related via

γ̄ðᾱ; ϵÞ ¼ γðαðᾱÞ; ϵÞ · ð1þ ϵᾱ∂ᾱδ̄ðᾱ; ϵÞÞ: ð30Þ

The anomalous dimension in MS, as a function of ᾱ, is
independent of ϵ. Consequently, it coincides with the limit
ϵ → 0 of the anomalous dimension in MOM, using
ᾱ ¼ αþOðϵÞ,

γ̄ðᾱ; ϵÞ ¼ γ̄ðᾱÞ ¼ γðᾱ; 0Þ ¼ γðαÞ: ð31Þ

All our definitions have been engineered such that the
Callan-Symanzik equation [Eq. (17)] holds, in exactly the
same form, in all schemes. Consequently, the solution of
this equation in MS has the same form as in MOM, namely
Eq. (18), with γ from Eq. (31). The only difference is that in
MS, we do not have the boundary condition at L ¼ 0, and
therefore, the solution is multiplied by the undetermined
factor γ̄0ðᾱ; ϵÞ of Eq. (21),

ḠRðᾱ; ϵ; LÞ ¼ γ̄0ðᾱ; ϵÞ · exp
�Z

ᾱ

ᾱe−ϵL
du

γ̄ðuÞ
uϵ

�
¼ γ̄0ðᾱ; ϵÞ · GRðᾱ; ϵ; LÞ: ð32Þ

Setting L ¼ 0 in Eq. (20), one obtains

γ̄0ðᾱðαÞ; ϵÞ ¼ GRðα; ϵ; δðα; ϵÞÞ: ð33Þ

We remark that this construction is consistent, in the sense
that one can insert Eq. (30) into the integral of Eq. (32), do a
change of variables ᾱ ¼ αe−ϵδ with Eq. (27), and identify
the integral Eq. (18), to recover the MOM solution written
in terms of α,

exp

�Z
ᾱ

ᾱe−ϵL
dū

γ̄ðūÞ
ūϵ

�
¼ GRðα; ϵ; Lþ δðα; ϵÞÞ

GRðα; ϵ; δÞ
:

Another useful perspective on the quantity γ̄0 is to
view an overall multiplicative scaling of GR as a scaling
of the counterterm Z2 according to Eq. (13), namely
γ̄0ðᾱ; ϵÞZ2ðᾱ; ϵÞ ¼ Z̄2ðᾱ; ϵÞ. By Eq. (14), the counterterm
Z2 determines the anomalous dimension,

γ̄ðᾱ; ϵÞ ¼ ᾱϵ∂α lnðZ̄2ðᾱ; ϵÞÞ
¼ ϵᾱ∂ᾱ lnðγ̄0ðᾱ; ϵÞÞ þ γðᾱ; ϵÞ: ð34Þ

This formula relates the MOM and MS anomalous dimen-
sions similar to Eq. (30), but in terms of γ̄0 instead of δ. It
has the additional benefit that it does not involve a change
of variables α ↔ ᾱ. We can integrate it, using Eq. (31), to
compute γ̄0 explicitly,

γ̄0ðᾱ; ϵÞ ¼ exp

�
−
Z

ᾱ

0

du
u
γðu; ϵÞ − γðuÞ

ϵ

�
: ð35Þ

D. Physical spacetime dimension

We still consider the linear DSE, s ¼ 0, in MS. For the
physical limit ϵ ¼ 0, where α ¼ ᾱ, the situation simplifies
further. The MOM Green’s function is then the scaling
solution of Eq. (19), GRðα; 0; δÞ ¼ eδðαÞ·γðαÞ. Consequently,
Eq. (33) implies γ̄0ðαÞ ¼ eδðαÞ·γðαÞ.
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Theorem 2. The solution of a linear DSE, in the physical
dimension ϵ ¼ 0, is given by

ḠRðα; LÞ ¼ γ̄0ðαÞeLγðαÞ ¼ expððLþ δðαÞÞγðαÞÞ;

where γðαÞ is the anomalous dimension in MOM, com-
puted from Eq. (16), and

γ̄0ðᾱ; 0Þ ¼ exp

�
−
Z

ᾱ

0

du
u
gðuÞ

�
;

δðα; 0Þ ¼ ln γ̄0ðαÞ
γðαÞ ; using ᾱ ¼ αþOðϵÞ:

The function gðαÞ will be determined in Theorem 3.
The ϵ-independent function γ̄0ðᾱÞ ¼ γ̄0ðᾱ; 0Þ is, by

Eq. (35), entirely determined by the order ϵ1 term of the
MOM anomalous dimension, which we call gðαÞ ≔
½ϵ1�γðα; ϵÞ. This, in turn, can be computed from the ε-
dependent version of the Dyson-Schwinger equation given
in Eq. (15).
Theorem 3. With the expansion functions of Eq. (11),
1

Fðϵ;ρþϵÞ ¼ T0ðρÞ þ ϵT0ðρÞT1ðρÞ þ � � �, the order ½ϵ1� of the
MOM anomalous dimension γðα; ϵÞ of a linear DSE is
given by

gðαÞ ¼ α
1
2
∂
2
ρT0jρ¼γðαÞ · ∂αγðαÞ − T1ðγðαÞÞ

∂ρT0jρ¼γðαÞ
:

Proof. In the proof, we write γ for γðαÞ ¼ γðα; 0Þ and g
for gðαÞ. The ODE Eq. (15) with Eq. (11) is

ðT0ðρÞ þ ϵT0ðρÞT1ðρÞ þ…Þρ↦γðα;ϵÞ−ϵα∂α ¼ α: ð36Þ

We take the order ½ϵ1� of this equation, the … terms are of
higher order and do not contribute. The second summand is
already at order ϵ1, hence we merely replace ρ ↦ γ and use
Eq. (16), T0ðγÞ ¼ α, and the summand becomes

ðT0ðρÞT1ðρÞÞρ↦γ ¼ αT1ðγÞ:

For the first summand in Eq. (36), it is clear that we
need at most the linear order in ϵ of the argument,
γðα;ϵÞ− ϵα∂α¼ γþ ϵðg−α∂αÞþOðϵ2Þ. We write T0ðρÞ ¼P∞

j¼1 tjρ
j and consider a fixed order j.

½ϵ1�ðγ þ ϵðg − α∂αÞÞj ¼
Xj−1
k¼0

γkðg − α∂αÞγj−k−1:

The factor g can be pulled out, giving γj−k−1 · g. With the
chain rule, the derivative term becomes

Xj−1
k¼0

γkðj − k − 1Þγj−k−2∂αγ ¼
jðj − 1Þ

2
γj−2 · ∂αγ:

In both cases, the summand can be interpreted as a
summand of a derivative of T0, therefore

½ϵ1�T0ð…Þ ¼ ð∂ρT0Þρ→γ · g −
α

2
ð∂2ρT0Þρ→γ · ∂αγ:

We see that in the order ½ϵ1� of Eq. (36), the sought-after g
appears as a factor,

ð∂ρT0Þρ→γ · g −
α

2
ð∂2ρT0Þρ→γ · ∂αγ þ αT1ðγÞ ¼ 0:

▪
As long as we are able to compute the Mellin transform

T0, T1 in closed form, we obtain gðαÞ in closed form.
Furthermore, notice that

∂
2
ρT0jρ¼γðαÞ∂αγðαÞ ¼ ∂αð∂ρT0jρ¼γðαÞÞ

and therefore the integral

Z
ᾱ

0

du
u
u

1
2
∂
2
ρT0jρ¼γðuÞ∂uγðuÞ
∂ρT0jρ¼γðuÞ

¼
Z

ᾱ

0

1

2
du ∂u lnð∂ρT0jρ¼γðuÞÞ ¼

1

2
lnð∂ρT0jρ¼γðᾱÞÞ ð37Þ

can always be solved analytically. The only potentially
nontrivial integration in the computation of γ̄0 in Theorem 2
is that of the second summand, T1

∂ρT0
in Theorem 3, so that

we have a good chance of finding a closed-form solution
for γ̄0 provided we know T1 and T0 in closed form, as
claimed in the abstract. In all examples considered below,
the integration can be done analytically.

III. EXAMPLES

In the remainder of the article, we demonstrate how to
use the formalism for some examples of linear DSEs. As
will be explained around Eq. (38), we will actually be using
the MS-bar scheme in order to streamline the notation. All
computations are implemented in a Mathematica notebook
that is available as an attachment to the electronic version of
the article and from the author’s website [46]. To keep the
paper short, we restrict ourselves to rather simple examples.
Recall that the Green’s function GR is a projection onto a
tree level tensor, therefore, it is a scalar quantity regardless
of whether the fields are scalars themselves. The formalism
allows for the kernel diagram to have arbitrary loop
number, however, since we are considering only one kernel,
it is physically sensible to choose the one that has lowest
loop number.
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In D ¼ D0 − 2ϵ dimensions, with propagator powers 1 and 1 − ρ, the 1-loop multiedge diagram of Fig. 1 has superficial
degree of convergence

ω ¼ 2 −
D0

2
− ρþ ϵ:

The multiedge has two vertices, each of which has a Feynman rule ð−iλÞ. Its Minkowski-space integral evaluates to

F̃ðϵ; ρÞ ¼ ðp2Þ2−D0
2
−ρþϵ

Z
dDk
ð2πÞD

i
ðkþ pÞ2

i
ðk2Þ1−ρ ð−iλÞ

2

¼ iλ2

ð4πÞD0
2
−ϵ

Γð2 − D0

2
− ρþ ϵÞΓðD0

2
− ϵ − 1þ ρÞΓðD0

2
− ϵ − 1Þ

ΓðD0 − 2 − 2ϵþ ρÞΓð1 − ρÞ :

We define the coupling α such that the power in α coincides
with the loop number. Hence, α ∝ λ2. Moreover, we switch
to MS bar instead of MS renormalization conditions in
order to absorb powers of ð4πÞ and the Euler Mascheroni
constant γE into the coupling, so that

α ≔
λ2

ð4πÞD0
2

�
4π

eγE

�
ϵ

: ð38Þ

Notice that if we want to recover the MS solution from MS
bar, the ϵ expansion in Eq. (11) acquires additional powers
of γE and lnð4πÞ, which are absent in MS bar. The order ½ϵ0�
is unchanged, consistent with our above result (Theorem 1)
that for a linear DSE, the anomalous dimension at ϵ ¼ 0 is
the same in all schemes. The transformation MS ↔ MS bar
has been spelled out in more detail in [12].
The overall factor i in the Mellin transform gets absorbed

by the definition of the 1PI self energy iΣ. Since the full
propagator is a geometric series in 1PI propagators, the
DSE in Eq. (5) for a propagator 1PI Green’s function GR

should have a negative sign, GR ¼ 1 − αð1 −RÞBþ½G1þs
R �.

We will continue using our original definition Eq. (5),
which means that formally the physical value of α is
negative for propagator DSEs We leave out the prefactor iα
from the Mellin transform by setting iαF̃ðϵ; ρÞ ¼ Fðϵ; ρÞ,
so that now

Fðϵ;ρÞ

¼Γ
�
2−D0

2
−ρþ ϵ

�
Γ
�D0

2
−ϵ−1þρ

�
Γ
�D0

2
− ϵ−1

�
e−γEϵ ·ΓðD0−2−2ϵþρÞΓð1−ρÞ : ð39Þ

A. Yukawa rainbows

Massless Yukawa theory contains fermions ψ and
mesons ϕ with an interaction vertex λψ̄ψϕ, and is pertur-
batively renormalizable at D0 ¼ 4. After projection to the
tree level tensor structure, see [1,7,32], the Feynman
integral for the fermion propagator coincides with the
scalar multiedge. Setting D0 ¼ 4, the Mellin transform

Eq. (39) is

Fðϵ; ρþ ϵÞ ¼ −eγEϵπΓð1 − ϵÞ
sinðπρÞΓð1 − ϵ − ρÞΓð2 − ϵþ ρÞ :

The functions of Eq. (11) are

T0ðρÞ ¼ −ρ · ð1þ ρÞ
T1ðρÞ ¼ −H−ρ −H1þρ:

Here, Hn ¼
P

n
k¼0

1
k is the harmonic number, whose ana-

lytic continuation is the digamma function ψðzÞ ¼
Γ0ðzÞ=ΓðzÞ according to Hz ¼ γE þ ψðzþ 1Þ.
The anomalous dimension at ϵ ¼ 0, in all schemes, is

computed from Eq. (16),

α ¼ T0ðγÞ ¼ −γð1þ γÞ;

hence we reproduce the result of [1,9] for the fermion
propagator in MOM,

GR ¼ eLγðαÞ;

γðαÞ ¼ −1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4α

p

2
¼ −α− α2 − 2α3 − 5α4 −…: ð40Þ

The series coefficients are Catalan numbers. We determine
the function gðαÞ from Theorem 3, where

∂ρT0 ¼ −1 − 2ρ;
1

2
∂
2
ρT0 ¼ −1; ∂αγ ¼

−1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4α

p :

This leads to an expression with digamma functions ψ ,

g ¼ −α
1− 4α

− α
2γE þ ψ

�
3−

ffiffiffiffiffiffiffiffi
1−4α

p
2

	
þ ψ

�
3þ ffiffiffiffiffiffiffiffi

1−4α
p
2

	
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4α

p

¼ −2α − 7α2 þ ð2ζð3Þ− 26Þα3 þ ð8ζð3Þ − 99Þα4 þ…

To find the offset function γ̄0ðα; 0Þ according to Theorem 2,
we need to integrate gðαÞ=α. This integral is easier than it
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looks because ψ is the derivative of the Euler gamma
function. One obtains

γ̄0ðαÞ ¼
eγEð1−

ffiffiffiffiffiffiffiffi
1−4α

p ÞΓ
�
3−

ffiffiffiffiffiffiffiffi
1−4α

p
2

	
ð1 − 4αÞ14Γ

�
3þ ffiffiffiffiffiffiffiffi

1−4α
p
2

	 ¼ e−2γEγΓð1 − γÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γ

p
Γð2þ γÞ

¼ 1þ 2αþ 11

2
α2 þ

�
17 −

2

3
ζð3Þ

�
α3 þ…: ð41Þ

This confirms the formula [12, Eq. (4.15)], which had been
discovered experimentally from matching the first 20 terms
of the series expansion. In particular, the general result of
Theorem 3 explains the empirical observation that γ̄0 and δ
contain the anomalous dimension γðαÞ as “building
blocks.” From Theorem 2, we find the closed formula

δðαÞ ¼ −2γE þ
2 ln

�
ð1 − 4αÞ14 Γ

�
3þ ffiffiffiffiffiffi

1−4α
p
2

�
Γ
�
3−
ffiffiffiffiffiffi
1−4α

p
2

��
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4α

p

¼ −2 −
3

2
αþ

�
2

3
ζð3Þ − 19

6

�
α2 þ

�
4

3
ζð3Þ − 103

12

�
α3

þ…: ð42Þ

With these functions, the exact solution of the Yukawa
rainbow DSE in minimal subtraction is

ḠRðα; LÞ ¼ γ̄0ðαÞeLγðαÞ ¼ expððLþ δðαÞÞγðαÞÞ:

B. ϕ3 rainbows

In D0 ¼ 6, the one-loop multiedge, and its correspond-
ing ladder solution shown in Fig. 3, appear as the
propagator correction in ϕ3 theory. We can immediately
apply the formalism. The Mellin transform is the speciali-
zation of Eq. (39) to D0 ¼ 6,

Fðϵ; ρþ ϵÞ ¼ eγEϵπΓð2 − ϵÞ
sinðπρÞΓð1 − ϵ − ρÞΓð4 − ϵþ ρÞ ;

T0 ¼ ρðρþ 1Þðρþ 2Þðρþ 3Þ;
T1 ¼ 1 −H−ρ −Hρþ3: ð43Þ

The anomalous dimension is

γðαÞ ¼ −3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 4

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

pp
2

; ð44Þ

which again reproduces [2]. To compute the MS solution,
Theorem 3 results in

g ¼ α
5þ ffiffiffiffiffiffiffiffiffiffiffi

1þ α
p ð6þ ð3þ 2γÞð−1þH−γ þH3þγÞÞ

4ð1þ αÞð3þ 2γÞ2

¼ 4

9
α −

535

1296
α2 þ

�
9077

23328
−
ζð3Þ
108

�
α3 þ…

Inserting this into Theorem 2, we obtain closed-form
expressions that confirm the experimental finding of [12,
Eq. (5.1)],

γ̄0 ¼
6

ffiffiffi
3

p
e−γð2γE−1ÞΓð1 − γÞ

ð1þ αÞ14 ffiffiffiffiffiffiffiffiffiffiffiffiffi
2γ þ 3

p
Γð4þ γÞ

¼ 1 −
4

9
αþ 791

2592
α2 þ

�
−

5507

23328
þ ζð3Þ

324

�
α3 þ…;

ð45Þ

δ ¼ 1 − 2γE þ
ln 6

ffiffi
3

p
Γð1−γÞ

ð1þαÞ14 ffiffiffiffiffiffiffiffi
2γþ3

p
Γð4þγÞ

γ

¼ −
8

3
þ 61

144
αþ

�
−
10493

46656
þ ζð3Þ

54

�
α2 þ…: ð46Þ

C. ϕ3 null ladders

In the present article, we restrict ourselves to Green’s
functions, which depend on only one kinematic variable.
For the vertex in ϕ3 theory, we achieve this by fixing one of
the external momenta to zero, and inserting subdiagrams
into the corresponding vertex as shown in Fig. 3.
A vertex insertion with zero momentum is equivalent to

what would be a mass insertion, that is, a two-valent vertex
that effectively squares the propagator it resides in, see
Fig. 4. The kernel then amounts to a 1-loop multiedge with
propagator powers 1 and 2 − ρ. We obtain its formula by
replacing ρ ↦ ρ − 1 in Eq. (39) forD0 ¼ 6. Notice that the
multiedge with one squared propagator is not infrared
divergent in six dimensions.

FIG. 3. Sum of ladders in ϕ3 theory.

FIG. 4. Triangle diagram with zero momentum transfer is
equivalent to a multiedge. Unlike Fig. 1, the inserted subdiagram
does not cancel an adjacent edge, we indicate this by an extra dot.
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The resulting Mellin transform is very similar to
Eq. (43), namely

T0 ¼ ðρ − 1Þρðρþ 1Þðρþ 2Þ;
T1 ¼ 1 −H1−ρ −H2þρ:

The anomalous dimension is

γðαÞ ¼ −1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 4

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

pp
2

: ð47Þ

This, again, coincides with the MOM result of [2]. The
remaining analysis proceeds as above, one finds

γ̄0 ¼
2e−γð2γE−1ÞΓð2 − γÞ

ð1þ αÞ14 ffiffiffiffiffiffiffiffiffiffiffiffiffi
2γ þ 1

p
Γð3þ γÞ

¼ 1þ αþ 39

32
α2 þ

�
5

3
−
ζð3Þ
12

�
α3 þ…; ð48Þ

δ ¼ 1 − 2γE þ
ln

�
2

ð1þαÞ14 ffiffiffiffiffiffiffiffi
2γþ1

p
Γð2−γÞ
Γð3þγÞ

�
γ

¼ −2 −
15

16
αþ

�
ζð3Þ
6

−
37

64

�
α2 þ

�
−
453

512
þ ζð3Þ

12

�
α3

þ…: ð49Þ

D. ϕ4 rainbows

The kernel diagram for the DSE may have arbitrary loop
order, but it must not have subdivergences. For the
propagator in ϕ4 theory, the leading diagram is a 2-loop
multiedge (“sunrise”), whose 1-loop multiedge subdia-
grams are UV divergent. However, when the subdivergence
is replaced by a counterterm, one obtains a 1-loop tadpole,
which vanishes in a massless theory. Therefore, the 2-loop
multiedge is indeed primitive and we can use our formalism
for the version of rainbows shown in Fig. 5. The Mellin
transform of the 2-loop multiedge is quite similar to that of
the 1-loop multiedge in Eq. (39), namely

Γð3 − ρ −D0 þ 2ϵÞΓ�D0

2
− ϵ − 1

�
2Γ
�D0

2
− ϵ − 1þ ρ

�
e−2γEϵΓ

�
3
2
D0 − 3ϵ − 3þ ρ

�
Γð1 − ρÞ :

We are interested inD0 ¼ 4. Since this is a 2-loop diagram,
we now need Fðϵ; ρ − 2ϵÞ to compute T1 of Eq. (11), the
result is

T0 ¼ ρðρþ 1Þ2ðρþ 2Þ;

T1 ¼ −
1

ρþ 1
−

1

ρþ 2
− 2H−ρ − 2Hρ:

Notice that T0 contains a squared factor, which was not the
case in any other model considered. This difference leads to
interesting consequences for a resurgence analysis of a
nonlinear DSEs in [37]. In our case of a linear DSE, the
anomalous dimension is

γðαÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α
p

2

s
− 1: ð50Þ

Application of our formalism delivers

γ̄0 ¼
2
7
4ðð1þ 4αÞð2ð1þ γÞ2 þ 2αð1þ ð1þ γÞ2ÞÞÞ−1

4Γð1 − γÞ2
e4γγE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6þ 4γ þ 2ðγ þ 1Þ2

p
Γð1þ γÞ2

¼ 1 − 2αþ 175

32
α2 þ

�
−
539

32
þ ζð3Þ

6

�
α3 þ

�
113127

2048
−
23ζð3Þ
24

�
α4 þ…

Unlike previous examples, this γ̄0 contains squares of Euler
gamma functions. Taking the logarithm, as in all other

cases, gives a closed formula for δ ¼ ln γ̄0
γ , which can readily

be obtained with a computer algebra system, its series starts

with

δ ¼ −4þ 31

16
αþ

�
−
811

192
þ ζð3Þ

3

�
α2

þ
�
18071

1536
−
5ζð3Þ
6

�
α3 þ…:

Our list of examples is not exhaustive, further single-
kernel DSEs that can be solved with this formalism have

FIG. 5. Rainbows in ϕ4 theory. The kernel is a 2-loop diagram,
which is primitive since massless tadpoles vanish.
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appeared, e.g., in [6]. We merely remark that certain models
that immediately come to mind, such as null boxes in ϕ4

theory, require extra care because of potential infrared
divergences. We leave the treatment of IR divergences for
future work.
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[14] L. Foissy, Faà di Bruno subalgebras of the Hopf algebra of
planar trees from combinatorial Dyson–Schwinger equa-
tions, Adv. Math. 218, 136 (2008).

[15] L. Foissy, Classification of systems of Dyson–Schwinger
equations in the Hopf algebra of decorated rooted trees,
Adv. Math. 224, 2094 (2010).

[16] D. J. Broadhurst and D. Kreimer, Combinatoric explosion of
renormalization tamed by Hopf algebra: 30-loop Pade–
Borel resummation, Phys. Lett. B 475, 63 (2000).

[17] P.-H. Balduf, Dyson–Schwinger Equations, Renormaliza-
tion Conditions, and the Hopf Algebra of Perturbative
Quantum Field Theory, Springer Theses (Springer Nature,
Switzerland, Cham, 2024).

[18] K. Yeats, A Combinatorial Perspective on Quantum Field
Theory, SpringerBriefs in Mathematical Physics Vol. 15
(Springer International Publishing, Cham, 2017).

[19] E. Panzer, Hopf algebraic renormalization of Kreimer’s Toy
model, Master’s thesis, Humboldt-Universität zu Berlin,
Berlin, 2012 [arXiv:1202.3552].

[20] N. Olson-Harris, Some applications of combinatorial Hopf
algebras to integro-differential equations and symmetric
function identities, Ph.D. thesis, University of Waterloo,
Waterloo, Ontario, Canada, 2024.

[21] S. Bloch, H. Esnault, and D. Kreimer, On motives asso-
ciated to graph polynomials, Commun. Math. Phys. 267,
181 (2006).

[22] O. Schnetz, Quantum periods: A census of ϕ4-transcen-
dentals, Commun. Number Theory Phys. 4, 1 (2010).

[23] P.-H. Balduf, Statistics of Feynman amplitudes in ϕ4-theory,
J. High Energy Phys. 11 (2023) 160.

[24] E. Panzer, Renormalization, Hopf algebras and Mellin
transforms, in Feynman Amplitudes, Periods and Motives,
Contemporary Mathematics Vol. 648 (American Math-
ematical Society, Providence, Rhode Island, 2015),
pp. 169–202.

[25] C. G. Callan, Broken scale invariance in scalar field theory,
Phys. Rev. D 2, 1541 (1970).

[26] K. Symanzik, Small distance behaviour in field theory
and power counting, Commun. Math. Phys. 18, 227 (1970).

[27] M. P. Bellon, An efficient method for the solution of
Schwinger–Dyson equations for propagators, Lett. Math.
Phys. 94, 77 (2010).

[28] M. P. Bellon and F. A. Schaposnik, Renormalization
group functions for the Wess–Zumino model: Up to
200 loops through Hopf algebras, Nucl. Phys. B800, 517
(2008).

LADDERS AND RAINBOWS IN THE MINIMAL SUBTRACTION … PHYS. REV. D 111, 116009 (2025)

116009-11

https://doi.org/10.1103/PhysRevD.54.5373
https://doi.org/10.1103/PhysRevD.54.5373
https://doi.org/10.1103/PhysRevD.55.5230
https://doi.org/10.1103/PhysRevD.55.5230
https://doi.org/10.1007/s002200050661
https://doi.org/10.1007/s002200050661
https://doi.org/10.1007/s002200050779
https://doi.org/10.1007/s002200050779
https://doi.org/10.1007/PL00005547
https://doi.org/10.1006/jsco.1999.0283
https://doi.org/10.1006/jsco.1999.0283
https://doi.org/10.1016/S0550-3213(01)00071-2
https://doi.org/10.1016/S0550-3213(01)00071-2
https://doi.org/10.1016/j.nuclphysbps.2006.09.036
https://doi.org/10.1016/j.nuclphysbps.2006.09.036
https://doi.org/10.1007/s00220-008-0431-7
https://doi.org/10.1007/s00220-008-0431-7
https://arXiv.org/abs/0810.2249
https://doi.org/10.4171/aihpd/169
https://doi.org/10.4171/aihpd/169
https://doi.org/10.1016/j.aop.2006.01.004
https://doi.org/10.1016/j.aop.2006.01.004
https://doi.org/10.1016/j.aim.2007.12.003
https://doi.org/10.1016/j.aim.2010.01.024
https://doi.org/10.1016/S0370-2693(00)00051-4
https://arXiv.org/abs/1202.3552
https://doi.org/10.1007/s00220-006-0040-2
https://doi.org/10.1007/s00220-006-0040-2
https://doi.org/10.4310/CNTP.2010.v4.n1.a1
https://doi.org/10.1007/JHEP11(2023)160
https://doi.org/10.1103/PhysRevD.2.1541
https://doi.org/10.1007/BF01649434
https://doi.org/10.1007/s11005-010-0415-3
https://doi.org/10.1007/s11005-010-0415-3
https://doi.org/10.1016/j.nuclphysb.2008.02.005
https://doi.org/10.1016/j.nuclphysb.2008.02.005


[29] M. P. Bellon, Approximate differential equations for re-
normalization group functions in models free of vertex
divergencies, Nucl. Phys. B826, 522 (2010).

[30] M. P. Bellon and P. J. Clavier, Alien calculus and a
Schwinger–Dyson equation: Two-point function with a non-
perturbative mass scale, Lett. Math. Phys. 108, 391 (2017).

[31] M. P. Bellon and P. J. Clavier, A Schwinger–Dyson equation
in the Borel plane: Singularities of the solution, Lett. Math.
Phys. 105, 795 (2015).

[32] M. Borinsky and G. V. Dunne, Non-perturbative completion
of Hopf-algebraic Dyson–Schwinger equations, Nucl. Phys.
B957, 115096 (2020).

[33] M. Borinsky, G. Dunne, and M. Meynig, Semiclassical
trans-series from the perturbative Hopf-algebraic Dyson–
Schwinger equations: ϕ3 QFT in 6 dimensions, SIGMA 17,
087 (2021).

[34] M. P. Bellon and E. I. Russo, Resurgent analysis of
Ward–Schwinger–Dyson equations, SIGMA 17, 075 (2021).

[35] M. P. Bellon and E. I. Russo, Ward–Schwinger–Dyson
equations in ϕ3

6 quantum field theory, Lett. Math. Phys.
111, 42 (2021).

[36] M. Borinsky and D. Broadhurst, Taming a resurgent ultra-
violet renormalon, Proc. Sci. LL2022 2022 (013)
[arXiv:2209.10586].

[37] M. Borinsky, G. V. Dunne, and K. Yeats, Tree-tubings and
the combinatorics of resurgent Dyson–Schwinger equa-
tions, arXiv:2408.15883.

[38] N. Marie and K. Yeats, A chord diagram expansion coming
from some Dyson–Schwinger equations, Commun. Number
Theory Phys. 7, 251 (2013).

[39] J. Courtiel and K. Yeats, Next-to-k leading log expansions
by chord diagrams, Commun. Math. Phys. 377, 469 (2020).

[40] M. Hihn and K. Yeats, Generalized chord diagram expan-
sions of Dyson–Schwinger equations, Ann. Inst. Henri
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