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We investigate the S- and P-wave phase shifts for the DD* and BB* scatterings using Liischer’s finite-
size method under twisted boundary conditions to search for doubly charmed tetraquarks 7', and doubly
bottomed tetraquarks 7, as the hadronic bound states. The T’/ state was observed as a peak just below the
DD threshold by LHCb Collaboration, while the T, state is a theoretically predicted tetraquark state
having heavier quark flavors bbiid. Liischer’s finite-size method is one of the well-established methods for
calculating the scattering phase shifts between two hadrons in lattice QCD simulations. Several studies
have used simulations under the periodic boundary condition to determine the scattering phase shifts at a
few discrete momenta for the DD* system. However, the scattering phase shift has not been investigated for
the BB* system. In this study, we investigate S- and P-wave scattering phase shifts for the DD* and BB*
systems in both / = 0 and / = 1 channels under several types of partially twisted boundary conditions. The
use of the partially twisted boundary conditions enables us to obtain the scattering phase shift at any
momentum by continuously varying the twisting angle. It also allows us to easily access the P-wave
scattering phase shifts through the mixing of S and P waves, which is induced by the imposed boundary
conditions. The 2 4 1 flavor PACS-CS gauge ensembles at m, = 295, 411, and 569 MeV are used. For
charm and bottom quarks, the relativistic heavy quark action is adopted to reduce the lattice discretization
artifacts due to the heavy quark mass. We discuss the emergence of a shallow bound state with a binding
energy of O(100) keV at the physical pion mass in the BB* system, which has the quantum number

I1(JP) =0(1%).

DOI: 10.1103/ksmm-8d7r

I. INTRODUCTION

After the discovery of the exotic meson X (3872) in 2003
[1], many hidden heavy exotic hadrons were reported,
and these hadrons have been studied extensively over the
past several decades. However, the presence of quark-
antiquark annihilation makes theoretical analyses of most
exotic mesons quite challenging. From a theoretical per-
spective, therefore, the existence of exotic hadrons without
quark-antiquark annihilation is highly desirable. The exper-
imental observation of the § = 41 baryon resonance,
called the ®"(1540) resonance [2], was the first candidate
for a genuine exotic pentaquark state classified as a uudds
state, and triggered many lattice QCD calculations [3-5].
However, subsequent experiments have not confirmed the
existence of the ®"(1540) state [6].
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The doubly charmed tetraquark T7., which has the
explicit exotic flavor ccitd and isospin I(J¥) = 0(17),
was discovered by the LHCb Collaboration in 2021 [7,8].
The T, state was found to be about 360 keV below the
D°D** threshold with a decay width of 48 keV [8]. The
doubly bottomed tetraquark 77, can be obtained by
replacing the charm quarks with bottom quarks as a
theoretical analog of the T}.. The properties of T, and
T, have been studied within the same framework using
phenomenological methods since the 1980s [9,10] and
there have been many recent updates [11-24]. The bbiid
channel is typically considered to have a single bound state
with a binding energy ranging from O(1) to O(100) MeV.
Furthermore, an exact few-body calculation suggests that
there may be two bound states in this channel [11].

The DD* scattering has been widely studied in lattice
QCD simulations to identify the T}, state as a shallow
bound state. The S-wave scattering phase shifts for the
I(JP) =0(1") channel have been calculated using
Liischer’s finite-size method [25-28] and the HAL QCD
method, a framework developed by the HAL QCD
Collaboration [29,30], while there are a few calculations
for the I(J¥) =1(1") channel [27,31]. Although both
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methods are well-established approaches for obtaining the
scattering phase shifts, the conclusion regarding the T,
from lattice QCD remains controversial due to the left-hand
cut of DD just below the DD* threshold, which could give
rise to the singularity in the DD* scattering amplitude as
discussed in Ref. [32]. Some studies circumvent the issue
by incorporating the DDz scattering, as demonstrated in
Refs. [33,34]. The authors of Refs. [26,31] attempt to
extract the singular behavior by assuming that the left-hand
cut originates from one-pion exchange. An alternative
approach involves extracting S- and P-wave scattering
phase shifts based on chiral effective field theory [35].
In this study, however, we will extract the detailed scatter-
ing phase shifts of the S- and P-wave scattering near the
threshold using twisted boundary conditions, which, in
principle, can provide scattering phase shifts at arbitrary
energies.

There are some lattice studies for the doubly bottomed
tetraquark using the nonrelativistic QCD (NRQCD) action,
which show the existence of a deeply bound state with a
binding energy of O(100) MeV in the I(J¥) =0(1")
channel [36-43]. Unlike most model calculations, which
predicted a wide range of binding energies from O(1) to
O(100) MeV, these lattice calculations consistently predict
strong binding of B and B* mesons in the bbiid system.
While the presence of a deep energy level from threshold is
sufficient for identifying a deep bound state, the identi-
fication of shallow bound states is better served by using
Liischer’s finite-size method to probe the peculiar behavior
of the scattering phase shifts in the vicinity of threshold. As
summarized in a recent review of lattice QCD calculations
for the heavy tetraquark states [44], the identification of a
deep bound state has only been discussed in the BB*
channel. However, the search for shallow bound states, as is
done in the DD* channel, has never been discussed.

The finite-size method is frequently utilized to examine
the low-energy interaction between two hadrons. Detailed
information of the low-energy interaction is represented by
the lower partial-wave phase shifts at low energies. After
original proposals given by Liischer [45,46], many exten-
sions have been developed in various ways. In particular, this
formalism was first extended to moving frames with nonzero
total momentum of scattered particles of equal mass [47]. A
further extension is elaborated upon in Refs. [48—51] for the
case of two hadrons with different masses.

In general, the quantity of k*/*! cot §;(k) for the /th-wave
scattering phase shift §,(k) can be expanded in a power
series of the scattering momentum squared & in the vicinity
of the threshold as

1 1
K1 cot §,(k) = P Er,kz + okt +O(k%), (1)
!

which is called the effective range expansion [52]. Model-
independent information of the low-energy interaction is

encoded in a small set of scattering parameters, e.g.,
scattering length a, for the S wave (I = 0) or scattering
volume a; for the P wave (I = 1).

According to the established principles of scattering
theory, Levinson’s theorem elegantly relates the /th-wave
scattering phase shift at zero momentum §,(0) to the total
number of bound states n as follows: §;(0) = nz [52].
Consequently, as indicated in Ref. [53], the behavior of
the scattering phase shifts around zero momentum is
of critical importance in the search for bound states.
Furthermore, the formation condition of the S-wave bound
state is expressed by the pole condition of the S matrix

as kcotSy(k) = —V/—k? at k = iy, where y denotes the
binding momentum.

In principle, the aforementioned model-independent
information can be obtained by employing the finite-
size method to calculate the scattering phase shifts at
small scattering momenta. However, when lattice QCD
simulations are performed under periodic boundary
conditions with a spatial extent of L, the finite-volume
discretizes the momentum to 2z/L units, thereby con-
straining the accessible momentum. Therefore, under
the standard periodic boundary conditions, the simulated
scattering phase shift is not obtained continuously.
There are very few simulated phase shifts near the
threshold.

One way to circumvent this issue is to use the novel
approach of twisted boundary conditions [54], which
enables the treatment of any small momentum on the
lattice through the variation of the twisting angle, contin-
uously. As demonstrated in Ref. [55], this approach can be
integrated with the finite-size method to yield more precise
information in the low-energy region. In this study, the
same strategy is applied to DD* and BB* systems, which
contain doubly heavy quarks suitable for the application of
the twisted boundary condition. Our preliminary results
were first reported in Ref. [56].

This paper is organized as follows. In Sec. II, we give a
short outline for the theoretical derivation of Liischer’s
finite-size formula under twisted boundary conditions.
Section III is devoted to give the details of parameters
and interpolating operators used in our lattice QCD
simulations. In Sec. IV, we present the numerical results
of the S- and P-wave scattering phase shifts of the DD* and
BB* systems for both isospin / = 0 and / = 1 channels on
three gauge ensembles with m, = 295, 411, and 569 MeV.
We then systematically examine the behavior of bound
state formation in the DD* and BB* systems based on the
S-wave phase shifts near the threshold. Finally, we close
with a summary in Sec. V.

'As pointed out in Ref. [53], this condition is only fulfilled in
the infinite-volume limit.
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II. THEORETICAL FRAMEWORK

A. Liischer’s finite-size formula

We first recapitulate Liischer’s finite-size formula to
calculate the scattering phase shift between two hadrons. In
Ref. [46], Liischer originally derived the formula for two
identical massive spinless particles in the center-of-mass
(c.m.) frame, relating the S-wave (I = 0) scattering phase
shift 5y(k) to the discrete energy levels in a box of volume
L3 under the periodic boundary conditions in spatial
directions. The projection into the trivial irreducible rep-
resentation (irrep) of the cubic symmetry, corresponding to
vanishing total momentum, yields the following simple
form of Liischer’s finite-size formula for the S-wave phase
shift near the threshold, where the higher partial-wave
(I > 4) contributions are safely ignored [46]:

Lk
with g =—

t5k: )
cot §y (k) 0

1
g/—zzoo(l;qz) (2)
q

where k denotes the scattering momentum of the two-
particle system in the c.m. frame. Here, the function
Zw(1;¢%) is the generalized zeta function, which is
formally defined with spherical harmonics Y, (i)
(3 =n/|n) as

neZ3

Zlmsq

for s > 3/2, and then an analytic continuation of the
function is needed from the region s >3/2 to s=1
[45,46].

After the derivation for two identical particles with
vanishing total momentum (c.m. frame), many different
kinds of extensions have been made, e.g., identical bosons
with nonzero total momentum (moving frame) [47] and two
particles of unequal mass for moving frame including
fermion-boson systems [48-51]. Although such extensions
may help to compute the scattering phase shifts at more
values of lower scattering momenta within a given volume,
one of the authors extended the formula for the zero total
momentum case with partially twisted boundary conditions
to expand the range of accessible momenta, especially near
the threshold, within a single volume [55].

B. Finite-size formula under
twisted boundary conditions

Let us briefly review the derivation of the finite-size
formula for the zero total momentum with twisted boun-
dary conditions. Following the original derivation in
Ref. [46], we assume that the two-particle interaction
has finite interaction range R. In the exterior region of
the interaction range (|x| > R), the relative two-particle
wave function W(x) obeys the Helmholtz equation as

(V2 +K*)¥(x) =0, (4)

where W(x) denotes the relative wave function and & is the
relative momentum. We here consider the following twisted
boundary condition imposed on the wave function ¥(x) in
a box with volume L* as

Y(x + Le;) = e¥(x), (5)

where e; are unit vectors in the direction of the i axis (i = x,
v, z) and 6; are real valued twisting angles, which are
restricted to the range of —z < 6; < #. We also use a vector
expression, namely, @ = (6,,6,,6,). The momentum of the
plane wave solutions is limited to (2zn +6)/L with
ne 73, if the conditions of Eq. (5) are imposed.
Therefore, the Green’s function G?(x; k?) under the twisted
boundary conditions is given by

Z exp(2zmir -x/L) (©)

GOl k) = Qar/L? -k

rely

where the summation is over the set I'y, which is defined as

Fg—{r

Using the harmonic polynomials ), (x) = |x|'Y},,(X) with
X = x/|x|, we can obtain a set of solutions

Gl (x: %) = Vi (V)G (x: 2), (8)

which forms a complete basis suitable for expanding ¥(x)
in an outer range (|x| > R), where Eq. (4) is satisfied, as

=Y Z )

=0 m

_ 0 3
r—n—l—g,nez } (7)

with constant coefficients v;,. In an analogous way to
Liischer’s derivation [46], GY (x;k*) can be expanded in

spherical harmonics Y, (%) and spherical Bessel functions
ny(klx[) and j;(klx) as

17,1+1
6t i) = {Ym,<f>nl<k|x|>

+Z Z Mlml’m’Yl/m/(x)Jl'<k|x|)}- (10)

=0 m'=-1'

We remark that the only difference from the original is the
definition of the coefficients MY which are given by

Im,I'm"

/ I+1 J

?/2 Z Z j+1

=== 4

0 _ 2\ %
Mlm,l’m’ - ) Clm,js,l’m’a

(11)

114510-3



MASATO NAGATSUKA and SHOICHI SASAKI

PHYS. REV. D 112, 114510 (2025)

where the coefficients Cy,, j; r,y are expressed in terms of
Wigner’s 3 j symbol

Cimjsrm = (D)™ i1/ 21+ 1)(2j + 1)(20' + 1)
[ 14 I j I
(s ow)o00) @
m s —-m 0 0 O

and the generalized zeta function with the twisting angle
vector @ is defined by

q2) _ Z (ylm(r) (13)

20 (s:
rely -9 )
The elements of 'y are reduced to non-negative integers,
n €73, when @ = 0. Then Eq. (10) reproduces the original
equation proved in Ref. [46].

Whereas the expression of the wave function defined
in a cubic box is obtained in terms of spherical
harmonics as shown in Eq. (10), the general solution
of the Helmholtz equation at |x| > R in infinite volume
is known [52] as

o0 l
=> Z bin Y 1 (®){ (k) i (k|x[) + By (k) (Klx|) }

=0 m
(14)

with constant coefficients b,,,. The coefficients o;(k) and
B(k) are related to the /th-wave scattering phase shift
5,(k) as p;(k)/a;(k) = tan §;(k). Since the coefficients of
the independent solutions in Eqs. (10) and (14) can be
equated, we obtain the following relations:

blmal<k) Z Z Vrm' = ) kl,-HMl’m Jm? (15)
I'=0 m'=—1'
Y

bni(K) = i k. (16)

Inserting Eq. (16) into Eq. (15) yields

TABLE L.

) l
Z Z lm I'm! 511’51nm’ cot 5l(k))ﬁl(k>blm =0. (17)

=0 m=—

Thus, the existence of nontrivial solutions for by,
requires that the following determinant vanishes:

det(/\/llm I'm! 511/5mm’ C0t5l<k)) =0. (18)

The matrix elements /\/l?m 1y €an be expressed by a

linear operator MY,

Mb‘

i = (Im| MO I'm') (19)
with the set of basis vectors |lm), which spans the
irreducible representations of the continuous rota-
tional group.

On the lattice, the continuous rotational symmetry is
broken to the discrete rotational symmetry G, i.e., the cubic
group O, or its subgroup. Depending on the choice of the
twisting angle vector 6, the symmetry group G will change
as shown in Table I. Therefore, the above determinant
equation can be further reduced by using the irreducible
representations of the corresponding cubic group, instead
of the vectors |Im).

Since the cubic group maintains a subgroup symmetry of
the continuous rotational group, the basis vectors of an
irreducible representation I" under the discrete rotational
symmetry G can be expressed as the linear combination of
|im),

1
> chan|im), (20)

m=-1

|Caln) =

where a runs from 1 to the dimension of I', and » runs from
1 to the multiplicity of the irreducible representation I'. The
coefficients of the unitary transformation CEZ” are listed in
Ref. [51]. The matrix elements of the operator M? in the
new basis are given by

Irreducible decomposition of the angular momentum representations [''=%) and I'*=") for each point group associated with

the choice of twisting angle. For the Cy,,, C,,, and C3, groups, both the / = 0 (S-wave) and [ = 1 (P-wave) representations include the
trivial irrep A, due to the absence of an inversion center, though the Dy, D,;, and D5, groups have parity symmetry so that the trivial
irrep, A; q(A ), does not contain the / = 1 (P-wave) contributions. g (gerade) or u (ungerade) denotes the existence of an inversion center

and indicates even or odd parity, respectively.

0 ©000)  (0,0,0) 0,6.0) (0.0,6) (0,0, 7) (7.7,0) (n, 7, 7)
Symmetry G Oy, Cyy Gy, Csy Dyy, Dy, D3,
T(=0) A, A A A A, A, A,
]"(1:1) Tlu A] b E A] (&) Bl (&) Bz A] DE A2u 57 Eu Blu 52 BZu 52 B3M A2u @ Eu

114510-4



LATTICE STUDY OF SCATTERING PHASE SHIFTS FOR ...

PHYS. REV. D 112, 114510 (2025)

[
<Faln|M0|F'a'l’n’> = Z clrnol‘”*c?;z"/./\/l?m’l,m,, (21)
m=—Im'==I'

which can be partially diagonalized according to Schur’s
lemma [46] as
(Caln| MO|T'a/ ') = Srpi MO, 0. (22)

In this study, we focus on the S-wave (I = 0) and P-wave
(I =1) phase shifts for the scattering of two hadrons
under the twisted boundary condition with nontrivial
twisting angle vectors. When the scattering is considered
near the threshold, the higher partial-wave contributions
(I > 1) can be safely ignored. Therefore, we set 6, = 0 for
[ > 1, which is justified at small k>. Furthermore, the
twisted boundary condition enables us to accommodate the
finite relative momentum, even for the lowest Fourier
mode, n = (0,0,0). This may allow us to use wall-type
quark fields, which are automatically projected onto the
trivial irrep, A; (A;,) [51,55].

As pointed out in Ref. [55], the generalized
Rummukainen-Gottlieb formula for the scattering of two
particles with different mass with nonzero total momentum
(moving frame) can be easily translated into the Liischer
finite-size formula given under the twisted boundary
conditions in the c.m. frame, where the Lorentz boost
factor is unity. Following the original expression for a
moving frame, when we take an assumption that §, = 0 for
[ > 1, the finite-size formulas of the A irrep are given as
the following determinant equation:

cotdy (k) = Més(q)
MgP(‘])*

Mgp(‘])

=0, (23)
cot; (k) — M (g)

which properly takes into account the mixing of S- and P-
wave phase shifts in one relation. For the three types of the
twisting angle vectors, 8 = (0,0, 0), (6,6,0), and (6,0, 6),
the explicit expression of the matrix elements /\/lgs, Mgp,
and MY, are summarized in Table II, where we use the
shorthand notation

1

win(q) = mz?nl(l; 7).,  (24)
which implies that wy; and w,, are complex functions,
while wy, and w,, are all real functions. If special proper-
ties of Re(wy;) = Im(wy;) and Re(w,) = 0 are taken into
account, wy; and wy, can be rewritten by a single real
function as wy; = (1 + i)Re(wy;) and wy, = iIm(way).
For the trivial case of 0 =0, all three types of the
determinant equation reduce properly to the original Liisher
finite-size formula (2) due to the group theoretical con-
straint of /\/lgP = 0. In addition, when 6 = z, parity

TABLE II.  Definitions of M¢(q), M%(g), and M%,(g) for
each twisting angle (0 < |6 < z). For simplicity, an irrelevant
phase factor is omitted in the definition of M¥%,(q).

Twisting angle (0,0,0) (6,0,0) (0,0,0)

Symmetry G C4v CZv C3v

M (q) Woo W00 Woo

MSp(q) iv3wig iv6wy 3w

M. (q) Woo +2Wa  Woo = W20 wyy — i2v/6wa,
—i\/ngz

symmetry is restored and the S- and P-wave phase shifts
are disentangled due to the fact that M%, = 0. In this case,
Eq. (23) gives a finite-size formula similar to the original
Rummukainen-Gottlieb formula [47], but without the
Lorentz factor (y = 1).

In this study, we will evaluate both §; and ; from the
determinant equation (23) using two types of twisting angle
vectors, @ = (0,0,0) and (0,6,6), which provide two
independent equations.

II1. SIMULATION DETAILS
A. Lattice setup

We will investigate the bound state formation in the DD*
and BB* systems by exploring scattering phase shifts at low
energies. For this purpose, we perform lattice QCD
simulations using 2 + 1 flavor PACS-CS gauge configu-
rations, which are generated with the Wilson-clover quark
action and the Iwasaki gauge action on a lattice size of
L3xT =32>x64 at a single lattice spacing [57].
Simulation parameters of PACS-CS gauge configurations
are summarized in Table III. We use three ensembles of
2 41 flavor PACS-CS gauge configurations, where the
simulated pion masses correspond to m, = 295, 411, and
569 MeV as summarized in Table IV.

The nonperturbatively O(a) improved Wilson-clover
fermions are used for up and down quarks, while the
relativistic heavy quark (RHQ) action is adopted for charm
and bottom quarks. The RHQ action, which is a variant of
the Fermilab approach [58], is the anisotropic version of the
O(a) improved Wilson-clover action with five parameters,
K, U, Iy, Cp, and cg, called RHQ parameters (for more

TABLE III. Simulation parameters of 2 + 1 flavor PACS-CS
gauge configurations, generated using the Wilson-clover quark
action and the Iwasaki gauge action: gauge coupling (8 = 6/4°),
lattice spacing (a), lattice size (L3 x T), spatial extent (La), and
improvement coefficient (cqw). See Ref. [57] for further details.

B a (fm)
1.9 0.0907(13)

L3xT ~La (fm) Csw

323 x 64 29 1.715

114510-5
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TABLE IV. Summary for three ensembles of 2+ 1 flavor
PACS-CS gauge configurations [57] used in this study. The
masses of the pion, as listed in the table, are evaluated in this
study using the Dirichlet boundary condition imposed in the time
direction. Our results are consistent with those in Ref. [57].

Ensemble (Kuas Ky) m, (MeV) No. of configs.
A (0.13770, 0.13640) 295(2) 799
B (0.13754, 0.13640) 411(1) 450
C (0.13727, 0.13640) 569(2) 400

details, see Refs. [59,60]). The explicit form of the RHQ
action is given by

Sk = Y 4(x)D(x, )q(y), (25)

D(xvy):(Sx,y_K Z {(rs_yyk)Ux,i5x+f<.y
i=1,2,3

+ (rs +l/7/k)U)Ic1}

- K{ (rf - y4) UX,45x+ZLy + (rt + 7/4) Ui45x,y+i}

- 5x$yCBKZGijFij(x) - 5x,yCEKZG4iF4i(X)
i

i<j

(26)

with r, = 1. The field strength F,, is defined as

1
(%) =5 (Cu(x) = Clu (), (27)
with the clover-leaf operator given by

1
C;w ()C) = Z
+ UI—I/,U Ux—ﬁ,ﬂ Ux+ﬁ—13,v Uj.fﬂ
+ (JJr Ui Ux—ﬁ—ﬁ.ﬂ Ux—l?.y

xX=fLp
+ Ux,z/ U:E ch—ﬁ,y Ux—fut] . (28)

U,, U3, UL, Uty

X+Dp

—f—b.v

—ptb.p

In the specific case of light quarks, under the condition that
v=r, = 1and cy = cp = cgw, the RHQ action is reduced
to the Wilson-clover action.

The RHQ parameters for the charm quark have been
properly determined in Ref. [61], where the 2 + 1 flavor
PACS-CS configurations with m, = 156 MeV are used.
Additionally, the RHQ parameters for the bottom quark are
calibrated using the same ensemble employed in Ref. [61]
at the simulated pion mass that is closest to the physical
point, m, = 156 MeV. The parameters ry, cp, and cg are

TABLE V. Parameters of the RHQ action for charm and bottom
quarks used in this work. The parameter set of the charm quark
was determined in Ref. [61].

Flavor Kp v T cp Ccp
Charm 0.10819 1.2153 1.2131 2.0268 1.7911
Bottom  0.03989 2.9570 2.5807 4.0559 2.8357

determined by tadpole improved one-loop perturbation
theory, as demonstrated in Ref. [60] with a reference of
the clover coefficient cqw = 1.715 for light quarks. As for v,
we use a value determined nonperturbatively, which is
adjusted to reproduce the effective speed of light as unity
in the dispersion relation for the spin-averaged 1S-botto-
monium state. The value of k, is chosen to reproduce the
experimental spin-averaged mass of 1S-bottomonium states
Mgk = 9.4450(6) GeV. This was done similarly for the
charm quark [61]. The parameters of the RHQ action, which
are used for all three ensembles in this work, are summarized
in Table V for both charm and bottom quarks.

B. Implementation of twisted boundary
condition for heavy quarks

In this study, the twisted boundary condition is applied
only to the heavy quarks (i.e., charm and bottom quarks),
while the light quarks (i.e., up, down, and strange quarks)
are subject to the periodic boundary condition. Since we
use 2+ 1 flavor gauge configurations, the charm and
bottom quarks are treated within the quench approximation,
and the twist boundary condition for the heavy quarks can
be easily introduced as follows.

Suppose heavy quark fields Qp(x,?) obey the twisted
boundary condition as

Qg(x + Le;.1) = € Qp(x. 1) (29)

for each i direction. We can introduce new quark fields

Q'(x,1) as
Q’(x, l‘) — gi0x/L Qo(x» t), (3())

which satisfies the periodic boundary condition
Q'(x+ Le;, t) = Q'(x,t). This redefinition of the quark
fields affects only the hopping terms that appear in lattice
fermion actions. Thus, for the Wilson-type fermions
including the RHQ quarks, replacing the link variable in
the hopping term as U,, — ¢%</LU, , with 6, = (6,0)
yields a quark propagator with twisted boundary conditions
imposed in the spatial directions.

C. Heavy-light meson interpolating operators

To determine the scattering phase shifts for the DD* and
BB* systems, we use two types of the heavy-light (Qg)

114510-6
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meson interpolating operator composed of a heavy quark

0 ={c,b}) and a light antiquark (¢ = {u,d}) to con-
struct their two-point (single hadron) and four-point (two
hadrons) correlation functions. One is a local bilinear
operator as

Oyt 1) (. 1) = q(x, )TQ(x, 1), (31)

where the Dirac matrix I" is chosen as I = y5 for the heavy-
light pseudoscalar (spin-0) meson, H = {D, B}, and I =
y; (i =1, 2, 3) for the heavy-light vector (spin-1) mesons,
H* = {D*,B*}. For the local bilinear operator (31), a
simple summation over the spatial coordinate yields

L3 Zoa (0, F

1 - —if-x/L
%) = 732 (6 )T Qplx, e
- 034 1 (p. 1), (32)

which can be interpreted as the Fourier transformation to a
momentum representation of the heavy-light meson inter-
polating operator with the finite momentum, p = @/L, due
to the twisting angle for the heavy quark. These types of
interpolating operators are reserved for use with sink
operators.

An alternative interpolating operator can be defined by
replacing the quark fields with the “wall-type” quark fields
as

W pr) = %;z]u, 0.0 (33)

which are useful for constructing the two-hadron interpo-
lating operator in the trivial irreducible representations of
the point groups as discussed in Ref. [55]. In this context,
these types of interpolating operators are conveniently used
for source operators. Note that the wall-type quark fields for
the light quarks are automatically projected onto zero
momentum. On the other hand, the wall-type quark fields
for the heavy quarks can carry finite momentum p = 6/L,
since they are subject to the twisted boundary condition
with @ as

D000 = 5 Qo) Q). (34)

which can be interpreted as the Fourier transformation on
the level of the quark fields. Therefore, the wall-source
operators given by Eq. (33) are also regarded as the heavy-
light meson interpolating operator projected onto the finite
momentum p. Recall that, since the wall-source operators
lose gauge covariance, the Coulomb gauge fixing needs to
be performed at each time slice, where they are used.

For the sake of simplicity, the following labels are used
hereafter: a(Q,T") = H for the D (B) meson and a(Q,T") =
H*(i) for the D* (B*) meson.

D. Two-hadron interpolating operators
for the DD* and BB* systems

Next, we consider the two-hadron interpolating operator
for the HH* system. The two-hadron interpolating operator
can be constructed by a simple product of the H and H*
meson operators. In order to study the c.m. system, the
charm quark fields in the H and H* meson operators are
assigned opposite twisting angles so that @y = —0y-,
thereby ensuring that the total momentum of the HH*
system is zero. A proper projection of the isospin I is
necessary in constructing the two-hadron interpolating
operator, since there are two different isospin states in
the HH* system: the I =0 state and the / =1 state.
Conversely, the HH* system does not require any spin
projection, as it possesses a single total spin state
with J = 1.

First of all, the source operator of the two-hadron state in
the isospin I channel is defined by using the wall-source
operators (33), which are located at r = 7. as

Qf—lvl(-l{*)(i)(p’tsrC \/—{OIV}/M(p Lore OW{)( D tye)

( )IOWd(p tbrc) ()( -P, src)}
(35)

where the total momentum of the two hadrons is zero if the
charm quark fields in the H and H* meson operators are
assigned opposite twisting angles as @y = —0-. However,
finite p = @y /L is still responsible for the nonzero relative
momentum between the H and H* mesons. The two-
hadron operators (35) constructed by the wall-source
single-hadron operators are automatically projected onto
the trivial irreducible representations of any point group in
the two-hadron system as discussed in Ref. [55]. Therefore,
the resulting two-hadron correlation function constructed
with the wall-source two-hadron operators (35) is useful in
this study because we simply use the finite-size formula of
the A; sector given in Eq. (23).

On the other hand, for the sink operator, we use the
following two-hadron operators:

Lst{o“ 0501
- (105w 00 00 (36)

(1)
QHH*(i ’

which are constructed by a simple product of two types of
the local bilinear operator (31) and summed over spatial
coordinates independently. The two-hadron operator (36) is
also projected onto zero total momentum, while the

114510-7



MASATO NAGATSUKA and SHOICHI SASAKI

PHYS. REV. D 112, 114510 (2025)

TABLE VI. Results of the rest masses of the D, D*, B, and B*
mesons.

Ensemble M, (GeV) Mp- (GeV) My (GeV) Mp (GeV)
A 1.882(2) 2.039(6) 5.273(5) 5.316(7)
B 1.902(2) 2.068(6) 5.296(8) 5.348(10)
C 1.945(2) 2.107(4) 5.323(3) 5.383(4)

nonzero relative momentum p is certainly injected between
the H and H* mesons due to an assignment of opposite
twisting angles on the charm quark fields in the H and H*
meson operators.

IV. NUMERICAL RESULTS

A. Heavy-light meson spectroscopy from two-point
correlation functions

We first evaluate the single-hadron energies of the H and
H* mesons from the two-point correlation functions com-
posed of two types of the single-hadron operators defined
in Sec. II as

Gr(p:t.tye) = (O (p. ) O (=p. 1)) (37)

13
GH* (P; Z tsrc) = §Z<OIL-1*(1<)(P’ t)O}/{V*(k) (_ps tsrc)T>v (38)
k=1
where the wall-source operators (33) are used at the source
time location, ¢ = t., while the local operators (31) are
used at the sink. For the H* meson, we take an average over
the spatial Lorentz indices i, which are related to the
polarization direction of the spin-1 state.

It is noteworthy that the Dirichlet boundary condition is
imposed in the time direction for all quarks at ¢/a = 0 and
63 to eliminate unwanted contributions across time boun-
daries. The employment of this boundary condition effec-
tively avoids the undesirable wraparound effects, which are
especially problematic in systems with more than two
hadrons. We compute the quark propagators with the wall
sources located at different time locations fi./a = 6, 57 for
the case of the ensemble A to increase statistics, while only
a single time location ty./a = 6 is used for the case of
ensembles B and C. For ensemble A, two sets of two- and
four-point correlation functions are folded together to
create the single correlation function.

We can read off the single-hadron energies, Ex(p)
(X = H,H*) with the finite momentum p, from the
large-t behavior of the two-point correlation functions
under the twisted boundary condition with the twisting
angle @ = Lp,

G ) t, t —)e_EX(p)U_tsrc)'
X(p src)t»t

src

(39)

T T T
. 095 ]
5}
0.9 |
k>
0.85 T
0 50 60
T
N
A ]
N o
50 60

FIG. 1. Effective mass plots of the D and D* states (upper) and
the B and B* states (lower). Red lines indicate fit results and
yellow bands display the fit ranges and 1 standard deviation
estimated by the jackknife analysis.

For the ordinary periodic boundary condition (§ = 0), Ey is
reduced to the rest mass M y. The rest masses My of all four
mesons, measured for each ensemble, are tabulated in
Table VI. Figure 1 shows the effective mass plots of the D,
D*, B, and B* mesons for ensemble A as typical examples.

Here we assume that each state on the lattice has
the relativistic continuum dispersion relation, Ey(p) =

\/M?% + p?, which is indeed enough to describe our data
for heavy-light mesons with both charm and bottom quarks.
In Fig. 2, the vertical axis shows the momentum squared
defined through the relativistic continuum dispersion rela-
tion as p%, = E% — M% for X = D (upper panel) and B
(lower panel). On the other hand, the horizontal axis is the
momentum squared defined by the given twisting angle as
pi, = 6/L?. For comparison, the relativistic continuum
dispersion relation is denoted as the dashed line in each
panel. This figure shows that the large discretization errors
induced by the large masses of the charm and bottom
quarks are well controlled by our chosen RHQ parameters
listed in Table V. Therefore, we will adopt the relativistic
continuum dispersion relation to determine the scattering
momentum from the energies of two-hadron states, as will
be described later.

B. Determination of the scattering momentum
for the HH* system

The scattering momentum k; of the two-hadron HH*
system in the isospin / channel is defined through

W=/ + M+ /16 + M., (40)
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FIG. 2. Check of the dispersion relations for the D (upper) and
B (lower) states, which are calculated for ensemble A. For
comparison, the continuum dispersion relation is denoted as the
dotted line in each panel.

where W, denotes the total energy of the two-hadron HH*
system for isospin / in the c.m. frame. The c.m. energy
W, can be determined from the large-r behavior of the
four-point correlation functions for a two-hadron system
defined as

1< .

I I w(I +

Giany (P2 1. 1e) = 5 D Qi ()P D) (- 1))
i=1

_)e_WIO_fsrc)_ (41)
>t

For the sake of later discussion, let us define the two-
hadron energy for the isospin / measured from the HH*
threshold as E; = W; — M, where M represents the sum of
the rest masses, M = My + My-. Then, the scattering
momentum k; can be expressed in terms of the energy
level E;,

L VE/(E +2M)(E; +2My)(E; + 2M y-)
= 2(E + M) ‘

(42)

Therefore, accurately determining E; is important for the
Liischer finite-size analysis, for which the value of k; is
required. Instead of determining E; directly, we first
calculate the energy shift 0E; from the ratio of the two-
hadron correlation function (41) and the two single-hadron
correlation functions (37) and (38),

1
R (pit) = GE{L(p’ 1 b
i ' GH(p;t’ tsrc)GH*(p;t’ tsrc)

_ e_éEl(t_tsrc) N (43)
>t
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FIG. 3. The effective energy shift SE. as a function of ¢ for the

DD* (upper) and BB* (lower) systems in the / = 0 channel at
m, =411 MeV (ensemble (B) with the trivial twisting angle,
0 = (0,0,0), corresponding the standard periodic boundary
condition.

which is expected to decay exponentially with the energy
given by 6E; = W; — (Ey + Ey+) at large time (¢ > t.).
The ratio (43) can significantly reduce the statistical
fluctuation due to a strong correlation between the denom-
inator and numerator. We then obtain the energy level E;
from the following relation:

E; =08E;+ (Ey —My) + (Eg —My-),  (44)

where the value of Ey — My for X = H,H* can be
evaluated only using the individual rest masses and the
relativistic continuum dispersion relation. The procedure
for determining E; is similar to the one proposed
in Ref. [62].

The effective energy shift SE.; is defined as

()
R, (p;t
SELy (1) = In— R P (45)
Ry p:1+1)
which is supposed to show a plateau for large time
(t > t.). Figure 3 shows the effective energy plot of

Rg;, (p; t) for the I = 0 channel of both the DD* and BB*
systems. As a typical example, the twisting angle is set to
0 = (0,0,0) and the results are obtained using ensemble B.
In Fig. 3, negative effective energy shifts are observed for
both the DD* and BB* systems. A reasonable plateau in
each case is formed in the range 7 < (¢ — 1) /a < 16,
where the two-point function of the individual mesons is
also mostly dominated by the ground state of each hadron.
The horizontal solid lines in Fig. 3 represent the fit results
and the shaded bands display the fitting ranges and one
standard deviation estimated by the jackknife method.

114510-9



MASATO NAGATSUKA and SHOICHI SASAKI

PHYS. REV. D 112, 114510 (2025)

The observed negative energy shifts for the DD* and
BB* systems indicate that their lowest energies are below
the threshold, though not deep enough to be interpreted as
bound states. Furthermore, we calculate the energy shifts
OE for several twisting angles and then observe that 0E
measured in both the DD* and BB* systems is almost
unchanged with the variation of the c.m. energy W. This
specific behavior is an indication of the scattering state.
Thus, the observed state is consistent with the HH*
scattering state by a weakly attractive interaction. On the
other hand, the energy shifts are found to be positive for
I =1 in both the DD* and BB* cases. Therefore, as
summarized in the recent review of Ref. [44], our calcu-
lations confirm that the interaction between the H and H*
mesons is attractive for / = 0 but repulsive for / = 1.

In the next section, we will calculate the S- and P-wave
scattering phase shifts, §,(k) and 6, (k), respectively, for the
I =0 and I = 1 cases, using the formula derived in Sec. II
with the accurate value of k; calculated from S6F; for
various twisting angles.

C. Strategy for calculating S- and
P-wave scattering phase shifts

As described in the previous subsection, the energy
levels, denoted by E;, are obtained for each twisting angle @
and values of the scattering momentum k; are determined.
Consequently, the scattering phase shift of both the S and P
waves in the HH* system can be obtained by following the
strategy outlined below. The finite-size formula with
twisted boundary conditions as expressed in Eq. (23)
contains the S- and P-wave phase shifts. However, for
four types of special twisting angles, namely, @ = (0,0, 0),
(0,0,7), (7,#,0), and (7,7, 7), Eq. (23) is reduced
to Eq. (2).

This is because the even-/ and odd-/ partial waves do not
mix due to the inversion symmetry of the corresponding
point group, which is preserved at these special twisting
angles. As outlined in Ref. [55], the calculation strategy is
divided into three steps, as follows:

(1) First, the S-wave scattering phase shift 6y(k) can be
calculated independently using Eq. (2) at the scatter-
ing momentum k calculated by the twisting angles of
6=(0,0,0), (0,0,7), (r,x0), and (7,7, x). One
can obtain four pairs of data (k?, 5,(k)) that can be
used to interpolate between the four data points via
the effective range expansion formula up to O(k®)
using the jackknife method. This treatment is jus-
tified near the threshold, where the higher partial-
wave contributions (/ > 2) are also safely ignored.

(2) Next, the P-wave scattering phase shift &,(k) is
evaluated at the scattering momentum k calculated
by the twisting angles of @ = (6, 8, 9). The value of
cotd; (k) is determined by the following finite-size
formula, which is derived from Eq. (23) for the case
of 8 = (0,6,0):

cot &, (k) = woo(q) + 2vV6Im{wx(q)}

9W%O(Q)
cot 8y (k) —woo(q)

where cot (k) on the right-hand side of Eq. (46)
can be fixed by the interpolation data given in the
first step, while the scaled momentum ¢ = g—f{ is
determined from the energy level E. Several pairs of
(k*,8,(k)) are required to fit all data points. The
fitting by the effective range expansion formula up to
O(k*) provides the P-wave information near the
threshold.

(3) The S-wave scattering phase shift 6y (k) very close to
the threshold is finally addressed by using the
twisting angles of @ = (0,0,6), which yields the
following finite-size formula:

, (46)

3W%o(Q)
cotd; (k) —woo(q) —2wxn(q)
(47)

cotdy (k) =woo(q) +

’

where cot §; (k) on the right-hand side is fixed by the
fit result of cotd; (k) given by the second step. It
should be emphasized that the value of cot §,(k) can
be obtained at any k” in the range of 0 < k* <
(27/L)? by continuously varying the twisting angle
0, while it is only accessible at a limited number of
momenta in the first step.

This strategy has two advantages. First, the S-wave
scattering phase shifts near the threshold can be obtained
with high resolution. Second, the P-wave scattering phase
shift can be obtained simultaneously with the S-wave
scattering phase shift only by calculating the irreducible
representation A; of the two-hadron state.

As a typical example, Fig. 4 displays k cot d, (left panel)
and k> cot §; (right panel) as functions of ¢ for the case of
the I = 0 DD* scattering at m, = 411 MeV. The following
discussion will elucidate these two figures. First of all, the
S-wave scattering phase shifts 5 (k) are calculated for four
specific twisting angles, 8 = (0,0,0), (0,0, z), (z,x,0),
and (7,7, ), at which Eq. (2) is applicable. These data
points are presented by circle symbols in the left panel
of Fig. 4. Within our calculated range, the quantity
of kcotd, is observed to increase monotonically.
Consequently, the result of interpolating these four data
points with the quadratic polynomial in k? is the dashed
curve, and the gray shaded area represents the error
obtained by the jackknife method.

Second, the P-wave scattering phase shift §;(k) is
calculated through the finite-size formula (46) using the
energy levels measured under the twisted boundary con-
ditions with a single type of the twisting angle vector,
0=1(0,0,0). As the S-wave scattering phase shift is
incorporated into the right-hand side of the formula (46),

114510-10



LATTICE STUDY OF SCATTERING PHASE SHIFTS FOR ... PHYS. REV. D 112, 114510 (2025)
2 S 0.08
O (0,0,0),(0,0,r),(m,®,0),(r,,7)
0 (0,0,0) 4
150 %)- 0.06| -
o /’/ | <
‘g 1 . mg 0.04 - .
X ,’/ X B e e bbbty
A
0.5 s 0.02 .
‘@,@/ DD* I=0 DD* I=0
=B
e
0% 02 04 06 08 %% 0.1 02 0.3 0.4 0.5
2 2
q q

FIG. 4. Left: kcot§, as a function of ¢ for the case of the I = 0 DD* scattering at m, = 411 MeV (ensemble B). Right: k> cot 5, as a
function of ¢> for the case of the I = 0 DD* scattering at m, = 411 MeV (ensemble B).

the value of §,(k) at a given k* is fixed by the fitting curve
presented in the right panel. The resulting P-wave scatter-
ing phase shifts are presented by diamond symbols in the
left panel of Fig. 4, where the k> dependence is negligible,
enabling the data to be fitted with a linear function of k> and
extrapolated to the region k> ~ 0. The result of interpolating
four data points with the linear function of k? is the dashed
line, and the gray shaded area represents the error obtained
by the jackknife method.

The calculation of the S-wave scattering shift near the
threshold is finally possible through the utilization of the
energy levels measured under the twisted boundary con-
ditions with a different type of the twisting angle vector,
0 = (0,0,6), using the finite-size formula (47). Just as in
the one previous discussion, the value of §;(k), which is
incorporated into the rhs of the formula (47), is fixed by the
fitting line presented in the right panel. In the left panel of
Fig. 4, the resulting S-wave scattering phase shifts are
presented by square symbols. These symbols are located
along the dashed curve, indicating that the gap between
0 = (0,0,0) and (0,0, 7) can be filled by resolving the
mixing between S- and P-wave contributions in the finite-
size formula extended for the twisted boundary conditions
as defined in Eq. (23). The behavior of the scattering phase
shift around the threshold is of particular importance in
understanding bound state formation and determining the
value of the scattering length. In this study, the utilization of
twisted boundary conditions plays a crucial role.

D. Scattering phase shifts for the DD*
and BB* systems

In this study, we consider the two-hadron scattering for
I=0and I =1 HH* systems. Heavy quarks, such as
charm and bottom quarks, are treated at each physical mass,
while degenerate up and down quarks are simulated at three
different pion masses: m, = 295, 411, and 569 MeV.
Therefore, for a total of 12 combinations in terms of labels
of I (isospin), HH* (heavy), and m, (light), we obtain the

respective S- and P-wave scattering phase shifts using the
procedure described in Sec. IV C.

1. I=0 S-wave scattering

Figure 5 presents the results of the S-wave scattering
phase shifts obtained for the / = 0 case. Three upper panels
of Fig. 5 display the results of k cotd, as a function of g>.
The left, center, and right panels show the results obtained
at m, = 295, 411, and 569 MeV, respectively. The DD*
and BB* channels are denoted by circle and square
symbols, respectively. Similarly, the results of &, are also
plotted as a function of the two-hadron energy E measured
from the respective threshold in the three lower panels of
Fig. 5. The scattering phase shifts are positive, reflecting
the attractive interactions in the / = 0 channel of both the
DD* and BB* systems.

Suppose the interaction between the H and H* mesons
is approximately mediated by light hadrons, such as the
pion and the p meson. It is anticipated that such interaction
becomes stronger as the panel moves from right to left.
Indeed, the values of the phase shifts increase, from the
right panel to the left panel, in both the DD* and BB*
cases. This tendency is more pronounced in the BB* case
than the DD* case. Moreover, for the BB* case, the
scattering phase increases rapidly near the threshold as m,,
decreases. Such observations made in the BB* channel are
indicative of the bound state formation between the B and
B* mesons.

As demonstrated in the upper left panel, for the BB*
case, the value of kcotd, at g> = 0 becomes zero, thereby
indicating the infinite scattering length corresponding
to the unitary limit. The inverse of the scattering length
can be read off from the y-axis intercept by fitting all data
of kcotdy(k) using the form of the effective range
expansion (1). Figure 6 shows the inverse of the scattering
length as a function of m2. As m2 decreases, the inverse of
the scattering length decreases monotonically. Remarkably,
the I = 0 BB* system reaches the unitary limit (¢, = +o0)
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S-wave phase shifts for the DD* and BB* scatterings in the / = O channel: m, = 295 MeV (left), m, = 411 MeV (middle),

and m, = 569 MeV (right). The upper panels illustrate the quantity k cot §, as a function of g2, while the phase shift §, is plotted as the
two-hadron energy E, measured from the threshold, in the lower panels.
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FIG. 6. The pion mass dependence of the inverse of scattering
length in the / =0 DD* and BB* channels. The horizontal
dashed line indicates the unitary limit (ay = +o0).

at m, = 295 MeV and exhibits the characteristic behavior
of the scattering phase shift at E = 0 MeV, as shown in the
lower left panel of Fig. 5. The threshold phase shift begins
at 7z, suggesting that at least one bound state forms at the
lighter m,,.

It should be remarked that the number of data points
displayed in each of the upper and lower panels differs.
This is simply because the corresponding data points of
k cot &, in the negative ¢> region cannot be interpreted into
the scattering phase shifts. However, these data can be used
to fit kcotd, as a function of ¢?, resulting in small error
bands for the scattering phase shift §, near £ = 0 in the
lower panels.

Finally, two scattering parameters—the scattering length
ag and the effective range ro—for the S-wave scattering can
be evaluated by fitting all data points of k cot 5y(k) using
the form of the effective range expansion (1) up to O(k°).
The resulting values of a and r( can be found in Table VII.
For the DD* case, our results of the scattering length are
consistent with Refs. [25-27,29,30].
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TABLE VII. Fitresults of the scattering length a( and the effective range r for the S-wave scatterings and the scattering volume a, for

the P-wave scatterings.

System m, (MeV) a, (fm) ro (fm) a, (fm?) ay (fm) ro (fm) a, (fm?)

DD* 295 0.90(11) 2.34(27) 0.0209(66) —0.338(21) —0.07(69) —0.0218(84)
411 0.635(98) 3.12(54) 0.023(10) —-0.373(21) —0.18(62) —0.0155(89)
569 0.450(68) 2.8(1.1) 0.0137(81) —0.327(24) —0.6(1.4) —0.0123(80)

BB* 295 +oo" 1.808(82) 0.114(35) —0.434(32) 1.43(66) —0.036(30)
411 7.5(5.4) 1.85(14) 0.070(31) —0.505(39) 0.62(67) —0.040(36)
569 2.45(79) 2.07(22) 0.054(21) —0.424(45) 1.05(91) —0.028(20)

“The infinite scattering length is indicated by the observation that 1/a, [fm™'] = —0.009(65).

In the range of m, larger than 295 MeV used in this
study, neither the T'.. nor the T, states were found to be
deeply bound states in the attractive / = 0 channel of the
DD* or BB* systems. However, as previously discussed,
the scattering length of the / = 0 BB* scattering begins to
diverge at m, = 295 MeV, indicating the onset of bound
state formation at the lighter m,. There is no necessity to
behave linearly with respect to m2 when a bound state is
formed. However, the result for the BB* case does not show
any nonlinearity at the lightest m,, even though the
scattering length reaches the unitary limit. Therefore, we
use a simple linear function of m2 to extrapolate the
scattering length toward the physical point. We then obtain
the I = O scattering lengths for the DD* and BB* systems
at the physical pion mass m2 = 135 MeV as
abP” =1.21(34)[fm], aB? = —7.6(5.8)[fm]. (48)

This simple analysis suggests that it is difficult to
identify the experimentally observed T,.. state with a
hadronic DD* bound state, since the scattering length
for the I/ =0 DD* scattering does not reach the unitary
limit, even at physical points. On the other hand, for the
BB* case, at our lightest m,, the scattering length reaches
the unitary limit, and the scattering length at the physical
point becomes negative. This indicates the presence of a
shallow bound state in the BB* system [53]. For the shallow
bound state, we can approximately estimate the binding
energy Ejp by the scattering length a, by the following
relation [52]:

2ua3’

where y is the reduced mass of the BB* system.2 Therefore,
the binding energy Ep for the hadronic BB* bound state is
expected to be O(100) keV, using the above estimate of

aB® at the physical point.

2For the BB* system, it is observed that the condition of ry <«
ay is still satisfied at the physical point.

It should be noted that above mentioned finding for the
DD* case is inconsistent with the recent HAL QCD result for
the T .. study, in which the scattering length of the / = 0 DD*
scattering reaches the unitary limit near the physical point.
However, our results for ay and r( are consistent with the
results of other groups, including the older HAL QCD result,
in the same m,, region used in this study. The key to resolving
this discrepancy lies in the potential nonlinear behavior of m2
in the inverse scattering lengths near the physical point.
However, this study does not explore such a possibility
without additional simulations with lighter values of m,,.

Instead, we address another discrepancy for the BB* case
between our results and those reported in other studies. The
results obtained from the other groups have predicted the
existence of a deep bound state, designated as the 7', state,
even at the heavier m,. We would like to point out two
technical differences between this study and others. The
first is the difference in the treatment of the bottom quark.
Other groups use the NRQCD b quark or the static b quark
to search the bbiid tetraquark state or the hadronic BB*
state. On the other hand, in this study, the DD* and BB*
systems are systematically compared in terms of heavy
quark mass by using the RHQ b quark with an equivalent
treatment of the charm quark. As a result, we have
succeeded in demonstrating that the BB* case is more
likely to form a hadronic bound state than the DD* case.

Second, we only used the two-hadron interpolating
operators that represent two hadrons located at different
coordinates for both the source (35) and sink (36) in order
to achieve the aforementioned point. However, the other
groups use multiple bases of the two-hadron interpolating
operator. These bases include the “compact” four-quark
operator, which is composed of two diquarks or two
hadrons located at the same coordinates, designated as
the tetraquark 7, state. The difference in interpolating
operators explains why our calculation lacks such signal
observed in the other studies. As discussed in Ref. [53],
spatially extended two-particle interpolating operators
rarely couple to bound states, while, conversely, spatially
compact two-particle interpolating operators rarely couple
to two-particle scattering states.
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As will be elaborated upon later in Appendix A, when
the compact two-hadron interpolation operator is used for
the sink only and the same source operator is used, the
corresponding “deeply bound state” appears in the early
time slices of the effective energy plot for both the DD* and
BB* cases. The behavior of the plateau is uncertain for the
DD* case. However, the plateau for the BB* case is
relatively solid and appears at about 100 MeV below the
threshold. If the observed energy shift can be regarded as a
deep binding energy of O(100) MeV, it is consistent with
other results on the binding energy of the T, state. This
observation suggests that the observed signature of shallow
bound state formation is, in fact, the second bound state.
The existence of two bound states for the 7, state was

recently predicted by four-body calculations of double-
heavy tetraquarks in the quark model [11].

2. I =0 P-wave scattering

Figure 7 shows the P-wave scattering phase shifts for the
I = 0 case. The results of §; are plotted as a function of the
two-hadron energy E. Similar to the S-wave phase shifts,
the P-wave phase shifts are observed to be positive,
reflecting the attractive interaction in the / = 0 channel
of both the DD* and BB* systems.

Similar to what we observed in the S-wave phase shift,
the effect of varying m, on the P-wave phase shift is more
pronounced in the BB* case compared to the DD* case.

/2 /2 /2
O mn:295 MeV, BB* O m":411 MeV, BB* O m":569 MeV, BB*
| O mn=295 MeV, DD* | O mn=411 MeV, DD* | O mn=569 MeV, DD*
=0 =0 =0
i)
= /4 - w4 o w4
<

00 20 40 00 40 00 20 40
E [MeV] E [MeV] E [MeV]

FIG. 7. P-wave phase shifts for the DD* and BB* scatterings in the / = 0 channel: m, = 295 MeV (left), m, = 411 MeV (middle),

and m, = 569 MeV (right).
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FIG. 9. P-wave phase shifts for the DD* and BB* scatterings in the / = 1 channel: m, = 295 MeV (left), m, = 411 MeV (middle),

and m, = 569 MeV (right).

In particular, for the BB* at the smallest m,, there appears
to be a trend in which the P-wave phase shift near the
threshold tends to increase significantly toward z/2. This
characteristic aspect of the P-wave phase shift may suggest
a possible precursor to the formation of a resonance state,
although the mixing of higher partial waves (I > 2) that is
ignored in this analysis must be considered for the P-wave
phase shift at high energies.

The scattering parameter of the scattering volume a; for
the P-wave scattering is evaluated by fitting all data points
of k3cotd, (k) using the form of the effective range
expansion (1) up to O(k*). The resulting values of a;
are also tabulated in Table VIIL

3. I=1 S- and P-wave scatterings

We also provide the results of the S- and P-wave
scattering phase shifts for the / = 1 case. As demonstrated
in Fig. 8, the S-wave phase shifts are displayed, while the
P-wave phase shifts are presented in Fig. 9. The negative
scattering phase shifts reflect the repulsive nature of the
I =1 channel of both the DD* and BB* systems. The
scattering parameters for both the S- and P-wave scatter-
ings are determined in a similar manner in the 7 =0
channel, as previously outlined. The resulting values of aj,
ro, and a; are also included in Table VII.

In contrast to the / = 0 channel, the / =1 scattering
phase shifts of the S and P wave are nearly independent of
m, in both the DD* and BB* systems. This observation
makes it plausible that the strong m, dependence of the S-
and P-wave scattering phases near threshold, as observed
for the I = 0 BB* case, originates from a precursor to the
formation of bound and resonant states that are character-
istic of attractive systems.

In addition, the absolute value of the scattering phase
shifts is much smaller than that in the / = O channel. This
suggests that, in the / = 1 channel, the interaction between

the H and H* mesons is a very weak repulsive interaction.
These trends are consistent with the lattice simulations that
assume the one-pion exchange model [31].

V. SUMMARY

We have investigated the properties of the doubly heavy
tetraquark states, Q0Qiud (Q = c or b), in lattice QCD
simulations from the perspective of hadronic molecular
states. For this purpose, the S- and P-wave phase shifts for
the DD* and BB* scatterings near the thresholds are studied
by the Liischer’s finite-size method using the novel trick of
twisted boundary conditions. Our simulations are per-
formed using 2 + 1 flavor PACS-CS gauge ensembles of
m, =295, 411, and 569 MeV at a single lattice spacing
(a = 0.09 fm) and volume (La = 2.9 fm). In the treatment
of charm and bottom quarks, the RHQ quark was com-
monly adopted to facilitate a systematic discussion of how
the different masses of the heavy quarks can lead to distinct
results.

The use of the twisted boundary conditions allows us to
treat any small momentum on the lattice through the
variation of the twisting angle, continuously. This method
provides a significant advantage in the analysis of bound
state formation, as evidenced by the behavior of the near-
threshold S-wave scattering phase. The introduction of the
twisted boundary condition makes the mixing of even-/ and
odd-/ partial waves inevitable, but this can be used to
calculate the S- and P-wave scattering phase shifts simul-
taneously. Hence, it is also possible to search for the
possible narrow resonance states near the threshold by
examining the P-wave scattering phase shifts.

We have found that the / = 0 channels of the DD* and
BB* systems exhibit positive phase shifts of S- and P-wave
scatterings, reflecting an attractive interaction. On the other
hand, the I = 1 channels of the DD* and BB* systems
exhibit a very weakly repulsive interaction. A comparison
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of the charm and bottom systems reveals that low-energy
scattering is greater in the bottom system than in the charm
system, without either S- or P-wave differences or isospin
differences.

Except for the I = 0 BB* system, the dependence of the
light quark on low-energy scattering is not as significant as
the change in the heavy quark within the m, range of 295—
569 MeV. In contrast, the S-wave phase shift of the / =0
BB* scattering increases rapidly near the threshold as m,
decreases. Remarkably, the / = 0 BB* system reaches the
unitary limit at m, = 295 MeV, causing the threshold
phase shift to begin at z. This suggests that at least one
bound state forms at the lighter m,. Furthermore, the
P-wave phase shift of the / = 0 BB* scattering near the
threshold tends to increase significantly toward z/2 at
m, = 295 MeV. It may suggest a possible precursor to the
formation of a resonance state in the / = 0 BB* channel.

We also succeed in extracting model-independent infor-
mation of the low-energy DD* (BB*) interaction, such as
the scattering length and the effective range for the S wave
and the scattering volume for the P wave in both the / =0
and / = 1 channels. As for the S-wave scattering length in
the / = 0 channel, our simple analysis using the linear
chiral extrapolation with respect to m2 suggests the
existence of a shallow bound state of the BB* molecular
with a binding energy of O(100) keV. This state differs
from the deeply bound state, which has an observed
binding energy of O(100) MeV and is considered the
T, state, as observed in other studies.

As demonstrated in Appendix A, the absence of the
deeply bound state in our calculations is indeed the case. It
has been determined that this is due to the two-hadron
interpolating operators used in this study. These operators
are specifically configured for two-hadron scattering. In
light of these implications, it is suggested that the signature
of shallow bound state formation observed in the I =0
BB* channel in this study represents a second bound state.
Further verification is needed to confirm the conjecture of
two bound states. This requires a more comprehensive
analysis, with a large operator base that includes the
compact ‘“diquark-antidiquark™ interpolating operators as
well as the compact “meson-meson” interpolating oper-
ators, using the variational method.

Although the DD* state was not observed as a bound
state in this study, more careful treatment of the left-hand
cut is necessary for a more realistic prediction. In future
work, additional lattice simulations should be conducted to
investigate the dependence of the scattering length on m,,
near the physical point.
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APPENDIX: OPERATOR DEPENDENCE IN
FINDING A DEEPLY BOUND STATE

In the 7 = 0 bbiid channel, the existence of a deeply
bound state, designated as the T, state, has been reported
in other calculations [36—42]. In the search for the tetra-
quark T, state, multiple bases of the two-hadron inter-
polating operator are utilized. These bases include the
compact four-quark operator, which is composed of two
diquarks or two hadrons located at the same coordinates.
On the other hand, this study was undertaken to calculate
the scattering phase shifts of both the DD* and BB*
systems. To this end, the two-hadron interpolating operator
composed of two hadrons located at two spatially separated
coordinates was utilized (referred to as a “spatially sepa-
rated type”).

To understand that the deeply bounded T, state is not
visible in our study, we additionally examine the following
two-hadron interpolating operator:

cu 1 u
QH(H)*(Z.) (x;1) = 7 {o5" (x, t)Oé,’fl(l.) (x,1)

— (=105 (x, 00", (k. 0}, (A1)

(
where the two hadrons are located at the same coordinates
(referred to as a “spatially compact type”). Through the
Fierz rearrangement of the Dirac and color indices, above
the compact meson-meson interpolating operators is related
to a linear combination of the diquark-antidiquark inter-
polating operators. Instead of the sink operator defined in
Eq. (36), this operator (A1) is used for the sink operator to
construct the four-point correlation functions for the / = 0
two-hadron system defined as

1 1 C(1=0 W(I=0 i
3273 0 Q) @ D) (P ). (A2)
i X

where the spatial coordinate of two hadrons at the sink are
summed over simultaneously, and the total momentum of
the HH* system is zero. Note that the four-point correlation
function becomes identically zero for the I =1 case.
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FIG. 10. The effective energy shift 6E.; as a function of ¢ for the DD* (left) and BB* (right) systems in the / = O channel at
m, =295 MeV (ensemble (A) with the trivial twisting angle, @ = (0,0, 0), which corresponds to the standard periodic boundary
condition. Each panel contains results obtained using two different types of the sink operator for two hadrons: a spatially separated type,
as defined in Eq. (36) (denoted by circles), and a spatially compact type, as defined in Eq. (A1) (denoted by squares).

As demonstrated in Ref. [53], spatially compact two-
particle interpolating operators are more strongly coupled
to bound states than to two-particle scattering states. In the
following calculations, we do not perform the variational
method, but simply look at the differences in the effective
energy plots of the ratio correlation defined in Eq. (43),
with two types of the four-point correlation functions,
Egs. (41) and (A2).

Figure 10 shows the effective energy SE. for the DD*
(left) and BB* (right) systems in the / = 0 channel with the
twisting angle @ = (0,0,0) at m,, = 295 MeV. The circle
symbols represent the results obtained using Eq. (41),
and the square symbols represent the results obtained
using Eq. (A2).

As shown in the left panel of Fig. 10, the two results from
the DD* system differ in the early time slices. However,
both results become consistent after the condition
(t — ty)/a > 15. This indicates that the four-point function
(41) has much better overlap with the two-hadron scattering
state. On the other hand, for the BB* case, the effective
energy obtained using Eq. (A2) forms a relatively solid
plateau in the range 5 < (7 — t,.)/a < 15, which is well
below the threshold and the results for the BB* scattering

state obtained using Eq. (41). The energy shift has been
observed to be of O(100) MeV, which is comparable to
other results on the binding energy of 7', state.

If the observed energy shift can be regarded as a deep
binding energy of O(100) MeV, this observation may
indicate that the observed signature of shallow bound state
formation discussed in the text is, in fact, originated from the
second bound state. The existence of two bound states for the
T, state was recently predicted by four-body calculations of
double-heavy tetraquarks in the quark model [11].

In any case, the discussion here confirms that the absence
of the deeply bound state in our calculations, as outlined in
the text, is attributable to the two-hadron interpolating
operator employed, which was configured specifically for
two-hadron scatterings. One important lesson from this
analysis is that, even when deeply bound states are formed,
the two-hadron interpolating operators employed in this
study are not strongly coupled to those states. On the
contrary, our chosen operators are well suited for calculat-
ing two-hadron scattering phase shifts. Needless to say, one
should also be cautious in regard to the potential occurrence
of a false plateau in multihadron spectroscopy [63].
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