PHYSICAL REVIEW D 113, 114033 (2026)
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We consider the case of a free real massive bulk scalar in D = 4 dimensions, and embed two parallel
plates as interfaces on which we impose nonlinear boundary conditions, either Dirichlet- or Neumann-like,
parametrized by a new coupling constant g. The system mimics a non-Abelian gauge theory supplemented
with boundary conditions on surfaces embedded in the bulk. We present the first evidence for a
nonperturbative qlz boundary mass generation and its ensuing correction to the standard Casimir energy.

This result becomes possible by incorporating dynamical corrections to the effective boundary fields,

which are used to build in the boundary conditions directly at the action level.

DOI: 10.1103/kr43-21n3

I. INTRODUCTION

Recently, the Casimir effect [1-4], with its origins dating
back to Ref. [5], saw a revived interest in Yang-Mills (YM)
gauge theories,' thanks to nonperturbative lattice QCD
Monte Carlo simulations of D = (3+ 1) or D = (2+ 1)
setups, with various geometries of interfaces on which
standard perfect color-electric boundary conditions were
applied [6-9]. For simplicity, here we focus on the plate
geometry. An interesting feature was observed, namely, the
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exponential decay in terms of the plate separation. This
suggests the emergence of a new, nonperturbative mass
scale of a few hundred MeV from the self-interaction of the
gluon. This mass scale is considerably smaller than the
standard lowest mass scale in gluodynamics, the scalar
glueball having a mass of around 1.5 GeV [10]. In Ref. [7],
this new scale was attributed to a novel type of edge
(boundary) modes, consisting of a (colorless) bound state
of a gluon and its mirror image relative to the plate(s),
suggestively named “glueton” as analog of the familiar
excitons in solid state physics.2 This does not, however,
answer the question where the mass of these gluetons
would come from, as a priori, its constituent gluons are
massless. Similar to plateless QCD (or YM), the pertinent
issue still is: how to obtain massive glueballs/gluetons from
a priori massless gluons?

Interestingly, in the recent works Refs. [12,13], see also
Ref. [14], it was shown that very reasonable analytical
estimates for the YM Casimir energies/forces of Refs. [6-9]
were possible to obtain from incorporating a gluon mass

*The analogous “quarkiton” was studied in more detail in
Ref. [11].
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scale into the quadratic approximation. This gluon mass
could be introduced either based on D = (2 + 1) works of
Refs. [15,16] or on the Curci-Ferrari model [17] in Landau
gauge (D= (3+4+1) or D =(2+1)). The latter saw a
revived interest over the years as an easy-to-compute model
with an effective description of certain nonperturbative
aspects of QCD, see Ref. [18] for an extensive review. The
boundary conditions were introduced in those works
[12,13] via auxiliary fields restricted to the plates, see also
Refs. [19-26] for more about this approach. Afterwards
an effective boundary theory can be computed from which
the Casimir energy follows from a computation in one less
dimension.

Here, we will analyze another intriguing novel source of
nonperturbative Casimir physics: the interactions induced
by the boundary conditions. For this, we introduce a scalar
toy model to mimic the nonlinear YM boundary conditions.
Indeed, due to gauge invariance, the boundary conditions
on the plates must be expressed in terms of the non-Abelian
field strength which possesses both a linear term in the
gauge potential and a quadratic term coming from the
commutator. Therefore, the proper implementation of
the non-Abelian version of the common perfect electric/
magnetic boundary conditions requires the analysis of
boundary conditions which are nonlinear in the gauge
potential. The nonlinear boundary conditions for the scalar
field in the present manuscript have been exactly designed
to shed preliminary novel light on the nonperturbative
contributions to the Casimir energy arising from the non-
Abelian nature of the gauge fields.

The fact that interactions restricted to a lower-dimen-
sional subspace can lead to interesting new physics can also
be appreciated from works such as Refs. [27] or [28]. In our
case, the effective boundary field method allows us to take
these nonlinear boundary interactions into explicit account
and explore their possible consequences for what concerns
the Casimir energy. We will provide evidence for a non-
perturbative correction to the Casimir energy/force (which
may even change sign, depending on the size of the
coupling constant).

II. NONLINEAR NEUMANN-LIKE BOUNDARY
CONDITIONS

As it has already been emphasized, eventually we wish to
explore the possibility of novel, genuinely non-Abelian
effects entering the Casimir energy of Yang-Mills theory.
Even restricting to leading order, while the gauge field then
satisfies a free field equation in the bulk, the boundary
conditions on the plates possess both a term which is linear
in the derivative of the gauge potential, as well as a
quadratic one. To be more precise, e.g., the gauge invariant
non-Abelian perfect magnetic boundary conditions read

n,F¢

V|, = 0A 0T =g oAt =0, (1)

=412

where the index i refers to the (z,x,y) coordinates.
Therefore, one can appreciate that the Neumann boundary
conditions, see Eq. (3) below, are mimicking the Yang-
Mills case. The analysis, when extrapolated to the Yang-
Mills case, will then strongly suggest the interesting
possibility of the coexistence of two ground states (a trivial
and a nonperturbative one) with different energies but
separated from one another via infinite energy walls.

Concretely, let us start from the following scalar toy
model:

1 L
S = /d“x {—5(0(02 —m*)p — bé(z + 5) (cw + %’(ﬁ)

~59(<- %) (00 +207) . @)

where the b(X) and b(X) auxiliary fields impose the
boundary conditions on the idealized (i.e., zero thickness)
plates, as follows:

g
az(p + _§02

- ~0. (3)

z=%xL/2

We took the same g on both plates for simplicity. We
introduced the notation X = (¢,x,y) for the R*® space
orthogonal to the planes, and we are working in Euclidean
space. The mass dimension of the fields or coupling g is
determined via dim(b) = dim(bh) = 1, dim(g) = 0.

Let us now look in detail at the quantum consequences of
such nonlinear boundary conditions. The idea is to allow
for a dynamically generated boundary mass, so we will
construct the effective potential for b, and b, with

B:EO+B;

by = (b|b).

by = (b|b). (4)
Let us first construct the two-point Green’s function for
the ¢-field, but not yet enforcing the boundary conditions,

i.e., not yet including the Lagrange multiplier fields S, .
The relevant quadratic part of the action reads

5= [ @x|-g0@ - mp s 6)

We set A(z) = —4(bs, + bps_) with 5, =5(z+L/2).
Notice that this A(z) indeed acts as a boundary mass
(per plate).

The Green’s function G(x,x") will thence obey

(=0° +m? + A(2))G(x.x) = 8(x = x'), (6)

reducing to, after a partial 3D Fourier transformation x > k
with k = |k|, as follows:
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(=02 + K + m? + A(2))G(k, z,7) = M(2)G(k, z,7) given by
=0(z—7). (7)
For A(z) = 0, we have the standard free Green’s function,

or, concretely

Go((];,Z,Z/) _ \/276 ~le=Z |V K +m* (8)
2V +m? G(z,7') = Go(z,7') + gboGo(z, =L /2)G(-L/2,7)
To avoid notational clutter, from here on we will omit + gEOGO(Z7 L/2)G(L/2,7)).

the Fourier coordinate k& from the Green’s functions.
Continuing, the complete Green’s function is formally = From this equation, we can infer

G(=L/2.7') = Go(=L/2.2) + gboGo(~L/2.~L/2)G(=L/2.%') + gbyGo(~L /2, +L/2)G(+L/2. /)

G(+L/2.7") = Go(+L/2,7") + gbyGo(+L/2,—~L/2)G(=L/2,7') + gboGo(+L/2,+L/2)G(+L/2.7),

and solve these for

G(-L/2,7) = gboe VR (L+|L/2-2)) +oe \/mM/qu( b, +2\/m)
Phoboe VI — (ghy ~ 2V T ) (ghy — 2VR )

G(+L/2.7) = _gboe—\/m(L+\L/2+z’\> n Ry gby 4 W) |
Pboboe VR _ (gb0 — 2\/KZ ¥ m2)(ghy — 2V/KE + 1)

to end up with a closed analytical expression for the S, Green’s function G(z,z") in Eq. (10), as follows:

G(z,7) = ————= ! e~ IV R Am?

2K+ m?

— gby e espya/Em 9boe” VT LHL2=Z) | (- \/mlmm( —gby + 2VI* + m?)
zm PhoboeHVE I — (ghy = 2V + 1) (ghy — 2V + 1)

— ghy———— eI~ —L/2/ e $bo€” VI LHL22) 4 oV L2 (g 1 2V F m?)
2\/m Phoboe VI (ghy 2R 1 ) (ghy — 2/ + ) |

Glz.7) = Go(e.7) - / xGo(z. )A(X)G(x. 7). (9)

(10)

(11)

(12)

(13)

We are now armed to construct the effective potential at leading order for the full action S in Eq. (2).> We start from

= [wolmsioBex [—sz - [ doptioo+ )5, + 6o +/3>a_>]

3 31/ - - < -
:/[Dﬂ}[DB} exp B/(jﬂl)c éﬂl; zdz’(](k,z)G(z,z’)(2ﬂ)363(k—k)J(k/,z'))]

1 [ &k
X exXp (—E/Wln detM),

(14)

where the operator M (z) was defined in Eq. (7). J(k,z) is the 3D Fourier transform of the combination of terms in Z

coupling to ¢, that is,

3Since we are workin g atleading order (mean field approximation), we do not need to include the higher order vertex terms o > and

B
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= (bo(22)*6V (k) + p(k))s_. (1)

First, we shall deal with the det M. We shall proceed in a
two-step way. First we will compute the det per Fourier
mode 12 afterwards we will trace over these Fourier modes
themselves.

Let us call u,(z) an eigenfunction of M with corre-
sponding eigenvalue 4,, as follows:

Mu, = A,u,. (16)

It will be sufficient to focus on the zero mode 4y = 0. For
the normalizable solution, we find

aeVk+m’z forz<—L/2,
U(z) = be"VK+mz 4 ceVR+M: for [ /2 <7z<L/2,
de~VE+m'z forL/2 < z.

(17)

The “gluing” at the boundaries z = +L /2 easily happens
by imposing uy(z) to be continuous, while integrating
Eq. (16) over either ¢ — L/2 or +¢ + L/2, respectively,
yielding

uo(~L/2 =€) — ug(~L/2+€) =0,

ug(+L/24+¢€) —ug(+L/2—¢€) =0,
uy(—=L/2+¢€) —uy(—=L/2 —€) + gbou(—L/2) =0,
up(+L/2+€) —uh(+L/2 —€) + ghou(+L/2) =0, (18)

always assuming € — 07. Denoting the matrix of the linear
set of equations (18) by N, it follows that det NV = 0 for a
nontrivial solution to survive.

In fact, even if 4, # 0, a very similar reasoning can be
made, leading to the requirement that normalizable eigen-
solutions will exist iff det N (1) =0 for 1 =4, Said
otherwise, we have found a function det V(1) (an ordinary
rather than a functional determinant) that vanishes at the
eigenvalues of the original problem (16).

As such, we can invoke the Gel’fand-Yaglom approach
[29] to extract In det M, following the line of reasoning in
Ref. [30]. (An alternative approach would consist of using
the identity of Jacobi for computing ﬁ In det M.) In short,
using {-function regularization, one has

*A more detailed version can be accessed via https:/saalburg
.aei.mpg.de/wp-content/uploads/sites/25/2017/03/dunne.pdf, in-
cluding more references.

det M = ¥, Zs) =) —. (19)

It can then be shown that
—£'(0) = In det NV (0) —In det N (—oc0).  (20)

For 1 — —o00, M(z) = My = —02, s0 we can write

In det M —In det Mg, = In det V/(0) — In det N (0).

(21)
In our case, In det My, and In det N (0) will merely be
infinite constants that are irrelevant for the eventual Casimir
energy/force, as an equal infinite constant will be sub-
tracted when considering Ec,sn(L) — Ecasn(00). Or, alter-
natively, in, e.g., dimensional regularization, these infinite

constants are replaced by zero, leading to the same end
result. So,

In det M = In det N (0). (22)

After some manipulations, we find, for a given 1; as
follows:

In detM =1n (gzboBo(l - e—Zka2+m2) FAR2 4 dm? —2g

x (bo+bo) V2 +m2). (23)

It then remains to compute

3 31,/ -
Jmamsexs(5 [ 55 o 66 2)
x (27)38% (k — K)J (K, z/)]> . (24)

The terms linear in f or B will vanish upon proper
minimization of the effective potential. Working out the
various §.8, we get

24) =exp(Fim(ny B2+ (7)) [10A08

k—0 0

<on(3 [ ks i ik P (2§:i;))
23

where we defined
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B ( 0.0:G(2, ) e_p 2= )2

azaz’G(Zv Z’)|z:—L/2.z’:+L/2 ) (26)

0.0:G(z,7) |z:+L/2,z’:—L/2 0.0:G(z,7) |z:+L/2,z’:+L/2

We also identified here V3 = (27)35®3) (k = 0) for the 3D space volume.
For completeness, let us quote the matrix elements of P, as follows:

P =

(K 4+ m?) (bog(=e"VE 7 (B3 1 4K + m?) + Big? + 4byg/I + metVE )

(bog(2 /K2 + m2ellV R +m® _ Bog(EZL\/kZerz -1)) - 262L\/k2+m2(_BOg /K2 - m2 + 2k + 2m2))2
2(k2 + mz)(ezm/k2+m2(l;(2)gz /12 F mZ(eZL\/kz+m2 + 1) _ 2509(k2 + mZ)(zeZLx/kzﬂnz + 1) + 4(k2 + m2)3/262L\/k2+m2))

(bog(2VIZ T 22V Em _ o o2V _ 1Yy _ 2N (o /I 4 20+ zmz))z

26V (1 g(bogy/ R+ m? — K2 = m2) + (& + m?)(VIE + m® = Byg))

P

,P+_

bog(Z‘ /kZ ¥ mZeZL\/k2+m2 _ l_?og(GZL\/k2+m2 _ 1)) _ 282L\/k2+m2(_5()g‘ /k2 + m2 + 2k2 + 21’)12)
2(k2 + m2)3/2eL\/k2+m2

Py =-

bog(2“ /K2 i I,’12€2L\/1<2+m2 _ Bog(eZL\/k2+m2 _ 1)) — 2LV k2+m2(_l;og\/m + 2k + 2m2)
(k2 + mz)(z\/meﬂ\/kz+m2 _ bog(eZL\/k2+m2 + 1))

As such, we get, again for a fixed I;,

bog(Bog(eZL‘/kz“"z -1)-2 /K2 + mzeZL\/k2+m2) + zest/szrmz(_Bog /K2 m2 + 212 + 2m2) '

(K2 +m2)? (EZL\/szrmz _ 1)

detP=
(bog(l_aog<e2“/"z+’”z—l>—2 /7k2+m2e2L\/k2+mz)+262L\/k2+m2 (—l—’og /7k2+m2—|—2k2—|—2m2>>3
« <bggz (l;%gz (eZL\/k2+m2 _ 1)2 — 4bog\ I+ mR AN <e2L\/k2+m2 _ 1> e +m2)e4L\/k2+m2)
_4pygelV K (5%921 /12 _|_m2(82L\/k2+m2 _ 1> —2byg(K? +m?) (262L\/k2+m2 _ 1) L4k +m2)3/262L\/k2+m2)
AR + m2) LV R (i)og(l_)og—4\/ K2 +m2) AR —|—m2))) . (28)

We pause here to draw attention to the power of the
auxiliary fields method to impose the boundary conditions.
Although a priori these were merely multipliers, they do
couple to the bulk dynamics and by integrating out the
latter, one ends up with a quantum corrected boundary field
sector, including nontrivial propagation and induced inter-
actions purely living on the boundaries. We restrict our-
selves to the leading order corrections here (Gaussian
approximation) but in principle the 1P/ effective action
(B, p) can be computed to higher orders.

To keep track of the dimensionalities, let us repeat here the
relevant formulas, see also Ref. [24]. Let us denote the (infinite)
4D spacetime integration volume with V, = 7,¢,2 ¢, with
4 — +o00. Then we have the path integral identity

1,X,y,2
7 = /[D@}e_s[q)] = e_f/E’

with E the vacuum energy of the theory, and @ a shorthand for
all the fields. In a fully translationally invariant theory, one
could then find the energy density & from E = ¢,7,7 E.

However, care must be taken as we have both 4D “bulk”
Oy = {@} and 3D “plate” D, = {4, p} fields.
Accordingly, the vacuum energy E will contain contributions
from bulk and plate fields, the latter of which will correspond to
the Casimir energy. Schematically, in the current quadratic
approximation, with plate fields acting as sources for the bulk
fields, it can be diagonalized by a shift of the bulk fields (which
leaves the measure invariant Dy, = DDy, ), as follows:

Z= / [,Dq)bulk} [D(I)plate]e_S@bulk’q)phw]

= /[D(I)ll:)u]k}e_smlk [(D{m]k] /D[@plme]e_splme [(I)plale]

— ,—C,E —Ecqs
=e zbulke ICda’

where the bulk action Sy, does not depend on the plate
configuration. The plate action only contains the plate fields,
hence describing a 3D theory, and the Casimir energy density
follows as Ecy, = €0y E s

114033-5
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Returning to the case at hand, and putting everything
back together, we obtain via Gaussian integration in Fourier
space and after exponentiation,

1 [ &Pk 1 [ &Pk
Z-exp—(z/wln det M +2/(2ﬂ)31n det(—=P)

—%lim(bo BO)-P-<?O>>. (29)

E—»O b()

The first two contributions, arising from Eqgs. (23) and (28),
can be nicely combined and simplified to

1 A’k 1 d’k

= %/%ln {(1 - 6_21‘\/]‘2+_”12)(/<2 + mz)z}' (30)

Thus,

z= exp<%g1)(bo by) P (ZZ)) exp[—%/(;l:;
x ln((l - e‘um) (K + mz)z)]

= exp(—V3Ecusn)- (31)

from which we can read off the Casimir energy in the
Neumann case,
|

1 _ by 1 [ &Pk
Ecysn =—=1lim(by by) -P- | - = ==
Cas.N 21;1_{%( o bo) (bo) +2/<2ﬂ)3
x In [(1 — e 2Lv k2+m2) (k* + mz)z}
1 2
= E(Ca)s,N + EEJa)S.N‘ (32)
The first part is evidently only relevant in case of non-

vanishing vacuum expectation values (VEVs), so let us first
focus on the second part, being

E&L,N = %/ @’k In [(1 - €—2L\/k2+—mz> (kz + m2)2}

(2z)°
= /m%kzln(l —e—ZL\/k2+m2)
0 T
dk m? X K,(2nmlL)
— In(k? 2y — _ 2
+/ (2r)3 n(k" +m?) 4ﬂ'2L; n?
+ divergent L-independent term. (33)

Renormalizing here the Casimir energy in the usual way by
subtracting its L — oo counterpart, it is reassuring that we
recover the well-known fact that the standard Neumann
Casimir energy equals that of the Dirichlet case; see, e.g.,

Ref. [31]. This expression (33) has a nonsingular limit in

2

- () -z
the massless case, lim,, o Ec,sn = 72700

More interestingly, let us look at the new piece,

_gm*boby(bg + by) —m*e> " (—gboby (b + by) +2m (b + bg)) — 2mbobge™™ (g bobg — gm(by + by) +2m?)

(1)
ECas,N =

Closed expressions exist for the various (complex) extrema
of Ecla)s,N in terms of (b, 130), but these are lengthy
algebraic expressions that are not very illuminating. We
will therefore present results for the nonzero mass case in a
purely numerical fashion.

However, let us first focus on the m = 0 case, as this case
comes closest to the YM one. Everything can be handled
fully analytically then. Indeed, as

£ _gbiby
Cas,N 2ng0b0 - Z(b() + bo) ’

(35)

we find a nontrivial minimum at b, = by = giL for all L,
with Hessian eigenvalues {5-,5r}. There is also the trivial
minimum at by, = by, = 0, with lower energy. However,
both are genuine ground states as one cannot penetrate
(tunnel through) the infinite energy barriers separating both
sectors, see Fig. 1. Likewise, even for large fields, there is
no way to tunnel to the regions where the potential drops to
—oo because of the energy walls.

2(€2Lm (gbo— 2’")(9130 —-2m) — gzbol;o)

(34)

In the nontrivial ground state, in total we end up with

2
1 2 27 T
EcyN = E(Ca)s.N + ECa)s,N =220 144007 = FeasN

81 72

= 01 EcpyN =~ — . 36
L%&Cas,N 292L4 480L4 ( )

Interestingly, for small values of g, the Casimir force is

repulsive, while there is a critical g, = @z44.4 at
which the Casimir force changes sign.

For the massive case, we will again choose g :% and
work in units m = 1, the behavior as reported below is
generic for other parameter choices. We will also only focus
on the real minima, as there are several other (complex)
saddle points or local maxima of no interest to us. For
L < 1.6, the trivial solution remains an absolute minimum,
while (again shielded with an infinite energy barrier from
the trivial minimum or unstable regions) another local
minimum appears at b, = b, ~ 8.3.

114033-6
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FIG. 1.

For larger L, L > 1.6, (0, 0) remains a global minimum,
while the other minimum evolves into a saddle point or
local maximum if L grows further. Overall, (0, 0) is thus a
global minimum in a region that is shielded with infinite
energy barriers from unstable areas.

III. NONLINEAR DIRICHLET BOUNDARY
CONDITIONS

Let us also briefly discuss the nonlinear Dirichlet case.
The analysis is largely similar to the Neumann case, by
simply redefining J(k, z) as follows:
|

gD €2Lm(2m(b% + B%)
Cas,D

- bOBOg(bO + l_?())) + bOBOQ(bO + 1_70) + 4b050meL'"

Left: E(Cla)s,N from Eq. (35) for g = % L = 1. Right: corresponding nonlinear Neumann Casimir force.

Feas
2500 — FOnFn (m=0)
2000
1500 -
1000 -
500
1:0 1.5 2.0 2:5 3:0 3:5 4:0L
J(k.z) = (bo(2)361) (k) + B(K))8..
+ (bo(22)*6 (k) + p(k))s_. (37

which leads to a redefinition of the matrix P, as follows:

(G(—L/Z, —L/2)

G(-L/2,+L/2)
G(+L/2,-L/2) ) (38)

G(+L/2,+L/2)

Eventually, we find

For m # 0, there is a nontrivial extremum at

Lm

it (40)

The Hessian eigenvalues associated to Eq. (40) are given by
14eLm smh Lm)
2m ’ —3+ eL’"

nonperturbatlve local minimum iff

}. As such, Eq. (40) corresponds to a

L>—, (41)

and a saddle point otherwise.

As such, in the Dirichlet case, new dynamics emerge
only in the massive case, and for sufficiently large plate
separation. Said otherwise, we have found a nontrivial
stable absolute minimum, shielded from tunneling to other
regions because of infinite energy walls. We note here that
expression (39), just as its Neumann counterpart (34), does
not explicitly depend on the spacetime dimensionality,

2(€2Lm(gbo - 2m)(gl_70 —2m)

— ¢*boby) (39)

which can be easily seen from the expression (25) for what
concerns the lim;_ (byby) - P (gg) contribution.
For completeness, we mention there is also a trivial

maximum at
The Hessian eigenvalues at (0, 0) are given by = lie ™ sothe

trivial vacuum is unstable now. This is quite d1st1nct1ve from
the Neumann findings. Furthermore, there are also two

saddle points at (bg, by)= (by, bo):(g({";f::;f’m),g(iqﬂfe”,fm)).

It can be verified that the Hessian eigenvalues always have
opposite signs in both cases.

For L < % there is nowhere a minimum to be found,
only the local maximum and three (complex) saddle points.
Higher order corrections to the Casimir energy in the
coupling g are necessary to decide whether a minimum
reappears. It would be most interesting to study this
possible phase transition in terms of L in a truly dynamical
setting by considering a (slowly) moving plate, but the
dynamical Casimir effect, see, e.g., Ref. [2] and references
therein, is another story and beyond the scope of this paper.
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Returning to the novel minimum (40), under the condition
(41), we eventually end up with a Casimir energy given by

etk m om? +Z°°K2(2nmL)

1+elm8p7 472L n*

Ecasp = (43)

n=1

where we note that for large separations L, the nonperturba-
tive first piece will dominate.” The Casimir force itself
remains negative and thus repulsive in the Dirichlet case,
even upon including the nonperturbative boundary mass
effect, in the region L < %, we cannot make definite
statements.

IV. CONCLUSIONS

We implemented a set of nonlinear boundary conditions
for an otherwise free scalar field theory by means of
auxiliary fields restricted to a lower-dimensional interface,
in our case two infinite parallel plates. This problem is
extremely relevant in itself since nonlinear boundary
conditions arise in many contexts (such as chemical
diffusion [32], nonlinear optics [33], vibration problems
in nuclear reactor dynamics [34], etc.). As such, inter-
actions are included on these interfaces, and we inves-
tigated the possibility that these affect the Casimir energy in
a nonperturbative manner. We have given evidence, at least
at leading order (mean field), that such is the case, both in
the nonlinear Dirichlet and Neumann models. Although the
computations are quite similar, the results are rather differ-
ent. The most interesting finding is that in the Neumann
case with massless scalars, two ground states are found
with different energies (a trivial and a nonperturbative one),
but separated from one another via infinite energy walls. In
the nonperturbative ground state, the Casimir force can
either be repulsive or attractive depending on the strength
of the coupling. In the Dirichlet case, only for massive
scalars, and for sufficiently large enough plate separation, a
new nonperturbative ground state is found, still leading to
an attractive Casimir force.

On the other hand, besides the intrinsic interest in
analyzing the effect of nonlinear boundary conditions on

>Strictly speaking, if we adopt the convention to define the
Casimir energy subtraction so that Ec,p(o0) =0, we should
subtract # from Eq. (43). This is anyhow irrelevant for the

Casimir force itself.

the Casimir energy, the most important motivation stems
from the fact that, in the Yang-Mills case, the field strength
is quadratic in the gauge potential. Since the boundary
conditions for the Yang-Mills Casimir effect are linear in
the field strength, they are thus quadratic in the gauge field
itself. Therefore, our findings strongly motivate the inves-
tigation of whether similar nonperturbative boundary
effects can emanate from the gauge-invariant YM boundary
conditions, which are automatically nonlinear when written
in terms of the field strength tensor. Hence, when extended
to YM, our results might shed novel light on the recent
series of lattice YM Casimir works [6-9], which suggest
the existence of a new light mass scale. Possibly, an
interesting interplay with the dynamical bulk gluon mass
generation could arise in YM, where the bulk gluon mass
can provide the (fitted) exponential decay of the Casimir
energy in terms of the plate separation; see Refs. [6-9] and
also Refs. [12,13] where such bulk mass effects were
discussed from a continuum viewpoint.

In particular, the case of nonlinear Neumann boundary
conditions analyzed in the present manuscript suggests the
possibility of coexisting vacua (one trivial and the other
nonperturbative), which can significantly affect the Yang-
Mills Casimir energy. We will revisit this interesting issue
in future work.
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