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We examine the signals produced by dark-matter interactions with electrons, which play a crucial role in
direct detection experiments employing heavy target materials, particularly in many well-motivated sub-
GeV dark-matter scenarios. When the momentum transfer to target electrons is comparable to or exceeds
their binding energy, atomic effects related to electron ionization become essential for accurately
determining signal rates—especially in the case of fast-moving dark matter. In this paper, we revisit
and extend the atomic ionization formalism, systematically comparing different approaches used to
formulate the ionization form factor and identifying their respective domains of validity. As practical
applications, we explore detection prospects in xenon target experiments. To illustrate our findings, we
consider a specific scenario involving boosted dark matter, which often leads to high-momentum electron
recoils. Our analysis demonstrates that the choice of formalism can significantly influence the
interpretation of experimental data, depending on the regions of parameter space.
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I. INTRODUCTION

Dark matter (DM) direct detection experiments have
been, for decades, trying to identify the particle nature of
DM, mostly through searching for weakly interacting
massive particles (WIMPs). Yet, a clear nongravitational
signal remains elusive [1]. The increasing difficulty of
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observing WIMPs through nuclear recoils might be
explained by their being too light [lighter than
~O(GeV)] to trigger recoils in large-volume detectors.
This problem can be mitigated by (i) searching for
electronic recoils where large-volume experiments have
altered their readout strategies in order to search for lower
mass DM [2,3] or (ii) searching for fast-moving light DM
that is moving much faster than the typical halo DM, thus
increasing the energy that it can deposit in a large-volume
detector [4—45]. In this work, we will focus on the latter and
fully characterize the electronic recoil signals expected at
large-volume direct detection experiments with noble
liquid.

To gain a better understanding of the anticipated electron
recoil signals for fast-moving DM, it is necessary to
understand the impact of the associated atomic effects
and accurately characterize the atomic ionization functions.
The ionization form factor of a target atom accounts for the
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probability that an electron with a certain kinetic energy is
scattered by DM with a given momentum transfer, depend-
ing on the final- and the bound-state wave functions of the
electron. Since direct detection experiments are inclined to
use the heavy- or moderate-weight nuclei having complex
atomic structures, the precise applications of the form
factors play key roles in probing fast-moving DM and,
hence, estimating its experimental constraints as well as
discovery potential.

The importance of the ionization form factors was
emphasized in Refs. [3,46-50], in the context of non-
relativistic DM. Some of these studies further highlighted
how different ionization form factor formalisms impact the
recoil-momentum spectrum, particularly at high-momen-
tum transfers. However, much of the literature has largely
overlooked this critical aspect, especially in the context of
fast-moving DM scenarios proposed to explain the now-
subsided XENONIT electron recoil excess [51]. A key
point is that many works have utilized the so-called plane
wave approximation [3,52], even when analyzing fast-
moving DM. However, this approach has limitations
compared to more advanced methods that compute out-
going electron wave functions by solving the Schrodinger
equation [46,48-50] or employing the relativistic Dirac-
Hartree-Fock method [47,53]. These differences become
especially pronounced at high-momentum transfers, where
the effects of fast-moving DM are most relevant.

In this paper, we investigate the phenomenological
implications and impacts of the atomic ionization form
factors on the scattering events between fast-moving DM
and electrons at direct detection experiments utilizing liquid
xenon. Fast-moving DM has emerged as a compelling
possibility and provides intriguing signals that can be
searched for in both DM and neutrino experiments
[54-63]. In these scenarios, the main component of DM
in the Milky Way is nonrelativistic. However, there is some
boosting mechanism that induces (semi)relativistic DM that
can reach our detectors on Earth. One such mechanism
exploits the possibility of a richer dark sector in which DM
boost is a generic feature.' In this multicomponent DM
scenario, which we will refer to as boosted DM (BDM), the
heavier DM is the nonrelativistic ambient DM in the halo,
but can annihilate into lighter (semi)relativistic states [4,64].

For illustration purposes, we focus on xenon-based
experiments (similar studies can be carried out for
argon-based experiments) and interpret their data by care-
fully comparing the ionization form factors in the context of
BDM scenarios. To this end, we employ two benchmark
model frameworks: fermionic DM interacting with elec-
trons via an exchange of either (i) a vector mediator or (ii) a

'While the goal of this work is to assess the signals induced by
general fast-moving DM, for illustration purposes, we will focus
on a particular boosting mechanism and leave others for future
work.

pseudoscalar mediator.” We show that depending on the
model framework, the ionization form factors result in
significantly different constraints and sensitivity projec-
tions, due to some of the form factors accentuating this
model dependence.

The rest of this paper is organized as follows: in Sec. II,
we describe the scattering rates between BDM and elec-
trons, including the ionization form factors. We briefly
review existing treatments of ionization form factors and
compare their approaches, including their incorporation of
the mediator dependence. In Sec. III, we briefly discuss a
benchmark BDM scenario used for our sensitivity esti-
mates. We present and discuss the model-dependent results
and interpretations in Sec. IV and reserve Sec. V for
discussion and conclusions.

II. SCATTERING RATES AND IONIZATION

If an incoming DM particle is sufficiently energetic,
resulting in a large momentum transfer, it interacts with
individual electrons, and the interaction can be described as
scattering between DM and free (isolated) electrons.
However, in the case at hand, the momentum scale is
not sufficiently large and the energy is transferred to a target
atom, ejecting an electron from it. With this detection
principle in mind, the event rate of fast-moving DM or
BDM (henceforth denoted by y) scattering with electrons in
direct detection experiments is given by

dR / 153 (E) do,. (E) )

—— =N —xe
dE, T dE  dE,

where E, = E, —m, is the kinetic energy of the recoil
electron, Ny is the number of target atoms in the detector,
0, 18 the y-e scattering cross section, and E is the energy of
the incoming BDM. Here, ®, is the flux of BDM particles
entering the detector, and in the most general situations, @,
is given by a function of E.

Assuming that the incoming DM particle has a mass m,,,
energy E, momentum p, and speed v, we find that the
differential cross section is given by

do m2me qt
xe y'"eYe dalF 2in ,Er 2' )
=i | g o (. E P @)

*We note that the theory parameter space for the s-wave
annihilation scenarios are getting squeezed by cosmological and
astrophysical observations when the light DM mass is
<100 MeV [65]. On the other hand, the scalar DM whose
annihilation is p-wave dominant can have more allowed param-
eter regions. More cosmological and astrophysical constraints on
the multicomponent BDM model have been discussed in
Refs. [66,67]. In our study, we focus on the impacts of the
ionization form factors and will address details of current bounds.
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The electron energy before scattering (i.e., initial-state
energy) is defined in terms of the binding energy BE as
E, = m, — BE, which depends on the particular shell in the
atom. The reduced mass of the DM particle and electron
system is defined as y and the momentum of the outgoing
electron is defined as k'. In the differential cross section
above, the definite integration is performed over the
momentum transfer ¢ (=|g|, i.e., the magnitude of the
three-momentum transfer) with the limits

q* :pj:\/p2+AE(AE—2E)

= p\/p* + (E, +BE)(E, + BE—2E). (3)

where AE = E/, — E, is the deposited energy that should be
obviously smaller than E —m, to be kinematically con-
sistent, which ensures exclusion of unphysical ¢g* solutions
that violate this kinematic condition. Note that the second
row indicates the existence of a range of momentum
transfer ¢ corresponding to a given recoil kinetic energy E,.

The integrand of Eq. (2) contains two g-dependent form
factors. The first form factor is the DM form factor
|Fpum(q)|?, which characterizes the DM-electron scattering
and encapsulates the model dependence. This allows us to
extract a reference cross section &, by redefining the spin-

averaged matrix element square \./\/((q)|2 at a reference
value of the momentum transfer ¢ = ame,3 isolating the
g-dependent component, following Ref. [3]:

IM(q)? = |M(q =am,)* x |Fpu(q)?,

TM{amg)P
_ G E "

¢ 16zm,m

The second g-dependent form factor of Eq. (2) is the
dimensionless ionization form factor |fio, (g, E,)|* defined
in terms of the transition amplitude encapsulating the
overlap between the wave functions of the outgoing free
electron yr, , and that of the initial bound electron v, . The

treatment of the ionization form factor relies on the
estimations of the electron wave functions. We consider
two treatments: nonrelativistic and relativistic.

A. Nonrelativistic treatment

Here we consider Roothaan-Hartree-Fock (RHF) wave
functions for the initial bound state whose radial compo-
nent R,, is given by a linear combination of Slater-type
orbitals that are tabulated in Ref. [68]. The two indices n
and ¢ represent the principal and orbital quantum numbers

3Although we are considering the relativistic DM, choosing
this reference value is still a valid assumption, since the large
momentum transfers in our scenario are encapsulated in the DM
form factor.

of the shell at which the initial electron resides. For the
outgoing electron wave function, we consider two cases:
(i) Case 1 is the simplest where the outgoing free
electron is considered as a plane wave (PW)
[3,27,52]:

(2£ + 1)k>

(g Elpw == [ ki (0P, (5)

where the integration limit is defined by |k’ & ¢|.
The momentum space wave function is related to the
radial component of the RHF wave function as

o) = 4z / dr PR (r)jo(kr).  (6)

where j, is the spherical Bessel function.

(i) Case 2 shares the same initial wave function, R,,, as
the previous case, but differs in the estimation of the
outgoing wave equation. Instead of a simple plane
wave for the outgoing free electron, a continuum
positive energy solution of the Schrodinger equation
of a Coulomb-like potential is considered, Ry » (see
Ref. [49] for detailed Ry , expressions). We abbre-
viate this case as the Schrodinger Continuous En-
ergy (SCE) case for future reference. The ionization
form factor is given by [49]

/3 © I+

D P
£'=0L=|¢~¢"|

A " dr P (qr)Ry 4 (PR (r)
(7)

|f10n(q E |SCE

2
X

Here, the overall coefficient .A? ,, 1s given in terms of
the Wigner 3j symbol by

AC =(2f+1)(2£’+1)(2L+1)(f “ L>2
L 0 0 0/

(8)

We note that similar formalisms for the ionization form
factor based on the Schrodinger treatment have been
developed in Refs. [46,48,69,70]. A comparison between
these formalisms was conducted in Ref. [71]. The
differences in the interpretation of experimental data across
these formalisms are on the order of tens of percent.
Therefore, in the rest of this paper, we use the formalism
from Ref. [49].
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B. Relativistic treatment

The relativistic treatment has the flexibility to accom-
modate various Lorentz interaction structures. In this
scenario, both the bound and free wave functions are taken
as solutions to the Dirac equation instead of the
Schrodinger equation. The bound state corresponds to
the negative quantized energy solutions, while the free
state corresponds to the positive continuous energy sol-
ution; therefore, we choose to abbreviate this case by the
Dirac Continuous Energy (DCE) case. Assuming that
electrons are bound by a spherically symmetric effective
potential Vs (r), we have the relativistic Dirac Hamiltonian

H=a p+m,(p~1)+ Ve(r), 9)
where @ and f are the usual Dirac matrices in the standard
representation. Since the potential is only radially depen-
dent, the general bound-state solution v, to the eigen-
value problem I:Iy/nkm = E, W.m depends on the radius
only, as follows:

ronl? = (igminaran)

where Q denotes the two-component spherical spinor and
P, and Q,, denote the “large” and “small” Dirac radial
components. For the continuum-state solutions, P, and
O, are replaced by Pp . and Qp ,, respectively.

One can show that the ionization form factor is inde-
pendent of the angular component of the wave functions
(i.e., Q,,) and only depends on the radial parts P and Q.
Note that the bound-state radial parts P, and Q,, are
characterized by two quantum numbers, the principal
quantum number n and the Dirac quantum number «,
while the free-state radial parts Pg,. and Qp o
characterized by the energy E, in addition to the Dirac
quantum number . The Dirac quantum number is defined
in terms of the orbital (¢) and total (j) angular momentum
quantum numbers as

k= (£—j)2j+1). (11)

Obtaining accurate wave functions P and Q relies on
accurate modeling of the potential. We tested two
approaches to modeling the potential, which were consis-
tent with each other. In the first approach, we relied on
potentials provided as optimized parametrized formulas.
For example, Ref. [72] presents an effective potential
expressed as a series of exponential functions of the radius
r, with the expansion coefficients determined by minimiz-
ing the Hamiltonian. Similarly, Ref. [73] provides a
potential expanded as a series of Gaussian integrals (i.e.,
error functions of the radius r), where the coefficients are

obtained by minimizing a measure that compares the
electron density resulting from the proposed potential with
that from the Hartree-Fock method. In the second approach,
we employed the Dirac-Hartree-Fock-Slater self-consistent
method implemented in the publicly available RADIAL
package [74]. In short, this method decomposes the
effective potential into three components: a nuclear poten-
tial term approximated by the Fermi distribution of the
proton density, and electrostatic and exchange potential
terms, both of which depend on the electron density.
Starting from an initial electron density p,, parameterized
using the Thomas-Fermi potential for neutral atoms, an
initial potential V| is calculated. This potential is used to
solve the eigenvalue problem, yielding wave functions that
generate an updated density p; and potential V. The
process iterates using a weighted average of successive
potentials until self-consistent convergence is achieved. A
comparison of the energy eigenvalues obtained from the
two approaches yielded similar results [75].

The ionization form factor is given in terms of the
g-dependent transition factor, |f, _, /_|2, as

45’3
(2n)?

where ¢; and e correspond to the initial and final electron
states, respectively. In this work, we will consider two types
of interactions, vector and pseudoscalar interactions. For
completeness, however, we provide the transition factor
expressions for vector (V), axial vector (A), scalar (S), and
pseudoscalar (P) interactions as follows [47]:

=3 > CLRpp+Roo). (13)
¥ L

= Z ZD,%K/(RP.Q - RQ.P)Zs (14)
¥ L

|f€i—’€f|2DCE,S = Z Z Cﬁx’(RP,P - RQ»Q)Z’ (15)
¥ L

|fion(q7Er)|2 |fe —>e,c|2 (12)

|f€,‘—’ef|2DCE.V

|fei—>€f|2DCE,A

|fe[—>e/|]2)CE,P

= ZZD@"(RP’Q +RQ,P)2’ (16)
¥ L

where the R factors in the brackets above are the radial
integrals defined as

RX.Y = A XE,K’YnKjL(qr)dr' (17)

Here the indices X and Y are replaced with their corre-
sponding ones in Egs. (13)-(16). The overall coefficient
CIfK, is written in terms of the Wigner 3j symbol as
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1 o ¢ ¢ LN/ L

CL, =~ (=1L +1 ( ) (
=geLen( o ol (D g
4
1

+8\/ (¢ + 1)E(¢ + 1><ﬂ ; L) ( |

0 0 0/\-1

The coefficient leK, has a similar form, but can also be
found through simple replacements in the indices of the
above coefficient; it can be obtained using leK, with k and 7
replaced by —k and |1/2 — k| — 1/2, respectively. For a
detailed discussion on the numerical stability of the above
integrals and the methods used to estimate the relativistic
wave functions, see, e.g., Refs. [47,53,75]. Reference [76]
emphasized the importance of accurate calculation of the
ionization form factor, which requires precise wave func-
tion modeling to ensure the orthogonality of free-electron
wave functions. The results obtained from our approach
show excellent agreement with those of Ref. [76], as well as
with Ref. [47].

As we observe from Egs. (13)—(16), the ionization form
factors vary depending on the mediator type. For example,
the vector interactions do not mix large and small parts of
the Dirac wave function, whereas the pseudoscalar inter-
actions do. Hence, it is more straightforward for the
ionization form factors derived from the relativistic treat-
ment to display model dependence. Achieving model
dependence in the SCE-based treatment is also possible,
but less straightforward. Reference [49] demonstrated that
the entire framework, including the matrix element squared
which is treated nonrelativistically, can have some non-
trivial model dependence quantified through an effective
field theory approach. We found it nontrivial to map the
model structure of the form factors from the approach in
Ref. [49] to our relativistic treatment, hence we only
incorporate what they refer to as the scalar form factor
(we call this the SCE treatment). We also note that this is
readily incorporated into models of fermionic DM with a

[STE

o~

>_2[(—1)/+j’—f—f'(21'+1><2j,+1><LZ L; 16)2
T G|

|
vector mediator, as has been considered in great detail in
the literature.

C. Comparisons and discussions

We are now ready to compare our ionization form factors
derived using the relativistic approximation with those
obtained from nonrelativistic treatments. Figure 1 displays
three illustrative comparisons of various ionization form
factors for xenon. We show the 1s shell in the left panel, the
3s shell in the middle panel, and the outermost shell (5p) in
the right panel. All plots are illustrated at a fixed recoil
kinetic energy of 10 keV, comparing the different ionization
form factor formalisms discussed above. The solid black,
green, blue, and red lines represent the relativistic vector,
scalar, axial vector, and pseudoscalar form factors, respec-
tively. The dashed and dotted lines correspond to the PW
and SCE formalisms, respectively. In all three panels, we
notice an exponential suppression in the nonrelativistic
treatment at high ¢. This is due to the suppression of the
electron wave function at short distances from the nucleus.
In contrast, in the relativistic framework, particularly one
utilizing the relativistic Hartree-Fock method, this suppres-
sion is alleviated because ionization is predominantly
governed by the contribution from s-wave electrons at
small electron-nucleus distances. For a more detailed
explanation, see Refs. [47,53]. Note that we show the
ionization form factor in the wide range of the momentum
transfer for illustration and shape comparison, while the
minimum and maximum momentum transfers ¢* associ-
ated with the given E, and electron shell are determined for
a given DM four-momentum as in Eq. (3).

10° 103

10°

103

10°

LICLE

10734 1073
~ 1070 ~ 1076 ~ 1076
= 107°{ — = 107°{ — = 107°{ —
—_— —_— 2 — DCE, A
=12 -12] ) =12
10 DCE. P Xe 1s shell K 10 DCE’ p Xe 3s shell \\ 10 ggi’ 2 Xe 5p shell
E, =10 keV E;=10 keV \ ' E,=10 keV
107154 ---- PW 107154 ---- PW 107154 ---- PW
....... SCE w SCE we SCE
10-18 . ; . ; 10718 ; . . 1018 ; ; . . -
107! 10° 10t 102 103 10* 1071 10° 102 10° 104 107! 100 10! 102 103 104
qlkeVv] qlkeV] qlkeVv]

FIG. 1.

Comparisons of ionization form factors for Xe 1s shell (left), i.e., n = 1 and # = 0, for Xe 3s shell (center), i.e., n = 3 and

¢ = 0, and for Xe 5p shell (right), i.e., n = 5 and £ = 1, at fixed recoil kinetic energy of 10 keV. The dotted and dashed lines are the
results for the cases with the nonrelativistic PW and SCE treatments, respectively. The solid lines are the results of the relativistic
treatment where black, blue, green, and red represent the vector, axial vector, scalar, and pseudoscalar interactions, respectively.
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Oe=10735cm?, my,=30 keV, my = 10 MeV, v = 0.1

10—36
—— DCE, vV
1073¢ ; -—- PW
r.\‘—. ...... SCE
CI>J 10—40 i
V4
NE 10—42 4
=
N 1044 1
‘ug"_ Xenon 3d shell \
'g 1046 vector mediator N
S
10-48 . E, = 0.1 keV
10—50 .
10! 102 103
q [keV]
10-36 Te=10735 cm?, my =15 MeV, my =1 MeV, v =0.9
10—38 4
N~
5 10—40 i
V4
~
E 10—42 4
S,
Wy 1074
]
D 1046 . Xenon 4p shell N
) vector mediator \\
10748 4 N
E, = 0.1 keV N
107> T r
100 10! 102 103
q [keV]

10-44 Te =1073% cm?, m, =30 keV, my = 10 MeV, v = 0.1

10—46 4
10—48 4

10—50 4

10—52 4

Xenon 3d shell s .
10-54 - pseudoscalar mediator \\\

do/dqdE, [cm?/kev?]

10-56 ] E, = 0.1 keV N

1058

101 102

q [keV]

Te=10735cm?, my =15 MeV, my = 1 MeV, v = 0.9

Xenon 4p shell
pseudoscalar mediator

do/dqdE, [cm?/kev?]

E. = 0.1 keV

101 102 103

q [keV]

FIG. 2. Differential cross section comparison between the relativistic (black solid lines) and the nonrelativistic (blue dashed and red
dotted lines) treatments for the vector mediator (left panels) and the pseudoscalar mediator (right panels). With X collectively denoting
the mediators, the top panels correspond to the lighter mediator with my = 30 keV and » = 0.1¢ at the xenon 3d shell. The bottom
panels correspond to the heavier mediator with my = 15 MeV and v = 0.9¢ at the xenon 4p shell.

It is important to understand the effects of the ionization
form factor when combined with the matrix element
squared. As noted in Eq. (2), the differential cross section
contains two g-dependent factors: the DM form factor
and the ionization form factor. While the general behavior
of the ionization form factor follows that shown in Fig. 1,
its impact on the final result is shaped by its interplay
with the DM form factor, resulting in varying outcomes,
depending on the specific model. To fully understand the
combined effect, it is necessary to analyze the g-depend-
ence within the complete differential scattering cross
section.”

In Fig. 2, we quantify the effect of the ionization form
factors on the differential scattering cross section for the
different model frameworks that we consider. In the upper
left panel, we plot the vector mediator case for the 3d shell.
We see that the relativistic (DCE) and nonrelativistic (PW

*We will discuss the details about our benchmark BDM
scenarios in Sec. III.

and SCE) treatments result in similar-shaped distributions.
Both treatments peak at the same location and exhibit a
similar declining trend, with the relativistic treatment
dominating at high momentum transfer. In contrast, as
shown in the right panel, for the pseudoscalar mediator,
there are distinct differences between the two treatments.
The relativistic (DCE) treatment peaks at higher momen-
tum transfer, due to the ¢ dependence of the matrix element,
and displays a rising behavior in regions where the non-
relativistic (PW and SCE) treatment shows a declining
trend. Eventually, all curves asymptotically fall at very high
momentum transfer. These observations are demonstrated
at different benchmark values for the DM particle mass and
the mediator mass, and different energy shells of the xenon
atom (as seen in the lower panels, which show similar
trends). We choose the 3d and 4p shells for illustrative
purposes, as we can see similar trends in other shells. The
chosen g-scale in this figure adheres to the range specified
in Eq. (3). The minimum expected momentum transfer is
q 2 10 keV for the choice of parameters in Fig. 2.
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TABLE L.

Summary of experiments, including the considered recoil energy range for XENONNT, as well as the photoelectron range

for XENONIT and XENON100. Additionally, the exposure is provided in ton - years, and the final row specifies the type of signal-

background analysis conducted.

Experiment XENONNT [77,78]

XENONIT [79,80] XENONI100 [81,82]

Electron recoil
Exposure [ton - year]
Analysis

1 keV < E, < 140 keV [78]
1.16 [78]
E, spectrum

14 < PE < 140 [83]
6 x 1072 [83]
PE spectrum

80 < PE < 103 [82]
3 x 1072 [82]
PE spectrum

III. BENCHMARK BDM SCENARIOS

For illustration, we envision the model of two-compo-
nent DM [64] as a boosting mechanism where the heavier
DM species, say y(, which dominates over the halo density,
pair annihilates to the lighter DM species y in the present
Universe, i.e., yojo — xy- Therefore, the energy of the
incoming BDM y is simply monochromatic, the same as
the mass of y, i.e., E = m, . The flux of incoming DM
particles across the Galaxy is given by [4]

dod
—£—16x10*cm 257!
dE

y ( (0 yotomt ) (GeV) 25(E_mm), (19)

5%x1072°em?s™! J \ m,,,

where (ov) is the velocity-averaged annihilation

1

XoXo=XX
cross section. The reference value of 5 x 10726 cm?3 s~
corresponds to the cross section required to reproduce the
observed relic abundance [4]. With this choice, the differ-
ential event rate in Eq. (1) can be greatly simplified. We do
not elaborate further on the details of the annihilation
process, as the flux depends solely on the annihilation cross
section and the mass of y,. For further details about the
flux, the production mechanism of BDM, and potential
constraints on the model parameters, see, for example,
Refs. [4,6,64].

To describe the detection of BDM-induced signals, it is
necessary to specify the interactions between the BDM and
electrons. As concrete examples, we here focus on two
benchmark scenarios in which the incoming fermionic
BDM produces electron recoils through a #-channel
exchange of either a vector or a pseudoscalar mediator.
The relevant interaction Lagrangians are given by

Ly ine D 9oV, 27" + 9.V ,erte, (20)
—Lps jnt D icpayy’y + ic,aep’e, (21)

where gp and cp represent the couplings within the dark
sector while g, and ¢, parametrize the coupling strengths
between the electron and the mediators. Under the inter-
actions defined here, the spin-averaged matrix elements as
a function of g are given by

T 29p9e
2 DJe
—4(m2 +m2)s 4+ 2s* +2st + 7}, (22)

2.2
CcHCe

(t—m3)?

where Mandelstam variables s and t are given by

[Mlps = 2, (23)

s = mf( +2E(m, — BE) + (m, — BE)?, (24)

t = (AE) — ¢ (25)

IV. CONSTRAINTS AND PROSPECTS

We are now in the position to study the constraints and
sensitivity reaches of our benchmark BDM scenarios,
highlighting the importance of the ionization form factor
effects. To this end, we consider Xe-based DM direct
detection experiments, XENONnT [77,78], XENONIT
[79,80], and XENON100 [81,82], although the analysis
scheme can be directly applied to other noble liquid
experiments.

(i) XENONnNT is a multiton xenon-based experiment
primarily designed to study WIMP interactions with target
nuclei, while also providing effective capabilities for
investigating electron recoils. In our analysis, we use the
differential rate from Eq. (1) to calculate the signal rate,
incorporating efficiency corrections, selections, and bin-
ning to enable a direct comparison with the measured rate
reported by the XENONNT collaboration [78], based on an
exposure of 1.16 ton-years. The study of BDM at
XENONNT and similar experiments focuses on the energy
spectrum in the tens of keV range, enabling the detection of
moderately boosted particles and probing BDM at rela-
tively low energies.

(i)) XENONIT has similar capabilities for studying
BDM, with an exposure of 0.06 ton - years. Although
the exposure is relatively small, XENONIT serves as an
example for investigating electron recoils at much lower
energies, on the order of a keV or below. To study BDM in
this energy range, we first convert the signal electron recoil
spectrum into an electron yield, n,, and then into a
photoelectron (PE) distribution. The electron yield arises
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because the initially scattered electron in the target is
energetic enough to cause ionization and excitation in
surrounding atoms, producing observable quanta. For the
electron yield, we follow the modeling outlined in
Ref. [46]. Subsequently, n, generates a PE distribution,
representing the observed scintillation light in the detector.
We adopt a Gaussian modeling approach similar to that
used by the XENONIT experiment, where the mean is
approximated as n,G and the width as \/n,AG. Here, G
and AG denote the scintillation gain and its spread,
respectively, with numerical values of G = 28.8 PE and
AG = 7.13 PE. Once the PE distribution is determined, we
bin the data and apply detector acceptance criteria to enable
a direct comparison with the measured events reported by
XENONIT. The acceptance criteria and data binning
scheme are adapted following the experimental results of
Ref. [83]. We also perform a separate analysis for the
XENONIT experiment, utilizing publicly available code
that efficiently converts the electron spectrum to the
expected PE distribution [84,85]. We find that the results
of both analyses are in good agreement, thus validating the
modeling employed in our analysis to obtain the PE
distributions.

(iii) XENON100 has an exposure of 0.03 ton - years, and
we apply a similar treatment as described for the
XENONIT experiment. The PE distribution is also mod-
eled with a Gaussian, but in this case, we use the numerical
values G =197PE and AG =6.2PE, following
Ref. [48]. We apply binning, detector acceptance, and
detector efficiency to the PE distribution and then compare
the resulting signal with the measured events reported by
XENONI100. The detector acceptance and data binning
scheme are adopted following the experimental results
reported in Ref. [82].

Table I summarizes these experiments along with their
corresponding energy spectrum or photoelectron range,
exposure, and type of analysis. For instance, the signal
sensitivity analysis of XENONNT is performed over the
electron recoil spectrum compared to the binned spectrum
reported by the experiment. Similarly, XENONIT and
XENONI100 follow the approach of XENONNT, but the
analysis is focused on the photoelectron spectrum produced
by recoiled electrons.

For these experiments, we evaluate signal sensitivity
using the exclusion significance, defined as

N
B
aexc = 2 |:Bl 111( ! ) + Sl:| N (26)
; Bi +S,

where § and B represent the BDM signal and the measured
background for the experiment of interest, respectively. The
index i sums over the background bins for each experiment,
accordingly. Our results are presented as 2¢ or 95% con-
fidence limit plots on the BDM parameter space. This study

does not aim to establish the best experimental limits on the
BDM parameter space but rather to highlight the depend-
ence of signal sensitivity estimates on ionization form
factor effects.

Our free parameters are the reference cross section &,,
the mediator mass my (i.e., either my or m, depending on
the mediator type), the speed v and the mass m, of the
BDM particle. The exclusion limit plots are presented in the
two-dimensional parameter space of (m,, 6,). As a bench-
mark, we compare a relatively heavy mediator mass of
my = 15 MeV to a lighter mediator mass of my = 30 keV,
while varying the speed of BDM by selecting high boost
(v = 0.999), moderate boost (v =0.9), and low boost
(v = 0.1). First, we will begin by exploring the effects
of different treatments outlined in Sec. II, demonstrating
how these effects can vary significantly depending on the
mediator type: vector and pseudoscalar. For illustration, we
will highlight these effects at high DM speed and then
compare them to a much lower speed at both XENONIT
and XENONnNT. Finally, we will present summary limit
plots considering relativistic treatment only for all the
aforementioned experiments and benchmark speed values.

We note that in our analysis we did not include the Earth
attenuation effects as considered in Ref. [16], although a
simplified estimation was made in our earlier work [29].
Our focus here is electron scattering and any attenuation by
the overburden is nontrivial (see Ref. [86] for attenuation of
nonrelativistic DM) and is beyond the scope of this work.
Nevertheless, when presenting the sensitivity estimates
later, we will indicate the reference cross section
6, = 107% cm?, beyond which caution is required, as
the Earth attenuation effects would significantly suppress
the BDM flux reaching underground detectors.

A. High boost

Here, we focus on the extreme boost regime, where the
incoming BDM particle is highly energetic with a velocity
of v =0.999. Figure 3 illustrates the sensitivity estimates
for the XENONIT and XENONnT experiments. Each
panel presents 2¢ exclusion curves, where the black lines
with gray shading correspond to the heavy mediator, and
the blue lines with light blue shading represent the light
mediator. The three ionization form factor treatments:
DCE, SCE, and PW are depicted by solid, dashed, and
dotted lines, respectively, as discussed in Sec. II. In all
cases, the exclusion limits weaken as the BDM mass
increases due to a decreasing event rate.

For the vector mediator shown in the top panel, all three
ionization form factor treatments yield similar limits. The
limits for both the heavy and light mediators at XENONI1T
are nearly the same, making it difficult to distinguish
between them, whereas XENONnNT exhibits a clearer
separation. This difference arises because the performed
XENONIT analysis focuses on small electron recoils
(around 1 keV and below), while the XENONNT analysis
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20 exclusion limits for BDM with high boost factor (v = 0.999) at XENON1T and XENONNT. The black lines correspond to a

mediator mass of 15 MeV, while the blue lines represent a mediator mass of 30 keV. Top: results for a vector mediator. Bottom: results
for a pseudoscalar mediator. The three ionization form factor treatments, DCE, SCE, and PW, are represented by solid, dashed, and
dotted lines, respectively. A reference cross section is indicated by the red dashed lines at 5, = 102" cm?, beyond which the Earth
attenuation effects would significantly suppress the BDM flux reaching underground detectors. Therefore, interpretations in this region

should be made with caution.

extends up to 140 keV. The differential cross section for the
heavy mediator remains nearly flat across the electron recoil
spectrum, leading to a constant event rate. In contrast, the
cross section for the light mediator decreases with recoil
energy, resulting in an exponentially falling event rate at
higher energies. Consequently, the exclusion limits for the
heavy mediator are stronger in XENONnT than in
XENONIT.

A similar trend is observed for the pseudoscalar mediator
in the bottom panel, except that the different ionization form
factor treatments lead to significantly improved exclusion
limits, sometimes differing by a few orders of magnitude.
The nonrelativistic PW and SCE treatments yield similar
results, while the relativistic DCE treatment deviates sub-
stantially, highlighting its model dependence and flexibility
in accommodating different Lorentz interaction structures. It
is important to notice how significant the deviation is at

XENONIT while it is mild at XENONnT. This must be
understood in view of the boost factor of the DM particle and
the capability of the two experiments. In this particular case,
the DM particle interacts with atomically bound electrons
with high speed and energy. Since XENONnNT probes
electron recoils up to 140 keV while XENONIT electron
recoils are of the keV order, we observe that the atomic
effects due to the ionization form factor become clearly
important at low-energy electron recoils. For example, at
DM mass m, = 0.1 MeV, the deviation in the limits
between the relativistic and the nonrelativistic treatments
in XENONNT is about 1 order of magnitude, while at
XENONIT the deviation reaches 4 orders of magnitude. In
the next case, we will discuss this observed deviation at a
much lower boost factor.

In summary, comparing the ionization form factor effects
for the heavy and light mediators, we find that
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nonrelativistic treatments provide a good approximation to
the relativistic case for vector interaction. However, this
approximation does not necessarily hold for other inter-
action structures, such as the pseudoscalar mediator. This
model dependence arises from the structure of the radial
integrals (Sec. II), where wave-function components
remain unmixed in the vector case but are mixed in the
pseudoscalar case. In what follows, we test our observa-
tions at much smaller energies by reducing the boost
factor.

B. Low boost

As the DM velocity decreases, its kinetic energy also
decreases, making lighter DM more challenging to
detect, as shown in Fig. 4; the range of accessible mass
values is reduced. The colors, curves, and benchmark
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10732 : : : :
1072 1071 10° 10! 10? 103
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representations in this figure follow the same conventions
as in Fig. 3, except that we now consider a speed
of v =0.1.

The overall behavior of the limit curves exhibits trends
similar to those observed in the high boost case, with some
differences. First, the limit curves for the pseudoscalar
mediator weaken with increasing mass at a much steeper
rate compared to the vector mediator. This occurs because
the interaction rate in the pseudoscalar case decreases more
rapidly with increasing DM mass than in the vector case.
This observation can be understood semianalytically.
Assuming that the mediator mass scale is much larger
than the momentum transfer scale, we find that the leading
terms in the differential cross section take different forms in
the vector and pseudoscalar mediator cases. In the vector
mediator case, we have

XENQNnT 2-0 E)gclusion, v= 0.1
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FIG. 4. 20 exclusion limits for BDM with low boost factor (v = 0.1) at XENON1T and XENONnNT. The black lines correspond to a
mediator mass of 15 MeV, while the blue lines represent a mediator mass of 30 keV. Top: results for a vector mediator. Bottom: results
for a pseudoscalar mediator. The three ionization form factor treatments, DCE, SCE, and PW, are represented by solid, dashed, and
dotted lines, respectively. A reference cross section is indicated by the red dashed lines at 5, = 10727 cm?, beyond which the Earth
attenuation effects would significantly suppress the BDM flux reaching underground detectors. Therefore, interpretations in this region

should be made with caution.
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20 exclusion limits obtained using the relativistic treatment of the ionization form factor. The left, center, and right columns

correspond to DM speeds of v = 0.999, v = 0.9, and v = 0.1, respectively. The first two rows show the results for a heavy mediator: the
vector mediator in the first row and the pseudoscalar mediator in the second. The last two rows correspond to a light mediator, with the
vector mediator in the third row and the pseudoscalar mediator in the fourth. Each subplot includes three limit curves: the dot-dashed
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this region should be made with caution.
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f(E)
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dGV

1
ag, <

, (27)

whereas in the pseudoscalar case, we find

dGPS g(Er)

x ",
dE, my,

(28)

where both f and g are polynomials in E,. These expres-
sions indicate that as m, increases, the pseudoscalar cross
section continues to decrease, while that of the vector case
stabilizes due to the presence of the constant term.

Second, there is a noticeable deviation in the limit curves
between the relativistic and nonrelativistic treatments. For
the vector mediator, the overall deviation is minimal.
However, in the XENONIT experiment, particularly at
very low masses, the deviation can reach an order of
magnitude. This indicates that at low boost factors and
small energy scales, the nonrelativistic treatment is no
longer a good approximation of the relativistic one, in
contrast to the high-boost scenario. This is due to the
asymptotic behavior of all the ionization form factors.

In general, at high boost factors and consequently high
energy (E,), all ionization form factors converge to a Dirac
delta function, producing results similar to those expected if
the electrons were initially free. However, as the boost
factor and energy decrease, deviations among the ioniza-
tion form factors become apparent. For the pseudoscalar
mediator, the deviation is more pronounced. While the
model dependence plays a significant role, as discussed
above, the boost factor (and DM energy) also influence the
results. In the case of XENONnNT, which probes higher
electron recoil energies, a deviation of nearly 3 orders of
magnitude is observed, whereas it was milder in the high-
boost case.

In summary, we find that:

(i) the relativistic and nonrelativistic treatments yield

different results depending on the mediator type, and

(ii) even within the same mediator type, differences may

arise; for example, for the pseudoscalar mediator
case, the relativistic treatment enables more im-
proved sensitivity reaches.

Finally, we note that constraints from other experiments
exist for the interactions of ambient DM with electrons
[48,56,87-92]. Most of these constraints apply to the
region m, > 1 MeV and are evaluated independently of
the specific mediator type that governs the DM-electron
interaction. Therefore, we do not include them in our
figures, as they may not be directly applicable to our
scenarios.

C. Combined analysis

We summarize our findings using limit plots for the three
considered experiments at high, moderate, and low DM
boost factors. These plots focus on the relativistic

ionization form factor, while our earlier observations for
the nonrelativistic case remain valid. Figure 5 presents the
20 exclusion curves. From left to right, the columns
correspond to high boost (v = 0.999), moderate boost
(v =0.9), and low boost (v = 0.1). From top to bottom,
the rows represent heavy vector, heavy pseudoscalar, light
vector, and light pseudoscalar mediators. Each plot
includes exclusion limits from XENONIT (dot-dashed
gray curve), XENONI100 (dotted light red curve), and
XENONNT (solid light-blue curve). The XENON100
limits closely follow those of XENONI1T, consistent with
the PE spectrum analysis discussed earlier. Overall,
XENONI100 and XENONNT probe smaller masses than
XENONIT due to their different energy scales, with
XENONIT having a slight advantage due to its lower
number of detected PEs. The boost factor affects the probed
mass scale, as indicated by the left boundary of the shaded
regions. Higher boost factors allow access to lower DM
masses, while lower boost factors do not—a purely
kinematic effect. Variations in the left boundary arise from
differences in experimental thresholds. For vector media-
tors, the distinction between light and heavy mediators is
less pronounced in XENON100 and XENONIT but
becomes clearer in XENONnT. This results from
differences in electron recoil sensitivity, with XENONnT
benefiting from an extended recoil range.

V. CONCLUSIONS

In this paper, we focused on the role of atomic ionization
form factors in understanding electron recoil signals
induced by BDM or fast-moving DM in direct detection
experiments that utilize liquid xenon targets. By comparing
nonrelativistic and relativistic treatments, we have high-
lighted the conditions under which each approach is
applicable and demonstrated the importance of adopting
relativistic formalism for scenarios involving significant
energy transfer. This comprehensive approach ensures
more accurate estimations of projected detection signals,
emphasizing the model-dependent nature of ionization
form factors in cases where DM interacts with electrons
via light or heavy mediators.

Our analysis illustrates that relativistic treatments are
essential for precise predictions, especially for heavy nuclei
with complex atomic structures, as nonrelativistic calcu-
lations can underestimate cross sections due to the behavior
of Coulomb-like wave functions at small distances. Using
benchmark two-component BDM scenarios with pseudo-
scalar and vector mediators, we have shown the mediator
dependence of the results, providing insights into the
interplay between the form factors and DM interaction
models. We emphasize that our analysis procedures are
readily applicable to other scenarios with fast-moving DM.

This work not only refines the theoretical tools necessary
for interpreting experimental data but also enhances the
prospects for probing BDM and other nonconventional DM
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scenarios in future direct detection experiments. By iden-
tifying key factors that influence sensitivity estimates, we
aim to guide the development of next-generation detectors
capable of exploring uncharted parameter spaces in the
search for DM. Further studies incorporating additional
mediators and experimental setups will expand on these
findings and strengthen the experimental reach for uncov-
ering the nature of DM (see Refs. [93-98] and references
therein for different approaches in DM detection using
qubit-sensors.).
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