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We study the protocol of entanglement harvesting when two local probes couple to the vacuum of a real
scalar quantum field with arbitrary temporal profiles. We use a Hermite expansion to efficiently compute
smeared field propagators in closed form, recasting the negativity between the probes as a matrix product.
We then optimize the protocol under different signaling conditions, enhancing entanglement harvesting by
several orders of magnitude. This optimization would take current experimental proposals beyond the

regime of second order perturbation theory.
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I. INTRODUCTION

Although the vacuum of a quantum field theory (QFT)
shares an infinite amount of entanglement between a region
and its complement [1], there is, to date, no experimental
evidence of spacelike vacuum entanglement. This contrast
is due to the fact that, to access entanglement between
complementary regions, one would require probing arbi-
trarily high energy modes localized at the boundary [2-5].
Physically, we are then limited to probing entanglement
between bounded noncomplementary regions, which is
finite and decays exponentially with their separation [6-8].
The most promising attempt in the direction of witnessing
vacuum entanglement is the protocol of entanglement
harvesting [9-11], where local probes interact with a
quantum field, extracting entanglement from the degrees
of freedom that they couple to.

In recent years, different proposals for experimental
implementations of entanglement harvesting have been
put forward, seeking to extract entanglement both from
analogous systems [12,13] and from the electromagnetic
field [14,15]. Despite these proposals allowing probes to, in
principle, extract entanglement from the vacuum, the
resulting entanglement is typically inappreciable and barely
large enough to be observed. While the proposals [12—-15]
all consider setups that maximize entanglement extraction,
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these optimizations are typically limited to a few real
parameters that cannot control the most essential part of
local interactions in QFT: the profile of the interaction in
spacetime.

Indeed, despite the many entanglement harvesting setups
considered in the literature (see e.g. [9—-11,16-32]), optimi-
zations of the protocol usually consist of varying only a few
parameters of the probes, such as their energy gap and
separation in spacetime [11,17,25,29], while keeping a
constant temporal profile of the interaction (a single positive
pulse, typically a Gaussian [11,19,21-25,27-31]). However,
in [10], it was argued that more general oscillatory switching
functions could enhance the entanglement extracted. A
complete optimization of entanglement harvesting must
therefore also optimize over the spacetime profile of the
interaction.

In this manuscript we will optimize the protocol of
entanglement harvesting when considering arbitrary tempo-
ral profiles for the detectors-field coupling. We will carry this
optimization over subspaces spanned by Hermite functions,
which will allow us to express the entanglement and signal-
ing quantifiers between the detectors as simple matrix
products, whose components we obtain in closed form.
When applying our results to different setups with detectors
at different levels of spacelike separation, our optimization
enhances the protocol by several orders of magnitude, while
keeping a negligible, or even nonexistent, signaling. To
quantify the causal contact between the probes, we define the
signaling-to-entanglement ratio, a stricter signaling quanti-
fier than the previously proposed communication-mediated
entanglement estimator [25]. Extrapolating our results to
experimental setups, we then argue that such an optimization
would take entanglement harvesting beyond the regime of
second order perturbation theory.

Published by the American Physical Society
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This manuscript is organized as follows. In Sec. I we
review propagators in a real scalar QFT and how they
encode quantum correlations and communication. In
Sec. III we review the protocol of entanglement harvesting
and present an explicit example with Gaussian switching
functions that will be used as a comparison throughout the
manuscript. Section IV presents our Hermite-expansion
method for computing the relevant smeared propagators in
QFT for arbitrary temporal profiles. In Sec. V we apply our
method to optimize the protocol of entanglement harvest-
ing under different signaling conditions. Section VI dis-
cusses the limitations of the second order perturbative
approach to the protocol, as well as potential experimental
consequences of our results. The conclusions of our work
can be found in Sec. VIL

II. PROPAGATORS IN QUANTUM
FIELD THEORY

In this section we will introduce the propagators relevant
to our analysis and set the conventions in QFT that we will
use throughout the manuscript. We will focus on the theory
of a real scalar quantum field in 3 4+ 1 Minkowski space-
time M.

Consider a classical real scalar field ¢(x) satisfying the
massless Klein-Gordon equation of motion

H¢p =0, (1)

where [J is the d’Alembertian. This equation uniquely
defines the retarded Green’s function Gy by the condition

LGrf = 1. (2)

for any source function fe&C{(M). The propagated
function Gif is supported in the causal future of the
support of f.

We then promote ¢(X) to an operator-valued distribution
$(X) = ¢(x), which we can expand in terms of creation
and annihilation operators associated with the basis of
plane wave solutions,

300 = L [ SE (g e (3
a >
271'% V2|k| k ,
where k= [k|, k-x=—|k|t +k-x, and (z,x) is any

set of inertial coordinates. The creation and annihila-
tion operators satisfy the usual canonical commutation
relations

(. ap) =60 (k= K), @, @] = (4, ap] =0, (4)
and uniquely define the Minkowski vacuum |0) by the
condition d;|0) = 0 for all k. Due to the fact that the field

operator (f)(x) is only meaningful in the distributional sense,

one introduces the (well defined) smeared field operator ¢
acting on C§°(M) as,

3(f) = / 4V (0P (). (5)

where f is a test function whose profile gives the shape of
the region where ¢ is smeared.' Operators of the form 43( f)
are the observables a local probe has access to when
interacting with the field in the spacetime region defined
by |f]-

In this work, we will be interested in studying vacuum
entanglement between finite spacetime regions, hence we
will exclusively focus on the vacuum state |0). Being a
Gaussian state, it is fully determined by its two-point
function

3
ﬂ e—i\k|(t—t’)+ik»(x—x’) ,
2|k]

(6)
where (O) = (0|0|0) denotes the vacuum expectation

value. When smeared against test functions, it defines
the Wightman function

Wixx) = (B00900) = s |

W(f.9) = (d(N)d(g)) = / dvdv'f(x)g(x)W(x.x').  (7)

Moreover, we can use the decomposition $(X)p(X') =

Hp(X), p(x)} +1[p(x).p(X')] to split the Wightman
function into its symmetric and antisymmetric parts,
1 .
W(f.9) =5 (H(f.g) +iE(f. 9)), (8)

where E is the (antisymmetric) causal propagator and H is
the (symmetric) Hadamard distribution,

E(f.9) =={g(f). d(9))), H(f.9)= $(9)})-

©)

The kernel of the causal propagator can also be written
in terms of the classical Green’s functions E(X,X') =
Gr(X,X') — Gx(X', ), evidencing the fact that the antisym-
metric part of the Wightman function is state independent.
This implies that all the state dependence of the two-point
function is encoded in the Hadamard term H. Another
relevant propagator for describing interactions in QFT is
the Feynman propagator Gy, defined as the time-ordered
two-point function,

({d().

Gu(x.X') = 0(t — Y)W(X.X) + 0(¢ = )W(X.x),  (10)

'One can also extend the action of the distribution qAS to more
general spaces of test functions [33].
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as well as its smeared version G(f,g). Here 6(1) is the
Heaviside theta function, used to implement the time
ordering. Similar to Eq. (8), the Feynman propagator
can be split as

1
Gi(f.9) =5 (H(f.9) +iA(f.9)). (11)
where we defined the symmetric propagator

Similar to the decomposition of the Wightman function, all
the state dependence of Gy is encoded in the Hadamard
function, while A encodes the symmetric exchange of
information between the supports of f and g. The different
propagator decompositions discussed here are particularly
relevant for distinguishing genuine vacuum correlations
from causal communication within the protocol of entan-
glement harvesting.

III. ENTANGLEMENT HARVESTING

In this section we will discuss the protocol of entangle-
ment harvesting [9-11], where two noncommunicating
probes can extract entanglement from a quantum field.
We will review the protocol in Sec. III A, define a strict
quantifier for the entanglement genuinely extracted from
the field in Sec. III B, and present an explicit example of
entanglement harvesting with Gaussian time profiles in
Sec. HIC.

A. Review of entanglement harvesting

The protocol of entanglement harvesting considers two
localized probes that interact with a quantum field for finite
times, in an attempt to extract the entanglement between the
regions that the detectors couple to. When the probes
become entangled after coupling to the field, one can only
claim that entanglement between the probes was extracted
from the field when communication between them is
negligible [25,34]. Thus, one typically considers spacelike
separated interactions, which can then be used to infer
entanglement between independent field degrees of
freedom.

The standard formulation of the protocol describes the
probes as particle detectors, according to the Unruh-DeWitt
(UDW) model [35,36]. This model has been shown to
accurately describe interactions between atoms and an
external electromagnetic field [19,37,38], nucleons and
the neutrino fields [27,39], general systems with gravity
[30,40], and can model general nonrelativistic quantum
systems [41,42], as well as localized quantum fields
[41,43]. Moreover, these models have a wide range of
application in relativistic quantum information protocols,
ranging from quantum energy teleportation [44-48] and

quantum collect calling [49-51], to quantum computing
[52-56] and, more relevant to this work, entanglement
harvesting [9-11,16,18-32].

For simplicity, we will focus on the case where the
probes are two-level UDW detectors undergoing comoving
inertial motion in Minkowski spacetime. Each detector
(labeled A and B) can therefore be thought of as a qubit
traveling along a timelike trajectory z;(¢) parametrized by
their common proper inertial time ¢ for i € {A,B}. Their
respective free Hamiltonians generating evolution with
respect to ¢ are given by

H; = Q67 67, (13)
where 67 are the two-level raising and lowering operators
acting on the ground and excited states |g;) and |e;), and
Q > 0 is their energy gap.

The detectors interact with the field in distinct regions of
spacetime defined by spacetime smearing functions A;(X),
which we assume to be localized in both space and time.
The interaction can then be described by the local
Hamiltonian densities

A

Fri(0) = HAF (08 + AT 08P, (14)
where A is a dimensionless coupling constant and we
defined AF(x) = A;(X)e™¥. It is also typical to assume
that the smearing functions factor as A;(X) = y;(¢)F;(x),
where y;(¢) are switching functions that control the
temporal profile of the interactions and F;(x) are the
spatial smearing functions of the detectors [57,58]. For
instance, for the protocol of entanglement harvesting, one
could consider sufficiently separated F, (x) and F(x) with
xa(t) = yu(2), resulting in effectively spacelike separated
detectors.

For a concrete example, let us assume that the initial state
of each detector is p; o = 676 = |g;){g,| and that the field
is initially in the vacuum state |0). The initial detectors-field
state is then given by

Po = Pno @ [0)(0], Do = Pao ® Peo-  (15)

This state evolves to a final state p = U, U}, where U,
is the time evolution operator

U[ = T,exp(—i/dV/:ll(X)),

~ A

hy(X) = hy\(X) + hAI,B (%),

(16)

where

(17)

and 7,exp denotes the time ordered exponential with
respect to the time parameter ¢ (see [59] for details).
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To leading order in A, the final state of the detectors, given
by pp = Tr(/,(lj,pAOU}'), can be written (in the {|g.gs),

lgaes), |€ags), |eses} basis) as
1-Wii=Ws 0 0 —(GL)*
5 0 o Wi 0
" 0 Wil Wil 0
-Gl 0 0 0
+ 0O, (18)

where we denote

Gf;+ = lzGF(Ai*,Af), Wit =2PW(A7, AN (19)
Notice that this leading-order description is accurate
whenever the second order terms are sufficiently small to
allow for a perturbative treatment, and the higher order
corrections can also be neglected. We assume 1 to be
arbitrarily small through our theoretical description, and in
Sec. VI we will discuss cases where this perturbative treat-
ment can accurately describe physical systems, as well as the
cases where it fails. See [11] for explicit computations and
typical orders of magnitude of the terms of order A*.

One can quantify the leading order entanglement between
the detectors through the negativity, a faithful entanglement
quantifier for a system of two qubits [60,61]. This quantifier
is inspired by Peres-Horodecki’s positive partial transpose
(PPT) criterion [62,63], which states that p,, is separable if its
partial transpose is a positive semidefinite matrix, i.e., if all its
eigenvalues are positive. In other words, if at least one

eigenvalue of ﬁg“ is negative, the state p, is guaranteed to be
entangled. The negativity N quantifies how negative these
eigenvalues are through the expression

N(ﬁD) = Zh’i

7;<0

, (20)

where y; are the eigenvalues of ﬁg‘* IEN(Pp) = 0, the state is
separable, otherwise, if N'(p,) > 0, it is entangled, and the
specific value of \ tells us by how much the PPT criterion is
violated. To leading order in 4, ﬁ;“ has only one potentially
negative eigenvalue

W—+_ —+\ 2 W—+ W—+
}/_: \/|G;\FB+|2_|_( AA 2 BB> _ AA + BB (21)

2 9
so that N'(p,,) = max (0,y_) + O(4*). In the case of iden-
tical inertial comoving detectors, which we will assume from
this point on, the negativity simply reduces to

N(pp) = max(0, |G | - W) + O(4Y).,  (22)

where W=t = Wi = Wy .

Notice that, under the assumption that 4 is an infinitesi-
mal parameter, the fourth order corrections to the negativity
are negligible compared to the terms displayed in Eq. (22).
However, given that the negativity involves a subtraction of
second order terms, it is naturally smaller than the second
order corrections to py, in Eq. (18), and when considering
finite (small) values for the coupling constant, the fourth
order corrections might affect \V'(p,,) nontrivially. This will
be at the core of the discussion in Sec. VI on the limitations
of second order perturbation theory to describe entangle-
ment harvesting protocols.

For the negativity to be nonzero, the nonlocal term G5,
encoding nonlocal field correlations, has to be larger than
the local terms Wy, Wy, representing the detectors’
acquired noise due to local vacuum fluctuations. This local
noise is also the excitation probability of a single detector,

Tr(pplei){ei]) = Wi, (23)

which also determines the leading order entanglement of
each detector with the field.

The negativity of Eq. (22) then quantifies the total
amount of entanglement acquired by the probes after their
interaction with the field. Importantly, it alone is not
enough to analyze whether this entanglement was genu-
inely harvested from the field, as we will discuss in the
following subsection.

B. Quantifying genuine entanglement harvesting

Entanglement between the detectors alone is not enough
to conclude that there was preexisting vacuum entangle-
ment between the regions they couple to. Indeed, there are
two ways in which the detectors can become entangled, and
only one of them corresponds to genuine entanglement
harvesting [25]. The first possibility is that the detectors
become entangled by sharing quantum information through
the field, in which case the field merely acts as a mediator,
effectively producing a direct retarded coupling between
the probes [34]. The other possibility is when the inter-
action regions are effectively causally disconnected, avoid-
ing field-mediated communication. In this case, the
entanglement between the detectors arises solely from
preexisting entanglement in the field. This is the case
where the protocol of entanglement harvesting takes place.

Although, ideally, one would always consider spacelike
separated interaction regions in entanglement harvesting,
these idealized regions are defined by compactly supported
spacetime smearing functions that can be hard to imple-
ment in practice. Therefore, in most cases, there will be
some small level of communication between the detectors.
This raises the question of how to quantify signaling and
genuinely harvested entanglement. One way of addressing
this questions involves separating the smeared Feynman
propagator as in Eq. (11),

1 i
Gis = EHH +§AX§’ (24)
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where we defined HiH = P2H(AL,Af) and A =
PA(ASL,AY). In this case, the Hadamard function Hf;"
encodes the state-dependent correlations between the
regions, while A" encodes the symmetric exchange of
information between the detectors.” Therefore, if one wants
to ensure that the detectors effectively cannot communi-
cate, one must consider situations where A" is negligible.

Concretely, the condition for genuine harvesting was
formulated as 1 |AfT| < N (pp) in [64]. More generally,
using the fact that the Hadamard propagator encodes the
state dependence of the field, as well as the genuine vacuum
effects in QFT, we can introduce a quantifier for genuine
entanglement extraction.We define the signaling-to-entan-
glement ratio (SER) as the ratio between the negativity
when neglecting all local smeared propagators and the
nonlocal state-dependent terms, denoted by A °(p,),” and
the total negativity,

NG(/jD) 1 A
o(5,) = 4 N> T N() #0
0, otherwise.

(25)

Notice that in Eq. (21), when setting the local terms W}, *
and the nonlocal anticommutator term H ;" to zero, we find
N°(pp) = 3|A%"|. This ensures that when the detectors
start in the ground state, the condition ®(p,) < 1 is
equivalent to 1|A%T| < N (py). Overall, ® ~1 implies
that most of the entanglement acquired by the detectors is
due to communication, while ® ~ 0 characterizes genuine
entanglement harvesting.

It is important to compare the SER defined above with
the other standard quantifier for genuine harvested entan-
glement, the communication-mediated entanglement esti-
mator (CMEE), introduced in [25]. In essence, the SER is a
more strict estimator of genuine entanglement harvesting
than the CMEE. Indeed, the CMEE only sets the nonlocal
Hadamard terms [H (AL, Af)] to zero, while keeping the
local noise terms [H(AF, AF)]. For instance, when the
detectors start their interaction in the ground state, this
would be equivalent to keeping the term —(Wi & + Wgh)
in Eq. (21), decreasing the overall value of the numerator in
Eq. (25). Moreover, the definition used in [25], relies on the
specific form of the negativity in Eq. (22), which is only
valid when the detectors’ local noise is identical, and they
are prepared in the ground state. On the other hand, the
definition of the signaling-to-entanglement ratio ®(p,,) is
valid for general initial states of the detectors, general

’For instance, two spacelike separated interaction regions
imply A" = 0.

JExplicitly, in the expression for N (j,), terms that involve
two-point functions smeared against the same detector [such as
W7 in Eq. (18)] and the state dependent terms (involving field
anticommutators) smeared against functions associated to the
different detectors A and B [H};" in Eq. (24)].

interaction regions and general energy gaps. A detailed
comparison between the SER and CMEE estimators in
different cases will be presented in [65].

C. Canonical example

We will now discuss a concrete example of entanglement
harvesting from the Minkowski vacuum using Gaussian
spacetime smearing functions. We further assume that the
detectors’ interactions are switched on and off simulta-
neously in their comoving frame [y,(¢) = y5(t) = y(1)],
and that their shape is identical and separated by L
[Fy(x) = F.(x — L)]. Explicitly,

1 5

A (X) = (zﬂGZ)%e o 22 (26)
1 —% _-LP?

Ag(X) = Grei e e (27)

where the parameters ¢ and 7' control the spatial width and
time duration of the interaction. Moreover, assuming that
the detectors’ light-crossing time is much smaller than the
interaction time 7;, we have ¢ < T. In this regime, one
can effectively consider the pointlike limit ¢ — 0, where
Ar(X) = e /2T5503) (x) and Ay (X) — e /2T5503) (x — L).
For these parameter choices, closed-form expressions for
Gl and Wil = W57 were found in [64,66].

In Fig. 1, we plot the leading order negativity and
signaling of the two detectors as a function of Q7 when
|L| = 5T,. Notice that the values displayed in the plot are
all scaled by 472, as the leading order corrections are
proportional to 42. In this example, we can see values of Q
such that the condition for genuine harvesting ©(p,,) < 1 is
approximately satisfied, as we have 1 |Afy"| < NV (py,). For
instance, at the peak, QT,~ 2.3, signaling amounts to
approximately 5% of the negativity. This means that if a

— Aiszm(

1y-2
— 1A [A

5x 1076

4x10°6
3x10°¢
2x10°6

1x10°6

0
1.5 2 2.5 3 3.5 4
QT

FIG. 1. Negativity and signaling contribution for two identical
UDW pointlike detectors, interacting with a real massless scalar
field in Gaussian spacetime regions separated by |L| = 5T,
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setup of this sort is implemented in practice, one would be
able to infer vacuum entanglement between the regions the
detectors couple to. However, it would be natural to
question whether the small order of magnitude of 107642
would allow any phenomena of this type to be observed in
practice. In the remaining of this manuscript we will find
optimal switching functions for the protocol, which will
improve this result by several orders of magnitude.

IV. COMPUTING ENTANGLEMENT
FOR ARBITRARY TIME PROFILES

In this section we will describe a method through which
one can obtain closed-form expressions for the negativity
and signaling estimator in entanglement harvesting for
arbitrary temporal profiles in 3 + 1 Minkowski spacetime.
Our method expands a given switching function in a basis
of L(R) and computes Gi;", Wiy, W5y and A" through
generating functions.

Throughout this section we will consider spacetime
smearing functions of the form

M) =x()F(x),  Ag(X) =x()F(x-L), (28)

where we assume that y and F are rapidly decreasing L>
functions. We then consider a basis of real smooth
functions {y,} of L?(R), so that we can expand y as

10 =3 o). (29)
n=0

where ¢, = (y,,x) ;2. Using this expression in Eq. (28), we
have

M) =S eahan(0) (30)
n=0

where A, ,(X) = y,(t)F(x), and similarly for Az(X) =
)(n(t)F(x _L)’

We can now use this basis expansion to compute the
relevant propagators in the protocol of entanglement
harvesting. Indeed, define

A7 (%) = TN, (%), (31)

and let P be a general propagator (e.g. G, W, H, or A). We
can then write

o o0

P(AF AE) =D cucnP(ASw As). (32)

n=0 m=0
P

nm

For convenience, we now truncate the basis {y,} for
n < N, obtaining a partial description of our switching
functions that can be made arbitrarily precise in the limit
N — oo. This allows us to write the smeared propagator in

terms of matrix products,
P(AL, Ay) = c'Pe, (33)

where ¢ is the N dimensional vector with components c,,
and P is the N x N matrix with components P,,,.
Equation (33) effectively replaces the computation of
nontrivial multidimensional integrals by simple matrix
products. However, it requires one to have precomputed
all the coefficients c,, as well as the more challenging
matrix elements P,,. Although the c, are given by one
dimensional integrals and can usually be computed effi-
ciently, this is not always the case for P,,,. However, by
making specific choices for both F(x) and the basis y,,(¢), it
is possible to find closed-form expressions for the compo-
nents of the matrix P. Indeed, by picking

2
52

FX) = oy (34)

and the Hermite basis {h,(¢,T)}, given by
~1/4
V2'n!T

we can find closed-form expressions for P, in terms of a
generating function P(a,f). In fact, in Appendix A, we
find closed-form expressions for the generator

h (1 T) = H,(1/T)e 3, (35)

P(a,p) = P(A;, A}) (36)
in the pointlike limit 6 — 0, where
. fz
AF(X) = e¥et e 2750) (x), (37)
o
AF(X) = /e e 50 (x' — ). (38)

Noticing that " = &L e%| _ . the fact that

1d
H,(t/)T)= |H,| =— |e* 3
m =i ()] e
then allows us to write (see Appendix A for details)
a2 1d
an = —Hn o
[\/Z”J”"n!m!T (Td05>
1d
xH,|=—|Pla,p } 40
<Tdﬂ) (@) a=p=0 (40)

One can also evaluate the smeared local propagators
P(AE, AT) and P(Af, AY) by taking L = 0. With these
expressions, computing the matrices is just a matter of
taking the different derivatives of the generator P(a, ) with
respect to the parameters a and .Once the corresponding
matrices for the Feynman propagator (G) and Wightman
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function (W) are computed (see Appendix B for explicit
expressions), the negativity can be expressed in terms of
simple matrix products:

N(c) = |e"Ge| — ¢"We, (41)

whenever it is nonzero. Notice that the matrix G is
symmetric with complex components and W is
Hermitian, due to the facts that G.(f,g) = Gi(g, f) and
W(f,g9) = W(g*, f*)*. Analogously, the matrices corre-
sponding to the Hadamard and symmetric propagators H
and A are both symmetric with complex components.
Using this technique, we developed an online tool that
expands an arbitrary switching function and computes the
relevant smeared propagators within fractions of seconds
[67], allowing the user to export the generated data.

V. OPTIMIZING ENTANGLEMENT HARVESTING

In this section, we will optimize the protocol of entan-
glement harvesting by finding switching functions that
maximize the leading order extracted negativity when
pointlike detectors are at different levels of causal separa-
tion. However, we note that this problem is not yet well
posed in the context of Secs. III and IV, as we have an
arbitrary coupling constant, and scaling the switching func-
tion could increase the negativity arbitrarily. Therefore, we
must first find a criterion to compare the negativity that is
invariant under a rescaling of the total coupling constant
Ax(t). Ideally, we want max, |y(7)| to be approximately the
same for all switching functions involved. If there exists a
fixed interval where y(t) is supported (or effectively
supported), then this condition can be achieved by normal-
izing our switching functions with respect to any norm. For
convenience, we will choose the L? norm, where

20)= et = |xP=cTe.  (42)
n=0

To ensure a fair comparison with the canonical example

)(can(t) = e—12/2T§ (IT C), we will impose ”)(H = H)(can”, SO
that the rescaled negativity can be written as

N(e) = ﬁwf. (43)

Throughout this section, we will maximize N (c), first
when the detectors are spacelike separated, second when
there is a small but non-negligible amount of signaling
between them, and third when the detectors are causally
connected, but the signaling between them is exactly zero.

We highlight once again that the optimization presented
in this section takes place within the regime of second order
perturbation theory, so that, in principle, 4 should be
thought of as an infinitesimal parameter that ensures that
higher order corrections are negligible.

Overall, the improvements presented here should be
understood relative to the canonical example (Sec. III C).
Explicitly, the negativity increases we find can be under-
stood as physical for setups that can be described within
second order perturbation theory after the optimization is
considered. In Sec. VI we will discuss in more detail the
validity of second order perturbation theory in entangle-
ment harvesting in light of the results of this section.

A. Spacelike separated regions

In this subsection, we will find the optimal switching
function for entanglement harvesting with spacelike sep-
arated regions. While, in principle, the setup presented in
Sec. IV does not allow one to have genuine spacelike
separation due to the tails of Hermite functions, we can
approximate compact support arbitrarily well by tuning the
scaling parameter 7 in (35). Indeed, any compactly
supported function y € L?([—a, a]) can be expanded as

Z(t) = 1\}1—{1010 <hn,N(t>7)(>hn,N (44)

n=0

where h, y(t) = h,(t, Ty) and the sequence {7y } behaves

asymptotically as Ty ~ a/+/2N + 1. Thus, any choice of
the form

LR

where f(N) — 1, would ensure that for sufficiently large
N, detectors separated by a distance L with switching

functions y of the form of Eq. (44) are effectively causally
disconnected. Throughout this subsection we will use

V2N
24+ V2N+ 1]

as this choice has provided us with a consistent scaling even
for relatively small values of N. We can quantify the
maximal tails of any basis function £, () outside of the
support region [—L/2,L/2] for a given N by computing

J(N) (46)

I(N) = max/ delh, N (1), (47)
n<N Jr

where I' = R\[-L/2, L/2]. The maximum is achieved at

n=N, and we find that I(N) decreases exponentially

in N, with 7(0) ~ 107, decaying to 10713 at N = 200.

Alternatively, we can estimate the signaling between the

coupling regions by computing

Ayy/Hyy = A(AA,N9 AB,N)/H(AA,Nv AB,N)’ (48)

representing the ratio between signaling and field correla-
tions between the interaction regions defined by &, ().
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The ratio decreases exponentially in N, with Ayy/Hyy ~
1073 for N = 0 and 10~ for N = 200. These results allow
us to safely consider that the corresponding interaction
regions are spacelike separated for large enough values
of N.

Let us now recall the decomposition of the Feynman
propagator in Eq. (11), which we can write in terms of the
matrices G, H, and A as

1 i
G=-H+=-A. 49
sH+3 (49)
With the choice of Ty as in Egs. (45) and (46), we can now

effectively assume A to be zero, yielding G ~ % H, and the
negativity in Eq. (43) can be approximated by

= p (50)

This quantity was first defined in [25] as the harvested
negativity, as it considers that all correlations stem from the
state dependent part of the non-local Feynman propagator.
When maximizing the negativity in the protocol of entan-
glement harvesting, this is also the term that must be
optimized to maximize genuine entanglement extraction

from the field.* We can now simply maximize N i leading
to the optimization problem

- ~ 1
Nax = max N (¢) = max \/7:<E lcTHe| — cTWc>.

ceRY cTe=1
(51)

Although the expression above resembles an operator
norm, the absolute value in |¢"He| requires more care.
Using |z| = maxy(Re(z) cos @ + Im(z) sin ), we can write

N fax = max max M*(6), (52)
0 cTe=1
where
1
M*(0) = 3 (Re(H) cos @ 4+ Im(H) sin @) — Re(W),  (53)

where we note that for real vectors ¢ We = ¢"Re(W)e.
Thus, the problem reduces to finding the largest eigenvalue
of the real symmetric matrix M* (9) for each 6 € [0, 27). We
will now study the behavior of the negativity and signaling
within the subspaces

“Notice that if one attempted to maximize A (c), one would
also indirectly be maximizing the communication between the
detectors, encoded in ¢'Ac.

A7 Nt
45x107° | Eaeé%igiﬁ»ﬁi&gﬁ A
|\
3%107° é ia ‘ffi ’¢3}, ,’
w AN

owe] EARO Gt
1 IR
| BEEEE

FIG. 2. Maximum negativity for detectors separated by a
distance of L = 5T within the subspace spanned by {%, v}y
as a function of Q for N € {0,200}

N
Vi = {)(GLZ(R) () = chhn.mt)}. (54)

n=0

In Fig. 2, we plot the maximum value of A" for
switching functions within the subspaces V as a function
of QT when the detectors are separated by a distance of
|L| = 5T . This choice allows us to directly compare our
results with the canonical example discussed in Sec. III C.
As the dimension N of the subspaces Vy increases, so does
the height of the negativity peaks, as well as the value of
QT for which the maximum negativity is achieved. We
also see that for larger values of N more negativity peaks
start to appear.5 Notice that, even with the effective
spacelike separation between the detectors implemented
here, optimizing the negativity can yield values of the order
of 107322 for N = 200, one order of magnitude larger than
the canonical Gaussian example of Sec. III C. Also notice
that, in accordance to the no-go theorems of [20,68], we see
that no entanglement can be harvested at spacelike sepa-
ration with gapless detectors (Q = 0).

In Fig. 3, we show the shape of the optimal switching
functions for different values of N. We note that,
as N increases, the functions become more oscillatory.

>For comparison, notice that the N = 0 case corresponds to a
rescaled version of Fig. 1, as Ty_q = 5T,/6. The shorter
interaction time also results in smaller negativity compared to
the canonical example in Sec. III C.
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FIG. 3. Plot of the maximizing functions of N within the

subspace spanned by {h,y}y for detectors separated by a
distance of L = 5T,.

The combination of oscillations in the switching function
with the energy gap Q determine the field frequencies that
contribute the most to the detectors’ final state. It is then no
surprise that, in Fig 2, higher values of € become relevant
only for sufficiently large N, when the oscillations start
taking place. Moreover, our results suggest that for large
enough N, the optimal switching functions become super-
oscillatory, similar to the example given in [10].

In Fig. 4, we plot the maximal negativity N, (Q) also
maximized over Q for each N, corresponding to the largest
value of Fig. 2 for each N. Notice that the plot does not
asymptote with N. Indeed, in [10] the authors showed that a
specific choice of superoscillating functions could result in
negativities that increase as N* ~12/No., with N
being the number of oscillations of the function. Given
that our basis expansion spans all compactly supported
switching functions in the limit N — oo, we can conclude
that Fig. 4 also diverges to infinity in this limit.

In Fig. 5 we plot the signaling estimator as a function of
N for different values of Q. Notice that, for all parameters
used in this section, the signaling is negligible compared to

4.5%x107°
3x107° |
1.5x107° |
—o— A Zmaxq N,
O 1 1 1 1 1 1

0 30 60 90 120 150 180
N

FIG. 4. Maximum negativity N for detectors separated by a
distance of L = 5T, on the subspace spanned by {/, v}y as a
function of N.

the maximum negativities displayed in Fig. 4. We see that
the signaling increases for small values of N, which is
explained by the fact that T is not yet in the asymptotic
behavior (45). However, at large enough N, we enter the
regime in which the basis {4, v}y can be approximated to
span compactly supported functions, where the signaling
decreases exponentially with N and reaches 107'* at
N = 200. This results in a signaling-to-entanglement ratio
of ® ~ 1078 for the maximal negativity values.

In general, it is not an easy task to find parameters
and switching functions that allow spacelike sepa-
rated probes to harvest entanglement from the 3+ 1
dimensional Minkowski vacuum (for examples see e.g.
[18,26,32,69,70]). The results of this subsection showcased
the advantage provided by the Hermite expansion method
presented in Sec. IV, providing numerous examples of
switching profiles and overall parameters that can realize
entanglement harvesting at spacelike separation. Moreover,
we found setups where causally disconnected detectors
harvest negativities one order of magnitude larger than the
example with Gaussian switching functions, that has
signaling-to-entanglement ratio of ® = 5%.

B. Approximately causally disconnected regions

Strictly speaking, it is not necessary for detectors to be
fully causally disconnected to extract genuine vacuum
entanglement from the field. Indeed, in the canonical
example of Sec. III C, we had a non-negligible SER of
the order of ® =~ 5% at the peak of negativity. Even though
in this case one cannot claim to extract entanglement from
strictly spacelike separated regions, the SER is still suffi-
ciently small for one to conclude that the detectors became
entangled due to vacuum correlations.

As a matter of fact, small signaling can increase the total
entanglement acquired by the detectors, as it allows them to
probe the field for longer periods of time. In this section, we
take advantage of this fact to improve on the canonical
example of Sec. III C, while keeping the SER © below 5%.
To achieve this, we will apply the same method as in
Sec. VA, increasing the detectors’ interaction times.
Explicitly, we make T + Ty + 0T for small 67, rescaling
the Hermite functions £,,(#, Ty) and slightly increasing the
signaling between the probes. To find the functions that
maximize the genuine entanglement extracted from the

field [N in (51)], we again find the maximal eigenvalues
of M* (@) within the corresponding rescaled subspaces Vy
for each 6.

Explicitly, for each N, we pick multiple small values of
OT ensuring that the condition ® < 5% is satisfied.
Importantly, for large values of N, the functions in the
subspace V) become effectively compactly supported in
[-L/2,L/2], and the oscillating maximizing functions
become very steep close to the boundary. For this reason,
even very small rescaling parameters 67 yield nontrivial
signaling, breaking the ® < 5% condition. Our results
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FIG.5. Maximum eigenvalue of A within the subspace spanned
by {h,}y for detectors separated by a distance of L = 5T as a
function of N for different values of Q.

showed that N ~ 50 was an ideal balance between high
negativity and low signaling with 6T/Ty = 2.4%.

Figure 6 displays the equivalent negativity plot to the
canonical example in Fig. 1 for the optimal function when
the detectors are separated by a distance L = 5T as a
function of QT, with N =50. In this example, the
negativity peak reaches 107%A%, while the signaling-to-
entanglement at the peak is 4%, resulting in an improve-
ment of two orders of magnitude. Also notice that the
energy gap required in this case is larger than the one
required in the Gaussian example, due to the oscillations in
the switching functions (displayed in spacetime in Fig. 7).

In this subsection we applied our Hermite-expansion
method to the case where the detectors can signal as much

— ~2£7
1.6x10* A N
— %A*Z |Amax‘
1.2x107%4
8.0x10
4.0x107°
— | —
0
5 5.5 6 6.5 7

QT

FIG. 6. Negativity plot for the optimal approximately discon-
nected switching function with ® < 5% at N = 50 for detectors
separated by a distance of L = 5T,

—2 0 2 4 6
T / TO
FIG. 7. Spacetime depiction of the optimal switching function
at N = 50 with the constraint that ® < 5% for detectors separated
by a distance L = 5T,. The profile of the switching functions are
plotted in the horizontal axis around the spatial center of their
interactions. The canonical Gaussian example is displayed in
gray in the background for comparison and the orange lines

depict the light cone of the middle event between the interaction
regions.

as in the canonical example of Sec. III C. By keeping the
same level of signaling as in this example, we have shown
that entanglement harvesting can be improved by two
orders of magnitude. Moreover, when compared to the
spacelike separated setup of Sec. VA, we could also
increase the entanglement between the probes by one
order of magnitude by allowing small but non-negligible
communication.

C. Noncommunicating causally connected regions

Even when the detectors are fully causally connected, it
is possible that, for a specific choice of parameters, they do
not communicate at leading order (A{;” = 0). This can be
understood as a revival [71-73] on the part6 of the time
evolution operator associated with the signaling between
the qubits, when it effectively acts as an identity operator.
In this case one cannot use the detectors to quantify
entanglement between spacelike separated regions, as
they couple to overlapping field degrees of freedom.
Nevertheless, if the signaling-to-entanglement ratio is
exactly zero, one can still claim that the detectors became
entangled due to preexisting entanglement in the field. In
this section, we will use our Hermite-expansion method to
find particular cases in which the probes, even if causally
connected, do not communicate, but can harvest even more
entanglement than the previously discussed cases.

®For an explicit example of this decomposition for gapless
detectors, see [64].
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FIG. 8. Negativity and signaling contribution for the switching
function found with our adapted quasi-Newton method for
N =25,T=10T, and L = 5T,

Notice that when considering 7 sufficiently larger than
T, the normalization condition based on the L? norm does
not ensure that the peaks of the switching function are of
the same order of magnitude as the examples we previously
considered. More precisely, if y is effectively supported in
the region [—aL/2,aL/2], the condition |y|| = |[¥canll
would result in max, [y(7)] ~ ! max, [y ()| = a7l
That is, increasing the interaction time would effectively
decrease the total strength of the coupling Ay (). Therefore,
an accurate comparison with the canonical case (assuming
coupling constants of the same order of magnitude) would
be achieved by the condition |y|| = a|[ycal||- Once
imposed, it rescales the expressions for the negativity by
a factor of o relative to the expression of Eq. (51). The
same rescaling occurs for the signaling term Aj;. In
essence, when rescaling the time duration by a, we will
maximize the function

Nole) = a*Vr

~ ¢"Ge| - ¢"We
ezl )

cc

over all ¢ €RY such that ¢"Ac =0 for a fixed N. The
constraint ¢" Ac = 0 prevents this optimization from being
recast as a simple eigenvalue problem, so we instead use an
adapted quasi-Newton optimizer method to find the optimal
switching function.

In Fig. 8, we plot the negativity and signaling estimator
as a function of QT for the optimal switching function
with N = 25 for an interaction lasting ten times longer than
the canonical example (7' = 107). As expected, this setup
has large signaling for most values of Q. However, at
Q. axTo = 0.336, the signaling cancels exactly, correspond-
ing to a point where AJ;" changes in sign, while the
negativity reaches 107142,

Applying our Hermite-expansion method to causally
connected regions, we were able to find specific switching
functions and parameters such that the detectors cannot
signal to each other to leading order in A. The obtained
negativity in this scenario was five orders of magnitude larger
than the canonical example, and is expected to be even larger
when the detectors probe the field for even larger times.

VI. THE LIMIT OF SECOND ORDER
PERTURBATION THEORY

Entanglement harvesting is mostly treated within the
regime of second order perturbation theory,7 using a
formalism and expressions similar to the ones reviewed
in Sec. III. The reasons for this approach are twofold. On
the one hand, this is the simplest theoretical framework to
study entanglement harvesting, requiring the computation
of a few integrals corresponding to the smeared propagators
Gr and W. On the other hand, it is argued that the quantities
defining the final state of the detectors [e.g. 2> Gx(AL, Af)
and 22W(A;, Aj)], and thus, their entanglement, are small.
Indeed, in the canonical Gaussian example, the relevant
propagators are of the order of 10742, so that even in the
extreme case of 4 = 1, leading order results yield a precise
description of the protocol. In fact, [11] shows that, when
going to fourth order in the Gaussian canonical example,
the next order terms are ~107194%,

Although the perturbative treatment seems to be enough,
recent experimental proposals have been put forward to
harvest entanglement from both analogue systems [12,13]
and the electromagnetic vacuum [14,15]. These approaches
are all similar in the sense that the proposed experimental
parameters yield negativity values that are, in principle,
measurable with current methods. In the particular case of
[12,13], when using realistic experimental values for the
coupling constant, one obtains negativities for the final state
of the probes of the order of N'~ 10~*. This is possible
because, in these cases, the coupling of probes happens to an
analog of the momentum of a scalar field 7 (X), rather than to

the field ¢(x). For this type of interaction, the coupling
constant is dimensionful, allowing experimental parameters
of the setup to rescale the results.

Another common feature of the experimental proposals
[12-15] is the fact that they all considered one short
interaction pulse, corresponding to an even positive switch-
ing function. Although in some of the proposed experiments
it is not possible to have the oscillating switching functions
found in Sec. V, the proposal of [13] is an exception. In this
case, two localized polarons (playing the role of Unruh-
DeWitt detectors) interact with the density fluctuations of a
background Bose-Einstein condensate (analogous to the
momentum of a real scalar field). The coupling between
the probes and the condensate is controlled by an external

"We note that there are a few exceptions [11,18,74-77].
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magnetic field that can oscillate around a given value,
allowing both positive and negative values for the switching
function.

One would hope that the results of Sec. V would also carry
on to momentum-coupled detectors in experiments that can
implement oscillating switching functions. Indeed, our
method was able to improve the negativities by two orders
of magnitude compared to the canonical Gaussian protocol
used in [13], while keeping the same relative signaling. When
considering noncommunicating causally connected probes,
the improvement was by five orders of magnitude instead.
Similar improvements in the momentum-coupled case would
take setups that predict negativities of the order of 107*
beyond leading order perturbation theory. Moreover, one
could further enhance the extracted entanglement by utilizing
multiple detectors [78], improving the protocol even further.

Indeed, we can see that negativities of the order of 1073
are already outside of the leading order regime by analyz-
ing plots of A/ as a function of Q. For a given profile
function, as Q increases, the peak negativity N (Q.) =
PG(NL AE) = 22W(A7, Af") typically happens shortly
after the point at which 2>G.(Af, A7) and 22W (A7, A})
acquire the same value. The negativity, given by their
difference, then tends to be one order of magnitude smaller
than the propagators. That is, when the negativity is of the
order of 103 or 1072, the propagators will be of order 107>
or 107!, respectively. Thus, (2*W(A7,A}))? and
(A2Gp(Af,Af))* would have a similar magnitude to N
and our perturbative treatment would not provide an
accurate description to the experiment. These cases require
considering higher order corrections, or, might even leave
the perturbative regime altogether [77]. However, our
theoretical results still accurately describe the experimental
setup [13] if one considers smaller values of the coupling
constant, ensuring that the relevant corrections to the state
are of order 1073, This would increase the lifetime of
probes and decrease experimental noise effects [79], while
keeping the description within second order perturbation
theory and measurable negativity values.

The idea that local probes could be used to extract vacuum
entanglement from a quantum field was first proposed in the
context of atoms coupled to electromagnetism in the 90’s [9].
In the early studies of the protocol, it seemed evident that the
effect was so small that the perturbative regime would be
sufficient to describe it. However, recent experimental
proposals would already almost reach the limit of second
order perturbation theory. When combined with our results,
the protocol could potentially be taken to the nonperturbative
regime, begging a novel approach that could describe
entanglement harvesting outside of perturbation theory.

VII. CONCLUSIONS

We optimized the protocol of entanglement harvesting
and argued that, when applied to proposed experiments, our

results can push the protocol beyond the standard pertur-
bative regime. Our method uses a truncated Hermite
expansion to efficiently compute smeared QFT propagators
in closed-form, allowing us to consider arbitrary switching
functions. With this method, the computation of negativity
becomes a simple matrix product and optimizing genuine
entanglement harvesting reduces to an eigenvalue problem.
For any given setup, our method can pinpoint the optimal
switching function that maximizes entanglement extrac-
tion, and we show that it can increase the harvested
entanglement by several orders of magnitude in three
different scenarios; when the probes are spacelike sepa-
rated, approximately causally disconnected, and causally
connected but noncommunicating.

In the case of spacelike separated probes, we implement
causal disconnection by rescaling the Hermite basis, and find
oscillating switching functions that can harvest one order of
magnitude more entanglement than the canonical example of
a Gaussian switching function. We then adapt this method to
the case where the probes are not fully spacelike separated by
slightly increasing the temporal support of the Hermite basis.
This gains two orders of magnitude compared to the
Gaussian example, while ensuring less signaling. We esti-
mate the communication between the probes through the
signaling-to-entanglement ratio, a stricter quantifier of genu-
ine entanglement harvesting than the estimator previously
defined in [25]. Finally, we consider probes that are causally
connected and find specific parameters for which they are
unable to communicate, finding a five order of magnitude
increase of the extracted entanglement compared to the
canonical example.

Up to this point, entanglement harvesting has only been
treated perturbatively, resulting in an infinitesimal amount
of extracted entanglement, and posing an experimental
challenge in practice. However, extrapolating our conclu-
sions to recent experimental proposals pushes the protocol
beyond leading order perturbation theory, and perhaps even
beyond the perturbative regime altogether. Our results
make it clear that a nonperturbative treatment is the only
way forward in the path to make entanglement harvesting
useful in quantum information and quantum computing.
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APPENDIX A: COMPUTATION OF THE MATRIX
ELEMENTS

In this appendix, we derive Eq. (40) and use it to
compute the matrices of the different propagators at play,
Gan s Wixs Wig and Ay

P,, = / dVdV’Afn(x)Afm(x’)P(x, x')
dvdV'e ianA ( ) ilQI/Aj’m(XI)P(X, X/),

dvdV'eH ety (¢t T)h,, (¢,

T)F(x)F(x")P(x,X),

In Eq. (32), we define P, as,
an - P(Aj: A:t )

nLn’

Writing this explicitly,

using Eq.(31),

using A, ,,(X) = h, (¢, T)F(x)

\\\\

ix2 L

. . e 22 e 22 .

= [ dvaV'eHi e ¥ (1. T)h,, (¢, T) (22 () 7 P(x.X), usingEq. (34)
16O o QY a2 2 / i e_g e_‘x;‘2 /
1 1 o2 o2 1
dvdvie WHAI/T)C 2 H,,(1'[T)e>r (22077 (220772 P(x,x), usingEq. (35)
|2 b L

_ ﬂ_]/Q H i H i dVdV’ +iQr :tth’ al St~ 2T~ 2;2 e e > P(X X/)
~ Vit "\da) "\ dp e i (22022 (22622

a2 d

d
=" g (=), (=
V2 i T "<da> '"(dﬁ

>HﬁAﬂ

(A2)

where we used Eq. (39) in the last equality. The next step is to then find P(AZ, Ai) for the propagators we are interested in,
H(AS, A i) A(AS, A+) and W(Ay, A+) |1—o» and then compute their different derivatives with respect to a and f#, which we
will do m Appendix B. To find the corresponding expressions, we use the results of [64], where, with the spatial and

temporal smearing functions

e
20?
1

Fi(x) =

the following closed-form expressions for the Hadamard,

H(flvf2> =

2V2z|L|\/T? + T3 + 67 + 03
(g HLIH(@ 72-0)72))?

+e 212 +T§+a% +n§) e
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A(fl,fz) =

+e

(1) — 27 LIt
symmetric and Wightman propagators were found,
QZTZ_QZTZ (to—|L|+i(Q T2-Q, T2 .
T = 2 ré-ﬁui) rfl<|L| to —i(Q, 7] —QzT%))
V2T + T} + 63 + 63
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2 o272 .
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V2\/T} + T3 + 63 + o3

W(fl’fZ) -

where L = x; —x, and ¢y = t; — t,. Our goal now is to recover switching functions of the form used in Eq. (40) from
Eq. (A3). First, let us note that, in our case, we are considering identical pointlike detectors that interact simultaneously in
their comoving frame, and we can therefore set6; = 0,x; = 0,x, = L, and #; = 0. We introduce the same time scale for the
interactions by setting 7; = T. Then, for each propagator, we can recover the exponential factors e**, e*# by picking Q,
and Q, appropriately. Indeed, to recover H(AJ, A;) and A(AJ, Ay ), we set Q; = Q — i, Q, = Q —if, and W(Ag, Aj) is
obtained with Q; = —-Q —ia, Q, = Q —if, which gives

Te T o o _rapr?  (|L| + (a — B)2T?
+ +\ ST (a”+ —iQT* (a+ T .
H(A;. Ag) = 4|L|\/Eez (4] eI (a+p) [e ar? erf1<—2T >
(L aspT?)? L+ (- T?
+e pv: erﬁ(l |+(2(;+'B) )}, (A7)
L2 | 7a 02
TG_F+T (a+p-2iQ) ] 1
A(AT AT = — s(a—p)IL] —5(a=p)IL| A8
( as ﬂ) 4|L|\/7_l' (ez te )’ ( )
-T%Q? ja=p
_ e 172 (242 T2 a— T(Q_l_)lza 2 . a—ﬁ
W(A(I’A;)|L=0: A eZT( +h )CTQ( /})_sz'ze4T( +5) 1 —erf| TQ —iT 7 . (A9)
APPENDIX B: REDUCING THE EXPRESSIONS We first perform the Change of variables
FOR DERIVATIVES OF PRODUCTS

Even though the individual computations of the deriv- u=a+p. v=a-p (B1)

atives that give rise to the matrix components P, can be

. . . . so that
done in closed form, implementing them numerically
remains a computationally expensive task. In this appendix, . u— W2 42

we express the derivatives of P(a,f) = P(A;,Aj) in =5 p= 5 a4+ p = — (B2)

terms of derivatives of simpler functions that can be stored

and efficiently computed numerically to reconstruct the ~ We can then rewrite Egs. (A7)-(A9) in terms of these new
matrix P,,, as given by Eq. (A2). variables. Let us start with H,

-Q’71? ) (L12)2 2 (L-072)? _ 72
H(u,v) = Te el (W +0%) g —iQT"u [e_%erﬁ <L ol > +e” T erfi (L vl >]

AL\/7 2T 2T
— 0272
= ]::Liz/i i1 e=iQT"u [C%Tz“ze_(ltgwerfi (L —;; TZ) + e%Tzvze_([TrTZZ)zerfi (L ;;T2>]
P
= Fu(u)[Gu(v) + Gy(-v)], (B3)

where we have defined,

TC%TZ (u—2iQ)?

FH(”) 4L\/7_1'

22 4, . (L+vT?
, GH(v)—ewL‘ze‘Lzerfi( R >

2T
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Fy(u) and Gy(v) to obtain the gen
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R = U (C Rt ORI

P
with,
T _% 1 . Lv
Fau) = =3¢ Gafo) = e, (B9)
el 1
Fy(u) = T Owlr)= el "2 _ T, /7 <Q -~ —w> [1 —erf (m - Eiyﬂ . (B10)
74
For the sake of simplicity, we will introduce the dimensionless variables,
L
u=uT, v=n1T, w = QT, f:?, (B11)

and the different functions become,

e (u=2iw)? gy w1
Fy(u) = A Gy(v) = e e erfi 5(5—1—1/) . (B12)
e L u=2iw)? Loy
FA(M) = —45\/7_[64 , GA(”) = €27, (B13)
o 1 1
Fy(u) = Z—ﬂ, Gy (v) = eilvt2io) _ ﬁ(a) - 2i1/) {1 - erf(a) - 2i1/>} . (B14)

It is important to note that this change of variable also affects the differential operators,

k k k k
9 =Tk 9 , 9 =Tk 9 : (B15)
ou ou ov v
Finally, we can write,

d d )
Gnm = Hn (a) Hm (@) H (eatA:’ e A;) |a:ﬂ:O

n

5) _ 5 _2s
B 2 (_1)!’ d\n" 2r 2 (_I)S d\m 2s at "
= [n! E (=201 <2da> ] [m! 2 ST =291 <2dﬂ> }H(e AL AL ampo

=

r=0
15 15 )r+s2n+m 2(r+s) d\"2r [\ m2s
o - el H(e® AT ﬂt’A+ o
Z —~ r!s' (n—=2r)!(m—2s)! (da) (dﬁ) (AR A lapo
UJ % ( )r+s2n+m 2(r+s) n—2r m—2s n—"2r m—2s
= . ) =D/ (1))
> S a2 20 )75

. (BI6)
v=0

(&) erermlicns)

—— K >n+m 2r+s)—imj <e%(u—21m>2)]
X n+m— r s
40\/x 40
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13
(=

)r+s2n+m —2(r+s

r=| i=0

d "\ ntm=2(r+s)=i—j ezll
du A

,i
(ST
ki
—

A =
" rlst(n = 2r) ! (m = 2s)!

XT'l+m—2(r+s) i n+m=2(r+s)—i—j B
du

APPENDIX C: PROOF OF CONVERGENCE OF
THE RESCALED HERMITE EXPANSION

In this appendix we prove that any function in
L*([-1,1]) can be expanded in terms of rescaled
Hermite functions, as in Eq. (29). Let

1
7'/4/2"n)

be the standard normalized Hermite functions on L?(R),
and define their rescalings by

hy (x) = H,(x)e™/? (C1)

Y (x) = 67%h,(x/0). (C2)

For each fixed ¢ > 0, the family {hff) } >0 is an orthonormal
basis of L?(R). We shall consider the N-dependent scale

1 1
= = 02, = . C3
ON AN 11’ EN = Oy N+ 1 ( )

Given f € L*(R), define

N
=3, R (x).

n=0

(C4)

Equivalently, f is the orthogonal projection of f onto
Hy = span{A\"™ .. BV}, (C5)

The main result is the following proposition, where we
denote 1, ;| as the characteristic function of the interval [a, D],

1, x€la,b|,
TR (c6)
’ 0, x¢ la,b].
Proposition 1. For every f € L*(R),
Sy—= 1oy f in L*(R). (C7)

n—=2r m—2s n—"2r
— risl(n=2r)!(m - 25'2]2()( i >(

5 (_1)r+s2n+m—2(r+s) n=2r m=2s

i=0 j=0

: ; 3 ) (=1 (1 4 (=1)i7)rem=2(r+s)
B e ) P
()T e

|

In particular, the sequence {fy}yso converges in L*(R)
and its limit is equal to f if and only if f is supported
n[-1,1].

Proof. We write the finite Hermite projection as a spectral
projection of a semiclassical harmonic oscillator. For e > 0, let

&?
H.:—£2—2+x2

L= (cs)

be the self-adjoint operator on L?(R) associated with the
closed, nonnegative quadratic form

%M—&/mvww+/ﬁwmwn<@>
R R
with form domain

Q=H'(R)n{uel?*(R):xueL*(R)}. (C10)
The operator H, is nonnegative and self-adjoint by the
Friedrichs representation theorem for closed semibounded
quadratic forms [81,82].

The standard Hermite functions satisfy

(—fﬁwﬁm@ﬁ4w+nm@» 1)

2

Setting y = x/o and & = o, one obtains

HAY = (2n+ 1)en (C12)
In particular, for ¢ = gy = (2N +1)7!
(ox) _ 20+ 1 (oy)
H, hy"' ' =—h,". C13
o 2N +1 ( )
Hence
2n+1
<1 < 14
NS < n<N (C14)
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Therefore the projection in Eq. (C4) is precisely the spectral
projection of H,_ onto the interval (—co, 1],

In =1 e (He)f

We now identify the strong limit of these spectral
projections. Let M be the multiplication operator

(C15)

(Mu)(x) = x*u(x), (C16)
with domain
D(M) ={uel?>R):x*’uecL*(R)}. (C17)
We will first prove that
H,— M inthestrongresolventsensease — 0. (C18)

Recall the following standard criterion. If A; and A are
self-adjoint operators and z is a point in the common
resolvent set, if we have that for each g€ L*(R),

(Aj—2)lg— (A-2)7'g, (C19)
then A; — A in the strong resolvent sense. This property

can also be used to characterize the strong resolvent
convergence [81,82]. Since H, > 0 and M > 0, we con-

sider the point z = —1, which lies outside their spectrum
and within the resolvent set.
Define

R.= (H.+1)7", Ry=(M+1)7". (C20)

The operator R acts as multiplication by (1 4 x?)!,

(Rog) (x) = 2

=", C21
T2 (C21)
Moreover, by the spectral theorem, since H, > 0,
[IR.| sup ! <1 (C22)
ellr2sr2 = u — S 1.
B oty 1+ 4
Similarly,
IRl oz < 1. (€23)
These bounds are uniform in e.
Let g€ C®(R) and set
u=Ryg=—2. (C24)
1 4 x?
Then u € C®(R), in particular u” € L*>(R), and
(M+1)u=g. (C25)

Since
(H,+Du= M+ u—-eu"=g-u", (C26)
we have
g=(H,+1)u+ée*u". (C27)
Applying R, = (H, + 1)7! gives
R.g=u-+&R.u". (C28)
Therefore
R.g— Ryg = €’R u". (C29)
Using the uniform bound (C22), we obtain
IReg = Rogll> < €||u"]| 2 — 0. (C30)

Thus R,.g — Ryg for each g€ C(R).
We now extend the convergence to arbitrary g € L*(R).
Let g € CX(R) satisfy
19 = gellz> = 0. (C31)

For fixed k,

R.gr = Rogy (C32)

by Eq. (C30). Furthermore, by the uniform bounds on R,
and R,

IReg — Rogll;2 < [[Re(9 = gi)ll2 + IRegx — Rogill 2
+ [Ro(gx = 9)I 12
<2[lg = gillz> + IRegx — Rogil

2. (C33)

Taking lim sup,_, gives

lim sup(|R.g — Rogll» <2[lg — gl (C34)
Finally, sending k — oo, we obtain
R,g — Ryg forevery g€ L*(R). (C35)

Hence H, — M in the strong resolvent sense.

We now use the standard convergence theorem for
spectral projections: if A; — A in the strong resolvent
sense, and E;, E denote the corresponding spectral mea-
sures, then

E;((=00.4])g = E((—00.,4])g (C36)

085027-18
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for every g, provided 4 is a continuity point of the spectral
family of A, equivalently E({1}) = 0 [81,82].

For the multiplication operator M = x?, the spectral
projection onto (—oo, 1] is multiplication by the character-
istic function of the interval {x:x> < 1}. Therefore

VwyWM)f =1poanyf = 110f- (C37)

Moreover, 1 is a continuity point of the spectral family of
M, as can be seen from

Lo f=1_,f=0 inL>R), (C38)

because the set {—1, 1} has Lebesgue measure zero.
Combining the strong resolvent convergence H,, — M
with the spectral-projection theorem gives

Voo ] (Hey ) f = 1oy (M)f =1y yf  in L2(R).

(C39)

Using Eq. (C15), this is precisely
fy=1f in L*(R). (C40)
This proves the proposition. u

APPENDIX D: EXAMPLE OF CONVERGENCE
OF THE RESCALED HERMITE EXPANSION
WITH A COMPACTLY SUPPORTED FUNCTION

Notice that although Appendix C shows that the rescaled
Hermite expansion converges to a compactly supported
function, it does not necessarily ensure that the smeared
propagators also converge when evaluated at the truncated
expansion. In this appendix we will show an explicit
example that display convergence of the smeared propa-
gators. Explicitly, we will consider an example of the

-3
10 // 140
. / 120
; / 100 5
o —6 =
£ 1070y :
u}% 1077 80 &
@
10785 60
—9
10 40

80 85 9.0 95 100 105
QT

4 x 10751
140
3.5 x 1075
3 x 10751 120
2.5 % 1075 =
b2 100 E
= 2x107 s
= £
1.5 % 105 80 =
1x 1075 60
0.5 x 1075
40

0 t T T T ¢
8.0 8.5 9.0 9.5 10.0 10.5
Qr

FIG. 9. Negativity of two pointlike UDW detectors with
switching function given by Eq. (D1), expanded in the Hermite
basis for different truncations, as a function of the energy gap.

Hermite expansion used to reproduce an entanglement
harvesting setup with a compactly supported switching
function. In particular, we consider the switching function
used in [70]

412\ 5/2
x(t) = (1 —?> ,

te[-T/2,T/2].x(t) =0 otherwise, (DI)

which is compactly supported in [-7/2,T/2]. For an
explicit example, we fix an arbitrary timescale T, and
consider pointlike detectors separated by a distance
L =5T,, as in the main text. For each N we consider
the truncated switching functions

N
an(1) = (s ) (1), (D2)

140

120

_.
o
=
truncation N

[ee]
(=)

relative error in |G:;.+|

10—7.

——
D
(=]

'S
o

80 85 90 95 100 105
QT

FIG. 10. Relative error in the |G| and W terms given by the truncated Hermite expansion.
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where h,, (1) = h,(t, Ty), with Ty given by Egs. (45) and
(46). This ensures that in the limit of N — oo the detectors
are effectively spacelike separated with switching functions
supported in [-L/2,L/2].

In Fig. 9, we plot the negativity between the two
detectors using the truncated switching functions yy as a
function of the energy gap for different truncations of the
Hermite expansion and we compare it to the negativity
values obtained by considering the nontruncated switching

function y, denoted by black crosses. We see that as N
increases, the results using the truncated switching func-
tions converge to the values obtained with the exact form
for y.

To show convergence, in Fig. 10, we plot the relative
error of the smeared Wightman and Feynman propagators
WAL AL = W(A5,AY), |Ge(AL,Ay)| between the
exact y and its truncated form y, for multiple values of
N. For N = 150 the relative error remains below 107>
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