
Optimization of entanglement harvesting with arbitrary temporal profiles:
The limit of second order perturbation theory

Marcos Morote-Balboa 1,2,* and T. Rick Perche 1,†

1Nordita, KTH Royal Institute of Technology and Stockholm University,
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We study the protocol of entanglement harvesting when two local probes couple to the vacuum of a real
scalar quantum field with arbitrary temporal profiles. We use a Hermite expansion to efficiently compute
smeared field propagators in closed form, recasting the negativity between the probes as a matrix product.
We then optimize the protocol under different signaling conditions, enhancing entanglement harvesting by
several orders of magnitude. This optimization would take current experimental proposals beyond the
regime of second order perturbation theory.
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I. INTRODUCTION

Although the vacuum of a quantum field theory (QFT)
shares an infinite amount of entanglement between a region
and its complement [1], there is, to date, no experimental
evidence of spacelike vacuum entanglement. This contrast
is due to the fact that, to access entanglement between
complementary regions, one would require probing arbi-
trarily high energy modes localized at the boundary [2–5].
Physically, we are then limited to probing entanglement
between bounded noncomplementary regions, which is
finite and decays exponentially with their separation [6–8].
The most promising attempt in the direction of witnessing
vacuum entanglement is the protocol of entanglement
harvesting [9–11], where local probes interact with a
quantum field, extracting entanglement from the degrees
of freedom that they couple to.
In recent years, different proposals for experimental

implementations of entanglement harvesting have been
put forward, seeking to extract entanglement both from
analogous systems [12,13] and from the electromagnetic
field [14,15]. Despite these proposals allowing probes to, in
principle, extract entanglement from the vacuum, the
resulting entanglement is typically inappreciable and barely
large enough to be observed. While the proposals [12–15]
all consider setups that maximize entanglement extraction,

these optimizations are typically limited to a few real
parameters that cannot control the most essential part of
local interactions in QFT: the profile of the interaction in
spacetime.
Indeed, despite the many entanglement harvesting setups

considered in the literature (see e.g. [9–11,16–32]), optimi-
zations of the protocol usually consist of varying only a few
parameters of the probes, such as their energy gap and
separation in spacetime [11,17,25,29], while keeping a
constant temporal profile of the interaction (a single positive
pulse, typically a Gaussian [11,19,21–25,27–31]). However,
in [10], it was argued that more general oscillatory switching
functions could enhance the entanglement extracted. A
complete optimization of entanglement harvesting must
therefore also optimize over the spacetime profile of the
interaction.
In this manuscript we will optimize the protocol of

entanglement harvesting when considering arbitrary tempo-
ral profiles for the detectors-field coupling.Wewill carry this
optimization over subspaces spanned by Hermite functions,
which will allow us to express the entanglement and signal-
ing quantifiers between the detectors as simple matrix
products, whose components we obtain in closed form.
When applying our results to different setups with detectors
at different levels of spacelike separation, our optimization
enhances the protocol by several orders of magnitude, while
keeping a negligible, or even nonexistent, signaling. To
quantify the causal contact between the probes, we define the
signaling-to-entanglement ratio, a stricter signaling quanti-
fier than the previously proposed communication-mediated
entanglement estimator [25]. Extrapolating our results to
experimental setups, we then argue that such an optimization
would take entanglement harvesting beyond the regime of
second order perturbation theory.
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This manuscript is organized as follows. In Sec. II we
review propagators in a real scalar QFT and how they
encode quantum correlations and communication. In
Sec. III we review the protocol of entanglement harvesting
and present an explicit example with Gaussian switching
functions that will be used as a comparison throughout the
manuscript. Section IV presents our Hermite-expansion
method for computing the relevant smeared propagators in
QFT for arbitrary temporal profiles. In Sec. V we apply our
method to optimize the protocol of entanglement harvest-
ing under different signaling conditions. Section VI dis-
cusses the limitations of the second order perturbative
approach to the protocol, as well as potential experimental
consequences of our results. The conclusions of our work
can be found in Sec. VII.

II. PROPAGATORS IN QUANTUM
FIELD THEORY

In this section we will introduce the propagators relevant
to our analysis and set the conventions in QFT that we will
use throughout the manuscript. We will focus on the theory
of a real scalar quantum field in 3þ 1 Minkowski space-
time M.
Consider a classical real scalar field ϕðxÞ satisfying the

massless Klein-Gordon equation of motion

□ϕ ¼ 0; ð1Þ

where □ is the d’Alembertian. This equation uniquely
defines the retarded Green’s function GR by the condition

□GRf ¼ f; ð2Þ

for any source function f∈C∞
0 ðMÞ. The propagated

function GRf is supported in the causal future of the
support of f.
We then promote ϕðxÞ to an operator-valued distribution

ϕðxÞ → ϕ̂ðxÞ, which we can expand in terms of creation
and annihilation operators associated with the basis of
plane wave solutions,

ϕ̂ðxÞ ¼ 1

ð2πÞ32
Z

d3kffiffiffiffiffiffiffiffi
2jkjp ðâkeik·x þ â†ke

−ik·xÞ; ð3Þ

where k0 ≡ jkj, k · x ¼ −jkjtþ k · x, and ðt; xÞ is any
set of inertial coordinates. The creation and annihila-
tion operators satisfy the usual canonical commutation
relations

½âk; â†k0 � ¼ δð3Þðk − k0Þ; ½âk; âk0 � ¼ ½â†k; â†k0 � ¼ 0; ð4Þ

and uniquely define the Minkowski vacuum j0i by the
condition âkj0i ¼ 0 for all k. Due to the fact that the field
operator ϕ̂ðxÞ is only meaningful in the distributional sense,

one introduces the (well defined) smeared field operator ϕ̂
acting on C∞

0 ðMÞ as,

ϕ̂ðfÞ ¼
Z

dVfðxÞϕ̂ðxÞ; ð5Þ

where f is a test function whose profile gives the shape of
the region where ϕ is smeared.1 Operators of the form ϕ̂ðfÞ
are the observables a local probe has access to when
interacting with the field in the spacetime region defined
by jfj.
In this work, we will be interested in studying vacuum

entanglement between finite spacetime regions, hence we
will exclusively focus on the vacuum state j0i. Being a
Gaussian state, it is fully determined by its two-point
function

Wðx; x0Þ ¼ hϕ̂ðxÞϕ̂ðx0Þi ¼ 1

ð2πÞ3
Z

d3k
2jkj e

−ijkjðt−t0Þþik·ðx−x0Þ;

ð6Þ

where hÔi≡ h0jÔj0i denotes the vacuum expectation
value. When smeared against test functions, it defines
the Wightman function

Wðf;gÞ ¼ hϕ̂ðfÞϕ̂ðgÞi ¼
Z

dVdV 0fðxÞgðx0ÞWðx;x0Þ: ð7Þ

Moreover, we can use the decomposition ϕ̂ðxÞϕ̂ðx0Þ ¼
1
2
fϕ̂ðxÞ; ϕ̂ðx0Þg þ 1

2
½ϕ̂ðxÞ; ϕ̂ðx0Þ� to split the Wightman

function into its symmetric and antisymmetric parts,

Wðf; gÞ≡ 1

2
ðHðf; gÞ þ iEðf; gÞÞ; ð8Þ

where E is the (antisymmetric) causal propagator and H is
the (symmetric) Hadamard distribution,

Eðf; gÞ≡ −ih½ϕ̂ðfÞ; ϕ̂ðgÞ�i; Hðf; gÞ≡ hfϕ̂ðfÞ; ϕ̂ðgÞgi:
ð9Þ

The kernel of the causal propagator can also be written
in terms of the classical Green’s functions Eðx; x0Þ ¼
GRðx; x0Þ − GRðx0; xÞ, evidencing the fact that the antisym-
metric part of the Wightman function is state independent.
This implies that all the state dependence of the two-point
function is encoded in the Hadamard term H. Another
relevant propagator for describing interactions in QFT is
the Feynman propagator GF, defined as the time-ordered
two-point function,

GFðx; x0Þ ¼ θðt − t0ÞWðx; x0Þ þ θðt0 − tÞWðx0; xÞ; ð10Þ

1One can also extend the action of the distribution ϕ̂ to more
general spaces of test functions [33].
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as well as its smeared version GFðf; gÞ. Here θðtÞ is the
Heaviside theta function, used to implement the time
ordering. Similar to Eq. (8), the Feynman propagator
can be split as

GFðf; gÞ ¼
1

2
ðHðf; gÞ þ iΔðf; gÞÞ; ð11Þ

where we defined the symmetric propagator

Δðf; gÞ ¼ GRðf; gÞ þ GRðg; fÞ: ð12Þ

Similar to the decomposition of the Wightman function, all
the state dependence of GF is encoded in the Hadamard
function, while Δ encodes the symmetric exchange of
information between the supports of f and g. The different
propagator decompositions discussed here are particularly
relevant for distinguishing genuine vacuum correlations
from causal communication within the protocol of entan-
glement harvesting.

III. ENTANGLEMENT HARVESTING

In this section we will discuss the protocol of entangle-
ment harvesting [9–11], where two noncommunicating
probes can extract entanglement from a quantum field.
We will review the protocol in Sec. III A, define a strict
quantifier for the entanglement genuinely extracted from
the field in Sec. III B, and present an explicit example of
entanglement harvesting with Gaussian time profiles in
Sec. III C.

A. Review of entanglement harvesting

The protocol of entanglement harvesting considers two
localized probes that interact with a quantum field for finite
times, in an attempt to extract the entanglement between the
regions that the detectors couple to. When the probes
become entangled after coupling to the field, one can only
claim that entanglement between the probes was extracted
from the field when communication between them is
negligible [25,34]. Thus, one typically considers spacelike
separated interactions, which can then be used to infer
entanglement between independent field degrees of
freedom.
The standard formulation of the protocol describes the

probes as particle detectors, according to the Unruh-DeWitt
(UDW) model [35,36]. This model has been shown to
accurately describe interactions between atoms and an
external electromagnetic field [19,37,38], nucleons and
the neutrino fields [27,39], general systems with gravity
[30,40], and can model general nonrelativistic quantum
systems [41,42], as well as localized quantum fields
[41,43]. Moreover, these models have a wide range of
application in relativistic quantum information protocols,
ranging from quantum energy teleportation [44–48] and

quantum collect calling [49–51], to quantum computing
[52–56] and, more relevant to this work, entanglement
harvesting [9–11,16,18–32].
For simplicity, we will focus on the case where the

probes are two-level UDW detectors undergoing comoving
inertial motion in Minkowski spacetime. Each detector
(labeled A and B) can therefore be thought of as a qubit
traveling along a timelike trajectory ziðtÞ parametrized by
their common proper inertial time t for i∈ fA;Bg. Their
respective free Hamiltonians generating evolution with
respect to t are given by

Ĥi ¼ Ωσ̂þi σ̂−i ; ð13Þ

where σ̂�i are the two-level raising and lowering operators
acting on the ground and excited states jgii and jeii, and
Ω ≥ 0 is their energy gap.
The detectors interact with the field in distinct regions of

spacetime defined by spacetime smearing functions ΛiðxÞ,
which we assume to be localized in both space and time.
The interaction can then be described by the local
Hamiltonian densities

ĥI;iðxÞ ¼ λðΛþ
i ðxÞσ̂þi þ Λ−

i ðxÞσ̂−i Þϕ̂ðxÞ; ð14Þ

where λ is a dimensionless coupling constant and we
defined Λ�

i ðxÞ ¼ ΛiðxÞe�iΩt. It is also typical to assume
that the smearing functions factor as ΛiðxÞ≡ χiðtÞFiðxÞ,
where χiðtÞ are switching functions that control the
temporal profile of the interactions and FiðxÞ are the
spatial smearing functions of the detectors [57,58]. For
instance, for the protocol of entanglement harvesting, one
could consider sufficiently separated FAðxÞ and FBðxÞ with
χAðtÞ ¼ χBðtÞ, resulting in effectively spacelike separated
detectors.
For a concrete example, let us assume that the initial state

of each detector is ρ̂i;0 ¼ σ̂−i σ̂
þ
i ¼ jgiihgij and that the field

is initially in the vacuum state j0i. The initial detectors-field
state is then given by

ρ̂0 ¼ ρ̂D;0 ⊗ j0ih0j; ρ̂D;0 ¼ ρ̂A;0 ⊗ ρ̂B;0: ð15Þ

This state evolves to a final state ρ̂ ¼ ÛIρ̂0Û
†
I , where ÛI

is the time evolution operator

ÛI ¼ T t exp

�
−i

Z
dVĥIðxÞ

�
; ð16Þ

where

ĥIðxÞ ¼ ĥI;AðxÞ þ ĥI;BðxÞ; ð17Þ

and T t exp denotes the time ordered exponential with
respect to the time parameter t (see [59] for details).
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To leading order in λ, the final state of the detectors, given
by ρ̂D ¼ TrϕðÛI ρ̂0Û

†
I Þ, can be written (in the fjgAgBi;

jgAeBi; jeAgBi; jeAeBg basis) as

ρ̂D ¼

0
BBB@

1 −W−þ
AA −W−þ

BB 0 0 −ðGþþ
AB Þ�

0 W−þ
BB W−þ

AB 0

0 W−þ
BA W−þ

AA 0

−Gþþ
AB 0 0 0

1
CCCA

þOðλ4Þ; ð18Þ

where we denote

Gþþ
ij ¼ λ2GFðΛþ

i ;Λ
þ
j Þ; W−þ

ii ¼ λ2WðΛ−
i ;Λ

þ
i Þ: ð19Þ

Notice that this leading-order description is accurate
whenever the second order terms are sufficiently small to
allow for a perturbative treatment, and the higher order
corrections can also be neglected. We assume λ to be
arbitrarily small through our theoretical description, and in
Sec. VI we will discuss cases where this perturbative treat-
ment can accurately describe physical systems, as well as the
cases where it fails. See [11] for explicit computations and
typical orders of magnitude of the terms of order λ4.
One can quantify the leading order entanglement between

the detectors through the negativity, a faithful entanglement
quantifier for a system of two qubits [60,61]. This quantifier
is inspired by Peres-Horodecki’s positive partial transpose
(PPT) criterion [62,63], which states that ρ̂D is separable if its
partial transpose is a positive semidefinitematrix, i.e., if all its
eigenvalues are positive. In other words, if at least one
eigenvalue of ρ̂TB

D is negative, the state ρ̂D is guaranteed to be
entangled. The negativity N quantifies how negative these
eigenvalues are through the expression

N ðρ̂DÞ ¼
X
γi<0

jγij; ð20Þ

where γi are the eigenvalues of ρ̂
TB
D . IfN ðρ̂DÞ ¼ 0, the state is

separable, otherwise, if N ðρ̂DÞ > 0, it is entangled, and the
specific value ofN tells us by howmuch the PPT criterion is
violated. To leading order in λ, ρ̂TB

D has only one potentially
negative eigenvalue

γ− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jGþþ

AB j2þ
�
W−þ

AA −W−þ
BB

2

�
2

s
−
W−þ

AA þW−þ
BB

2
; ð21Þ

so that N ðρ̂DÞ ¼ max ð0; γ−Þ þOðλ4Þ. In the case of iden-
tical inertial comoving detectors, whichwewill assume from
this point on, the negativity simply reduces to

N ðρ̂DÞ ¼ maxð0; jGþþ
AB j −W−þÞ þOðλ4Þ; ð22Þ

where W−þ ≡W−þ
AA ¼ W−þ

BB .

Notice that, under the assumption that λ is an infinitesi-
mal parameter, the fourth order corrections to the negativity
are negligible compared to the terms displayed in Eq. (22).
However, given that the negativity involves a subtraction of
second order terms, it is naturally smaller than the second
order corrections to ρ̂D in Eq. (18), and when considering
finite (small) values for the coupling constant, the fourth
order corrections might affectN ðρ̂DÞ nontrivially. This will
be at the core of the discussion in Sec. VI on the limitations
of second order perturbation theory to describe entangle-
ment harvesting protocols.
For the negativity to be nonzero, the nonlocal term Gþþ

AB ,
encoding nonlocal field correlations, has to be larger than
the local terms W−þ

AA , W−þ
BB , representing the detectors’

acquired noise due to local vacuum fluctuations. This local
noise is also the excitation probability of a single detector,

Trðρ̂DjeiiheijÞ ¼ W−þ
II ; ð23Þ

which also determines the leading order entanglement of
each detector with the field.
The negativity of Eq. (22) then quantifies the total

amount of entanglement acquired by the probes after their
interaction with the field. Importantly, it alone is not
enough to analyze whether this entanglement was genu-
inely harvested from the field, as we will discuss in the
following subsection.

B. Quantifying genuine entanglement harvesting

Entanglement between the detectors alone is not enough
to conclude that there was preexisting vacuum entangle-
ment between the regions they couple to. Indeed, there are
two ways in which the detectors can become entangled, and
only one of them corresponds to genuine entanglement
harvesting [25]. The first possibility is that the detectors
become entangled by sharing quantum information through
the field, in which case the field merely acts as a mediator,
effectively producing a direct retarded coupling between
the probes [34]. The other possibility is when the inter-
action regions are effectively causally disconnected, avoid-
ing field-mediated communication. In this case, the
entanglement between the detectors arises solely from
preexisting entanglement in the field. This is the case
where the protocol of entanglement harvesting takes place.
Although, ideally, one would always consider spacelike

separated interaction regions in entanglement harvesting,
these idealized regions are defined by compactly supported
spacetime smearing functions that can be hard to imple-
ment in practice. Therefore, in most cases, there will be
some small level of communication between the detectors.
This raises the question of how to quantify signaling and
genuinely harvested entanglement. One way of addressing
this questions involves separating the smeared Feynman
propagator as in Eq. (11),

Gþþ
AB ¼ 1

2
Hþþ

AB þ i
2
Δþþ

AB ; ð24Þ
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where we defined Hþþ
AB ¼ λ2HðΛþ

A ;Λþ
B Þ and Δþþ

AB ¼
λ2ΔðΛþ

A ;Λþ
B Þ. In this case, the Hadamard function Hþþ

AB

encodes the state-dependent correlations between the
regions, while Δþþ

AB encodes the symmetric exchange of
information between the detectors.2 Therefore, if one wants
to ensure that the detectors effectively cannot communi-
cate, one must consider situations where Δþþ

AB is negligible.
Concretely, the condition for genuine harvesting was

formulated as 1
2
jΔþþ

AB j ≪ N ðρ̂DÞ in [64]. More generally,
using the fact that the Hadamard propagator encodes the
state dependence of the field, as well as the genuine vacuum
effects in QFT, we can introduce a quantifier for genuine
entanglement extraction.We define the signaling-to-entan-
glement ratio (SER) as the ratio between the negativity
when neglecting all local smeared propagators and the
nonlocal state-dependent terms, denoted by N ∘ðρ̂DÞ,3 and
the total negativity,

Θðρ̂DÞ ¼
(

N ∘ðρ̂DÞ
N ðρ̂DÞ ; if N ðρ̂DÞ ≠ 0;

0; otherwise:
ð25Þ

Notice that in Eq. (21), when setting the local termsW−þ
ii

and the nonlocal anticommutator termHþþ
AB to zero, we find

N ∘ðρ̂DÞ ¼ 1
2
jΔþþ

AB j. This ensures that when the detectors
start in the ground state, the condition Θðρ̂DÞ ≪ 1 is
equivalent to 1

2
jΔþþ

AB j ≪ N ðρ̂DÞ. Overall, Θ ∼ 1 implies
that most of the entanglement acquired by the detectors is
due to communication, while Θ ∼ 0 characterizes genuine
entanglement harvesting.
It is important to compare the SER defined above with

the other standard quantifier for genuine harvested entan-
glement, the communication-mediated entanglement esti-
mator (CMEE), introduced in [25]. In essence, the SER is a
more strict estimator of genuine entanglement harvesting
than the CMEE. Indeed, the CMEE only sets the nonlocal
Hadamard terms [HðΛ�

A ;Λ�
B Þ] to zero, while keeping the

local noise terms [HðΛ�
i ;Λ�

i Þ]. For instance, when the
detectors start their interaction in the ground state, this
would be equivalent to keeping the term −ðW−þ

AA þW−þ
BB Þ

in Eq. (21), decreasing the overall value of the numerator in
Eq. (25). Moreover, the definition used in [25], relies on the
specific form of the negativity in Eq. (22), which is only
valid when the detectors’ local noise is identical, and they
are prepared in the ground state. On the other hand, the
definition of the signaling-to-entanglement ratio Θðρ̂DÞ is
valid for general initial states of the detectors, general

interaction regions and general energy gaps. A detailed
comparison between the SER and CMEE estimators in
different cases will be presented in [65].

C. Canonical example

Wewill now discuss a concrete example of entanglement
harvesting from the Minkowski vacuum using Gaussian
spacetime smearing functions. We further assume that the
detectors’ interactions are switched on and off simulta-
neously in their comoving frame [χAðtÞ ¼ χBðtÞ ¼ χðtÞ],
and that their shape is identical and separated by L
[FBðxÞ ¼ FAðx − LÞ]. Explicitly,

ΛAðxÞ ¼
1

ð2πσ2Þ32 e
− t2

2T2
0e−

jxj2
2σ2 ; ð26Þ

ΛBðxÞ ¼
1

ð2πσ2Þ32 e
− t2

2T2
0e−

jx−Lj2
2σ2 ; ð27Þ

where the parameters σ and T0 control the spatial width and
time duration of the interaction. Moreover, assuming that
the detectors’ light-crossing time is much smaller than the
interaction time T0, we have σ ≪ T0. In this regime, one
can effectively consider the pointlike limit σ → 0, where
ΛAðxÞ → e−t

2=2T2
0δð3ÞðxÞ and ΛBðxÞ → e−t

2=2T2
0δð3Þðx − LÞ.

For these parameter choices, closed-form expressions for
Gþþ

AB and W−þ
AA ¼ W−þ

BB were found in [64,66].
In Fig. 1, we plot the leading order negativity and

signaling of the two detectors as a function of ΩT0 when
jLj ¼ 5T0. Notice that the values displayed in the plot are
all scaled by λ−2, as the leading order corrections are
proportional to λ2. In this example, we can see values of Ω
such that the condition for genuine harvestingΘðρ̂DÞ ≪ 1 is
approximately satisfied, as we have 1

2
jΔþþ

AB j ≪ N ðρ̂DÞ. For
instance, at the peak, ΩT0 ≈ 2.3, signaling amounts to
approximately 5% of the negativity. This means that if a

FIG. 1. Negativity and signaling contribution for two identical
UDW pointlike detectors, interacting with a real massless scalar
field in Gaussian spacetime regions separated by jLj ¼ 5T0.

2For instance, two spacelike separated interaction regions
imply Δþþ

AB ¼ 0.
3Explicitly, in the expression for N ðρ̂DÞ, terms that involve

two-point functions smeared against the same detector [such as
W−þ

ii in Eq. (18)] and the state dependent terms (involving field
anticommutators) smeared against functions associated to the
different detectors A and B [Hþþ

AB in Eq. (24)].
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setup of this sort is implemented in practice, one would be
able to infer vacuum entanglement between the regions the
detectors couple to. However, it would be natural to
question whether the small order of magnitude of 10−6λ2

would allow any phenomena of this type to be observed in
practice. In the remaining of this manuscript we will find
optimal switching functions for the protocol, which will
improve this result by several orders of magnitude.

IV. COMPUTING ENTANGLEMENT
FOR ARBITRARY TIME PROFILES

In this section we will describe a method through which
one can obtain closed-form expressions for the negativity
and signaling estimator in entanglement harvesting for
arbitrary temporal profiles in 3þ 1 Minkowski spacetime.
Our method expands a given switching function in a basis
of L2ðRÞ and computes Gþþ

AB ,W−þ
AA ,W

−þ
BB and Δþþ

AB through
generating functions.
Throughout this section we will consider spacetime

smearing functions of the form

ΛAðxÞ≡ χðtÞFðxÞ; ΛBðxÞ≡ χðtÞFðx − LÞ; ð28Þ
where we assume that χ and F are rapidly decreasing L2

functions. We then consider a basis of real smooth
functions fχng of L2ðRÞ, so that we can expand χ as

χðtÞ ¼
X∞
n¼0

cnχnðtÞ; ð29Þ

where cn ¼ hχn; χiL2 . Using this expression in Eq. (28), we
have

ΛAðxÞ≡
X∞
n¼0

cnΛA;nðxÞ; ð30Þ

where ΛA;nðxÞ ¼ χnðtÞFðxÞ, and similarly for ΛBðxÞ ¼
χnðtÞFðx − LÞ.
We can now use this basis expansion to compute the

relevant propagators in the protocol of entanglement
harvesting. Indeed, define

Λ�
i;nðxÞ ¼ e�iΩtΛi;nðxÞ; ð31Þ

and let P be a general propagator (e.g. GF,W,H, or Δ). We
can then write

PðΛ�
A ;Λ�

B Þ ¼
X∞
n¼0

X∞
m¼0

cncmPðΛ�
A;n;Λ�

B;mÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Pnm

: ð32Þ

For convenience, we now truncate the basis fχng for
n ≤ N, obtaining a partial description of our switching
functions that can be made arbitrarily precise in the limit
N → ∞. This allows us to write the smeared propagator in

terms of matrix products,

PðΛ�
A ;Λ�

B Þ ≈ cTPc; ð33Þ
where c is the N dimensional vector with components cn
and P is the N × N matrix with components Pnm.
Equation (33) effectively replaces the computation of
nontrivial multidimensional integrals by simple matrix
products. However, it requires one to have precomputed
all the coefficients cn, as well as the more challenging
matrix elements Pnm. Although the cn are given by one
dimensional integrals and can usually be computed effi-
ciently, this is not always the case for Pnm. However, by
making specific choices for both FðxÞ and the basis χnðtÞ, it
is possible to find closed-form expressions for the compo-
nents of the matrix P. Indeed, by picking

FðxÞ ¼ e−
jxj2
2σ2

ð2πσ2Þ3=2 ; ð34Þ

and the Hermite basis fhnðt; TÞg, given by

hnðt; TÞ ¼
π−1=4ffiffiffiffiffiffiffiffiffiffiffiffi
2nn!T

p Hnðt=TÞe−
t2

2T2 ; ð35Þ

we can find closed-form expressions for Pnm in terms of a
generating function Pðα; βÞ. In fact, in Appendix A, we
find closed-form expressions for the generator

Pðα; βÞ ¼ PðΛ�
α ;Λ�

β Þ ð36Þ
in the pointlike limit σ → 0, where

Λ�
α ðxÞ ¼ eαte�iΩte−

t2

2T2δð3ÞðxÞ; ð37Þ

Λ�
β ðx0Þ ¼ eβt

0
e�iΩt0e−

t02
2T2δð3Þðx0 − LÞ: ð38Þ

Noticing that tn ¼ d
da e

atja¼0
, the fact that

Hnðt=TÞ ¼
�
Hn

�
1

T
d
dα

�
eαt

�����
α¼0

ð39Þ

then allows us to write (see Appendix A for details)

Pnm ¼
�

π−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþmn!m!

p
T
Hn

�
1

T
d
dα

�

×Hm

�
1

T
d
dβ

�
Pðα; βÞ

�����
α¼β¼0

: ð40Þ

One can also evaluate the smeared local propagators
PðΛ�

A ;Λ�
A Þ and PðΛ�

B ;Λ�
B Þ by taking L ¼ 0. With these

expressions, computing the matrices is just a matter of
taking the different derivatives of the generator Pðα; βÞwith
respect to the parameters α and β.Once the corresponding
matrices for the Feynman propagator (G) and Wightman
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function (W) are computed (see Appendix B for explicit
expressions), the negativity can be expressed in terms of
simple matrix products:

N ðcÞ ¼ jcTGcj − cTWc; ð41Þ
whenever it is nonzero. Notice that the matrix G is
symmetric with complex components and W is
Hermitian, due to the facts that GFðf; gÞ ¼ GFðg; fÞ and
Wðf; gÞ ¼ Wðg�; f�Þ�. Analogously, the matrices corre-
sponding to the Hadamard and symmetric propagators H
and Δ are both symmetric with complex components.
Using this technique, we developed an online tool that
expands an arbitrary switching function and computes the
relevant smeared propagators within fractions of seconds
[67], allowing the user to export the generated data.

V. OPTIMIZING ENTANGLEMENT HARVESTING

In this section, we will optimize the protocol of entan-
glement harvesting by finding switching functions that
maximize the leading order extracted negativity when
pointlike detectors are at different levels of causal separa-
tion. However, we note that this problem is not yet well
posed in the context of Secs. III and IV, as we have an
arbitrary coupling constant, and scaling the switching func-
tion could increase the negativity arbitrarily. Therefore, we
must first find a criterion to compare the negativity that is
invariant under a rescaling of the total coupling constant
λχðtÞ. Ideally, we want maxt jχðtÞj to be approximately the
same for all switching functions involved. If there exists a
fixed interval where χðtÞ is supported (or effectively
supported), then this condition can be achieved by normal-
izing our switching functions with respect to any norm. For
convenience, we will choose the L2 norm, where

χðtÞ ¼
XN
n¼0

cnχnðtÞ ⇒ kχk2 ¼ cTc: ð42Þ

To ensure a fair comparison with the canonical example
χcanðtÞ ¼ e−t

2=2T2
0 (III C), we will impose kχk ¼ kχcank, so

that the rescaled negativity can be written as

Ñ ðcÞ ¼ ffiffiffi
π

p jcTGcj − cTWc

cTc
: ð43Þ

Throughout this section, we will maximize Ñ ðcÞ, first
when the detectors are spacelike separated, second when
there is a small but non-negligible amount of signaling
between them, and third when the detectors are causally
connected, but the signaling between them is exactly zero.
We highlight once again that the optimization presented

in this section takes place within the regime of second order
perturbation theory, so that, in principle, λ should be
thought of as an infinitesimal parameter that ensures that
higher order corrections are negligible.

Overall, the improvements presented here should be
understood relative to the canonical example (Sec. III C).
Explicitly, the negativity increases we find can be under-
stood as physical for setups that can be described within
second order perturbation theory after the optimization is
considered. In Sec. VI we will discuss in more detail the
validity of second order perturbation theory in entangle-
ment harvesting in light of the results of this section.

A. Spacelike separated regions

In this subsection, we will find the optimal switching
function for entanglement harvesting with spacelike sep-
arated regions. While, in principle, the setup presented in
Sec. IV does not allow one to have genuine spacelike
separation due to the tails of Hermite functions, we can
approximate compact support arbitrarily well by tuning the
scaling parameter T in (35). Indeed, any compactly
supported function χ ∈L2ð½−a; a�Þ can be expanded as

χðtÞ ¼ lim
N→∞

XN
n¼0

hhn;NðtÞ; χihn;N ð44Þ

where hn;NðtÞ ¼ hnðt; TNÞ and the sequence fTNg behaves
asymptotically as TN ∼ a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ 1

p
. Thus, any choice of

the form

TN ¼ L=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ 1

p fðNÞ; ð45Þ

where fðNÞ → 1, would ensure that for sufficiently large
N, detectors separated by a distance L with switching
functions χ of the form of Eq. (44) are effectively causally
disconnected. Throughout this subsection we will use

fðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ 1

p

2þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ 1

p ; ð46Þ

as this choice has provided us with a consistent scaling even
for relatively small values of N. We can quantify the
maximal tails of any basis function hn;NðtÞ outside of the
support region ½−L=2; L=2� for a given N by computing

IðNÞ ¼ max
n≤N

Z
Γ
dtjhn;NðtÞj2; ð47Þ

where Γ ¼ Rn½−L=2; L=2�. The maximum is achieved at
n ¼ N, and we find that IðNÞ decreases exponentially
in N, with Ið0Þ ∼ 10−6, decaying to 10−13 at N ¼ 200.
Alternatively, we can estimate the signaling between the
coupling regions by computing

ΔNN=HNN ≡ ΔðΛA;N;ΛB;NÞ=HðΛA;N;ΛB;NÞ; ð48Þ
representing the ratio between signaling and field correla-
tions between the interaction regions defined by hn;NðtÞ.
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The ratio decreases exponentially in N, with ΔNN=HNN ∼
10−5 for N ¼ 0 and 10−45 for N ¼ 200. These results allow
us to safely consider that the corresponding interaction
regions are spacelike separated for large enough values
of N.
Let us now recall the decomposition of the Feynman

propagator in Eq. (11), which we can write in terms of the
matrices G;H, and Δ as

G ¼ 1

2
Hþ i

2
Δ: ð49Þ

With the choice of TN as in Eqs. (45) and (46), we can now
effectively assume Δ to be zero, yielding G ≈ 1

2
H, and the

negativity in Eq. (43) can be approximated by

Ñ þðcÞ≡ ffiffiffi
π

p 1
2
jcTHcj − cTWc

cTc
: ð50Þ

This quantity was first defined in [25] as the harvested
negativity, as it considers that all correlations stem from the
state dependent part of the non-local Feynman propagator.
When maximizing the negativity in the protocol of entan-
glement harvesting, this is also the term that must be
optimized to maximize genuine entanglement extraction
from the field.4 We can now simply maximize Ñ þ, leading
to the optimization problem

Ñ þ
max ≡ max

c∈RN
Ñ þðcÞ ¼ max

cTc¼1

ffiffiffi
π

p �
1

2
jcTHcj − cTWc

�
:

ð51Þ

Although the expression above resembles an operator
norm, the absolute value in jcTHcj requires more care.
Using jzj ¼ maxθðReðzÞ cos θ þ ImðzÞ sin θÞ, we can write

Ñ þ
max ¼ max

θ
max
cTc¼1

MþðθÞ; ð52Þ

where

MþðθÞ ¼ 1

2
ðReðHÞ cos θ þ ImðHÞ sin θÞ − ReðWÞ; ð53Þ

where we note that for real vectors cTWc ¼ cTReðWÞc.
Thus, the problem reduces to finding the largest eigenvalue
of the real symmetric matrixMþðθÞ for each θ∈ ½0; 2πÞ. We
will now study the behavior of the negativity and signaling
within the subspaces

VN ¼
	
χ ∈L2ðRÞ∶χðtÞ ¼

XN
n¼0

cnhn;NðtÞ


: ð54Þ

In Fig. 2, we plot the maximum value of Ñ þ for
switching functions within the subspaces VN as a function
of ΩT0 when the detectors are separated by a distance of
jLj ¼ 5T0. This choice allows us to directly compare our
results with the canonical example discussed in Sec. III C.
As the dimension N of the subspaces VN increases, so does
the height of the negativity peaks, as well as the value of
ΩT0 for which the maximum negativity is achieved. We
also see that for larger values of N more negativity peaks
start to appear.5 Notice that, even with the effective
spacelike separation between the detectors implemented
here, optimizing the negativity can yield values of the order
of 10−5λ2 for N ¼ 200, one order of magnitude larger than
the canonical Gaussian example of Sec. III C. Also notice
that, in accordance to the no-go theorems of [20,68], we see
that no entanglement can be harvested at spacelike sepa-
ration with gapless detectors (Ω ¼ 0).
In Fig. 3, we show the shape of the optimal switching

functions for different values of N. We note that,
as N increases, the functions become more oscillatory.

FIG. 2. Maximum negativity for detectors separated by a
distance of L ¼ 5T0 within the subspace spanned by fhn;NgN
as a function of Ω for N ∈ f0; 200g.

4Notice that if one attempted to maximize Ñ ðcÞ, one would
also indirectly be maximizing the communication between the
detectors, encoded in cTΔc.

5For comparison, notice that the N ¼ 0 case corresponds to a
rescaled version of Fig. 1, as TN¼0 ¼ 5T0=6. The shorter
interaction time also results in smaller negativity compared to
the canonical example in Sec. III C.
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The combination of oscillations in the switching function
with the energy gap Ω determine the field frequencies that
contribute the most to the detectors’ final state. It is then no
surprise that, in Fig 2, higher values of Ω become relevant
only for sufficiently large N, when the oscillations start
taking place. Moreover, our results suggest that for large
enough N, the optimal switching functions become super-
oscillatory, similar to the example given in [10].
In Fig. 4, we plot the maximal negativity Ñ þ

maxðΩÞ also
maximized over Ω for each N, corresponding to the largest
value of Fig. 2 for each N. Notice that the plot does not
asymptote with N. Indeed, in [10] the authors showed that a
specific choice of superoscillating functions could result in
negativities that increase as N þ ∼ λ2

ffiffiffiffiffiffiffiffiffi
Nosc

p
, with Nosc

being the number of oscillations of the function. Given
that our basis expansion spans all compactly supported
switching functions in the limit N → ∞, we can conclude
that Fig. 4 also diverges to infinity in this limit.
In Fig. 5 we plot the signaling estimator as a function of

N for different values of Ω. Notice that, for all parameters
used in this section, the signaling is negligible compared to

the maximum negativities displayed in Fig. 4. We see that
the signaling increases for small values of N, which is
explained by the fact that TN is not yet in the asymptotic
behavior (45). However, at large enough N, we enter the
regime in which the basis fhn;NgN can be approximated to
span compactly supported functions, where the signaling
decreases exponentially with N and reaches 10−14 at
N ¼ 200. This results in a signaling-to-entanglement ratio
of Θ ≈ 10−8 for the maximal negativity values.
In general, it is not an easy task to find parameters

and switching functions that allow spacelike sepa-
rated probes to harvest entanglement from the 3þ 1
dimensional Minkowski vacuum (for examples see e.g.
[18,26,32,69,70]). The results of this subsection showcased
the advantage provided by the Hermite expansion method
presented in Sec. IV, providing numerous examples of
switching profiles and overall parameters that can realize
entanglement harvesting at spacelike separation. Moreover,
we found setups where causally disconnected detectors
harvest negativities one order of magnitude larger than the
example with Gaussian switching functions, that has
signaling-to-entanglement ratio of Θ ≈ 5%.

B. Approximately causally disconnected regions

Strictly speaking, it is not necessary for detectors to be
fully causally disconnected to extract genuine vacuum
entanglement from the field. Indeed, in the canonical
example of Sec. III C, we had a non-negligible SER of
the order of Θ ≈ 5% at the peak of negativity. Even though
in this case one cannot claim to extract entanglement from
strictly spacelike separated regions, the SER is still suffi-
ciently small for one to conclude that the detectors became
entangled due to vacuum correlations.
As a matter of fact, small signaling can increase the total

entanglement acquired by the detectors, as it allows them to
probe the field for longer periods of time. In this section, we
take advantage of this fact to improve on the canonical
example of Sec. III C, while keeping the SER Θ below 5%.
To achieve this, we will apply the same method as in
Sec. VA, increasing the detectors’ interaction times.
Explicitly, we make TN ↦ TN þ δT for small δT, rescaling
the Hermite functions hnðt; TNÞ and slightly increasing the
signaling between the probes. To find the functions that
maximize the genuine entanglement extracted from the
field [Ñ þ in (51)], we again find the maximal eigenvalues
of MþðθÞ within the corresponding rescaled subspaces VN
for each θ.
Explicitly, for each N, we pick multiple small values of

δT ensuring that the condition Θ ≤ 5% is satisfied.
Importantly, for large values of N, the functions in the
subspace VN become effectively compactly supported in
½−L=2; L=2�, and the oscillating maximizing functions
become very steep close to the boundary. For this reason,
even very small rescaling parameters δT yield nontrivial
signaling, breaking the Θ ≤ 5% condition. Our results

FIG. 4. Maximum negativity Ñ þ for detectors separated by a
distance of L ¼ 5T0 on the subspace spanned by fhn;NgN as a
function of N.

FIG. 3. Plot of the maximizing functions of Ñ within the
subspace spanned by fhn;NgN for detectors separated by a
distance of L ¼ 5T0.
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showed that N ≈ 50 was an ideal balance between high
negativity and low signaling with δT=TN ≈ 2.4%.
Figure 6 displays the equivalent negativity plot to the

canonical example in Fig. 1 for the optimal function when
the detectors are separated by a distance L ¼ 5T0 as a
function of ΩT0 with N ¼ 50. In this example, the
negativity peak reaches 10−4λ2, while the signaling-to-
entanglement at the peak is 4%, resulting in an improve-
ment of two orders of magnitude. Also notice that the
energy gap required in this case is larger than the one
required in the Gaussian example, due to the oscillations in
the switching functions (displayed in spacetime in Fig. 7).
In this subsection we applied our Hermite-expansion

method to the case where the detectors can signal as much

as in the canonical example of Sec. III C. By keeping the
same level of signaling as in this example, we have shown
that entanglement harvesting can be improved by two
orders of magnitude. Moreover, when compared to the
spacelike separated setup of Sec. VA, we could also
increase the entanglement between the probes by one
order of magnitude by allowing small but non-negligible
communication.

C. Noncommunicating causally connected regions

Even when the detectors are fully causally connected, it
is possible that, for a specific choice of parameters, they do
not communicate at leading order (Δþþ

AB ¼ 0). This can be
understood as a revival [71–73] on the part6 of the time
evolution operator associated with the signaling between
the qubits, when it effectively acts as an identity operator.
In this case one cannot use the detectors to quantify
entanglement between spacelike separated regions, as
they couple to overlapping field degrees of freedom.
Nevertheless, if the signaling-to-entanglement ratio is
exactly zero, one can still claim that the detectors became
entangled due to preexisting entanglement in the field. In
this section, we will use our Hermite-expansion method to
find particular cases in which the probes, even if causally
connected, do not communicate, but can harvest even more
entanglement than the previously discussed cases.

FIG. 5. Maximum eigenvalue ofΔwithin the subspace spanned
by fhn;NgN for detectors separated by a distance of L ¼ 5T0 as a
function of N for different values of Ω.

FIG. 6. Negativity plot for the optimal approximately discon-
nected switching function with Θ ≤ 5% at N ¼ 50 for detectors
separated by a distance of L ¼ 5T0.

FIG. 7. Spacetime depiction of the optimal switching function
atN ¼ 50with the constraint that Θ ≤ 5% for detectors separated
by a distance L ¼ 5T0. The profile of the switching functions are
plotted in the horizontal axis around the spatial center of their
interactions. The canonical Gaussian example is displayed in
gray in the background for comparison and the orange lines
depict the light cone of the middle event between the interaction
regions.

6For an explicit example of this decomposition for gapless
detectors, see [64].
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Notice that when considering T sufficiently larger than
T0, the normalization condition based on the L2 norm does
not ensure that the peaks of the switching function are of
the same order of magnitude as the examples we previously
considered. More precisely, if χ is effectively supported in
the region ½−αL=2; αL=2�, the condition kχk ¼ kχcank
would result in maxt jχðtÞj ∼ α−1maxt jχcanðtÞj ¼ α−1.
That is, increasing the interaction time would effectively
decrease the total strength of the coupling λχðtÞ. Therefore,
an accurate comparison with the canonical case (assuming
coupling constants of the same order of magnitude) would
be achieved by the condition kχk ¼ αkχcank. Once
imposed, it rescales the expressions for the negativity by
a factor of α2 relative to the expression of Eq. (51). The
same rescaling occurs for the signaling term Δþþ

AB . In
essence, when rescaling the time duration by α, we will
maximize the function

Ñ αðcÞ≡ α2
ffiffiffi
π

p jcTGcj − cTWc

cTc
ð55Þ

over all c∈RN such that cTΔc ¼ 0 for a fixed N. The
constraint cTΔc ¼ 0 prevents this optimization from being
recast as a simple eigenvalue problem, so we instead use an
adapted quasi-Newton optimizer method to find the optimal
switching function.
In Fig. 8, we plot the negativity and signaling estimator

as a function of ΩT0 for the optimal switching function
with N ¼ 25 for an interaction lasting ten times longer than
the canonical example (T ¼ 10T0). As expected, this setup
has large signaling for most values of Ω. However, at
ΩmaxT0 ≈ 0.336, the signaling cancels exactly, correspond-
ing to a point where Δþþ

AB changes in sign, while the
negativity reaches 10−1λ2.

Applying our Hermite-expansion method to causally
connected regions, we were able to find specific switching
functions and parameters such that the detectors cannot
signal to each other to leading order in λ. The obtained
negativity in this scenariowas five orders ofmagnitude larger
than the canonical example, and is expected to be even larger
when the detectors probe the field for even larger times.

VI. THE LIMIT OF SECOND ORDER
PERTURBATION THEORY

Entanglement harvesting is mostly treated within the
regime of second order perturbation theory,7 using a
formalism and expressions similar to the ones reviewed
in Sec. III. The reasons for this approach are twofold. On
the one hand, this is the simplest theoretical framework to
study entanglement harvesting, requiring the computation
of a few integrals corresponding to the smeared propagators
GF andW. On the other hand, it is argued that the quantities
defining the final state of the detectors [e.g. λ2GFðΛþ

A ;Λþ
B Þ

and λ2WðΛ−
i ;Λ

þ
i Þ], and thus, their entanglement, are small.

Indeed, in the canonical Gaussian example, the relevant
propagators are of the order of 10−5λ2, so that even in the
extreme case of λ ¼ 1, leading order results yield a precise
description of the protocol. In fact, [11] shows that, when
going to fourth order in the Gaussian canonical example,
the next order terms are ∼10−10λ4.
Although the perturbative treatment seems to be enough,

recent experimental proposals have been put forward to
harvest entanglement from both analogue systems [12,13]
and the electromagnetic vacuum [14,15]. These approaches
are all similar in the sense that the proposed experimental
parameters yield negativity values that are, in principle,
measurable with current methods. In the particular case of
[12,13], when using realistic experimental values for the
coupling constant, one obtains negativities for the final state
of the probes of the order of N ∼ 10−4. This is possible
because, in these cases, the coupling of probes happens to an
analog of the momentum of a scalar field π̂ðxÞ, rather than to
the field ϕ̂ðxÞ. For this type of interaction, the coupling
constant is dimensionful, allowing experimental parameters
of the setup to rescale the results.
Another common feature of the experimental proposals

[12–15] is the fact that they all considered one short
interaction pulse, corresponding to an even positive switch-
ing function. Although in some of the proposed experiments
it is not possible to have the oscillating switching functions
found in Sec. V, the proposal of [13] is an exception. In this
case, two localized polarons (playing the role of Unruh-
DeWitt detectors) interact with the density fluctuations of a
background Bose-Einstein condensate (analogous to the
momentum of a real scalar field). The coupling between
the probes and the condensate is controlled by an external

FIG. 8. Negativity and signaling contribution for the switching
function found with our adapted quasi-Newton method for
N ¼ 25, T ¼ 10T0 and L ¼ 5T0.

7We note that there are a few exceptions [11,18,74–77].
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magnetic field that can oscillate around a given value,
allowing both positive and negative values for the switching
function.
Onewould hope that the results of Sec. Vwould also carry

on to momentum-coupled detectors in experiments that can
implement oscillating switching functions. Indeed, our
method was able to improve the negativities by two orders
of magnitude compared to the canonical Gaussian protocol
used in [13],while keeping the same relative signaling.When
considering noncommunicating causally connected probes,
the improvement was by five orders of magnitude instead.
Similar improvements in themomentum-coupled casewould
take setups that predict negativities of the order of 10−4

beyond leading order perturbation theory. Moreover, one
could further enhance the extracted entanglement byutilizing
multiple detectors [78], improving the protocol even further.
Indeed, we can see that negativities of the order of 10−3

are already outside of the leading order regime by analyz-
ing plots of N as a function of Ω. For a given profile
function, as Ω increases, the peak negativity N ðΩmaxÞ ¼
λ2GFðΛþ

A ;Λþ
B Þ − λ2WðΛ−

i ;Λ
þ
i Þ typically happens shortly

after the point at which λ2GFðΛþ
A ;Λþ

B Þ and λ2WðΛ−
i ;Λ

þ
i Þ

acquire the same value. The negativity, given by their
difference, then tends to be one order of magnitude smaller
than the propagators. That is, when the negativity is of the
order of 10−3 or 10−2, the propagators will be of order 10−2

or 10−1, respectively. Thus, ðλ2WðΛ−
i ;Λ

þ
i ÞÞ2 and

ðλ2GFðΛþ
A ;Λþ

B ÞÞ2 would have a similar magnitude to N
and our perturbative treatment would not provide an
accurate description to the experiment. These cases require
considering higher order corrections, or, might even leave
the perturbative regime altogether [77]. However, our
theoretical results still accurately describe the experimental
setup [13] if one considers smaller values of the coupling
constant, ensuring that the relevant corrections to the state
are of order 10−3. This would increase the lifetime of
probes and decrease experimental noise effects [79], while
keeping the description within second order perturbation
theory and measurable negativity values.
The idea that local probes could be used to extract vacuum

entanglement from a quantum field was first proposed in the
context of atoms coupled to electromagnetism in the 90’s [9].
In the early studies of the protocol, it seemed evident that the
effect was so small that the perturbative regime would be
sufficient to describe it. However, recent experimental
proposals would already almost reach the limit of second
order perturbation theory. When combined with our results,
the protocol could potentially be taken to the nonperturbative
regime, begging a novel approach that could describe
entanglement harvesting outside of perturbation theory.

VII. CONCLUSIONS

We optimized the protocol of entanglement harvesting
and argued that, when applied to proposed experiments, our

results can push the protocol beyond the standard pertur-
bative regime. Our method uses a truncated Hermite
expansion to efficiently compute smeared QFT propagators
in closed-form, allowing us to consider arbitrary switching
functions. With this method, the computation of negativity
becomes a simple matrix product and optimizing genuine
entanglement harvesting reduces to an eigenvalue problem.
For any given setup, our method can pinpoint the optimal
switching function that maximizes entanglement extrac-
tion, and we show that it can increase the harvested
entanglement by several orders of magnitude in three
different scenarios; when the probes are spacelike sepa-
rated, approximately causally disconnected, and causally
connected but noncommunicating.
In the case of spacelike separated probes, we implement

causal disconnection by rescaling the Hermite basis, and find
oscillating switching functions that can harvest one order of
magnitudemore entanglement than the canonical example of
a Gaussian switching function.We then adapt this method to
the casewhere the probes are not fully spacelike separated by
slightly increasing the temporal support of theHermite basis.
This gains two orders of magnitude compared to the
Gaussian example, while ensuring less signaling. We esti-
mate the communication between the probes through the
signaling-to-entanglement ratio, a stricter quantifier of genu-
ine entanglement harvesting than the estimator previously
defined in [25]. Finally, we consider probes that are causally
connected and find specific parameters for which they are
unable to communicate, finding a five order of magnitude
increase of the extracted entanglement compared to the
canonical example.
Up to this point, entanglement harvesting has only been

treated perturbatively, resulting in an infinitesimal amount
of extracted entanglement, and posing an experimental
challenge in practice. However, extrapolating our conclu-
sions to recent experimental proposals pushes the protocol
beyond leading order perturbation theory, and perhaps even
beyond the perturbative regime altogether. Our results
make it clear that a nonperturbative treatment is the only
way forward in the path to make entanglement harvesting
useful in quantum information and quantum computing.

ACKNOWLEDGMENTS

M.M. B. and T. R. P. are thankful to Markus K.
Oberthaler for insightful discussions, to Alexander Flink
for essential input on the numerical part of the work, and to
Sebastian Holmén for reviewing a first draft of the manu-
script. T. R. P. is thankful for financial support from the Olle
Engkvist Foundation (Grant No. 225-0062). Nordita is
partially supported by Nordforsk.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [80], embargo periods may apply.

MARCOS MOROTE-BALBOA and T. RICK PERCHE PHYS. REV. D 114, 085027 (2026)

085027-12



APPENDIX A: COMPUTATION OF THE MATRIX
ELEMENTS

In this appendix, we derive Eq. (40) and use it to
compute the matrices of the different propagators at play,
Gþþ

AB , W−þ
AA , W

−þ
BB and Δþþ

AB .

In Eq. (32), we define Pnm as,

Pnm ≡ PðΛ�
i;n;Λ�

j;mÞ: ðA1Þ

Writing this explicitly,

Pnm ¼
Z

dVdV 0Λ�
i;nðxÞΛ�

j;mðx0ÞPðx; x0Þ

¼
Z

dVdV 0e�iΩtΛi;nðxÞe�iΩt0Λj;mðx0ÞPðx; x0Þ; using Eq:ð31Þ;

¼
Z

dVdV 0e�iΩte�iΩt0hnðt; TÞhmðt0; TÞFðxÞFðx0ÞPðx; x0Þ; usingΛi;nðxÞ ¼ hnðt; TÞFðxÞ

¼
Z

dVdV 0e�iΩte�iΩt0hnðt; TÞhmðt0; TÞ
e−

jxj2
2σ2

ð2πσ2Þ3=2
e−

jx0−Lj2
2σ2

ð2πσ2Þ3=2 Pðx; x
0Þ; using Eq: ð34Þ

¼
Z

dVdV 0e�iΩte�iΩt0 π−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþmn!m!

p
T
Hnðt=TÞe−

t2

2T2Hmðt0=TÞe−
t02
2T2

e−
jxj2
2σ2

ð2πσ2Þ3=2
e−

jx0−Lj2
2σ2

ð2πσ2Þ3=2 Pðx; x
0Þ; using Eq: ð35Þ

¼ π−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþmn!m!

p
T
Hn

�
d
dα

�
Hm

�
d
dβ

�Z
dVdV 0e�iΩte�iΩt0eαteβte−

t2

2T2e−
t02
2T2

e−
jxj2
2σ2

ð2πσ2Þ3=2
e−

jx0−Lj2
2σ2

ð2πσ2Þ3=2 Pðx; x
0Þ

≡ π−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþmn!m!

p
T
Hn

�
d
dα

�
Hm

�
d
dβ

�
PðΛ�

α ;Λ�
β Þ; ðA2Þ

where we used Eq. (39) in the last equality. The next step is to then find PðΛ�
α ;Λ�

β Þ for the propagators we are interested in,
HðΛþ

α ;Λþ
β Þ,ΔðΛþ

α ;Λþ
β Þ andWðΛ−

α ;Λþ
β ÞjL¼0, and then compute their different derivatives with respect to α and β, which we

will do in Appendix B. To find the corresponding expressions, we use the results of [64], where, with the spatial and
temporal smearing functions

FiðxÞ ¼
e
−jx−xi j2

2σ2
i

ð2πσ2Þ3=2 ; χiðtÞ ¼ e
−ðt−tiÞ2

2T2
i eiΩit; ðA3Þ

the following closed-form expressions for the Hadamard, symmetric and Wightman propagators were found,

Hðf1; f2Þ ¼
T1T2eiðΩ1t1þΩ2t2Þe−

Ω2
2
T2
2

2
−
Ω2
1
T2
1

2

2
ffiffiffiffiffiffi
2π

p jLj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ σ21 þ σ22
p �

e
−
ðt0−jLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þσ2

1
þσ2

2
Þ erfi

�jLj − t0 − iðΩ1T2
1 − Ω2T2

2Þffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ σ21 þ σ22
p �

þ e
−
ðt0þjLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þσ2

1
þσ2

2
Þ erfi

�jLj þ t0 þ iðΩ1T2
1 −Ω2T2

2Þffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ σ21 þ σ22
p ��

; ðA4Þ

Δðf1; f2Þ ¼ −
T1T2eiðΩ1t1þΩ2t2Þe−

Ω2
2
T2
2

2
−
Ω2
1
T2
1

2

2
ffiffiffiffiffiffi
2π

p jLj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ 2σ2
p �

e
−
ðt0−jLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þ2σ2Þ erf

�jLjðT2
1 þ T2

2Þ þ 2σ2ðt0 þ iðΩ1T2
1 − Ω2T2

2ÞÞ
2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ 2σ2
p �

þ e
−
ðt0þjLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þ2σ2Þ erf

�jLjðT2
1 þ T2

2Þ − 2σ2ðt0 þ iðΩ1T2
1 −Ω2T2

2ÞÞ
2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ 2σ2
p ��

; ðA5Þ
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Wðf1; f2Þ ¼
T1T2eiðΩ1t1þΩ2t2Þe−

Ω2
2
T2
2

2
−
Ω2
1
T2
1

2

4
ffiffiffiffiffiffi
2π

p jLj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
1 þ T2

2 þ σ21 þ σ22
p �

e
−
ðt0−jLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þσ2

1
þσ2

2
Þ

�
−i − erfi

�
t0 − jLj þ iðΩ1T2

1 −Ω2T2
2Þffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2
1 þ T2

2 þ σ21 þ σ22
p ��

þ e
−
ðt0þjLjþiðΩ1T21−Ω2T

2
2
ÞÞ2

2ðT2
1
þT2

2
þσ2

1
þσ2

2
Þ

�
iþ erfi

�
t0 þ jLj þ iðΩ1T2

1 −Ω2T2
2Þffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2
1 þ T2

2 þ σ21 þ σ22
p ���

; ðA6Þ

where L ¼ x1 − x2 and t0 ¼ t1 − t2. Our goal now is to recover switching functions of the form used in Eq. (40) from
Eq. (A3). First, let us note that, in our case, we are considering identical pointlike detectors that interact simultaneously in
their comoving frame, and we can therefore set σi ¼ 0, x1 ¼ 0, x2 ¼ L, and ti ¼ 0. We introduce the same time scale for the
interactions by setting Ti ¼ T. Then, for each propagator, we can recover the exponential factors e�αt; e�βt by picking Ω1

and Ω2 appropriately. Indeed, to recoverHðΛþ
α ;Λþ

β Þ and ΔðΛþ
α ;Λþ

β Þ, we set Ω1 ≡Ω − iα;Ω2 ≡Ω − iβ, andWðΛ−
α ;Λþ

β Þ is
obtained with Ω1 ≡ −Ω − iα, Ω2 ≡ Ω − iβ, which gives

HðΛþ
α ;Λþ

β Þ ¼
Te−Ω

2T2

4jLj ffiffiffi
π

p e
1
2
T2ðα2þβ2Þe−iΩT2ðαþβÞ

�
e−

ðjLjþðα−βÞT2Þ2
4T2 erfi

�jLj þ ðα − βÞ2T2

2T

�

þ e−
ðjLjþð−αþβÞT2Þ2

4T2 erfi

�jLj þ ð−αþ βÞT2

2T

��
; ðA7Þ

ΔðΛþ
α ;Λþ

β Þ ¼ −
Te−

jLj2
4T2

þT4ðαþβ−2iΩÞ2

4jLj ffiffiffi
π

p ðe12ðα−βÞjLj þ e−
1
2
ðα−βÞjLjÞ; ðA8Þ

WðΛ−
α ;Λþ

β ÞjL¼0 ¼
e−T

2Ω2

4π
e
1
2
T2ðα2þβ2ÞeiT2Ωðα−βÞ −

TðΩ − i α−β
2
Þ

4
ffiffiffi
π

p e
1
4
T2ðαþβÞ2

�
1 − erf

�
TΩ − iT

α − β

2

��
: ðA9Þ

APPENDIX B: REDUCING THE EXPRESSIONS
FOR DERIVATIVES OF PRODUCTS

Even though the individual computations of the deriv-
atives that give rise to the matrix components Pnm can be
done in closed form, implementing them numerically
remains a computationally expensive task. In this appendix,
we express the derivatives of Pðα; βÞ ¼ PðΛ�

α ;Λ�
β Þ in

terms of derivatives of simpler functions that can be stored
and efficiently computed numerically to reconstruct the
matrix Pnm as given by Eq. (A2).

We first perform the change of variables

u ¼ αþ β; v ¼ α − β ðB1Þ

so that

α ¼ uþ v
2

; β ¼ u − v
2

; α2 þ β2 ¼ u2 þ v2

2
: ðB2Þ

We can then rewrite Eqs. (A7)–(A9) in terms of these new
variables. Let us start with H,

Hðu; vÞ ¼ Te−Ω
2T2

4L
ffiffiffi
π

p e
1
4
T2ðu2þv2Þe−iΩT2u

�
e−

ðLþvT2Þ2
4T2 erfi

�
Lþ vT2

2T

�
þ e−

ðL−vT2Þ2
4T2 erfi

�
L − vT2

2T

��

¼ Te−Ω
2T2

4L
ffiffiffi
π

p e
1
4
T2u2e−iΩT

2u

�
e
1
4
T2v2e−

ðLþvT2Þ2
4T2 erfi

�
Lþ vT2

2T

�
þ e

1
4
T2v2e−

ðL−vT2Þ2
4T2 erfi

�
L − vT2

2T

��
¼ FHðuÞ½GHðvÞ þ GHð−vÞ�; ðB3Þ

where we have defined,

FHðuÞ ¼
Te

1
4
T2ðu−2iΩÞ2

4L
ffiffiffi
π

p ; GHðvÞ ¼ e
−L2

4T2 e−
Lv
2 erfi

�
Lþ vT2

2T

�
: ðB4Þ
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The different derivatives of Hðα; βÞ are then given by,

∂
iþj

∂αi∂βj
Hðα; βÞ ¼

�
∂

∂u
þ ∂

∂v

�
i
�
∂

∂u
−

∂

∂v

�
j
FHðuÞ½GHðvÞ þGHð−vÞ�: ðB5Þ

We can now use the Leibniz rule to see how the operator acts on FHðuÞGHðvÞ,�
∂

∂u
þ ∂

∂v

�
i
�
∂

∂u
−

∂
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∂v

�
i
	Xj

p¼0

�
j

p

��Xj−p
r¼0

�
j − p

r

�
ð−1Þr

�
∂
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At this stage, one only requires knowledge of the derivatives of the functions FHðuÞ and GHðvÞ to obtain the general
derivatives of Hðα; βÞ.
Following the same procedure for Δ and W,

∂
iþj

∂αi∂βj
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∂
iþj
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with,

FΔðuÞ ¼ −
Te−
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For the sake of simplicity, we will introduce the dimensionless variables,

μ ¼ uT; ν ¼ vT; ω ¼ ΩT; l ¼ L
T
; ðB11Þ

and the different functions become,
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It is important to note that this change of variable also affects the differential operators,
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Finally, we can write,

Gnm ¼ Hn
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r!s!ðn − 2rÞ!ðm − 2sÞ!
Xn−2r
i¼0

Xm−2s

j¼0

�
n − 2r

i

��
m − 2s

j

�
ð−1Þjð1þ ð−1ÞiþjÞ

× Tnþm−2ðrþsÞ
��

d
dμ

�
nþm−2ðrþsÞ−i−j�e14ðμ−2iωÞ2

4l
ffiffiffi
π

p
������

μ¼0

��
d
dν

�
iþj

�
e−

1
4
l2e−

1
2
lνerfi

�
1

2
ðlþ νÞ

�������
ν¼0

; ðB16Þ

MARCOS MOROTE-BALBOA and T. RICK PERCHE PHYS. REV. D 114, 085027 (2026)

085027-16



Wnm ¼
Xbn2c
r¼0

Xbm2c
s¼0

ð−1Þrþs2nþm−2ðrþsÞ

r!s!ðn − 2rÞ!ðm − 2sÞ!
Xn−2r
i¼0

Xm−2s

j¼0

�
n − 2r

i

��
m − 2s

j

�
ð−1Þjð1þ ð−1ÞiþjÞTnþm−2ðrþsÞ

×

��
d
dμ

�
nþm−2ðrþsÞ−i−j�e14μ2

4π

������
μ¼0

��
d
dν

�
iþj

�
e
1
4
ðνþ2iωÞ2 −

ffiffiffi
π

p �
ω − i

1

2
ν

��
1 − erf

�
ω − i

1

2
ν

��������
ν¼0

; ðB17Þ

Δnm ¼
Xbn2c
r¼0

Xbm2c
s¼0

ð−1Þrþs2nþm−2ðrþsÞ

r!s!ðn − 2rÞ!ðm − 2sÞ!
Xn−2r
i¼0

Xm−2s

j¼0

�
n − 2r

i

��
m − 2s

j

�
ð−1Þjð1þ ð−1ÞiþjÞ

× Tnþm−2ðrþsÞ
��

d
dμ

�
nþm−2ðrþsÞ−i−j�

−
e−

1
4
μ2

4l
ffiffiffi
π

p e
1
4
ðμ−2iωÞ2

������
μ¼0

��
d
dν

�
iþj

ðe12lνÞ
�����

ν¼0

: ðB18Þ

APPENDIX C: PROOF OF CONVERGENCE OF
THE RESCALED HERMITE EXPANSION

In this appendix we prove that any function in
L2ð½−1; 1�Þ can be expanded in terms of rescaled
Hermite functions, as in Eq. (29). Let

hnðxÞ ¼
1

π1=4
ffiffiffiffiffiffiffiffiffi
2nn!

p HnðxÞe−x2=2 ðC1Þ

be the standard normalized Hermite functions on L2ðRÞ,
and define their rescalings by

hðσÞn ðxÞ ¼ σ−1=2hnðx=σÞ: ðC2Þ

For each fixed σ > 0, the family fhðσÞn gn≥0 is an orthonormal
basis of L2ðRÞ. We shall consider the N-dependent scale

σN ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N þ 1

p ; εN ≔ σ2N ¼ 1

2N þ 1
: ðC3Þ

Given f∈L2ðRÞ, define

fNðxÞ ¼
XN
n¼0

hhðσNÞn ; fihðσNÞn ðxÞ: ðC4Þ

Equivalently, fN is the orthogonal projection of f onto

HN ¼ spanfhðσNÞ0 ;…; hðσNÞN g: ðC5Þ

The main result is the following proposition, where we
denote 1½a;b� as the characteristic function of the interval ½a; b�,

1½a;b�ðxÞ ¼
	
1; x∈ ½a; b�;
0; x ∉ ½a; b�: ðC6Þ

Proposition 1. For every f∈L2ðRÞ,

fN → 1½−1;1�f in L2ðRÞ: ðC7Þ

In particular, the sequence ffNgN≥0 converges in L2ðRÞ
and its limit is equal to f if and only if f is supported
in ½−1; 1�.
Proof. We write the finite Hermite projection as a spectral
projectionof a semiclassical harmonic oscillator. For ε > 0, let

Hε ¼ −ε2
d2

dx2
þ x2 ðC8Þ

be the self-adjoint operator on L2ðRÞ associated with the
closed, nonnegative quadratic form

qε½u� ¼ ε2
Z
R
ju0ðxÞj2dxþ

Z
R
x2juðxÞj2dx; ðC9Þ

with form domain

Q ¼ H1ðRÞ ∩ fu∈L2ðRÞ∶xu∈L2ðRÞg: ðC10Þ

The operator Hε is nonnegative and self-adjoint by the
Friedrichs representation theorem for closed semibounded
quadratic forms [81,82].
The standard Hermite functions satisfy�

−
d2

dy2
þ y2

�
hnðyÞ ¼ ð2nþ 1ÞhnðyÞ: ðC11Þ

Setting y ¼ x=σ and ε ¼ σ2, one obtains

Hεh
ðσÞ
n ¼ ð2nþ 1ÞεhðσÞn : ðC12Þ

In particular, for ε ¼ εN ¼ ð2N þ 1Þ−1,

HεNh
ðσNÞ
n ¼ 2nþ 1

2N þ 1
hðσNÞn : ðC13Þ

Hence

2nþ 1

2N þ 1
≤ 1 ⟺ n ≤ N: ðC14Þ
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Therefore the projection in Eq. (C4) is precisely the spectral
projection of HεN onto the interval ð−∞; 1�,

fN ¼ 1ð−∞;1�ðHεN Þf: ðC15Þ

We now identify the strong limit of these spectral
projections. Let M be the multiplication operator

ðMuÞðxÞ ¼ x2uðxÞ; ðC16Þ

with domain

DðMÞ ¼ fu∈L2ðRÞ∶x2u∈L2ðRÞg: ðC17Þ

We will first prove that

Hε ⟶ M in the strong resolvent sense as ε → 0: ðC18Þ

Recall the following standard criterion. If Aj and A are
self-adjoint operators and z is a point in the common
resolvent set, if we have that for each g∈L2ðRÞ,

ðAj − zÞ−1g ⟶ ðA − zÞ−1g; ðC19Þ

then Aj → A in the strong resolvent sense. This property
can also be used to characterize the strong resolvent
convergence [81,82]. Since Hε ≥ 0 and M ≥ 0, we con-
sider the point z ¼ −1, which lies outside their spectrum
and within the resolvent set.
Define

Rε ¼ ðHε þ 1Þ−1; R0 ¼ ðM þ 1Þ−1: ðC20Þ

The operator R0 acts as multiplication by ð1þ x2Þ−1,

ðR0gÞðxÞ ¼
gðxÞ
1þ x2

: ðC21Þ

Moreover, by the spectral theorem, since Hε ≥ 0,

kRεkL2→L2 ¼ sup
λ∈ σðHεÞ

1

1þ λ
≤ 1: ðC22Þ

Similarly,

kR0kL2→L2 ≤ 1: ðC23Þ

These bounds are uniform in ε.
Let g∈C∞

c ðRÞ and set

u ¼ R0g ¼
g

1þ x2
: ðC24Þ

Then u∈C∞
c ðRÞ, in particular u00 ∈L2ðRÞ, and

ðM þ 1Þu ¼ g: ðC25Þ

Since

ðHε þ 1Þu ¼ ðM þ 1Þu − ε2u00 ¼ g − ε2u00; ðC26Þ

we have

g ¼ ðHε þ 1Þuþ ε2u00: ðC27Þ

Applying Rε ¼ ðHε þ 1Þ−1 gives

Rεg ¼ uþ ε2Rεu00: ðC28Þ

Therefore

Rεg − R0g ¼ ε2Rεu00: ðC29Þ

Using the uniform bound (C22), we obtain

kRεg − R0gkL2 ≤ ε2ku00kL2 → 0: ðC30Þ

Thus Rεg → R0g for each g∈C∞
c ðRÞ.

We now extend the convergence to arbitrary g∈L2ðRÞ.
Let gk ∈C∞

c ðRÞ satisfy

kg − gkkL2 → 0: ðC31Þ

For fixed k,

Rεgk → R0gk ðC32Þ

by Eq. (C30). Furthermore, by the uniform bounds on Rε

and R0,

kRεg − R0gkL2 ≤ kRεðg − gkÞkL2 þ kRεgk − R0gkkL2

þ kR0ðgk − gÞkL2

≤ 2kg − gkkL2 þ kRεgk − R0gkkL2 : ðC33Þ

Taking lim supε→0 gives

lim sup
ε→0

kRεg − R0gkL2 ≤ 2kg − gkkL2 : ðC34Þ

Finally, sending k → ∞, we obtain

Rεg → R0g for every g∈L2ðRÞ: ðC35Þ

Hence Hε → M in the strong resolvent sense.
We now use the standard convergence theorem for

spectral projections: if Aj → A in the strong resolvent
sense, and Ej, E denote the corresponding spectral mea-
sures, then

Ejðð−∞; λ�Þg → Eðð−∞; λ�Þg ðC36Þ
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for every g, provided λ is a continuity point of the spectral
family of A, equivalently EðfλgÞ ¼ 0 [81,82].
For the multiplication operator M ¼ x2, the spectral

projection onto ð−∞; 1� is multiplication by the character-
istic function of the interval fx∶x2 ≤ 1g. Therefore

1ð−∞;1�ðMÞf ¼ 1fx2≤1gf ¼ 1½−1;1�f: ðC37Þ

Moreover, 1 is a continuity point of the spectral family of
M, as can be seen from

1fx2¼1gf ¼ 1f−1;1gf ¼ 0 in L2ðRÞ; ðC38Þ

because the set f−1; 1g has Lebesgue measure zero.
Combining the strong resolvent convergence HεN → M

with the spectral-projection theorem gives

1ð−∞;1�ðHεN Þf → 1ð−∞;1�ðMÞf ¼ 1½−1;1�f in L2ðRÞ:
ðC39Þ

Using Eq. (C15), this is precisely

fN → 1½−1;1�f in L2ðRÞ: ðC40Þ

This proves the proposition. ▪

APPENDIX D: EXAMPLE OF CONVERGENCE
OF THE RESCALED HERMITE EXPANSION

WITH A COMPACTLY SUPPORTED FUNCTION

Notice that although Appendix C shows that the rescaled
Hermite expansion converges to a compactly supported
function, it does not necessarily ensure that the smeared
propagators also converge when evaluated at the truncated
expansion. In this appendix we will show an explicit
example that display convergence of the smeared propa-
gators. Explicitly, we will consider an example of the

Hermite expansion used to reproduce an entanglement
harvesting setup with a compactly supported switching
function. In particular, we consider the switching function
used in [70]

χðtÞ ¼
�
1 −

4t2

T̄2

�
5=2

;

t∈ ½−T̄=2; T̄=2�; χðtÞ ¼ 0 otherwise; ðD1Þ

which is compactly supported in ½−T̄=2; T̄=2�. For an
explicit example, we fix an arbitrary timescale T0 and
consider pointlike detectors separated by a distance
L ¼ 5T0, as in the main text. For each N we consider
the truncated switching functions

χNðtÞ ¼
XN
n¼0

hhn;N; χiL2hn;NðtÞ; ðD2Þ

FIG. 9. Negativity of two pointlike UDW detectors with
switching function given by Eq. (D1), expanded in the Hermite
basis for different truncations, as a function of the energy gap.

FIG. 10. Relative error in the jGj and W terms given by the truncated Hermite expansion.
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where hn;NðtÞ ¼ hnðt; TNÞ, with TN given by Eqs. (45) and
(46). This ensures that in the limit of N → ∞ the detectors
are effectively spacelike separated with switching functions
supported in ½−L=2; L=2�.
In Fig. 9, we plot the negativity between the two

detectors using the truncated switching functions χN as a
function of the energy gap for different truncations of the
Hermite expansion and we compare it to the negativity
values obtained by considering the nontruncated switching

function χ, denoted by black crosses. We see that as N
increases, the results using the truncated switching func-
tions converge to the values obtained with the exact form
for χ.
To show convergence, in Fig. 10, we plot the relative

error of the smeared Wightman and Feynman propagators
WðΛ−

A ;Λþ
A Þ ¼ WðΛ−

B ;Λþ
B Þ, jGFðΛþ

A ;Λþ
B Þj between the

exact χ and its truncated form χN for multiple values of
N. For N ¼ 150 the relative error remains below 10−5.
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