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Computing c- and a-functions from entanglement
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We investigate the connection between entanglement entropy and the notion of irreversibility in the
renormalization-group flow in the context of a simple theory for which an explicit calculation from first
principles is feasible. The change of the entanglement entropy for a spherical entangling surface as its
radius grows from zero to infinity corresponds to the flow from the UV to the IR. Through analytical and
numerical means, we compute the entanglement entropy for a free massive scalar theory, making use of the
method of correlation functions. We deduce a c-function in 1 4+ 1 dimensions and an a-function in 3 + 1
dimensions. Both functions are monotonic and vary continuously between one and zero, which are the

expected values for this theory.
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I. INTRODUCTION

The irreversibility of the renormalization-group (RG)
flow [1] is formalized in 1+ 1 dimensions through the
celebrated c-theorem [2], which demonstrates that there
exists a monotonically decreasing c-function that interpo-
lates between the central charge of a conformal field theory
(CFT) at an ultraviolet (UV) fixed point and the corre-
sponding central charge at an infrared (IR) fixed point at the
end of the flow. We are interested in generalizations of the
c-function in higher dimensions. In particular, we focus on
the a-function in 3 4 1 dimensions [3—6], which interpo-
lates between the coefficients of the A-type conformal
anomaly, associated with the Euler density, for the CFTs at
the two ends of the RG flow. We present the calculation of
such an a-function in a setup, which allows a direct
construction from first principles.

We exploit the connection between the a-function and
the entanglement entropy of a subsystem consisting of the
part of a quantum field theory enclosed by a spherical
entangling surface of radius R. A key aspect of this
connection is that the entanglement entropy of this theory
at its vacuum state as a function of R can be used in order to
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define appropriate ¢- and a-functions in flat [7-10] or
curved [11] spaces.1 The flow from the UV to the IR
corresponds to the evolution of the entanglement entropy
when R increases from zero to infinity.

We consider the simplest possible system, that of a free
massive scalar field in 1 + 1 and 3 + 1 dimensions. In both
cases the UV fixed point corresponds to the massless
theory, while the field decouples in the IR, so that no
degrees of freedom survive in this limit. In 1 + 1 dimen-
sions, the entanglement entropy at the UV fixed point
displays the well known logarithmic dependence on the
size of the subsystem, with a coefficient that is proportional
to the central charge of the corresponding CFT [12—14]. For
the theory that we consider, we expect that the c-function
interpolates monotonically between central charges equal
to 1 and O at the two ends of the flow. Such a function was
computed in [15]. In 34 1 dimensions the a-function
should reproduce the coefficient of the A-type conformal
anomaly in the UV [15-18], while it should vanish in the
IR. It has been shown formally [10] that an appropriate
function, derived from the entanglement entropy, repro-
duces correctly the coefficients of the A-type conformal
anomaly at the endpoints of the RG flow, which satisfy
ayy > ar- It must be noted, however, that the monoto-
nicity along the flow was not demonstrated. Our calculation
in Sec. IV exhibits this monotonicity in the context of the
theory that we consider, thus providing crucial support to
the proposal of [10].

We consider the simplest possible system, that of a free
massive scalar field in 1 4+ 1 and 3 + 1 dimensions. In both

'An F-function in 2 + 1 dimensions can also be defined. We
consider only spaces with an even number of dimensions in this
work, for which the values of the function at the endpoints of the
flow have a clear universal interpretation [9].
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cases the UV fixed point corresponds to the massless
theory, while the field decouples in the IR, so that no
degrees of freedom survive in this limit. In 1 + 1 dimen-
sions, the entanglement entropy at the UV fixed point
displays the well-known logarithmic dependence on the
size of the subsystem, with a coefficient that is proportional
to the central charge of the corresponding CFT [12—14]. For
the theory that we consider, we expect that the c-function
interpolates monotonically between central charges equal
to 1 and O at the two ends of the flow. Such a function was
computed in [15]. In 34 1 dimensions the a-function
should reproduce the coefficient of the A-type conformal
anomaly in the UV [15-18], while it should vanish in the
IR. It has been shown formally [10] that an appropriate
function, derived from the entanglement entropy, repro-
duces correctly the coefficients of the A-type conformal
anomaly at the endpoints of the RG flow, which satisfy
ayy > aig. It must be noted, however, that the monoto-
nicity of the proposed function [defined in (2) below] along
the flow has not been demonstrated. The result of our calcu-
lation in Sec. IV exhibits this monotonicity in the context of
the theory that we consider, thus providing crucial support
to the proposal of [10]. At the same time, our result
provides a first example of an a-function computed from
first principles through the entanglement entropy.2

A fully analytical calculation of entanglement entropy in
3 4+ 1 dimensions is hindered by the difficulty in imple-
menting techniques such as the replica method. However, a
calculation from first principles is still possible through
the computation of the eigenvalues of the reduced density
matrix [20-22], or the covariance matrix built from corre-
lation functions of the subsystem [15,23,24]. The deter-
mination of the relevant part of the entropy requires the
subtraction of the UV divergences of the fixed-point theory,
as well as the ones resulting from relevant perturbations
[9-11]. Our recent work on the entanglement entropy in
various gravitational backgrounds [25-28] has led to a
sufficient understanding of the UV divergent terms, as well
as possible IR effects. In the model we consider here, it is
then possible to isolate the finite part.

In this work we employ the finite part of the entangle-
ment entropy for the computation of c- and a-functions.
The relevant expressions are [9—11]

AC(R) = RAS'(R) (1)
in 1 + 1 dimensions and
AA(R) = R’AS"(R) — RAS'(R) (2)

in 3 + 1 dimensions. The quantity AS(R) is obtained after
the subtraction of the entanglement entropy at the UV fixed

*An example of an a-function in Anti-de Sitter (AdS) space
has been given recently [19].

point, as well as possible UV divergences in the deformed
theory resulting from relevant perturbations. In our case,
these are UV-divergent terms that are proportional to the
field mass. As a result, the functions AC(R) and AA(R)
vanish at R = 0, where the entropy is dominated by the
contributions from the UV fixed point.

The structure of the paper is as follows: In Sec. II we
summarize the main elements of our methodology. In
Sec. III we compute numerically the c-function. We also
present an analytical result for its form near R = 0, with the
details of the calculation given in the Appendix. In Sec. IV
we present our results for the a-function. Finally, Sec. V
contains our conclusions.

II. METHODOLOGY

The formalism for the calculation of the entanglement
entropy has been presented in several publications. We list
here only the basic elements, with more details given in
[17,22,25,29]. We consider a free massive real scalar field
in (3 4 1)-dimensional flat space. Since we are interested in
spherical entangling surfaces, we expand the field in real
spherical harmonic moments

o) =1 / dQY (0. 0)d(x). (3)

and similarly for the conjugate momentum. In this equation
Y/n(0,¢) stands for the real spherical harmonics. The
radial coordinate is discretized through the introduction of a
lattice of concentric spherical shells with radii r; = je,
where j = 1,2, ..., N. The UV-cutoff energy scale is 1/e¢,
while the size of the lattice L = Ne sets an IR-cutoff
energy scale 1/L. We define the canonically commuting,
discretized degrees of freedom as ¢, (je) = ¢y ; and

Tsm(j€) = Ty j/€. The Hamiltonian reads

1 N
H = ZZ Z [ﬂfﬂm,j + (Pemjr = bemy)?
Zm j=1
£+ 1) _
A G | = Y e (@)
£m

with 1 = pe. We express all dimensionful quantities in
units of €, which is equivalent to setting ¢ = 1 in the
numerical calculation. It is important to note that this form
of the discretized Hamiltonian implements Dirichlet boun-
dary conditions, with vanishing spherical moments ¢,,,(r)
at the origin and at a radius r = L. These conditions stem
from the smoothness of the original field at the origin and
its boundary conditions at infinity. As a result, possible zero
modes are eliminated, even though they may be present for
a different choice of boundary conditions.

Equation (4) shows that moments with different angular
momenta do not interact. Moreover the dynamics of each
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sector of the Hamiltonian H/,,, depends on £ solely. As a
result, taking into account the degeneracy, the entanglement
entropy results from the addition of contributions from all
Z-sectors, and reads

S(n.N.g) =Y _ (26 + 1)S;(n.N.}). (5)
=0

where S, is the entropy for a single #-sector, which has
been split into the subsystem A, containing ¢y, ; with
j < n, and its complementary subsystem AC. This separa-
tion corresponds to a spherical entangling surface of
radius R = (n + 3)e = nge.

When the overall system lies at its ground state, the state
of each /-sector reads

1/4
W) = (62) oo (300,00 ). ©

where € is the positive square root of the coupling matrix K
of the corresponding #-sector Hamiltonian, and ¢,z is a
column vector containing ¢ ;. The matrix K can be
directly read from Eq. (4), namely

2+ 1
= <2+ﬂ262 +%>5i,j = 0ip1j = 0ijr1- (7)

The 7 =0 sector corresponds to the discretized
Hamiltonian of the (1 + 1)-dimensional field theory. The
system can be split into blocks by writing

(o o) o) @

where the vector ¢p, consists of the field values at the
lattice points of subsystem A, and ¢- of those of its
complement A°.

In the original approach of [22] the entanglement
entropy was computed through the reduced density matrix,
which reads

pahaih) ~ exp |~ 3 (Bhrba + BT1d) + B |
©

with
1 ro-1 1 76-1
7:QA_§QBQC Qp, ﬁZEQBQC Qp. (10)

The contribution of a single #-sector to the entanglement
entropy is

g(ln 15511 5) (11)

where &, = l+jil—_ﬁ,?’
matrix § = y~!p.

The above approach is equivalent to the covariance
matrix method [15,23,24,30]. It can be shown that the
entanglement entropy is given as

with f; the eigenvalues of the

~(VE+1l Vi+l VAi-1 Vi-1
= 1 - | ,
Se ; < 2 2 2 2
(12)
where /; are the eigenvalues of the matrix
M = (Q71)4(Q)a- (13)

In the following sections we present high-precision
numerical calculations of the entanglement entropy for
the (1 + 1)- and (3 + 1)-dimensional massive scalar field
theory in flat space, using the method of correlation
functions. A detailed description of the numerical process
is given in [17,25]. The (1 + 1)-dimensional theory corre-
sponds to the vanishing-angular-momentum sector of the
(3 + 1)-dimensional theory. The analysis consists of the
following steps:

(1) We determine and subtract the finite-size effects for

each angular-momentum sector with ¢ < 220. To
this purpose, we analyze the data as functions of N
for fixed values of n and ji.The appropriate form of
the expansion is

Knax S)(/ﬁk) (n ﬁ)
Sf(l’l, N, ﬁ) = Sf,oo (I’l, /1) + ZN(2f+2+k) .
k=0

(14)

For £ > 221 the finite-size effects are considered
negligible. Even though we take into account
angular-momentum sectors up to £~ 10°, the
finite-size analysis is performed only for £ < 220.
To obtain results for the continuous theory in the
infinite-size limit, we use the coefficient S, o, (n, f1).

(2) In order to account for the contributions of all
angular-momentum sectors, we calculate the trun-
cated sum

RN

max

(26 +1)S¢.0(n. ) (15)
0

Seo (I’l, 78 fmax) =

N
I

for various values of ¢,,,.. This sum behaves as
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imax ]

Soo (11 5 Eoman) = Seo (. ) + 33— (e, )
i=1 “ max

—|—b,~(l’l,ﬁ) lnfmax)' (16)

The quantity S (n,f) corresponds to the limit
Cmax — 0.

(3) Finally, we analyze the dependence of S, (n, ji) on n
and i, or equivalently on R = (n + })e and p = ji/e.
This quantity contains both UV-divergent and finite
parts. For the case of a scalar field that we consider,
it has the form (we omit the subscript co in the
following)

1. R
S(R. ) :61n2+5ﬁn(ﬂR) (17)

in 1 + 1 dimensions and

R> 1 R
S(R,/l) = C? —%lnz

1
+ gﬂsz Inpe + Spa(uR) ~ (18)

in 1+ 1 dimensions, where we dropped terms that
vanish in the continuum limit ¢ — 0. The coefficient
of the logarithm in the first expression corresponds
to a central charge ¢ = 1 at the UV fixed point in
1 4 1 dimensions. The coefficient of the area term in
the result for the (3 + 1)-dimensional theory de-
pends on the choice of UV regulator. The coefficient
of the second term in the same expression corre-
sponds to the contribution of a real scalar field to the
A-type conformal anomaly [15,31]. The third term
encodes the UV divergence induced by the mass
perturbation. Its coefficient was computed in [32]
and is in agreement with numerical results for the
same term in curved backgrounds [27,28]. The finite
parts depend only on the dimensionless product yR.
It is important to note that, if the expressions (1), (2) are
applied to the divergent parts, they isolate only the
coefficients of the terms ~1InR/e, which are proportional
to the central charge of the (1 + 1)-dimensional theory and
the coefficient of the A-type conformal anomaly in the
(3 + 1)-dimensional theory. This observation indicates
a straightforward procedure in order to define c- and
a-functions directly from the full entanglement entropy
in our case. One can use as an independent variable x = R
and express the entanglement entropy as S(x,u). The
quantities

c(x) = 6x8 (x, u) = 1 4 6xSf, (%), (19)

in 1 + 1 dimensions, and

a(x) = —45(x28" (x, u) — x8'(x. )
=1-45(x2SE, (x) — xSk, (%)), (20)

fin

in 3 4+ 1 dimensions, define a ¢- and an a-function that are
normalized so that they interpolate between 1 and 0 when x
increases from zero to infinity, independently of pu.
(The primes now indicate derivatives with respect to x.)
More precisely, the dependence on p disappears in the
limit of vanishing cutoff e, which is equivalent to
i = pe — 0. Since x is kept fixed in the process, we also
have R/e — oo in this limit. Even though we have also
done the computation by first subtracting the UV diver-
gences and using only the finite part, we have found that
using the full entanglement entropy reduces the errors
induced by the required fits in the intermediate steps of the
subtraction procedure. The final results are the same for
both procedures.

It has been shown formally [7-10] that the expression
(20) reproduces correctly the coefficients of the A-type
conformal anomaly at the endpoints of the RG flow, which
satisfy ayy > app. It must be noted, however, that the
monotonicity along the flow is not guaranteed. Our
calculation in Sec. IV demonstrates this monotonicity in
the context of the simple theory that we consider. Thus, it
supports the conclusion that the expression (20) has the
required properties of an a-function.

III. THE ¢-FUNCTION

Before presenting the outcome of the numerical calcu-
lation, we quote some analytical results that will be very
useful for checking its validity. Obtaining an analytical
expression for the entire c-function is very difficult.
However, it is possible to obtain approximate expressions
in asymptotic regimes.

In order to study the behavior for uR — 0, one can
make use of the methodology for analytical calculations
developed in [30]. Essentially, we take advantage of the
fact that the entanglement entropy of the massless
(1 + 1)-dimensional theory can be computed by consider-
ing the continuum limit of the expressions appearing in
Sec. II. In particular, using the eigenvalues of the kernel

M(x.x') = / fheyep.y). @)

the entanglement entropy is calculated by applying
Eq. (12). The kernel M is the continuum limit of the
matrix M defined in Eq. (13). In this equation x and x’ take
values in [0, R], while the overall system corresponds to the
interval [0, L]. For Dirichlet boundary conditions, using
the spectral decomposition of the continuum limit of the
coupling matrix (7), we have
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where x and x' take values in [0,L]. The eigenvalue
problem of the kernel M can be solved exactly in the
massless limit (even for finite size), and the solution can be
used in order to perform perturbative calculations,
see [26,28].

Here, we are interested in studying the RG flow triggered
by the mass of the field in the infinite-size theory. To this
purpose, starting from the massive, finite-size theory, we
would like to first send the size of the system to infinity and
then expand for small mass. Thus, we have to study the
theory in the regime pL > 1. In order to take advantage
of the result of [28] and avoid redoing the entire analysis,
in the Appendix we make use of the universality of the
logarithmic terms. The structure of the leading correction
to the entanglement entropy of the massless, infinite-size
theory is the same, independently of whether we consider
the small-mass expansion of the finite-size theory and then
send the size to infinity (mL < 1), or we send first the
system size to infinity and then expand for small mass
(mL > 1). The results in the two limits can be mapped to
each other through the appropriate identification of the IR
regulators in the two cases. For mL > 1, in the Appendix
we show that the entanglement entropy is given by

1. 2R 1 5

where y is the Euler-Mascheroni constant. As a result, the
c-function reads

c(x):1+2x2<lnx+y—;)+~-. (25)

The above result indicates a smooth behavior near
uR =0, with a vanishing derivative, in contrast to the
result of [15], which exhibits a cusp at this point. The cusp
is related to an IR divergence in the entropy in the massless
limit, which appears when a system of infinite size is
studied with the replica method. On the other hand, we
impose Dirichlet boundary conditions, with vanishing field
at the endpoints of a finite system whose length is even-
tually taken to be infinite. This procedure eliminates
possible zero modes from the system, as has been discussed
in detail in [33], so that no strong IR effects emerge.

In the limit uR — oo the entropy is expected to receive a
correction

1
S (uR) = =< InuR. (26)

which would combine with the first term in Eq. (17) in
order to produce the expected ~Inue behavior of the
noncritical system [14]. This behavior results in the
vanishing of the c-function in this limit.

The numerical calculation of the c-function is performed
as described in Sec. II. The entanglement entropy is
computed as a function of the radius R for several values
of the field mass u. It is then expressed as a function of
x = uR and the c-function is computed through Eq. (19).
As we discussed earlier, this relation is valid in the limit
i =pe — 0, in which any residual UV cutoff effects
vanish. The practical limitation of a lattice of finite size
implies that there is a maximal value for the ratio R/e that
we can consider. As a result, ue cannot be taken arbitrarily
small if the product xR is to take values within a nonzero
range. This issue becomes more severe for small values
of uR. In Fig. 1 the colored points depict the outcome of the
calculation of the c-function for a fixed maximal value of
R/e and various mass values, namely

fi = pe €{0.04,0.02,0.01,0.005,0.0025},  (27)

starting from below. The convergence is apparent, but also
incomplete, especially near uR = 0. In order to approach
the continuum limit, we perform a third-order polynomial
fit for the values of the c-function in terms of j, for
fixed yR. The extrapolation to ji = 0 returns the black
points in the plot. The red continuous curve depicts the
analytical result of Eq. (25). The agreement for the first
points, in the region where this expression is expected to be
a good approximation, is remarkable, and confirms that our
calculation is robust.

The full c-function is depicted in Fig. 2, along with the
approximate expression (25). As expected, the function is
monotonic. It starts from a value equal to 1 for uR =0
and approaches O for large values of uR. Even though
the vanishing of the c-function is expected on physical
grounds, as the field decouples in this limit, it is a non-
trivial feature from the point of view of the entanglement
entropy. It means that the entropy satisfies Eq. (26) exactly,
a fact confirmed by the numerical analysis to a high
precision.

IV. THE a-FUNCTION

We turn next to the a-function of the (34 1)-
dimensional theory. Analytical results are not available
for the entanglement entropy and the related a-function in
this case. The only reasonable expectation, in analogy to
the (1 + 1)-dimensional case, is that a term % In 4R must be
present in the entropy for large R, so that the a-function
vanishes for R — co. However, a more dominant term
~y2R2, with an unknown coefficient, can also be present in
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FIG. 1.

Numerical results for the c-function for various values of ji = pe. The black points correspond to the extrapolation to the

continuum limit € — 0. The solid red line corresponds to the analytical expression (25), valid for small uR.

1.0 )
0.8 :
0.6 :
ol

0.2

— Numerical result

— Eq. (25)

0.0
0

S uf

FIG. 2. The c-function in the continuum. The black line depicts the numerical result. The red line corresponds to the analytical

expression (25), which is valid for small uR.

the entropy, even though it does not affect the a-function
defined in Eq. (20). We do not perform a detailed analysis
of the various terms in the entanglement entropy. We use
instead the expression (20) for the direct computation of the
a-function.

The numerical calculation is performed as described
in Sec. II. It must account for the contributions of all
¢-sectors, which makes it much more demanding than the
calculation of the c¢-function that involves only the £ = 0
sector. We depict the result in Fig. 3, in complete ana-
logy to the presentation in Fig. 1. The colored lines are
obtained for the same range of R/e¢ and various mass
values, namely

#?€{0.1,0.05,0.03,0.02,0.01,0.005,
0.004, 0.002, 0.00160.001, 0.0007,

0.0004,0.0001, 0.000025, 0.00001}, (28)
as the lines appear from right to left. Again, the con-
vergence is slow, especially around uR = 0. We employ
third-order polynomial fits in terms of j at fixed xR in the
various regions of overlap of the curves. The extrapolation
to ji = O results in the black curve that acts as an envelop of
all the colored curves and represents the a-function in the
continuum. The small gray part of the curve near the
vertical axis is an extrapolation between the part computed

105026-6



COMPUTING c- AND a-FUNCTIONS FROM ENTANGLEMENT

PHYS. REV. D 113, 105026 (2026)

a
IO o S Ve
— 2 =0.100 — @2 = 0.001600
0.8 [ A% = 0.050 — [ = 0.001000
i — {2 =0.030 — {2 = 0.000700
" — % =0.020 — [ = 0.000400
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FIG. 3.
extrapolation to the continuum limit € — 0.

numerically and pR =0, for which a(0) =1 is also
obtained numerically in the massless theory.

The result of our computation for the a-functionin 3 + 1
dimensions is a monotonic curve that interpolates between
1 and O, similarly to the c-function in 1 4 1 dimensions.
The vanishing of the a-function for R — oo confirms with
high precision the presence of a term % In 4R in the entropy

in this limit. A more dominant term ~u?R? is also present,
but it does not contribute to the a-function.

V. CONCLUSIONS

The purpose of this work was to probe the direct
connection between entanglement entropy and the notion
of irreversibility associated with the RG flow. We consid-
ered the example of a free massive scalar theory, which has
a UV fixed point corresponding to the massless theory,
while the field decouples in the IR, with no degrees of
freedom surviving in this limit. According to [9,10], the RG
flow from the UV to the IR corresponds to the change of the
entanglement entropy for a spherical entangling surface as
the radius grows from zero to infinity. The c-function in
1 + 1 dimensions and the a-function in 3 + 1 dimensions
are given by expressions (1) and (2), respectively [9-11].
Starting from first principles and using analytical and
numerical means, we calculated both functions. The results
are presented in Figs. 2 and 3. We confirmed that the
c-function decreases monotonically along the flow from
the UV to the IR, while the a-function not only obeys
ayy > ap, as proven in [10], but is monotonic along the
flow as well.

The calculation has revealed explicitly the difficulties in
the calculation of ¢- and a-functions from first principles
even in the simplest models. Analytical results, such as

The a-function. The colored lines depict the numerical results for various values of 77 = pe. The black line corresponds to the

Egs. (25) and (26), are scarce and hard to obtain, existing
mainly in lower dimensions. On the other hand, the
numerical approach is possible at the moment only for
Gaussian states, limiting its application to noninteracting
theories.

Despite these difficulties, very interesting calculations
are feasible for free theories in gravitational backgrounds,
especially those that exhibit horizons. In the case of
de Sitter space a proposal for the extraction of c-, F-,
and a-functions from the entanglement entropy exists [11],
while a calculation is possible through the extension of
the analysis of [25,26] to the massive field case. Such a
calculation will be the subject of future work. The study of
interacting theories, which exhibit RG flows between
nontrivial fixed points, is a much harder task that requires
the development of the formalism for studying entangle-
ment beyond the case of Gaussian states.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: ANALYTICAL RESULTS

In this appendix we derive the leading small uR
correction to the entanglement entropy of the mass-
less theory. The calculation is performed using the meth-
odology of [30].

In order to probe the theory in the infinite size and
massless limit, one has two choices. Either send the mass to
zero with fixed system size L and then the system size to
infinity, or send the system size to infinity and then the
mass to zero. Essentially, we have to chose whether to
perform an expansion around uL = 0 or uL = oo.
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Let us first analyze the yuL <« 1 regime. Expanding
Egs. (22) and (23) around p = 0 yields

Q(x,x') = w;(x,xX;L) + 6w_ (x,x'; L)+ -+, (Al)
Q' (w,w) =w_(x,w;L) + Sw_3(x,x';L) +---, (A2)
where the parameter 6 of the expansion is

2L2
5 =15 (A3)
T

and w_,(x,x’; L) is defined as

21 knx . kax
o_,(x,x';L) == —sin—-sin
L2b 3
_ L |:L1 (ein(xL—x )) _ Ll (e[/r(xzrx/)) + C'C':| )
2L n n

(A4)

These are actually the kernels of the massless, finite-size
theory. They are naturally expressed in terms of polylogar-
ithms. This limit was studied extensively in [30]. In the
infinite-size limit, the kernels o, w_;, and w_; assume
the form

L 1 1
) =2 - . (AS
D) =2 [(x—l—x’)z Govp W)
N 1. x+x
@_1(x,x) —Ll =] (A6)
. n? |x — x|
@_3(x,x;L) = 5 {(x —x)?In 7
/
— (x+¥)2In ("EX )}, (A7)

where @ denotes the infinite-size kernels and L = ¢%/2L/x.

One can use perturbation theory around the massless
limit, along the lines of [28].3 To order 6, the product of
Q7 !(x,y) and Q(y, x’) reads

Q7' (x,3)Qy.x') = @y (x,y)o; (v, X')
+%5[@_3(x,y;i)dn (v, x')
—a_(x,y)a_(y.x)] +O(8%). (A8)

Writing § = §© + 55V 4 - .. it turns out that [28]

*Reference [28] concerns the entanglement entropy of a scalar
field in R x S3. In order to make contact with the present work,
one has to set 8y, = L/a, O = R/a and send a to infinity. Then,
the calculation is literally the same.

1 L 4
S = —— 2R? (m— +—)

6 2zR 3
1 L 1
=—uw’R*(In———). A
6" (an 6) (A9)
The total entanglement entropy is given by
1. 2R 1 L 4
=—In"———R%?(In— +~
S 6 ¢ 6 ﬂ<n2ﬂR+3>
2 R’
+ O(8) + (9(5?), (A10)

where the leading term is the well-known result of [12,14].
We stress that this expression is valid for uL < 1 and R < L.

It can be shown that Egs. (22) and (23) can also be
written in the form

Q(x,x’) _ _% S <K1Ti‘|_)|c—|) _ KlTi:errD) (All)
and
Q71 (0) =1 3 (Kalul ) = Kolule. ). (A12)

where x, = x+x' —2pL. Details are provided in
Appendix B.2 of [30]. This form is more appropriate
for the other interesting limit, i.e., L > 1. It turns out that
in this limit only the p = 0 terms contribute to Q(x, x’) and
Q '(x,x') and we have’

K ! K —x
Q(x’x/):/_'l 1(ﬂ|x+/x|>_ l(l’t"x 'x|> (A13)
m |x 4+ x| |x — x|

and
1
Q7 (x,) = — [Kolulx = ¥]) = Kolulx + )] (A14)
Next, we consider the limit y — 0 using
X2 4 X x2 4

(A15)

Ky (x) = G + 0(x4)> <In§+ y) +%—§+ o),

(A16)

*The same result can be obtained by considering the L — oo
limit of (22) and (23). In this limit kz/L becomes a continuous
variable and the above equations assume the form of a cosine
Fourier transform that gives exactly the same result.
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where y is the Euler-Mascheroni constant. We obtain

1 1 1
Qx.x') == -
(x. %) ﬂ[(x-i-x’)z (x—x’)z]
2 /
)2 X+ x
+ 5 (A17)
and
1 /
Q7 !(x,x') ==In x+x/
To|x—x
2 S
—Z—” [(x—x’)2lnﬂ‘xzx|— (x' — —x’)}
T, (A18)

where ji = ue’~!. Notice that after sending the system size
to infinity, we have implicitly introduced the IR cutoff 1/,
which is required for the validity of the expansions (A15)
and (A16).”

>In this work, we have defined the overall system as the half
line [0, o0). Had we considered the whole line, the kernels would
assume the form appearing in [34], where the same approach is
used in order to probe the massless limit.

Using the notation of Eqs. (A5)—(A7), we have

Q7 (x, y)Q(y, ¥') = w_y (x,y)w1 (v, X')
+§ [@_3(x.y:2/it)é, (y. x')
— _y (x,y)@_1 (y, )], (A19)

where 6 is defined in Eq. (A3). Comparing with Eq. (A8)
we conclude that the entanglement entropy is given by
Eq. (A9) with L — 2/ji, namely

1 1
6SW(uR) = c u>R? <ln (AiR) + 8)
L, 5
:auR ln(,uR)+}/—6 . (A20)
In analogy with Eq. (A10), we have

1. 2R

1 5
S=—In"—+—u?R*( In (uR -
gln—+cu <n(u)+y 6)

+ O(8%) + O<5]Zj>. (A21)
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